TORSION EXCEPTIONAL SHEAVES ON WEAK DEL
PEZZ0O SURFACES OF TYPE A

PU CAO AND CHEN JIANG

ABSTRACT. We investigate torsion exceptional sheaves on a weak del
Pezzo surface of degree greater than two whose anticanonical model has
at most A,-singularities. We show that every torsion exceptional sheaf
can be obtained from a line bundle on a (—1)-curve by acting spherical
twist functors successively.

1. INTRODUCTION

Let X be a smooth projective variety and D(X)(= D’(CohX)) the bounded
derived category of coherent sheaves on X. The category D(X) carries a lot
of geometric information on X and has drawn many interests in the study
of algebraic varieties. An object a € D(X) is called exceptional if

Hom (o, afi]) = {C e X
0 i#0.
Exceptional objects are related to semi-orthogonal decompositions of derived
categories and appear in many context (see, for example, [4]). Hence it is
natural to consider the classification of exceptional objects.

Exceptional objects on del Pezzo surfaces (i.e., smooth projective surfaces
with ample anticanonical bundles) were investigated by Kuleshov and Orlov
in [8] where they proved that any exceptional object on a del Pezzo surface
is isomorphic to a shift of an exceptional vector bundle or a line bundle on
a (—1)-curve.

As exceptional objects on del Pezzo surfaces are well-understood, it is
natural to consider weak del Pezzo surfaces (i.e., smooth projective surfaces
with nef and big anticanonical bundles). In this case something interesting
happens since twist functors (see Definition 2.3) are involved due to the
existence of (—2)-curves on weak del Pezzo surfaces. We could not expect
that exceptional objects are as such simple as those on del Pezzo surfaces (see
Section 6), but still we expect that they are so after acting autoequivalences
of the derived category.

Conjecture 1.1 (cf. [9, Conjecture 1.3]). Let X be a weak del Pezzo sur-
face. For any exceptional object £ € D(X), there exists an autoequivalence
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® € Auteq(D(X)) such that ®(E) is an exceptional vector bundle, or a line
bundle on a (—1)-curve on X.

Recently, Okawa and Uehara [9] considered Hirzebruch surface [, the
simplest weak del Pezzo surface. They classified exceptional sheaves on Fo
and confirmed Conjecture 1.1 for those sheaves. Note that on Fa, there is
no torsion exceptional sheaf due to the absence of (—1)-curves. Motivated
by Okawa—Uehara’s work and this observation, we are interested in torsion
exceptional sheaves (and objects) on weak del Pezzo surfaces. In [1], the
first author treated torsion exceptional sheaves and objects on a weak del
Pezzo surface of degree greater than one whose anticanonical model has at
most Aj-singularities.

On the other hand, one may compare Conjecture 1.1 to [5, Proposition
1.6], where Ishii and Uehara showed that a spherical object on the minimal
resolution of an Ap-singularity on a surface can be obtained from a line
bundle on a (—2)-curve by autoequivalence. But the situation for torsion
exceptional objects seems to be more complicated since its scheme theoretic
support might be non-reduced (see Example 6.2) while the support of such
a spherical object is always reduced (see [5, Corollary 4.10]).

In this article, we give an affirmative answer to Conjecture 1.1 in the
case of torsion exceptional sheaves on weak del Pezzo surfaces of degree
greater than two of Type A (i.e., those whose anticanonical model has at
most Aj,-singularities). Namely, we prove the following theorem.

Theorem 1.2. Let X be a weak del Pezzo surface of degree d > 2 of Type A,
and & a torsion exceptional sheaf on X. Then there exist a (—1)-curve D,
an integer d, and a sequence of spherical twist functors ®1, ..., P, associated
to line bundles on chains of (—2)-curves such that

EXDio---0D,(0Op(d)).

In fact, we can prove the following slightly general theorem on torsion
exceptional sheaves.

Theorem 1.3. Let X be a smooth projective surface and £ a torsion excep-
tional sheaf on X. Assume the following conditions hold:

(1) supp(€) only contains one (—1)-curve D and (—2)-curves;

(2) The restriction of € in D is a line bundle (see Definition-Proposition
2.8);

(3) (—2)-curves in supp(E) forms disjoint union of Ay,-configurations
with n < 6;

(4) The intersection of D with any chain of (—2)-curves in supp(E) is
at most one.

Then there exist an integer d, and a sequence of spherical twist functors
®y,..., D, associated to line bundles on chains of (—2)-curves such that

E=ZPi0---0P,(0Op(d)).

The idea of the proof is based on one observation that, under some good
conditions, we can “factor” a spherical sheaf out of a torsion exceptional
sheaf to get another one (see Lemmas 2.7 and 5.1), and this step actually
corresponds to acting a spherical twist functor. After this factorization, we
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get an exceptional sheaf with “smaller” support. Keeping factoring spherical
sheaves out, eventually we get an exceptional sheaf supported on a (—1)-
curve. To check the conditions that allow us to factor out spherical sheaves,
we need a detailed investigation on the classification of certain torsion rigid
sheaves supported in (—2)-curves (See Section 4). We expect that this idea
also works for torsion exceptional sheaves on arbitrary weak del Pezzo sur-
faces.

Notation and Conventions. We work over the complex number field C.
Let X be a smooth projective surface. For a coherent sheaf £ on X, we
denote by supp(€) the support of £ with reduced induced scheme structure.
For &, F € D(X), we denote

h'(€,F) == dim Ext’(€, F) = dim Hom(&, Fi]),
and the Euler characteristic
X(E,F) =Y (~1)'W(E, F).
A (—1)-curve (resp. (—2)-curve) is a smooth rational curve on X with self-

intersection number —1 (resp. —2). We say Z = C1 U ---UC), is a chain of
(—2)-curves on X if C; is a (—2)-curve and

Y10 -4 > L.

We regard Z as a closed subscheme of X with respect to the reduced induced
structure. Sometimes we also regard Z as its fundamental cycle Cy + - - - +
Ch. For a coherent sheaf R on Z, we denote by degq, R the degree of the
restriction R|¢, on C; = P'. We denote by

RO = OC1U-~-UCn (al, e ,an)

the line bundle on Z such that degs, Ro = a; for all [. Sometimes we also
consider
Rl = OT1C1U'“U7“nCn (ala LR 7an)

for r; € {1,2} for all I. Here R; is the line bundle on mCy U --- U r,Cy,
such that dege, R1 = a; for all [. In other words, Ri|r,c;, = Oy,c,(ar), where
Osc(a) is the unique non-trivial extension of O¢(a) by Oc(a + 2) for a
(=2)-curve C on X.

2. PRELIMINARIES

2.1. Exceptional and spherical objects. We recall the definition of ex-
ceptional and spherical objects.

Definition 2.1. Let X be a smooth projective variety. We say that an
object a € D(X) is exceptional if

C i=o;
Hom(a,a[i])%{o z#gj
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Example 2.2. (1) Let X be a smooth projective variety with
H{(X,0x)=0

for i > 0 (e.g. Fano manifolds). Then every vector bundle on X is
an exceptional object.

(2) Let X be a smooth projective surface and C' a (—1)-curve on X.
Then any line bundle on C' is an exceptional object.

Definition 2.3 ([10]). Let X be a smooth projective variety.
(1) We say that an object o € D(X) is spherical if « ® wx = o and

C i=0,dimX;

Hom(a, ali]) = {0 i #0,dim X.

(2) Let o € D(X) be a spherical object. We consider the mapping cone
C = Cone(mia’ @ mha — Op)

of the natural evaluation 7o @ m3a — Oa, where A C X x X is
the diagonal and m; is the projection from X x X to the i-th factor.
Then the integral functor T, := <I>§( _,x defines an autoequivalence
of D(X), called the twist functor associated to the spherical object
a. By definition, for 5 € D(X), we have an exact triangle

RHom(a,B) ® evaluation 5 _ Taﬁ-

Example 2.4 (cf. [5, Example 4.7]). Let X be a smooth projective surface
and Z a chain of (—2)-curves. Then any line bundle on Z is a spherical
object in D(X).

2.2. Rigid sheaves. In this subsection, we assume that X is a smooth
projective surface. All sheaves are considered to be coherent on X.

A coherent sheaf R is said to be rigid if h'(R,R) = 0.

Kuleshov [7] systematically investigated rigid sheaves on surfaces with
anticanonical class without base components. We collect some interesting
properties for rigid sheaves in this subsection for application. We will use
the following easy lemma without mention.

Lemma 2.5. Consider an extension of coherent sheaves
0—-G—>R—-G —0

such that R is rigid. Then h'(G1,G2) > 0 if and only if this extension is
non-trivial.

Proof. The ‘if’ part is trivial. For the ‘only if’ part, assume that (G, G2) >
0 and this extension is trivial, then

Rggl@QQa

which implies that
(R, R) > h*(G1,G2) > 0,

a contradiction O

We have the following Mukai’s lemma for rigid sheaves.
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Lemma 2.6 (Mukai’s lemma, [8, 2.2 Lemmal). For each exact sequence
0=+G—>R—-G —0
of coherent sheaves such that
h (R, R) = h(G2,G1) = h*(G1,Ga) = 0,
the following hold:
(1) RY(G1,G1) = h(G2,G2) = 0;
(2) K2R, R) = h%(G1,G1) + h%(Ga, G2) + X(G1, G2);
(3) B*(R,R) = h*(G1,G1) + h*(G2,G2) + X(G2, G1);
(4) h1(G1,G2) < h%(G1,G1) + h0(Ga, Go) — 1.

Proof. (1)-(3) are from [8, 2.2 Lemma]. We prove (4) here. In the proof of
[8, 2.2 Lemma|, we know that the natural map

Hom(G1,G1) & Hom(Gs, Go) & Ext(G1,Gs)

is surjective. Note that the image of (idg,,idg,) is zero. Hence we get the
inequality by comparing the dimensions. O

Lemma 2.7. Consider an exact sequence of coherent sheaves

0-& =258 —0,
where & is rigid, S is spherical, RO(E,S) = 0, and x(S,&') = —1. Then
(&' E) = hY(E,E) for i = 0,1,2. In particular, £ is exceptional if and
only if so is ', and in this case, &€ = Ts(E').
Proof. Since § is spherical, h*(S, ') = 0 and x(€’, §) = —1 by Serre duality.
By Lemma 2.6, h'(E',E") = h'(E,E) for i = 0,1,2. In particular, & is
exceptional if and only if so is £’

Suppose that € and £’ are exceptional, then by Lemma 2.6(4),
RY(S, &) < hY(S,8) +h0(E,E) —1=1.

Since x(S,&’) = —1, we have h'(S,&") = 1 and h%(S, &) = h3(S,&') = 0.
By definition of twist functor, we have a distinguished triangle

S[—-1] = & — Ts(&),
which corresponds to the exact sequence

0&8—=E-8—0.
Hence & = Ts(&'). O

We can say more about torsion rigid sheaves.

Definition-Proposition 2.8 (Restriction in curves). Let R be a torsion
rigid sheaf, then R is pure one-dimensional by [7, Corollary 2.2.3]. Suppose
that supp(R) = ZUZ' where Z and Z’ are unions of curves with no common
components. Then there exists an exact sequence

0—>Ry > R—-Rz—0

where Rz = H%,(R) is the subsheaf with supports (see [3, II, Ex. 1.20])
in Z" and Rz is the quotient sheaf. Then supp(Ryz/) = Z’, supp(Rz) = Z,
and

W (Rz,Rz) = h*(Rz,Rz) =0
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by the support condition. By Lemma 2.6, R and R 7 are torsion rigid (pure
one-dimensional) sheaves. Moreover, if we write Z = U;C; and Z' = UjC]’-,
then we can write the first Chern class of R uniquely as

c(R) = ZT@'Ci + Z SjC]/‘
i J

in the sense that ¢1(Rz) = >, r:C; and e1(Rz) = 3_; s;C; for some positive
integers r; and s;. We say that Rz is the restriction of R in Z.

Here we remark that for a chain of (—2) curves Z =C; U---UC), and a
torsion rigid sheaf R, supp(R) C Z if and only if ¢;(R) can be written as
>, 1iC; for non-negative integers ;. In this case, r; is uniquely determined
for all 4.

Lemma 2.9. Let R be a torsion rigid sheaf on X, then any irreducible
component of supp(R) is a curve with negative self-intersection.

Proof. Let C be an irreducible component of supp(R), then take the restric-
tion in C, we have an exact sequence

0->R =R —=>Rc—0.

By Definition-Proposition 2.8, R¢ is rigid and in particular, x(R¢c, Re) > 0.
On the other hand, by Riemann-Roch formula (see Subsection 2.4), we have
X(Re, Re) = —c1(Re)?. Hence ¢1(R¢)? < 0, which implies C? < 0. O

2.3. Weak del Pezzo surfaces. A smooth projective surface X is a weak
del Pezzo surface if —Kx is nef and big. The degree d of X is the self-
intersection number (—Kx)2?. We say a weak del Pezzo surface is of Type
A if its anticanonical model has at most A,-singularities. We collect some
basic facts on weak del Pezzo surfaces.

Lemma 2.10 (cf. [2, Theorem 8.3.2]). Let X be a weak del Pezzo surface.
Then | — Kx| has no base components.

Lemma 2.11. Let X be a weak del Pezzo surface of degree d > 1. Then the
intersection of a (—1)-curve with a chain of (—2)-curves is at most one.

Proof. Take a chain of (—2)-curves C1U- - -UC,, and a (—1)-curve D. Assume
that >, C; - D > 2, then

n ' 2: " )’ Y . 2 '
(;CZH}) <;C) +2) C;-D+D*>1

=1

By Hodge index theorem,

k(S04 0)' < (o (S 0)) -1
=1 i=1
This implies that (—Kx)? = 1, which is a contradiction. O

We remark that on weak del Pezzo surfaces of degree one, it is possible
that one (—1)-curve intersects with a chain of (—2)-curves at two points (cf.
[6, Lemma 2.8]).
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2.4. Riemann—Roch formula. We recall Riemann-Roch formula on sur-
faces.

Theorem 2.12 (Riemann-Roch formula). For two coherent sheaves £ and
F on a smooth projective surface X, the Fuler characteristic can be calcu-
lated by

X(E,F) = r(€)r(F) (x(Ox) + 3 (6lF) — p(E)) +alF) + a€)

where (&) is the rank of £ and

c? — aC
(E) = T(lg)(—KX a(&), €)= W

In this paper, we are only interested in the case of torsion sheaves, that
is, 7(€) = r(F) = 0. In this case, the formula is quite simple.

Corollary 2.13. For two torsion sheaves £ and F on a smooth projective
surface X, the Euler characteristic can be calculated by

X(E,F)=—ci1(E) - c1(F).

2.5. A polynomial inequality. In this subsection, we treat a special poly-
nomial which naturally appears in self-intersection numbers of a union of
negative curves.

For positive integers r1,73,...,7,, and 1 < k < n, define the polynomial

n n—1
k) = 2 _ . _
flri,re, ... k) = r ririsl — Tk
i=1 i=1

Proposition 2.14. For positive integers 1,79, ...,7y, and k,
flri,re, o ork) 20

always holds. Moreover, f(r1,7r2,...,rm;k) = 0 if and only if the following
conditions hold:

(1) r1 =rp =1,

(2) OSTH_l—TZ' <1 ifi<k3,

B)0<r;—rip1 <1ifi>k.
Proof. We use induction on n. The case n = 1 is trivial. For convenience,
set r9g = rp4+1 = 0.

Suppose n > 1 and f(r1,r2,...,m;k) < 0. Reversing the order of {r;}
if necessary, we may assume that r, > r;. Take [ > 2 to be the maximal
integer such that r; = max{r;}. We have

flri,ray o rpsl) = flriyre, .oy k) + 1 — 1 < 0.
On the other hand, by definition of I, r;_1 < r; > r;11. Hence
flri,ray ey rpsl) — fri,roy ooy T— 1, Tty - oy T L — 1)
= (r} — ri—ar — e — 1) + (Roarig + rie)
=(rp—mr_1)(rp—me1—1) > 0.
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Hence
flri,ray e =1, 741y - -y T3 L — 1) < 0.
By induction,
flri,ro, ooy, a1y ety L — 1) =0
and all the inequalities above become equalities. That is,
f(ri,re,...,rns k) = 0;
T =1 = max{r;};
rp =171 0r ;. =741 + 1.
By induction, (2.1) is equivalent with
=1y =1;
0<rip1—rm <lifi<l—1;
0<m-1—r41 <1
0<ri—rip1 <1lifi>1+1.
Combining with (2.3) and (2.4), we conclude that
(1) ri=rp=1,
(2) 0<rjp1 —m < 1ifi <k,
3)0<r;—ri1 <1lifi>k.

This proves that f(ri,re,...,mn;k) > 0 and f(r1,r2,...,7m; k) = 0 only if
conditions (1)-(3) hold. The ‘if’ part can be also checked by induction on &

easily. We omit the proof.

3. FACTORIZATIONS OF RIGID SHEAVES

O

In this section, we assume that X is a smooth projective surface. All
sheaves are considered to be coherent on X. We will define factorizations of

rigid sheaves and give basic properties.
Definition 3.1. A coherent sheaf R has a factorization

{gtha .- agn}

if there exists a filtration of coherent sheaves
0=FCFCFC--CF=R,

such that F;/F;—1 =2 G; for 1 < i < n and we write this factorization as

R={G1,...,Gn}.

This factorization is said to be perfect if h%(G;,G;) = 0 for all i < j.

Example 3.2 ([9, Lemma 2.4]). Let C be a (—2)-curve on a smooth projec-
tive surface X. Let F be a pure one-dimensional sheaf on the scheme mC.

Then the subquotients of the Harder-Narasimhan filtration

0=Fr'cFlc-.cF'=F

of F are of the form

{(FYF,F2 P P = {0c(a)®, Oc(a2) ™, ..., Oc(an) ™}

with a1 > as > -+ > a, and r; > 0, which gives a perfect factorization of

F.
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The following lemma is a direct consequence of Lemma 2.6.

Lemma 3.3. Let R be a rigid sheaf with a perfect factorization

{gla LRI gn}
and Fo C F1 C Fo C -+ C Fy the corresponding filtration. Then F;/F; is
rigid for all © < j.

In application, we usually need to get new factorizations from old ones.
Here we give some lemmas about operations on factorizations.

Lemma 3.4. Let R be a coherent sheaf with a factorization

{G1,---,Gn}
and Fo C F1 C Fo C -+ C Fy, the corresponding filtration. If Fiy1/Fi—1 has
another factorization {G;, G; ,} for some i, then R has another factorization

{g17 ceey gi—la g;) g;-‘—l? gi+27 R gn}

In particular, if h'(Giy1,G;) = 0, we are free to change the order of Giiq
and G; in a factorization.

Lemma 3.5. Let R be a coherent sheaf with a perfect factorization
{G1,...,Gn}

and Fo C F1 C Fo C --- C Fy, the corresponding filtration. Then
{Fn=1,Gn}

s a perfect factorization of R.
Lemma 3.6. Let G and S be two coherent sheaves and r a positive integer.
Assume that S is simple.

(1) Assume h'(S,G) = 1. Denote by G' the unique non-trivial extension
of S by G. Then h%(S,G) = h%(S,G"), and any non-trivial extension
of S®" by G is isomorphic to SPY @ G'.

(2) Assume h'(G,S) = 1. Denote by G" the unique non-trivial extension
of G by S. Then h°(G,S) = h°(G",S), and any non-trivial extension
of G by S8¥ is isomorphic to SP—Y g G”.

Proof. (1) Consider the exact sequence
0 — Hom(S, G) — Hom(S,G’) — Hom(S,S) > Ext(S, )
induced by the extension
0+G—>G —>8—0.

Since the extension is non-trivial and § is simple, the map ¢ is injective.
And hence h%(S,G) = hY(S,G).
Consider a non-trivial extension R corresponding to

0= (.- ..o) € Bxt (S%7,G) = ",
Since S is simple, Aut(S®") = GL(r,C). Since Aut(S®") acts on
Ext!(S%,G) = C"
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through the natural action of GL(r,C), after taking an automorphism of
S%". we may assume that 1; = 0 except for one index ig. Hence R =
SEB(T—I) oq.

(2) can be proved similarly. O

Lemma 3.7. Let R be a rigid sheaf with a perfect factorization
{g17 R gn78®r7H17 ce 7Hm}
Assume that S is spherical.
(1) Suppose h°(S,G,) = 0 and x(S,G,) = —1, then there is a new

perfect factorization

{G1,. . G, SN G Ay Ho)

Here G), is the (unique) non-trivial extension of S by G,,.
(2) Suppose h°(H1,S) = 0 and x(H1,S) = —1, then there is a new

perfect factorization

{Gryeo oy Gy ML, SO Hy o M )
Here H is the (unique) non-trivial extension of Hi by S.

Proof. (1) Since the factorization is perfect, h%(G,,S) = 0. Since S is spher-
ical, h%(S,G,) = 0 by Serre duality. Hence x(S,G,) = —1 implies that
hl(S, Gn) = 1. The unique non-trivial extension G/, of S by G, is well-
defined. Note that the perfect factorization

{G1,. 3G, ST Ha,y oo, Hon )

induces another perfect factorization

G, G, F o Hey ooy Han )
where F’ is an extension of S®" by G,,. By Lemma 3.3, F' is rigid, hence

the extension is non-trivial. By Lemma 3.6(1), F' = S®~D g G/,. Hence
there exists a factorization

{G1,. oy Gn1, S, Gl Hay oo, Mo )

It is easy to check that this factorization is perfect, since h(S,G!) =
h%(S,G,) = 0 by Lemma 3.6(1).
(2) can be proved similarly. O

4. TORSION RIGID SHEAVES SUPPORTED IN (—2)-CURVES

In this section, we assume that X is a smooth projective surface. All
sheaves are considered to be coherent on X. We will classify certain torsion
rigid sheaves supported in (—2)-curves.

Proposition 4.1. Let C; U Cy be a chain of (—2)-curves and R a torsion
rigid sheaf with c1(R) = Cy +2Cy. Then R has one of the following perfect
factorizations:

(1) {002(a2)7 OC1UC'2(alaa2)};
(2) {Oclucz (ala a2)a OC’z (a2 - 1)};
(3) {001UC2 (ala (12), OC’z ((12 - 2)}

Here ay,as are integers.
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Proof. Taking the restriction in Cy, we have an exact sequence
0—>Ri >R —->Ry—0.

By Definition-Proposition 2.8, R; and Ry are rigid. Note that ¢1(R1) = C}
and ¢1(Rg2) = 2C3. Hence R1 = O¢,(a; — 1) is a line bundle on C; for
some integer a;, and Ro has a perfect factorization induced by Harder—
Narasimhan filtration, which is

Case 1. {O¢,(a2)®?} for some integer as, or

Case 2. {O¢,(a2),Oc,(b2)}, for integers ag > bs.

In Case 1, R has a perfect factorization

{001 (al - 1)7 Oc, (a2)®2},

for which we can apply Lemma 3.7 to get a new perfect factorization

{002 (a2)7 Ocyuc, (a17 a2)}’

This gives (1).
In Case 2, since Ry is rigid, by Lemma 2.6(4), we have

hl(OC2 (b2)7 OCz (aQ)) <1,

which implies that as < by 4 2, that is, by = a2 — 1 or as — 2. In this case,
R has a perfect factorization

{001 (al - 1)a Oc, (CL?)a Oc, (bZ)}7

for which we can apply Lemma 3.7 to get a new perfect factorization

{OclLJCz(al,aQ)v OCQ(bz)}'
This gives (2) and (3). O

Proposition 4.2. Let Cy U Cy U C3 be a chain of (—2)-curves and R a
torsion rigid sheaf with ¢1(R) = Cy + 2Cy + 3C3. Then R has one of the

following perfect factorizations:

(1-1) {Ocy(as3), Ocy,ucs (a2, a3), Ocyuc,ucs (at, az, as) b

1-2) {Oc¢,(as), Ocyucsucs (a1, a2, a3), Ocyuc, (a2 — 1, a3
{Oc,(a3z), Ociuc,ucs (a1, a2, a3), Ocyucs (a2 — 2, a3
{Oc,uc, (a2, a3), Ocyuc,ucs (a1, az,az), Oc, (53)}
{Oc,ucsucs (ar, a2, a3), Ocyucy (a2 — 1, a3), Oc, (b3) }
{Oc,ucsucs (ar, a2, a3), Ocyucy (a2 — 2, a3), Oc, (b3) }5
{Oc,ucyucs (ar, az,a3), Ocy (b3), Ocyucs (a2, b3) }

(1-2) s
(1-3) h
(2-1)
(2-2) %
(2-3) %
(3-1)
(3-2) {Ocyucs (a2, a3), Ocy (b3), Ocyucsucs (a1, az + 1,b3) };
(3-3) h
(3-4)
(4-1)
(4-2)
(4-3)

)

)

{Oc,ucucs (a1, az, a3), Oc, (b3), Ocyucs (az — 1,b3) };

{Ocu205ucs (a1, az, a3) ® Oc, (as — 1)%?}

{Oc,ucyucs (ar, a2, a3), Ocyuc, (a2, b3), Oc,(c3) }

{Oc,uc; (a2, a3), Ociucsucs (a1, az +1,b3), Oc, (e3) }

{Oc,ucsucs (ar, az, b3 + 1), Ocyucs (az — 1,b3), Oy (c3) };
(4-4) {Oc,u2c,uc;(at, a2, b3 + 1) @ Ocy (b3), Ocy(c3) -

Here a;, b;, c; are integers and az > bs > c3.
Proof. Taking the restriction in C5, we have an exact sequence

0—>Ri2—>R—>R3—0.
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By Definition-Proposition 2.8, Ri2 and Rg3 are rigid. Note that ¢;(R12) =
Cy + 2C5 and c¢;1(R3) = 3C5. Rs has a perfect factorization induced by
Harder—Narasimhan filtration, we have 4 cases:

Case 1. {O¢,(a3)®3} for some integer as;

Case 2. {O¢,(a3)®?, Oc,(b3)}, for integers ag > bs;

Case 3. {Oc,(a3), Oc, (b3)®2}, for integers ag > bs;

Case 4. {O¢,(a3), Ocy(b3), Ocy(c3)}, for integers az > bz > c3.

Fach case can be divided in to 3 subcases according to the perfect factor-
ization Ri2 = {G1, G2} in Proposition 4.1.

In Case 1, applying Lemma 3.7 twice with & = O¢;(as) to the perfect
factorization

R = {G1,G2, Ocy (a3)®},

we get a new perfect factorization, which gives (1-1), (1-2), or (1-3) by
changing as properly.

In Case 2, applying Lemma 3.7 twice with & = O¢,(as) to the perfect
factorization

R = {G1,G2,0c; (a3)®?, Oc, (b3)},

we get a new perfect factorization, which gives (2-1), (2-2), or (2-3) by
changing as properly.

In Case 3, we have 3 subcases:

Subcase 3.1. Rz = {Oc¢,(a2), Ocyuc, (a1, a2)};

Subcase 3.2. Rz = {Oc,uc, (a1, a2), Oc, (az — 1) };

Subcase 3.3. Ri2 = {Ocyuc, (a1, a2), Oc, (a2 — 2)}.

In Subcase 3.1, R has a perfect factorization

{OCz (a2)7 001U02 (ala a2)? 003 (a3)7 003 (b3>®2}'

Applying Lemma 3.7, we get a new perfect factorization
{Oc, (a2), Ocyucsues (a1, ag + 1, a3), Oy (b3) ¥}
Note that Hom’s and y between the first two factors are trivial, we get
K (Oc,ucsucs (a1, az + 1, a3), Oc,(az)) = 0,
and we can exchange the first two factors to get a new perfect factorization
{Oc,ucnucs (a1, a2 + 1, a3), Oc, (ag), Oy (b3) ).

Applying Lemma 3.7(1), we get a new perfect factorization

{OclLJCQUC:g (Gl, az + 17 a3)7 OC{; (b3)7 OCQUCg (0/2 + 17 b3)}
This gives (3-1) by changing ag properly.
In Subcase 3.2, R has a perfect factorization
{OC:[UCQ (alv a2)a OCQ (a2 - 1)’ (903 (CL3), (903 (b3)@2}'
Applying Lemma 3.7, we get a new perfect factorization
{OclUCQ (a'la a2)7 OCQUC3 (a'27 a3)7 003 <b3>®2}-
Note that Hom’s and y between the first two factors are trivial, we get
h’l(OCQUCg (CLQ) (13), OclLJCQ (a17 a?)) — Oa
and we can exchange the first two factors to get a new perfect factorization

{OCZUC3 (a2> a3)7 OC1UC’2 (ala a2)7 003 <b3>®2}'
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Applying Lemma 3.7(1), we get a new perfect factorization

{OCQU03 (a27 a3)a OCg (b3)7 OC1UCQUC3 (ala a + ]-, b3)}
This gives (3-2).
In Subcase 3.3, R has a perfect factorization
{OC:[UCQ (alv a2)a OCQ (a2 - 2)’ 003 (a3)7 OC:; (b3)@2}'
Applying Lemma 3.7, we get a new perfect factorization
{OC:[UCQ (a17 CLQ), OCQUCg (a2 - ]-7 a3)) OCS (b3)®2}'
Note that
hl(OCQUC3 (a2 - ]-a (13), OQUCQ (ala a2)) =1
since
X(OCQUC3 (QQ - 17 a3)7 OC'lUC'Q (a17 a )

)
K (Oc,ucs(as — 1, a3), Ocyue, (a1, as))

)

(a1

0,
1,
0,

hO(OCluCQ ((11, (12), OCQUCg (02 - 17 as )

and the unique non-trivial extension is Oc,u2c,ucs (@
get a new perfect factorization

{OC1UQCQUC3 (a/l + 17 az — 17 a3)7 003 (63)692}'
Note that Oc,u2c,u0s (a1 +1,a2 — 1, a3) can be also viewed as the extension
of Oc, (a2 — 1) by Ocyuc,ucs(ar, a2 +1,a3 —1).
Now if ag > b3 + 1, then R has a new factorization
{OclLJCQUCg (a1> az + 1> a3 — 1)7 OCQ ((12 - 1)5 OCg (b3)®2}a

which is perfect by checking Hom’s. Applying Lemma 3.7, we get a new
perfect factorization

{Oclu02u03 (a17 az + 17 as — 1)7 003 (b3)7 OCQUC?, (CLQ, b3)}

This gives (3-3) by changing a9, as properly.
If ag = b3 + 1, then

h‘l (003 (b3)a 001U202UC3 (al + 1,&2 - 1,&3)) =0

as — 1,a3), we

since
xX(Oc;(b3), Ocyu2cucs (a1 + 1, a2 — 1, a3)) = 0,
h(Oc, (bs), Ocyuacyucs (a1 + 1,a3 — 1,a3)) =0,
R (Ocy 200 (a1 + 1, a3 — 1,a3), Oc, (b3)) = 0
Hence

R = Ocyu2c,ucs (a1 + 1 ag — 1,a3) ® Ocy (a3 — 1)%2
which gives (3-4) by changing ay, aa properly.
Finally we consider Case 4. Again we have 3 subcases:
Subcase 4.1. Ri2 = {O¢,(a2), Ocyuc, (a1, a2)};
Subcase 4.2. Ri2 = {Ocyuc, (a1, a2), Oc,(az — 1) };
Subcase 4.3. Ri2 = {Ocyuc, (a1, a2), Oc, (a2 — 2)}.
In Subcase 4.1, arguing as Subcase 3.1, we have

R = {Ocz (a2)7 OClUC2 (alv a’2)7 003 (a’3)7 003 (b3)7 003 (03)}
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= {Oc,(a2), Ocyuc,ucs (a1, a2 + 1, a3), Oc, (bs), Ocy (c3)}
= {Ocyucsucs (a1, a2 + 1, a3), Oc, (az), Ocy (bs), Ocy (c3)}
= {001U02U03 (al, as + 1, ag), OCQch (CLQ + 1, bg), 003 (63)}.
This gives (4-1) by changing as properly.
In Subcase 4.2, arguing as Subcase 3.2, we have perfect factorizations
R ={0c,uc,(a1,a2),Oc,(az — 1), 0cy(asz), Oc, (b3), Ocy(c3)}
= {0cyuc, (a1, a2), Ocyucs (a2, a3), Ocs (b3), Oc;y(c3) }
= {Ocyucs (a2, a3), Ocyuc, (a1, a2), Ocs (b3), Oc;y(c3) }
= {Ocyucs (a2, a3), Ocyuc,ucs (a1, az + 1,b3), Oy (c3) }-
This gives (4-2).
In Subcase 4.3, arguing as Subcase 3.3, we have perfect factorizations
R ={0c,uc,(a1,a2), Oc, (az — 2), Ocy(az), Ocy (b3), Ocy(c3)
= {Oc,uc, (a1, a2), Ocyucs (a2 — 1, a3), Ocy (b3), Ocy(c3) }
= {Oc 200005 (a1 + 1,02 — 1,a3), Oy (b3), Ocy(c3)}-

If as > b3+ 1, then az = b3 + 2 in this case since the extension of O¢, (b3)
by Oc,(ag) is rigid (see Case 2 of proof of Proposition 4.1). Arguing as
Subcase 3.3, we have perfect factorizations

R ={0c,ucoucs(ar, a2 +1,a3 — 1), Oc, (a2 — 1), Ocy (b3), Ocy (c3)}

= {Oc,ucsucs (a1, a2 + 1,3 + 1), Ocyucy (a2, b3), Ocy (c3)

This gives (4-3) by changing as properly.
If a3 = b3 + 1, then as Subcase 3.3, we have a perfect factorization

R ={0c 020,005 (a1 + 1,a2 — 1,03+ 1) & Oy (b3), Oy (c3) }

since
h1(003 (b3), Ocyu2csucs (a1 +1,a2 — 1,03+ 1)) = 0.

This gives (4-4) by changing a1, as properly. O

We get the following corollary directly.

Corollary 4.3. Let C1 UC2UC3 be a chain of (—2)-curves and R a torsion

rigid sheaf with c1(R) = C1 + 2Cy + 3Cs. Then one of the following holds

(1) R has a perfect factorization {G,L} where L is a line bundle sup-
ported on the chain C; U---UCs for some 1 < i <3, or
(2) R = Oc,u20,0cs (a1, az, az)DOcy (az—1)%2 for some integers ay, ag, az.

Corollary 4.4. Let C1U---UC5 be a chain of (—2)-curves and R a torsion
rigid sheaf with c1(R) = C1 + 2Cs 4+ 3C5 4+ 2C4 + C5. Then R has a perfect
factorization {G, L} where L is a line bundle supported on either the chain
C;U---UCj for some 1l <i <5, orthe chain CL U---UCs.

Proof. Taking the restriction in C7 U Cy U C5 and C35 U Cy U C5, we have
exact sequences

0—>R45—>R—>R123—>0,
O—>R12—>R—>R345—>0.
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Note that 61(7?423) = C1 + 2C5 + 3C5 and 01(R345) =3C3+2Cy + Cs. If
one of Ri23 and Ray5 satisfies Corollary 4.3(1), then we can get the desired
perfect factorization.

Suppose that Ri23 and Ray5 satisfy Corollary 4.3(2), note that their re-
striction on C3 are the same, for simplicity and without loss of generality,
we may write

Ri23 = Ocyu2cs0c; @ Ocy (—1)92,
Raus = Ocyuzciucs ® Oc, (—1)%2.
In this case we have an exact sequence
0 = Ocyu20,(0, —1) ® Oacyucs (—1,0) = R — Ocy ® Oy (—1)P2 — 0.
This gives perfect factorizations
R = {Oc,020, (0, —1) ® Oac,u05(—1,0), Ocy, Oc, (—1)P%}
= {O¢, @ Oc,, Ocyuc, (0, —1) & Oc,ucs (—1,0), Ocy, Ocy (—1)9%}
= {Oc¢, ® Oc,, Ocyuc, (0, —1), Ocyucs (—1,0), Ocy, Oy (—1)92}
= {Oc, ® Oc,, Ocyucs, (0, —1), Ocyuc,ucs, Ocs (—1) %%}
= {Oc, ® Oc,, Ocyuc,ucsucaucs, Ocs (1) %2}
Here we apply Lemma 3.7 in the last two steps. Note that
hl(OCs(_l)a Ocyuc,ucsucaucs) =0
by computing Hom’s and x. Hence we exchange the last two factors and get
a perfect factorization
R = {Oc, ® Ocy, 00y (—1)%2, Ocyucaucsucsucs 1
and the proof is completed. O
Corollary 4.5. Let C1U---UCg be a chain of (—2)-curves and R a torsion
rigid sheaf with c1(R) = Cy + 2Cy + 3C3 + 3Cy + 2C5 + Cs. Then R has

a perfect factorization {G,L} where L is a line bundle supported on one of
the following chains:

(1) C;U---UCs for some 1 <1< 3;
(2) CoU---UCj for some 4 < j <6;
(3) C3UCy.

Proof. Taking the restriction in C1 U Cy U C3, we have an exact sequence
0 — Rys6 & R — Ria3 — 0.

Note that ¢1(Ri23) = C1 + 2C5 + 3C53. If Ryo3 satisfies Corollary 4.3(1),
then we get the first case.

Now suppose that Rio3 satisfies Corollary 4.3(2). For simplicity and
without loss of generality, we may assume that

R123 = OC1U202UC3 @ 003(71)@2)
and we have a perfect factorization
R = {R4567 OC1UCQ (_17 1)7 OCQUC37 OCJ(_]-)@Z}
On the other hand, ¢;(R456) = 3Cy + 2C5 + Cs.
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Suppose that Ry4s6 has a perfect factorization {G’, £} where £ is a line
bundle supported on the chain C4U- - -UC} for some 4 < j < 6. For simplicity
and without loss of generality, we may assume that £’ = Ocyu--uc;- Hence
we have perfect factorizations

R = {G, Oc,u-uc,, Ocyuc, (—1,1), Ocyucs, Ocy (—1)%%}
= {7, 0c,uc, (—1,1), Ocyu..uc;  Ocyucs, Ocy (—1)F2}
= {G', Oc,ucs (—1,1), Ocyucsucsu-uc, (0,0, 1, ..), Oc, (—1)9%}
={G',0c,ucy(—1,1), Ocy (—1)%2, Ocyucsucyu--uc; (0,0, 1, .. )}

We apply Lemma 3.7 in the second step, and the last step is because

hl(OC3(_]-)7 OCQUCSUC4U"'UCj (07 07 17 .. )) = O

by computing Hom’s and . This gives the second case of this corollary.
Now suppose that R 56 satisfies Corollary 4.3. For simplicity and without
loss of generality, we may assume that

Rass = Oc,u20500s ® Oc, (—1)%2

Then we have perfect factorizations

R = {Oc,u2c50cs. Ocy (—1)%2, Ociuc, (—1,1), Ocyucs, Oc, (1)}
= {Ocyu205u0s, Ociuc, (—1,1), 0, (—1)%%, Ocyucy, Oy (—1) %%}
= {Ocyu205u0s, Ociuc, (—1,1), Ocy,ucsucy, Ocy (—1), Ocy (1)}
(—1,1), Oc,ucsucy, Ocs (—1), Ocyue, (—1,0) }.

Here we apply Lemma 3.7 in the last two steps. This gives the third case of
this corollary. O

= {OC4UQC5UCG7 OclUCQ

5. CLASSIFICATION OF TORSION EXCEPTIONAL SHEAVES

In this section, we prove Theorems 1.2 and 1.3.

Lemma 5.1. Let £ be a torsion exceptional sheaf on a smooth projective
surface X satisfying conditions in Theorem 1.3. Assume that there exists at
least one (—2)-curve in supp(E). Then there exists a chain of (—2)-curves
Z in supp(€), and a line bundle L on Z, such that c1(E) - c1(L) = —1 and
there is an exact sequence

0-&8—=E—-L—0
with h°(&', L) = 0.
Proof. By assumption, we may write

m Ny

supp(§) = DU U UC’g,

j=li=1

where C{ U---uCy ; is a chain of (—2)-curves for each j and they are disjoint
from each other. Since £ is exceptional, supp(€) is connected. Hence we
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assume that D intersects with the chain C’f U---u Cﬁj on the curve C’i_ at
J
one point. We may write

m Nj

D—l—ZerC”

7j=11i=1

in the sense of Definition-Proposition 2.8 since the first Chern class of the
restriction in every chain of (—2)-curves is uniquely determined. Since & is
exceptional, by Riemann—Roch formula,

cl(€)’ = —x(£.€) =~
On the other hand,

m Ny

(D+ZZ7“]C’])
7j=11=1
—D*+2D- ZZ i+ (iz gcf)
7=11=1 =1 t=1
:D2+2D.iirfcf+i(ir C,f)
j=1i=1 j=1 =1
m m n; n;—1
:—l—i—QZrij—i—Z( 252 +2J§:rl m)
j=1 j=1 i=1 =

This implies that
m
Zf(T{? 7T¥L37kj) = Oa
j=1

where f is the polynomial defined in Subsection 2.5. By Proposition 2.14,
f(rl,...,rh;kj) =0 for each j and {r{,...,77,,k;} satisfies the conditions
in Proposition 2.14.

For convenience, we write n; = n, T‘il =7 C’i1 = (}, k1 = k. Note that
n < 6 by assumption, and hence r; < 3.

Reversing the order of {C;} if necessary, by the conditions in Proposition
2.14, we only have the following 6 cases:

k=3, n=5and (ry,...,75) = (1,2,3,2,1);
k=4,n=6and (ry,...,r¢) = (1,2,3,3,2,1).

In Case (1) and (2), taking the restriction in C, we have an exact sequence
08 —=E&—=R—0.

Then ¢ (R1) = C and hence R is a line bundle on Cy. Moreover, h°(£’, R1) =
0 by construction, and

01(5) . Cl(Rl) = {

(1
(2)
(3)
(4) k>3 andr; =1,79 =13 =2;
(5)
(6)

(Ci+D)-Cy=-1 Case (1);
(C1+Cy)-Cp=—-1 Case (2).
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Hence we may take £ = Ry.
In Case (3) and (4), taking the restriction in C7 U Cy, we have an exact
sequence
0—>512—>5—>R12—>0.
Then ¢;(R12) = C1 + 2C,. By Proposition 4.1, there exists a line bundle £
supported on Cy or the chain C; U Cy with an exact sequence

0—=-GG—=>Ri2—>L—0
such that h%(G, L) = 0. Consider the exact sequence
0&8=E-L—0

given by the surjection & — Ris — L. Then h(£’, L) = 0 since &' is an
extension of G by €12 and supp(€12) does not contain C; or Co. Note that
Cc1 (ﬁ) = (C5 or C7 + (5, we have

(C1+2C3+C35+D)-c1(L)=—-1 Case (3);

(&) alL)= {(01 +2C5 4 2C3) - e1(L) = —1 Case (4).

This L satisfies all conditions we require.
In Case (5), taking the restriction in C; U --- U C5, we have an exact

sequence

0=-& —>E—R—O0.
Then ¢;(R) = C1 +2Cy+3C35+2C4+ C5. By Corollary 4.4, R has a perfect
factorization {G, L} where L is a line bundle supported on either the chain
C;U---U(C5 for some 1 <1¢ <5, or the chain C7U---UCs. This induces an
exact sequence

0=& —=E—=L—0

where £ is an extension of G by & . In particular, we have h®(&’, L) = 0.
By construction, ¢1(£) = Z]S:z C; for some 1 < < 5 or Z?Zl C;. Note
that D only intersects with Cs, it is easy to compute that

(&) -a(L)=(C1+2C,+3C3+2C,+C5+ D) -ci1(L) =—1.

This £ satisfies all conditions we require.

In Case (6), taking the restriction in C; U --- U Cg, we have an exact
sequence

0=-& —>E—R—O0.

Then ¢1(R) = Cy +2C2 4+ 3C35+ 3C4 + 2C5 + Cg. By Corollary 4.5, R has a
perfect factorization {G, L} where L is a line bundle supported on the chain
C;U---UCj5 for some 1 <4 < 3, or the chain CoU---UC] for some 4 < j <6,
or the chain C5 U Cy. This induces an exact sequence

0& —=-E—-L—>0

where £’ is an extension of G by £. In particular, we have'ho(é”,ﬁ) =0.
By construction, ¢ (£) = Z?:Z Cy for some 1 <4 < 3, or Y.7_, C; for some
4 <5 <6, or C3+ Cy4. Note that D only intersects with Cy, it is easy to
compute that

(&) -all)=(C1+2C2+3C3+3C1+2C5+Cs+ D) -c1(L) = —1.

This L satisfies all conditions we require. O
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Proof of Theorem 1.3. As in the proof of Lemma 5.1, we may write
m Ny

al)=D+> Y rlcs,

j=1i=1

where C{U---UCY, ; is a chain of (—2)-curves for each j and they are disjoint
from each other.

Assume that there exists at least one (—2)-curve in supp(&), then by
Lemma 5.1 there exists a chain of (—2)-curves Z in supp(€), and a line
bundle £ on Z, such that ¢;(€) - c1(£) = —1 and there is an exact sequence

08 —=€E—=L—0
with h%(£’,£) = 0. Note that £ is a spherical object, and
X(L, &) = x(L,E) = x(L, L) = —c1(€) - e1(L) =2 = —1.
By Lemma 2.7, £ is exceptional and £ = Tp&’. Moreover, by the proof of
Lemma 5.1,
m Ty

a)=ca(f)—alL)=D+Y Y ()c,,

j=1 i=1

iy — {rf -1 if C’g C supp(L);
J

where (7] .
T otherwise.

By induction on the number 37", S rlj , after finitely many steps, we
may assume that ¢1(£) = D. This implies that £ is a line bundle on D and

the proof is completed. O

Lemma 5.2. Let £ be a torsion exceptional sheaf on a weak del Pezzo
surface X, then there exists exactly one (—1)-curve D in supp(E), and the
restriction of £ in D is a line bundle.

Proof. Since |— K x| has no base component by Lemma 2.10, choose a general
element in E € | — Kx| which is not contained in supp(&). There is a short
exact sequence
0—>wxy - 0x - O — 0.
Tensoring with &, since £ is pure one-dimensional and E ¢ supp(€), we get
an exact sequence
0=>EQuwx =& —E&|lp—0.

Applying Hom(&, —) to this sequence, we get an exact sequence
Hom(&, € @ wy) — Hom(&, E) — Hom(E, E|p) — Ext'(£,€ @ wx).
Since & is exceptional, h%(£,£) = 1 and hY(£,€ @ wx) = 1 (E,E @wyx) =0
by Serre duality. Hence
Hom(&,€|g) = C. (5.1)

By Lemma 2.9, supp(€) only contains (—1)-curves and (—2)-curves. Note
that each (—1)-curve intersects with E at one point and each (—2)-curve
does not intersect with E, we conclude that there is only one (—1)-curve D
in supp(€). Moreover, taking restriction in D, we get an exact sequence

0—-& =€ —=Ep—0,
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where the support of & only contains (—2)-curves. Combining with (5.1),
we have

Hom(&p, Eplp) = C.

Since Ep is pure one-dimensional, £p is a line bundle on D. O

Proof of Theorem 1.2. It suffices to check that any torsion exceptional sheaf
& on a weak del Pezzo surface X of d > 2 of Type A satisfies conditions
(1)-(4) in Theorem 1.3.

By Lemma 2.9, any irreducible component of supp(€) is a curve with
negative self-intersection, hence is a (—1)-curve or (—2)-curve. By Lemma
5.2, conditions (1)-(2) are satisfied. By the assumption d > 2, there are
at most 6 (—2)-curves on X, hence condition (3) is satisfied since X is of
Type A. Again by the assumption d > 2 and Lemma 2.11, condition (4) is
satisfied. O

6. EXAMPLES

In this section, we provide several interesting examples of torsion excep-
tional sheaves on weak del Pezzo surfaces.

Example 6.1. Let X be a weak del Pezzo surface of degree d > 1 whose
anticanonical model has at most Aj-singularities. Then by our proof, ev-
ery torsion exceptional sheaf on X has the form Opycyu..uc, (d, a1, ..., an),
where C; are disjoint (—2)-curves, D is a (—1) curve intersecting with each
C;, and d, a; are integers. Note that n can be 0 which means there is no (—2)-
curve in the support. Similar result holds true for weak del Pezzo surfaces
of degree d > 1 whose anticanonical model has at most As-singularities.

The following example suggests that the scheme theoretic support of a
torsion exceptional sheaf can be non-reduced.

Example 6.2. Let X be a smooth projective surface, C7; U Cy U C5 a chain
of (—2)-curves, and D a (—1)-curve. Assume that D-Cy =1and D-C; =
D - C3 = 0. Then the structure sheaf Opyc,u2c,uc, is @ torsion exceptional
sheaf on X with non-reduced support. In fact, by applying Lemma 2.7 to
the following exact sequences

0— ODUClUCQUCS(_]'7 _17 2) _1) — ODUC1U202UC3 — OCQ — 07
0— OD(_2) — ODUClUCQUC3(_17 _17 27 _1) — 001U02U03(_17 27 _1) — 07
we get
Opuciuzcsucs = Toe, © Toe, eyue,(—1,2,-1)(OD(=2))-

The following example suggests that the support of a torsion exceptional
sheaf on a weak del Pezzo surface of degree one can contain loops.

Example 6.3. Let X be a smooth projective surface, C7; U Cy U C5 a chain
of (—=2)-curves, and D a (—1)-curve. Assume that D-Cy =0 and D -Cj =
D-C3 =1, that is, Cy, Cy, Cs, D form a loop (this might happen, for example,
on the minimal resolution of a singular del Pezzo surface of degree one
with one As-singularity, cf. [6, Lemma 2.8]). Then the unique non-trivial
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extension £ of Oc,ucy by Opuc,uc, is a torsion exceptional sheaf on X
whose support is a loop. In fact,

hl (OCQUC3> ODUCHUCQ) =1

since

hO(OC’2UC37 ODUclLJCQ) = Oa
X(OC2UCS7 ODUclLJCQ) = 717

hO(ODLJclUCQa OCQUC3) =0.

By applying Lemma 2.7 twice, we get

€= TOCQUC3 °© TOclu02 (Op(-1)).
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