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Abstract. This article is based on a talk given at the Kinosaki Symposium on Algebraic
Geometry in 2015, about a work in progress [Piy2]. We describe a polarization on a derived
equivalent abelian variety by using Fourier-Mukai theory. We explicitly formulate a conjec-
ture which says certain Fourier-Mukai transforms between derived categories give equiva-
lences of some hearts of Bridgeland stability conditions. We establish it for abelian surfaces,
which is already known due to D. Huybrechts, and for abelian 3-folds. This generalizes the
author’s previous joint work [MP1, MP2] with A. Maciocia on principally polarized abelian
3-folds with Picard rank one. Consequently, we see that the strong Bogomolov-Gieseker type
inequalities hold for tilt stable objects on abelian 3-folds.

1. Introduction

The notion of Fourier-Mukai transform was introduced by Mukai in early 1980s (see
[Muk2]). In particular, he showed that the Poincaré bundle induces a non-trivial equiva-
lence between the derived categories of an abelian variety and its dual variety. Furthermore,
he studied certain type of vector bundles on abelian varieties called semihomogeneous bundles,
and moduli of them (see [Muk1]). In particular, the moduli space parametrizing simple semi-
homogeneous bundles on an abelian variety Y with a fixed Chern character is also an abelian
variety, denoted by X. Moreover, the associated universal bundle E on X×Y induces a derived
equivalence ΦX→Y

E from X to Y, which is commonly known as the Fourier-Mukai transform.
This transform induces a linear isomorphism ΦH

E from H2∗
alg(X,Q) to H2∗

alg(Y,Q), called the
cohomological Fourier-Mukai transform. In this article, we realize this linear isomorphism in
anti-diagonal form with respect to some twisted Chern characters (see Theorem 3.4). This
generalizes similar work on principally polarized abelian varieties with Picard rank one case
(see [MP2]). The following is one of the important consequences of this anti-diagonal repre-
sentation, which generalizes the known result [BL] for the classical Fourier-Mukai transform
with kernel the Poincaré bundle.

Theorem 1.1 ( = 3.2 ). For a ∈ X, b ∈ Y, let Ξ : Db(X) → Db(Y) be the Fourier-Mukai
functor defined by

Ξ = E∗{a}×Y ◦Φ
X→Y
E ◦ E∗X×{b},

where E∗
{a}×Y denotes the functor E∗

{a}×Y ⊗ (−) and similar for E∗X×{b}. If the ample line

bundle L defines a polarization on X, then the line bundle det(Ξ(L))−1 is ample and so it
defines a polarization on Y.
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Motivated by Douglas’s work on Π-stability for D-branes, Bridgeland introduced the notion
of stability conditions on triangulated categories (see [Bri1]). This categorical stability notion
can be interpreted essentially as an abstraction of the usual slope stability for sheaves on
projective curves. The category of coherent sheaves does not arise as a heart of a Bridgeland
stability condition for higher dimensional smooth projective varieties. So more work is needed
to construct the hearts for stability conditions on projective varieties of dimension above
one. In general, when B + iω is a complexified ample class on a projective variety X, it
is expected that ZXB+iω(−) = −

∫
X e

−B−iω ch(−) defines a central charge function of some
stability condition on X. In this article we conjecturally construct a heart for this central
charge function by using the notion of very weak stability condition (see Conjecture 2.3).
This essentially generalizes the single tilting construction of Bridgeland and Arcara-Bertram
for surfaces, and the conjectural double tilting construction of Bayer-Macr̀ı-Toda for 3-folds.

Action of the Fourier-Mukai transform ΦX→Y
E induces stability conditions on Db(Y) from

the ones on Db(X). This can be defined via the induced the map on Hom(K(Y),C) from
Hom(K(X),C) by the transform. For abelian varieties we view this as ΦX→Y

E · ZXΩ = ζZYΩ ′ for
some ζ ∈ C, where Ω,Ω ′ are complexified ample classes on X, Y respectively. When ζ is real
one can expect that the Fourier-Mukai transform ΦX→Y

E gives an equivalence of some hearts
of particular stability conditions on X and Y, whose Ω and Ω ′ are determined by Im ζ = 0.
More precisely we formulate the following:

Conjecture 1.2 ( = 4.2 ). The Fourier-Mukai transform ΦX→Y
E : Db(X) → Db(Y) between

the abelian varieties gives the equivalence of stability condition hearts each of which are g-fold
tilts as in Conjecture 2.3:

ΦX→Y
E [k]

(
AX

Ωk

)
= AY

Ω ′k
.

Here Ωk,Ω ′k are some complexified ample classes on X, Y respectively, 1 6 k 6 (g − 1), and
g = dimX = dim Y.

In the last section we establish the above conjecture for abelian surfaces and abelian 3-folds.
In particular, we explicitly give the details for the surface case and our proof is essentially
a generalization of Yoshioka’s in [Yos], and closely follow the one in the author’s PhD thesis
[Piy1, Chapter 6]. The equivalences of such stability condition hearts are already known for
a principally polarized abelian 3-folds with Picard rank one. Since we have the anti-diagonal
representation of cohomological Fourier-Mukai transform as in Theorem 3.4, essentially the
same arguments work in the general case. In particular, we deduce the following:

Theorem 1.3 ( = 5.2 ). Conjecture 1.2 is true for abelian 3-folds. Moreover, the strong
Bogomolov-Gieseker type inequality introduced in [BMT] holds for abelian 3-folds.

Notation

• Unless otherwise stated, throughout this paper, all the varieties are smooth projective and
defined over C. For a variety X, by Coh(X) we denote the category of coherent sheaves on
X, and by Db(X) we denote the bounded derived category of Coh(X).
• For 0 6 i 6 dimX, Coh6i(X) := {E ∈ Coh(X) : dim Supp(E) 6 i}, Coh>i(X) := {E ∈

Coh(X) : for 0 6= F ⊂ E, dim Supp(F) > i} and Cohi(X) := Coh6i(X) ∩ Coh>i(X).

• For E ∈ Db(X), E∨ = RHom(E,OX). When E is a torsion free sheaf we write its dual by
E∗; so for a locally free sheaf E, E∨ = E∗.
• The structure sheaf of a closed subscheme Z ⊂ X as an object in Coh(X) is denoted by OZ

and when Z = {x} for some closed point x ∈ X it is simply denoted by Ox.
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• When A is the heart of a bounded t-structure on a triangulated category D, by HiA(−) we
denote the corresponding i-th cohomology functor.
• For a set of objects S ⊂ D in a triangulated category D, by 〈S〉 ⊂ D we denote its extension

closure, that is the smallest extension closed subcategory of D which contains S.
• We denote the upper half plane {z ∈ C : Im z > 0} by H.
• We will denote an m×m anti-diagonal matrix with entries ak, k = 1, . . . ,m by

Adiag(a1, . . . ,am)ij :=

{
ak if i = k, j = m+ 1 − k

0 otherwise.

2. Preliminaries

2.1. Very weak stability conditions. Let us recall the general arguments of very weak
stability conditions, which are the variants of weak stability of [Tod2] introduced in [BMS,
Definition B.1]. We closely follow the notions as in [PT].

Let D be a triangulated category, and K(D) its Grothendieck group. We fix a finitely
generated free abelian group Γ and a group homomorphism

cl : K(D)→ Γ .

Definition 2.1. A very weak stability condition on D is a pair (Z,A), where A is the heart of
a bounded t-structure on D, and Z : Γ → C is a group homomorphism satisfying the following
conditions:

(i) For any E ∈ A, we have Z(E) ∈ H ∪ R60. Here and elsewhere we write Z(E) =
Z(cl(E)), and H is the upper half plane.

(ii) The associated slope function µ : A→ R ∪ {+∞} is defined by

µ(E) =

{
+∞ if ImZ(E) = 0

−
ReZ(E)
ImZ(E) otherwise,

and it satisfies the Harder-Narasimhan property.

We say that E ∈ A is µ-(semi)stable if for any non-zero subobject F ⊂ E in A, we have the
inequality: µ(F) < (6)µ(E/F).

The Harder-Narasimhan filtration of an object E ∈ A is a chain of subobjects 0 = E0 ⊂
E1 ⊂ · · · ⊂ En = E in A such that each Fi = Ei/Ei−1 is µ-semistable with µ(Fi) > µ(Fi+1).
If such Harder-Narasimhan filtrations exists for all objects in A, we say that µ satisfies the
Harder-Narasimhan property.

For a given a very weak stability condition (Z,A), we define its slicing on D (see [Bri1,
Definition 3.3])

{P(φ)}φ∈R, P(φ) ⊂ D

as in the case of Bridgeland stability conditions (see [Bri1, Proposition 5.3]). Namely, for
0 < φ 6 1, the category P(φ) is defined to be

P(φ) = {E ∈ A : E is µ-semistable with µ(E) = −1/ tan(πφ)} ∪ {0}.

Here we set −1/ tanπ =∞. The other subcategories are defined by setting

P(φ+ 1) = P(φ)[1].
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For an interval I ⊂ R, we define P(I) to be the smallest extension closed subcategory of
D which contains P(φ) for each φ ∈ I. For 0 6 s 6 1, the pair (P((s, 1]),P((0, s])) of
subcategories of A = P((0, 1]) is a torsion pair, and the corresponding tilt is P((s, s+ 1]).

Note that the category P(1) contains the following category

C := {E ∈ A : Z(E) = 0}.

It is easy to check that C is closed under subobjects and quotients in A. In particular, C is
an abelian subcategory of A. Moreover, the pair (Z,A) gives a Bridgeland stability condition
on D if C = {0}.

2.2. Bridgeland stability on varieties. Let X be a smooth projective variety and letDb(X)
be the bounded derived category of coherent sheaves on X. A stability condition σ on Db(X)
is numerical if the central charge function Z : K(X)→ C factors through the Chern character
map ch : K(X)→ H2∗

alg(X,Q).

Usually, a stability condition σ on Db(X) is called geometric if all the skyscraper sheaves
Ox of x ∈ X are σ-stable of the same phase. The following result gives some properties of
geometric stability conditions on varieties.

Proposition 2.2. Let X be a smooth projective variety of dimension n. Let σ = (Z,A) be a
geometric stability condition on Db(X) with all skyscraper sheaves Ox of x ∈ X are σ-stable
with phase one. If E ∈ A then HiCoh(X)(E) = 0 for i /∈ {−n+ 1,−n+ 2, . . . , 0}.

Proof. The following proof is adapted from [Bri2, Lemma 10.1]. Let P be the corresponding
slicing of σ. Since A = P((0, 1]) and Coh0(X) ⊂ P(1), from the Harder-Narasimhan property,
we only need to consider E ∈ A such that HomX(Coh0(X),E) = 0. For any skyscraper sheaf
Ox of x ∈ X we have Ox[i] ∈ P(1 + i) and E[i] ∈ P((i, 1 + i]). Therefore, for all i < 0,
HomX(E,Ox[i]) = 0, and HomX(Ox,E[1 + i]) ∼= HomX(E,Ox[n − 1 − i])∗ = 0. So by [BM,
Proposition 5.4], E is quasi-isomorphic to a complex of locally free sheaves of length n. This
completes the proof as required. �

When X is a smooth projective curve, the central charge function Z(E) = − deg(E) +
i rk(E) together with the heart Coh(X) of the standard t-structure defines a geometric stability
condition on Db(X). However, for a smooth projective variety X with dimX > 2, there is
no numerical stability condition on Db(X) with Coh(X) as the heart of a stability condition
(see [Tod1, Lemma 2.7] for a proof). Motivated by the constructions for smooth projective
surfaces (see [Bri2, AB]) together with some observations in Mathematical Physics, for any
dimensional smooth projective variety X, it is expected that the function defined by

ZB+iω(−) = −

∫
X

e−B−iω ch(−)

is a central charge function of some geometric stability condition on Db(X) (see [BMT, Con-
jecture 2.1.2]). Here B+ iω ∈ NSC(X) is a complexified ample class on X, that is by definition
B,ω ∈ NSR(X) with ω an ample class. By using the notion of very weak stability, let us
conjecturally construct a heart for this central charge function.

Let n = dimX. For 0 6 k 6 n, we define the k-truncated Chern character by

ch6k(E) = (ch0(E), ch1(E), . . . , chk(E), 0, . . . , 0),
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and the function Z
(k)
B+iω : K(X)→ C by

Z
(k)
B+iω(E) = −in−k

∫
X

e−B−iω ch6k(E).

The usual slope stability on sheaves gives the very weak stability condition (Z
(1)
B+iω, Coh(X)).

Moreover, we formulate the following:

Conjecture 2.3 ([Piy2]). For each 1 6 k < n, the pair σk = (Z
(k)
B+iω,A

(k)
B+iω) gives a very

weak stability condition on Db(X), where the hearts A
(k)
B+iω, 1 6 k 6 n are defined by

A
(1)
B+iω = Coh(X)

A
(k+1)
B+iω = Pσk((1/2, 3/2])

 .

Moreover, the pair σn = (ZB+iω,A
(n)
B+iω) is a Bridgeland stability condition on Db(X).

Remark 2.4. As mentioned before, (Z
(1)
ω,B,A

(1)
B+iω = Coh(X)) is a very weak stability

condition for any variety and a Bridgeland stability condition for curves. By [Bri2, AB],

(Z
(2)
ω,B,A

(2)
B+iω) is a Bridgeland stability condition for surfaces. In [BMT], the authors proved

that the pair (Z
(2)
B+iω,A

(2)
B+iω) is again a very weak stability condition for 3-folds. Here the

stability was called tilt slope stability. The usual Bogomolov-Gieseker inequality for Z
(1)
B+iω

stable sheaves plays a crucial role in these proofs. Clearly the same arguments work for

any higher dimensional varieties. Therefore, we can always construct the category A
(3)
B+iω

when dimX > 2. In [BMT], the authors conjectured that this category is a heart of a
Bridgeland stability condition with the central charge ZB+iω. Moreover, they reduced it

to prove Bogomolov-Gieseker type inequalities for Z
(2)
B+iω stable objects E ∈ A

(2)
B+iω with

ReZ
(2)
B+iω(E) = 0:

(1) chB3 (E) 6
ω2

18
chB1 (E).

So far this conjectural inequality is known to hold for some Fano 3-folds [BMT, Mac, Sch, Li],
abelian 3-folds [MP1, MP2, Piy1, BMS] and the étale quotients of abelian 3-folds [BMS].

2.3. Fourier-Mukai theory. Let us quickly recall some of the important notions in Fourier-
Mukai theory. Further details can be found in [Huy2].

Let X, Y be smooth projective varieties and let pi, i = 1, 2 be the projection maps from
X × Y to X and Y, respectively. The Fourier-Mukai functor ΦX→Y

E : Db(X) → Db(Y) with

kernel E ∈ Db(X× Y) is defined by

ΦX→Y
E (−) = Rp2∗(E

L
⊗ p∗1(−)).

The map Σ : Y × X → X × Y is defined by Σ(y, x) = (x,y) for any x ∈ X and y ∈ Y.

Let EL = Σ∗(E∨
L
⊗ p∗2ωY) [dim Y], and ER = Σ∗(E∨

L
⊗ p∗1ωX) [dimX]. Then we have the

adjunctions (see [Huy2, Proposition 5.9]): ΦY→X
EL
a ΦX→Y

E a ΦY→X
ER

.

When ΦX→Y
E is an equivalence of the derived categories, usually it is called a Fourier-Mukai

transform. On the other hand by Orlov’s Representability Theorem (see [Huy2, Theorem
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5.14]), any equivalence between Db(X) and Db(Y) is isomorphic to a Fourier-Mukai transform
ΦX→Y

E for some E ∈ Db(X× Y).
Any Fourier-Mukai functorΦX→Y

E : Db(X)→ Db(Y) induces a linear mapΦH
E : H2∗

alg(X,Q)→
H2∗

alg(Y,Q), usually called the cohomological Fourier-Mukai functor, and it is an isomorphism

when ΦX→Y
E is a Fourier-Mukai transform. The induced transform fits into the following

commutative diagram, due to the Grothendieck-Riemann-Roch theorem.

Db(X)

[−]

��

ΦX→YE // Db(Y)

[−]

��
K(X)

vX(−)

��

ΦKE // K(Y)

vY(−)

��
H2∗

alg(X,Q)
ΦH

E // H2∗
alg(Y,Q)

Here vZ(−) = ch(−)
√

tdZ is the Mukai vector map, where ch : K(Z) → H2∗
alg(Z,Q) is the

Chern character map and tdZ is the Todd class of Z.

Let v ∈ H2∗
alg(X,Q) be a Mukai vector. Then v =

∑dimX
i=0 vi for vi ∈ H2i

alg(X,Q) and the

Mukai dual of v is defined by v∗ =
∑dimX
i=0 (−1)ivi. A symmetric bilinear form 〈−,−〉X called

Mukai pairing is defined by the formula

〈v,w〉X = −

∫
X

v∗ ·w · ec1(X)/2.

Note that for an abelian variety X, tdX = 1 and c1(X) = 0. Hence the Mukai vector v(E)
of E ∈ Db(X) is the same as its Chern character ch(E).

Due to Mukai and Căldăraru-Willerton, for any u ∈ H2∗
alg(Y,Q) and v ∈ H2∗

alg(X,Q) we have

(2)
〈
ΦH

EL
(u) , v

〉
X
= 〈u , ΦH

E(v)〉Y
(see [Huy2, Proposition 5.44], [CW]).

2.4. Abelian varieties. Over any field, an abelian variety X is a complete group variety,
that is X is an algebraic variety equipped with the maps m : X× X→ X, (x,y) 7→ x+ y (the
group law), and (−1) : X→ X, x 7→ −x (the inverse map), together with the identity element
e ∈ X. For a ∈ X, the morphism ta : X → X is defined by ta = m(−,a) : x 7→ x + a. Over
the field of complex numbers, an abelian variety is a complex torus with the structure of a
projective algebraic variety.

Let Pic0(X) be the subgroup of the abelian group Pic(X) consisting of elements represented
by line bundles which are algebraically equivalent to zero, and the corresponding quotient
Pic(X)/Pic0(X) is the Néron-Severi group NS(X). The group Pic0(X) is naturally isomorphic

to an abelian variety called the dual abelian variety of X, denoted by X̂.

The Poincaré line bundle P on the product X × X̂ is the uniquely determined line bundle

satisfying (i) PX×{x̂} ∈ Pic(X) is represented by x̂ ∈ X̂, and (ii) P
{e}×X̂

∼= O
X̂

. In [Muk2],

Mukai proved that the Fourier-Mukai functor ΦX→X̂
P : Db(X) → Db(X̂) is an equivalence of

the derived categories, that is a Fourier-Mukai transform.
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A vector bundle E on an abelian variety X is called homogeneous if we have t∗xE
∼= E for all

x ∈ X. A vector bundle E on X is homogeneous if and only if E can be filtered by line bundles
from Pic0(X) (see [Muk1]). We call a vector bundle E is semihomogeneous if for every x ∈ X
there exists a flat line bundle PX×{x̂} on X such that t∗xE

∼= E⊗PX×{x̂}. A vector bundle E is
called simple if we have EndX(E) ∼= C. A rank r simple semihomogeneous bundle E has the
Chern character

(3) ch(E) = r ec1(E)/r.

Furthermore, due to Mukai, for any DX ∈ NSQ(X), there exists simple semihomogeneous
bundles E on X with ch(E) = r eDX for some r ∈ Z>0. See [Orl] for further details.

The image of an ample line bundle L on X under the Fourier-Mukai transform ΦX→X̂
P is

ΦX→X̂
P (L) ∼= L̂

for some rank χ(L) = c1(L)
g/g! semihomogeneous bundle L̂. Moreover, −c1(L̂) is an ample

divisor class on X̂ (see [BL]). Therefore, we have the following:

Lemma 2.5. Let `X ∈ NSQ(X) be an ample class on X. Under the induced cohomological

transform ΦH
P of ΦX→X̂

P we have

ΦH
P(e

`X) = (`gX/g!) e−`X̂

for some ample class `X̂ ∈ NSQ(X̂), satisfying

(`gX/g!)(`g
X̂
/g!) = 1.

Moreover, for each 0 6 i 6 g,

ΦH
P

(
`iX
i!

)
=

(−1)g−i`gX
g!(g− i)!

`
g−i
X̂

.

3. Cohomological Fourier-Mukai Transforms

Let Y be a g-dimensional abelian variety and let DY ∈ NSQ(Y). Let X be the fine moduli
space of rank r simple semihomogeneous bundles E on Y with c1(E)/r = DY. Due to Mukai
X is a g-dimensional abelian variety. Let E be the associated universal bundle on X × Y; so
by (3) we have

ch(E{x}×Y) = r e
DY .

Let ΦX→Y
E : Db(X) → Db(Y) be the corresponding Fourier-Mukai transform from Db(X) to

Db(Y) with kernel E. See [Orl] for further details. Then its quasi inverse is given by ΦY→X
Σ∗E∨ [g].

Again, by (3) we have

ch(EX×{y}) = r e
DX

for some DX ∈ NSQ(X).
A polarization on X is by definition the first Chern class c1(L) of an ample line bundle L

on X. However, it is usual to say the line bundle L itself a polarization.

Let a ∈ X and b ∈ Y. Consider the Fourier-Mukai functor Γ from Db(X) to Db(Ŷ) defined
by

Γ = ΦY→Ŷ
P ◦ E∗{a}×Y ◦Φ

X→Y
E ◦ E∗X×{b} [g],
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where E∗
{a}×Y denotes the functor E{a}×Y ⊗∗ (−) and similar for E∗X×{b}. Let Γ̂ : Db(Ŷ) →

Db(X) be the Fourier-Mukai functor defined by

Γ̂ = EX×{b} ◦ΦY→X
Σ∗E∨ ◦ E{a}×Y ◦ΦŶ→Y

Σ∗P∨ [g].

Then Γ̂ and Γ are adjoint functors to each other. By direct computation, Γ(Ox) = OZx
for some 0-subscheme Zx ⊂ Ŷ, and Γ(Oŷ) = OZŷ for some 0-subscheme Zŷ ⊂ X; where

the lengths of Zx and Zŷ are r3 and r respectively. Therefore, the Fourier-Mukai kernel

F of Γ is F ∈ Cohg(X × Ŷ), with F∨ ∼= Extg(F,O
X×Ŷ)[−g]. So Γ(Cohi(X)) ⊂ Cohi(Ŷ)

and Γ̂(Cohi(Ŷ)) ⊂ Cohi(X) for all i. Also by direct computation, Γ(OX) and Γ̂(O
Ŷ
) are

homogeneous bundles of rank r and r3 respectively. Let `X ∈ NSQ(X) be an ample class.
Under the induced cohomological map ΓH we have

ΓH(e`X) = r e`Ŷ ,

for some class `Ŷ ∈ NSQ(Ŷ) satisfying r2 `gX = `g
Ŷ

. So we have

Γ̂H(e`Ŷ ) = r3 e`X .

Moreover, for each 0 6 i 6 g,

ΓH(`iX) = r `
i
Ŷ
, Γ̂H(`i

Ŷ
) = r3 `iX.

By the Nakai–Moishezon criterion, one can show `Ŷ is an ample class on Ŷ. By Theorem
2.5, under the induced cohomological map of ΦŶ→Y

Σ∗P∨ we have

ΦH

Σ∗P∨(e
`
Ŷ ) = (`g

Ŷ
/g!) e−`Y ,

for some ample class `Y ∈ NSQ(Y).
Let Ξ : Db(X)→ Db(Y) be the Fourier-Mukai functor defined by

Ξ = E∗{a}×Y ◦Φ
X→Y
E ◦ E∗X×{b} = Φ

Ŷ→Y
Σ∗P∨ ◦ Γ .

The image of e`X under its induced cohomological transform ΞH is (r3`gX/g!) e−`Y . Therefore,
we deduce the following.

Theorem 3.1 ([Piy2]). If `X ∈ NSQ(X) is an ample class then

e−DY ΦH
E e

−DX(e`X) = (r `gX/g!) e−`Y ,

for some ample class `Y ∈ NSQ(Y), satisfying (`gX/g!)(`gY /g!) = 1/r2. Moreover, for each
0 6 i 6 g,

e−DY ΦH
E e

−DX

(
`iX
i!

)
=

(−1)g−ir `gX
g!(g− i)!

`
g−i
Y .

Theorem 3.2 ([Piy2]). If the ample line bundle L defines a polarization on X, then the line
bundle det(Ξ(L))−1 is ample and so it defines a polarization on Y.

Let us introduce the following notation:

Notation 3.3. Let B, `X ∈ NSQ(X). For E ∈ Db(X), the entries vB,`Xi (E), i = 0, . . . ,g are
defined by

v
B,`X
i (E) = i! `g−iX · chBi (E).
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Here chBi (E) is the i-th component of the B-twisted Chern character chB(E) defined by

chB(E) = e−B ch(E). The vector vB,`X(E) is defined by

vB,`X(E) =
(
v
B,`X
0 (E), . . . , vB,`Xg (E)

)
.

Theorem 3.4 ([Piy2]). If we consider v−DX,`X , vDY ,`Y as column vectors, then

vDY ,`Y (ΦX→Y
E (E)) =

g!

r `
g
X

Adiag
(
1,−1, . . . , (−1)g−1, (−1)g

)
v−DX,`X(E).

4. Stability Conditions Under Fourier-Mukai Transforms

This section generalizes some of the similar results in [MP2, Piy1]. Recall that a Bridgeland
stability condition σ on a triangulated category D consists of a stability function Z together
with a slicing P of D satisfying certain axioms. Equivalently, one can define σ by giving a
bounded t-structure on D together with a stability function Z on the corresponding heart A

satisfying the Harder-Narasimhan property. Then σ is usually written as the pair (Z,P) or
(Z,A).

Let Υ : D → D ′ be an equivalence of triangulated categories, and let W : K(D) → C be a
group homomorphism. Then

(Υ ·W) ([E]) =W
(
[Υ−1(E)]

)
defines an induced group morphism Υ ·W in Hom(K(D ′),C) by the equivalence Υ. Moreover,
this can be extended to a natural induced stability condition on D ′ by defining Υ · (Z,A) =
(Υ · Z,Υ(A)).

Let X, Y be two derived equivalent g-dimensional abelian varieties as in Section 3, which is
given by the Fourier-Mukai transform ΦX→Y

E : Db(X)→ Db(Y). Let `X ∈ NSQ(X) be an ample
class on X and let `Y ∈ NSQ(Y) be the induced ample class on Y as in Theorem 3.1.

Let u = λeiα be a complex number. Consider the function ZX−DX+u`X : K(X)→ C defined
by

ZX−DX+u`X(E) = −

∫
X

e−(−DX+u`X) ch(E).

For E ∈ Db(Y) we have(
ΦX→Y

E · ZX−DX+u`X
)
(E) =

〈
e−DX+u`X , ch

(
(ΦX→Y

E )
−1

(E)
)〉

X

=
〈
e−DX+u`X , (ΦH

E)
−1 (ch(E))

〉
X

=
〈
ΦH

E

(
e−DX+u`X

)
, ch(E)

〉
Y

=
〈
eDY

(
e−DYΦH

Ee
−DX

)
(eu`X), ch(E)

〉
Y

= (r `gXu
g/g!)

〈
eDY−`Y/u, ch(E)

〉
Y

,

since by Theorem 3.1, e−DYΦH
Ee

−DX(eu`X) = (r `gXu
g/g!) e−`Y/u. So we have the following

relation:

Lemma 4.1. We have ΦX→Y
E · ZX−DX+u`X = ζ ZYDY−`Y/u, for ζ = r `gXu

g/g!.
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Assume there exist a stability condition for any complexified ample class −DX+u`X with a
heart AX

−DX+u`X
and a slicing PX−DX+u`X associated to the central charge function ZX−DX+u`X .

From Lemma 4.1 for any φ ∈ R, ζZYDY−`Y/u

(
ΦX→Y

E

(
PX−DX+u`X(φ)

))
⊂ R>0e

iπφ; that is

ZYDY−`Y/u
(
ΦX→Y

E

(
PX−DX+u`X(φ)

))
⊂ R>0e

i(πφ−arg(ζ)).

So we would expect

ΦX→Y
E

(
PX−DX+u`X(φ)

)
= PYDY−`Y/u

(
φ−

arg(ζ)

π

)
,

and so

ΦX→Y
E

(
PX−DX+u`X((0, 1])

)
= PYDY−`Y/u

((
−

arg(ζ)

π
, −

arg(ζ)

π
+ 1

])
.

For 0 6 α < 1, PYDY−`Y/u((α,α + 1]) =
〈
PYDY−`Y/u

((0,α]) [1], PYDY−`Y/u((α, 1])
〉

is a tilt of

AY

DY−`Y/u
= PYDY−`Y/u

((0, 1]) associated to a torsion theory coming from ZYDY−`Y/u stability.

Therefore, one would expect ΦX→Y
E

(
AX

−DX+u`X

)
is a tilt of AY

DY−`Y/u
associated to a torsion

theory coming from ZYDY−`Y/u stability, up to shift.

Moreover, for the Fourier-Mukai transform ΦX→Y
E when ζ is real, that is, ug ∈ R, we would

expect the following equivalence:

Conjecture 4.2 ([Piy2]). The Fourier-Mukai transform ΦX→Y
E : Db(X) → Db(Y) gives the

equivalence of stability condition hearts conjecturally constructed in Conjecture 2.3:

ΦX→Y
E [k]

(
AX

Ωk

)
= AY

Ω ′k
.

Here Ωk = −DX+ λe
ikπ/g `X and Ω ′k = DY − e

−ikπ/g `Y/λ are complexified ample classes on
X and Y respectively, for k ∈ {1, 2, . . . , (g− 1)}, and some λ ∈ R>0.

5. Equivalences of Stability Condition Hearts

The main aim of this section is to show that Conjecture 4.2 is true for abelian surfaces and
abelian 3-folds. In order to achieve this we study various stabilities of sheaves and complexes
of them under the Fourier-Mukai transforms. This generalizes author’s joint work [MP1, MP2]
with A. Maciocia.

5.1. Abelian surfaces. Let X, Y be derived equivalent abelian surfaces and let `X, `Y be
ample classes on them respectively as in Theorem 3.1. Let Ψ be the Fourier-Mukai transform

ΦX→Y
E from X to Y with kernel E, and let Ψ̂ = ΦY→X

Σ∗E∨ . We have

(4) Ψ(Coh(X)) ⊂ 〈Coh(Y), Coh(Y)[−1], Coh(Y)[−2]〉,

and similar relation for Ψ̂. Since Ψ̂ ◦ Ψ ∼= [−2] and Ψ ◦ Ψ̂ ∼= [−2], we have the following
convergence of the spectral sequences.

(5)
E
p,q
2 = Ψ̂pΨq(E) =⇒ H

p+q−2
Coh(X)(E)

E
p,q
2 = ΨpΨ̂q(E) =⇒ H

p+q−2
Coh(Y) (E)

 .

Here and elsewhere we write Ψ̂p(E) = HpCoh(X)(Ψ̂(E)) and Ψq(E) = HqCoh(Y)(Ψ(E)). Immedi-

ately from the convergence of this spectral sequence for E ∈ Coh(X), we deduce that
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• Ψ̂Ψ0(E) ∈ Coh(X)[−2], and Ψ̂Ψ2(E) ∈ Coh(X);

• there is an injection Ψ̂0Ψ1(E) ↪→ Ψ̂2Ψ0(E), and a surjection Ψ̂0Ψ2(E)� Ψ̂2Ψ1(E).

Let us recall the notation in Conjecture 4.2 for our derived equivalent abelian surfaces.
Consider the complexified ample classes Ω = −DX + iλ`X, Ω ′ = DY + i`Y/λ on X, Y re-

spectively. The function defined by Z
(1)
Ω = −i

∫
X e

−Ω(ch0, ch1, 0) together with the standard

heart Coh(X) defines a very weak stability condition σ1 on Db(X). Define the subcategories

FX = PXσ1
((0, 1/2]), TX = PXσ1

((1/2, 1])

of Coh(X) in terms of the associated slicing PXσ1
. Then the Bridgeland stability condition

heart in Conjecture 4.2 is

AX = 〈FX[1],TX〉 = PXσ1
((1/2, 3/2]).

We consider similar subcategories associated to Ω ′ on Y.
Let us sketch the proof of the equivalence in Conjecture 4.2. This is essentially a gener-

alization of Yoshioka’s in [Yos], and closely follow the one in the author’s PhD thesis [Piy1,
Section 6].

We need the following results about cohomology sheaves of the images under the Fourier-
Mukai transforms.

Proposition 5.1 ([Piy2]). Let E ∈ Coh(X). Then we have the following:

1. (i) If E ∈ TX then Ψ2(E) = 0, and (ii) if E ∈ FX then Ψ0(E) = 0.
2. (i) Ψ2(E) ∈ TY, and (ii) Ψ0(E) ∈ FY.
3. (i) if E ∈ TX then Ψ1(E) ∈ TY, and (ii) if E ∈ FX then Ψ1(E) ∈ FY.

In other words, the results of the above proposition say

Ψ(TX) ⊂ 〈FY,TY[−1]〉
Ψ(FX) ⊂ 〈FY[−1],TY[−2]〉

}
.

Similar results hold for Ψ̂. Since AX = 〈FX[1],TX〉 and AY = 〈FY[1],TY〉, we have Ψ[1](AX) =
AY as required.

5.2. Abelian 3-folds. Let X, Y be derived equivalent abelian 3-folds and let `X, `Y be ample
classes on them respectively as in Theorem 3.1. Let Ψ be the Fourier-Mukai transform ΦX→Y

E

from X to Y with kernel E, and let Ψ̂ = ΦY→X
Σ∗E∨ . Then Ψ̂ ◦ Ψ ∼= [−3] and Ψ ◦ Ψ̂ ∼= [−3].

Let us recall the notation in Conjecture 4.2 for our derived equivalent abelian 3-folds.
Consider the complexified ample classes

Ω = (−DX + λ`X/2) + i
√

3λ`X/2

Ω ′ = (DY − `Y/(2λ)) + i
√

3`Y/(2λ)

}

on X, Y respectively. The function defined by Z
(1)
Ω =

∫
X e

−Ω(ch0, ch1, 0, 0) together with

the standard heart Coh(X) defines a very weak stability condition σ1 on Db(X). Define the
subcategories

FX1 = PXσ1
((0, 1/2]), TX1 = PXσ1

((1/2, 1])

of Coh(X) in terms of the associated slicing PXσ1
; and the corresponding tilt be

BX = 〈FX1 [1],TX1 〉 = PXσ1
((1/2, 3/2]).
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Then as mentioned in Remark 2.4, due to [BMT] the function defined by

Z
(2)
Ω = −i

∫
X

e−Ω(ch0, ch1, ch2, 0)

together with the heart BX defines a very weak stability condition σ2 on Db(X). Define the
subcategories

FX2 = PXσ2
((0, 1/2]), TX2 = PXσ2

((1/2, 1])

of BX in terms of the associated slicing PXσ2
. Then the expected Bridgeland stability condition

heart in Conjecture 2.3 is

AX = 〈FX2 [1],TX2 〉 = PXσ2
((1/2, 3/2]).

We consider similar subcategories on Y associated to Ω ′.
Under the Fourier-Mukai transform Ψ, for any E ∈ Coh(X), HiCoh(Y)(Ψ(E)) = 0 when

i 6∈ {0, 1, 2, 3}.
We can visualize BX and BY as follows:

B

A

−1 0

BX = 〈FX1 [1],TX1 〉 : A∈TX1 , B∈FX1

D

C

−1 0

BY = 〈FY1 [1],TY1〉 : C∈TY1 , D∈FY1

Following similar arguments in [MP1, MP2, Piy1], one can prove

H0
Coh(Y)(Ψ(F

X

1 )) ⊂ FY1 , H3
Coh(Y)(Ψ(F

X

1 )) ⊂ TY1

H3
Coh(Y)(Ψ(T

X

1 )) = {0}, H2
Coh(Y)(Ψ(T

X

1 )) ⊂ TY1

}
.

That is Ψ (FX1 ) [1] ⊂ 〈BY,BY[−1],BY[−2]〉,

B0
Ψ

B1
Ψ

B2
Ψ

BiΨ=H
i
Coh(Y)(Ψ(B))

B3
Ψ

−1 0 1 2 3

B

−1 0

Ψ =

and Ψ (TX1 ) ⊂ 〈BY,BY[−1],BY[−2]〉.

A0
Ψ

A1
Ψ

AiΨ=H
i
Coh(Y)(Ψ(A))

A2
Ψ

−1 0 1 2 3

A

−1 0

Ψ =

Hence,

Ψ (BX) ⊂ 〈BY,BY[−1],BY[−2]〉.
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Similarly, one can prove

Ψ[1](BY) ⊂ 〈BX,BX[−1],BX[−2]〉.
Therefore, under the Fourier-Mukai transforms Ψ and Ψ̂[1], the images of the complexes in
the subcategories BX and BY behave somewhat like the images of sheaves on abelian surfaces
under the Fourier-Mukai transform (see (4)). Also as similar to [MP1, MP2, Piy1], one can
prove

Ψ(TX2 ) ⊂ 〈FY2 ,TY2 [−1]〉
Ψ(FX2 ) ⊂ 〈FY2 [−1],TY2 [−2]〉

}
,

and similar relations for Ψ̂[1]. Since AX = 〈FX2 [1],TX2 〉 and AY = 〈FY2 [1],TY2〉 we have Ψ[1](AX) =
AY as required.

Consequently, by similar arguments as in [MP1, MP2, Piy1] for principally polarized abelian
3-folds with Picard rank one, one can prove the strong Bogomolov-Gieseker type inequality
introduced in [BMT] holds for both X and Y.

Theorem 5.2 ([Piy2]). Conjecture 4.2 is true for abelian 3-folds. Moreover, the strong
Bogomolov-Gieseker type inequality introduced in [BMT] holds for abelian 3-folds.
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