THE SKEW GROWTH FUNCTIONS Ny 4es(t) FOR THE
MONOID OF TYPE B;; AND OTHERS.

TADASHI ISHIBE

ABSTRACT. Let M be a positive homogeneously finitely presented monoid
(L|R),,, that satisfies the cancellation condition and is equipped with the
degree map deg: M — Zx( defined by assigning to each equivalence class of
words the length of the words, and let Pps qeg () ::Z%Mtdeg(w be its gener-
ating series, called the (spherical) growth function. If M satisfies the condition
that any subset J of Iy (:= the image of the set L in M) admits either the
least right common multiple A ; or no common multiple in M, then the inver-
sion function Py geg(t) ™! is given by the polynomial 2ucty (—1)#J¢des(Ag)
where the summation index J runs over all subsets of Ip whose least right
common multiple exists. Since a monoid M, in general, may not admit the
least right common multiple A for a given subset J of it, if we attempt to
generalize the formula, the consideration to obtain the above formula is in-
valid. In order to resolve this obstruction, we will examine the set mem(J) of
minimal common right multiples of J. Then, we need to introduce a concept
of a tower of minimal common multiples of elements of M and denote the set
of all the towers in M by Tmem(M). By considering the structure of the set
Tmem(M) of all the towers, K. Saito has proved the inversion formula

Prtdeg (t) - Nag,deg(t) = 1,
where the second factor in LHS is a suitably signed generating series
NM,deg(t) =14 Z (_1)#J1+”'+#Jn7'ﬂ+l Z tdeg(A)7
TE€Tmem(M) Aemem(Jy)

called the skew growth function.

In this article, we will present several explicit calculations of examples of
the skew growth functions for the monoid of type Bj; and others whose towers
do not stop on the first stage J;. For monoids of this kind, on one hand, we
generally find difficulty in calculating the skew growth functions, since, for any
tower T' = (lo, J1, J2,- -+, Jn), we need to calculate the set mem(J;) explicitly
for each J;. On the other hand, we find difficulty in showing the cancellativity
of them, since the pre-existing technique is far from perfect. By improving the
technique, we will show the cancellativity of the above examples successfully.

1. INTRODUCTION

Let M be a positive homogeneously finitely presented monoid (L | R}, that
satisfies the cancellation condition (i.e. axb = ayb implies x = y ). Due to the
homogeneity, we naturally define a map deg: M — Z>( defined by assigning to each
equivalence class of words the length of the words. By analogy to the (spherical)
growth function for a group, the (spherical) growth function for a monoid M is
defined as Py deg (t) ::zueMtdeg(“) and has been discussed and calculated by several
authors ([A-N][B][Bro][De][I1][S2][S3][S4][S5][Xu]). In these studies except the [I1],
the monoid M satisfies the condition £ that any subset J of I (:= the image of
the set L in M) admits either the least right common multiple A; or no common
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multiple in M. Then, the inversion function Py qeg(t)™" is given by the following
function, called the skew growth function,

Nis deg(t) := Z (—1)# gdes(80)
Jclo

where the summation index J runs over all subsets of Iy whose least right common
multiple exists. Thus, the growth function Pps geg(t) can be calculated through
the skew growth function Nas deg(t). We remark that, in this case, Nas deg(t) is a
polynomial.

In general, a monoid M may not admit the least right common multiple A ; for
a given subset J of it. Indeed, the monoid, called the type Bj;, that was discussed
in [I1], does not satisfy the condition L. Nevertheless, the author has made a
success in calculating the spherical growth function for it. The spherical growth

function can be expressed as a rational function ﬁfg/j. Since the form of the

numerator polynomial 1 — ¢ + t? is suggestive, a generalization of the inversion
formula to a wider class of monoids which do not always satisfy the condition
L is naturally expected. Instead of considering the least common multiple A,
we study the set mem(J) of minimal common right multiples of J. However, the
datum {mem(J)}scr, is still not sufficient to recover the inversion formula, since
a subset J' of mem(J) in general may have common right multiples. Thus, we
need to consider the set mem(J') for a subset J' of mem(J). Then, we may again
need to consider mem(J”) for a subset J” of mem(J’), and so on. Repeating
this process, we are naturally led to consider a notion of tower: a finite sequence
Iy D J1,Ja, ...,y of subsets of M such that Jo C mem(Jy), ..., J, C mem(J,—1).

In [S1], K. Saito has made a success in generalizing the inversion formula for
a rather wider class of monoids. Namely, for a cancellative monoid M equipped
with a discrete degree map deg: M —Rx>g (see [S1]84), he defined the (spherical)
growth function Phsqgeq(t) for M with respect to deg, and, by considering the set
Tmem(M) of all towers T = (1o, J1, Ja, -, Jp) in M (we do not explain here what
the set Iy is about, cf. [S1]), he defined the skew growth function

NM,deg(t) =14 Z (71)#J1+"'+#Jn7n+1 Z tdeg(A)'
TeTmem(M) Aemem(Jy,)

Then, he has shown the inversion formula for M with respect to deg
Pasaeg(t) - Nazdeg(t) = 1.

Thus, when we put h(M,deg) := max{n | T = (Iy, J1,J2, - ,Jn) € Tmem(M)},
the inversion formula covers all the cases co > h(M, deg) > 0.

In this article, for a positive homogeneously finitely presented cancellative monoid
M = (L|R),,, that do not satisfy the condition £, we will present several explicit
calculations of examples of the skew growth functions. For a non-abelian monoid
M = (L|R),,, whose h(M,deg) is equal to oo, one may think that calculations
of the skew growth functions are not practicable. However, in §5, we succeed in
the non-trivial calculation for the monoid of type Bj;, partially because, for any
tower T = (Io, J1,J2,- -+, Jn), we can calculate the set mem(.J;) explicitly for each
J; due to the Lemma 5.5. For the same reason, for the monoids G, and H, whose
h(M,deg) is equal to 2 and the abelian monoid M,pe whose h(M,deg) is equal
to oo, we can calculate the skew growth functions in §5. As far as we know, for
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non-abelian monoids that do not satisfy the condition L, there are few exam-
ples for which the cancellativity of them has been shown, since the pre-existing
technique to show the cancellativity is far from perfect ([G][B-S][Dehl]|[Deh2]). In
[Deh1], [Deh2], if presentation of a positive homogeneously presented monoid sat-
isfies some condition, called completeness, the cancellativity of it can be trivially
checked. When the presentation is not complete, in order to obtain a complete pre-
sentaion, some procedure, called completion, is carried out. From our experience,
for most of non-abelian monoids that do not satisfy the condition £, these proce-
dures do not finish in finite steps. For monoids of this kind, nothing is discussed in
[Dehl], [Deh2]. On the other hand, the presentations of the examples Gf  ([I1]),
G . (12]), G and H,f are not complete and the procedures do not finish in finite
steps. Nevertheless, by improving the technique, we show the cancellativity of them
successfully. In §4, we will show the cancellativity of the monoids G;} and H; by
the improved technique. In [S2][S3][S4][S5][K-T-Y], the distribution of the zeroes
of the denominator polynomials of the growth functions are investigated from the
viewpoint of limit functions ([S4]). In §6, we will explore another viewpoint from
an analysis of the three examples.

2. POSITIVE HOMOGENEOUS PRESENTATION

In this section, we first recall from [S-I], [B-S] some basic definitions and nota-
tions. Secondly, for a positive homogeneously finitely presented group

G=(L|R),

we associate a monoid defined by it. We will prepare basic definitions in a positive
homogeneously presented monoid. Lastly, we define two operations on the set of
subsets of a monoid.

First, we recall from [S-I] basic definitions on a monoid M.

Definition 2.1. 1. A monoid M is called cancellative, if a relation AXB = AY B
for A,B, XY € M implies X =Y.
2. For two elements u,v in M, we denote

uljv

if there exists an element x in M such that v = ux. We say that u divides v from
the left, or, v is a right-multiple of w.
3. We say that GT is conical, if 1 is the only invertible element in G™T.

Next, we recall from [B-S] some terminologies and concepts. Let L be a finite
set. Let F(L) be the free group generated by L, and let L* be the free monoid
generated by L inside F(L). We call the elements of F'(L) words and the elements
of L* positive words. The empty word ¢ is the identity element of L*. If two words
A, B are identical letter by letter, we write A = B. Let G = (L|R) be a positive
homogeneously presented group (i.e. the set R of relations consists of those of the
form R;=S; where R; and S; are positive words of the same length ), where R is
the set of relations. We often denote the images of the letters and words under the
quotient homomorphism

F(L) — G
by the same symbols and the equivalence relation on elements A and B in G is
denoted by A = B.
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Next, we recall from [S-T], [I1] some basic concepts on positive homogeneously
presented monoid.

Definition 2.2. Let G = (L|R) be a positive homogeneously finitely presented group,
where L is the set of generators (called alphabet) and R is the set of relations. Then
we associate a monoid Gt = (L | R), . defined as the quotient of the free monoid
L* generated by L by the equivalence relation defined as follows:

i) two words U and V in L* are called elementarily equivalent if either U =V
or V is obtained from U by substituting a substring R; of U by S; where R;=.5; is
a relation of R (S; = R; is also a relation if R; = S; is a relation),

il) two words U and V in L* are called equivalent, denoted by U = V, if there
exists a sequence U=Wy, Wy, ..., W, =V of words in L* for n€Zx>q such that W;
is elementarily equivalent to W;_1 fori=1,... n.

Due to the homogeneity of the relations, we define a homomorphism.:

deg : Gt — Z>q
by assigning to each equivalence class of words the length of the words.

Remark 1. For a positive homogeneously presented group G = (L|R), the associated
monoid Gt = (L | R),, is conical.

Remark 2. In [S1], for a monoid M, the quotient set M/~ is considered, where the
equivalence relation ~ on M is defined by putting u ~ v Sqep. uljv &v|ju. Due to
the conicity, if M = (L | R)_ . then we say that M/~ = M.

mo’

Lastly, we consider two operations on the set of subsets of a monoid M. For a
subset J of M, we put

em (J):={ueM]|jliu, VjeJ}
min,(J):={u e J|Iv e Jst. v|ju=v=u},
and their composition: the set of minimal common multiples of the set J by

mem(J) := min, (cm,(J)).

3. GENERATING FUNCTIONS Pjf deg AND Njf deg

In this section, for a positive homogeneous presented cancellative monoid

M=(L|R)

mo?

we define a growth function Pps e and a skew growth function Nz deg. Next, we
recall from [S1] the inversion formula for the growth function of M.
First, we introduce a concept of towers of minimal common multiples in M.

Definition 3.1. A tower of M of height n € Z>¢ is a sequence
T:= (IO7 ']17 ']27 Ty Jn)
of subsets of M satisfying the followings.
i) Ip := the image of the set L in M.

ii) mem(Jy) #0 and we put Iy, := mem(Jg) for k=1,...,n.
i) Jp CIx—1 suchthat 1<#Jy<oo for k=1,...,n.
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Here, we call 1y, J and Iy, the ground, the kth stage and the set of minimal
common multiples on the kth stage of the tower T, respectively. In particular, the
set of minimal common multiples on the top stage is denoted by |T| := I,.

The set of all towers of M shall be denote by Tmem(M). We put h(M,deg) :=
max{height of T' € Tmem(M)}.

Remark 3. 1) It is clear that M is a free monoid if and only if h(M,deg) = 0.
ii) All of the monoids discussed in [A-N], [B-S], [S2], [S3] have h(M,deg) < 1.
iii) For the following cancellative monoid

cbb = bba,

GEH = <a,b,c ab = be, > ,
ac=ca ! mo

we have h(Gf, ,deg) = oo (§5).
iv) For the following cancellative monoids

ch™ =b"a,
Gl = <a,b,c ab = be, > (n=3,4,...),
ac=ca | mo
b(ab)™ba = cb(ab)™b,
HY = <a,b,c ab = be, > (n=1,2,...),
ac=ca mo

we have h(G;},deg) = 2 and h(H,',deg) = 2 (85).
v) For the following abelian cancellative monoid

m—pm,
Mabel,m = <a; b aab — ba > (m =2,3,.. ~)7

we have h(Mabcl,m»deg) =00 (§5)

Secondly, we define a growth function Py qes and a skew growth function Nz deg-
In the previous section, we have fixed a degree map deg on M. Then, we define the
growth function of the monoid (M, deg) by

PM,deg = Z tdeg(u) = Z #(Md) tdv
weM d€Z g

where we put My = {u € M | deg(u) = d}. And we define the skew growth
function of the monoid (M, deg) by

(3.1) Nisdeg(t) := 1+ Z (= 1yttt Z ydes(a)
T€Tmem(M) A€|T|

Remark 4. In the definition (3.1), we can write down the coefficient of the term t
directly. Namely, we write

Natdeg(t) =1 — #(Io)t + Z (_1)#J1+-~+#Jn—n+1 Z pdeg(A)
height of T' >1 Ae|T|

Remark 5. Therefore, if M is a free monoid of rank n, then we have N qeg(t) =
1 —nt.

Lastly, we recall from [S1] the inversion formula for the growth function of
(M, deg).
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Theorem 3.2. We have the inversion formula

Pirrdeg(t) - Nardeg(t) = 1.

4. CANCELLATIVITY OF G, AND H;}

In this section, for a preparation for calculations of the skew growth functions
for the monoids G and H, in §5, we prove the cancellativity of them.
First, we show the cancellativity of G,!.

Theorem 4.1. The monoid G, is a cancellative monoid.
Proof. First, we remark the following.
Proposition 4.2. The left cancellativity on G} implies the right cancellativity.

Proof. Consider a map ¢ : G} — GF, W — o(W) := o(rev(W)), where o is a
permutation (Z::) and rev(W) is the reverse of the word W = zyxo -+ -z (x; is
a letter) given by the word zj - - - xox1. In view of the defining relation of G, ¢
is well-defined and is an anti-isomorphism. If fa = vya, then ¢(fa) = ¢(ya), i.e.,
o(a)p(B) = p(a)p(v). Using the left cancellativity, we obtain ¢(8) = ¢(v) and,
hence, 5 = ~.

O

The following is sufficient to show the left cancellativity on Gt

Proposition 4.3. Let Y be a positive word in G} of length r € Z>o and let X ") pe
a positive word in G} of lengthr —h e {r—n+1,...,r}.

(i) If vX© = oY for some v € {a,b,c}, then X(O) = Y.

(ii) If aX© = bY, then X = bZ, Y = ¢Z for some positive word Z.

(iii) If aX© = ¢Y, then X(O = ¢Z,Y = aZ for some positive word Z.

(iv-0) If bX© = cY, then there exist an integer k (0 < k < r —n) and a positive
word Z such that X© = ckpn=1q. Z and Y = dFo" - Z.

(iv-1-a) There does not exist words XM and Y that satisfy an equation ba- XM =

cY.

(iv-1-b) Ifbb- XD = ¢y, then XN = v"2a-Z and Y = b"- Z for some positive
word Z.

(iv-1-¢) Ifbe- XM = ¢V, then there exist an integer k (0 <k <r —n—1) and
a positive word Z such that XM = #b"1a-Z and Y = oF 10" - Z.

If n > 4, then, for 2 < h < n — 2, we have to prepare the following propositions
(iv-h-a) (iv-h-b) and (iv-h-c)

(iv-h-a) There does not exist positive words X") and Y that satisfy an equation
bha- XM = ¢y,

(iv-h-b) Ifohtt . XM = ¢V, then XM = pn=h=1q. Z and Y = b™ - Z for some
positive word Z .

(iv-h-¢) There does not exist positive words X" and Y that satisfy an equation
bhe - X = ¢y

(iv-(n—1)-a) Ifb"ta- XD = ¢V, then X"V = ba-Z and Y = b"c- Z for
some positive word Z.

(iv-(n—1)-b) Ifo" - X~V = ¢V, then X"V = aZ and Y = b" - Z for some
positive word Z .



THE SKEW GROWTH FUNCTIONS Njs deeg(t) FOR THE MONOID OF TYPE Bj; AND OTHERSI

(iv-(n — 1)-¢) There does not exist positive words X"~V and Y that satisfy an
equation b" e X"~V = (Y.

Proof. We will show the general theorem, by refering to the triple induction (see
[12] for instance). The theorem for a positive word Y of word-length r and X" of
word-length r —h € {r—n+1,...,r} will be refered to as H, ;. It is easy to show
that, for r =0, 1, H, j, is true. If a positive word U; is transformed into U by using
t single applications of the defining relations of G, then the whole transformation
will be said to be of chain-length t. For induction hypothesis, we assume

(A) Hy p, is true for s = 0,...,7 and arbitrary h for transformations of all chain-
lengths,

and

(B) Hy41,p is true for 0 < h < n — 1 for all chain-lengths < ¢.

We will show the theorem H,.; p, for chain-lengths ¢+ 1. For the sake of simplicity,
we devide the proof into two steps.

Step 1.H, 1 for h =0

Let X,Y be of word-length » + 1, and let

X = W= - = v Wip1 = vV

be a sequence of single transformations of ¢ + 1 steps, where vy, ...,v40 € {a,b,c}
and Wy, ..., Wiy, are positive words of length r + 1. By the assumption ¢t > 1,
there exists an index 7 € {2,...,¢t+ 1} such that we can decompose the sequence
into two steps

'UlX; v W = Ut+2Ya

in which each step satisfies the induction hypothesis (B).

If there exists T such that v, is equal to either to v; or vyys, then by induction
hypothesis, W is equivalent either to X or to Y. Hence, we obtain the statement
for the v1 X = v42Y. Thus, we assume from now on v, # vy, ve4e for 1 < 7 < t+1.

Suppose v1 = via. If there exists 7 such that (v1 = viga, v, ) # (b,¢), (¢, b),
then each of the equivalences says the existence of «, 8 € {a,b,c} and positive
words Z1,Zy such that X = aZy, W, = 72, = [Zs and Y = «aZ;. Applying
the induction hypothesis (A) to 87, = 723, we get Z1 = Z,. Hence, we obtain
the statement X = aZ; = aZy; = Y. Thus, we exclude these cases from our

considerations. Next, we consider the case (v1 = vip2,v,) = (b,¢). However,
because of the above consideration, we say v = -+ = vy = c¢. Hence, we
consider the following case

b X = Wy = - = Wy = bY.

Applying the induction hypothesis (B) to each step, we say that there exist positive
words Z3 and Z4 such that

X=bv"ta -Zs, Wy = b"- Zs,
Wip1= 0" Zy, Y= 0" ta- Z,.
Since an equation W7 = Wy, 1 holds, we say that
bt Zs= b Zy.

By induction hypothesis, we have X = Y.
In the case of (v; = vi42,v,) = (¢, b), we can prove the statement in a similar
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manner.
Suppose v1 # vi12. We consider the following three cases.
Case 1: (v1,v7,v442) = (a,b,c)
Because of the above consideration, we consider the case 7 =t + 1, namely
aX = bWt+1 = cY.

Applying the induction hypothesis to each step, we say that there exist positive
words Z; and Z5 such that

X = bZ1, Wepr = ¢,

Wipi= 0""ta-Zy, Y= b 2.
Thus, we say that ¢- Z; = b"la - Z;. Applying the induction hypothesis (A) to
this equation, we say that there exists a positive word Z3 such that

Zl = bc- Zg, Z2 = ba - Zg.

Hence, we have X = ¢b"t! . Z3 and Y = ab”*! - Zs.
Case 2: (v1,v7,ve42) = (a,c,b)
We consider the case 7 =t + 1, namely
GXF CWt+1 = bY.

Applying the induction hypothesis to each step, we say that there exist positive
words Z; and Z5 such that

XF CZl7 Wt+1; aZlv

Wipi= b"-Zy, Y = 0" ta- 2.
Thus, we say that aZ; = b" - Z5. Applying the induction hypothesis (A) to this
equation, we say that there exists a positive word Z3 such that

Zl = anrl . Zg, Z2 = ba - Z3.

Hence, we have X = b-b"c-Zsand Y = c-b"c- Zs.
Case 3: (v1,v7,v¢42) = (b,a,c)
Then, we consider the following case
bX = aW, = ¢Y.

Applying the induction hypothesis to each step, we say that there exist positive
words Z; and Z5 such that

X = cZy, Wr = b2y,

W.= cZy, Y = aZ,.
Moreover, we say that there exist a positive word Z3 and an integer k € Z>q such
that -
Zi= v la - Zs, Zo = aFo - Zs.
Thus, we have
X = Fthynte. Z;, Y = ot Zs.

Step 2.H, 1, for0<h<n-—-1
We will show the general theorem H, 1 by induction on h. The case h = 0 is
proved in Step 1. First, we show the case h = 1. Let X be of word-length r, and
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let Y be of word-length r + 1. We consider a sequence of single transformations of
t 4 1 steps

V~X(1); o= Y,
where V is a positive word of length 2. We discuss three cases.
Case 1:V = ba.
We consider the following case
(4.1) ba- XM= ... = ¢v.

By the result of Step 1, we say that there exist a positive word Z; and an integer
k € Z>¢ such that

aXW = Fpla- 2y, Y = a0 - 2.

Applying the induction hypothesis (A), we say that there exists a positive word Z,
such that

XW = .z, v a2y = as.
Moreover, we say that there exists a positive word Z3 such that
V' 2021 = s, Zoy= bZs.

By the induction hypothesis, we have a contradiction. Hence, there does not exist
positive words X() and Y that satisfy the equation (4.1).

Case 2:V = bb.
We consider the following case
bb- XM = Vo - Wo= o= Vi - Wy = ¢,

where V5 and V41 are positive words. It is enough to discuss the case (Va, Viy1 ) =
(bcb™, ac). Applying the induction hypothesis (A) to the equation

(4.2) beb™ - Wo = ac- Wiy,

we say that there exists a positive word Z; such that ¢Wy,1 = bZ;. Applying the
induction hypothesis, we say that there exist a positive word Z, and an integer
k € Z>¢ such that

(4.3) Wip1= a®b" - Zy, Z1 = " ta- Zs.
Applying (4.3) to the equation (4.2), we have

beb™ - Wo = ac - ab™ - Zs.
Moreover, we say
(4.4) b Wo = vl Zo.

We consider the following two cases.
Case2-1: k=0
There exists a positive word Z3 such that

WQF CZg, Zg; ng.

Thus, we have
XW = "o cZy= b 2a-ba- Zs,
Y= ab"b-Zs= b"-baZs.
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Case2-2:k>1
Applying the induction hypothesis to the equation (4.4), we say that there exists a
positive word Z3 such that

WQF ak-Z3.

Thus, we consider the equation b" - Z3 = b" !a - Z,. We say that there exists a
positive word Z4 such that

ZQ = bZ4, Zg - CZ4.
Thus, we have
X = pn=lg.gbe. Z3= b 2a- ba* 12,
Y = ad®b"b- Zs = b" - ba" T Zs.

Case 3:V = be.
Then, we consider the following case

be- XM = ... = .

By the induction hypothesis, we say that there exist a positive word Z; and an
integer k € Z>q such that

XV = Fvla- 2y, Y= d0" - 2y

We consider the following two cases.
Case3-1: k=0
By the induction hypothesis, we say that there exists a positive word Z, such that

XW = - Zy, Z1= ba- Zs.
Thus, we have
XD = pq b2y, Y = bba- Zy = ab™ - bZs.

Case3-2:k>1

Then, we have
X = Flyn=lg. 7, V= o*b" - Z4.

Second, when n > 4, we show the theorem H, 1 5 (2 < h < n — 2) by induction
on h. We assume h =1,2,...,5(j <n—3). The case h =1 has been proved. Let
X+ be of word-length r — 7, and let Y be of word-length r + 1. We consider a
sequence of single transformations of ¢ + 1 steps

(4.5) V.oxUth = = ¢y,

where V' is a positive word of length j + 2. We discuss the following three cases.
Case 1:V = bW a.

Applying the induction hypothesis, we say that there exists a positive word Z; such

that

aXU+) = pn=i=lq. 7, Y = - Z,.
By the induction hypothesis, we say that there exists a positive word Z5 such that
XUtD = bz, 0" 20- 21 = cZs.

By the induction hypothesis, we have a contradiction. Hence, there does not exist
positive words XU+1) and Y that satisfy the equation (4.5).
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Case 2:V = bbit!,

Applying the induction hypothesis, we say that there exists a positive word Z; such
that ‘ ‘

bXUHD — pn=izlq. Z, Y = - Z).
Thus, we have XU+ = pn=i-2q. 7,

Case 3:V = bblec.

Applying the induction hypothesis, we say that there exists a positive word Z; such
that . '

XU = pn=i=lq. 72, Y = b Z4.
By the induction hypothesis, we have a contradiction. Hence, there does not exist
positive words XU+ and Y that satisfy the equation (4.5).

Lastly, we show the theorem H,; ,_1. Let X (=1 be of word-length r —n + 2,
and let Y be of word-length r+ 1. We consider a sequence of single transformations
of t + 1 steps
(4.6) V.Xxmh — = ey,
where V is a positive word of length n. We discuss the following three cases.

Case 1:V = " la.

By the above result, we say that there exists a positive word Z; such that
aX" V= ba-Zy, Y= V" 2.
By the induction hypothesis, we say that there exists a positive word Zs such that
XN = pa . Zy, Z1 = cZs.
Thus, we have Y = b"c- Zs.

Case 2:V = b~ 1b.

By the above result, we say that there exists a positive word Z; such that
WX Y = ba-Zy, V= " 7.
Thus, we have X"~V = ¢Z;.

Case 3:V = bnle.

By the above result, we say that there exists a positive word Z; such that
XD = ba-Zy, Y = 0" 7).

We have a contradiction. Hence, there does not exist positive words X (=1 and Y’
that satisfy the equation (4.6).
O

This completes the proof of Theorem 4.1. |

Secondly, we show the cancellativity of H.

Theorem 4.4. The monoid H,I is a cancellative monoid.

Proof. First, we remark the following.

Proposition 4.5. The left cancellativity on H," implies the right cancellativity.
Proof. Considerba map ¢ : Hf — Hf, W — (W) := o(rev(W)), where o is a
a.byc

c,b,a
statement. O

permutation ( ) By following the proof in Proposition 4.2, we can show the
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The following is sufficient to show the left cancellativity of the monoid H, .

Proposition 4.6. Let Y be a positive word in H; of length r € Z>q and let X () pe
a positive word in HY of lengthr —h € {2n,...,7}.

(i) If vX© = vY for some v € {a,b,c}, then X(O = Y.

(ii) If aX© = bY, then X = bZ, Y = ¢Z for some positive word Z.

(iil) If aX© = ¢V, then XO = ¢Z,Y = aZ for some positive word Z.

(iv) IfbX ) = cY, then there exist an integer k (0 < k < r—2n—2) and a positive
word Z such that X(©) = ¢*(ab)"ba - Z and Y = a*b(ab)"b- Z.

(v) Ifbb- X = ¢Y, then XM = ¢(ab)* 'ba-Z, Y = b(ab)"b- Z for some positive
word Z.

For 2 < h <r —2n, we prepare the following propositions.

(vi-h) If " 'bb- XM = bY, then XM = ¢(ab)* - Z and Y = (ab)"ba"~' - Z
for some positive word Z.

Proof. By refering to the double induction (see [G], [B-S] for instance), we show
the general theorem. The theorem for a positive word Y of word-length r and X ()
of word-length » —h € {r —2n,...,r } will be refered to as H, . It is easy to show
that, for r = 0,1, H, ;, is true. For induction hypothesis, we assume

(A) Hy p, is true for s = 0,...,r and arbitrary h for transformations of all chain-
lengths,

and

(B) Hy41,5 is true for 0 < h < max{0,r +1 — 2n} for all chain-lengths < ¢.

We will show the theorem H,.1 j for chain-lengths ¢+ 1. For the sake of simplicity,
we devide the proof into two steps.

Step 1.H, 1 for h=0

Let X,Y be of word-length r + 1, and let

X = We= - = v Wi = vV

be a sequence of single transformations of ¢t + 1 steps, where v1,...,v40 € {a,b,c}
and Wa, ..., W;41 are positive words of length r + 1. By the assumption ¢t > 1,
there exists an index 7 € {2,...,t+ 1} such that we can decompose the sequence
into two steps

nX = v Wr = v0Y,
in which each step satisfies the induction hypothesis (B).

If there exists 7 such that v, is equal to either to v; or vsys, then by induction
hypothesis, W is equivalent either to X or to Y. Hence, we obtain the statement
for the v1 X = vy42Y. Thus, we assume from now on v, # vy, ve40 for 1 <7 <t41.

Suppose v1 = vio. If there exists 7 such that (v1 = viga,v-) # (b,¢),(¢,b),
then each of the equivalences says the existence of o, 8 € {a,b,c} and positive
words Z1,Zs such that X = aZy, W, = pZ; = Zy and Y = aZs. Applying
the induction hypothesis (A) to 8Z; = (25, we get Z3 = Zs. Hence, we obtain

the statement X = aZ; = aZ> = Y. Thus, we exclude these cases from our
considerations. Next, we consider the case (v; = vi2,v,) = (b,¢). However,
because of the above consideration, we say ve = --- = wvgy1 = ¢. Hence, we

consider the following case
bX = cWy= - = Wy = bY.
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Applying the induction hypothesis (B) to each step, we say that there exist positive
words Z3 and Z4 such that

X = (ab)"ba . Z37 W1 = b(ab)”b . Zg,

Wt+1 = b(ab)"b . Z47 Y = (ab)”ba . Z4.
Since an equation W7 = Wy, 1 holds, we say that X = Y.
In the case of (v; = viio,v,) = (¢, b), we can prove the statement in a similar
manner.
Suppose v1 # vi40. It suffices to consider the following two cases.

Case 1: (v1,v7,v¢42) = (a,b,c)
Because of the above consideration, we consider the case 7 =t + 1, namely
aX = bWt+1 = cY.

Applying the induction hypothesis to each step, we say that there exist positive
words Z; and Z5 such that

X = bz, Wt+1? cZy,
Wiv1 = (ab)"ba-Zz, Y = b(ab)"b- Zs.

Thus, we say that ¢Z; = (ab)™ba - Zs. Applying the induction hypothesis (A) to
this equation, we say that there exists a positive word Z3 such that

Z1 = aZs, b(ab)" ‘ba - Zy = cZs.
Hence, we have bbc(ab)"~2ba - Zo = cZ3. Applying the induction hypothesis (A) to
this equation, there exists a positive word Z, such that
c(ab)"%ba - Zy = c(ab)" " Yba - Zy, Zz = b(ab)"b- Zy.

Hence, we have ba - Zo = abba - Z,. Moreover, we say that there exists a positive
word Z5 such that
Zoy= cba-Zs, Zy= cZs.
Thus, we have
ab(ab)"bc - Zs = ¢ - blab)"beh - Zs,
(ab)"bcba - Zs = a - b(ab)™beb - Zs.

Case 2: (v1,v,,042) = (a,¢,b)
We consider the case 7 =t + 1, namely

CLX; CWt+1 = bY.

Applying the induction hypothesis to each step, we say that there exist positive
words Z; and Z5 such that

X; CZ1, Wt+1 = aZl,
Wie1 = b(ab)"b-Zy, Y = (ab)"ba - Zs.

Thus, we say that aZ; = b(ab)™b - Zy. Applying the induction hypothesis (A) to
this equation, we say that there exists a positive word Z3 such that

Zl = bZd, (ab)"b . ZQ = CZ3.
Hence, there exists a positive word Z4 such that

b(ab)" b Zy = cZy, Z3= aZy.
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We have bbc(ab)"~2b - Zy = cZ4. Applying the induction hypothesis (A) to this
equation, we say that there exists a positive word Z5 such that
c(ab)"%b- Zy = c(ab)" ‘ba - Zs, Zy = b(ab)"b- Zs.
Hence, we have Zs = cba - Z5. Thus, we have
X = cbab(ab)"b- Zs = b(ab)"bacd - Zs,
Y = (ab)"bacba - Zs = c¢(ab)"bacb - Zs.

Step 2.H, 1 for 1<h<r+1-2n
We will show the general theorem H,.; 3. First, we show the case h = 1. Then, we
consider the following case

- XM= .. = v

By the result of Step 1, we say that there exist a positive word Z; and an integer
k € Z>¢ such that

bXW = ck(ab)"ba - Z1, Y = a*b(ab)"b- Z;.

Thus, we have bX () = ackb(ab)”'ba- Z;. Applying the induction hypothesis (A),
we say that there exists a positive word Z5 such that

XV = Zy, bZy = Fb(ab)"tba - Zy = Fbbe(ab)" %ba - Z;.

We consider the case k > 1. By the induction hypothesis, we say that there exists
a positive word Z3 such that

Zy = (ab)"ba® - Z3, c(ab)" 2ba - Z, = c(ab)" " 'b- Zs.

Hence, we have ba - Z1 = abb- Z3. Then, we have aZ; = cb- Z3. By the induction
hypothesis, there exists a positive word Z, such that

Z1= cb-Zy, Z3= cZy.
Thus, we have
XU = c(ab)"babc- Zy = c(ab)" ‘ba - cha® - Z4,
Y = a*b(ab)"beb - Zy = b(ab)"b - cba® - Z,.
Next, we consider the case 2 < k <71+ 1 — 2n. We consider the following case
(4.7) Ay XM = L= byl

By the result of Step 1, we say that there exist a positive word Z; and an integer
k1 € Z>g such that

A2 XM = aFrp(ab)b - Zy, Y = F(ab)ba - Z,.

By repeating the same process h — 1 times, there exist integers ks, ..., kp—1 € Z>¢
and positive word Z;_1 such that

bh- XM = gFr=1t . p(ab)™b- Z)_1.

Then, we have b- XM = cFr=1 . (ab)"b- Zj_1 = ac®1 - b(ab)" b - Z),_,. By the
induction hypothesis, there exists a positive word Zj, such that

XM = ¢z, Fr=1 b(ab)" b Zy 1 = b2
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Hence, we have bZ;, = c*»~1-bbc(ab)"~2b- Z;,_1. By the induction hypothesis, there
exists a positive word Z; such that
c(ab)"%b- Z,_1 = c(ab)" b Zo, Z = (ab)"ba*n1 - Zy.
Thus, we have bZ;,_1 = abb- Zy. We have Z;,_1 = c¢b- Zy. Then, we have
XM = ¢(ab)"ba* =1 - Zy = c(ab)" b - cba*1 - Z,.
Applying this result to (4.7), we have
bY = " 7'bb- c(ab)" b - cba™ -t - Zg = b(ab)"ba" " - cba™ 1 - Zo.

Hence, we have Y = (ab)"ba”~1 - cbakn-1 - Z;.

This completes the proof of Theorem 4.4. (I

5. CALCULATIONS OF THE SKEW GROWTH FUNCTIONS

In this section, we will calculate the skew growth functions for the monoids Ggﬁ,
G;t, H: and Mabel,m-

First, we present an explicit calculation of the skew growth function for the
monoid ng. In [I1], we have made a success in calculating the growth function

PG;gﬁ deg () by using the normal form for the monoid GE“. By the inversion formula,
we can calculate the skew growth function NGE deg(t)- Nevertheless, we present

an explicit calculation, because, in spite of the fact that the monoid is non-abelian
and the height of it is infinite, we succeed in the non-trivial calculation.
Example. 1. First of all, we recall a fact from [S-I] §7.

Lemma 5.1. Let X and Y be positive words in GEH of length r € Z>y.

(1) If vX = vY for some v € {a,b,c}, then X = Y.

(ii) If aX = bY, then X = bZ,Y = ¢Z for some positive word Z.

(iil) IfaX = ¢Y, then X = ¢Z,Y = aZ for some positive word Z.

(iv) If bX = cY, then there exist an integer k € Z>o and a positive word Z such
that X = c*ba-Z,Y = a*bb- Z.

Thanks to the Lemma 5.1, we have proved the cancellativity in [S-I]. And we
prove the following Lemma.

Lemma 5.2. If an equation bb- X = cY in Ggii holds, then X = aZ,Y = bb-Z
for some positive word Z.

Proof. Due to the Lemma 5.1, we say that there exist an integer £ € Z>o and a
positive word Zj such that

(5.1) bX = *ba- Zy, Y = atvb- Z,.

We consider the case k > 1. Due to the Lemma 5.1, we say that there exist an
integer i1 € Z>( and a positive word Z; such that

X = "ba-Zy, & ba-Zy= a'rbb- 7.
Moreover, we say that there exists a positive word Zél) such that

Zo= 21, ¢ ez = v 7y
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Repeating the same process k-times, there exist integers is,...,7; € Z>¢ and posi-
tive words Z(()k) and Zj, such that
ZO = Ci1+iz+---+ik -Zék), ba - Zék) = bb - Zk-
Moreover, we say that there exists a positive word Z’ such that
z = b7, 7= 7.

Applying this result to (5.1), we have

bX = cFbacitizttivy . 7/ = pgchrtizttiepgh o g

Y = afbber Pt iy 70 = b et ipeh . 77,
Thus, we have X = q - cirtiettivpgk . 77, O

As a consequence of Lemma 5.2, we obtain the followings.

Corollary 5.3. If an equation bb- X = ¢ -Y in Ggii holds for some positive integer
I, then X = a'-Z,Y = bb- Z for some positive word Z.

Due to the Corollary 5.3, we can solve the following equation.

Proposition 5.4. If, for 0 <i < j, an equation ¢'b- X = ¢/b-Y in G;g“ holds, then
there exist an integer k € Z>o and a positive word Z such that

X= b’ Z, Y= -2

Proof. Due to the cancellativity, we show c¢’b- X = ¢/b-Y < bX = ¢/~b-Y. Thanks
to the Lemma 5.1, we say that there exist an integer k € Z>( and a positive word
Z7 such that

X= a2y, 7Y = dfbb- 7.

Moreover, we say that there exist Y’
Y=Y, Jd7 Y = bb- Zy.
Due to the Corollary 5.3, there exists a positive word Zs such that
W' = bb-Zy, Z1= o’ 17 2.

Thus, we have o
X = bl Zy, Y= b Zs.

As a corollary of the Proposition 5.4, we show the following lemma.

Lemma 5.5. For 0 < k1 < ko < -+ < Km,
mem({ b, ¢2b, ..., c"b}) = {c"b- b |k =0,1,...}

By using the Lemma 5.5, we easily show the following.
Proposition 5.6. We have h(GEH, deg) = oo.
Proof. Due to the Proposition 5.1, we show

mem({b,c}) = {cb-cFbo|k=0,1,...}.
Due to the Lemma 5.1, for 0 < k1 < ko < - -+ < Ky, WE SQY
mem({ ¢b - b, cb-c*2b, ..., cb-c"b}) = {cb-c"b-Fb|k=0,1,...}.

By using the Lemma 5.5 repeatedly, we show h(GEii,deg) = 0. O
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By using the Lemma 5.5, we calculate the skew growth function. We have
to consider four cases J; = {a,b},{a,c},{b,c}, {a,b,c}. The set Tmcm(ng,Jl)
denotes the set of all the towers starting from a fixed J;. If J; = {a, b}, {a, c}, due
to the Lemma 5.1, then mem({a,b}) and mem({a, c}) consist of only one element,
respectively. Next, we consider the case J; = {b,c}. For a fixed tower T, if there
exists an element A € |T| such that deg(A) = [ + 2, then, from the Lemma 5.5,
we say the uniqueness. For any fixed | € Z~(, we calculate the coefficient of the
term #*2 which is denoted by a;, by counting all the signs (—1)#/1+ - +#Jn—n+1
in the definition (3.1) associated with the towers T = (Iy, Ji, J2, - - , Jy,) for which
deg(A) can take a value [ 4+ 2. In order to calculate the a;, we consider the set

’Té; ={T € Tmem(Gf, , J1) | A € |T| s.t.deg(A) =142}
By using the Lemma 5.5 repeatedly, we show
max{height of T € Té+ Y=[l+1)/2].
Bii

Foru e {1,...,[(l4+1)/2] }, we define the set
TGl;;“,u :={T € Tmem(GY, , J1) | height of T =u, A € |T| s.t.deg(A) =1 +2}.

From here, we write Tcl;+

Bij

(resp. Té+ ) simply by T (resp. T;!). Thus, we have
B

the decomposition:
(5.2) T = |_| T

Claim 1. For any u, we show the following equality

(F)" MO = Y (PR
TeT]!

Proof. For the case of u = 1, the equality holds. For the case of u = 2, we calculate
the sum ZTGTZL(—l)#h_l. By indices 0 < k1 < Ko < +++ < Ky, the set Jy is
generally written by {c¢b- ¢®1b,cb- ¢™2b, ..., cb- ¢ b}. Due to the Lemma 5.5, we
show that the maximum index k,, can range from 1 to [ — 2. For a fixed index
km =k € {L,...,l — 2}, we easily show

Yoo (-pFhTt =1

TeTS km=kK

Therefore, we show that the sum ZT€7-21<_1)#J2_1 =—(1-2)=—_2C54.
We show the case for 3 < u < [(I 4+ 1)/2] by induction on u. We assume the case

u = j. For the case of u = j + 1, we focus our attention to the set J5. If we write
the set Jo by {cb-c™b,cb-c2b,...,cb-c"b}, due to the the Lemma 5.5, we show
that the maximum index k,, can range from 1 to [ — 2j. By induction hypothesis,
it suffices to show the following equality

1-2§

Z 1—j—k—1Cj—1 = 1—j—1C}.

k=1

Therefore, we have shown the case u = j + 1. This completes the proof. ([l
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By the decomposition (5.2), we show the following equality.
Claim 2. a; = L(l:_ol)/m(f].)kl_k_lck.

Then, we easily show the following.
Claim 3. a;y2 —a;41 +a; =0.

Proof. Since an equality ,,11C) — nCkr = nCk—1 holds, we can show our statement.
O

We easily show a; = as = 1. Hence, the sequence {a;}7°, has a period 6.
Lastly, we consider the case J; = {a, b, c}. For any fixed | € Z~q, we calculate the
coefficient of the term #'*+3 which is denoted by b;. Since mem({a,b,c}) = {cb-c*b |
k = 1,2,...}, we can reuse the Lemma 5.5. In a similar manner, we have the
following conclusion.

Claim 4. bjyo — b1+ 0 =0.

Since by = by = 1, we also show that the sequence {b;}7°, has a period 6. After all,
we can calculate the skew growth function for the monoid Gf :
t3 t 1—t)4
Noy aeg() =1 =30+ 20° 4 oy = oy = 1(7t+)t2'

Secondly, we present an explicit calculation of the skew growth function for the
monoid G}

Example. 2. First of all, we show the following proposition.

Proposition 5.7. If, for 0 < i < j, an equation c'b"~1- X = ¢Jb"~1.Y in G holds,
then there exists a positive word Z such that

X=0bd""Z Y= bZ

Proof. Since we have shown the cancellativity in §4, we show vl X = It
Y &b 1. X = 77" . Y. Thanks to the Proposition 4.3 (iv- (n — 2)-b), we
say that there exists a positive word Z such that

X=0bd""Z Y= 0bZ

As a corollary of the Proposition 5.7, we show the following lemma.
Lemma 5.8. For 0 < k1 < Ky < -+ < K,
mem({ ¢Fron L er2pn T L et ) = [t bt}
Thus, we obtain the following proposition.
Proposition 5.9. We have h(G},deg) = 2.

By using the Lemma 5.8, we calculate the skew growth function. We have
to consider four cases J; = {a,b},{a,c},{b,c},{a,b,c}. The set Tmem(G,, J1)
denotes the set of all the towers starting from a fixed J;. If J; = {a,b},{a,c},
due to the Proposition 4.3, then mem({a, b}) and mem({a, c}) consist of only one
element, respectively. Next, we consider the case J; = {b, c}. For any fixed | € Z~,
we calculate the coefficient of the term ¢"*! which is denoted by ¢;. In order to
calculate the ¢;, we consider the set

Té+ = {T € Tmem(G;,J1) | A € |T| s.t.deg(A) =n +1}.
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For u € {1,2}, we define the set
TCll;f,u = {T € Tmem(G,}, J1) | height of T = u, A € |T| s.t.deg(A) =n+1}.

Since mem({b,c}) = {eb- k"t | k = 0,1,...}, we easily show ¢; = ca = 1.
Moreover, we show the following.
Proposition 5.10. We have ¢; =0 (I = 3,4,...).

Proof. From the consideration in Claim 1 of Example 1, for u = 2, we also show

Z (=1)FN ot #E el -
TETclﬁ,u

Thus, we have ¢, =0 (1 =3,4,...). O

Lastly, we consider the case J; = {a,b,c}. For any fixed | € Z~, we calculate
the coefficient of the term ¢"+!*! which is denoted by d;. In a similar way, we show
dy =dy =1and d, =0 (I = 3,4,...). After all, we calculate the skew growth
function for the monoid G :

Net qog(t) = 1=38 4207+ (8" 4+7F2) — ("2 447F2) = (1—1) ("2 44" =2t 4-1).

Remark 6. By the inversion formula, we can calculate the growth function P+ deg (t).
As far as we know, it is difficult to calculate Pyt 4., (t) directly.

Thirdly, we present an explicit calculation of the skew growth function for the
monoid H, .
Example. 3. First of all, we show the following proposition.

Proposition 5.11. If, for 0 <i < j, an equation c'b(ab)" 1ba- X = ¢/b(ab)" tba-Y
in H, holds, then there exists a positive word Z such that

X=cba’"-Z, Y= ch-Z.

Proof. Since we have shown the cancellativity in §4, we show c¢'b(ab)" 1ba - X =
cb(ab)" " tba-Y < b(ab)" tba- X = ¢/~*b(ab)" 'ba-Y. Thanks to the Proposition
4.6 (vi- h), we say that there exists a positive word Z; such that

(ab)"1ba - X = (ab)"ba’ " - Zy, c(ab)" %ba-Y = c(ab)" b Z;.
Therefore, we say that there exists a positive word Z; such that

X = cba’" Zy, Y = cb- Zs.

As a corollary of the Proposition 5.11, we show the following lemma.
Lemma 5.12. For 0 < k1 < kg < -+ < Kim,
mem({ ¢*b(ab)" tba, c2b(ab)" tba, ..., " b(ab)" tba }) = {c"mb(ab)" 'bacb}
Thus, we obtain the following proposition.

Proposition 5.13. We have h(H,},deg) = 2.
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Thanks to the Lemma 5.12, we can calculate the skew growth function. We have
to consider four cases J; = {a,b},{a,c},{b,c},{a,b,c}. The set Tmem(H,, J;)
denotes the set of all the towers starting from a fixed J;. If J; = {a,b},{a,c},
due to the Proposition 4.6, then mem({a,b}) and mem({a, c}) consist of only one
element, respectively. Next, we consider the case J; = {b, c}. For any fixed | € Z~,
we calculate the coefficient of the term ¢27*3+! which is denoted by e;. In order to
calculate the e;, we consider the set

T.. =={T € Tmem(H;, J;) | A € |T| s.t.deg(A) =2n+3+1}.
For u € {1,2}, we define the set
T}mm = {T € Tmem(H,", Jy) | height of T = u, A € |T| s.t.deg(A) = 2n+3+1}.

Since mem({b,c}) = {bc¥(ab)™ba | k =0,1,...}, we easily show e; = ex = e3 = 1.
Moreover, we show the following.

Proposition 5.14. We have e, =0 (I =4,5,...).

Proof. From the consideration in Claim 1 of Example 1, for u = 2, we also show

Z (_1)#J1+"‘+#J'u_u+1 - 1.

T 1
ETH;'{,u

Thus, we have e, =0 (I =4,5,...). O
Lastly, we consider the case J; = {a,b,c}. For any fixed | € Z~(, we calculate
the coefficient of the term ¢2"*4+! which is denoted by f;. In a similar way, we

show fi1 = fo = fs=1and f; =0 (I =4,5,...). After all, we calculate the skew
growth function for the monoid H;}:

NH,,J[,deg (t) =1—-3t+ 2t2 4 (t2n+3 4 t2n+4 4 t2n+5) _ (t2n+4 4 t2n+5 4 t2n+6)
— (1 _ t)(t2n+5 + t2n+4 + t2n+3 2t 1)

Remark 7. By the inversion formula, we can calculate the growth function P+ deg(t).
As far as we know, it is difficult to calculate Py + deg(t) directly.

Lastly, we calculate the skew growth function for the monoid Mapel,m-
Example. 4. First of all, we easily show the following proposition.

Proposition 5.15. Let X and Y be positive words in Mupel,m of length r € Z>q.

(1) If vX = vY for some v € {a,b}, then X =Y.
(ii) If aX = bY, then either X = a™ 1 -Z; and Y = b™~ 1. Z; for some positive
word Zy or X = bZy and'Y = aZs for some positive word Zs.

Lemma 5.16. There exists a unique tower T, = (Iy, J1,J2,- -+ ,Jn) of height n €
Z~o with the ground set Iy = {a,b} such that

Jog—1 = {aF=0mFL qk=Dmpr (=1 [(n41)/2]),
Jog = {a*™, aFVmH Y (B =1,...,[n/2]).

Proof. We easily show J; = {a,b} and J; = {a™, ab}. Thanks to the Proposition
5.15, we show our statement by induction on k. ([l
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Therefore, we immediately show h(Mapel m,deg) = co. And, from the definition
(3.1), we can calculate the skew growth function

1—1)2
Nty mrdeg(t) = (L =2t + ) (L + " + 42" 40 ) = 7(1 — trl :

6. APPENDIX

In this section, we present three examples that suggest the ralationship between
the form of the spherical growth function for a monoid (L | R),, and properties
of the corresponding group (L | R). For the three examples, by observing the
distribution of the zeroes of the denominator polynomials of the growth functions for
them, we conjecture that the corresponding groups contain free abelian subgroups
of finite index.

Example. 1. We recall an example, the monoid Ggu, from [I1]. By using the
normal form of the monoid GJBFH, the author has calculated the spherical growth
function PG;g“,deg(t) for the monoid. The spherical growth function PG;gn,deg(t)

. . p— 2 . .
can be expressed as a rational function hf%)ﬁ Since the zeroes of the denominator

polynomial of PGE' deg(t) only consists of 1 with multiplicity 4, it is conjectured
that the corresponlc‘iing group Gp,, contains a free abelian subgroup of rank 4 of
finite index. Indeed, the author has shown the following.

Proposition 6.1. The followig (i),(ii) and (iii) hold.

(i) The group G, contains a subgroup of index three isomorphic to 7*.
(ii) The group Gp,, has a polynomial growth rate.
(iii) The group Gg,, is a solvable group.

Example. 2. We consider the following example

ch = ba,
<a,b,c ab = be, > .
ac =ca ! mo

We easily show the cancellativity of it by refering to the double induction (see [G]).
The spherical growth function can be expressed as a rational function 1%03 It is

also conjectured that the corresponding group contains a free abelian subgroup of
rank 3 of finite index. Indeed, we can show that corresponding group contains a
subgroup of index two isomorphic to Z3. Moreover, we show that the group has a
polynomial growth rate and is a solvable group.

Example. 3. We consider the following example

<a, b,c,d

We easily show the cancellativity of it by refering to the double induction (see [G]).
The spherical growth function can be expressed as a rational function ﬁ It is

cb = ba, bd = db,

ab = bc, ac = ca, >
ad = dc,cd = da ! mo

also conjectured that the corresponding group contains a free abelian subgroup of
rank 4 of finite index. Indeed, we can show that corresponding group contains a
subgroup of index three isomorphic to Z*. Moreover, we show that the group has
a polynomial growth rate and is a solvable group.
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