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Abstract

We introduce
e certain finite dimensional algebras denoted by PC,, and PF,, ,, which are certain
quotients of the plactic algebra P,, had been introduced by A. Lascoux and M.-P.
Schiitzenberger [28]; we show that
dim(PF, ) is equal to the number of symmetric plane partitions fit inside the box
n Xk xk, dim(PC,) is equal to the number of alternating sign matrices of size n x n,
moreover,
dim(PFnn) =TSPP(n)xTSSCPP(n), dim(PFpnt1) =TSPP(n)xTSSCPP(n+
1), dim(PFni2,) = dim(PFpni1), dim(PFniss) = 3 dim(PFpi1nt1),
and study
e decomposition of the Cauchy kernels corresponding to the algebras PC,, and PF nm;
as well as introduce
e polynomials which are common generalizations of the (double) Schubert, 5- Grothendieck,
Demazure (known also as key polynomials), (plactic) Key-Grothendieck, (plactic) Stan-
ley and stable 8- Grothendieck polynomials.

Using a family of the Hecke type divided difference operators we introduce poly-
nomials which are common generalizations of the Schubert, g-Grothendieck, dual g-
Grothendieck, 8-Demazure—Grothendieck, and Di—Francesco—Zin-Justin polynomials.

We also

e introduce and study some properties of the double affine nilCoxeter algebras and
related polynomials,

e put forward a quantum version of the Knuth relations and plactic algebra.
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1 Introduction

The Grothendieck polynomials had been introduced by A. Lascoux and M.-P. Schiitzenberger
in [29] and studied in detail in [37]. There are two equivalent versions of the Grothendieck
polynomials depending on a choice of a basis in the Grothendieck ring K*(Fl,) of the
complete flag variety Fl,. The basis {exp(§;),...,exp(&,)} in K*(Fl,) is a one choice, and
another choice is the basis {1 — exp(—=¢;), 1 < j < n}, where §;, 1 < j < n} denote the
Chern classes of the tautological linear bundles L; over the flag variety FI,. In the present
paper we use the basis in a deformed Grothendieck ring K*P(F,) of the flag variety Fl,

generated by the set of elements {z; = :172(5) =1—exp(B &), i =1,...,n}. This basis has
been introduced and used for construction of the -Grothendieck polynomials in [§],[9].

A basis in the classical Grothendieck ring of the flag variety in question corresponds to
the choice § = —1. For arbitrary 8 the ring generated by the elements {l’l(ﬁ J1<i< n}
has been identified with the Grothendieck ring corresponding to the generalized cohomology
theory associated with the multiplicative formal group law F(x,y) =z +y+ 8 = y, see [15].
The Grothendieck polynomials corresponding to the classical K-theory ring K*(Fl,), i.e. the
case = —1, had been studied in depth by A. Lascoux and M.-P. Schiitzenberger in [30)].

The B-Grothendieck polynomials has been studied in [8],[10], [15].

The plactic monoid over a finite totally ordered set A = {a < b < ¢ < ... < d} is the
quotient of the free monoid generated by elements from A subject to the elementary Knuth
transformations [21]

bca = bac & achb = cab, and bab = bba & aba = baa, (1.1)

for any triple {a < b < c} C A.

To our knowledge, the concept of “plactic monoid” has its origins in a paper by
C.Schensted [52], concerning the study of the longest increasing subsequence of a permu-
tation, and a paper by D. Knuth [21], concerning the study of combinatorial and algebraic
properties of the Robinson—Schensted correspondence L.

As far as we know, this monoid and the (unital) algebra P(A) corresponding to that
monoid [} , had been introduced, studied and used in [53], Section 5, to give the first complete
proof of the famous Littlewood—Richardson rule in the theory of Symmetric functions. A bit
later this monoid, was named the "monoide plaxique" and studied in depth by A. Lascoux
and M.-P. Schiitzenberger [28]. The algebra corresponding to plactic monoid is commonly
known as plactic algebra. One of the basic properties of the plactic algebra [53] is that
it contains the distinguish commutative subalgebra which is generated by noncommutative

1 See e.g. wiki/Robinson—Schensted _correspondence.

2If A= {1 <2< ... <n}, the elements of the algebra P(A) can be identified with semistandard Young
tableaux. It was discovered by D. Knuth [2I] that modulo Knuth equivalence the equivalence classes of
semistandard Young tableaux form an algebra, and he has named this algebra by tableauz algebra. It is easily
seen that the tableaux algebra introduced by D. Knuth is isomorphic to the algebra introduced by M.-P.
Schiitzenberger [53].



elementary symmetric polynomials

ex(A,) = Z apQiy -Gy, k=1,...,n, (1.2)

11>12>... >0

see e.g. [53], Corollary 5.9, [7].

We refer the reader to nice written overview [40] of the basic properties and applications
of the plactic monoid in Combinatorics.

It is easy to see that the plactic relations for two letters a < b, namely,

aba = baa, bab = bba,

imply the commutativity of noncommutative elementary polynomials in two variables. In
other words, the plactic relations for two letters imply that

ba(a +b) = (a+ b)ba, a < b.

It has been proved in [7] that these relations together with the Knuth relations (1.1) for
three letters a < b < ¢, imply the commutativity of noncommutative elementary symmetric
polynomials for any number of variables.

In the present paper we prove that in fact the commutativity of nocommutative elementary
symmetric polynomials for n = 2 and n = 3 implies the commutativity of that polynomials
for all n, see Theorem 2.23 B,

One of the main objectives of the present paper is to study combinatorial properties of
the generalized plactic Cauchy kernel

n—1 i

C(B,,U) = H { H (1 +pij—it Uj)}v (1.3)

i=1  j=n—1

where 3, stands for the set of parameters {p;;, 2 <i+j<n+1, i > 17 > 1}, and
U := U, stands for a certain noncommutative algebra we are interested in, see Section 5.

We also want to bring to the attention of the reader on some interesting combinatorial
properties of rectangular Cauchy kernels

1
FOun0) =TT { TT (0 p o w) }.

where P, . = {pij} 1<i<n .
1<j<m
We treat these kernels in the (reduced) plactic algebras PC,, and PF,, ,, correspondingly.
The algebras PC,, and PF,, ,, are finite dimensional and have bases parameterized by certain

Young tableaux described in Section 5.1 and Section 6 correspondingly. Decomposition of the

3 Let us stress that conditions necessary and sufficient to assure the commutativity of noncommutative
elementary polynomials for the number of variables equals n = 2 and n = 3 turn out to be weaker then
that listed in [7]



rectangular Cauchy kernel with respect to the basis in the algebra PF,, ,, mentioned above,
gives rise to a set of polynomials which are common generalizations of the (double) Schubert.
B-Grothendieck, Demazure and Stanley polynomials. To be more precise, the polynomials
listed above correspond to certain quotients of the plactic algebra PF,, ,, and appropriate
specializations of parameters {p;;} involved in our definition of polynomials U, ({p;;}), see
Section 6.

As it was pointed out in the beginning of Introduction, the Knuth (or plactic) relations
(1.1) have been discovered in [2I] in the course of the study of algebraic and combinato-
rial properties of the Robinson—Schensted correspondence. Motivated by the study of basic
properties of a quantum version of the tropical/geometric Robinson—Schensted—Knuth
correspondence —work in progress, but see [I], [18], [19], [47], [48] for definition and basic
properties of the tropical /geometric RSK, — the author of the present paper came to a discov-
ery that a certain deformations of the Knuth relations preserve the Hilbert series (resp.the
Hilbert polynomials) of the plactic algebras P,, and F,, (resp. the algebras PC,, and PF,).

More precisely, let {qo, ..., ¢} be a set of (mutually commuting) parameters, and U,, :=
{uq,...,u,} be a set of generators of the free associative algebra over Q of rank n. Let
Y, Z C [1,n] be subsets such that YUZ = [1,n] and YNZ = (. Let us set p(a) =0,if a €Y
and p(a) =1, if a € Z.

Define super quantum Knuth relations among the generators uy, . .., u, as follows:

SPL, :
(—1)p(i)p(k) Qr U U up = Uy up g, 1< J <K, (—1)p(i)p(k) Qe Wi U U = up U uj, 1< g < k.

We define
e deformed/quantum superplactic algebra SQP,, to be the quotient of the free associative
algebra Q(uq, ..., u,) by the two-sided ideal generated by the set of quantum Knuth relations
(SPL,).
e reduced deformed/quantum superplactic algebras SQPC,, and SQPF,, ,,, to be the quo-
tient of the algebra SOP, by the two-sided ideals described in Definitions 5.13 and 6.6
correspondingly.

We state Conjecture
The algebra SQP,, and the algebras SQPC, and SQPF, ,,, are flat deformations
of the algebras P,, PC, and PF, ., correspondingly.

In fact one can consider more general deformation of the Knuth relations, for example
take a set of parameters Q := {qi, 1 < i < k < n} and impose on the set of generators
{u,...,u,} the following relations

Qi Uy Wi Up = Ui Up Uy, 0 < J <K, g wg up uy =g ug ug, @< g < k.

However we don’t know how to describe a set of conditions on parameters Q which imply the
flatness of the corresponding quotient algebra(s), as well as we don’t know an interpretation
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and dimension of the algebras SOPC,, and SQPF, ,, for a “generic” values of parameters
Q. We expect the dimension of algebras SOQPC,, and SQPF,, ., each depends piece-wise
polynomially on a set of parameters {g;; € Z>, 1 < i < j < n} , and pose a problem to
describe its polynomiality chambers.

We also mention and leave for a separate publication(s), the case of algebras and poly-
nomials associated with superplactic monoid [44], [27], which corresponds to the relations
SPL, with ¢; = 1, Vi. Finally we point out on interesting and important paper [43] wherein
the case Z = (), and the all deformation parameters are equal to each other., has been
independently introduced and studied in depth. [ |

Let us repeat that the important property of plactic algebras P, is that the noncommu-
tative elementary polynomials

er(Uugy ... np_q) = E Ugy **Ugy, K=1,...,n—1,

n—1>a1>a2>a>1

generate a commutative subalgebra inside of the plactic algebra P, see e.g. [28|, [7]. There-
fore the all our finite dimensional algebras introduced in the present paper, have a distinguish
finite dimensional commutative subalgebra. We have in mined to describe this algebras ex-
plicitly in a separate publication.

In Section 2 we state and prove necessary and sufficient conditions in order the elementary
noncommutative polynomials form a mutually commuting family. Surprisingly enough to
check the commutativity of noncommutative elementary polynomials for any n, it’s enough to
check these conditions only for n = 2, 3. However a combinatorial meaning of a generalization
of the Lascoux-Schiitzenberger plactic algebra P, invented, is still missing.

The plactic algebra PF,, ,, introduced in Section 6, has a monomial basis parametrized by
the set of Young tableaux of shape A C (n™) filled by the numbers from the set {1,...,m}.
In the case n = m it is well-known [I4], [25], [45], that this number is equal to the number
of symmetric plane partitions fit inside the cube n x n x n. Surprisingly enough this number
admits a factorization in the product of the number of totally symmetric plane partitions
(T'SPP) by the number of totally symmetric self-complementary plane partitions(TSSCPP)
fit inside the same cube. A similar phenomenon happens if |m —n| < 2, see Section 6. More
precisely,we add to the well-known equalities

o H|Bin|=2" #|Ban| = ("), #|Bsn| =2" Cat,, [55], A003645,

" (7L+5) (7L+7) (7L+9)
#|By,| = L Cat, Catyyy, [B5], AD00356, #|Bs,| = “ipmira, [55], A133348,

. . (n;Q) (n;ﬁl)
the following relations
o #|B,, =TSPP(n)x ASM(n), #|Bun+1 =TSPP(n)x ASM(n+1),

Ld #|Bn+2,n = #|Bn,n+17 #|Bn+3,n = % #|Bn+l,n+1>

o #|PP(n)| = TSPP(n) x ASMHT(2n) = CSSCPP(2n) x CSPP(n),



where AMSHT(2n) denotes the number of alternating sign matrices of size 2n x 2n
invariant under a half-turn and C'SSPP(2n) denotes the set of cyclically symmetric self-
complementary plane partitions in the 2n-cube.
It is well-known that ASMHT (2n) = ASM(n) x CSPP(n), where CSPP(n) denotes the
number of cyclically symmetric plane partitions in n-cube, and CSSCPP(2n) = ASM (n)?,
see e.g. [3], [26], [55], A006366.

Problem 1.1

o (onstruct bijection between the set of plane partitions fit inside n-cube and the set of
(ordered) triples (my,ma, p), where (w1, m) is a pair of TSSCPP(n) and ¢ is a cyclically
symmetric plane partition fit inside n-cube.

e  Describe the involution k : PP(n) — PP(n) which is induced by the involution
(71, T2, wp) — (ma, w1, p) on the set TSSCPP(n) x TSSCP(n) x CSPP(n), and its fived
points. Clearly one has #Fixz(k)| = ASMHT(2n).

e Characterize pairs of plane partitions (I1y,1ly) € PP(n) x PP(n) such that

(a) o) = p(Ily); (b) (mi(Il1), mo(Ily)) = (mi(Ilz), m2(Ily)).

These relations have strait forward proofs based on the explicit product formulas for the
numbers

B n+i+j+k—1 t+j+k—-1
SPP(n>_l<g<k i+j+k—1 and TSPP(n HHHz+g+k 2’

1=1 j=1i k=j

but bijective proofs of these identities are an open problem.

It follows from [28], [38] that the dimension of the (reduced) plactic algebra PC,, is equal
to the number of alternating sign matrices of size n x n (ASM(n) = TSSCPP(n)). There-
fore the Key-Grothendieck polynomials can be obtained from U-polynomials (see Section 6,
Theorem 6.9) after the specialization p;; =0, if i +j >n+ 1.

|

In Section 4 follow [20] we introduce and study a family of polynomials which are common
generalization of the Schubert, S-Grothendieck, duel §-Grothendieck, (f)-Demazur, 5-Key-
Grothendieck, Bott— Samelson and g-Demazure polynomials, Whittaker functions (see [4]
and Lemma 4.18) and Di-Francesco—Zin-Justin polynomials,(see Section 4).  Namely, for
any permutation w € S,, and composition ¢ C §,,, we introduce polynomials

« w n ,a,7,h v, +
ICNEE’ Y,h ( ) hf( "Tsiz(lﬁ )’ KDéB Y )( ) hZ(C 81 ...T (I’C )’

521 ) 1 Sip
where 7T := TZ-(B’O"%h) =
—a+((a+B+7) ity T +h+h (a+9)(B+7) 2 2is1) Giivr, i=1,...,n—1,

denote a collection of divided difference operators which satisfy the Coxeter and Hecke rela-

tions
LT, Ti=T,T1T; if li—jl=1 T,T,=T;T;, if |i—jl>2,
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T?:(ﬁ—a)Ti—l—ﬁa, 1=1,...,n—1;

(2

by definition we set
Ty, :="1T.

Sil

.. T

Siz )

for any reduced decomposition w = s;, ---s;, of a permutation in question; (T denotes a
unique partition obtained from ¢ by ordering its parts, and vs € S, denotes the minimal
length permutation such that v (¢) = (™.

Assume that b = 1. Ifa = ~v = 0, these polynomials coincide with the 5-Grothendieck
polynomials [§], if 3 =a =1, ~ = 0 these polynomials coincide with the Di Francesco—Zin-
Justin polynomials [12], if =~ = 0, these polynomials coincide with dual a-Grothendieck
polynomials H (X).

Conjecture 1.2 For any permutation w € S,, and any composition ¢ C d,, polynomials
KN G@vh) (XY and KDéa’bem’%h) (X,) have nonnegative coefficients, i.e.

KNG (X,) € Nla, 8,7, B[X,], KD (X,) € Nlo, 5,7, B][X.)]

We expect that these polynomials have some geometrical meaning to be discovered.

More generally we study divided difference type operators of the form

Ty = TP — 0 4 (b s+ c z; + h+ e a; x;) Oy,

ij
depending on parameters a, b, ¢, h, e and satisfying the 2D-Coxeter relations
Ty Ty Tij = Tje Tiy Ty, 1<i<j<k<n, TyTy=TuTy if {i,5}0{k 1} =0.

We find that the necessary and sufficient condition which ensure the validity of the 2D-
Coxeter relations is the following relation among the parameters:

(a+b)(a-c)+he=10.

Therefore, if the above relation between parameters a, b, ¢, d, h, e hold, the the for any per-
mutation w € S, the operator
P ,b,c,d,h, — ( ,b,e,d,h, ) ( ,b,¢,d,h, )
Tw._ngc e)_jwilac e "'CTZ';C 67
where w = s;, ---s;, is any reduced decomposition of w, is well-defined. Hence under the
same assumption on parameters, for any permutation w € S,, one can attach the well-defined
polynomial

a,b,c,d,h,e
Glabedho) (X y) .= 7@ T Gt ).
i>1,j>1
i+j<n+1

4Clearly that after rescaling parameters a, 3 and v one can assume that h = 1. However, see e.g. [20],
Section 5, the parameter h plays important role in the study of different specializations of the variables
z;, 1 <i<n—1 and parameters o, § and y<



and in much the same fashion to define polynomials
D((xa,b,c,d,h,e) (X, Y) — ngx) (a,b,c,d,e) ($a+)

o o . b,c,d,h
for any composition « such that a; < n—1, Vi. We have used the notation T(“’U)S’ obhe) g,

point out that this operator acts only on the variables X = (zy,...,z,); for any composition
a € Z%,, ot denotes a unique partition obtained from « by reordering its parts in (weakly)
decreasing order, and w, denotes a unique minimal length permutation in the symmetric
group S, such that w,(a) = at.

In the present paper we are interested in to list a conditions on parameters A :=
{a,b,c,d, h,e} with the constraint

(a+b)(a—c)+he=0,

which ensure that the above polynomials G&"“*"(X) and D™ (X)  or their spe-
cialization x; = 1, Vi, have nonnegative coefficients. We state the following conjectures:

o KNP (X,) e N, 8,7][Xn],
o Gy httreel A (x ) € Nia, b, c][X,],
. Ggu_b,a+b+c,c+d,17(b+c+d)(a+C)( x; = 1,Vi) € N[a, b, ¢, d], where a, b, ¢, d are free parameters.

In the present paper we treat the case

A= (=8,8+a+771L(@+7)(B+7)).

As it was pointed above, in this case polynomials G#(X) are common generalization of
Schubert,-Grothendieck and dual S-Grothendieck, and Di Francesco—Zin-Justin polynomi-
als. We expect a certain c interpretation of the polynomials G2 for general 3, a and 7.

As it was pointed out earlier, one of the basic properties of the plactic monoid P, is
that the nonocommutative elementary symmetric polynomials  {eg(uy, ..., Un—1)}1<k<n—1
generate a commutative subalgebra in the plactic algebra in question. One can reformulate
this statement as follows. Consider the generating function

7

Ai(z); = H (1+2 u,) = Zea(un_l, o) BT
a=0

a=n—1

where we set eg(U) = 1. Then the commutativity property of noncommutative elementary
symmetric polynomials is equivalent to the following commutativity relation in the plactic
as well as in the generic plactic, algebras P,, and %B,,, [7], and Theorem 2.23,

Ai(z) Ai(y) = Ai(y) Ai(z), 1<i<n-—1
Now let us consider the Cauchy kernel

C(Bn,U) = A1(21) - - An—1(2n-1),
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where we assume that the pairwise commuting variables 21, ..., 2, 1 commute with the all
generators of the algebras P, and 3,,. In what follows we consider the natural completion 3,
of the plactic algebra B, to allow consider elements of the form (1+x u;)~'. Elements of this
form exist in any Hecke type quotient of the plactic algebra ‘Bn Having in mind this assump-
tion, let us compute the action of divided difference operators 97, ,, on the Cauchy kernel. In
the computation below, the commutativity property of the elements A;(x) and A;(y) plays
the key role. Let us start computation of 07, ,,(C(Bn,U)) = 07,1 (A1(21) - - Ap1(2n-1))-
First of all write A;y1(2i41) = Ai(2zip1)(1 + zi41 u;)~'. According to the basic property of
the elements A;(z), one sees that the expression A;(z;) A;(zi41) is symmetric with respect
to z; and z;;1, and hence is invariant under the action of divided difference operator 8222 41
Therefore.

0; 11 (C(Bn, U)) = Ar(z1) -~ Ail2:) Ailzis1) 050 (14 2in wa) ™) Asyalziva) - Anr(z01)-
It is clearly seen that 07, (14 21 w;) ™) = (L4 2 w;)™')(1 + zig1 w;) ™" w;. Therefore
aiz,i+1(c(mm U)) = Ai(z1) - Ai(zi) Aipa(zipa) (1+ 2 Ui)_l u; Aipa(2igo) - An1(2nm1).
It is easy to see that if one adds Hecke’s type relations on the generators

u?=(a+b)u+ab i=1,...,n—1,
then
w;, —zab
(1+b2)(1—az)

Therefore in the quotient of the plactic algebra 3,, by the Hecke type relations listed above
and by the “locality” relations

(1 + z ui)_l U; =

U; Uj = Uj Uq, ’Lf ‘Z—j| 22,

one obtains

e,-—b

1—CLZZ‘

(=b+ (L 2 8) B (A1 (20) -+ Awa () ) = (Arlz1) -+ Aua (o)) )

Finally, if a = 0, then the above identity takes the following form

it ((1 + 2iy1 b) Ai(z1) - 'An—l(zn—l)) = <A1(21) o 'An—l(zn—1)> (e; —b).

In other words the above identity is equivalent to the statement [9] that in the IdCoxeter alge-
bra ZC,, the Cauchy kernel C(%B,,, U) is the generating function for the b-Grothendieck poly-
nomials. Moire over, each (generalized) double b-Grothendieck polynomial is a positive linear
combination of the key- Grothendieck polynomials. In the special case b = —1 and F;; =
ity £2<i+j<n+1, p;=0,if i+ j>n-+1this result had been stated in [39].



As a possible mean to define affine versions of polynomials treated in the present paper,
we introduce the double affine nilCoxeter algebra of type A and give construction of a generic
family of Hecke’s type elements [ we will be put to use in the present paper.

As Appendix we include several examples of polynomials studied in the present paper
to illustrate results obtained in these notes. We also include an expository text concerning
the MacNeille completion of a poset to draw attention of the reader to this subject. It is
the MacNeille completion of the poset associated with the (strong) Bruhat order on the
symmetric group, that was one of the main streams of the study in the present paper.

A bit of history. Originally these notes have been designed as a continuation of [§]. The
main purpose was to extend the methods developed in [I0] to obtain by the use of plactic
algebra, a noncommutative generating function for the key (or Demazure) polynomials intro-
duced by A. Lascoux and M.-P. Schiitzenberger [34]. The results concerning the polynomials
introduced in Section 4, except the Hecke— Grothendieck polynomials, see Definition 4.6,
has been presented in my lecture-courses “Schubert Calculus” have been delivered in the
Graduate School of Mathematical Sciences, the University of Tokyo, November 1995 -April
1996, and in the Graduate School of Mathematics, Nagoya University, October 1998 - April
1999. I want to thank Professor M. Noumi and Professor T. Nakanishi who made these
courses possible. Some early versions of the present notes are circulated around the world
and now I was asked to put it for the wide audience. I would like to thank Professor M.
Ishikawa (Department of Mathematics, Faculty of Education, University of the Ryukyus, Ok-
inawa, Japan) and Professor S.Okada (Graduate School of Mathematics, Nagoya University,
Nagoya, Japan) for valuable comments.

2 Plactic, nilplactic and idplactic algebras

Definition 2.1  ([28/)  The plactic algebra P, is an (unital) associative algebra over
Z generated by elements {uy,---,u,_1} subject to the set of relations

(PL1) Uj W U = Uj U Wy, Ui U Uy = U U Wy, 0f 1< G <K,
(PLQ) Ui WUj Uy = U5 Uy Uy, Uy Uy Uy = Uj Uj Uy, 'lf 1< ]

Proposition 2.2 (J28]) Tableau words in the alphabet U = {uy,- -, un—1} form a basis in
the plactic algebra P,,.

In other words, each plactic class contain a unique tableau word. In particular,

Hilb(Py,t) = (1 —t)™(1 — )~ (2,

® Remind that by the name a family of Hecke’s type elements we mean a set of elements {ej,- - -, ¢, } such
that
e (Hecke type relations) e? = A e; + B, A, B are parameters,
o (Coxeter relations)
Ci Cj = C5 G4, ’Lf |Z—j| 22, €; €5 €, = €5 €; €5, Zf |Z—j|:1
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Remark 2.3 There exists another algebra over Z which has the same Hilbert series as that
of the plactic algebra P,. Namely, define algebra £, to be an associative algebra over Z
generated by the elements {eq,es,..., €, 1}, subject to the set of relations

(€i, (ej,ex)) =€ e;ex—eje ep—ejepeitepeje =0, for all 1<i,jk<n—-1, j<k.

Note that the number of defining relations in the algebra L, is equal to 2(3)

One can show that the dimension of the degree k£ homogeneous component £ of the algebra
L, is equal to the number semistandard Young tableaux of the size k filled by the numbers

from the set {1,2,...,n}. [ |
Definition 2.4 The local plactic algebra LP,, is an associative algebra over Z generated
by elements {uq,...,u,_1} subject to the set of relations

w w; = uj u, if |i—j]>2, wjul = uuiu, u?ul =wjuu;, if j=i+1.

One can show (A.K) that

n

Hilb(LP., 1) =[] (

j=1

1 n+1l—j
=)

Definition 2.5 (Nil Temperley-Lieb algebra)
Denote by TLY the quotient of the local plactic algebra LP,, by the two-sided ideal gen-
erated by the elements {u?,... u2_,}.

It is well-known that dim7T L,, = C,,, the n-th Catalan number. One also has
Hilb(TLY 1) = (1,3,5,4,1),  Hilb(TLY,t) = (1,4,9,12,10,4,2),
Hilb(TLY 1) = (1,5,14,25,31,26,16,9,4, 1).

Proposition 2.6

The Hilbert polynomial Hilb(T LY t) is equal to the generating function for the number
of 321-avoiding permutations of the set {1,2,...,n} having inversion number equal to k, see
[55], A140717, for other combinatorial interpretations of polynomials Hz’lb(’TﬁSLO), t).

We denote by Tﬁﬁ? ) the quotient of the local plactic algebra £P,, by the two-sided ideal
generated by the elements {u? — 8wy, ..., u2_; — 8 up_1}.

Definition 2.7 The modified plactic algebra MP,, is an associative algebra over Z gen-
erated by {uy,...,un,—1} subject to the set of relations (PL1) and that

uju U = v and wuu; = v, if 1<i<j<n-—1.
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Definition 2.8 The (reduced) nilplactic algebra NP, is an associative algebra over Q
generated by {uy,---,u,_1} subject to the relations

up =0, Ui Uity Uy = Uipy U Uig1, (2.4)
the set of relations (PL1), and that x; z; v; =0, if |i—j| > 2.

Proposition 2.9 ([32/) Each nilplactic class not containing 0, contains one and only one
tableau word.

Proposition 2.10 The nilplactic algebra NP, has finite
dimension, its Hilbert polynomial Hilb(N'P,,,t) has degree () and dim(NPn)< )= 1.

n
2

Example 2.11 Hilb(N'Ps,t) = (1,2,2,1), Hilb(NP4,t) = (1,3,6,6,5,3,1),
Hilb(N'Ps, t) = (1,4,12,19,26,26,22,15,9,4,1), dim(N'P; = 139,
Hilb(N'Pg, t) = (1,5, 20,44, 84,119, 147, 152, 140, 114, 81, 52, 29, 14, 5, 1), dim(NPg) = 1008.

Definition 2.12 The idplactic algebra ZP'Y s an associative algebra over Q(j)
generated by {uy,- -, u,_1} subject to the relations

ul = Buy, wp vy ug =g oug ug, Q< g, (2.5)
and the set of relations (PL1).

In other words, the idplactic algebra ZP,, is the quotient of the plactic algebra P,, by the the
two-sided ideal generated by elements {u? — fu;, 1<i<n—1}.

Proposition 2.13  FEach udlplactic class contains a unique tableau word of the smallest
length.

For each word w denote by ri(w) the length of a unique tableau word of minimal length
which is idplactic equivalent to w.

6 Original definition of the nilplactic relations given in [32] involves only relations (PL1) and
UiUi41Us = Uj41U;Uj41 & U;U; = O, 1= 1, e, — 1.

It had been shown [33] that the Schensted construction for the plactic congruence extends to the nilplactic
case. However as it seen from the following example, as a consequence of relations (PL1) one has

_ 2 2
(ul + ug + usz, u2uy + usul + u3u2) = U1U3UT — UUIUS + UZUT — UUT,

and therefore noncommutative elementary symmetric polynomials e (u1, u2, u3) and es((ug,us,us) do not
commute modulo the nilplactic congruence defined in [32]. Indeed, wujugu; # usujug. In order to guarantee
the commutativity of all noncommutative elementary polynomials, we add relations

Cf with definition of idplactic relations listed in Definition 2.11.
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Example 2.14 Consider words in the alphabet {a < b < ¢ < d}. Then
rl(dbadc) = 4 = ri(cadbd), ri(dbadbc) =5 = ri(cbadbd).  Indeed,

dbadc ~ dbdac ~ dbdca ~ ddbca ~ dbac,

dbadbc ~ dbabdc ~ dabadc ~ adbdac ~ abdbca ~ abbdca ~ dbabc.

Note that according to our definition, tableau words w = 31, w =13 and w = 313
belong to different idplactic classes.

Proposition 2.15 The idplactic algebra IPSLB) has finite dimension, and its Hilbert poly-
nomial has degree (g)

Example 2.16

Hilb(ZP3,t) = (1,2,2,1), Hilb(ZPy4t)=(1,3,6,7,5,3,1), dim(ZP,) = 26,
Hilb(ZPs,t) = (1,4,12,22,30,32,24,15,9,4,1), dim(ZP5) = 154,
Hilb(ZPg,t) = (1,5, 20,50, 100, 156, 188,193,173, 126,84, 52,29, 14,5, 1), dim(ZPg) = 1197.

Definition 2.17 The idplactic Temperly-Lieb algebra PTESLB) is define to be the quo-
tient of the idplactic algebra IP&B) by the two-sided ideal generated by the elements

For example, Hilb(PTﬁflo), t)=(1,3,6,4,1),, Hilb(PTﬁéO), t)=(1,4,12,16,14,4,2),
Hilb(PTLY 1) = (1,5,20,40, 60,46, 32,10,4,1),, Hilb(PTLY t) =
(1,6,30,80,170,216,238,152,96,44,14,4,2),.  One can show that deg, Hilb(PT L, t) =

[%2], and Coef fumaz Hilb(PT Ly, t) =1, if niseven, and =2, if nis odd.

Definition 2.18 The nilCoxeter algebra N'C,, is defined to be the quotient of the nilplactic
algebra NP, by the two-sided ideal generated by elements {u; uj; — uj u;, |i — j| > 2}.

Clearly the nilCoxeter algebra N'C,, is a quotient of the modified plactic algebra MP,, by
the two-sided ideal generated by the elements {w;u; — uu;, |i — j| > 2}.

Definition 2.19 The idCoxeter algebra ICSLB) i1s defined to be the quotient of the
wdplactic algebra IP&LB) by the two-sided ideal generated by the elements {u; u; —
uj s, fi— gl > 2},

It is well-known that the algebras N'C, and ZC!” have dimension n!, and the elements
{uy = w;y -+ -uw;,}, where w = s;, ---s;, is any reduced decomposition of w € S,, form a
basis in the nilCoxeter and idCoxeter algebras N'C, and ZC?.
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Remark 2.20 There is a common generalization of the algebras defined above which is
due to S.Fomin and C.Greene [7]. Namely, define generalized plactic algebra P, to be an
associative algebra generated by elements wuq, - - -, u,_1, subject to the relations (PL2) and
relations

i (u; + uy) = (w + wj)ujug, @< j. (2.6)

The relation (2.5) can be written also in the form

uj(uiuj — ujui) = (Uin — ujui)ui, 1< j

Theorem 2.21 ( [7]) For each pair of numbers 1 <i < j <n define

i

Ais(e) = ]+ 2 w).

k=j
Then the elements A; ;j(x) and A; ;(y) commute in the generalized plactic algebra P

Corollary 2.22 Let 1 < 1 < 7 < n be a pair of numbers. Noncommutative elementary
polynomials eflj = ijilz---zikzi Uiy = Wiy, < a <7, generate a commutative
subalgebra C; ; of rank j — i+ 1 in the plactic algebra P,.

Moreover, the algebra Cy,, is a maximal commutative subalgebra of P,,.

To establish Theorem 2.20 , we are going to prove more general result. To start with, let us
define generic plactic algebra B,,.

Definition 2.23 The generic plactic algebra 33, is an associative algebra over Z gener-
ated by {ey,---,e,_1} subject to the set of relations

ej(ei,e) = (62', ej)ei, ’Lf 1< j, (27)
(ej, (ei,ek)) =0, Zf 1< g <k, (28)
<6j, ek>(€i7€k) = 0, Zf 1 <j < k. (29)

Clearly seen that relations (2.6)—(2.8) are consequence of the plactic relations (PL1) and (PL2).
Theorem 2.24  Define
1
An(x) =[]+ 2 ex).

k=j

Then the elements A, (x) and A,(y) commute in the generic plactic algebra B,,.
Moreover the elements A, (x) and A, (y) commute if and only if the generators{ei, ... ,e,—1}
satisfy the relations (2.6) — (2.8).
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Proof For n = 2,3 the statement of Theorem 1.22 is obvious. Now assume that the
statement of Theorem 1.22 is true in the algebra 3,,. We have to prove that the commuta-
tor [An+1(x), Ant1(y)] is equal to zero. First of all, A, .i(z) = (14 ze,)A,(x). Therefore

[Ant1(2), Ans1(y)] = (1 + wen) [An(), 1+ yen] An(y) — [An(y), 1 + zey] An().
Using the standard identity [ab, ¢] = a[b, ¢] + [a, c]b, one finds that

n—1 i+1 1

L a4 pe) = I (e (enen) [ (0 +aea).

Yy

i= a=n—1 a=i—1

Using relations (2.7) we can move the commutator (e;, e,,) to the left, since i < a < n, till we
meet the term (1 + xe,). Using relations (2.6) we see that (1 + ze,)(e;,n) = (e;,n)(1 + xe;).
Therefore we come to the following relation

L A@), 1+ yer] =

Ty
3 (e (@ rae) TT (e Aly) = ve) TT (4 en) Aul).

Finally let us observe that
(€4, en)<(1+xei)(1+xen_1)—(1+xen_1)(1+xei)> = 2% (e5,en)(ei,en_1) = 0, according to (2.8).

Indeed, (e;,e,)(€i,en1) = (€5, 6n)€i€n_1 — (€5, €n)en_16; = enen_1(€;,€,) — en_1en(€;,€,) =
0. Therefore xiy [An(2),1 + ye,| = (Z}Zn_l(ei,en» [A,(x), A (y)] = 0 according to the
induction assumption.

Finally, if ¢ < j, then (e; + €j,eje;) = 0 <= (2.6),
if i < j < k and the relations (2.6) hold, then (e; + e; + ek, eje; + exe; + exe;) = 0 <= (2.7),
if i < j < k and relations (2.6) and (2.7) hold, then (e; + e; + e, exeje;) = 0 <= (2.8); the
relations (eje; + exe; + exe;, exeje;) = 0 are a consequence of the above ones. [ |

Let T be a semistandard tableau and w(7T) be the column reading word corresponding
to the tableau T'. Denote by R(T) (resp. IR(T')) the set of words which are plactic (resp.
idplactic) equivalent to w(T"). Let a = (a1,---,a,) € R(T), where n := |T| (resp. a =
(a1, -, am) € IR(T), where m > |T|).

Definition 2.25 (Compatible sequencesb) Given a worda € R(T) (resp. a € IR(T)), de-
note by C(a) (resp. 1C(a)) the set of sequences of positive integers, called compatible
sequences, b:= (by < by <---<b,) such that

b <a;, and if a; <a;q, then b; <bi. (2.10)
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Finally, define the set C(T") (resp. IC(T)) to be the union |J C(a) (resp. the union
U IC(a)), where a runs over all words which are plactic (resp. idplactic) equivalent to the
word w(T).

Example 2.26 Take T = g 3

R(T) = {232, 323} and IR(T) = R(T) | {2323, 3223, 3232, 3233, 3323, 32323,---}.

Moreover,

. The corresponding tableau word is w(T') = 323. We have

a: 232 323 323 323 323
C(T)_{b: 122 112 113 123 223}

a: 2323 3223 3232 3233 3323 32323
[e(T) = C(1) U {b: 1223 1123 1122 1123 1223 11223}

Let B :=P,, .= {pi,1 > 1,7 > 1,2 <i+j <n+ 1} be the set of (mutually commuting)
variables.

Definition 2.27 (1) Let T be a semistandard tableau, and n = |T'|. Define the double key
polynomial IC7(*P) corresponding to the tableau T to be

= ) H Pbyar—b,+1- (2.11)

beC(T

(2) Let T be a semistandard tableau, and n := |T|. Define the double key Grothendieck
polynomial GICr(*B) corresponding to the tableau T to be

GEr(P) = ) Hpb bt (2.12)

belC(T) i=1

In the case when p;; = x; +y;, Vi,j, where X = {xy,...,2,} and Y = {y1,...,yn}
denote two sets of variables, we will write Kr(X,Y), GKp(X,Y),..., instead of Kr (),
GKr(B),. ...

Definition 2.28 Let T be a semistandard tableau, denote by a(T) = (v, -+, ) the expo-
nent of the smallest monomial in the set {z® := [[\2, 27", b € C(T)} with respect to the
lexicographic order.

We will call the composition «(T") to be the bottom code of tableau T
3 Divided difference operators

In this subsection we remind some basic properties of divided difference operators will be put
to use in subsequent Sections. For more details, see [46].
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Let f be a function of the variables x and y (and possibly other variables), and 1 # 0 be
a parameter. Define the divided difference operator 0,,(n) will as follows

Ouy(n) flary) =L <x’y>x i 7577 yy )

Equivalently, (z—n7"'y) 8my(n) =1—sl, where the operator s}, acts on the variables
(2,9, ...) according to the rule: s}, transforms the pair (x,y) to (n™' y,n ), and fixes all
other variables. We set by definition, s}, := sg;l.

The operator 0,,(n) takes polynomials to polynomials and has degree —1. The case n =1

corresponds to the Newton divided difference operator 0y, := Oyy(1).

Lemma 3.1

(0) Sgy 5775 - ng 577 SZy Szg ng = ng Szg 82y7

(1) Oy(n) = ~n Ouy(n ™), sty 0y=(§) =17 022(n €) s
(2) Ouy(n)* =0,

(3) (Three term relation)

Ony(1) 0y=(&) = 07" Ouz(n &) Ouy(n) + 0y2(8) Ou(n €).
(4) (Twisted Leibniz rule)

Owy() (fg) = Ouy(n) (f) g+ s2,(f) Ouy(n) (9),

(5) (Crossing relations, cf [9], (4.6))

Ony(n) = n_laxy(n) y+1, y Opy(n) =n 0ny(n) v —n,
2y (1) Y 0y= (&) = 002(n §) @ Oy (1) +€770,2(8) 2 Dz §),
(6)  Opy Opz Oyz O = 0.

o o
QO 8

Let xy,...,x, be independent variables, and let P, := Q[z1,...,x,]. For each i < j put
0ij 1= Op, 2,(1) and 0j; = —0;;. From Lemma 2.1 we have

& =0,
aij @-k + &ﬂ aij ‘l‘ @-k &ﬂ - O,
aij Z; @-k + (9;“ Z; 0,-]- + @-k Ty Oki, 'lf i,j, k are distinct.

It is interesting to consider also an additive or affine analog 0, k] of the divided difference
operators O,,(n), namely,

f(m,y)—f(y—k,:c—l—k)‘

We have 0,,[k]|

:—8y[ k], and
Oy [p] Oyzla] = Oazlp + 4] 0w

y[P] + 0y:1q] Ouz[p + gl

4 Schubert, Grothendieck and Key polynomials

Let w € S,, be a permutation, X = (z1,---,x,) and Y = (y1,- -+, y,) be two sets of variables.
Denote by wy € S, the longest permutation, and by § :=6,, = (n—1,n—2,- -, 1) the staircase
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partition. For each partition A\ define

H xz—i_yj

(4,7)EN

Fori=1,---,n—1,1let s; = (i,i+1) € S,, denote the simple transposition that interchanges
i and i + 1 and fixes all other elements of the set {1,---,n}. lf a = (o, -+, v, g1, -+, )
is a composition, we will write

siov = (Qq, -, Qrr, Gy -+, Q)

Definition 4.1

° For each permutation w € S, the double Schubert polynomial &,(X,Y) is
defined to be
o\

w1 wq

(Rs,(X,Y)).

Let o be a composition.
e The key polynomials K|«|(X) are defined recursively as follows:
if ais a partition, then Kla](X) = z%;
otherwise, if a and i are such that a; < y1, then

Klsi(@)](X) = 0w K[a](X)).

e The reduced key polynomials K[o|(X) are defined recursively as follows:
if ais a partition, then K[a](X) = K|[a](X) = x%

otherwise, if a and v are such that a; < y1, then

~

Rlsi(@)](X) = 21 0,( K[a)(X)).

e  For each permutation w € S, the double 3-Grothendieck polynomial G%(X,Y)
is defined recursively as follows:
if w=wy is the longest element, then G,,(X,Y) = Rs(X,Y);
if w and i are such that w; > w1, i.e. l(ws;) = l(w) — 1, then

Go (X.Y) = 07 (14 8 i) GAX.Y)).
° For each permutation w € S, the double dual g-Grothendieck polynomial
HB(X,Y) is defined recursively as follows:

if w = wy is the longest element, then H.,,(X,Y) = Rs(X,Y);
if w and i are such that w; > w1, i.e. l(ws;) = l(w) — 1, then

HiL(XY) = (148 ) 0 (HI(X, V)
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e The key (-Grothendieck polynomials KG[o|(X; ) are defined recursively as
follows [:
if ais a partition, then KG[a|(X; B) = z%;
otherwise, if o and v are such that a; < ;y1, then

KGsi(a)](X; 8) = 0, ((zi 4B 1 1) KGa](X; 5)).

e The reduced key (-Grothendieck polynomials I/(E[a] (X;B) are defined recur-
siwely as follows: -
if ais a partition, then KG[a|(X; B) = x%;
otherwise, if o and v are such that a; < y1, then

KGls(a)](X; 8) = (wi1 + 8 2 i) 0 (KGla)(X:8)).
For brevity, we will write KG[a](X) and I/(Z?[oz](X) instead of KGlof(X;5) and
KG[a](X;5).

Remark 4.2 We can also introduce polynomials Z,,, which are defined recursively as follows:

if w = wy is the longest element, then Z,,(X) = a°;

if w and i are such that w; > w;1, i.e. (ws;) = (w) — 1, then

Zpo (X) = 8, <(:£i+1 V2iTin) Zw(X)).

However, one can show that

Zw(I17 e >In) - (xl e xn)n_lgwowwo(xy_Lla Tty xl_l)

Theorem 4.3 The polynomials 6,(X,Y), K[a](X), K[a](X), Gu(X,Y), Hu(X,Y),
KG[a](X) and KG[a|(X) have nonnegative integer coefficients.

7 In the case B = —1 divided difference operators D; := 0;(z; — x; x;+1) [37], formula (6), had
been used by A.Lascoux to describe the transition on Grothendieck polynomials, i.e. stable decomposition
of any Grothendieck polynomial corresponding to a permutation w € S,,. into a sum of Grasmannian ones
corresponding to a collection of Grasmannin permutations vy € So, see [37] for details. The above mentioned
operators D; had been used in [37] to construct a basis §, | & € Z>( that deforms the basis which is built
up from the Demazure ( known also as key) polynomials. Therefore polynomials KG[a](X; 8 = —1) coincide
with those introduced by A. Lascoux in[37].

In [51] the authors give a conjectural construction for polynomials €2, based on the use of extended Kohnert
moves, see e.g. [45], Appendix by N. Bergeron, for definition of the Kohnert moves. We state Conjecture
that

I = KG[al(X; B),

where polynomials Jg) are defined in [5I] using the K-theoretic versions of the Kohnert moves. For g = —1
this Conjecture has been stated in [5I]. It seems an interesting problem to relate the K-theoretic Kohnert
moves with certain moves of 1’s introduced in [§].

19



We will use notation &,(X), G,(X), ..., for polynomials &,,(X,0), G, (X,0), ... .
e Di Francesco—Zin-Justin polynomials)

Definition 4.4 For each permutation w € S,, the Di Francesco-Zinn-Justin polynomi-
als DZ,(X) are defined recursively as follows:

if w is the longest element in S,, then DZ,(X) = Rs(X,0);

otherwise, if w and i are such that w; > w;41, i.e. l(ws;) = l(w) — 1, then

D2, (X) = (1+ 20 + 0 (i1 + 2i2i11) | DZo(X).

Conjecture 4.5

(1) Polynomials DZ,,(X) have nonnegative integer coefficients.

(2) For each permutation w € S,, the polynomial DZ,(X) is a linear combination of key
polynomials K|[a](X) with nonnegative integer coefficients.

As for definition of the double Di Francesco—Zin-Justin polynomials DZ,,(X,Y") they are well
defined, but may have negative coefficients.
e (Hecke-Grothendieck polynomials)
Let 8 and a be two parameters, consider divided difference operator

T,=T" = B+ ((B+a)+1+8 azxi) O

Definition 4.6
Let w € S, define Hecke—Grothendieck polynomials KN (X,,) to be

ICNSE’Q) (X,) := TP (2%,
where as before 2% := x?‘lx;‘_z R ifu €S, then set
5 . 67 67
Tfa = Tviloc”_j—'iloe’

where u = s;, - -+ 8;, 15 any reduced decomposition of a permutation taken.
e More generally, let 5, and v be parameters, consider divided difference operators

ﬂ = CTZ-B#X’FY = —5+((OK+B+”}/) .CL’Z"‘”)/ $Z+1+1+(ﬁ+’7)(06+”)/)$2 xi—l—l)&i,i—l—la 1= 1, cee n—1.
For a permutation w € S,, define polynomials
/37a7 Pyp— /37a7 5707 67l
]CN’SU PY)(X”> T ﬂl T ]—;( ’y(x )7

where w = s;, - -+ 8;, is any reduced decomposition of w.

4
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Remark 4.7 A few comments in order. (a) The divided difference operators {7T; :=
Ti(lﬁ’a’ﬁ’), i=1,---,n— 1} satisfy the following relations
e (Hecke relations)
7;2:(@_6) T‘i_‘_aﬁ>
e (Coxeter relations)
TTinTi =TT, TT, =TT, if |i—jl>2.

Therefore the elements T2 are well defined for any w € S,,.
e (Inversion)
4 1+ (a—p)x—2aT;
1+2T) ' = :
+2T) = s o +ran
(b) Polynomials KN ff %) constitute a common generalization of

the [-Grothendieck polynomials , namely, W = kN ’azoﬁ:o),

wow 1

the Di Francesco—Zin-Justin polynomials, namely, DZ,, = KN Ef =a=17=0),
the dual a-Grothendieck polynomials, namely, KA P=047=0 — 470 (x).

wow 1

Proposition 4.8
e (Duality) Letw €S, { ={(w) denotes its length, then (o #0)

KN (1) = (Ba)t KNP (1),

o (Stability) Let w € S, be a permutation and w = s;, 8, - - S;, be any its reduced
decomposition. Assume that i, < n—3, V1 < a < {, and define permutation w =
Siy+18ip41 " * Siy+1 € Sy Then

KNP (1) = KNP (1),

|
It is well-known that
e the number KN 55):1’0‘:1)(1) is equal to the degree of the variety of pairs commuting
matrices of size n X n,
e the bidegree of the affine homogeneous variety V,,, w € S, [12], is equal to

A(g)—f(w) B(Z)H(w) IC/\/SUB:Q:A/B)(D,
see [12], [22], [I1] for more details and applications.

Conjecture 4.9
e  Polynomials KN'?*?(X) have nonnegative integer coefficients

KN (X) € NIB, a,9][Xa).
e Polynomials IC./\/’SUB’O"”)(xl = 1,Vi) have nonnegative integer coefficients

KNG (2, = 1,96) € N8, a,7].
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e Double polyonomials

KNG=00(XY) = T2 (@) [ (a+ )
i+j<n+1
i>1,5>1
are well defined and have nonnegative integer coefficients.
Note that the assmption S = 0 is necessary.
e Consider permutation w = [n,1,2,---,n—1] € S,,. Clearly w = s, 15,2 - S251.

The number IC./\/'EUB:LO‘:U(I) is equal to the number of Schroder paths of semilength (n-
1) in which the (2,0)-steps come in 3 colors and with no peaks at level 1, see [55], A162326
for further properties of these numbers.

It is well-known, see e.g. [55], A126216, that the polynomial KN =9 (1) counts the
number of dissections of a convex (n + 1)-gon according the number of diagonals involved,
where as the polynomial A %) (1) (up to a normalization) is equal to the bidegree of certain
algebraic varieties introduced and studied by A. Knutson [22].

A few comments in order.
()  One can consider more general family of polynomials KN (> (X)) by the use of

the divided difference operators T"“% ;= —b+ ((b4d) z; +c zip1 + 1 +d(b+c)x; Ti41) i

istead ot that 7)*”. However the polynomials KA (**<9 (1) € Z[a, b, ¢, d] may have negative
coefficients in general. Conjecturaly, to ensure the positivity of polynomials KN ff’b’c’d) (Xn),

it is necessery take d := a + ¢+ r. In this case we stae Conjecture
KN (@beatet) (X ) e Nla, b, ¢, 7).

We state more general Conjecture in Introduction. In the present paper we treat only the
case r = 0, since a combinatorial meaning of polynomials CN 53 beatetn) (1) in the the case
r # 0 is missed for the author.

(b) If 5 # 0, the polynomials KNP (X,)) € Z]a, 8,7][X,] may have negative negative
coefficients in general. [ |

Theorem 4.10 Let T be a semistandard tableau and «o(T)  be its bottom code, see
Definition 2.27 Then

Kr(X) = K[a(T))(X), KGr(X) = KG[a(T)|(X).
Let a = (g < ag < -+ < ) be a composition, define partition at = (o, > -+ > o).
Proposition 4.11 Ifa = (ay < ay < --- < ) is a composition and n > r, then

Kla](X,) = 5o+ (X))

For example, K[0,1,2,---,n — 1] =[] ,;_;<, (% + 7;). Note that

K[O>1a2>"'>n_1] :H:'L:2x;:_1‘
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Proposition 4.12 If a = (a1 < ay < -+ < ;) is a composition and n > r, then

For example, KG[0,1,2,---,n—1] = HlSKan(xi + x; + z;x;). Note that
KG[0,1,2,--,n—1] = [[", 2" T (1+z)m

Comments 4.1

Definition 4.13 Define degenerate affine 2d nil-Cozeter algebra A./\/'Cg) to be an associative
algebra over Q generated by the set of elements {{u;;}1<i<j<n and x1,...,x,} subject
to the set of relations

o vy =xx; foralliF#j, xiujy=ujr i, ifiF7jk,

o W, Uk = Uk Wi, f 1,7,k 1 are pairwise distinct,

o (2d-Coxeter relations) w;j wjp wi; = Ujp wij ujp, if 1<i<j<k<n,

® T Uiy = Uiy Tj + 1, Tj Ujj = Ui 5 Ti — 1.

Now for a set of parametersﬁ A:=(a,b,c,h,e) define elements

Tij = a+ (bx; +cx; +h+ex; xj) uy; i <j.

Lemma 4.14
(1) Tfj =2a+b—c)T;j—ala+b—c),
if a=0, then T;; = (b—c) Tj;.
(2)  (2d-Coxeter relations)  Relations
Tij Tix Tij = Tix Tij Ty
are valid, if and only if the following relation among parameters a,b,c,e, h holds
(a+b)(a—c)+he=0. (4.13)
(3)  (Yang-Baaxter relations) Relations
Ti; Tig Tiw =Tjp Tip T; 5

are valid if and only if b=c=e=0, t.e. T;; = a+d u;.
(4) T7=1if and only ifa = +1,c=b%2, he = (b£ 1)

8 By definition, a parameter assumed to be belongs to the center of the algebra in question

9 The relation (4.13) between parameters a, b, c, e, h defines a rational four dimensional hypersurface.
Its open chart {e h # 0} contains, for example, the following set (cf [37]): {a = p1 ps —p2 ps, b =
P2 D3, C = P1 Pa,e = p1 D3, h = pa pa}, where (p1,pa, 3, psa) are arbitrary parameters. However the points
(=b,a+b+c,c,1,(a+c)(b+c), (a,b,c)e N3} donot belong to this set
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(5) Assume that parameters a, b, c, h, e satisfy the conditions (4.13) and thatb c+1 = h e.
Then
Tijx; Tij=(he—bc)z;+ (h+ (a+b)(z; +z;) + e x; ;) Ty

Some special cases
e (Representation of affine modified Hecke algebra [58])
If A=(a,—a,c,h,0), then Ty x; T;j=acx;+hTy, i<j,
o I[fA=(—a,a+b+c,c1,(a+c)(b+c), then
To; Tij=abx;+ 1+ (b+c)(x; +x5) + (a+c)(b+ c)x; ;) Ty

(6) ( Quantum Yang-Bazter relations, or baxterization of Hecke’s algebra generators.
) Assume that parameters a, b, ¢, h, e satisfy the conditions (4.13) and that f := 2a+b—c #
0. Then (cf [40], [16] and the literature quoted therein)

the elements R;;(u,v) =1+ )‘ﬁ;i T;; satisfy the twisted quantum Yang-Bazter rela-
tions

Rij(Nis 17) Rje(No, vie) Rij (g, vie) = Rjr(pag, i) R (N, ) Ry (N, 1), 1 < j <k,

where {\;, Wi, Vi f1<i<n are parameters. .

Corollary 4.15 If (a+b)(a —c)+ he =0, then for any permutation w € S,, the element
T, =T, T, € ANCY,

where w = s;, -+ 5;, 15 any reduced decomposition of w, is well-defined.

1

Example 4.16
e FKach of the set of elements

S(-h) =1+ (l’i+1 —Z; + h) Uj 541 and

(3

tz(h) = -1+ (ZL’Z — Xjr1 —+ h(l -+ IZ)(l -+ LUZ'+1>) Ui, 1= 1, Lo, — 1,

by itself generate the symmetric group S,,.

e If one adds the affine elements s(()h) = 7s,_1((h)7~! and t(()h) = thl@lﬂ_l, then each

of the set of elements {sgh), Jj € Z/nZ} and {tg»h), J € Z/nZ by itself generate the affine
symmetric group S&/, see Comments 4.3 for a definition of the transformation 7.

e It seems an interesting problem to classify all rational, trigonometric and elliptic divided
difference operators satisfying the Coxeter relations. A general divided difference operator
with polynomial coefficients had been constructed in [31], see also Lemma 4.14,(4.13). One
can construct a family of rational representations of the symmetric group (as well as its affine
extension) by “iterating” the transformations sg-h), j € Z/nZ. For example, take parameters
a and b, define secondary divided difference operator

b 1 —E%
0:[0‘; Ji= 14+ (b+y—2) Oi‘ly], where OL‘Iy] = p— E;‘;) =—14+(a+2x—y) Oy
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Observe that the set of operators {s[a g sEZ @ZH, i € Z/nZ} gives rise to a rational repre-

sentation of the affine symmetric group ng 7 on the field of rational functions Za, b](X,,). In
the special case a := A,b := A/h,h := 1 — /2 the operators sga’b} coincide with operators
©,, © € Z/nZ have been introduced in [23], (4.17).

Comments 4.2 Let A = (a,b,c,h,e) be a sequence of integers satisfying the conditions
(4.5). Denote by 9;* the divided difference operator

af:a+(bxi+czi+1+h+exi Tiv1) O, i=1,...,n—1.
It follows from Lemma 4.10 that the operators {9:'}1<i<, satisfy the Coxeter relations

Definition 4.17
(1) Letw € S, be a permutation. Define the generalized Schubert polynomial corre-
sponding to permutation w as follows

Si(Xn) = 01 o, 2™, where 2 =2l ah 7w,

and wy denotes the longest element in the symmetric group S,,.
(2) Let a be a composition with at most n parts, denote by w, € S, the permutation
such that w, (o) = @, where @ denotes a unique partition corresponding to composition .

Lemma 4.18  Let w € S, be a permutation.

e IfA=1(0,0,0,1,0), then G2(X,) is equal to the Schubert polynomial &.,,(X,).

o IfA = (-5,5,0,1,0), then &4(X,) is equal to the (-Grothendieck polynomial
&) (X,) introduced in [§].

o IfA=1(0,1,0,1,0) then G4(X,) is equal to the dual Grothendieck polynomial.

o IfA=(-1,2,0,1,1), then &4(X,) is equal to the Di-Francesco—Zinn-Justin polyno-
mials introduced in [12].

o IfA=(1,-1,1,h,0), then &4(X,) is equal to the h-Schubert polynomials.

In all cases listed above the polynomials G2(X,) have non-negative integer coeffi-
cients. .

Define the generalized key or Demazure polynomial corresponding to a composition « as

follows
KX(X,) =05 2™

o If A=(1,0,1,0,0), then K2(X,) is equal to key (or Demazure) polynomial corresponding
to a.

e If A=(0,0,1,0,0), then K*(X,) is equal to the reduced key polynomial.

o If A= (1,0,1,0,8), then K4(X,) is equal to the key Grothendieck polynomial
KGa(Xy).

o If A=(0,0,1,0,4), then KA(X,) is equal to the reduced key Grothendieck polyno-
mials.
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In all cases listed above the polynomials &2(X,,) have non-negative integer coeffi-
cients. .

o IfA=(-1,¢'-1,0,0) and X is a partition, then (up to a scalar factor) polynomial
K{(X,) can be identify with a certain Whittaker function (of type A), see [4], Theorem A.
Note that operator T/ := —1+ (¢7! ; — x441) 0, 1 < i < n — 1, satisfy the Coxeter and
Hecke relations, namely (T4)? = (¢~' —1) T+ ¢~ . In [4] the operator T/ has been denoted
by %;.

e Let w €S, be a permutation and m = (iy,...,4,) be a reduced word for w, i.e. w =
Siy - -+ i, and £(w) = £. Denote by Zy, the Bott— Samelson nonsingular variety corresponding
to the reduce word m. It is well-known that the Bott—Samelson variety Z,, is birationally
isomorphic to the Schubert variety X,, associated with permutation w, i.e. the Bott—Samelson
variety Zy, is a desingularization of the Schubert variety X,. Follow [4] define the Bott—
Samelson polynomials Z(z, A, v) as follows

Zm(x> )\,U) = (1 + T‘z?) o (1 + T‘zj?) :L)\a

where A = (—v,—1,1,0). Note that (1 +7/*)? = (1+v)(1 +7/), and the divided difference
operators 1 + TZ-A =14+v+ (x4 — v x;) 0; do not satisfy the Coxeter relations.

o If A= (-3,8+0,0,1,8a), then 62(X,) constitutes a common generalization of the
Grothendieck and the Di Francesco—Zin-Justin polynomials.
e If A= (t,—1,t,1,0), then the divided difference operators

TA =t+ (—ai+to+1)0;, 1<i<n—1,
their baxterizations) and the raising operator

¢ = (x, —1)m,

where 7 denotes the ¢~'-shift operator, namely w(xy,...,2,) = (Tn/q, @1, ..., Tpn_1),
can be used to generate the interpolation Macdonald polynomials as well as the nonsymmetric
Macdonald polynomials, see [41] for details.

In similar fashion, rely on the operators and its bazterization

Tiﬁ’a’%h = —B+((a+B8+7) mi+y T +h+h™" (a+7)(B+7) 23 i41) 05, 1 <i < n—1, and ¢,

we introduce polynomials M, 55 @19(X,), where ¢ is a composition. These polynomials are
common generalization of the interpolation Macdonald polynomials Ms(X,;q,t) (the case
B = —t,a = —1,v = t), as well as the Schubert, S-Grothendieck and its dual, Demazure
and Di Francesco—Zin-Justin polynomials, and conjecturally their affine analogues/versions.
Details will appear elsewhere.

Comments 4.3  (Double affine NilCozeter algebra) Let t,q,a,b,c, h,d be parameters.
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Definition 4.19 Define double affine nil-Cozxeter algebra DANC,, to be (unital) associative
algebra over Q(g*!, 1) with the set of generators {ey,...,en_1, T1,...,T,, T} subject to
relations

e (NilCozeter relations)

ciej=eje, if [i—j|>2 €=0,Vi, eeje=c¢;ee;, if |i—jl=1;
e (Crossing relations)
riep=¢ep Ty if kFii+1, xe—e xi1 =1, e x;— x5 =1;
o (Affine crossing relations)

Tr, =T T, if i<n, Tx,=q ",

Te =€ m if i<n—1, 7 e,_1=qe m.

1

Now let us introduce elements ey =T €,_1 7~ and

Ty = Tg’b’c’h’d —r T m '=a+br,+q cay+h+qtda z,) e.
It is easy to see that meg=q ey 7,
Iyt = et T e = TP (1= g) bt (L= q7Y) d 2y 1) e
Now let us assume that a =t,b = —t,d = e = 0,c = 1. Then,
E:t+($z+1—t$’1) 6i7i: 1,...,77,—1, T0:t+(q_1 xl_t'rn) €0,

TP=(t—-1)T+t, 0<i<n, Tia; Ti=t xpq, 1<i<n Toa, To=tq " a,

ThhTh=T1"ToT, Th a1 ToThr=To T To, To T, =T; Ty, 1f 2<i<n-—1.
The operators T} := Tf’_t’l’o’o, 0 <i < n—1 have been used in [41] to give an “elementary”
construction of nonsymmetric Macdonald polynomials. Indeed, one can realize the operator
7 as follows:

7(f) = f(x,/q,v1,29,...,00_1), so that 7 '(f)= (22,...,70,q x1),

and introduce the raising operator [41] to be

P(f(Xn)) = (zn — 1) 7(f(Xn)).

It is ecasily seen that ¢ T} = Ty ¢, i =0,---,n—2, and ¢*T,_1 =T ¢*. It has
been established in [41] how to use the operators ¢, Ty, ...,T,_1 to to give formulas for the
interpolation Macdonald polynomials. Using operators ¢, Ti(a’b’c’h’d), 1=1,...,n—1
instead of ¢, T31,...,T,-1, 1 <i <n —1, one get a 4-parameter generalization of the inter-

polation Macdonald polynomials, as well as the nonsymmetric Macdonald polynomials.
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It follows from the nilCoxeter relations listed above, that the Dunkl-Cherednik elements,
cf [5]

i+1
Y, _<H T ) <a£[_1 Ta), i=1....n,

where T; = Tf’_t’l’o’o, generate a commutative subalgebra in the double affine nilCoxeter al-
gebra DANC,,. Note that the algebra DANC,, contains lot of other interesting commutative
subalgebras, see e.g. [16].

It seems interesting to give an interpretation of polynomials generated by the set of oper-
ators T/""""™¢ j =0,.-.,n —1 in a way similar to that given in [4I]. We expect that these
polynomials provide an affine version of polynomials KN Ev_t’_l’l’l’o) (X), weS, CSY/ see
Remark 4.7.

Note that for any affine permutation v € S¥/ the operator

b,c,h,d b,c,h,d
T5a7b7c,h7d) — 7’;:(1‘17 Gy, )_ . _T(a7 Gyl )

ig

, where v =s;,---s;, is any reduced decomposition of v, is well-defined up to the sign
+1. It seems an interesting problem to investigate properties of polynomials L,[a](X,,),
where v € S¥/ and a € 7%, and find its algebra-geometric interpretations.

5 Cauchy kernel

Let uy,uo, - -+, u,_1 be a set of generators of the free algebra F,,_;, which assumed also to be
commute with the all variables B,, :=={p;j, 2<i+j<n+1,i>1,5>1}.

Definition 5.1 The Cauchy kernel C(%B,,,U) is defined to be as the ordered product

n—1 )

co,U) =TT { IT (0 +pigoirr w)}- (5.14)

=1 j=n—1

For example,
C(Ps,U) = (1 +p13us)(L+piou2)(L+pi1 wr)(1+pog us)(1+paq ug)(l+ psq us).

In the case {p;; = z;, Vj} we will write C, (X, U) instead of C(B,,U).

Lemma 5.2

C(Pn, U Z Hp{aj b w(a,b), (5.15)

(a,b)eS, j=1

where a = (ay,...,a,), b= (b1,...,b,), w(ab)=T[[}_; uats,-1, and the sum in (4.10)

runs over the set S, =

{(a,b) e N x NP |a= (a1 <ax <...<aqp,),a;+b;<n, and if a; =a;r1 = b; > b1}
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We denote by S the set {(a,b) € S, | w(a,b) is a tableau word}.

The number of terms in the right hand side of (5.15) is equal to 2(3), and therefore is equal
to the number #|STY (6, < n)| of semistandard Young tableaux of the staircase shape 9,, ;=
(n—1,n—2,...,2,1) filled by the numbers from the set {1,2,...,n}. It is also easily seen that
the all terms appearing in the RHS(4.10) are different, and thus #|S,,| = #|STY (0, < n)|.

We are interested in the decompositions of the Cauchy kernel C(3,,U) in the algebras

P.. NP, IP,, NC, andZC,.

5.1 Plactic algebra P,

Let A\ be a partition and a be a composition of the same size. Denote by kSfj\ﬁ?()\,a) the
set of semistandard Young tableaux T of the shape A and content a which must satisfy the
following conditions:

e for each k = 1,2,---, the all numbers k are located in the first k& columns of the

tableau T. In other words, the all entries T'(7, j) of a semistandard tableau T" € STY (A, @)
have to satisfy the following conditions: T;; <J.
For a given (semi-standard) Young tableau 7" let us denote by R;(7T") the set of numbers

placed in the i-th row of 7', and denote by 5/’%3//0()\,04) the subset of the set 5/’%?00\,04)
involving only tableaux T" which satisfy the following constrains : R;(T") D Ro(T) D R3(T) D

To continue, let us denote by A,, (respectively by A%O)) the union of the sets STY (A, )
(resp. that of k?7:?/0()\,@)) for all partitions A such that \; <n —ifori=1,2,---,n—1,
and all compositions o, I(a) < n — 1. Finally, denote by A,(A) (resp.AY) (X)) the subset of
A, (resp. AY(X)) consisting of all tableaux of the shape A.

Lemma 5.3
o A, (0] =1, |Au(0n1)] = (n— 1!, |A.((n — 1)) = Ch_y the n — 1-th Catalan

number. More generally,

n—1

A= (") =TT ko,

n

of [55], AD09766,

_(n—k+1)(nP+n—k—-1)(n+k B
A1) = =R EED () k1

o There exists a bijection p, : Ay, — ASM(n) such that the image Im (AY)) contains
the set of n X n permutation matrices.

e The number of column strict, as well as row strict diagrams which are contained
inside the staircase diagram (n,n —1,...,2,1) is equal to 2".

Example 5.4  Take n =5 so that ASM(5) = 429 and Cat(5) = 42. One has
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AP = AL @)] + JAD ()] + AV (@2)] + [AD((3))] + |Aé (2. 1)] + AP ()] +
A ((3,1))] + AL << 3,2))| + AL (4, )] + AP ((4,2))] + [AD((3,2,1))] + A ((4,3))] +
AL ((4,2,1))] + AL (4,3, 1)) + A ((4,3,2))] + AP ((4,3,2,1))] =
1+44494+14+6+144+16+4+214+14+4+14+94+24+141=121,

S ol As (k) =1+44+9+ 144 14 = 42.

We expect that the image pn(UZ;é A,((k))) coincides with the set of n x n permutation
matrices corresponding to either 321-avoiding or 132-avoiding permutations.
|

Now we are going to define a statistic n(7") on the set A,,.

Definition 5.5 Let \ be a partition, o be a composition of the same size. For each tableau
T e STY (N, o) C A, (N) define

n(T) = o = Card{(i,j) € X | T(i,j) = n}.

Clearly, n(T) < A;.
Define polynomials

Z t)\ln

TE.An

It is instructive to display the numbers {A,()\), A C é,} as a vector of the length equals to
the n — th Catalan number. For example,
A4(0,(1),(2),(1,1),(3),(2,1),(1,1,1),(3,1),(2,2),(2,1,1),(3,2),(3,1,1),(2,2,1),(3,2,1))=
(1,3,5,3,5,6,1,6,3,2,3,2,1,1).

It is easy to see that the above data, as well as the corresponding data for n = 5, coincide
with the list of refined totally symmetric self-complementary plane partitions that fit in the
box 2n x 2n x 2n (T'SSCPP(n) for short) listed for n =1,2,3,4,5 in [12], Appendix D.

In fact we have

Theorem 5.6 The sequence {A,(\), A C 0,} coincides with the set of refined T'SSCPP(n)
numbers as defined in [12] More precisely,

o |A.(N)] —d€t|( " ) i<t

o We have
n—1—1 n—i—1
A t) = det t 1,j<n—1;
A1) 6|<)\9—j—|—z'_1)+ ()\;.—j—l-i)|l<’]< 1

o Polynomial A\ (t) is equal to a t-analog of refined TSSCPP(n) numbers P,(\,_; +
A A +n—1|t) introduced by means of recurrence relations in [12], (3.5).

) In—i

In particular, Z)\dn Ax(t) =D <jcp1 Anj 71, where A, ; stands for the number of alter-
nating sign matrices (ASM,, for short) of size n x n with a 1 on top of the j-th column.
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Corollary 5.7 The number of different tableau subwords in the word

n—1 7

= IT{1I o}

7j=1 a=n—1
s equal to the number of alternating sign matrices of size n X n, i.e.
|A,| = |T'SSCPP(n)| = |ASM,|.

It is well-known [3] that

A (nti-2) @n— ]—1 ﬁ3z+1
e 7—1 (n—j)! Pl (n+1)!

and the total number A, of ASM of size n X n is equal to

n n—1 .
Ay = Ay =3 A, = [ 2D

J=1 i=0 (n +)!

Comments 5.1

(1) Let as before STY (5, < n) := ST, denotes the set of all semistandard Young
tableaux of the staircase shape §, = (n — 1,n —2,...,2,1) filled by the numbers from the
set {1,...,n}. Denote by ST&O) the subset of “anti- diagonally” increasing tableaux, i.e.

ST ={T € STY (0,,<n)| Tp; >Tim1jo1 for all 2<i<n—1, 1<j<n-—2}
One (A.K) can construct bijections
by Sy ~STn, Gt Ay~ STO

such that I'm(v,) = Im((,).
(2)

Proposition 5.8

where F,, denotes the number of forests of trees on n labeled nodes;

K,, » denotes the Kostka number, i.e. the number of semistandard Young tableauz of the
shape p, := (n—1,n—2,...,1) and content/weight X;

for any partition A= (A > Xy > ... >\, >0) we set m;(A\)={j | \; =1}
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Let a be a composition, we denote by a™ the partition obtained from « by reordering of
its parts. For example, if o = (0,2,0,3,1,0) then ™ = (3,2,1). Note that ¢(«) = 6, but
l(at) =3.

Now let o be a composition such that p, > at, l(a) <n, that is a; =0, if j > {(a),

la] = (3) and
S (o) = S0 ), Vi
k<j k<j
There is a unique semistandard Young tableau T,,(«) of shape p, and content o which corre-
sponds to the maximal configuration of type (p,; «) and has all quantum numbers (riggings)
equal to zero. It follows from Proposition 4.8 that #{« | {(a) < n, p, > ot} = F,.
Therefore there is a natural embedding of the set of forests on n labeled nodes to the set
of semistandard Young tableaux of shape p, filled by the numbers from the set [1,...,n].
We denote by FT,, C STY (pn, < n) the subset {T,,(c) | p, > a,¢(a) < n}. Note that
the set K, :== {a [{(a) = n, (@)t = p,} contains n! compositions, and under the rigged
configuration bijection the elements of the set K, correspond to the key tableaux of shape
Pn-
Let us say a few words about the Kostka numbers K, ,. First of all, it’s clear that if
a = (oq,q,--+) is a composition such that o =n —1, then K, o = K, , apj, where we
set afl] := (ag,...).
Now assume that n = 2k + 1 is an odd integer, and consider partitions v, := (k") and
ptn = ((k +1)* k*). Then

2k
KPn,Vn = Coeff(mlwgmmn)k( H (zl _I_ z]))’ ( k ) Kpruﬂn = KPnJ/n'

1<i<j<n

It is well-known that the number K, ,, is equal to number of labeled regular tournaments
with n := 2k 4+ 1 nodes, see e.g. [55], A007079.
In the case when n = 2k is an even number, one can show that

K, ., =K K K

Pr—1Vn—13 prstin — Xpni1pngr-

Note that the rigged configuration bijection gives rise to an embedding of the set of labeled
regular tournaments with n := 2k + 1 nodes to the set STY (p,, < n), if n is an odd integer,
and to the set STY (pp—1, < n — 1), if n is even.

|

Theorem 5.9
(1) In the plactic algebra P, the Cauchy kernel has the following decomposition

Ca(B.U) = Y Kr(B) tuir. (5.16)

TeA,

(2) LetT € A,, and «(T) be its bottom code. Then

Ko@) — [I puras-ien =0,

(3,7)€T
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and equality holds if and only if the bottom code o(T) is a partition.

Note that the number of different shapes among the tableaux in the set A, is equal to the

1 (2n
Catalan number C, 1= =5 ( o )

Problem 5.10 Construct a bijection between the set A, and the set of alternating sign
matrices ASM,,.

Example 5.11 Forn =4 one has C4(X,U) = K[0]+
K[l]uﬁ-

201 (us13 + u23)+

301]uga13+

22](uz132 + U132 + Us32)+
121] (w3125 + U333 + Usooz)+
211 (w9125 + u2133 + uz133)+
32|usa130+

311)(ug2123 + Usz2133)+
221](ug1323 + Us1323 + Us2323)+
]U321323-

[
K|
K|
K|
K|
K|
K|
K|
K|
K|
K|
K[OQl]Uggg—l—
K|
K|
K|
K|
K|
K|
K|
K|
K|
K|

Let w € S,, be a permutation with the Lehmer code a(w).

Definition 5.12 Define the plactic polynomial PL,,(E) to be

PL)={ Y wm}

TeAn,o(T)=a(w)
Comments 5.2 It is easily seen from a definition of the Cauchy kernel that

Co(X,U) =Y Kla](X) PL,, ,(U),

Cl{C(Sn
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where w, denotes a unique permutation in S, with code equals «; KJa](X) denotes the

key polynomial corresponding to composition a C 6,,. ~ The polynomials PL,, -1 can be

treated as a plactic version of noncommutative Schur and Schubert polynomials introduced
and studied in [21], [32], [7], [42], [38].

Now let X = {zy,...,z,} be a set of mutely commuting variables, and
ILy={n—-1n-2,...,2,1,....n—1,,n—2,...)k+1,k,...,n—1,n—2,n— 1} be lexico-
ntl n‘—,k

graphically maximal reduced expression for the longest element wy € S,,. Let I be a tableau
subword [} of the set I;. One can show (AK) that under the specialization

) T, 1fz€[0\f,
1, ifiel

the polynomial PL, ,-1(U) turns into the Schubert polynomial &,,(X). In a similar
fashion, consider the decomposition

Co(X.U) =Y KG[a](X;=B) PL,, ,-2(U;B).

CYC(STL

One can show (AK) that under the same specialization as has been listed above, the poly-
nomial PL,, ,-1(U; ) turns into the S-Grothendieck polynomial GJ (X).

Definition 5.13 Define algebra PC,, to be the quotient of the plactic algebra P, by the two-
sided ideal J,, by the set of monomials

{ujwg, - ug}, 1<ip<ia<---<i,<n, #{ali,=j}<j Vj=1,...,n.

Theorem 5.14
e The algebra PC,, has dimension equals to ASM(n),
o Hilb(PCh,q) = > scs., 1A ¢,
o Hilb(PChi1)®, q) = Sp_y EEL ("FF) g%, of [55], A009766.

n+1 n

10" For the reader convenience we recall a definition of a tableau word. Let T be a (regular shape)
semistandard Young tableau. The tableau word w(T) associated with T is the reading word of T is the
sequence of entries of 1" obtained by concatenating the columns of 7' bottom to top consecutively starting
from the first column. For example, take

TrtWw N~
PEUUI V]
>~ W

The corresponding tableau word is w(T') = 5321432433. By definition, a tableau word is the tableau word
corresponding to some (regular shape) semistandard Young tableau. It is well-known [34] that the number
of tableau subwords contained in Iy is equal to the number of alternating sign matrices ASM (n).
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Definition 5.15  Denote by PC* the quotient of the algebra PC, by the two-sided ideal
generated by the elements {u;u; — uju;, |i— j| > 2}.

Proposition 5.16 Dimension dim PC&L of the algebra PCEL 1s equal to the number of Dyck
paths whose ascent lengths are exactly {1,2,...,n+ 1}.

See [55],A107877 where the first few of these numbers are displayed.

Example 5.17 Hilb(PCE t) = (1,4,12,27,48,56, 54, 38,20, 7, 1),
Hilb(PC,t) = (1,5,18, 50,116,221, 321, 398, 414, 368, 275, 175,89, 35,9, 1);,
dim PCE = 28612.

Example 5.18 Hilb(PCs,q) = (1,2,3,1),, Hilb(PCy4,q) = (1,3,8,12,11,6,1),,
Hilb(PCs, q) = (1,4,15,35,69,91,98,70, 35, 10, 1),

Hilb(PCe, q) = (1,5,24, 74,204, 435, 783, 1144, 1379, 1346, 1037, 628, 275, 85, 15, 1),,
Hilb(PCr7,q) = (1,6,35,133,461, 1281, 3196, 6686, 12472, 19804, 27811, 33271, 34685, 30527,
22864, 14124, 7126, 2828, 840, 175, 21, 1),

Problem 5.19 Denote by 2, the algebra generated by the curvature of 2-forms of the tau-
tological Hermitian linear bundles &;, 1 < i < n, over the flag variety Fl,, [54]. It is
well-known [50] that the Hilbert polynomial of the algebra A, is equal to

Hilb(A,,t) = Y ™) = Y= e,

FeF(n) FeF(n)

where the sum runs over the set F(n) of forests F' on the n labeled vertices, and inv(F)
(resp. maj(F)) denotes the inversion index (resp. the major index) of a forest F.
Clearly that

dlm(ﬂn)(n)) = dlm(PCn)(n) = dim(H*(]:ln, @)(n) =1.
2 2 2
For example,
Hilb(PCe,t) = (1,5,24, 74,204, 435, 783, 1144, 1379, 1346, 1037, 628, 275, 85, 15, 1),,
Hilb(As, 1) = (1,5, 15, 35,70, 126, 204, 300, 405, 490, 511, 424, 245, 85, 15, 1);,
Hilb(H*(Fl,,Q),t) = (1,5, 14, 29,49, 71,90, 101, 101, 90, 71, 49, 20, 14, 5, 1),.
. n . n n+2
We expect that 0lzm(73(3n)(,;)_1 = (3) and alzm(PCn)(g)_2 = 3 (") = 5(n +2,2),
where s(n, k) demotes the Stirling number of the first kind, see e.g. [55], A000914.

HFor the readers convenience we recall definitions of statistics inv(F) and maj(F). Given a forest F on
n labeled vertices, one can construct a tree T' by adding a new vertex (root) connected with the maximal
vertices in the connected components of F.

The inversion index inv(F') is equal to the number of pairs (4, j) such that 1 < i < j < n, and the vertex
labeled by j lies on the shortest path in 7" from the vertex labeled by ¢ to the root.

The major index maj(F) is equal to }° cp.p) h(z); here for any vertex x € F, h(z) is the size of the
subtree rooted at x; the descent set Des(F') of F' consists of the vertices € F which have the labeling
strictly greater than the labeling of its child.
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Problems

(1) Isit true that  Hilb(PC,,t) — Hilb(A,,t) € N[t] ?
If so, as we expect, does there exist an embedding of sets ¢ : F(n) — A, such that
inv(F)=n(u(F)) foral F e F, ?

See Section 5.1 for definitions of the set A,, and statistics n(T), T € A,, Definition 5.5.

(2) It is well-known that #|STY (6,,< n)| =2 = 2(3), where
op=mMm—-1,n—=2,...,2,1), STY (6,, < n) denotes the set of semistandard Young tableauz of
shape d,, with entries bounded by n,

200 stands for the set of all subsets of boxes of the staircase diagram 8,.

Define a “natural”  bijection r : STY(5,,< n) <— 2° such that the set k(MT(n))
admits a “nice” combinatorial description.  Here MT(n) denotes the set of (increasing)
monotone triangles, i.e. the subset of STY (0, < m) consisting of tableaur T = (t; ) i+i<n+1

~ i>1,5>1
such that ti,j > ti—l,j+1> 2<:<n, 1<5<n, Cf ['56/

Comments 5.3
One can ask a natural question :
when does noncommutative elementary polynomials e; (A), - - -, e, (A) form a g-commuting

family, ie. e;(A) e;(A)=qe;(A)e(A), 1<i<j<n?
Clearly that in the case of two variables one needs to necessitate the following relations

€; €; 6i+ej €; € =(q € €i€i+q€j e; €j, Z<]

Having in mind to construct a quantization, or g-analogue of the plactic algebra P,, one
would be forced to the following relations

geje ej=ejeje; and qeje e =e; e eje, <]

It is easily seen that these two relation are compatible iff ¢* = 1. Indeed.
) _ ) 2 . 2 1

€j € € € =(q¢€; € €5 € =( €5 € € €, — q = 1.

In the case ¢ = 1 one comes to the Knuth relations (PL 1) and (PL 2). In the case
g = —1 one comes to the “odd” analogue of the Knuth relations, or “odd” plactic relations
(OPL,), ie., (OPL,):

Uj Ui Uj = —Uj Uj Uy, Zf Z<]§]€§n, and Ui Uj Uy = —Uj Uj Uy, Zf Z§j<k§n

Proposition 5.20 (AK) Assume that the elements {uq,...,u,_1} satisfy the odd plactic
relations (OPL,). Then the noncommutative elementary polynomials ey (U), ..., e,(U)
are mutually anticommute.
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More generally, let Q,, := {¢;j }1<i<j<n—1 be a set of parameters. Define generalized plactic
algebra QP,, to be (unital) associative algebra over the ring Z[{q;‘;l}lgi<jgn_1] generated by
elements wuq,...,u,_1 subject to the set of relations

Qik Wy Wi wp =uj up uy, if 1< <k, and qu;wu;=uuug, iof <5<k (5.17)

Proposition 5.21 Assume that q;; :==q;, V1 <1< j.
Then the reduced generalized plactic algebra QPC,, is a free Zlgy", ..., ¢ ,]-module of rank
equals to the number of alternating sign matrices ASM(n).  Moreover,

Hilb(QPCy, t) = Hilb(PCp,t),  Hilb(QP,,t) = Hilb(P,,1).

Recall that reduced generalized plactic algebrais the quotient of the generalized plactic algebra
by the two-sided ideal .J,, introduced in Definition 5.13.

Example 5.22

(A)  (Super plactic monoid, [44], [27])  Assume that the set of generators U :=
{uy, ..., u,_1} is divided on two non-crossing subsets, say Y and Z, YUZ =U, Y NZ = 0.
To each element u € U let us assign the weight wt(u) as follows: wt(u) =0, if v €Y, and
wt(u) =1 if w € Z. Finally, define parameters of the generalized plactic algebra QP,, to
be ¢;; = (—1)wtu) wtus) - Ag a result we led to conclude that the generalized plactic algebra
QP,, in question coincides with the super plactic algebra PS(V') introduced in [44]. We will
denote this algebra by SPy;, where k = |Y|, | =|Z|. We refer the reader to papers [44] and
[27] for more details about connection of the super plactic algebra and super Young tableaux,
and super analogue of the Robinson—Schensted —Knuth correspondence. We are planning to
report on some properties of the Cauchy kernel in the super plactic algebra elsewhere.

(B) (g-analogue of plactic algebra)

Now let ¢ # 0,41 be a parameter, and assume that ¢;; = ¢, V1 <i < j <n—1. This
case has been treated recently in [43]. We expect that the generalized Knuth relations (5.17)
are related with quantum version of the tropical/geometric RSK-correspondence (work in
progress), and, probably, with a g-weighted version of the Robinson— Schensted algorithm,
presented in [48]. Another interesting problem is to understand a meaning of Q-plactic
polynomials coming from the decomposition of the Cauchy kernels C, and F,, in the reduced
generalized plactic algebra OQPC,,.

5.2 Nilplactic algebra NP,

Let A\ be a partition and « be a composition of the same size. Denote by S/TT/()\, «) the set
of columns and rows strict Young tableaux 7' of the shape A and content « such that the
corresponding tableau word w(7T') is reduced, i.e. {(w(T)) = |T.

Denote by B, the union of the sets STY (A, ) for all partitions A\ such that \; < n —
fort=1,2,---,n— 1, and all compositions «a, o C d,,.

For example, |B,| =1,2,6,25,139,1008,--, forn =1,2,3,4,5,6,---.
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Theorem 5.23
(1)  In the nilplactic algebra N'P,, the Cauchy kernel has the following decomposition

Cu(B,U) = Z Kr(B) v (r)- (5.18)

TeB,

(2) Let T € B,, be a tableau, and assume that its bottom code is a partition. Then
Ko@) = [ porei-ien-

(1,9)€T
Example 5.24 Forn =4 one has C4(X,U) =
K[02]uge + K[011]ugs + K [3]user + K[12]ugie + K[21]ugia+
111]U123 + K[OQl]U323 + K[QOl]Umg + K[?)l]Ugglg—l—
BOI]U3213 + K[22]UQ132 + K[lQl]U3123 + K[Ql]_]Ungg + K[32]U32132—|—
311]U32123 —+ K[221]u21323 + K[321]U321323.

— o — —

K
K
K

5.3 Idplactic algebra 7P,

Let X\ be a partition and a be a composition of the same size. Denote by ﬁ/(k,a) the
set of columns and rows strict Young tableaux 7' of the shape A and content « such that
l(w(T)) =ri(w(T)), i.e. the tableau word w(T') is a unique tableau word of minimal length
in the idplactic class of w(T'), cf Example 1.9.

Denote by D,, the union of the sets kSTTT/()\, a) for all partitions A such that \; < n —i
fori =1,2,---,n—1, and all compositions «, (o) <n — 1.

For example, |D,| =1,2,6,26,154,1197,--- forn =1,2,3,4,5,6, - -.

Theorem 5.25
In the idplactic algebra TP, the Cauchy kernel has the following decomposition

Co(X, Y, U) = Y KGr(X,Y) wur). (5.19)
TeDy,

(2) Let T € D,, be a tableau, and assume that its bottom code is a partition. Then
KGr(X,Y) =Kr(X,Y) = H (Ti + Yr(ij)—j+1)-

(4,)€T
Example 5.26 Forn =4 one has C4(X,U) =
KG[OQ]UgQ + KG[Oll]UQg + KG[?)]Uggl + KG[12]U312 + KG[21]U212—|—
KG[lll]u123 + KG[OQ”UgQg + KG[QOl](Uglg + ’lLng) + K[Bl]U3212—|—
KG[?)Ol]Ugglg + KG[QQ]UQBQ + KG[]_Q]_]Uglgg + KG[211]U2123 + KG[32]U32132+
KG[311]usiz3 + KG[221]ug1303 + KG[321]uz01303.

Theorem 5.27 For each composition o the key Grothendieck polynomial KG|a](X) is a
linear combination of key polynomials K[B](X) with nonnegative integer coefficients.
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5.4 NilCoxeter algebra NC,

Theorem 5.28 In the nilCoxeter algebra NC,, the Cauchy kernel has the following decom-
position
WXV U) =D 6u(X,Y) ta. (5.20)

WESy

Let w € S, be a permutation, denote by R(w) the set of all its reduced decompositions. Since
the nilCoxeter algebra N'C,, is the quotient of the nilplactic algebra N'P,,, the set R(w) is the
union of nilplactic classes of some tableau words w(T;) : R(w) = |JC(T;). Moreover, R(w)
consists of only one nilplactic class if and only if w is a vexillary permutation. In general
case we see that the set of compatible sequences C'R(w) for permutation w is the union of

sets C'(T;).

Corollary 5.29 Let w € S,, be a permutation of length [, then

(1) &u(X,Y) =2 pecrw) Lo Tb-
(2) Double Schubert polynomial &,(X,Y) is a linear combination of double key polyno-
mials Kr(X,Y), T € B,, w=w(T), with nonnegative integer coefficients.

5.5 IdCoxeter algebras ZC;

Theorem 5.30 In the IdCoxeter algebra IC with B = 1, the Cauchy kernel has the following
decomposition

Co(X.YU) = Gu(X,Y) . (5.21)

WESy,

Theorem 5.31 In the IdCozeter algebra IC, with 5 = —1, one has the following decompo-
sition

1:[ { H (T4 2) (1 + yj—izr) + (25 + Yj—it1) u])} = Z Ho(X,Y) Uy (5.22)

j:n— 1 wWESy,

A few remarks in order.
(a) The (dual) Cauchy identity (5.21) is still valid in the idplactic algebra with constrain
u? = —Bu;, i=1,...,n— 1.
(b) The left hand side of the identity (5.21) can be written in the following form

n—1 )
1
(w5 + ;) { }
1<1i,3_"[<n ’ H jzl;[l 1- (zz + Yj—it+1 + ﬁ X yj—z'+1) 7]

i+i<n

Indeed, (1 + 8 x+z w;)(1 — 2z w;)) =1+ B x, since u? = —f u;.
|
Let w € S, be a permutation, denote by IR(w) the set of all decompositions in the
idCoxeter algebra ZC,, of the element u,, as the product of the generators u;, 1 < <n —1,
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of the algebra ZC,,. Since the idCoxeter algebra ZC,, is the quotient of the idplactic algebra
IP,, the set I R(w) is the union of idplactic classes of some tableau words w(7T;) : TR(w) =
U IR(T;). Moreover, the set of compatible sequences IC(w) for permutation w is the union
of sets 1C(T;).

Corollary 5.32 Let w € S,, be a permutation of length [, then

(1) gw(Xv Y) = Zbelc(w) Hfl:l(xbi + yai—bi+1)‘

(2) Double Grothendieck polynomial G, (X,Y) is a linear combination of double key
Grothendieck polynomials KG7(X,Y), T € B, w = w(T), with nonnegative integer coef-
ficients.

6 JF-kernel and symmetric plane partitions

Let us fix natural number n and k, and a partition A C (n¥). Clearly the number of such

partitions is equal to (":k), note that in the case n = k the number (27?) is equal to the

Catalan number of type B,, .
Denote by B,, () the set of semistandard Young tableaux of shape A filled by the numbers
from the set {1,2,...,n}. For a tableau T' € B, , set as before,

n(T) := Card {(i,j) € A | T(i,j) = n},
and define polynomial
BuxM(g) = Y ¢
Denote by B, := U,\c(nk) B i(N).
Lemma 6.1 ([1j)],[25] ) The number of elements in the set B, is equal to

i ‘|‘j 4= 1 (n+2nk—2aa—1) (n+2k;|;1—2a)
#|Bn,k| = H z+——1 = H 2k—+72?1—1 - H n+2([(k—2)/2]—a)\
1<i<j<k J a>0 ( 2a ) a>0 ( n )

4a<2k—1

See also [55], A073165 for other combinatorial interpretations of the numbers #|B,,|. For
example, the number #|B,, x| is equal to the number of symmetric plane partitions fit inside
the box n x k x k.

Proposition 6.2 One has
o #|B,,|:=SPP(n)=TSPP(n)x ASM(n), #|Bnni1| =TSPP(n)x ASM(n+ 1),

where TSPP(n) denotes the number of totally symmetric plane partitions fit inside the n x
n X n-box, see e.g. [55], A005157, whereas ASM(n) = TSSCPP(2n) denotes the of n x n
alternating sign matrices, and T'SSCPP(2n) denotes the number of totally symmetric self-
complimentary plane partitions fit inside the 2n x 2n x 2n-box.

4 #|Bn+2,n| = #|Bn,n+1|-
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Note that in the case n = k the number B,, := B, ,, is equal to the number of symmetric
plane portions fit inside the n x n x n-box, see [55], A049505. Let us point to that in general
it may happen that the number #|B,, 12| does not divisible by any ASM(m), m > 3. For
example, B35 = 4224 = 2° x 3 x 11. On the other hand, it’s possible that the number
#| By, nto| is divisible by ASM(n = 1), but does not divisible by ASM (n + 2). For example,
By = 306735 = 715 x 429, but 3067351 7436 = ASM(6).

Problem 6.3 Let a is equal to either 0 or 1.  Construct bijection between the set
PP(n,n+ a,n + a) of symmetric plane partitions fit inside the box n X n+ a X n+ a and
and the set of pairs (P, M) where P is the totally symmetric plane partitions fit inside the
boxn xn xmn and M is an alternating sign matrix of size n +a X n + a.

Example 6.4 Take n = 3. The number of partitions A C (3%) is equal to 20, namely, namely,
the partitions {0, (1), (2), (1,1),(3),(2,1), (1%),(3,1),(2,2), (2,1?),(3,2), (3,1?), (2%, 1), (3?),
(3,2,1),(23),(3%1),(3,22),(3%,2),(3%)}, and

Bs(g) == Y #|Bs(\)| ¢™ =(1,3,9,19,24,24,19,9,3,1) = (1 + ¢)*(1 + ¢*)(1 + 5¢° + ¢*).
AC(33)

Note, however, that

D #IBi(N)] ¢ = (1,4,16, 44,116,204, 336, 420,490, 420, 336,204, 116, 44, 16,4, 1)
AC(4%)

15 an irreducible polynomaial, but its value at ¢ = 1 is equal to 2772 = 66 x 42.

Let p = (pij)1<i<n, 1<j<k b€ @ n X k matrix of variables.

Definition 6.5 Define the kernel F, . (p,U) as follows

- 1

Far(p, U H H 1+pi7m(") ),

where for a fired n € N and an integer a € Z, we set

(n) _{ a, Zf CLZl,

a=a n+a—1 if a<0.

For example, F3(p,U) = (14 p12 ua)(1 + pr1 ur)(1 + pa1 uz)(1+ pag wr).
In the plactic algebra F P33 one has  F33(p,U) =1

+ (P11 + p22) u

+ (P12 + p21)u2

+ P11 P21 Uil

+ D11 P21 U2

+ (p1,2 P11+ P12 P22 + P21 Do) Un

+ P12 P21 U2

+ (p1,1 P12 D22 + D12 P22 pz,l) U212

+ (Pl,l D12 P22 + P11 D22 p2,1) U211

+ P11 P12 P21 D22 U2121-
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Definition 6.6 Define algebra PF, i to be the quotient of the plactic algebra P, by the
two-sided ideal I,, generated by the set of monomials

{uiwiy - -wy, }, 1< <ip << <n—1.

Theorem 6.7
o Hilb(PFns q) = Bu1x-1(q),
In particular,

o The algebra PF, , has dimension equals to the number of symmetric plane partitions
SPP(n—1),

L Hllb(PFn,ka Q) = q% 5O(E)n (qila ) qilﬁ 1)>
2 —

k
where 50(kyn (¢*', ..., ¢, 1) denotes the specialization x9; = q, x9; 1 = ¢ 5, 1 < j <
—————
k
k, of the character soy(zy,z7' ... 2,2, ", 1) of the odd orthogonal Lie algebra so(2k + 1)
k
corresponding to the highest weight \ = (5, ce 5)
——

o deg, Hilb(PFpnk,q) = (n—1)(k—1), and dim(PF,i)mn-1)k-1) =1,
e The Hilbert polynomial Hilb(PF,x,q) is symmetric (unimodal ?) polynomial in the
variable q,

o Hilb(PF,u)® q) =547 (757 .

n—2

The key step in proofs of Lemma 6.1 and Theorem 6.5 is based on the following identity

Z sx(xy, .. ) = (27 - -xk)"/2 so(g)n(:)sl,xl_l, . ,:Bk,xgl, 1), (6.23)
AC(nk)
see e.g., [45], Ch.I, Sec.5, Ex.19, [25] and the literature quoted therein.
Problem 6.8

Let T :=T,,,"" = (n*,m"), n > m be a “fat hook”. Find generalizations of the identity
(6.21) and those listed in [17], p. 71, to the case of fat hooks, namely to find “nice” expressions
for the following sums

° Z S)\(X]H_g, Z S)\(XIH-Z SA(Yk+£7

Nal acrl

e  Find “bosonic” type formulas for these sum at the limit n — oo, { — oo, m, k are
fized.

Example 6.9 Hilb(PFa3,q) = (1,3,9,9,9,3,1),, dim(PFa4) = 35 = 5 x 7, and
dim(PFas) = 126 = 3 x 42

Hilb(PFs5,q) = (1,4,16,44, 81,120, 140, 120, 81,44, 16,4, 1),, dim(PFy3) = 672 = 16x42,
Hilb(PFs,q) = (1,4, 16,44, 116, 204, 336, 420, 490, 420, 336, 204, 116, 44, 16, 4, 1), dim(PFs5) =
2772 = 66 x 42.
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Proposition 6.10

. H@'lb(P]:g,n,Q):i (ﬁ) ([L]) ¢", dim(PF;,) = <2nn— 1).

k=0 2 2

Therefore, Hilb(PFs,n,q) is equal to the generating function for the number of symmetric
Dyck paths of semilength 2n — 1 according to the number of peaks, see [55], A088855.
° dim(Pf4,n+1) = 2" CCLtn_H, Zf n > 4.

For example, dim(PF,;) = 27456 = 64 x 429, Hilb(PF17,q) =
(1,6, 36,146, 435, 1056, 2066, 3276, 4326, 4760, 4326, 3276, 2066, 1056, 435, 146, 36, 6, 1). Several
interesting interpretations of these numbers are given in [55], A003645.

Theorem 6.11
o (Symmetric plane partitions and Catalan numbers)
#‘84,n‘ = % Catp x Catyys.
e (Symmetric plane partitions and alternating sign matrices)

#Brisnl =3 TSPP(n+1)x ASM(n+1) = 5 #|Bui1n41.

e (Plane partitions and alternating sign matrices invariant under a half-turn)
#|PP(n)| = ASM(n) x ASMHT(2n),

where PP(n) denotes the number of plane partitions fit inside an nxnxn box; ASMHT(2n)
denotes the number of alternating sign 2n x 2n-matrices invariant under a half-turn, see e.g.

[56], 126/, [79], |3/, [53], A005138.
e (Plactic decomposition of the F,-kernel)

Fom = > pur Ur({pij}),

where summation runs over the set of semistandard Young tableaux T of shape A C (n)™
filled by the numbers from the set {1,...,m}.

o Ur({pij =1,Vi,j}) = dim V)\g,[(m), where A denotes the shape of a tableau T, and X
denotes the conjugate/transpose of a partition \.

7 Appendix

7.1 Some explicit formulas for n = 4 and compositions a such that
o <n—ifori=1,2,---.

(1) Schubert and (—f)-Grothendieck polynomials G~ [a] := G P[a] for n = 4
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G231 = 6[0] =1 =G [0],
62134 = 6[1] =T = [1]
G394 = 6[01] =T + X9 = g [01] + 5 g_[ll],
Gio43 = 6[001] =T+ X9+ T3 = g_[()()l] + ﬁ g_[()ll] + ﬁz g_[lll],

(‘53124 == 6[2] = LL’% - Q_[Q],
(‘52314 = 6[11] = T1To = Q_[ll],
Goq43 = 6[101] = ZL’% + Ty + 2173 = g_[101] + ﬁ g_[201] + ﬁ2 g_[lll],
G340 = 6[011] = 1’1113'2 + T173 —|- Lol = g_[()ll] + 20 g_[lll],
61423 = 6[02] ZL’ + T1X2 + 1’2 g_[02] + 5 g_[12] + ﬁz g_[22]>
Gy103 = 6[3] = LL’? = Q_[B],
G014 = 6[21] = xix, = G7[21],
(‘52341 = 6[111] = X1Tox3 = g_[lll],
62413 = 6[12] = ZL’%ZEQ + Zlfll’% = g_[12] + 5 g_[22],
2

Giy30 = 6[0 1] = ZL’%ZEQ + l’%l’g + l’ll’g + ZL’%ZL’g + XT3 = g_[021] + 25 g_[121] + 5 g_[22] +
B2 G~[221]

G3142 = [20 ] = LL’15L’2 + LL’15L’3 g_[201] + ,B Q‘[Qll],
Gyo13 = [31] = S(ZlLL’Q Q [31]

G3412 = [22] = 1'11’2 g_[22]

Gy132 = [30 ] = 1’1113'2 + 1’1113'3 g_[?)()l] + 5 g_[?)ll],
G3041 = [211] = Il.flfgl'g g [211]

Goy31 = [121] = Ill’gl'g + l’ll’%lg g_[121] + ﬁ g_[221],
Guz12 = 6[32] = 361% G [32],

Gyo31 = [311] = 1’1113'21’3 g [311],

G3401 = [221] = 1’1113'21’3 g_[211],

Gyz01 = [321] = 1’1113'21’3 g_[321]

Theorem 7.1 (cf [30], Section 5.5)
Each Schubert polynomial is a linear combination of (—f)- Grothendieck polynomials with
nonnegative coefficients from the ring N[S].

(2) Key and reduced key polynomials.

K[0] = 1 = KJo],
K[1] =2 = K[1],
K[01] = 2, + x5, K[01] = s,
K[001] = 21 + 25 + 23, K[001] = 23,
K[2] = 2} = K2,
K[11] = zy2y = K[11],
K[101) = zy29 + 2123, K[101] = 2123,
K[02] = 2% + zy39 + 22, K[02] = 129 + 23,
K[011) = z129 + 2123 + 2223, K[011] = 293,
K[B] = I? = KBL
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K[21] = 22z, = K[21],

K[lll] = X1Tox3 — K[lll],

K[12] = 22wy + zy2%, K[12] = 2123, R
K[021] = x3zy + 2323 +A:B1x§ + 2323 + 111973, K[021] = 211073 + 2323,
K[201] = atw, + afwy, K[201] = afzs,

K[31] = zdxy = K[31],

K[22] = 2223 = K[22]

K[211) = xlxgxg K[211],

K[301] = 1’1113'2 + 2313, K[BOl] = rix3,

K[121] = atwyws + 212373, K[121] = 212223,
K[32] = zia} = K[32),

K[311] = #¥zymy = K[311],

K[221] = 222323 = K[221],

K[321] = z3zizs = K[321];

Note that if n = 4, then &[a] = Kla] for all @ C 6,4, except @ = (101) in which
6[101] = K[2] + K101].

(3) Grothendieck and dual Grothendieck polynomials for g = 1.

Giaza = G[0] = 1 = &[0],

H[0] = (1 +21)*(1 + 22)(1 + 23),
Goiza = G[1] = 71 = &[1],
H[1] = (14 21)%(1 + 22)*(1 + 23)G[1],
91324 = g[()l] =T+ X9+ T1T2 = 6[01] + 6[11],
H[01] = (1+ 21)2(1 + 22)(1 + 25)G[01),
Gioa3 = 9[001] =21+ X2+ X3+ X102 + T1L3 + TaX3 + X1X2X3 = 6[001] + 6[011] + 6[111],
H[001] = (1 + z1)2(1 + 22)G[001],
G314 = 9[2] = x% = 6[2]7

H[2] = (14 z1)(1 + x2)*(1 + 23)G[2],
Gogia = G[11] = x125 = &[11],

H[11] = (1 + 21)3(1 + 22)(1 + 23)G[11],
92143 = 9[101] = JI% + 2122 + 2173 + flf%x2 + flf%xg + T1X9x3 + l’%xgl’g = 6[101] + 6[201] +
S[111] + &[211],
H[101] = (1 + 21)(1 + 22)G[101],
Gizan = 9[011] = 21Ty + X1T3 + ToT3 + 2 T1Tox3 = 6[011] + 2 6[111],
H[011] = (1 + z1)%(1 + z2) (z122 + 7173 + ToTz + T1T973),
91423 = 9[02] = x% + x129 + flf% + x%l’g + xll’% = 6[02] + 6[12],
H[02] = (1 + 1) (1 + 23) (2% + 2120 + 23 + 2 2iw9 + 2 2123 + 2323),
Gaos = G[3] = 23 = &[3],
H[3] = (1 +21)*(1 + 25)G[3],
Gao14 = G[21] = zizy = &[21],
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7;[21] :g([l + ]:cl)(1 + 19)(1 +[x3)]g[21],

2341 — 111] = T1X9T3 = & 111 y

H[111] = (1 + 21)*(1 + 22)G[111],

92[413]2 g([12] = )51?932 - :;1;? %]— rir2 = 6[12] + 6[22),

H12:1—|—ZIZ’1 1+£L'3 ]_2,

Guze = G[021] = 2229 + 2223 + 1123 + 2303 + 117073 + 2 Ty x0w3(T1 + To) + 2223 + 230i03 =

6[021] + 2 &[121] + &[22] + &[211],

#[021] = (1 + 21)G[021],

G314 = G[201] = 22x9 + 2323 + 2iw973 = S[201] 4 &[211],
1213 = G 31| = 270 = 6[31],

H[31] = (1+ :cg)(ll + x3)G|[31],

93412 = 9[22] = LL’15L’2 [22]

H[22] = (1 + 1) (1 + x3)G[22],

Guza = G[301] = 2dxy + 2du3 + 2iwexs = 6[301] + &[311],

H[301] = (1 + 2)G[301],

Gaou1 = G[211] = 222013 = &[211],

H[211] = (1 + 22)G[211],

Gouz1 = G[121] = 22wox3 + 117373 + Tiviws = &[121] + &[221],

;—[[121] :g[(l ]—I— I1)3(12—|— xg)[g[]121],
1312 = G[32| = xy725 = 6|32,

HB32] — (1+ 25)G[32),

Guoz1 = G[311] = 23a0w3 = &[311],

H[311] = (1 + z9)G[311],

93[421 T g[(221] :)xg%f:%zg] = 6[221],

H[221] = (1 + 21)G[221

Guzo1 = G[321] = 232223 = 6[321] = H[321].

Clearly that any S-Grothendieck polynomial is a linear combination of Schubert polyno-
mials with coefficients from the ring N[3].
(4

) Key and reduced key Grothendieck polynomials.
KG0 ] =1= KG|0],

KG[l] =z, = KGI1],

KG[01] = z1 + 29 + m129, I/(é[()l] = Ty + 1129,

KG[001] = 24 + Ty + T3+ 2102 + T1T3 + Lol + T1T2T3, @[001] = T3+ T123+ XT3+ T1X2T3,
KG[2] = 23 = KG[ ],

KG[11] = zy29 = KG[ll],

KG[101] = z129 + 2123 + 212273, @[101] = 1123 + T1T273,

KG[02] = 23 + 179 + 23 + 2329 + 1123, I/(@[OQ] = 1129 + 22 + 23wy + 7122,

KG[011] = T129 + 173 + Loty + 2 X1T2x3, I/(E[Oll] = ToX3 + T122X3,

KG[3] =23 = KG[ 1,
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KG[21] = 2329 = KG[21]

KG[111] = xlatgxg KG[lll]

KG[12] = x3z9 + x1x2 - xlxz, KG[12] = x123 + 23l

KG[201] = 2229 + 2323 + 222973, KG[QOl] = 2213 + T3T073,
KG[021] = 'ty + x%xg + xlxg + T1Tom3 + x%xg +2 I%l’giﬁg + 2 ma3xs + 2375 + 2asas,
KG[021] xlxgxg + 1’21’3 + T3Tow3 + 2 T TIw3 + TIT3T3,

KG[31] = a3z, = KG[31],

KG[22] = 2223 = KG[22),

KG[211] = x1x2x3 @[211]

KG[301] = :)slxg + xirs + 931932:173, KG[301] = zirs + 1’1113'21’3,
KG[121] = 113'11’21'3 + x1x2x3 + 22xi1s, KG[lQl] = 12373 + ia35T3,
KG[32] = xle KG[?)Q]

KG[311] = 113'1[172{13'3 KG[311],

KG[221] = x1x2x3 G[221],

KG[321] = 23x3z3 = KG[321]

(5) 42 (deformed) double key polynomials for n = 4.

Kia =1,
K= P11,
Ko =pi2+p2i,
K3 = p13+ p22 + D31,
Ko = P11 P21,
Ko = P12 P1,1,

Koz = p12 P22 + P12 P31+ D21 P31,
Ks2 = p13 pr2 + P13 P21+ D22 D21,
Ki3 = pi,1 P22 + P11 P3as

Ksi = P13 P11,

Koy = P12 P21,

Ks3 = p1,3 P22 + P13 P31+ D22 P31,
Ki2s = P11 P21 P31,

Kiss = P11 P22 P31,

Kotz = P12 P1,1 P21,

Ko13 = p1,2 P11 D22 + P12 P11 P31
Koz = P12 P21 P31,

Kozs = P12 P22 P31,

K3 = P13 P12 P11,

K312 = P13 P11 Pt + Qig Pii P22 Pai,
Ksi3 = p13 P11 D22 + D13 P11 P31,
K3z = P13 P12 P21 + qgsl P12 P22 P21,
K323 = P1,3 P12 P22 + P13 P1,2 P31 + D13 P21 P31+ P22 P21 P31+ 23 P13 D2,2 P21
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Ksz3 = P13 P2,2 P31,

Kotz = P12 P11 P21 P31,

Kaiz2 = P12 P11 P22 P21,

Koz = P12 P11 P22 P31,

Ksi23 = D13 P11 P21 P31+ q[; P11 P22 P21 P31,
Ksiz2 = P13 P1,1 P22 P21,

Ksi33 = P1,3 P1,2 P2,2 P31,

Ks212 = P13 P12 P11 P21,

Ks213 = P13 P12 P11 P22 + P13 P12 P11 P31,
K323 = D13 P12 P21 P31+ q5§ P12 P22 P21 P31,
Kso32 = P13 P1,2 P22 P21,

Ks233 = p1,3 P12 P22 P31 + Q23 P1,3 P22 P21 P31,
Kai323 = P12 P11 P22 P2,1 P31,

Ksi323 = P13 P1,1 P22 P21 P31,

Ks2123 = P13 P1,2 P11 P21 P31,

Kso132 = P13 P1,2 P1,1 P22 P21,

Ks2133 = P13 P12 P11 P2,2 P31,

Ks2323 = P13 P12 P2,2 P2,1 P3,1,

Ks21323 = P13 P12 P11 P2,2 P21 P3,1-

Theorem 7.2 (cf [39], the case f = —1)
FEach double B-Grothendieck polynomials is a linear combination of double key polynomials
with the coefficients from the ring N[f].

Let us remind that the total number of double key polynomials is equal to the number of
alternating sign matrices. We expect that the interrelations between double key polynomials
which follow from the structure of the plactic algebra PC,,, see Section 5.1, can be identi-
fied with the graph corresponding to the MacNeile completion of the poset associated with
the Bruhat order on the symmetric group S,, see Section 8.2 for a definition of the Mac-
Neile completion. It is an interesting problem to describe interrelation graph associated with
the (rectangular) key polynomials corresponding to the Cauchy kernel for the algebra PF,, ..

(6) 26 double key Grothendieck polynomials for n = 4.

GKia = 1,
GK, = P11 = K1
Gy =p12+pa1+ P12 P21 = Ko+ Koo,
GK3 =p13+pi2+p31+D13 P22+ D13 P31+ P22 P31+ D13 P22 P31 = K3 + Ksz + Kass,
GK12 = p11 p21 = Ko,
GKo = P21 P11 = Ko,
GK13 = p1,1 P22 + P11 p3g + P11 P22 P31 = Kiz + Kiss,
GK31 = p31 p1y = K,
G2 = p1,1 P22 + P12 P31+ P21 P31+ P12 P2 P31+ P12 Po2 P31 = Kog + Kooz + Kass,
GK32 = p1.3 P12+ P13 P21 + P22 P21+ P13 Pr2 Do, + P12 Po1 P22 = Ko + Kaao,
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G123 = p11 P21 P31 = Kias,

G 12 = P12 P1,1 P21 = K12,

GKo13 = P1,2 P11 P22 + P21 P11 P31+ Pr2 P11 P22 P31 = Koz + Kaiss,

G 312 = P1,3 P11 P21 + P11 P22 P21 + P12 P11 D22 P21 = Ksi2 + Kaisa,

G 313 = P1,3 P11 P22 + P13 P11 P31+ P13 P11 P22 P31 = Ksiz + Ksiss,

GKso1 = P11 P12 P13 = K123,

GK323 = P13 D12 P22 + P13 P12 P31+ D13 P21 P31+ D22 P21 Psi + P13 D22 Pai +
+ P13 P1,2 P21 P22 + P12 P2,1 P22 P31+ P1,3 P12 P22 P31+ P1,3 P12 P2,1 P31

+ P12 P22 P21 P31+ P13 Pi2 P22 P21 P31 = Ksaz + Kasoza + Kaass + Kaaoz + Ksosas,
GKo123 = P12 P11 P21 P3a = Ko123,

GKo132 = P12 P1,1 P22 P21 = Ko132,

GK3123 = P1,3 P11 P21 P31 P11 P22 P21 P31+ P13 Pr,1 P22 P21 P31 = Ksioz + Ksises,
GKs212 = P13 P1,2 P11 P21 = Ks212,

GKs213 = DP1,3 P12 P1,1 P2,2 T+ P13 P1,2 P1,1 P31 + P13 P12 P1,1 P22 P31 = Ks213 + Ksi3s,
GKo1323 = P12 P11 P22 P21 P31 — Ko1323,

G 32193 = P13 P1,2 P11 P2,1 P31 = Ks2123,

GKs2130 = P1,3 P1,2 P1,1 P2,2 P21 — Ks2132,

G 391323 = P31 P21 P11 P22 P21 P31 = Ks21323-

(7) 14 double local key polynomials for n = 4.

LEiq =1,
LI = Ky,
LIy = I,
L5 = s,
LK1 = K2,

Lo = Kar + Koo,
L3 = K3+ K31 + Kas,

L3 = Kas,
LIC39 = Kaa + Ksos,
L1253 = K23,

LEo13 = Koz + Kar3,

LEs12 = Ka12 + K313,

LEs501 = Kso1 + Kaia + Ksa13 + Kso123 + Ksa132 + Kaoi323,
LE2132 = Kaizz2 + Ka1323.

(8) 35  (3,2)-key polynomials.

Uig =1,
Uy = p11 + pos,
Uz = p12 + po1,
Us = p13 + po2,
Uit = p11p2s,
Uiz = p1ipa1,
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Uiz = p11p22,

Ua1 = p1ap11 + P12p23 + p21Pas,

Uaz = p12pa2,

Uzz = p12pa1,

Usi = p13p11 + P13p23 + P2apas,

Usz = p13p12 + p13p21 + paapoi,

Usz = p13p22,

Ua11 = p1ap11p2s + P11p21Pas3,

Uzi2 = p1ap11pa1 + P12p21P23,

Uz13 = p1ap11p22 + P12p22P23,

Usi1 = p13p11p2s + P11P22p23,

Usi2 = p13p1ip21 + P11P22pai,

Usi3 = p13p11p22 + P13P22P23,

Us21 = p13p12p11 + P13P12p23 + P13P2a1Pes + D22p2iPas,
Us2a = p13p12pa1 + P12p22pai,

Uszs = p13p12p22 + P13P22P21,

Uzi21 = p1ap11P21P23,

Uzi31 = p1ap11DP22P23,

Uz132 = p12p11P22P23,

Usi32 = p13p11P22P23,

Usi31 = p13p11P22p23,

Us232 = p13p21D22P23,

Usz11 = p13p12P11P23 + P13P11P21P23 + P11P22D21D23,
Us212 = p13p12P11P22 + P13P12P21P23 + P12P21P22D23,
Us213 = p13p12P11p21 + P13Pazp21Pe3 + +P12P2aPaipPs,
Us2121 = p12P11P22P21P23 + P13P12P11P21 P23,

Us2131 = P13P12P11P22P23 + P13D11P22P21P23,

Us2132 = P13P12P11P22P21 + P13D12P22P21P23,

Us21321 = p13p12P11P22P21P23-

(9) Polynomials KN, := KNP (1) for n = 4.

KNia =1,
IClelCNQIICN:;:ﬁ—Fl—'—Oéﬁ,
KNi=1+2a+a?+3a B+ 3a® B+ a B2+ 2a% %, (13)
KNy =2+3a+a?+B+3a B+2a%5+a? 3%, (13),
KNi=1+2a+a*>+2aB+2a*B+a* 32 =1+a+apB)? (9),
]CN23 = ]CN127
KN32 = ]CN217
KN 139 = 24+5a+4a?+a3+B+Ta B+10a? B+4a B+2aB%4+7a? 24502 f2+a? 34203 3 =
1+a+apB)2+3a+a®>+B+4a f+3a® B+a f?+2a% 32), (51),

KN 121 = 14+3a+3a?+a +4a B+7a? f+3a3 B+a B2 +4a?8%+3a® B2+ B3, (31),
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KNN3 =5+ 10a 4+ 602 + o + 56+ 14 a B+ 1202 B+ 3a® B+ B2 + 4a % + 6a® 32 +
3a3 B% +ad 33, (71),
’CN232 = ICN121,

KNiss =1+3a+3a®+a®+6a B+ 1202 B+ 60> B+4 a B2+ 14a® B2 + 1003 % +
-1 -1
a 74502 B% + 5P B = B3P KNGy, (1), (71),
—1 g—1
KNas = (a 8)? ICN&% 7 )7

KN 121 = 3+ 10 + 1202 4 602 + a* + 28 + 16a S+ 2902 5+ 19a2 S+ 4a* B+ Ta B? +
212 3%+ 200° B2 + 60 B2 + o B2 + 40 B2+ Ta® B + 4ot B3+t 1, (173),
R |
KN 2o = (o B) KN 7,

KNi2i3 = 1+4a+6a® +4a® + o'+ Ta B+ 2002 f+190° +6a' f+4a 7+ 21a® 52+
290° 42 + 120 52+0zﬁ3+7a2 B +16 o® % + 10" §° +20° '+ 30" B4, (173),
a 1
’CN1232_( 6) ’CNSHSB ’

KN 130 = 34941002+ 503+ ot + 38+ 16a 8+ 28a2 B+20a3 S+ 5a* S+ B2+ Ta B2+
2402 B2 +28a% B2+ 100t B2 +7a? B2 +16a° B°+9at B2 +a? B+ 3a® B4+ 3at B4, (209),

KN a1so = 3+ 120+ 1902 + 1503 + 60 + ° + 38+ 21a B+ 4902 B+ 5203 B+ 260 B+
5a°3 + 5%+ 9a B2+ 3902 52+ 64a® 5% +43a" B2 +100° 57+ 10a? 5% +320° 3% + 322" 57 +
100° 8% + a2 B4+ 50° B* 4+ 9a* B4+ 505 B4+ a° 85, (483),

KN 12312 = 1+ 5a+ 1002 4100 +5a* +a® +9a S+ 3202 B+43a® 3+26 a* f+6 @ B+
Sa B2 + 3202 B2 + 640 B2 + 520t B2+ 15 a® 5% + a B3+ 102 52 + 3903 52 + 490t 53 +
1905 334 9a3 g+ 21 ot B* +12a° B + o3 %+ 3a* B°+3a® 35,  (483),

KN 12321 = 2+ 9a + 1602 + 1402 + 60* + o + 5+ 18a B+ 54a® B+ 64a® B4 33 o* B+
6 o B+ 14a B2 + 6502 5%+ 101a° B2 + 64a* B2 + 14 a° B2 + 6a % + 3302 32 + 65a° 5% +
54at 33 +16a° B3 +a B+ 602 B+ 140 B+ 18ar B +9a® B +at 35 +2a° 35, (707),

KN 121301 = 1460+ 1502 + 2003 + 150 + 6a° + a8 4+ 10 44502 481 S+ 73a* B+
33a® B+ 6a° B+ ba B2 + 440” 5% + 116a° B? + 1350 B2 + 73a® B2 + 15a8 B2 + a B3 +
1502 (2 4+ 69a° 3% + 1160 5% +81a® 32 +20a° 3% + o B* +150° B* 4 44a* B + 450° B* +
15a% gt + a3 ﬁs + Sat 35+ 10a° B° + 6a8 3° + b % =
56 6 ICN1213271 ( )> (1145)

(10) Polynomials KN .= KNP (1) for n = 3.

’CN(ﬁa’Y
NP < KNP 14 @t bk, D)
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KNG — 1420+ a2 +3a B+3a2 B+a f2+202 B2+57+8av+3a2v+48 v+
11a67+4a257+527+4a627+972+10a V24202 24+ 88 42 +8a B2 +26% 4% +
TV 4o P 4890+ 294, (109),

KNG =24 3a+a?+ f+3a f+20° f+a® 2+ Ty +8a y+202 y+48 v +Ta B v+
202 B y4+2a B2 y4+9 Y2 +Ta v2+a? 2458 2 4-da B 2452 V4532 A28 vt (82),

KNG = 14304302+ a® +4a B+ 702 B+303 B+a B2+4a? B2+ 303 B2+ o B3+
67+ 15 v+ 1202 v+ 3a2 v+ 38 7+ 20a v +22a% B v+ 60 B v+ Ta B2 v+ 12a2 % v+
3a B2 v +3a? B3 v+ 1592 + 30a v* + 18a% v2 + 3a3 4% + 128 v2 + 37a B +* + 240 B ¥ +
3a3B 7% +38% 4%+ 15 B2 2 +9a2 8% 4% + 3a B2 42 + 2073 + 30a 3 4+ 1202 3 4+ o 2 +
183 v3+30a B34+ 9a2 B3 +66% 73 +9a B2 v3+ 33 ¥ + 1571+ 15a v 4+ 302 v* + 128 4 +
9o B4 +352 7"+ 67" +3a 7y +38 7" +9°,  (521).

(11) Few more examples.

KN 27=0 (1) = 14 4 3500+ 30 a2+ 1003 + o + 218+ 65a B+ 700 B+ 3003 B+ 4a* B+
982435 B2 +50a? 5%+ 300 B2+ 6a* B2+ 32 +5a 2 +10a? 33+ 1002 5% +4a* §2+at .

KNG (1) = (441, 1984, 3754, 3882, 2385, 885, 192,22, 1).,,

KN U= = (1 4 7)(2955, 13297, 25678, 27822, 18553, 7852, 2094, 336, 29, 1),.
Note that polynomial L, () := /CNan 117”712?(1) has degree 2n and L,(y = —1) = 0.

8 NG = (1,8,7,9,7, 1), + v (6,18, 32,32, 18,6),, + 7% (15,42, 58,42, 15),+
v (20, 48,48,20), 4+ 7* (15,27,15), +7° (6,6), +~° hS.

KNTH=1em) (1) = 31 4 1120 4 168¢% + 1243 + 44¢* 4 665 + (60 + 176¢ + 195¢2 + 93¢3 +
16¢M)r + (38 + 85¢c + 61 + 14¢%)r? + (8 + 12¢ + 4c*)r?

Problem 7.3 Let n > k > 0 be integers, consider permutation wy,, := [k, k—1,...1,n,n —
IL,n—2,...,k+1] €S,. Give combinatorial interpretations of polynomials L, (c,,7) =
i N(a 8.7) ( )

Wm,k

Conjecture 7.4 Setd:=~v—1.

o For any permutation w € S,, KNB=17=4=U(1) is o polynomial in B and d with
non-negative coefficients.

e The polynomial L,(d) has non-negative coefficients, and polynomial L,(d)+ d" 1is
symmetric and unimodal.

e L,i(a=1,5,d) edN[d.

o L,i(a,8=0,d) €d ! (a+d) Na,d],

Loi(a=1,=0,d=1)=2 Schyy1, Lyi(a=0,8=0,d =2) = 2" Schyy1 (see [5]],
A156017 for a combinatorial interpretation of these numbers),

92



where Sch,, denotes the n-th Schroder number, see e.g. [55], A001003.

b Lml(Oé:O,ﬁ:t—l,’}/)GN[T/,’}/],

L,i(a =0, = -1,y = 1) is equal to the number of Dyck (n + 1)-paths (see [5]],
A000108) in which each up step (U) not at ground level is colored red (R) or blue (B), [53],
A064062,

Note that the number 2 Sch,, known also as Large Schrodeder number, see e.g. [55], A006318.

For example,

Lsi(a=1,8,d) = d(3°+58 d+43% d+5d*+148 d*+65* d*+ 33 d>*+10d3+128 d3+35* d*+
6d* + 38 d* + d°), L71(1,1,d) = d(1,27,260,1245, 3375, 5495, 5494, 3375, 1245, 260, 27, 1) 4,
Lii(a,8=0,d) =d*(a+d)(14+a+d)(1+ 1da+ 36a%+ 14a® + a* + 14d + T2a d + 4202 d +
40® d + 36d* + 42a d* + 6a% d* + 14d° + 4o d® + d*),

L;1(a=0,0=t—1,7=1) = (14589, 39446, 39607, 18068, 3627, 246, 1),
We expect a similar conjecture for polynomials L, x(a =1,5=1,v), k > 1.

7.2 MacMeille completion of a partially ordered set

Let (X, <) be a partially ordered set (poset for short) and X C X. Define
e The set of upper bounds for X, namely,

X?P:={ze¥|z<z Ve X}
e The set of lower bounds for X, namely,
X ={e¥|2<r VzeX},

e Aposet (MN(X), <), namely,
MN(E) = {MN(X) | X C ), where MN(X) = <X“p) ¢

Clearly, X C MN(X) and MN(MN (X)) = MN(X),
e Amap k:X— MN(X), namely, x(X)=MN(X), X CX.

Proposition 7.5
o The map k is an embedding, that is for XY C X,

X <Y if and only if k(X)Ck(Y),

e Poset (MN(X),<) is alattice, called the MacNeille completion of poset (3, <).

12For the reader convenience we review a definition and basic facts concerning the MacNeille completion
of a poset, see for example, notes by E.Turunen on web-site
math.tut.fi/ eturunen/AppliedLogics007/Macl.pdf
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Proposition 7.6 ([29/)
Let (X, <) be a poset.  Then there is a poset (L, <) and a map k : ¥ — L such that
(1) K is an embedding,
(2) (L,<) is a complete lattice E}
(3)  For each element a € L one has
(a) MN({zeX|k(r) <a}) ={z€X|k(x) <a},
() a=\{k(x)|ze rlx)<a}.
Moreover, the pair (k, (L, <)) is defined uniquely up to an order preserving isomorphism.

Therefore, the lattice (L, <), is an order isomorphic to the MacNeille completion MN (X)) of
a poset 2.

Problem 7.7
Let 3 be a (finite) graded poset 1Y , denote by

rs(t) == Z ¢

a€y

the rank generating function of a poset ¥.. Here r(a) denotes the rank/degree of an element
a€ .
Describe polynomial 7 (s)(1).

In the present paper we are interesting in properties of the MacNeille completion of the
Bruhat poset B,, = B(S,,) corresponding to the symmetric group S,,. Below we briefly describe
a construction of the MacNeille completion L, (S,) := MN,(B,) follow [28|, and [57], v. 2,
p- 552, d.

Let w = (wyws ... w,) € S,, associate wit w a semistandard Young tableaux T'(w) of the
staircase shape 0, = (n — 1,n —2,...,2,1) filled by integer numbers from the set [1,n| :=
{1,2,...,n} as follows :

the i-th row of of T'(w) , denoted by R;(w), consists of the numbers wy,...,w, ;41 in
increasing order. Clearly the tableaux T'(w) = [T j(w)]i<i<j<n—1 Obtained in such a manner,
satisfies the so-called monotonic and flag conditions, namely,

(1) (monotonic conditions) Ty; > Tp; 4 >--->T;q, i=1,...,n—1,

(2) (flag conditions) Ry(w) D Ra(w) D -+ D Ry—1(w).

Denote by L(S,) the subset of the set of all Young tableaux 7" € STY (9,, < n) consisting
of that T" which satisfies the monotonicity conditions (1). The set L(S,) has the natural
poset structure denoted by 7 > ' and defined as follows:
if 7MW = [tl(;-)]lgi<jgn_1 and T3 = [t(z)]lgi<jgn_1 belong to the set L(S,), then by definition

ij

T > T 4f and only if tg’ztE? for all 1<i<ji<n-—1

13That is every subset of L has a meet and join, see e.g. [57], v.1, p.249.
14 See e.g. [57], v.1, p. 244, or
en.wikipedia.org/wiki/Graded_poset.
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It is clearly seen that the set L(S,,) is closed under the following operations

o (meet TW T@)  A(TH TA) = /\T(2 [min(t 51)7t£2y))]
e (join TW TA)  \/(TO, T®) — T“ VT = [max(t(], #2)].

Theorem 7.8 ([2§])

The poset L(S,) is a complete distributive lattice with number of vertices equals to the
number ASM (n) that is the number of alternating sigh matrices of size n X n. Moreover, the
lattice L(S,) is order isomorphic to the MacNeille completion of the Bruhat poset B,.

Indeed it is not difficult to prove that the set of all monotonic triangles obtained by applying
repeatedly operation \/(=meet) to the set {T(w),w € S,, of triangles corresponding to all
elements of the symmetric group S, coincides with the set of all monotonic triangles L(S,.
The natural map « : S, — L(S,, is obviously embedding, and all other conditions of
Proposition 7.2 are satisfied. Therefore L(S,) = MN (B, .the fact that the lattice L(S, is a
distributive one follows from the well-known identity

maz(z, min(y, z)) = min(maz(z,y), maz(z,z)), =,y,z €5,)>.

In the lattice L(S,, this identity can be written in the following forms

1) \/ (T(2) /\ T(3)) _ (T(l) /\ T(2)) \/ (T(l) /\ T(3)),
) /\ (T(2) \/ T(3)) _ (T(l) \/ T(2)) /\ (T(l) \/ T(3)).

Finally the fact that the cardinality of the lattice L(S,) is equal to the number ASM (n) had
been proved by A. Lascoux and M.-P. Schiitzenberger [2§].
|
If T = [ti;] € L(S,), define rank of T', denoted by r(T’), as follows:

= 3 - (})

1<i<j<n—1

It had been proved by C. Ehresmann [6] that

e v < w with respect to the Bruhat order in the symmetric group S, if and only if
T;;(v) <Tj(w)foral 1 <i<j<n-—1L

It follows from an improved tableau criterion for Bruhat order on the symmetric group

2] that

15 Tt has been proved in [2], Corollary 5, that the Ehresmann criterion stated above is equivalent to either
the criterion
(1) < T for all j such that w; > w;y1 and 1 <7 <j,

or that
Tl(? < Ti(j-) for all je{1,2,....n—=1]\{k | vk > g1} and 1<i<j.

95



e The length ¢(w) of a permutation w € S,, can be computed as follows

lw)=r(Tw) - > (G-i-1),

(i,)el(w)

where I(w) :={(z,7) | 1 <i < j <n, w; >w;} denotes the set of inversions of permutation
w; a detailed proof can be found in [24].

For example, consider permutation w = [4,6,2,7,5,1,3]. Then the code c¢(w) of w is
equal to c(w) = (3,4,1,3,2), and w has the length ¢(w) = 13. The corresponding Young
tableau or monotonic triangle displayed below

O = e e N
D O Ut
~ O Ot
~N

O N I N R

Wherefore, r(T'(w)) = |T(w)| — (;) = 94 — 56 = 38. On the other hand, the inversion set
Iw) = {(1,3),(1,6),(1,7),(2,3),(2,5),(2,6),(2,7), (3,6), (4,5), (4,6), (4,7), (5,6), (5 7)},
hence > ey —i—1)=10+9+2+3+1=25 and {(w) = 38—25= 13, as it should

be.

It is easily seen that the polynomial raqv,(t) is symmetric and deg(rav, (1)) = (
For example,
r(MN3) = (1,2,
T‘(MN5) ( 6, 1
(Sg C MNg) =
(S5 € MN5) = (1,

1,2,1), r(MN,) =(1,3,3,5,6,6,6,5,3,3,1),

0,16, 20,27, 34, 37,40, 39, 40, 37, 34, 27, 20, 16, 10, 6, 4, 1);
(1,2,0,2,1), #(Ss C MATY) = (1,3,1,4,2,2,2.4,1,3,1)),
4,3,6,7,6,4,10,6,10,6,10,6,10,4,6,7,6,3,4, 1).

Conjecture 7.9
e The number C’oeff[(n+1)/2]rMNn (t) s a divisor of the number ASM(n);
3
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