GROMOV-WITTEN THEORY OF FANO ORBIFOLD CURVES
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ABSTRACT. We construct an integrable hierarchy in the form of Hirota quadratic
equations (HQE) that governs the Gromov—Witten invariants of the Fano orbifold
projective curve ]P’,llh@’a3 with positive orbifold Euler characteristic. We also
identify our HQEs with an appropriate Kac—Wakimoto hierarchy.
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1. INTRODUCTION

Since the seminal work of Witten [62], it has been expected that Gromov-Witten
(GW) invariants of a target space X should be governed by an integrable hierarchy.
Witten’s conjecture [62], proven by Kontsevich [45] states that the GW theory of
X = pt is governed by the KdV hierarchy. The Toda conjecture, proven by [27,
52, 49, 50] states that the GW theory of X = P! is governed by the extended Toda
hierarchy [11]. It is known [51, 40, 12] that the GW theory of P!-orbifolds with two
orbifold points is governed by the extended bigraded Toda hierarchy [10]. It has
been conjectured [6] that the GW theory of the resolved conifold is governed by the
Ablowitz-Ladik hierarchy [1]. The relationship between topological field theories and
integrable hierarchies is studied in other examples, such as [28, 31, 21, 22, 23, 47].

The problem of identifying an integrable hierarchy governing the GW theory of
a target space X is a very interesting and very difficult problem. In this paper, we
will investigate this problem for Fano orbifold curves, with the help of Givental’s
higher genus reconstruction in Gromov-Witten theory.

One of the main recent advances in GW theory is the higher-genus reconstruc-
tion of the GW invariants of a complex projective manifold X with a semi-simple
quantum cohomology. The reconstruction was discovered and proved by Givental in
the equivariant settings when X is equipped with a torus action with isolated fixed
points [29]. Based on his work [29], Givental conjectured a certain higher genus re-
construction formula for the total ancestor potential of X with semi-simple quantum
cohomology. This formula is formulated in terms of a very convenient quantization
formalism invented by Givental (see [30]). This formula was proved in various cases
in [30, 39, 36, 5], and in full generality by C. Teleman [59]. This formula has many
important applications in other areas of mathematics such as integrable systems,
representation theory of vertex algebras, and modular forms.
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Givental’s reconstruction inspires an approach to studying the relation between
Gromov-Witten theory and integrable systems. In this approach one aims at con-
structing an integrable hierarchy in the form of Hirota quadratic equations (HQE)!
and show that the generating function of Gromov-Witten invariants is a tau-function
of the hierarchy (i.e. it satisfies the HQEs). This approach has been successfully
worked out for Gromov-Witten theory of X when X = P! [49, 50] and X = IP’(ll’b
[51]. See also [28, 31, 24] for instances of this approach in the setting of singularity
theory. A more precise description of our results is now in order.

1.1. Gromov-Witten theory of Fano orbifold curves. In this paper we solve
the problem of constructing HQEs for Gromov-Witten theory of Fano orbifold pro-
jective lines with three orbifold points. Let

a={a,az,a3}
be a triple of positive integers such that a; < as < asz. Let
P,
be the orbifold projective line obtained from P' by adding? Lay-y Lay-, and Zgg,-

orbifold points. The nature of the problem of constructing HQEs depends on the
orbifold Euler characteristic of PL:

1 1 1
xi=—+—+——1.
ayr a2 ag
In this paper we will study the Fano case y > 0, leaving the other two cases y = 0
and y < 0 for a future investigation.
For an Fano orbifold curve P}, we will consider its Chen-Ruan orbifold cohomology

(see the explicit definition in Section 2)
H:= H:, (P}, C).

orb

It is a graded vector space with a fixed basis {¢;};c3, where J is an index set
defined in (4). In orbifold Gromov-Witten theory, one consider the moduli spaces
M ,(PL,d) of orbifold stable maps f from a domain orbifold curve ¥ with genus
g and n marked points, to the target orbifold PL, such that the homology class of
the image of f is d times the fundamental class of the underlyting curve of PL. See
Secton 2.2 for the details. The descendant Gromov-Witten invariants (see (7)) are
intersection numbers on the moduli space of stable maps, denoted by

(i OV i DR
where 1); are 1)-classes on the moduli space of stable maps.
The object of our main interest is the so-called total descendant potential, defined
by the following generating series of Gromov-Witten invariants:
Q¢
(1) Da(list) = exp ( >R (), ,t(¢n)>g7n7d),

g,n,d

1The word “quadratic” in HQE was used by Givental in [28]. The equations are also known as
“Hirota bilinear equations.”
2For example, by root constructions [2], [9).
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where @ is a non-zero complex number, t(z) := to+t;2+t222+-- -, and h, tg, ty,... €
H are formal variables. Using the so called dilaton shift g, =t — 0511 we identify
D, with a vector in the Fock space

Chlal := Cplgo,q1 + 1,q2,---], where Cj; = C((h)).

The construction of HQEs for the Gromov-Witten theory of P} in this paper uses
the theory of vanishing cycles and period integrals associated to a Landau-Ginzburg
mirror of PL. This mirror model of PL was constructed in [51] in the case a; = 1
and in general by P. Rossi [53], who managed to compute the quantum cohomology
of PL. For our purposes we need to know how to solve the quantum differential
equations in terms of period integrals. This was achieved recently by Ishibashi-
Shiraishi-Takahashi [38]. With such a mirror model at hand we can apply the idea
of Givental [28], which was further developed in [24, 31, 49, 51].

1.2. The Kac—Wakimoto hierarchy. The triplets a = {a1, as,as} with x > 0 are
classified by the Dynkin diagrams of type ADFE together with a choice of a branching
node. In the D and FE cases there is a unique choice of a branching node, while in
the A-case any node can be chosen. By removing the branching node we obtain 3
diagrams of type? Ag,—1, # = 1,2,3. Let us denote by () the Cartan subalgebra

of the corresponding simple Lie algebra g(®) and define (cf. formula (34))

3
) o =TT (- si’s2”)
pn=1
where s h(o) — b is the reflection through the hyperplanes orthogonal to Vusyis
which i 1s the i-th simple root on the p-th component of the Dynkin diagram. The
automorphism o, can be extended to a Lie algebra automorphism of g(®. Let us
denote by & the order of o,. Fix a oj-eigenbasis { H; }ie5 of h(0) satisfying (Hi|Hj+) =
K 0;5. It turns out that the spectrum of oy, is given by the degrees of the cohomology
classes ¢;. More precisely, we can arrange that op(H;) = e~ 2V=Idi [, where d; =
1-— deg(¢1)/2 =1- i”/ai. Put
mo1 =0, Mo =k, m;:=di=kK, 1€ Jiy.
The Kac-Wakimoto hierarchy corresponding to the conjugacy class of o in the
Weyl group can be described as follows. Let Cly] be the algebra of polynomials on
y = (yi1), i € 3\{(0,1)} and [ > 0. The vector space® C[y]? is equipped with the
structure of a module over the algebra of differential operators in ¥ by setting

(e T)p=Tn-1, (Ouw T)n=nTn, T=(Tn)nez € (C[y]z.

For every root o of g(0) we define vertez operators acting on Cly]? as follows

(€)= e (el Hunsc™ ) exp (el g )

, 0yi1 —m; — Ik
il il

3if a, =1 then the corresponding diagram is empty.
AThis is a direct product of copies of Cly] indexed by n € Z.
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and
ES(C) = exp ((@hlaw) exp ( ((whla) x log ¢* +2mv=T (pp]a)) L)

where wy, is the fundamental weight corresponding to the branching node and

3 a,—1
— 1
P = — § § — Wy,
a
p=1 i=1 H

where w,,; is the fundamental weight corresponding to the i-th node on the p-th
branch of the Dynkin diagram. The HQE of the o,-twisted Kac—Wakimoto hierarchy
are given by the following bilinear equation for 7 = (7,(y))nez:

(3)
ReSczodCC< D aa(Q)EL(Q) ® E—a(C)> TRT = (\pslz/ﬁc2 + 20,91 -108,)%+

2
QEA(O)

1
+; Z(mz +lr) (Y ®1-1® yiyl)(ayi,l ®1-1® 8111‘,1))7- ®T,

il

where E,(¢) = E&O)(C)E;(C), the coefficients

k—1
00 (¢) = ¢ lool® 2Tl eao) =2 T] (1 — o) hele),
=1

and the constant |ps|>/k* = & Zi:l (au _ i)

1.3. The main result. Using the change of variables (68)—(69), we can write the
Kac-Wakimoto HQE in terms of the descendant variables {gj }x>0. Our main result
can be stated as follows.

Theorem 1. Let D, (with a = {a1,a2,a3}) be the total descendant potential (1)
of an orbifold projective line PL with a positive orbifold Euler characteristic. There
exists C = C'Q, with C' # 0 a constant independent of the Novikov variable @, such
that the sequence (7,,(h; qQ)),,cz of formal power series defined by

n(h;q) = C%”QDa(h; q+ n\/ﬁl), n € 7Z.

is a solution to the oy-twisted Kac-Wakimoto HQE (3), where oy, is the element (2)
of the Weyl group of the corresponding finite root system.

In other words, Theorem 1 shows that the Gromov-Witten theory of P is governed
by the Kac-Wakimoto hierarchy associated to the triple a.

The proof of Theorem 1 may be outlined as follows. First, the hierarchy (3) is
shown to be equivalent (via a Laplace transform) to another hierarchy (77) defined
for affine cusp polynomials, see Theorem 33. Then by Proposition 39, the descendant
potential D, satisfies the hierarchy (77) if and only if the ancestor potential A; (see
equation (83)) satisfies another hierarchy (95). Finally, it is shown (Theorem 40)
that A, indeed satisfies (95). Let us point out that although our proof of Theorem
40 follows closely the argument of [31], we managed to simplify one of the crucial
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steps in [31]. Namely, there is a certain analyticity property (c.f. Section 8.2) of
the so called phase factors that was previously established via the theory of finite
reflection groups and their relation to Artin groups. This is one of the main obstacles
to generalize the result of [31] to other singularities. Our argument now seems to
apply in much more general settings, since it relies only on the fact that the Gauss—
Manin connection has regular singularities and that the vertex operators are local
to each other (in the sense of the theory of vertex operator algebras).

Remark 2. The constant C' is given explicitly in terms of the root system. However
we do not have a closed formula that evaluates C'. Still, C' can be determined from
the first few HQE and some easily computable GW invariants of PL. See Section 9
for an example.

Remark 3. Let us emphasize that the variables ¢{*,q3t, ... appear as parame-
ters in the differential equations for T. It is matural to expect that the o,-twisted
Kac—Wakimoto HQE can be extended in order to include differential equations in
@, a3, ... as well. For example, in the case of Dynkin diagram of type A, our
hierarchy should agree with a certain reduction of the 2D Toda hierarchy and the
required extension was constructed by G. Carlet [10]. For the type D and E cases,
the extension can be constructed with the same idea as in [50], although a slight

modification is necessary. The details will be presented else where.

Our approach to Theorem 1 systematically explores representation theoretic prop-
erties of the Landau-Ginzburg mirror of P} and realizes these properties in quantum
cohomology of P! using the period maps. Such an approach should be helpful in
identifying integrable hierarchies governing Gromov-Witten theory of more general
target spaces.

We suggest to call the op-twisted Kac—Wakimoto hierarchy appearing in Theorem
1 the ADE-Toda hierarchy, while the corresponding extension should be called the
Extended ADE-Toda hierarchy.

Another approach to the relationship between GW theory and integrable hierar-
chy is due to Dubrovin and Zhang [18], who proposed a class of integrable hierarchies
defined for any semi-simple Frobenius manifold. While their construction produces
flows that are rational functions on certain jet variables and so in general the in-
tegrable system will be ill behaved, it is expected that for the important classes of
semi-simple Frobenius manifold, such as quantum cohomology, the flows are in fact
polynomial and that the hierarchy can be used to compute uniquely the higher genus
invariants. The polynomiality of the flows for a semi-simple Frobenius manifold as-
sociated with a cohomological field theory (this includes the case of GW theory)
was proved recently by Buryak—Posthuma—Shadrin [7, 8] using the higher genus re-
construction of Givental. The discovery of this new class of integrable hierarchies
is a major breakthrough in the theory of integrable systems. It is natural to study
further their properties and to look for applications to other areas of Mathematics
and even beyond.

It is very interesting also to investigate the relation between the integrable hierar-
chies obtained by appliying Dubrovin and Zhang’s construction [19] to the quantum
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cohomology of P and the integrable hierarchies in Theorem 1. It is natural to ex-
pect that the two approaches yield the same integrable hierarchy. We hope to return
to this problem in the near future.

The rest of this paper is organized as follows. In Section 2, we recall the orbifold
Gromov-Witten theory for Fano projective curves PL. For those orbifolds, we also
give an alternative proof for the higher genus reconstruction of total ancestor poten-
tial. In Section 3, using the period mapping, we construct an affine root system in
the quantum cohomology H of P} arising from vanishing cycles and prove that the
natural weighted-homogeneous basis of H is a Jordan basis for the affine Coxeter
transformation. In Section 4 we obtain an explicit description of the leading order
terms of the period mapping in terms of the affine root system and the affine Coxeter
transformation. In Section 5, using the results from Section 4, we give a Fock-space
realization of the basic representations of the affine Lie algebras of ADE type. In
Section 6 we construct the Kac-Wakimoto hierarchies and integrable hierarchies for
affine cusp polynomials and show that these hierarchies are related by a Laplace
transform (Theorem 33). In Section 7 we construct another hierarchy (95) and de-
scribe its relation with the hierarchies from previous sections, see Proposition 39. In
Section 8 we show that the ancestor potential of P satisfies the integrable hierarchy
(95) and deduce Theorem 1. In Section 9 we consider the example a = {2,2, 2}.

Acknowledgments. We thank Yongbin Ruan for his interests in this work, and for
his comments and suggestions. T. M. would like to thank Tadashi Ishibe for usefull
discussions on the affine Artin group and Atsushi Takahashi and Yuuki Shiraishi
for useful discussion on mirror symmetry for affine cusp polynomials. T. M. and Y.
S. acknowledge the World Premiere International Research Center Initiative (WPI
Initiative), Mext, Japan. H.-H. T. thanks the hospitality and support for his visits
to IPMU.

T. M. is supported in part by JSPS Grant-in-Aid. H.-H. T. is supported in part
by Simons Foundation Collaboration Grant.

2. ORBIFOLD GROMOV—WITTEN THEORY OF P

2.1. Fano orbifold curves P, and Chen-Ruan orbifold cohomology. Fano
orbifold curves are close orbifold curves with positive orbifold Euler characteristics.
They are classified by triplets of positive integers

a={a,as,a3}

where a1 < a9 < ag and

1 1 1
X =—+—+—-=1>0.

ay a2 as
Each Fano orbifold curve is an orbifold curve with an underlying curve P! and has
at most three orbifold points p; (i = 1,2,3) with local isotropy groups Z,,. We
denote such an Fano orbifold curve by PL. Note that such notation also includes
the smooth curve P! with a; = as = a3 = 1. It is easy to see that y is the orbifold
Euler characteristic of P..
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For a triplet a = {a1, as,as}, it is convenient to introduce an index set
(4) J:= T4 U{(01),(02)} := {(¢',4") | 1 <4’ <3,1 <i" <ay — 1} U{(01),(02)}.

Let IPL be the so called inertia orbifold of P,. The Chen-Ruan orbifold cohomology
for an Fano orbifold curve P} is denoted by

H := H},(P,, C) = H*(IP; C),

where H*(IPL; C) is the cohomology of the inertia orbifold I P} with its degree shifted
appropriately. We use the index set J to label a fixed basis of the Chen-Ruan orbifold
cohomology H as follows:

¢o1 =1, ¢p2=0P

are the unit and the hyperplane class of the underlying P! respectively and
¢i = irin, 0= (1',1") € Tpw.

are the units of the corresponding twisted sectors of PL. The cohomology degree of
the classes are as follows:
-/

2
degdo1 =0, deggoy =2, deggy = i = (i',i") € .
There is a natural involution * on J induced by orbifold Poincaré duality
(5) (0,1)*=(0,2), (,i") =", ay—1i").

The orbifold Poincaré pairing (—, —) on H is non-zero only for the following pairs
of cohomology classes

(¢017¢02) = 17 (¢17¢]) l(sz,j*v

Q;

where i, j € J correspond to twisted classes, and we set a; := ay for i = (i',7") € Tpy-

2.2. The descendants and the ancestors. Gromov-Witten theory studies in-
tegrals over moduli spaces of stable maps. In this paper, we will use both the
descendant invariants and the ancestor invariants. Let us introduce their definitions
for Fano orbifold curves PL. Let d € Eff(PL) C Ho(PL;Z) = Z be an effective curve
class. By choosing the homology class [P.] as a Z-basis of Ha(PL;Z) we may identify
d with a non-negative integer. Let

Mg,n (leav d)

be the moduli space of stable orbifold maps f from a genus-g nodal orbifold Riemann
surface ¥ to PL, such that f.[¥] = d. In addition, ¥ is equipped with n marked
points z1,..., z, that are pairwise distinct and not nodal and the orbifold structure
of ¥ is non-trivial only at the marked points and the nodes. The moduli space

M, (PL,d) has a virtual fundamental cycle [M g, (PL, d)]"**. Its homology degree
is

(6) 2((3—dimPy)(g— 1)+ x-d+n).
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The moduli space is naturally equipped with line bundles £; formed by the cotan-
gent lines® T2 % /Aut(X, 21,. .., 2p; f) and with evaluation map

ev: My,(Phd) = IPL x - x TP},

n

obtained by evaluating f at the (orbifold) marked points 21, ..., 2z, and landing at
the connected component of the inertia orbifold I P} corresponding to the generator
of the automorphism group of the orbifold point z; (c.f. [13]).

The descendant orbifold Gromov-Witten invariants of P, are intersection numbers

(T) (b O i ) gt = / e (b @ @ i) ke,
[Mg n(I[Dl d)]wrt

where ¢;, € H := H* | (P; C), ¢, = c1(L;,). The total descendant potential is

Da(h;t) = exp ( Z R9~1 Q (t(¢n1), . t(¢n)>g,n,d)7

g,n,d

where () is a non-zero complex number called the Novikov varaible, h, to,t1,... € H
are formal variables and L(z) =ty +tiz+ta? + -
Let m: My, (PL,d) — M, be the stablization of the forgetful morphism and

Ag,n,d (¢i17 tee 7¢2n) = Tx ([Mg,n(Pa}n d)]Virt N eV*(¢i1 X ® ¢ln)) .

The ancestor orbifold Gromov-Witten invariants of P. are intersections numbers
over the moduli space of stable curves My, (29 —2+n > 0):

(8) <¢11 /’7/_}]1617 cety ¢inqz'rlin>g,n,d = / Ag,n,d (¢i17 e 7¢7,n) _]fl o '&gnv

Mg.n

where 1;, is the is-th 1-class over ﬂg,n. We define the total ancestor potential of
PL as follows

Q Aaltizt) = exp (3 17 LG, ).

g;n,d

For each element ¢t € H, it is useful to introduce the double bracket notation:
& _ .
<<¢11 wlla"'agi)in g,n Z ¢11 7 "’gblnq!}ﬁ A >g,n+kd

We define a total ancestor potential that depends on the choice of ¢,
41 - -
(10) A1) = exp (DR ({0, b)) ().
a,n

The total ancestor potential A;(%;t) and the total descendant potential Da(fi; t) are
related by the quantization of a calibration operator Sy(z) in Section 3.4. We will
explain the details of the quantization in Section 7.

S5Here ¥ is the nodal Riemann surface underlying ¥ and z; € ¥ is the i-th marked point on ¥.
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For more details on orbifold Gromov-Witten theory we refer to [13] for the ana-
lytic approach and to [2] for the algebraic geometry approach.

2.3. Quantum cohomology and Teleman’s theorem. By definition, the quan-
tum cup product is a family of associative commutative multiplications e; in H
defined for each t € H via the correlators

(@i o bjs or) = ((¢i ?j, D)) (t).

Let t;, ¢ € J be the corresponding coordinates of ¢;. The quantum cup product
induces on H a Frobenius structure of conformal dimension 1 with respect to the
Euler vector field

0 0
E:Zditiaiti—’—xatiog

i€d
where d; = 1 — deg(¢;)/2, i.e.,
don =1, do2 =0,

and

,L'//

di=1- o i = (i',4") twisted class (i.e. not (0,1),(0,2)).
,L/

A Frobenius manifold is called semisimple if the multiplication has a semisimple
basis. The Frobenius manifold (H, ( , ), e, ¢o1, E) is isomorphic to the Frobenius
manifold constructed from the mirror model of P} [51, 53, 38]. Using the mirror
model, it is quite easy to see that e; is semisimple for generic t.

For any semisimple Frobenius manifold, Givental has a higher genus reconstruc-
tion formula [29] and conjectured that the higher genus Gromov-Witten ancestor
invariants are uniquely determined from its semisimple quantum cohomology. Tele-
man [59] has proved this conjecture. More explicitly,

Theorem 4 ([59]). The Gromov-Witten ancestor invariants for a complex projective
manifold X are determined by a recursive relation from the quantum cohomology e;
at a single semisimple point t € H® (X)) in the even cohomology, and from the Euler
vector field.

This reconstruction works for orbifolds as well. Combine with Theorem 9 in
Section 3, it allows us to identify the total ancestor potential defined in (10) and in
(83). Hence we can also identify the total descendant potentials defined in (1) and
in (82).

Remark 5. We briefly explain how a Givental-style mirror theorem for PL can be
established. Let P2 be an orbifold P? obtained from P? by adding Za, -, Zay-, and Z,-
orbifold structures along the three toric prime divisors of P2. Then P is a hyperplane
section of P2. The orbifold P2 is a Fano toric orbifold, and its J-function can be
computed by the mirror theorem of [15]. PL is the zero locus of a generic section of a
convex line bundle on P2. Hence the J-function of PL can be computed from that of
P2 using the quantum Lefschetz theorem of [14]. The computation of the J-function
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of PL can be used to derive an identification between the quantum cohomology D-
module of PL and the D-module defined by fa(x). Since we do not use these results
in this paper, we omit the details.

2.4. An alternative proof of higher genus reconstruction. In this subsection,
we use the degree of virtual fundamental cycle and tautological relations to give a
simple proof for Teleman’s higher genus reconstruction theorem for the target P,
see Proposition 7 below. This proof does not require the semisimple assumption.

We first recall the g-reduction property introduced in [21], which is a consequence
of results by Ionel [35], and by Faber and Pandharipande [20]:

Lemma 6 ([35, 20]). If M (¢, k) is a polynomial of 1-classes and k-classes with
degM > g forg > 1 ordegM > 1 for g =0, then Z\ﬂlﬂ,/ﬁ) can be presented as a
linear combination of dual graphs on the boundary of Mg .

Our second tool is the Getzler’s relation in [26]. It is a linear relation between
codimension two cycles in H,(M;4,Q). Here we briefly introduce this relation for
our purpose. Consider the dual graph,

1 3
A9 34 =
2 4

This graph represents a codimension-two stratum in M 4: A filled circle represents
a genus-1 component, other vertices represent genus-0 components. An edge con-
necting two vertices represents a node, a tail (or half-edge) represents a marked point
on the component of the corresponding vertex. A s is defined to be the Sy-invariant
of the codimension-two stratum in ﬂm,

Ago = A1234 + A13,24 + A14,23.

We denote 29 = [Ag 2] the corresponding cycle in Hy(M; 4, Q). We list the corre-
sponding unordered dual graph for other strata below, see [26] for more details.

TR LN TS
O<c SO

o<

In [26], Getzler found the following identity:
(11) 125272 + 4(52,3 — 252,4 + 65374 + 5073 + 5074 — 255 =0€ H4(M1,4, Q)

Now we prove the following higher genus reconstruction result.
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Proposition 7. The total ancestor potential Aa(h;t) is uniquely determined by the
quantum cohomology of PL when a # {1,1,1} and x > 0.

Proof. We consider the ancestor correlator (¢;, _lfl, ey B, ) gn,d in (8). Accord-
ing to the degree formula (6), if the correlator is nonzero, then

1 n n 1 '
(12) 5D degdi, + D k= (3 S dimPg)(g—1) +x-d+n.
j=1 j=1

Now if 377 1 k;j > g for ¢ > 1 or 7%, k; > 1 for g = 0, then we can apply
Lemma 6 of g-reduction to rewrite the ancestor correlator as a linear combination of
intersection numbers over the corresponding homology cycles of some dual graphs,
each of the dual graph lives on the boundary of M,,. The splitting axiom in
Gromov-Witten theory allows us to reconstruct the ancestor correlator in (8) using
intersection numbers over each component of the boundaries. We can keep doing
this process until on each component, the g-reduction property does not hold. In
another words, all the ancestor correlators are determined completed by those (8)
which satisfies >0, kj < g—1for g > Lor 3% 1k = 0 for g = 0. On the
other hand, since deg ¢;; < 2, x > 0 and dim P} = 1, the formula (12) implies such
intersection numbers must vanish unless g = 0 and all k; =0, or g = 1,d = 0, all
k;j =0 and all deg ¢;; = 2.

In order to finish the proof, it only remains to consider genus 1 correlator (P); 1 0.
If a # {1,1,1}, then according to Rossi’s computation [53], we can always find a
twisted sector ¢; € H, such that

(13) (Dis Gis ix, ix)o,40 7 0.

We consider the integration of the cohomology cycle Aj4.0(¢i, @i, ix, pi=) over the
Getzler’s relation (11), with four fixed insertions ¢;, ¢;, ¢+, ¢;+. Using the splitting
axiom in Gromov-Witten theory, it is not hard to see that the integration vanishes
on those homology classes with a genus-1 component except that

/6 A1,4,0(¢i7 ¢i7 ¢i*7 ¢Z*)

is a multiplication by a nonzero scalar and (P);,, because of (13). Thus the
equality (11) implies (P); 1,0 is reconstructed from genus-0 correlators.
U

Remark 8. The technique above only uses properties of cohomology field theories
and tautological relations over the moduli space of stable curves. So it also works
for the reconstruction of the ancestor potential in (83). It also works for elliptic
orbifold projective curves P}, where x = 0, see [46]. The genus-1 correlator (P)1 1
in Gromov-Witten theory can be calculated directly using virtual cycle or wvirtual

localization, see [60].

3. QUANTUM COHOMOLOGY AND ROOT SYSTEMS

3.1. Mirror symmetry for the quantum cohomology. The Frobenius struc-
ture on H arising from quantum cohomology can be identified with the Frobenius
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structure on a certain deformation space of the affine cusp polynomial

1
(14) fa(z) = o + 252 + 25° — —mzoxs, o = (1,72,23).

Q

where @) € C* is the Novikov variable. The isomorphism in the case a; = 1 was
established in [51] and the general case can be found in [53]. According to Ishibashi-
Shiraishi-Takahashi (see [38]), the Frobenius structure can be described also in the
general framework of K. Saito’s theory of primitive forms. This is precisely the point
of view suitable for our purposes.
Let
pw=a+ay+asz—1
be the Milnor number of f,, i.e., the number of critical points of a Morsification of
fa. Let
M =CH
be the space of a miniversal deformation of the polynomial f,. Note that the cardi-
nality of the set J is u, so we can enumerate the coordinates on M via s = (s;)e3.
Given s € M, we put

F(x,s) = a{* + 25* + 25° o L1%223 + So1 + Z $i T

B S0
Q 1€ Ttw

Here we put Juy := I\ {(0,1),(0,2)}. Let C C M x C3 be the analytic subvariety
with structure sheaf

Oc = OMX(C?’/(ava awsz awsF);

then the Kodaira-Spencer map

0 OF
Os@- 881
where p : M x C3 — M is the projection onto the first factor, is an isomorphism

which allows us to define an associative, commutative multiplication e on 7j;. The
main result in [38] is that

(15) Tar — p<Oc, (82, F, 04, F, 8, F),

V1
Qeso2
is a primitive form in the sense of K. Saito (see [54]), which allows us to construct

a Frobenius structure on M (see [55]). More precisely, the form w gives rise to a
residue pairing on O¢

w= dr1 A dxo A dxg

- 1 P1d2dry A dxg A dxs
(¢1a¢2) - *m ReSMX(C3/M axlFangang ’

which via the Kodaira—Spencer isomorphism (15) induces a non-degenerate bilinear
form on Tjs. Let us form the following family of connections on Tjs

1
V = VL'C' — ; Z(asio) dsi,

1€J
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where VM is the Levi-Cevita connection associated with the residue pairing and
05, ® is the operator of multiplication by the vector field 9/0s;. Let us also introduce
the so called oscillatory integrals

Ja(s,2) = (=212)73/% 2d / el @9)/z e T M,
A.s,z
where d is the de Rham differential on M, and A is a flat section of the bundle
on M x C*, whose fiber over a point (s,z) is given by the space of semi-infinite
homology cycles

Hs3(C3 {z|Re(F(z,5)/2z) < 0};C) = CH.

The fact that w is primitive means that the connection V is flat for all z # 0 and
that after identifying Tys = T, via the residue pairing, the oscillatory integrals J4
give rise to flat sections of V. Moreover, since the oscillatory integrals are weighted-
homogeneous functions if one assigns weights d; (i € J), 1/a; (1 < j < 3), and x
to s;, x;, and @ respectively, they satisfy an additional differential equation with
respect to z. Let E& € Ty be the FEuler vector field

0 0
E= diSi— +X7—-
Z s Xs0
i€l
Note that under the Kodaira—Spencer isomorphism E corresponds to the equiva-
lence class of F' in p,O¢. The oscillatory integrals satisfy the following differential
equation:

(16) (20, + E) Ja(t,z) = 0 J(t, 2),

where 0 : Tpr — T is defined via

1
0(X) = VK (E) - R
where the constant % is chosen in such a way that 6 is anti-symmetric with respect
to the residue pairing: (0(X),Y) = —(X,6(Y)).
The quantum cohomology computed at ¢ = 0 is isomorphic as a Frobenius algebra
with ToM (see [38, 53]). The identification has the following form

1!

1
pi=xy +-+, do1 =1, ¢02:a$19€2$3+---.

where i = (i/,4") is the index of a twisted class and the dots stand for some polynomi-
als that involve higher-order powers of (). More precisely, using the Kodaira-Spencer
isomorphism we have

(ﬁZ:asl—i_? ¢01:65017 ¢02:8802+"'7

where the dots stand for some vector fields depending holomorphically on ) near
@ = 0 and vanishing at () = 0. These additional terms are uniquely fixed by the
requirement that the vector fields ¢; (i € J) are flat, i.e., the residue pairing is
constant independent of Q). On the other hand the flatness of V implies that the
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residue pairing is flat, therefore we can extend uniquely the isomorphism H = Ty M
to an isomorphism
TH=TM

such that the residue pairing coincides with the Poincaré pairing. In other words,
the linear coordinates t;, i € J on H are functions on M such that ¢;(0) = 0, the
vector field 0/0¢t; is flat with respect to the Levi-Cevita connection, and at s = 0 it
coincides with ¢;. The mirror symmetry for quantum cohomology can be stated as
follows.

Theorem 9 ([38], Theorem 4.1). The isomorphism M = H, s+ t(s) is an iso-
morphism of Frobenius manifolds, i.e., TsM = Ty, H as Frobenius algebras.

From now on we will make use of the residue pairing to identify T*M = TM.
Also the flat Levi-Cevita connection V*C allows us to construct a trivialization

TM = M x ToM,

and finally, the Kodaira—Spencer map (15) together with the mirror symmetry iso-
morphism gives ToM = H. In other words, we have natural trivializations

(17) T*M ~TM = M x H.

3.2. The period integrals. Givental noticed that certain period integrals (c.f. for-
mula (18) bellow) in singularity theory play a crucial role in the theory of integrable
systems. In this section, we recall Givental’s construction as well as some of its basic
properties. For more details we refer to [28].

Put X = M x C? and let

0: X > MxC, (s,x)—(s,F(z,s)).
Let
Xs,)\ = 90_1(83 )‘)
be the fibers of ¢. The set of all (s, A\) € M x C such that the fiber X  is singular
is an analytic hypersurface, called discriminant. Its complement in M x C will be
denoted by
(M x CY.

The homology and cohomology groups Ha(Xs ;C) and H?(X;;C), (s,\) € (M x
C)’ form vector bundles over the base (M x C)’. Moreover, the integral structure in
the fibers allows us to define a flat connection known as the Gauss—Manin connection.

Let us fix the point (0,1) € (M x C)’ (this is true for Q < 1) to be our reference
point. The vector space

h = H2(Xo01;C)
has a very rich structure, which we would like to recall. Let
ACh

be the set of vanishing cycles, and (-|-) be the negative of the intersection pairing.
The negative sign is chosen so that (a|a) = 2 for all & € A. The parallel transport
with respect to the Gauss—Manin connection induces a monodromy representation

m((M x C)') — GL(b).
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The image

W C GL(b)
of the fundamental group under this representation is a subgroup of the group of
linear transformations of f that preserve the intersection form. The Picard—Lefschetz
theory can be applied in our setting as well and W is in fact a reflection group
generated by the reflections

Sa(z) =2 — (a]r)a, o€ A.

The reflection s, is the monodromy transformation along a simple loop that goes
around a generic point on the discriminant over which the cycle o vanishes. Finally,
recall that the classical monodromy o € W is the monodromy transformation along
a big loop around the discriminant. For more details on vanishing homology and
cohomology and the Picard—Lefschetz theory we refer to the book [3].

Proposition 10.

(1) The set of vanishing cycles A is an affine root system of type X](\}), where

N=p—1=a+azs+a3—2 and
A ifalzl,
X = D ifa1:a2:2,
E  otherwise.

(2) There exists a basis of simple roots such that the classical monodromy o is
an affine Coxeter transformation.

Part (1) of Proposition 10 is due to A. Takahashi (see [58]). The proof is based
on a standard method developed by Gusein-Zade and A’Campo. Part (2) is not
hard to verify as well. For the reader’s convenience we outlined the main steps of
the proof in Appendix A.

The main objects in our construction are the following multi-valued analytic func-
tions:

(18) N = -~ dy [ d T,
2T Qe

where the value of the RHS depends on the choice of a path avoiding the discrim-
inant, connecting the reference point with (¢,A). The cycle oy ) is obtained from
« € b via a parallel transport (along the chosen path), d~'w is any holomorphic 2-
form 7 on C? such that w = dn, and dj; is the de Rham differential on M. The RHS
in (18) defines naturally a cotangent vector in T;* M, which via the trivialization (17)
is identified with a vector in H.

The period vectors (18) are uniquely defined for all n > —1. For n < —2 there is
an ambiguity in choosing integration constants, which however can be removed by
means of the following differential equations:

(19) O I, A) = —gie IV N), €T,
(20) HIT(t,N) = I, N,

(21) (A — B () = (9 —n—1 /2) I (0.
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The oscillatory integrals are related to the period integrals via a Laplace transform
along an appropriately chosen path:

o
(22) Jat, 2) = (—2m2)"1/? / MNIO (1 N,
u;

where u;(t) is such that (¢,u;(t)) is a point on the discriminant over which the cycle
a vanishes. The differential equations (19) are the Laplace transform of V.J4 = 0,
while the equation (21) is the Laplace transform of the differential equation (16).
Using equations (20) and (21) we can express I in terms of I(*1) as long as the
operator § —n — 1/2 is invertible. This is the case for n < —2, which allows us to
extend the definition of 1™ to all n € Z.

3.3. Stationary phase asymptotic. Let u;(t), 1 < i < p be the critical values of
F(z,t). The set

My C M

of all points t € M such that the critical values wu;(t) form locally near ¢ a coordinate
system is open and dense. Let us fix some tg € Mg; then in a neighborhood of ¢y the
critical values give rise to a coordinate system in which the pairing and the product
e are diagonal, i.e.,

8/6% L] 8/6% = 5m‘8/8uj, (O/Oul, 6/8’1@) = 51'73'/Aj,

where A; are some multi-valued analytic functions on M. Following Dubrovin’s
terminology (see [17]), we refer to u; as canonical coordinates.

Remark 11. It is easy to see that the critical variety C of the function F' is non-
singular, i.e., it is a manifold. It can be proved that the projection map p : C C
M x C* — M is a finite branched covering of degree p. The branching points are
precisely M \ M.

Using the canonical coordinates we can construct a trivialization of the tangent
bundle

0
W My x CH =T My, eiH\/Aiaf,
Uj

where My C Mg is an open contractible neighborhood of ¢y and {e;} is the standard
basis of C*. According to Givental (see [29]), there exists a unique formal asymptotic
series W, Ry(2)eV/?, where

(23) Ri(z) =1+ Ri(t)z + Ra(t)2* +-- -,

and Ry(t) are linear operators on CV, that satisfies the same differential equations
as the oscillatory integrals J 4.
We will make use of the following formal series

(24) fo(t, X 2) =Y IVt N) (-2)" a e
kEZ
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Example 12. Note that for A;-singularity F(t,z) = x2/2-+t we have u := uy (t) = t.
Up to a sign there is a unique vanishing cycle. The series (24) will be denoted simply
by fa, (t, A; z). The corresponding period vectors can be computed explicitly and they
are given by the following formulas:

k 2k — 1! L
1) = (0 R e ko
2k+1/2

157w =2 (A —w)F+12 k> 0.

(2k 4+ 1)
The key lemma (see [28]) is the following.

Lemma 13. Let t € My and (8 be a vanishing cycle vanishing over the point
(t,ui(t)). Then for all X\ near wu; := u;(t), we have

f5(t, \12) = Ui Ri(2) € fa, (us, A 2)

An important corollary of Lemma 13 is the following remarkable formula due to
K. Saito (see [54]):

(25) (alB) = (IO (£, 2), (A — E&)I3(t, N)).

To prove this formula, first note that the the differential equations (19)—(21) imply
that the RHS is independent of ¢ and A. In order to compute the RHS, let us fix
t € Mg and let A approach one of the critical values u;(t) in such a way that the
cycle B vanishes over (¢, u;(t)). According to Lemma 13 we have

I () = 22 — u) " 2e; + O((A — ui)'/?).

Similarly, decomposing o = o/ + («|3) /2, where o is invariant with respect to the
local monodromy, we get

IO, ) = (a]B) 200 — i) e; + O((A — i) 7?).

It is well known (see [17]) that in canonical coordinates the Euler vector field has
the form F = ) u;0,,. Now it is easy to see that the RHS of (25), up to higher
order terms in (A — u;) is (a|f) and since the latter must be independent of A the
higher-order terms must vanish.

3.4. The calibration operator. The calibration of the Frobenius structure on H
is by definition a gauge transformation S of the form

(26) Si(z) =1+ i Sp(t)z™%,  Sk(t) € End(H),
k=1

such that V = SdS~!. In Gromov-Witten theory there is a canonical choice of
calibration given by genus-0 descendant invariants as follows (see [30]):

(S(2) ¢ ¢]) = (¢, ¢g) + Z<¢>zwk, ¢j>o,2(t)z_k_1.

k=0
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Here 4
Q
(i)™, dj)0a(t) = % ﬁ@%’?ﬂk, Gjsts s t)o,24m,d-
It is a general fact in GW theory (see [30]) that
(27) Si(2) 7 (0: = 70+ 2 2B @ ) Sil2) = 0. — 270+ 27,

where p = c1(TPL)U = x PU, where for a cohomology class A € H we denote by
AU the operator of orbifold cup product multiplication by A.
We define a new series

(28) fo(\;2) 1= Sp(z) " Ea(t, A 2).

Note that the RHS is independent of ¢. Put

(29) fa(Xi2) =Y I8N (—2)™
nez

We will refer to i&”)(/\) as the calibrated limit of the period vector I\ (t, N).

In our general set up the Novikov variable () is a fixed non-zero constant. However,
it will be useful also to allow @ to vary in a small contractible neighborhood and to
study the dependence of the periods and their calibrated limits on ). By definition

Ic(yn) (t,\) depend on Qe'?, so we simply have
Qg IV (t,A) = Oy, I (1, V).
Using the divisor equation in Gromov—Witten theory, it is easy to prove (c.f. [30])
that the gauge transformation S;(z) satisfies the following differential equation:
2Q0q Si(z) = 2044, St(2) — Si(z) (P U).

Finally, the gauge identity V = SdS~! and the differential equations (19)-(21)
imply that the calibrated limit of the period vectors satisfy the following system of
differential equations:

(30) QoI (V) = —PU LTI
(31) ORI = 1T,

(32) (A= pUHIM(N) = (9 —n-1 /2) ™).
Lemma 14. The following formula holds
D) = (Bos, @) ()\ + (ylog A — log Q) P) + (Boz, @) P+ Y (Bioa) N ¢y,

1€Ttw
where {B;}icy is a basis of hY = H*(Xo.1;C).
Proof. By definition the operator p acts on H as follows
p(¢o1) = x¢o2,  p(¢i) =0, fori#(0,1),
while the Hodge grading operator has the form

0(di) = (di =1/2) §i, i €7T.
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Note that the H-valued functions that follow the pairings (B;, «) are solutions to the
system (30)—(32) with n = —1. These solutions are linearly independent, therefore
they must give a basis in the space of all solutions. The lemma follows. O

An immediate corollary of Lemma 14 is that the periods Iy 5% )()\) are multi-valued
analytic functions on C \ {0}. In order to keep track of the multi—valuedness let us
fix a ray in C starting at A = 1. For every ¢t € M and a point Ag on the ray, we
construct a path in M x C connecting the reference point (0, 1) with (¢, Ag) consisting
of two straight line segments: one from (0, 1) to (0, A\g) and another one from (0, o)
to (t,Ao). If [Ao| > 1, then the path does not intersect the discriminant and the

values of the period vectors Ién) (t, \) are uniquely fixed for all A sufficiently close to
Ao. Note that the series

I (t,N) _[n) Z n+k)()\)

must be convergent for |[A| > 1, because it is a solution to the differential equation
(21), which has a regular singular point at A = co. In other words, the monodromy

of the functions f&n)()\) when analytically continued along a loop around A = 0
coincides with the monodromy transformation ¢ € W of h corresponding to a loop
that goes around the discriminant, i.e., o is the classical monodromy. Let o* : ¥ —
hY be the induced transformation on the dual space h¥ := H2(X0,1; C), i.e

(0B, B) = (B,a(p))-

Note that the induced action of W on h" is a right action.

Lemma 15. The vectors { B;}ic5 provide a Jordan basis for the classical monodromy

0"(Bo1) = B,
0*(Bo2) = Boz+ 2V —1xBo1,
O'*(BZ) = CzwﬁdiBZ’, 1 € Jiw-
Proof. The analytical continuation of f}fl)()\) around A = 0 in a counter-clockwise
direction is j}j{;))()\). The lemma follows from Lemma 14. O

4. THE CALIBRATED PERIODS

In this section we will use the period mapping to embed the root system X](\})

of vanishing cycles in the quantum cohomology. The cohomology classes ¢; provide
a Jordan basis of the classical monodromy. Following ideas of Steinberg, we will
express the classical monodromy in terms of an automorphism of the finite Weyl

group of type X . This alows us to express the period vectors I 5% )()\) (we call them
calibrated periods) in terms of the finite root system Xy .

4.1. The period maps. Recall the period vectors f}{”(A) introduced in equation
(29) in Section 3.4. We will be interested in the two maps from the sequence

(33) I™MA): = H, a~ I(1)
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corresponding to n = —1 and n = 0. According to Lemma 14 we have

(1) =By (1-1ogQP)+ B P+ Y Big.

iejtw
In other words, the map for n = —1 is an isomorphism and the pre-images of vectors
bor =1—logQP, bo2=P, b =i,

form a basis of h dual to the Jordan basis {B;} of o*. In particular, {b;} give a

Jordan basis for the classical monodromy o. Using the isomorphism (=D (1) we
equip H with an intersection pairing (-|-) and a root system

ACY c A
Lemma 16. In the basis {b;} C H the classical monodromy takes the form
o(bo1) = bot — 2mv/—1 xboz,  o(bo2) = bea, a(b;) = e 2"V Tdip,.
The intersection form becomes
(bo1]bo1) = x, boz € Ker(:]), (bi]bj) = didi=6; 5+ /ai.
Here * is the involution on J introduced in equation (5).

Proof. The first part of the lemma is just the dual statement from Lemma 15. The
second one is a consequence of Saito’s formula (25). O

The period map (33) with n = 0 has a 1-dimensional kernel. In fact, using (32)
we get

TO(1) = (1= p) 0+ 1/2T0(1) = (14 p)(0 + 1/2TD().
We denote the image of T(O)(l) by H®). Let
A ~ f(0)

be the image of the root system. Let us denote by r: H — H®O the map defined
by I0(1) = r o I-1(1), ie.,

r(b) = (1+p)(0 +1/2)(b).
Note that the intersection pairing on H takes the form
(a1]az) = (r(a1), (1 = p)r(az)), ai,a2 € H.

It follows that we can pushforward the intersection form to a non-degenerate bilinear
pairing on H(©) which we denote again by (-|). Moreover, r maps the affine root
system A(™Y to a finite root system, i.e., A is the finite root system obtained as
the quotient of A1 by the imaginary root translations.
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4.2. Spliting of the affine root system. We will restrict only to the case when

A s of type X](\P, X = DFE. In that case the Dynkin diagram is a tree and the
Coxeter number h of the corresponding finite root system X is an even number.
Let
W, 0<i<N

be a basis of simple roots in A1) such that the Dynkin diagram is X](\}). We will
assume that 7(_1)
to X in order to obtain X](\}). Vectors 7(0) = r(’yi(_l)), 1 <i< N, form a basis of

simple roots of A, Let W(® be the reflection group generated by ’yi(o)
known that the map

s =5 0 —> ngl) =8 (-1, 1<i<N

is the affine vertez, i.e., the extra node that we have to attach

. It is well

7

3

induces a group embedding W — W. Furthermore, for every o € A let us
define a lift =Y € ACD as follows

N N
o= Zaz‘%(o) = oD = Zai'yi(_l).
i=1 i=1

Then the root system A(~1 coincides with the set
{a(_l) +nd|ac AO e Z} ,

where 6 = 'y(*l) + 601 and 6 € A ig the highest root with respect to the basis
{%(O) N | (see [41]). Following Kac, we will refer to nd (n € Z) as imaginary roots.
Finally, let us denote by

A(_l) = HQ(XO’l; Z)
the root lattice of AC™D. Given o € AC™D such that |a|? := (a]a) # 0, recall that
the reflection with respect to « is defined by

Sq(x) =2 —2 (a]z) !
(aa)
We also define the following translation:
ta(T) == Sq16Sa(x) =2+ 2 (a]z) J.

(ala)

This definition induces a group embedding ¢ : A — W. Recall that ws,w ™! =
Sw(a) for all w € W and a € A such that |a|?> # 0. Therefore, A is a normal
subgroup of W and we have an isomorphism

W2 A© 5w,

Let us emphasize that the above isomorphism is not canonical — it depends on the
choice of a basis of simple roots of A=Y,

We would like to choose a basis of simple roots in A(™1 such that the classical
monodromy o takes a very elegant form. The Dynkin diagram Xy (X = DFE) has a
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unique branching node ’y(_l). After deleting ’y(_l) and all edges incident with ’y(_l)
we get 3 Dynkin diagrams of type Aq,—1, 4 = 1,2, 3. Let us relabel the nodes of Xy
via fyl(;il), where p = 1,2, 3 enumerates the 3 branches and ¢ enumerates the nodes
of the corresponding branch starting from the node closest to the branching node

(see Figure 1). Put

FiGURrE 1. The branching node

3
(34) op = H < . sf&”sfﬁ”);
pn=1
where the order of the reflections that enter each factor of the above product is
important, but the order in which the 3 factors are arranged is irrelevant since any
two reflections associated with different branches of X commute. Following the
ideas of Steinberg [57], we have

Proposition 17. There exists a basis {%.(71)}1-]\;0 of simple roots such that o =
t’ylgq) Oyp.

For the reader’s convenience, we put a proof of this proposition in Appendix B.
4.3. The defect of . From now on we assume that {%(71) Z]\L o is a basis of simple
roots of A=Y so that the classical monodromy is given by o = , o}, where for
brevity we put t, = t7<71) = tv(m and oy, is given by (34). Let

b b
weHY, 0<i<N

be the fundamental weights, i.e.,

<°"(71)7’Y§7I)> =dij, 0<4,5<N.

(2
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We identify the dual space of H® with H® via the intersection pairing. Let
wfo) e HO be the fundamental weights of the finite root system corresponding to

the simple roots ’yi(o), 1<i<N,ie,
<%§0)\7§0)> =05, 1<i,j<N.

Recall the Jordan basis {b;} of o from Section 4.1 (see Lemma 16). Then we can
write every o € H as

(35) a=> (b,a)b,
1€J
where {b'};c5 is a basis of HY dual to {b;};c3. Using Lemma 16 we get

Lemma 18.
B a) = (r(e)li)/x,
<b2, Oé> = (r(a)|hi*)ai/(didi*), 1€ jtw
where
hi = T(bi), 7 Ej\{(O,Q)}

Let 7(_1) be the branching node and let k; (1 < i < N) be the so called Kac
labels, i.e., the positive integers that appear in the decomposition of the highest root

0=k 4 hyy .
For a € H® let us denote by 7*a € HY the linear functional
(rfo,z) = (afr(x)), =€ H.

Lemma 19. In the above notation we have hy = +x wl()o) and

o*(wi ) = Wi+ kyrtof ().

Proof. Since {h;}icy\ ((0,2)} form an eigenbasis for o, we see that the subspace of

(0)

fixed points of oy, is 1-dimensional. On the other hand, w, "’ is a fixed point of o3, so
wl()o) must be proportional to h;. It remains only to compare the length squares
0), (0
(alhn) =, (" ly) = 1/x,
where the second identity was workout in [18], or it can be verified on a case by
case basis directly from the Dynkin diagrams. The second statement of the Lemma
follows from a direct computation, using that o* = o} t; and § = ’yé*l) +> kwi(*l).
O
In the next proposition we will prove a formula for the defect of o, which is the
linear form A that appears in the identity

(1 —0™)(z) = (A,z) 4,

where m is the order of the image of ¢ € W in W(® under the quotient map
H — H© = H/(§). The importance of the notion of a defect was discovered by
Dlab and Ringel in the representation theory of quivers (see [16]).
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Proposition 20. Let m = |op| be the order of op. Then for o € H, we have
(36) (1= 0™)(a) = £mx (w|r(e)) 20/ ~1 P.
The imaginary root 6 = F2m/—1 P. So the defect is —r* (wéo)).

Proof. The first part of the proposition is easy to prove: decompose « into a sum of

eigenvectors as in (35), recall Lemma 16 and the formula h; = +x wéo) (see Lemma

19). The difficult part is to compute the defect of o. Using Lemma 19 we get

(0™ wi™ =w{™ + ki (op+ - + 0 ) (1),
By expressing %EO) using the eigenbasis {h;} we see that only the h; component
contributes to the RHS. On the other hand, the hi-component is

B4y = £ = 41,

where we used that h; = :txwl()o). In other words,

(37) (1= 0™)(w, ) = —(mxky r* ("),
where we used again that hy = j:xwéo). Let us compare formulas (36) and (37) by

(=1)

pairing them with w and « respectively:

tmy (Wi r(@) 2rV/ =1 (Wi Y, P) = —(mx)ks (@ r(a)).

Since P and § are in the 1-dimensional kernel of the intersection form, they must
be proportional. It remains only to notice that

+(w{™ 2mV/=1P) = —ky = —(w{ Y, ).

4.4. The toroidal cycle. Let I'. C C? be the torus
Fe = {‘.%’1‘ = ’{L‘g‘ = 1, \x3] = 8}.

If € is sufficiently big, I'. does not intersect the Milnor fiber X¢ ;. Hence we have a
well-defined cycle

[T.] € H3(C*\ Xo1;7Z) = Hy(Xo01;7Z),

where the isomorphism is given by the so called tube mapping (for more details see
[32]). Let us denote by ¢ the image of [I'.] under the above isomorphism.

Proposition 21. We have I;_l)(t, A) =2my/—1P.

Proof. Increasing ¢ does not change the homology class [I'c], therefore by choosing
€ > 0 we may arrange that I'. does not intersect the Milnor fiber X, 5 for all (¢, \)
sufficiently close to (0, 1). In particular, the cycle ¢; \ obtained from ¢ via a parallel
transport with respect to the Gauss—Manin connection coincides with the image of
[[;] via the tube mapping. We have (c.f. [32])

w w
(38) I(t,\,Q) /[FE] ) =X 21/ o0, AF 2V —1 0y /d w
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Comparing with the definition (18) we get
I(t, A\ Q) = —(2m)2V=1 (IS V(t, \), 1).
Using the differential equation (21), we get
(39) (A0 + E)I(L, ), Q) = 0.
The integral I(¢,\, Q) is analytic at (¢, A\, Q) = (0,0,0) because it has the form

dridxodxs
v—1
r.] Qe (G(t, ) — A) — z1@0a3

where G(t,z) is a holomorphic function in ¢ and x. However, equation (39) means
that I(t, A\, Q) is homogeneous of degree 0 and since the weights of all variables are
positive, the integral must be a constant. In particular, we may set t = QQ = A = 0,
which gives

dridxodxs

I(t,\,Q) = —v-1 = (2n)%.

r.] T1%2%3

Note that equation (38) implies that IS(DO) (t,A\) = 0. Recalling again the differential
equation (21), we get

ISV ) = I5V(#X),1) P = (20) 2V=11(t,A,Q) P = 2rvV/~1P.
0

4.5. The linear form b°2. The linear forms b* € HY, i € J are the images of
B; € bV (see Lemma 14) under the period isomorphism

IV .y H.

In Section 4.3 we have expressed b’, i € J\ {(0,2)} in terms of the finite root system
Xy, see Lemma 18. We need to do something similar with b°2 as well. Recall

the notation ’yi(;-l) for the simple roots associated with the branches of the Dynkin

diagram Xy (c.f. Figure 1).

Proposition 22. The following formulas hold

(092,8) = £20v/—1, (82,40 = j:27n/—1(5i71 - i).
a

eyt
m
Proof. We will use that if x = (1 — o)y, then according to Lemma 15 we have
(40) (02, 2) = =2/~ (b, y) = F2mv/ =T () [r(y)).
We now analyze the image of 1 — 0. By definition

o(z) = ty(op(x)) = op(@) + (1 "|ow(x))s.
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By definition o, = Hi:l J,SO). The action of U,(P) on the subspace with basis
{fyl(;ll), cey ;(;11,3—1} is represented by the following matrix
—1 1 --- 0 0]
-1 0 . 0 O
(41) o) = :
-1 0 - 0 1
-1 0 -- 0 0]
We also have
ap(bo1) = bot, Gb_l(’}’(_l)) _ =1 +,},§’—11) —|—’y§31> + 7:;1)-

The map 1 — ¢ induces a linear map between the two subspaces of H with bases
respectively

{’Y/(Lzl)7 bol’l SILL§3’1 SZSa“—l}
and
(=1) )
{V,u,z' ’6|1§ﬂ§3,1§’bga#—1}.

The corresponding matrix (in block form) is

1-69 o 0 0
o 1-o” o 0
0 0 1-00 o0
1 C2 c3 X
where the subrows ¢, are (—1,1,0,...,0). The inverse of the above matrix has last
row of the form (¢}, ), c5, F1/x), where
Fxc, =1 —1/ay,—1/ay,...,—1/a,).

To prove the Proposition, it remains only to apply formula (40) and notice that since

<w£0), ’yfﬁ?) = 0, only the last row of the inverse matrix contributes to the RHS. [

4.6. The calibrated periods. Let § € A be an arbitrary vanishing cycle. Put
g = j};l)(l) e ACY and o :=+r(BY) = iﬂﬂo)(l) e A,
where the sign is the same as in Lemma 19, i.e.,
wéo) =+h/x = j:<>1< + P).
Let k be a positive constant whose value will be specified later on. Put
Hyy := Hyg = :t(li/x)% hi, H;:==*(k ai)% hi/di, i € Tiy.

Note that {H;};c5 is a op-eigenbasis of HO with op(H;) = e~2mV/=1di f. in which
the intersection form takes the form

(42) (H1|H]) = K,(;i’j*, 1,7 € J.
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By definition

N
B = <w(()—1)’ By S & Z(%@”a) %(—1)‘

=1

We get the following identities, using Lemma 18 and Proposition 22:
(Boi, 8) = (1", 8Y) = ("),

1
d;’

N|=

(Bi, B) = (b, By = £(hir|o)as/ (didi=) = (Hie |) (a;/ )
and
(Bua. ) = 1, 5V) = (@”la) ¢ + 20T ((prle) + ),

p02 (—1)>

where ¢ = ("%, y,

and

Clearly, the map  — (a,n) is a one-to-one correspondence between the set A of
vanishing cycles and A(®) x Z, so we can use the latter set to parameterize vanishing
cycles. Recalling Lemma 14 we get

IV = (alwy”) A+ (alw”)x(log A — Co) P+ 2mv/=1(n + (ppla)) P +
d.

3" (o) Va6

1€Ttw ’

where Cy = i(—c + log ), with ¢ some constant independent of ). From here we
find, using equations (19), (20), (21), that the remaining periods are:

1Y) = (~D)'1(alwf AP+ 3 (0l His)(di — 1) -+ (di — DA ai /gy,

1€ Ttw
IO = (alwy”) + (aloy DA P+ Y (@l Hi )X ai/rg,
1€Ttw
I+1 l !
1)y )y, A )y A _ — A
Iy (A) = (afw, )(l — + ((oz]wb )X“ (log A — C)) + 2mv —1(n + (pp|)) T ) P+
)\dl‘+l
Hix)\/a; is
2 (alHy) AN s ooy e R

1€ T tw

where [ > 1 and C; (I > 1) are constants defined recursively by C; = Cj_1 + %
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Remark 23. Unfortunately, we do not have a closed formula for the constant c.
Nevertheless, Theorem 1 and the small quantum cohomology of PL allow us to com-
pute ¢ on a case by case basis.

Remark 24. [t is natural to speculate that the root systems in the quantum coho-
mology of P studied here are related to the integral structure in quantum cohomology
introduced in [37] and [44]. We plan to study this in the near future.

5. REALIZATION OF THE BASIC REPRESENTATION VIA PERIODS

Let g be a simple Lie algebra of type ADE with an invariant bilinear form ( | ),
normalized in such a way that all roots have length /2. By definition, the affine
Kac—Moody algebra corresponding to g is the vector space

g:=gOtt JoCK@®Cd
equipped with a Lie bracket defined by the following relations:
(X "V t™] = [ X, Y] "™ 4+ nd, —m(X | Y)K,
[d, X t"] :=n(X t"), [K,g"]:=0,
where X,Y € g(©@.
We fix a Cartan subalgebra h(@ < g(@ and let A© be the root system of g(®,

ie.,

(0)

g(O) = @QGA(O)ga :

Let us define o3, to be the authomorphism given in equation (34). If the root system
is of type A; then we choose any of the nodes to be a branching node and we have
2 instead of 3 branches.

5.1. Twisted realization of the affine Lie algebra. The Lie algebra g(®) can be
constructed in terms of the root system via the so-called Frenkel-Kac construction
[25]. Let A c h© be the root lattice. There exists a bimultiplicative function

e: A0 AO) {£1}
satisfying
e(a, Ble(B,a) = (fl)(ozlﬁ)7 (e, @) = (71)\042/2,

where |a|? := (a|a). The map (a, B) — e(op(a), 05(B)) is another bimultiplicative
function satisfying the above properties. It is known that all bi-multiplicative func-
tions of the above form are equivalent (see [42], Corollary 5.5). Hence there exists a
function v : A©®) — {£1} such that

(43) v(a)v(Be(a, B) = v(a + B)e(opa, opp).
There exists a set of root vectors

(44) Ay € gl

«



30 TODOR MILANOV, YEFENG SHEN, AND HSIAN-HUA TSENG

such that
[Aa, A_o] = €(a, —a)a
[Aq, Ag]l = €(a, B)Antp, if (ofB) =-1
[Aq, Agl =0, if (a|B) >0.
We can extend o}, to a Lie algebra automorphism of g(© as follows

op(Aa) = U(a)_l Aab(a)a aeAO.

Let us denote by & the order of the extended automorphism oy : g(© — g(@. Clearly
we have k = |op| or 2|op|. Since ( | ) is both g(®-invariant (with respect to the
adjoint representation) and W) invariant, we have

(AalA-a) = €(a, —a), (AalAp) = (AalH) =0, VB# —a, HE [)(0)-
Put n = 2™/ =1/k We extend the action of op to the affine Lie algebra g by
o (Xt =ap(X)@ (7 t)", op- K=K, o -d=d.
Let
g Cg
be the Lie subalgebra of oj-fixed points. According to Kac (see [41], Theorem 8.6.)

g% = g. Let us recall the isomorphism. The fixed points subspace (g(o))”b contains a
Cartan subalgebra h(©). We have a corresponding decomposition into root subspaces

acA)

where A0 ¢ H(O) are the corresponding roots. Note that since the root subspaces
are 1 dimensional, they must be eigen-subspaces of o. Therefore, by choosing a set

of simple roots a;, i =1,2,...,N in A we can uniquely define an integral vector
s = (s1,...,8n), 0 < s; < K such that the eigenvalue of the eigensubspace gg? is
n%. Put
N
Ps : 6(0) — 6(0)7 Ps = Z 5iWi,
i=1

where w; € H(O) (1 < i < N) are the fundamental weights corresponding to the
simple roots a; (1 < i < N), i.e., (W;|a;) = 6;5. The isomorphism

b:g— g7
is defined as follows
(45) O(Xt") = ¢tades X 45,6 (0o X)K
O(K) = kK

(46) () = w7 (d—po— ylpslon) K).
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where
t3des X = exp <logt adpS>X.
Note that the RHS is single-valued in ¢ and op-invariant in X, because

exp (271'\/—71adp5/,{> = 0p.

5.2. The Kac—Peterson construction. Following [43], we would like to recall the
realization of the basic level 1 representation of the affine Lie algebra g correspond-
ing to the automorphism ;. The idea is to construct a representation of the Lie
algebra g’ on a Fock space, which induces via the isomorphism ® the basic level-1
representation.

Consider again the situation studied in Sections 3 and 4. Fix an eigenbasis { H; };c3
of oy, satisfying (H;|H;+) = Kk d;; (compare with (42)). It is convenient to put

mo1 =0, mep:=k, m;:=dikK, 1€ Jiw,
where =27V -1di — n™ is the eigenvalue of H;. The elements H;; := Htmitls (1 €
3,1 € Z) generate a Heisenberg Lie subalgebra
5C g%,
i.e., the following commutation relations hold
[Hi,la Hj,m} = (m; + k) 51',3‘* 5l+m,—1 r K.
Let us also fix a C-linear basis of s
(47) Hy := Hys, Hi,b H¢*7,l,1 (l >0,2 € 3\{(0, 1)}), K.
Let & be the subgroup of the affine Kac-Moody Lie group generated by the lifts of
the following loops:
(48) ha,p = exp (04 logt" + 27/ —1 B),
where o, 3 € h(© are such that
opa=ca, op(f)—L+ac A,

Let us point out that under the analytical continuation around ¢ = 0, the loop h g
gains the factor e2™V/=1ra  The Jatter must be 1 because

ko = (a + 0p(B) — B) + op(a + (0p(B) = B)) + -+ + 0" L+ (03(8) — B)) € AD.

It follows that h, g is single-valued and o,-invariant, i.e., it defines an element of
the affine Kac—-Moody loop group acting on g?® by conjugation.

The main result of Kac and Peterson [43] is the following: the basic representa-
tion of g% remains irreducible when restricted to the pair (s,&). Let us recall the
construction of the representation. Put

Xa(() - Z Aa,n C_n = % Z Zn_nl(Ubl(Aa)tn)C_n, o€ A(O),

ne”Z =1 neZ
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where A, appears in (44), and
Hi(Q) =Y _Hyy ™", ied\{(0,1)},
leZ
where H;; appears in (47). Let us denote by

mo 50 = b and 7, : 50 - (5")*

the orthogonal projections of §(® onto héo) := C Hyp and (E)éo))L respectively. Given
z € h© we will sometimes use the notation zy and x, for m(z) and 7, (x) respec-
tively. Let E’(() be the vertex operator

m;+lk

—m;—IlKk
(49)  EX(C) = exp (Z(OAHi)Hi*,—l—leLi - m) exp (Z(a\Hi*)Hi,lW)’

il il

where both sums are over all i € J\ {(0,1)} and all | € Z>.

Lemma 25. There are operators Cy, o € A independent of ¢, that commute
with all basis vectors (47) of s different from Hy, such that

Xa(€) = Xa(QOEL(Q),
where
(50) XQ(¢) = ¢l g, gree,
and o = mo(@).
Proof. After a direct computation we get
[Hig, Xa(Q)] = (a H)C™ X0 (€).

It follows that X,(¢) = X2(¢)E%(¢), where XJ(¢) is an operator commuting with
all Hi,l 7& Ho.
After a direct computation we get the following commutation relations:

1
hop (—d) h;’lﬁ = —d+ra+ §|oz|2 KK,

Py Ao hly = ezwﬁ(ﬂh)A%nJm(am + 8n0(a)Ay)k K,
and h, g commute with the Heisenberg algebra s except for:
hap Ho hyly = Ho+ (alHo)kK.

Here h, g are given in (48). In order to determine the dependence on ¢ of X2(¢) we
first have to notice that

(51) —d = %‘p8|2K+ %Hg +;Hi*7llﬂ,,,,

i,
where Hy = Hy1 = Hgo. Indeed, if we decompose the basic representation into a
direct sum of weight subspaces of s, then using the above commutation relations,
we get that the LHS of (51) is an operator that preserves these weight subspaces
while the difference of the LHS and the RHS commutes with s and &. The formula
follows up to the constant term %| ps|? K, which is fixed by examining the action of
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the operator d € g on the vacuum vector. Using formula (45) for Xt" = ps we get
that ps (viewed as an element of g°) acts on the vacuum by the scalar —|p;|?/k;
then since the RHS of formula (46) acts by 0 on the vacuum, we get that d € g
acts by the scalar

1 1
—|psl?/5 + §|ps‘2(1//{) = *%|ps|2'
Since we have
[d, Xa(Q)] = —C0cXa(Q),  [d, E5(Q)] = —COcEL(2),

we easily get —(9; X2 = [d, X2]. On the other hand, X2(¢) commutes with H;, for
all 7,1, except

(52) [Ho, X5(C)] = (a| Ho) X
It follows that

COcXS = i (XDao + @Xo)
Solving the above equation we get formula (50). O
Lemma 26. The operators C,, in (50) satisfy the following commutation relation
(53) CaCp = e(a, B) B Car 3,

where

k—1
Bug = 19 TT(1 =y @18),
1

~

Proof. Let us assume first that o # —f are two roots. After a direct computation
we get that the commutator [X,(¢), Xg(w)] is given by the following formula:

K -1
K Z (H Ul(mf(ﬂﬂ) e(a, 03 (B)) 6(n "¢, w) w Xy 4108 (),

=1 \i=1
where 0(z,y) :== >, c; 2"y "' is the formal delta function. On the other hand,
lw)(abl(a)ﬁ)
¢

where : : is the standard normal ordering in the Heisenberg group - all annihilation
operators H;; must be moved to the right. Substituting in the above commutator
X5(Q) = XS(C )EZ(C) we get that the following two expressions are equal:

Ea(QE5(w) =TT (1-n

=1

FEL(QE(w) 5,

K K )

(54) H (1 _ nﬂé})(ab (a)\ﬁ)Xg(C)Xg(w) B H (1 B nlfu)(m; ) Xg( )XO(C)
=1 =1
and
1 K -1 A
65 (Hv*(aa(m)) el (B ) w X0, ) (O
=1 \i=1



34 TODOR MILANOV, YEFENG SHEN, AND HSIAN-HUA TSENG

Both formulas have the form i¢ ,, P ((, w) — i¢wP2(¢, w), where P; and P, are some
rational functions and ¢, (resp. i, ¢) means the Laurent series expansion in the
region |¢| > |w]| (resp. |w| < [¢]). Since P; = P; for the second expression, the same
must be true for the first one, i.e.,

al w (' (@)1B) al ¢\ (o' (B)]e)
[I(1-47%) x8(0x5w) =] (1-n'2) X5 () X(C).
=1 =1
Recalling formula (50) and (52), the above equality implies:
(56) CaC = H(_nl)("%bl(ﬁ)) CpCa-
=1
Using this equality we can easily write (54) as a sum of formal delta functions.
Comparing with (55) we get (53). O
Using formula (53) we define C,, for all « in the root lattice A(9); then formula
(56) still holds. Finally, a similar argument gives us that

(57) CoC_y = e(a, —v) Bl e, Cy=1.

a,—a
Let ~; := %(0) be simple roots, 7, be the branching node, and ~,,; be the enumer-

ation of the non-branching simple roots that we used before (see Figure 1). Let
s_Cs
be the Lie subalgebra of s spanned by the vectors
Hi _1—1, 1€ I\{(0,1)},1>0.
The basic representation can be realized on the following vector space:
(58) Ve = S*(s_) ® Cle®]e™,

where z is a complex number and w := (7). The first factor of the tensor product
in (58) is the symmetric algebra on s_, and the second one is isomorphic to the
group algebra of the lattice mo(A(?)) = Zmy(7,). We will refer to |0) := 1 ® ™ as
the vacuum vector. Slightly abusing the notation we define the operator

Oy ::i—aﬂ7

ow
acting on Vg, so that d,, |0) = 0.

Lemma 27. The following formulas hold

(Wp.ilxws) = (1 - *)7 mo(W) = Xwp,  Tu(W) = — Y (1 - a,) Vi

a
" 1,

Proof. Let {e;}¢_; be the standard basis of C*. The root system of type A,_1 is given
by {e; —¢;} and the standard choice of simple roots is v; = ; — €541, 1 <i <a—1.
Note that the fundamental weights corresponding to the basis of simple roots are

~ { i
Wi = (1_a>(51+"‘+5i)—a(€i+1+"'+€a).
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It follows that the pairing between the fundamental weights is
((7)1’67)3) == min(i,j) — zg/a
In particular, we have
~ )
(59) Wi:<1_5)71+”'7
where the remaining terms involve only s, ..., Va—1-

In our settings, for any fixed u = 1,2, 3, the roots {'yﬂ,i}?il_l give rise to a subroot
system of type A,, 1. Let us denote by w,; the corresponding fundamental weights.
Note that

Wi = au,i - ("T’u,ihb) Wh,
so the first formula of the Lemma follows from (59) and
(W) = =0i1,  (Wylws) = 0.
The other two identities follow easily from the first one. O

Lemma 28. Let co (o € A9)) be operators defined by
(60) Co = o €Xp ((wb|a)w> exp <27r\/71 (pb\a)aw).
Then [cq, cg) = 0.

Proof. To begin with, note that by definition, the commutator C,CgCy 1051 is
given by the following formula:

K

H(_nl)(a\abl(ﬁ)) — V=1 (e0]B) 21V =T ((1—03) " | B)
=1
On the other hand, using (60), the commutator becomes

(61) cacacy' ezt exp 20T ((prla)(@]8) = () (wrle)).

Recall that o} is a composition of 3 matrices aflo), w = 1,2,3 whose action on the
subspace with basis {7,1,...,Vua,—1} is represented by the matrix (41). It is easy

to check that the (7, j)-th entry

' 0 ifi<y
62 [1_ (0)—1} _ = =0
(62) (1=au7) ij ay “ig> G 1 ifi>j.
A straightforward computation using formula (62) and Lemma 27 yields
_ 1
(1 =o) M piln) = ——,
Ap
(1= o) M yilvg) = g — digay,
_ 1
(1 —o0y) 1(7b)*|7u,i) = . (mod Z),
m
1 1
(=) (w)slm) = 1—-35x.
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Using the above formulas we get

(1= 0) " 7.()18) = (lat) (118) — (po15) (wrla) — & (a0l6o)  (mod Z).

For the commutator we get

CaCsC3 5" = exp (20v/=1((pol) (wbl8) = (pol8) (wrlar)) ).

Comparing with (61) we get cacf;cglcgl = 1. O

Lemma 28 implies that the operators ¢, can be represented by scalars, i.e., we
can find complex numbers cq, o € A such that

(63) oty = €(a, ) Bc:,,lﬁ o2V —=1(ps|B) (wp|ar) Cotp-

For example we can choose c,, arbitrarily for the simple roots o; and then use
formula (63) to define the remaining constants.

The level 1 basic representation can be realized on V,, as follows. Let us represent
the Heisenberg algebra s on Cle“]e™ by letting all generators act trivially, except
for Hy — (Hop|vp) 0. The latter is forced by the commutation relation

[Ho, Ca] = (a|Ho) Co = (wp|ax) (Holv) Ca-

In this way V, naturally becomes an s-module. Furthermore, put
(64)  EY(Q) = exp ((wla)w) exp ((wpla) x log¢™ +2mv/=T (ppla) )l

and E,(¢) = E2(Q)E(C), where E(() is defined by formula (49). We get that the
representation of the Heisenberg algebra s on V. can be lifted to a representation of
the affine Lie algebra g as follows:

Xa(Q) = cal™OPRPEL(0), aeA®
K — 1/k,

1 2 1 2
d = —o-lpsl 2Holzl:Hi*,—l—1Hi,l-

Finally, let us finish this section by making a remark on x. There is no a canonical
way to extend o, to a Lie algebra automorphism of g(®). Therefore, the value of
x depends on our choice of the cocycle €(a, 8) and the corresponding sign-function
v(a). We will see however that replacing k by mk, where m is a positive integer,
does not change the HQEs, so we may assume that x is a sufficiently big integer,
s.t., o = 1. For the sake of completeness, let us fix an extension that seems natural
for our purposes. Put w, o = wp and w4, = 0 and define

3 au—1

(65) SF(, 8) = 37 3 (@pila) (Wi — @i |8):

p=1 =0

Since SF(av, ) +SF(8, @) = («|f), the bi-multiplicative function e( , ) = (—=1)SF(.)
is an acceptable choice for the Frenkel-Kac construction. Note that

(66) v(a) = (_1)Zizl(wb|a)(wu,1|a)
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satisfies formula (43), so we get an exlicit formula for an extension of o3 to a Lie
algebra automorphism of g(®). Moreover, since

[T v(ob(@) = (=X,

we get that K = |op| if x|op| is even and k = 2|op| if x|op| is odd. Notice that
|op| = lem(ay, az, as), the least common multiple of ay, ag, as.

Remark 29. The notation SF is motivated from the notion of a Seifert form in
singularity theory (cf. [3,4]). We do not claim that (65) is a Seifert form, although
it would be interesting to investigate whether definition (65) can be interpreted as a
linking number between o and 3.

6. INTEGRABLE HIERARCHIES

6.1. The Kac-Wakimoto hierarchy. Following Kac-Wakimoto (see [41]), we can
define an integrable hierarchy in the Hirota form whose solutions are parametrized
by the orbit of the vacuum vector |0) of the affine Kac—-Moody group. A vector
T € V,, belongs to the orbit if and only if Q, (7 ® 7) = 0, where 2, is the operator
representing the following bi-linear Casimir operator:

1
Z Z A an@A—a,—n+K®d+d®K+*H()@Ho—i—
weaw (Al w

+— Z( zl®Hz ,—l— 1+H1*—l 1®Hzl>

where the second sum is over all i € J\{(0,1)} and all { > 0. On the other hand, we
have

AalA-a) ¢

where the coefficients a,, can be computed explicitly thanks to formula (63), i.e.,

Z (1 Aa,n & A—a,—n = ReSCZO %aa(C)EOé(C) ® E—Q(C)7

(67) aa(c> — Boc,a <K|CM0|2 eQﬂ\/jl(pHa)(wb‘a)'

We identify the symmetric algebra S*(s_) with the Fock space Cly], where y = (y;,)
is a sequence of formal variables indexed by i € 3\{(0,1)} and [ > 0, by identifying
Hi« _j—1 = (m; + Ik)y;;. Then (note that (Ho|y) = (kx)Y?)

0

Hy = 129, K=1
a0 9 ; /K,

il =
and

2
psl>  Kx
a= 1 S 4 )i
1,1
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The elements of the representation space can also be thought as sequences of poly-
nomials in the following way:

Va2 Clyl”, Y ma@)e™ ™ o 7= (1Y) nez
neL

The above isomorphism turns C[y]? into a module over the algebra of differential
operators in e%:

(€ T =Tn-1, (Ow- T)n=nTy.

The Hirota equations then assume the form (3) stated in Section 1.2. It remains
only to verify the value of the constant |ps|?/x?.

Lemma 30. We have

o2/ = 5 (5 +6067),

where 6 is the Hodge grading operator (see equation (16)).

Proof. Since T = |0) is a solution to the hierarchy, we must have

s/ = Y aalQ).

a: (wp|a)=0

Let o € A be such that (wp|e) = 0, then formula (67) reduces simply to

k—1
aa(C) = Ba,a = 5_2 H(l — nl)(aéa\a).
=1

Recall the notation in the proof of Lemma 27. We claim that o must belong to one

of the root subsystems AELO) of type A,, 1 corresponding to the legs of the Dynkin
diagram for some p. Indeed, let us write « as a linear combination ) i Cri Vi for
some integers ¢, ;. If this linear combination involves a simple root 7, ; for some g,
then using reflections s, ; with ¢ > 1 we can transform « to a cycles o’ such that the
decomposition of o/ as a sum of simple roots will involve 7, 1. Moreover, we still
have (wpla’) = 0. In other words, we may assume that ¢, 1 # 0 as long as ¢,; # 0
for some i. However, since (a|y) = — > 4 Cu,1 and the coefficients ¢, ; have the same
sign (depending on whether « is a positive or a negative root) we get that there is
precisely one p for which ¢, 1 # 0.

Assume that o € ALO), then since oy is a product of the Coxeter transformations
Oy = -+ 8 28,1, in the above formula for a, only o, contributes and since the
order of o, is a,, after a short computation we get

ap—1

=, [T L nf)onele), gy = 2rvilen,
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These are precisely the coefficients of the principal Kac-Wakimoto hierarchy of type
Aq, 1. According to [24] the sum

Z aa(C) = |Pu|2/afw

aeAfLO)

where p,, is the sum of the fundamental weights of ALO). It is well known that

|pul? = (au — Dap(ay +1)/12. We get

pn=1
It remains only to notice (using 7 = —#) that
1 /1 1 /1 1 1 1 S e, — i)
wna, —1
it (f eeT) — (f 9)(7—9)27 di(1—d) =~ Ny — 1)
p gt SRACRRIAD) 22;1( i) 2;; az

6.2. Formal discrete Laplace transform. Let o € A® and g € A be as in
Section 4.6. We would like to compare the vertex operators® E,(¢) and TP()\) :=
e(fﬁ()‘§z))A’ where
Bs(X2) =Y IV (-2,
neL

see (29). Using the formulas for the calibrated periods from Section 4.6 we get
7\ = Us() TH () TL(0),

(0))

where (we dropped the superscript and set wy := w,

> l
Us() = exp (3 ((wla)xllog A — C1) + 20y "1 + (fa))) oy o /).

=1
[0) = e (((ala) x (08 A= Co) + 2 =Tln + ufa)) )
exp ( — (wp|@) \/ﬁafgl),

and

I2()) = exp (Z(odHi) cmitn yi,l) exp (Z(Q‘Hi*) ﬂ P )7

—m; — Ik Oy

i, 1l

6See Section 7.1 for the definition of the quantization operation (—)7
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where the sums are over all ¢ € J\{(0,1)} and I > 0, A = ¢"/k, and we use the
change of variables (I > 0)

1 gdoz qu2
(68) Y21 = —F= ,
Vh VEX mo2(moz + K) - - (mo2 + k)
1 /idi qz
(69) Yig = L

ﬁ\/ﬁaimi(mi—i—n)-~(mi+ln)'

Comparing with (49) and (64) we get that rf = E% and that f'g is a Laplace
transform of Eg. We make the last statement precise as follows. Put

~

V i=Cyly, z, ¢t + 1,q(2)1,...]]Z.

The space V contains a completion of the basic representation V,. It has also some
aditional variables qlm, [ > 1 which will be treated as parameters. Just like before,

we identify the elements of V with formal Fourier series

[= (fn)nEZ = Z In e,

nel

Given f(h;q) € Cp[q] satisfying the condition
(70) f(h;a)

eV € Cylq] Vz €C,

define the formal Laplace transform of f depending on a parameter C' (C # 0)

Folf@,...) =Y flz+n)Vh,...)er+ow o eV,
nez
where the dots stand for the remaining g-variables on which f depends. It is easy
to check that

(71) -FC O qgl/\/ﬁ:2 O FC
Oow
and
(72) Fo o e ™I — gmew gy mds o F

where recall that 0, = % —x.
Lemma 31. Let C = kX eXC0, then
E°(Q) Fo = ]_—067,437532 log €' JAx fgy
where
A= (wpla) x (log A = Co) + 27/ =1(n + (pla)), B = (wpa).

Proof. Using (71) and (72) we get that the vertex operators in ¢J' transform as
follows:

Fe oA a8t /Vh e—B\/ﬁa/aqgl _ 6AB+%BQ log C ,Az ,Bw ,(A+Blog C)d. Feo.
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On the other hand, after a straightforward computation, we get

@ 2
oAB+3B%logC _ C“Iao‘zef ' 2(;' (2x(Cotlog k) —log C) ,2mv/=T(wp| ) (pp )

and
(73) A+ BlogC = (wp|av) <X log ¢ +log C' — x(Cp + log m)) + 21V —=1(n+ (pplcv)).

Furthermore, note that since the operator 2™V =10 acts as the identity on 17, the
integer n in (73) may be set to 0. Finally, it remains only to compare with (64) and
to recall our assumption

(74) log C' = x(Cp + log k).
U

6.3. Integrable hierarchies for the affine cusp polynomials. For every root

a e A ¢ HO we fix an arbitrary lift 5 € A C b (cf. Section 4.6). The subset of

affine roots obtained in this way will be denoted by A’. Following the construction

of Givental and Milanov in [31] we introduce the following Casimir-like operator
L

Qo) = =5 (D0 (i) @01 =18 HONE (V) ®a 11006 (V) 1 ) +
i=1

S - 1. /1
B -8B _ = - T
+B§€A/b5(x)r (N) @ TP (V) 2tr(4+99 )

where the notation is as follows. Let {8;}}¥; and {8°})Y; be two sets of vectors in

h such that under the projection f(o)(l) :h— H(O) they project to bases dual with
respect to the intersection form (-|-), i.e., (8;|8?) = di;. Then

Gi(N) = (OrE5,(X;2))", TN\ = (Onfzi(X;2)), 1<i<N.

The tensor product is over the polynomial algebra a := Ch[q?l,qgl, ...], which in

particular means that almost all terms that involve log A cancel.

The first sum in the definition of 2as is monodromy invariant around A = oo
and hence it expands in only integral powers of A. In fact one can check that the
corresponding coefficients give rise to a representation of the Virasoro algebra, which
can be identified with an instance of the so called coset Virasoro construction’. After
a straightforward computation using the formulas for the periods from Section 4.6,
we get the following formula for the coefficient in front of A=2 (i.e., the Lo-Virasoro
operator)

X m; . .
BT (q81 ®al—1®a QSl)z + zl: (71 +l)(le ®al—1®a QZZ)(aqf ®al—1®a aqli)-
2y

The coefficient 55 are defined in terms of the vertex operators fﬁ()\) as follows

P 25
(75) bt () = lim (1= 5)" By a0,

TWe are thankful to B. Bakalov for this remark.
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where Ea, 5(A, p) is the phase factor from the composition of the following two vertex
operators:

LM (1) = Bag(\, ) : TN ()«

After a straightforward computation as in Section 5.2, we get
K
(76) Ba (), ) = g~ (@0lfo)¢Colaolfo)=2my/=T(wra) (py]8) I1 (1 — (/N
=1

1) (whls)

where we are slightly abusing the notation on the RHS by using o and § to denote
the image of a and 8 in h(©).

We are interested in the following system of Hirota quadratic equations: for every
integer n € Z

(77) Resy_o, i; (2 () (7 @0 7)) —0

' ®1-1®¢3 =nvh

where 7 € Cp[qo0,q1+ 1,42 . ..]. The operator QA/(/\) is multivalued near A = co: the
analytic continuation around A = oo corresponds to a monodromy transformation of
each cycles 3 € A’ of the type 8 +— 0(8) +ngep, where ng € Z. Using Proposition 21
we get that the analytical continuation transforms O A/(A) by permuting the cycles
£ and multiplying each vertex operator term by 2V =Ing(q5' ®1-1945") - Therefore
the 1-form in (77) is invariant with respect to the analytic continuation near A = co.
Moreover, for the same reason the equations (77) are independent of the choice of a
lift A" of A©).

Remark 32. The Hirota quadratic equations (77) are a straightforward general-
ization of the construction of Givental and Milanov [31] (see also [24], where the

coefficients i)g were interpreted in terms of the vertex operators) of integrable hier-
archies for simple singularities.

The following is the main result of this Section.

Theorem 33. There exists a constant C' such tha if T is a solution to the Hirota qua-
dratic equations (77), then Fo(T) is a tau-function of the op-twisted Kac—Wakimoto
hierarchy.

Proof. Let us fix the constant C' as in (74). We just have to find the Laplace
transform of the Hirota quadratic equations (3) of the Kac—Wakimoto hierarchy.
Let a« € A and 8 € A be as in Section 4.6. Using Lemma 31 we get

(0a(Q) Eal0) @ B-a(Q)) (Fo @ Fe) = (Fe o Fe) (bW TN @a TP ).

where the coefficient bg is given by

2
aa(C) C—Qm\aoIQE‘i)@('L log Ce—4ﬂ\/jl(wb\0¢)(ﬂb|a).

Recalling formula (67) and A = (*/k we get
(78) bs(A) = Bago A~100F glaol Co g=2nv=T(whla)(p]e)
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Using (75) and (76), it is not hard to verify that bs(\) = bs(\).
In other words, F¢(7) is a solution to the Kac-Wakimoto hierarchy if 7 satisfies
the following equations:

ResSy—oo % ((.7-"0 ® fc)ﬁA/()\) (T Rq T)) = 0.

Comparing the coefficients in front of e +%)% @ e("'+2)« e get (77) with n =
n' —n'. O

7. THE SYMPLECTIC LOOP SPACE FORMALISM

The symplectict loop space formalism in Gromov-Witten theory was introduced
by Givental [30]. We apply this natural framework to describe and investigate further
the Hirota quadratic equations (77).

7.1. Canonical quantization. The space
Him H(=)
of formal Laurent series in 2! with coefficients in H is equipped with the following

symplectic form:

¢, d2) = Res: (91(—2), 92(2)) , 1,02 € H,

where, as before, (,) denotes the residue pairing on H and the formal residue Res,
gives the coefficient in front of 2L

Let {¢i}ics and {¢'}ic5 be dual bases of H with respect to the residue pairing.
Then

Q¢ (—2) 1 9j2') = bij6m
Hence, a Darboux coordinate system is provided by the linear functions q,f;, Dk,i on
‘H given by:
q;c = Q((ﬁi(_z)_k_17 ) ) pk,i - Q<7 ¢sz) .
In other words,

$(2) =D > ah(@)eid + D pri(@)d'(—2) T, e,

k=0 i€ k=0 i€J
The first of the above sums will be denoted by ¢(z)+ and the second by ¢(z)_.
The quantization of linear functions on H is given by the rules

. _ . R 0
G.=h""%q,  Pri=h",
Oq,
where the RHSs of the above definitions are operators acting on the Fock space
(79) Culd] :== Chlgo,q1 + 1,42, -], where Cj=C((h).

Every ¢(z) € H gives rise to the linear function Q(¢, ) on H, so we can define the
quantization gg Explicitly,

0
(37(1,27

(80) (i2")"= —h/? (6'(=2) ) =02 g
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The quantization also makes sense for ¢(z) € H|[z, 2™ ']] if we interpret ¢ as a formal
differential operator in the variables g;, with coefficients in Cj .

Lemma 34. For all ¢1,¢2 € H, we have [(,51’(,52] = Q(¢1, d2).

Proof. Tt is enough to check this for the basis vectors ¢'(—z)7F~1, ¢;2*, in which
case it is true by definition. O

7.2. Quantization of symplectic transformations. It is known that both series
St(z) and R:(z) described in Sections 3.3 and 3.4 are symplectic transformations
on (H, ). Moreover, they both have the form e4*), where A(z) is an infinitesimal
symplectic transformation.

A linear operator A(z) on H := H((27!)) is infinitesimal symplectic if and only if
the map H 3> ¢ — A¢ € H is a Hamiltonian vector field with a Hamiltonian given
by the quadratic function

ha(9) = 50(49,6).

Az

By definition, the quantization of eA(*) is given by the differential operator e”4,
where the quadratic Hamiltonians are quantized according to the following rules:
82
h%
dq;.0q]
In the case of the orbifold P, Givental’s higher genus reconstruction formula [30],

proved by C. Teleman [59], can be stated as follows. If t € H is a semi-simple point,
so that there exists a canonical coordinate system at ¢t (see Section 3.3), then

N - o R
(Priprg) = o (raq) = (@pea) =4l 57 (Ga) = paka -
9 h

— M ]
(81) Da(liza(z) = O 5710, Ry U/ T Dpu(h A VAQI(2))
i=1
where Dy, is the total descendant potential of a point and the factor

1 — Q7
F( )(t): Z F<t,...,t>1,n7d
dn=0

is the genus-1 primary (i.e. no descendants) potential. Let us examine more carefully
the quantized action of the operators in formula (81).

—

7.2.1. The action of the asymptotical operator. The operator Uy/z is known to anni-

hilate the Witten-Kontsevich tau-function. Therefore, eVt/# is redundant and it can

be dropped from the formula. By definition, \/I\lt is the following change of variables:
o
qa(z) =0, ZQ’(z)ei, Le,, VAQ} = Z(c’)jui) qj, -
i=1 J€T
Put ﬁt = \/I)tﬁtcl}t_l and

qlz) = > aql(95us)z" .

k=0 jeJ
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Then the total descendant potential assumes the form:

(82) Da(hiq(z) = " OS5 Ay (b a(2)),
where
n
(83) Ai(hiq(2)) = Ry [ Dpe(hAis'a(2)) € Crgllao, a1 +1.g2. .. ]]
i=1

is the so-called total ancestor potential of PL.
The action of the operator R; on formal functions, whenever it makes sense, is
given as follows.

Lemma 35 (Givental [29]). We have
51 _ (.5i(0.0)
Ry F(q) (62 F(q)) ‘qHth ;
where Vi(0,0) is the quadratic differential operator
00 . ‘ 92
l

k1=014,j€7 9q;,0q

whose coefficients Vi (t) are given by

00 T
1-R R
S Via(t)ebu! = +(2) (" Be(w))
k,1=0 Ztw
and T Ry(w) denotes the transpose of Ry(w) with respect to the Poincare pairing.
The substitution q — R;q can be written more explicitly as follows:

9 —qo, q—Ri(t)go+aq, ¢ — Ra(t)go+Ri(t)g1+q2,....

The above substitution is not a well-defined operation on the space of formal func-
tions. This complication, however, is offset by a certain property of the Witten—
Kontsevich tau-function, which we now explain. By definition, an asymptotical
function is a formal function of the type:

) = exp (3 F (@)
g=0

Such a function is called tame if the following (3g—3+1)-jet constraints are satisfied:

" F9)

Ot -~ Oap, T

q=0
The Witten—Kontsevich tau-function (up to the shift ¢ — ¢ + 1) is tame for
dimensional reasons: dim Mw = 3g — 3+ r. The total ancestor potential A; is also
tame, as it can be seen from its geometric definition (cf. [30]) or by using the fact
that the action of the operator ﬁt on tame functions is well defined and it preserves
the tameness property ([28]).
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7.2.2. The action of the calibration. The quantized symplectic transformation ./S’\; !
acts on formal functions as follows.

Lemma 36 (Givental [29]). We have
(84) 81 Fla) = e UR((S)1).

where Wyq? is the quadratic form

(e e}

Wia® = Y (Wi, ar)
k=0

whose coefficients are defined by

= M 14wl

The subscript + in (84) means truncation of all negative powers of z, i.e., in F(q)
we have to substitute (cf. (26)):

Qk'_>Qk+sl(t)q]€+l+s2(t)q}€+2+ ; k:07172a"' .

This operation is well-defined on the space of formal power series.

7.3. Vertex operators. Recall the series (24). We are interested in the vertex
operators

(85) Te(t ) = N . e A,
and their phase factors By g(t, A, ) defined by
T(t, VTP (t, 1) = Bag(t, N\, p) : T, VTP (t, ) -,

where : - : is the usual normal ordering — move all differentiation operators to the
right of the multiplication operators. Note that
(86) Ba st A\, p) = RUCH IR CINTEIR

The action of the vertex operators on the Fock space is not well defined in general.
We would like to recall the conjugation laws from [28] and to make sense of the
vertex operator action on the Fock space.

7.3.1. Vertex operators at infinity. Let us fix t € M and expand the vertex operators
I'*(¢, A) in a neighborhood of A = co. By definition (see (28)) we have f,(t, \; z) =
Sifo(N; ). Using formula (84), it is easy to prove that

(87) T(A) S 1 = 3 WM+ G ),

In particular, using the formal A~!-adic topology we get that the vertex operator
I'*(t, A) defines a linear map

Cula] — Knldl,
where K is an appropriate field extension of the field C(A™1)).



GW THEORY OF FANO ORBIFOLD CURVES AND ADE-TODA HIERARCHIES 47

Let us explain the relation between the phase factors. Recall formula (76), the
RHS is interpreted as an element in C(A~1/%))(x~ /%)) by taking the Laurent series
expansion with respect to A at A = oo.

Proposition 37. The following formula holds:
BOé /3(t7 >‘7 ﬂ) = Ea ,8(#, )\)ewt(Fo‘(“)+7¥ﬁ(>‘)+) .

Proof. Conjugating the identity I'*(A\)IP (1) = ,5()\ @) : TP (p) : by S and
using formula (87) we get that

N L
e? (WelEa 0 B )W Es 1 B 001 Bas(t, A, 1)

coincides with
e3WelaN 450+ FaN++5 (WD B S\ ).

The quadratic form W is symmetric, so comparing the above identities yields the
desired formula. O

7.3.2. Vertex operators at a critical value. Let us assume now that A is near one of
the critical values u;(t) and that (3 is a cycle vanishing over A = u;(t). According to
Lemma 13 we have fg(t, \; 2) = U R¢(2)f4, (us, A; 2). Using Lemma 35 it is easy to
prove (see [28], Section 7) that

(88) D2 (8, 0) Uy Ry = ez TN 0NIG, B T (uy, ),

where Fjl(ui,)\) —: a1 (W) ig the vertex operator of the Aj-singularity, V; is
the second order differential operator defined in Lemma 35, and

Vi(Es(t, \)_ £5(t, \)_) = Z (8, ), Vi I3 (8, 1)),
k,l=0

In this case, the action of the vertex operators is well-defined on the subspace
spanned by the tame asymptotical functions and it yields a linear map

Fﬁ(t >\) : Cﬁ[[q]]tame — Kh[[q]]a
where K = C((A\ — u;)'/?)). Furthermore, the phase factor Bg (t,\,p) is well
defined if § is a vanishing cycle, since it can be interpreted as an element in
C(((p — us)2) (X — uy)/?)). Finally, similarly to Proposition 37, we have
(89) Bﬂ:ﬁ(t7 A pt) = Ba, (ug, A, M)e_%(fﬁ(tyA)ﬂfﬂ(t#)i)7

where By, (u;, A, pt) is the phase factor of the product th (ug, )\)FjA[1 (ui, ). A straight-
forward computation gives

\/_7%+\/_7m

where the RHS should be expanded into a Laurent series with respect to p at p = w;.

(90) By (s, A jt) = (
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7.4. From descendants to ancestors. Following our construction of the HQEs
from Section 6.3 we would like to introduce an integrable hierarchy for the ancestor
potential A;. Let us introduce the Heisenberg fields

da(t, \) = ONEP (8, N),

and the corresponding Casimir operator

2 N
QA’(t7 )‘) = _%<Z : (¢Z(t7 )‘) Qa 1-1 Ra ¢Z(ta)‘))(¢z(ta)‘) Xa 1-1 Ra Qsl(tv)‘)) : ) +
=1
+ Z bs(t, VTP (£, \) @ T7P(,\) — %tr G + 99T>,
BeA’

where ¢; 1= ¢g,, ¢' := ¢gi (with {3;} and {5} chosen as in Section 6.3), and the
coefficient bg(t, ) are defined by

2
(91) bs(t,\) ' = lim (1 - %) Bs._s(t, A\ ).

Finally, we need also to discretize the HQEs corresponding to the above Casimir
operator so that we offset the problem of multivaluedness. Note that, for the toroidal
cycle ¢ in Section 4.4, according to Proposition 21 the vector £¥(¢, \; z) has only

negative powers of z, so the quantization ?@(t, A) is a linear function in q.

Lemma 38. Let ¢ be the toroidal cycle. Then the equation

(92) PN ®1— 102t \) =2rv—1n

is equivalent to

(93) 1S a(2)]o0r ® 1 — 1@ [S; 'q(2)]o0r = nVh

(94) 157 a(2))or ® 1 — 1@ [ q(2)or =0, WI>1,

where [f(2)]1; denotes the coefficient in front of ¢;2".
Proof. Note that

o0 l
fo(\;2) = 2mV/—1 Z %ﬁﬁoz (—z)~t7 L
=0

The equations (93)—(94) can be written equivalently as
Q(f?(\: 2), 8 q(2)) = 2V —1nVh.
It remains only to recall that S; is a symplectic transformation and that

£9(t, \; 2) = S TP (\; 2).

We will be interested in the following HQEs: for every integer n € Z

(95) Resy—o % <QA/ (t,\) (1 ® T)) — 0,

Fe(t,\)@1—10F% () =21v/—1n
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where 7 belongs to an appropriate Fock space and we have to require also that the
discretization is well defined. For our purposes the HQEs (95) will be on the Fock
space Cp[qo +t,q1 +1,q2,...]. On the other hand the operator §[1 gives rise to an
isomorphism

§t_1 : Ch[[QO +t,q+ 17q27' : ﬂ — Cﬁ[[q()aql + 17q27"']]'
which allows us to identify the HQEs (77) and (95).

Proposition 39. A function 7 is a solution to the HQEs (95) iff :S’\t_lr is a solution
to the HQFEs (77).

Proof. Using Proposition 37 we get that
Qar() (571 © 87 = (57 @ 571 Qui(t, A).

It remains oan to notice that the discretizations in both HQESs are compatible with
the action of Sy, which follows easily from Lemma 36 and Lemma 38. O
8. THE PHASE FACTORS AND THE ANCESTOR HIERARCHY

In this section we prove
Theorem 40. The total ancestor potential Ai(h;q) is a solution to the HQEs (95).

Given this, Proposition 39 implies that the total descendant potential D,(%; q) is
a solution to the HQEs (77). Finally, recalling Theorem 33, we obtain a proof of
our main result Theorem 1.

8.1. The integrable hierarchy for A;-singularity. It was conjectured by Witten
[62] and first proved by Kontsevich [45] that the total descendant potential of a point
is a tau-function of the KdV hierarchy. The latter can be written in two different
ways: via the Kac-Wakimoto construction and as a reduction of the KP hierarchy.
We will need both realizations, so let us recall them.

8.1.1. The Kac—Wakimoto construction of KdV. The Casimir operator (cf. Section
7.4) for the Aj-singularity f(z) = 22/2 + u takes the form
)\2
Qay () = = 105 (w, )" (u,A) : +

- - 1
b, A) (T, (0, 0) @ T2 2) + T, ) @ TG (0, 0)) = ¢

where the coefficient

. 2
by (1, A) = limy (1- X) Bp.g(u, i, \) =

We denoted by V' the Fock space Cy[q], and
gbg@/(u, A) = ¢g(u, \) @1 —1® dpg(u, A).
Witten’s conjecture (Kontsevich’s theorem) can be stated as follows:

(96) Resa=o0 24, (0, A) (Dpt ® Dpt) = 0.

/\2
16(A — u)?’
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To compare the above equation with the principal Kac-Wakimoto hierarchy of type
Aq, note that

o0 2N\ — u n+1/2
o0 (155 A )y (oS5 )

and that the coefficient in front of A= in 1 : ¢V®V(O A)(j)V@V(O A) @ is precisely

Z<n+%>(Qn®1—1®Qn)(an®1—1®an)>

n=0
where 0,, := 0/0q,. It follows that the above equations coincide with the Kac—
Wakimoto form of the KdV hierarchy up to the rescaling ¢, = to,,+1(2n + 1)!!.
On the other hand, the total descendant potential Dy satisfies the string equation,
which can be stated as follows (see [30]): e(*/ Z)ADpt = Dpt. Using that

QAl (07 >‘) (e(u/z)A ® e(u/z)A) = (e(u/z)A & e(u/zf) QAl (u7 )‘)
we get that Dy satisfies also the following HQEs:
(97) Res,\:oo QAl (u, )\) (Dpt & Dpt) =0.

8.1.2. The KdV hierarchy as a reduction of KP. According to Givental [28] the KAV
hiearachy (96) can be written also as

dA ik F6/2
Resy—o (Y —~ (0,0) @ TF72(0, 1)) (Dpt ® Dpe) = 0.
( < i\f)\ )

Using again the string equation and Proposition 37 we get that Dy satisfies also the
following HQEs:

9 Resnew (3 /7 T30 ) 0 T3 000) 0 0 Du =0

8.2. The phase factors. Recall that the phase factor (86) has the form B,z =
exp {2y, g With

(99) Qb A1) = S (=1 (I (), 15D (1, ),
n=0

where each term on the RHS is expanded into a Laurent series near A = oo and
= o0o. On the other hand if A and p are close to some critical value u;(t) and
B vanishes over u = w;(t), then the Laurent series expansion of the RHS of (99)
in A —u;(t) and p — u;(t) makes sense and we obtain yet another formal Laurent
series. We would like to prove that these two different formal interpretations of
(99) are related to each other via analytic continuation. This is the key to proving
Theorem 40, because it allows us to reduce the HQE to several copies of HQE for
Aj-singularity.
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The differential of (99) with respect to ¢ is the 1-form

1A o 19 (1) = DU (12,05 0 13 (2, 1)) .
i€J
This suggests that the analytic continuation that we are looking for can be con-
structed in terms of integrals along the path of the following family of 1-forms:

Wap (A1) = IO (£, X) o I (¢, 1),

where A and p are viewed as parameters. Sometimes it will be convenient to use
also the 1-form W, g(§) := Wy g(&,0), which is also known as the phase form (see
[28]). Let us introduce the open subset

D={(t,\pu) € M xC? : |p— )\ <max(|A—u(t)], | —us(t)]) Wi},

where {u;(t)}; is the set of critical values of F(x,t). Since we will be dealing with
multivalued analytic functions on D that have a pole along the diagonal yu = A, let
us fix a reference point (tx, Ax, px) € D, with p, # Ai. In order to specify the value
of a multivalued analytic function at any other point (¢, A\, 1) € D we always select a
path consisting of the composition of a straight segment [(t., Ax, fx), (£x, As, A +€)],
a path from (., A, Ax+e€) to (t, A, \+¢), and a straight segment [(¢, A\, A\+¢), (¢, A, p)],
where |¢| < 1 and the second path consists of points (¢, X', u’) sufficiently close to the
diagonal, e.g., 0 < |N —/| < e. Furthermore, for each t € M, put r(t) = max; |u;(t)],
i.e., this is the radius of the smallest disk (with center at 0) that contains all critical
values. Let

Do ={(t; A p) € D = [A[> [l > r(t), [A = p| <max(|A], |p])}-
Proposition 41. The series (99) is convergent for all (t,\, 1) € Do.

Proof. Using Proposition 37 we can write (99) as a sum of two formal series

Qa,ﬁ(t7 A p) = Qa,ﬁ()‘v 1) + Wi(fa (N +, fﬁ(/‘)—&-)a

where ﬁaﬁ = log éawg is expanded into a Laurent series in the domain |A| > |ul.
It is enough to prove the proposition for the second series on the RHS of the above
equality. Recalling the definition of W; and using the fact that modulo () the series
Si(z) = eY/% where tU means the classical orbifold cup product multiplication by
t, we get that

lim lim (Wt — tog P) == 0,

Re(tg2)——o0 't—0
where 't is the point with coordinates t;, i € J\ {02}. On the other hand, since
7 = 0
AW Ea (V) 4 B (1)) = A (0 1) = TO(E A) 0 192, 1),
the series

(100) Wi (Fa(N)+, F3 (1) +) — toz(colBo) /x
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1

viewed as a formal Laurent series in A™! and ! can be identified with the improper

integral

(101) tm [ (19 2) & 1, 1) = df o] Bo) /x)

E—O0 €

where € € M and the limit is taken along a straight segment, s.t., ¢; — 0 for ¢ # 02
and Re(gg2) — —o0. More precisely, if we take the Laurent series expansion of the
integrand at A = oo and p = oo and integrate termwise, we get (100).

In order to prove the convergence, it is enough to choose an intgeration path,
such that the Laurent series expansions of 1 (t',\) and T éo) (¢, u) are convergent for
IA| > |p| > r(t) and such that the termwise integration preserves convergence. The
period I (t',\) (resp. Iéo) (¢, 1)) is a solution to an ordinary differential equation
in A that has a regular singular point at A = oo and all other singular points
are at the critical values w;(t) (which are also regular). Therefore, the Laurent
series expansion of I\ (t',\) (resp. Iéo) (t', 1)) is convergent for |A| > r(t'). (resp.
|| > r(t')). Let us pick the integration path C (e.g. a trajectory of the Euler vector
field E), s.t., r(t') is decreasing as ¢’ varies along C' from ¢ to oco; then the Laurent
series expansion of the integrand is convergent for |A| > r(t), |u| > r(t). Moreover,
after changing the integration variables ¢} =t/ for i # 02 and g}, = €%2 and setting
A= (" p = w", we get that the integrand depends holomorphically on (¢, ¢, w)
for |¢| > r(t)Y/*, |w| > r(t)'/* and ¢’ € C. Hence, the Laurent series expansion in
A~! and p~! is uniformly convergent in ¢ € C, which implies that the termwise
integration preserves the convergence. U

The proof of Proposition 41 yields slightly more. Namely, it tells us how to extend
analytically the phase factors from Dy, to D. Let us give the precise statements.
Put

DS ={tAp) €D 2 (N[ >r(t), |pl > r(t), | — pul <max([A],|u])}.

Note that Do, C DS, C D and that the phase factor Eaﬁ(/\,,u) is a multivalued
analytic function on DS, with poles along A = p.

Corollary 42. The Laurent series expansion of E;}B(A,M)Baﬁ(t,)\,u) in A1 and

p~t s convergent Y(t, A\, ) € DE,.

In other words, the phase factor B, g(t, A, 1) extends analytically to DS, except
for a possible pole along the diagonal A = p.

Corollary 43. Let A # p be fired numbers and C be a path in D of the form
C" x {\} x{u} (C" is a path in M) connecting (t,\, ) € D with a point (tg, A, 1) €
DS, then the phase factor By g(to, A, i) extends analytically along C. Moreover, the
analytic extension is given by

Bog(t, A, 12) = Bag(to, A, 1) elo Was o),

Let tyg € M be a generic point, so that all critical points of F'(z, ) are of type A;
and the corresponding critical values are pairwise distinct. Let u;(tg) be a critical
value of F'(x,tp) with a maximal absolute value, i.e., |u;(t9)| = r(t9). Since the period
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vectors L&O) (to, A) satisfy a Fuchsian differential equation in A with singularities at

the critical values of F'(z,ty) we get that the Laurent series expansion of 19 (to, A)
at A = w;(to) is convergent for all A, s.t., 0 < |\ — w;(to)| < ri(to), where r;(to)
is the distance from w;(ty) to the closest other singular point. Furthermore, let
(t, A\, 1) € Do be an arbitrary point satisfying |\ — u| < %ri(to). Using the triangle
inequality we have (for j # i)

A =l <ujlto) —wi(to)| = [A = pl <A = (wj(to) + 1 — uilto))];

which proves that the point (to+ (u—wui(to))1, A, i) is on the boundary of Dy,. Every
path C'in Dy, from (¢, A, u) approaching the boundary point (tg+ (u—wu;(t9))1, A, )
determines a path in (M x C)’ from (¢, u) approaching the discriminant at (o, u;(to)),
so it makes sense to say that a cycle § € Ha(Xy ,;Z) vanishes along C. Finally, note
that the unit vector 1 € H = M has coordinates to; = 1, t; = 0 for i # (0,1) and
that the period vectors have the following translation symmetry:

IMEN) =1 —A1,0), VneZ, Vaech.

Lemma 44. Let tg € M, (t,\, p1) € Do with |X— p| < iri(to), and B € Ha(Xy;Z)
be a cycle vanishing over (to,u;(to)) along some path C C D, then

t —_—
(102) Qa,ﬁ(ta )\,,u) = lim Wa,B(Aa ,u),
€70 Jto+(e4p—ui(to))1
where the integration is along the path C and the limit is taken along a straight
segment.

Proof. According to Corollary 43, it is enough to prove the lemma for a single point
(t,\,p) € Doo. Let us choose a point ({, A\, ) € Dy sufficiently close to the
boundary point (to + (& — ui(to))1, A\, p), s.t., t{ = to + zol, x¢ € C. By definition
Qa.p(ty, A, 1) is the Laurent series expansion near A = oo of the series

(103) fj(—n”“u&") (¢, A, 15"V (¢, ).
n=0

Let us point out that (103) might be divergent, although its Laurent series expansion
Q. (th, A, 1) is convergent. We may assume that our integration path is a straight
segment, which allows us to write the RHS of (102) as

zo

(104) lim (IO (to, A — @), 13 (to, p — @) d.
e—=0 etp—u;
Using integration by parts (n+1) times and the fact that the periods Iéfp*l) (to, u—2x)

vanish at © = p — u;, we get that the integral (104) coincides with

n

SO DR IP (8, A) 1Pt ) +
p=0

o
(105)  lim (~1)"*! / . (D (b0, A — ), 15"V (to, u — @))da.
ETU—U;
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The Laurent series expansion of I(gnﬂ)(to,/\ —z) = &nﬂ)(to + 21,A) in A7t s
uniformly convergent for all x that vary along a compact subset of the open subset
in C defined by the inequality

{z €C : |A| > |ui(to) + x|}

Since |A| > |p| > |ui(to)|, by choosing t{ sufficiently close to to + (u — u;(to))1,
we may arrange that the integration path is entirely contained in the above open
subset. Hence the integral (105) has a convergent Laurent series in A™'. Moreover,
the leading order term of the expansion is A™¢ for some rational number e > n. This
proves that the integral (104) has a Laurent series expansion in A~! that coincides
with the Laurent series expansion of the series (103). O

So far we have managed to prove that the phase factor B, g(t, A, 1) extends to
a multivalued analytic function on D except for a possible pole along the diagonal
A = p. Our next goal is to prove that the analytic continuation is compatible with
the monodromy representation. Let us make this statement precise. The projection

7D = (MxCY, (tAu) (6N

is surjective and the fiber over (¢, A) is an open disk with radius min; |A — u;(t)|, so
7 is a deformation retract. In particular, we see that 7 induces an isomorphism of
the fundamental groups, so we have a well defined monodromy representation (cf.
Section 3.2)

p: 7 (D) — GL(b).

Let U C D be an open subdomain and f, g(t, A, ) be a function depending bi-
linearly on (a, #) € hx b and analytic in a neighborhoood of some point (tg, Ao, 10) €
U. We say that f, g is multi-valued analytic on U if it can be extended analytically
along any path in U. Furthermore, we say that f, s is compatible with the mon-
odromy representation p, if for every closed loop C' in U, the analytic continuation
of fap(t, A, pu) along C coincides with fia)w(g)(t; A, 1), where w = p(C) is the
corresponding monodromy transformation.

Lemma 45. Let o and (B be cycles in the vanishing cohomology, s.t., (a|B) = 0 then
Qap(t, A p) = QF o (¢, 1, A) =20V =18F (o, ) V(t, A\, p) € Do,

where SF is the bi-linear form (65) and Q% (¢, 1, \) is the analytic continuation of

Qpa(t, A\, 1) along the straight segment [(t, A, i), (£, p, A)].

Proof. According to Corollary 42 the phase factor Qg (¢, N, /') extends analytically
to a multi-valued analytic function QF", (¢, ', 1i') defined for all (¢, X', p') € DS, s.t.,
N # /. Moreover, the difference

Qsa(t, N, 1) — ﬁg,a()\’,,u'), where ﬁg’a()\’,,u') :=log E@a(z\’,,u’),
has a convergent Laurent series expansion in D¢ and it is invariant under switching

(8, \) <+ (a, i) Therefore, it is enough to prove the statement for ﬁaﬁ()\, u) where
(\, ) is a point in the open subdomain of C? defined by

A — | < max([A], |u]).
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Recalling formula (76), the rest of the proof is a streightforward computation (see
also the proof of Lemma 28, where some of the computations were already done). [

Remark 46. If we omit the condition («|8) =0 in Lemma 45, then the identity is
true only up to an integer multiple of 2mv/—1(«|B). The ambiguity comes from the
fact that the phase factor Qg g(X\, p) has a logarithmic singularity along A = p of the

type (a|B) log(A — p).

Proposition 47. The phase factor Bq g(t, \, ) is compatible with the monodromy
representation in the domain D.

Proof. According to Corollary 43, we have to prove that if C' = C' x {(A\,u)} € D
is an arbitrary loop based at (¢, A, 1), then

Buayao(s)(t: A 11) = Baglt, A, 1) ede Wes O,

where w = p(C'). We may assume that (¢, A\, 1) € Do, then the above equality is
equivalent to

(106) Qw(a),w(ﬁ) (tv A, :u) = ch,ﬁ (t’ A, M) + /C’ Wa,ﬁ()" :U’) (mOd 2mv—1 Z)

We first prove a special case of the above formula. Namely, let us choose a generic
point tyg € M, s.t., if u;(tg) is a critical value with maximal absolute value then
|A—u| < 7i(to) (see the notation in Lemma 44). We will assume that ¢ = tg+ o1 is
sufficiently close to to+ (1 —ui(to))1 and that C' is a closed loop of the type to+ 1,
where the parameter x varies along a small closed loop based at zg € C going around
i — ui(to), so that the line segment [\ — x, u — ] moves around u;. Let us denote
by v € Ha(X; x;Z) the vanishing cycle vanishing over (¢, u;(to)), then we have the
following decompositions:

+@[2|’Y)% B=p+-—>

where o/ and 3’ are cycles invariant w.r.t. the local monodromy around the point
(to,ui(to)). After a straightforward computation we get

Qw(a) w(p) (t A ,LL) - Qa,ﬁ(t’ A, :u) = _(O‘h)Q’y,ﬁ/ (t7 A, M) - (5|7)Qa’,’y(ta A ,LL),
while fC 0, 3(A, 1) 1s

100) 3(61) [ W0+ 3ah) [ W) + 1 (@) 8) [ WO

(ﬁ\v) .

where we used that fc o g (A, ;) = 0, because the periods I( )(to,)\ — ) and
I é,,)(to, u — x) are holomorphic respectively at © = A — u; and z = p — u;, which
means that the phase form is holomorphic inside the loop C. The last integral in the
above formula is easy to compute because only the singular terms of L(YO) (to, A — )
and Igo) (to, u — x) contribute, i.e.,

— dx
/CW%’Y()\’ M) B 2% \/(/\ — ui(to) — x)(,u — ui(to) — 3;) - 47‘-\/_71‘
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According to Lemma 44

t —~

Qa'ﬁ(t’ A ) = / WO/,’Y()‘v 1)
to+(u—ui(to))1
and the integral on the RHS has a convergent Laurent series expansion in A — u;(t)
and (1 — u;(t))"/?, which allows us to evaluate the integral

—_— t —
/ Wa’,w(Avﬂ) = —2/ WO/’A/()\,/L) = —290/77(?5, )\,,LL).
c to+(u—ui(to))1

It remains only to evaluate the 2-nd integral in (107). We have

L PO = [ W0 = ~2058, 1.1 ),
where the 2-nd identity is derived just like above. Recalling Lemma 45, we get
(i, A) = Qg (8, A, 1) 4+ 20/ =1SF(8, 7).
Using that 8/ = 8 — (8]v)y/2 and that SF(y,~) = 1, we finally get

/C W, (0 pt) = 200, 5r(t, A 1) — A/ =T SF(B,7) + 20V =1(8]).

Since SF(8,7) € Z, the proof of formula (106) in the special case is complete.

The general case follows easily, because the fundamental group m1((M x C)’) is
generated by loops like the above one. Indeed, we already know that the affine
cusp polynomial f(z) has a real Morsification F(z,t(), i.e., all critical points of
F(x,t) are real and the corresponding critical values are real as well. In particular,
we can find a small deformation F'(x,ty) of the real Morsification, s.t., the critical
values u; are vertices of a convex polygon. The fundamental group 71 ((M x C)’) is
generated by simple loops in {tp} x C that go around the vertices of the polygon.
Let us pick one of these loops and let (to, u;(tp)) be the corresponding vertex of the
polygon. Since the translations of the type tg — to + c1, ¢ € C, do not change the
homotopy class of the loop, we can find a representative (namely, pick ¢, s.t., the
lui(to) + ¢| > |u;(to) + ¢| for all other vertices (tp,u;(t9))) of the homotopy class,
which has the special form from above. O

Proposition 48. There ezists a generic point to € M (i.e. F(z,ty) is a Morse
function) and a critical value u;(tp), s.t.,

tot+(e+p—u;(to))l __
(108) Bt = limexp (- | Was(h10)).
e—0 ¢

where the integration is along any path of the form C x {\} x {u} C D, s.t., the
cycle B € Ha(Xyu, Z) vanishes along it.

Proof. Let us assume that g is a generic point and that w;(to) is the critical value
with maximal absolute value. It is enough to prove the statement for an arbitrary
point (¢, A\, 1) € Dy, because, according to Corollary 43, the value of B, g(t', A, 1)

at any other point (¢, A\, u) € D differs by an integral of Waﬁ()\,,u) along a path
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connecting ¢t and ', while the RHS of (108) clearly has the same property. Further-
more, the integration path is homotopic to C” o €', where C’ x {A\} x {u} C D is a
closed loop based at (t, A, u) and C” x {\} x {u} C Dy is a path along which the
cycle w(f) vanishes, where w = p(C”) is the monodromy transformation along C”.
According to Lemma 44, formula (108) holds for C" and By, (a)w(g)- Therefore, we
need to prove that

109 / Wa ,8 )\ M Qa,,@(ta A, :u) - Qw(oz),w(ﬁ) (ta A, :u) (mOd 2my _1Z)7
which follows immediately from Proposition 47. (]

8.3. The ancestor solution. Now we are in a position to prove that the total
ancestor potential A4; is a solution to the HQEs (95), i.e. Theorem 40. To begin
with, put @' = q®1, @’ = 1®q, and let us assume that the discretization condition
(92) is satisfied for some integer n. The tameness of A(h; q) implies that the LHS
of (95) (for 7 = A(h;q)) is a formal series in q' and q” with coefficients formal
Laurent series in v/A, whose coefficients are polynomial expressions of the period
vectors Ién) (t, ). In particular, the residue in (95) can be computed via the residue
theorem, i.e., we have to compute the residues at all critical points and at A = 0
and prove that their sum is 0.

Let u;(t) be one of the critical points of F, where t € M is a generic point such
that all critical values are pairwise different. Furthermore, we assume that A is near
u;(t) and that a path in (M x C)’ from the reference point (0,1) to (¢, A) is fixed
in such a way that the vanishing cycle (3, vanishing over A = w;(t), belongs to the
subset A’ of affine roots defined in Section 6.3.

8.3.1. The Virasoro term. Let us compute
(110) —Resy_y, d)\ Z oY (t NSV (8 A) 1 AF?,

where ¢} %V 1= ¢, ® 1 —1® ¢a. Put 8; = a; + (B:]8)8/2 and B' = o' + (8'B)5/2,

where (a;]8) = (a!|8) = 0. The above operator can be written as the sum of

N
Z SLEV (1, O EY (8, ) - +(Z(6¢|ﬁ)(ﬁilﬁ))i L Y (6 N9 (1) -

i=1

and

A1) 37 (1) 65V (6 NGV (1, 0) : +(816) < 05V (1, NV (1) - )

i=1

The Picard-Lefschetz formula implies that the periods Igf)(t, A) and Igf) (t,\) are
invariant with respect to the local monodromy around A\ = wu;(t), so they must be
holomorphic in a neighborhood of A = w;(¢). The operator qbg@‘/(t, A), where ¢ is
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the toroidal cycle, vanishes after we impose the discretization condition (92). On
the other hand, since ), (3;|3)(8*|a) = (B]c), the cycles

N N
B+ (BIAB and —B+> (818)8i
i=1 1=1
are in the kernel of the intersection form, so they must be proportional to ¢. Hence
the operator (111) vasnishs after the discretization condition (92) is imposed. The
residue (110) turns into

~Ress ) 3 £ 05V (6 N)0YY (1,0) - A ) A i),
To compute the above residue, note that the expression
¢V®V(t )\)¢V®V(t A) (\Iftﬁit)m
can be written as
(FeR)™ 912V (g, MO (i, ) +2Vi((t A=, dp(t N)-).

Let us compute
A A
— Resyo, ) 70A2Vi(65(8, M), 85(t, X)) = = Resymy, ) 50N (Voo (DI (1, 2), I (1, V),

where we used the fact that only the leading term (w.r.t. z) of ¢g(t,\;2)- =

-1 éo) (t,A\)z=! 4 --- will contribute because the remaining ones have a zero at A =

u;(t) of order at least 1. Furthermore, the Laurent series expansion of I g]) at A =
u;(t) has the form

I[(jo)(t,)\) =2(2(\ — ui))_l/Qez’ ey = dui/ A,

where the dots stand for terms that have at A = u; a zero of order at least % These

terms do not contribute to the residue, so we get
2

A — Us (t)

We get the following formula for the residue (110):

A
- Res)\:ui(t) §d)\ (Vbo (t)ei, 61‘) = Uy (t) (Rl (t)ei, 61‘).

o~ A H .
(U Re)®? (wi Ry — Resnoy, TN = 042V (i ™Y (i A) 1 ) T D7)
j=1

where R = (Rye;, e;) is the i-th diagonal entry of R;.

8.3.2. The A;-subroot system. The vanishing cycles {—f, 8} form a subroot system
of type A;. Let us compute the residue of the corresponding vertex operator terms,
ie.,

(112) Resy—u, (1) % (Zbig(t,)\)l“iﬁ(t,)\) ® TTA(t, )\)) AP2,
+
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We have bg(t,\) = b_g(t, ) and
ba(t, VTEA (8, ) @ DT (4, ) (W Ry)®* = (W Re)®?ba, (s, VIS (i, A) @ TF7 (g, V),
8)

where we used formula (88) together with the identity
b/g(t )\) Vi(£s(t,\) — £3(t,\) ) — bA1 (U/ia )\)7
which follows immediately from (89). Using that A; = \IJthH pU

pt )
factors D;()]t) = Dpt(hA;7q) are solutions to KAV, we can compute the residue (112)
via the Kac-Wakimoto form of the KdV hierarchy (97). After a short computation

we get that the residue (112) is

where the

-~ A # .
(q/th)@( + Resa—y, 5N : 02 (ui, VLY (i ) = ) ] D7)
j=1

8.3.3. The Ay subroot subsystem. Let o € A’ be a cycle such that («|f) = 1. We
claim that the expression

(113) (ba(t, Mt A) @ Tt ) + Do p(t, VTP (8, A) @ T7oF(¢, /\))Ag@2
is analytic near A = ;. Using the decompositions

Ol:O/—i—ﬁ/2, a—ﬁzo/—ﬁ/Z,

where (o/|3) = 0, the above expression can be written as
1‘\0& ® 1‘\—01 (CL,FB/Q ® F—ﬂ/Q + CL”F_B/2 ® 1‘\,8/2) AZ@Za

where the coefficients a’ and a” are given by

a/(t A) = lim (1 — *) ZBa Oz(t A M)Ba’ 7ﬁ(t A ,LL)
5 )\ \ R 5 Ny s 5 N\ 5
a,/(t )\) lim (1 ) 2Ba_5 (X—B(t A ,U/)Ba/ 5(t A ,[L)
) )\ \ R 3 7\ § ) 7\

On the other hand we have
r+8/2 g PI,B/Q(\I,th)®2 (\I/th)®2 Vi(£52(tA) - fB/Q(t,)\)_)Filﬁ/z ® Pqtﬂ/?_

The exponential factor can be expressed in terms of the phase factors as follows (cf.
Section 7.3.2):

Vi (£, t,\) . f t,A\ 2
VBN =20 = %_ = Jm (A=) V2B s s2(t, A 1),

where the limit is taken in the region |A| > |u|. Recalling the KP-reduction HQEs
of KAV (98) we get that if the coefficients

/ 2 7 —3/2
= 1 - Baa s A\ Ba/, 5 \y B — 5 N\
d(t,\) =X ugnA(A ) a(t A 1) Bor —p(t, A 1) Bgja,—p/a(ts A, 1)

and

¢t A) = N ii_gnA()\ — 1) "2 Bag.a-p(t; \, 1) Bar gt X, 11) By, 2 (t, A, 1)
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are analytic near A\ = u;, and ¢//¢” = —1, then the expression (113) is analytic near
A= Ug.

Let us prove the analyticity of ¢’. The argument for ¢’ is similar. Let us choose
a small € € C and a generic point tyg € M on the discriminant. Furthermore, we fix
3 paths C.,CL, and C” in M' = M \ {discr} from ¢ty + (. — A+ €)1 to t — A1 such
that the parallel transport along the 3 paths transforms the cycle vanishing over tg
respectively into 3, a;, and o — 3. The phase factors in the definition of ¢’ can be
written in terms of integrals along the path as follows

e—0

Bao(t,\,u) = limexp /Wa,a(,u—)\)),
CL

Bor st A1) = limexp / War sl = 3)).

e—0

Bgya,—pj2(t, A p) = limexp / Waja—a2( = V).
Using these formulas, we can express the coefficient ¢/ (¢, \) as the limit ¢ — 0 of the
following expression:

A2 hm()\ 1) 3/Qexp /Waau A) /Waa,u, A) /Wao/u /\))

Let us examine the dependence on the parameters ¢, A\, and £ := p—A. The difference
of the first two integrals in the above formula does not depend on ¢ and A, because
the paths C. and C. have the same starting and ending points. After passing to
the limit the difference contributes a constant independent of ¢, A, and u. The last
integral is analytic near A\ = u;, because the cycle o/ is invariant with respect to the
local monodromy, which means that the period vector I((Xg) (t',€) and respectively the
phase form W, o (§) are analytic for ¢ sufficiently close to t —u;1 and |¢| < 1. This
proves the analyticity of .

It remains only to prove that ¢/ /¢’ = —1. Using the above path integrals, we can
write log(c’/¢”) in the following way:

/ Wa,a_/ Wa,a_/ Wa—,@,a—ﬂ“’/ Wa—ﬁ,a—6+/wa,a_/wa,a7
¢ € 4 Ce v Y

where ~y is a small loop in M’ based at t — A1 that goes counterclockwise around the
discriminant. The above expression coincides with

f\ Wohoé - f WO&,OU
(C)~toyolt Oz toyoCe

where the branch of the phase form is determined by its value at the point ¢ —
A1l (which belongs to all integration paths involved). By definition the cycle « is
invariant along the loop (C?)~! o~y 0 CZ, so the first integral is an integer multiple of
2mv/—1. Let o and By be the cycles over to + (£ + )1 obtained respectively from
a and S via the parallel transport along C.. By definition Sy is the cycle vanishing
over to. Let us take a small loop v based at tg+ (£ +¢)1 that goes counterclockwise
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around the discriminant. Then the parallel transport of ag along 7. is ag — 5y which
coincides with the parallel transport of ag along C=' oy o C.. Hence

7{ ) Wa,a - 7{ Wao,oéo = 7{ L Waoﬂo - ?{ Wamao
Ce oyoCe Ve Cg “oyoCk Ve

is an integer multiple of 27/ —1. In other words, we get

/!
)¢ = lm Ty exp ( - 74 Wagaol®
The limit here is easy to compute because the integral involves only local informa-
tion. Namely, let oy = o, + Bo/2, where «f is invariant with respect to the local
monodromy. There exists a function u(t') analytic in a neighborhood of ¢’ = ¢y such
that the discriminant is given locally by the equation v = 0 (u(t') is a critical value
of F(z,t")). Using Lemma 13 we get

I.6) = 202(6 — )2 %

where the dots stand for higher order terms. On the other hand, the period vector

_|_...7

(0) : . : .
I/ (t'€) is analytic for (#',&) sufficiently close (fo,0). Expanding the phase form
into a Laurent series about £ = u we get

1 1 2du
;ll}(l] e Wamao ) - 4%;5 Wﬁoﬁo(&) - 4%(—1”(5—11) = W\/jl,

ie, d/d"=—1.

8.3.4. Proof of Theorem 40. The 1-form

dX q "

has poles only at A = 0,00, and the critical values u;, 1 < ¢ < u. Let u; be one
of the critical values and 8 be the cycle vanishing over A = wu;. Note that non-
trivial contributions to the residue at A = u; come only from vertex operator terms
corresponding to vanishing cycles that have non-zero intersection with 3. Recalling
our computations in Sections 8.3.1, 8.3.2, and 8.3.3, we get that the residue at A = w;
is (1/8 + u; RY)AP?, while the residue at A = 0is —3 tr (3 + 067) AP?. In order to
prove that the residue at A = oo is 0, we just need to check that

Zul 127 r (007).

The above identity is well-known from the theory of Frobenius manifolds (see [31,
33]). Hence the ancestor potential A;(%; q) is a solution to the HQEs (95). Theorem
40 is thus proved.

8.3.5. Proof of Theorem 1. It is easy to see that Theorem 1 follows from Theorem
40, Proposition 39 and Theorem 33.
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9. EXAMPLE: a = {2,2,2}

In this Section we consider the example a = {2,2,2}, namely P = P%,M' In this
case A is the root system of type Dy. It is convenient to denote the indexes in the
index set Juw = {(1,1),(2,1),(3,1)} simply by 1,2, 3. There are 12 positive roots

¥ (1<i<3), m Ww+v%n(1<i<3), wm+yv+y (1<i<)<3),
Yo+ v +y2 3, 2%+t 2 s,
where ~y, is the simple root corresponding to the branching node of the Dynkin
diagram and ~; (1 < i < 3) are the remaining simple roots. The fundamental weight
is wp = 27, + v1 + 2 + ¥3. It is easy to find that an eigenbasis for oy, is given by
H; = (5/2)Y%y; (1<i<3), Hy:=(k/2)"%w,
andwehavemizg,diz%, 1 <1¢ <3, where k = 4.
Let us write the HQEs for 7 = (7,(y))nez. We have

1
aa(€) = 2@l ey Tl enle

and
(Ba(0)r), = ¢TrlooPem2m/ Tl B () (10,

where the subscript 0 on the LHS means the 0-th component of the corresponding
vector in our Fock space. Recall that the HQE give rise to a system of PDE in the
following way. First we make a substitution

yi=y®l=x+t, y/ =10y =x—t,
which implies that

0 0 0
/Ay VI _9
Yy -Y 9y ay”" ot’

and that
Resc—o (10(0)Ea(C)r © E_a()7)

)

is the coefficient in front of ¢° in the following expression
9(ob(a)|e) =2 ,—2mv/=1(pp ) (w|e) (C*H\aoﬁezi,l 2(a\Hi)Cmi+“’“ti,z)

—m;—lk —m;—lk

= (@ Hy ) St 8, (@ Hp) S0,
(e ilalHo) S Z,ZT_(%M(XH)) (ez (alHp) Z,ZT(wb‘a)(X_t)).
By definition the HQE are
Resczo . (6a(QFalQ)r @ Boa(O)r) =

m,n

3 1 )
(§ + Z(m —n)*+2 Zl:(dz + l)fi,lati,l)Tm(X + )T (x — t).

Comparing the coefficients in front of the various monomials in t we obtain a system
of PDE whose equations are some quadratic polynomials in the partial derivatives
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of 7. Let us specialize to the case m = n = 0. In order to get non-trivial equations
we have to compare coefficients in front of monomials that are invariant under the
involution t — —t. The simplest case is t°, which corresponds to the identity

T g2 3
a€A):(wy|a)=0 8

Comparing the coefficients in front of the monomial t(2)2,07 we get

2
4——7— 1
835%2,0 & 7(x) 72(x)

. T_Q(X>T2(X) o3 T_1(X—|-t)7'1(X—t)
=5 +”M2ﬂQU26mga@pamp( 72(x) )

Recalling the substitution (68)—(69), which in this case is

1 V2 o
Yo2,0 = % T\/EQO )
1 V2 .
Z' - - = Z’ 1 S ] S b
y,O \/ﬁ P 0 ? 3
we get
H? 4 7_9(q)7m2(q) R3/2 T_1(q+t)m1(q —t)
h—rs—1 = —
R e = g e (T )|

where for brevity we put 0; := 9/9t}. To get a differential equation for the total
descendant potential we just have to substitute

Ti2(q) = C*D(h;q £ 2vh), T41(q) = CV*D(h;q £ Vh).

In order to find the constant C' = C'Q, let us restrict only to primary invariants,
i.e., set g; =0, Vk > 0, and comapre the leading terms of the genus expansion. We
get the following PDE for the primary genus-0 potential F":

c* -C
Fo2,00 = 4ﬁ64F01,01 + WGFOI’M (8F01,1F01,2F01,3 + 4(Fo1,1Fo 3 + Fo12F13 + F01,3F1,2))7

where [} ; 1= 0’F/ 8q68q8. To simplify the notation, let us put t; := qé. Using the
string equation we get

1
§ti7

so from the above equation we get the following relation

Fo1,01 = to2, Foi1i=

044 -C
114 Fop 0y = 4— ¢tz —tw(ttt 2t Fa g + toFy 5 + t3F )
(114) 02,02 K2€ + \/Ee itots + 2(t1 Fo3 + toF1 3 + t3F1 2)

Note that the degree-0 term of F; ; for ¢ # j must be 0, therefore comparing the
degree 1 terms in the above equation, and using the divisor equation we get

_C’
NG
In other words, C' = C'Q = —x!/2Q.

= <¢1) ¢2) ¢3>g:073,d:1 =1.
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In fact, equation (114) allows us to compute the potential F' recursively, by the
degree of the Novikov variable (). Indeed, it is easy to see that up to degree-1 terms,
F is given by

1 1 1
§t31t02 + Ztm(ﬁ + 15 +13) + %(t‘f + 15+ 13) + Qe tots.

Comparing the degree-2 terms in (114) we get that the dgree-2 term of F' must be
%(t% +t3+13)Q%e?"2. Arguing in the same way we get that F' does not have degree-3
terms, while the degree 4 term must be %Q4e4t02. The potential F' takes the form

1 1 1
F(t) = §t31t02 + Ztm(t% + 12412 + %(t‘f + 15 4 13) + QelOt otz +

1 1
+§Q262t02 (] +15+13) + ZQ464t02'

The above formula agrees with the computation of P. Rossi (see [53], Example 3.2)
based on Symplectic Field Theory.

Remark 49. In many cases (e.g. the Example above), the choice of the eigenvec-
tors H; normalized by (H;|H;) = Kd; j= is not unique. Choosing a different basis
amounts to a homogeneous change of the flat coordinates on M, so when applying
our result to GW theory, one should keep in mind that the descendant potential in
GW theory satisfies the HQEs provided we choose the correct basis {¢;}ics of the
orbifold cohomology.

APPENDIX A. THE INTERSECTION FORM FOR THE AFFINE CUSP POLYNOMIALS

Let us outline the main steps in the proof of Proposition 10 for the cases with
a; > 2, otherwise we are in the settings of [51] and the proposition can be proved
by explicit computations. Note that a; must be 2 in order to have xy > 0. Therefore
we can write the deformation F(x,s) as follows:

(ml + %(3171 — ngcg,/(QeSOQ)))2 + G(x, s),

where the function G(zx,s) depends only on 3 and x3. In other words F' is stably
equivalent to G. In these settings one can use a method developed by Gusein-Zade
and A’Campo to compute the Dynkin diagram of F' (see [3] and the references there
in). The main statement is the following. Let us fix a parameter s € M such that
the function G(-,s) : C2 — C satisfies the following conditions:

(1) The function takes real values on R? C C2.

(2) All critical points are real and non-degenerate.

(3) The critical values at the saddle points are 0.

(4) The zero level {G(z,s) = 0} C R? is a plane curve with only nodal singular-
ities, such that

(115) p=20—r+1,

where 7 is the number of connected components of the plane curve and § is
the number of nodes.
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If we find such a deformation then we draw the zero level of G in the plane R? and we
associate 2 types of vanishing cycles: cycles corresponding to the nodes of the curve
and cycles corresponding to the compact connected components of the complement
of the curve (in R?). We call them respectively nodal and compact vanishing cycles.
The compact ones can be split further into positive and negative ones depending on
whether G is positive or negative inside the corresponding compact domain. Note
that equation (115) implies that the total number of vanishing cycles constructed in
the above scheme is .

The intersection form («|f) is determined by the following rules which fall into 3
different cases:

(1) First, if o and 8 are nodal type, then the intersection is 0 for o # 8 and 2
otherwise.

(2) Next, if a and (8 are compact type, then the intersection is the number of
common edges of the corresponding compact domains (each compact domain
is a curved polygon with edges the nodes).

(3) Finally, if « is compact and (3 is nodal; then the intersection is —n, where
if we put a small disk at the node corresponding to 5 then n is the number
of connected components of the intersection of the disk with the compact
domain corresponding to « (note that n could be 0, 1, or 2).

The classical monodromy o can be written as o_ogo4, where o4 is a product
of reflections corresponding to positive/negative compact type cycles and oy is the
product of the reflections corresponding to the nodal type cycles. Therefore, the
proof of Proposition 10 is reduced to finding an appropriate deformation satisfying
properties (1)—(4), finding an appropriate basis of vanishing cycles such that the
Dynkin diagram obtained from the corresponding plane curve is transformed into
an affine Dynkin diagram, and verifying that ¢ is an affine Coxeter transformation.

Case 1. (Type D) If a3 = as = 2; then one can construct a deformation in
terms of the Chebyshev polynomials T, (x). Recall that the latter are defined by the
trigonometric identity T}, (cos(z)) = 2! " cos(nz),Vz € R, e.g.,

1
To(z) =1, Ti(z)==z, Ts(z)= —3 + 22,

Put m = a3 — 2 for brevity; then a deformation satisfying the required properties
can be chosen in the form

G(z, ) = (3 — 1) (x5 + £1) (Tm(xg) _ 2 TQ(;@/@)),

where €1 and &9 are appropriately chosen. In fact, it is not hard to see that o must
be 22-m)/2,

The 0-level curves and the corresponding Dynkin diagrams are given on Figure 2
if N = pu—11is even and on Figure 3 if N = yt—1 is odd. The black and white nodes
correspond to vanishing cycles of nodal and compact types respectively. In the even
case there is no need of additional transformations. In the odd case however, we have
to find an appropriate basis of vanishing cycles. Let us label the vanishing cycles
(see Figure 3) of compact type by ag,as,... (odd indices) and the other cycles by
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e

@10

ar

Q12

FIGURE 3. Dynkin diagram equivalent to DJ(\}) (N odd)

a2, a4, ... (even indices). Put
ap = si() = —a1, ah=si(a) =0z +a1, o) =si(a)=as+a,

where s; := so,. We replace a; with of, for i = 1,2,4. A straightforward computa-
tion yields

(of]az) = =1, (alaz) = (aylag) =0,

so in the new basis the Dynkin diagram is DJ(\P. For the classical monodromy we
have

g = 31(8284" )(8385 . ) = (80/23041 . ")(Sa’13385' . )

The RHS is clearly an affine Coxeter transformation.
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F1GURE 4. Dynkin diagram equivalent to Eél)

Case 2. (Type E) If a1 = 2,a2 = 3, and a3 = 3. Then the deformation can be
taken of the form

G(x,s) = (x5 + 23 — 3)(x3 + 20 — 2).
The 0-level curve and the corresponding Dynkin diagram are given on Figure 4. We
enumerate the nodes of the Dynkin diagram as shown on Figure 4. Note that the
classical monodromy is given by
0 = 5185(52545658)53.

We leave it to the reader to check that the substitution

az = Q9

0/6 = O

Odg = Qg

ay = s4lay) =—ay
!

a5 = sy(as)

o = s4(a1)

oy = s185(a3)

transforms the Dynkin diagram on Figure 4 into the affine Dynkin diagram Eél).
The classical monodromy takes the form
0 = 5185(8hs5555) 55555)8185 .

Passing to a new basis of vanishing cycles o := sis5(a)) we get (recall that
wsqw ™l = Sw(a)) that o is an affine Coxeter transformation. This completes the
proof of Case 2. The argument for the remaining two cases (see Figures 5 and 6)
a1 =2, ag = 3, and ag = 4, or 5, is similar and it will be omitted.

APPENDIX B. A PROOF OF PROPOSITION 17

Proposition 17 follows the ideas of Steinberg [57] (see also [56] for some more
backgraound on the affine Coxeter transformation). According to Proposition 10
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F1GURE 5. Dynkin diagram equivalent to Eél)

FIGURE 6. Dynkin diagram equivalent to Eél)

we can find a basis of simple roots so that o is a product of all simple reflections
in some order. On the other hand, if the affine Dynkin diagram is a tree; then all
(affine) Coxeter transformations are conjugate (see [34], Section 3.16). Therefore we
may assume that we have a basis of simple roots, such that o is a bicolored Coxeter
transformation. Recall that a bicolored Coxeter transformation is defined as follows.
We decompose the nodes IT of the Dynkin diagram into two disjoint parts IT; (odd)
and IIy (even),

II =11, UIly,

such that in each part the corresponding roots are orthogonal. A bicolored Coxeter
transformation is the composition of all reflections corresponding to the odd nodes
(i.e. from II;) followed by the composition of the reflections corresponding to the
even nodes (i.e. from II3). We may further assume that the affine vertex fy(_l) is an
even node. For notational convenience we set II, = II; if g is odd and I, = Il if ¢
is even.

Let 8 € A© be the highest root. We denote by o1 and o9 the product of all
reflections corresponding respectively to odd and even nodes of A©). It is a theorem
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of Steinberg [57] that the branching node of Xy is

—1) _ | (o201)k(0) if the Coexter number h = 4k + 2;
b Noi(ogo) Tt if b= 4k.

Moreover, the branching node is in IIj, /9, i.e., it is odd in the case h = 4k + 2, while
in the other case when h = 4k it is even.
The affine Coxeter transformation is

o= 8((]71) 0901 = S_g4659S90201 = t_g S902071,
where we are using the splitting of the affine root system ACY = A© 4 7§ to
embed A® and the Weyl group W(© into A=V and W respectively.
If h = 4k + 2; then we put w = o1(0201)* and we get

(116) w-o-w = L w(0)Sw(9)0102.

On the other hand, using Steinberg’s theorem we get w(f) = 01(7(_1)) and that
(-1)

vy is an odd node. Since o is the product of all odd reflections and they pairwise

(71)) = —’yéil). In other words (116) is precisely

t%sl()_l)alag. Note that since the node ’y(_l)

w1
-1 . .
s( )0102 coincides with

(117) ﬁ (( : .31(541)31(;21)> ( . S;(;31)S;(;11)>>‘

p=1

commute, we get easily that oq(y

(see Figure 1) is even, the product

If h = 4k; then we put w = (0201)" and a similar analysis shows that ’y(*l) is an
even node and that

weo-w = t%sl(;l)agal.
The product s V00 is given by the same formula (117).

To finish the proof we need just to find an element w € W that fixes the branching
node and it permutes the reflections in (117) in such a way that we get (34). Clearly
we can work within each branch of the Dynkin diagram Xpy. For each p = 1,2,3,
the reflection group generated by {SL’_Z-I), 1 <i < ay,— 1} is the permutation group
on a := a, letters e1,...,&,, where we can take €; to be the standard basis of C¢,

so that the simple roots 7,(;1'1)

=¢; — &i+1. Then we have
1) _ . - .
i = (@i+1), i=12...,a—1
It follows that the p-th factor in (117) is the cycle
(118) (1,3,5,...,2a" +1,2a",2d" —2,...,2),

where o’ = a' if a = 2a’ +1is odd and @’ = d' + 1 if a = 2a’ + 2 is even. On the
other hand the p-th factor in the product (34) is the cycle

(119) (a,a—1,...,2,1) = (1,a,a—1,...,3,2).
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Comparing (118) and (119) we get that there exists a permutation w, permuting
only {€3,€4,...,€4} that transforms the cycle (118) into the cycle (119). Clearly w,

belongs to the subgroup generated by the reflections {51(;21), 5;31),
(-1)

y is fixed by wy,, so it remains only to set w = wjwaws. O

s ...} and hence
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