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1. INTRODUCTION

Gromov-Witten theory started as an attempt to provide a rigorous mathematical
foundation for the so-called A-model topological string theory of Calabi-Yau varieties.
Even though it can be defined for all the Kéhler/symplectic manifolds, the theory on
Calabi-Yau varieties remains the most difficult one. In fact, a great deal of techniques
were developed for non-Calabi-Yau varieties during the last twenty years. These tech-
niques have only limited bearing on the Calabi-Yau cases. In a certain sense, Calabi-Yau
cases are very special too. There are two outstanding problems for the Gromov-Witten
theory of Calabi-Yau varieties and they are the focus of our investigation.

More than twenty years ago, physicists Bershadsky-Cecotti-Ooguri-Vafa [7] studied
the higher genus B-model theory. One of the consequences of their investigation is the
following mathematical conjecture.

Modularity Conjecture: Suppose that X is a Calabi-Yau manifold/orbifold and
ngW is the genus g generating function of its Gromov-Witten theory. Then FEW is
a quasi-modular form in an appropriate sense (see Definition Definition @ and
Remark([2.9 ).

One of main intellectual advances of the field during the last several years was the
realization that the modularity conjecture should be extended to orbifold quotients
[X/G] of a Calabi-Yau manifold/orbifold X.

When X is a Calabi-Yau hypersurface of weighted projective space, there is another
famous duality from physics as follows. Suppose Xy = {W = 0} C P(ey, - ,cn)
is a degree d hypersurface. Xy is a Calabi-Yau orbifold iff d = >, ¢;. Let Gy be
the group of diagonal matrices preserving W. Gy contains a special matrix J =
exp(2micy/d,- - ,2micy/d) and is always nontrivial. J acts trivially on Xyy. In addition
to W, we can choose a so-called admissible group (J) C G C Gy. Then, G = G/(J) acts
faithfully on Xy . There are two curve counting theories built out of data (W, G): the
Gromov-Witten theory of an orbifold [Xy /G| and the FJRW theory of (W, G) [28, 29].
Let ]:gGW, ]:; JRW he the generating functions of each theory. Define partition functions

Dow = Z hg—l]_-gGW, Drjrw = Z hg_l]:;JRW.
g g
The second outstanding problem for Calabi-Yau varieties is the following conjecture
[74, 59].
Landau-Ginzburg/Calabi-Yau correspondence Conjecture: There is a dif-
ferential operator U built out of genus zero data (the quantization of symplectic trans-
formation in the sense of Givental) such that up to an analytic continuation

Dgw = U(Drjrw )-
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The above two conjectures are central for our understanding the GW-theory of
Calabi-Yau varieties. For example, they are at the heart of a recent spectacular ad-
vance in physics [40] to compute higher genus Gromov-Witten invariants of the quintic
3-fold up to genus 51!

It is clear that both conjectures are difficult. In [I5], it was proposed to put both
conjectures into a single framework using global mirror symmetry. Here, the word global
refers to the global property of the B-model. The traditional version of mirror symmetry
is local in the sense that we study a neighborhood of so-called a large complex structure
limit. Global mirror symmetry emphasizes the idea of moving away from a large complex
structure limit. In fact, we want to move around the entire B-model moduli space and
study all the interesting limits including (not exclusively) the large complex limit. One
of the special ones is the Gepner limit, corresponding to FJRW theory. Therefore, the
knowledge of the Gepner limit (FJRW theory) will yield a wealth of information at the
large complex structure limit (GW theory). This provides an effective way to compute
higher-genus Gromov-Witten invariants of Calabi-Yau hypersurfaces, which is a central
and yet difficult problem in geometry and physics. Furthermore, one can study global
properties of the entire family. The global properties of B-model naturally lead to the
modularity of Gromov-Witten theory, a remarkable bonus of global mirror symmetry.
This was exactly the way that BCOV discovered the modularity more than twenty
years ago. Since then, there has been steady progress in physics on the modularity
conjecture by Klemm and others [3, 35, [40, 4I]. In a sense, the mathematicians are
finally catching up! However, the recent mathematical development did not follow the
physical blueprint. Recall that the physical discussion for last 15 years focused on the
Calabi-Yau B-model (see a mathematical formulation in [23]). An unexpected twist of
recent events in mathematics is the development of the above framework in the set-up
of the Landau-Ginzburg model over [X/G], a related but much larger model.

The main result of this article is to prove both conjectures for (W, Gy) (Theorem
in the case that W is a Fermat polynomial.

Theorem 1.1. Suppose that W is a Fermat polynomial with d = ), ¢; (hence Xy
defines a Calabi-Yau hypersurface). Then,

(1) LG/CY correspondence conjecture holds for the pair (W, Gw).
(2) The modularity conjecture holds for [Xw /Gw].

We would like to mention that there are two other parts of LG/CY correspondences,
cohomological corespondence and genus zero correspondence. The cohomological cor-
respondence was solved for an arbitrary admissible pair (W, &) by Chiodo-Ruan [17].
The genus zero correspondence for Fermat polynomial W was solved by Chiodo-Iritani-
Ruan [16] 18] for the pair (W, (J)) (see wall-crossing proof in [60]) and by Lee-Priddis-
Shoemaker [58, [57] for the pair (W, SLy ). The all-genus correspondence for simple
elliptic singularities was solved by Krawitz-Shen [46] and Milanov-Ruan [52]. There are
also very interesting versions for complete intersections by Clader [19] and non-Calabi-
Yau cases by Acosta [I]. Our focus is the higher genus correspondence as we stated in
the theorem. However, an intermediate step is a proof of the genus zero correspondence
for the pair (W, Gy). The modularity conjecture was solved in dimension one[52} 53}, [68]
(see [20] for a related work on compact toric orbifolds).
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Let’s spell out our general strategy. The original version of the LG/CY correspon-
dence is a conjectural statement connecting the GW theory of Xy and the FJRW
theory of (W, (J)). The computation of higher-genus Gromov-Witten invariants is a
very difficult problem, which we hope to solve using the LG/CY correspondence. How-
ever, we can improve the situation by taking a certain maximal quotient [ Xy / GW] By
the Berglund-Hiibsch-Krawitz LG-to-LG mirror symmetry [6, 45], [ Xy /Gw] should be
mirror to the large complex structure limit of the B-model family of the dual polyno-
mial W7 (a Fermat polynomial is self-dual). Its Gepner limit corresponds to the FJRW
theory of (W,Gyw). The B-model family of W7 corresponds to miniversal deforma-
tion of W7. Its genus zero theory is known as Saito’s Frobenius manifold theory [63].
Saito’s Frobenius manifold is generically semi-simple and Givental has defined a higher-
genus potential function on the semi-simple locus [31]. Namely, we have a rigorous
mathematical definition of the B-model theory in this case for all genera. Using Tele-
man’s solution of the Givental conjecture [72], the higher genus theory of a semi-simple
GW-theory is determined by the genus zero theory. Therefore, the all-genus LG/CY
correspondence is reduced to the genus zero correspondence. On the other hand, there
is no such reduction for CY cases such as Xy. We should mention that the extension
of the Givental-Teleman higher genus function to non-semisimple locus is a well-known
difficult problem and has been solved recently by Milanov [50].

We shall implement our strategy in two steps: (i) a construction of the global LG
B-model of W7, and (i) two mirror symmetry theorems connecting the B-model at the
large complex structure limit to GW-theory and the B-model at the Gepner limit to
FJRW-theory. We have applied the above strategy successfully for quotients of elliptic
curves by Zs, Zy, Zg [406, [52]. But the B-model construction in [52] does not generalize
to higher dimensions. In this article, we develop the higher dimensional theory using a
different approach.

The main results of this article have been reported in various conferences during last
five years. We apologize for the long delay.

The article is organized as follows. In the section 2, we will review the global CY-
B-model to motivate our global LG-B-model construction and the appearance of quasi-
modular forms in Gromov-Witten theory. Sections 3-5 form the technical core of the
paper where we construct the global LG-B-model. We should mention that many in-
gredients were already in the literature [38]. The two mirror symmetric theorems as
well as the proof of the main theorem will be presented in sections 6 and 7. The proof
of the main theorem (Theorem [7.9) will be presented in the section 7.

We thank Rachel Webb for careful reading of our manuscript and for helpful com-
ments. Y. R. would like to thank Albrecht Klemm from whom he learned a great deal
about the modularity conjecture. Y. S. would like to thank Si Li and Zhengyu Zong for
helpful discussions.
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26610008, 23224002. The work of T. M. is partially supported by JSPS Grant-In-Aid
26800003 and by the World Premier International Research Center Initiative (WPI
Initiative), MEXT, Japan. The work of Y. R. is partially supported by NSF grants
DMS 1159265 and DMS 1405245. The work of Y. S. is partially supported by NSF
grant DMS-1159156.
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2. GLOBAL CY-B-MODEL AND QUASI-MODULAR FORM

We are primarily working in the LG-setting. In this section, we review the some basic
properties expected for the Calabi-Yau B-model to motivate our construction. In the
process, quasi-modular forms appear naturally in GW-theory.

Let X be a n-dimensional Calabi-Yau manifold. The B-model of X corresponds to
the moduli space of complex structures (possibly with a marking) on X. Traditionally,
it is studied by its Hodge structure. Let’s start from the algebraic set-up. An abstract
Hodge structure of weight k (AHS) on a real vector space V' is a decomposition into
direct sum of complex subspaces

Ve = @ VP

p+q=k

such that VP4 = VP A polarization of AHS on V is a non-degenerate bilinear form
Q@ on V which is symmetric if k is even, and skew-symmetric otherwise. It satisfies the
conditions

(i) Qz,y) =0 for x € VP9, y € VP4 (p,q) # (¢, 7);
(ii) P~9(—1)kE=D2Q(x, z) > 0.

We can associate the Hodge filtration
OCFFrcFFtc...cF' =1,

given by FP = Zp,>p HP4. The above Hodge filtration defines a flag of Vi. Using the
polarization, we can reconstruct the Hodge decomposition from the flag by

HP = {2z € F?: Q(x,5) =0,y € FPT1}.

Let mp = dim FP, m = (my,--- ,my). Let Fi(m, V) be the variety of flags of linear
subspaces F? of dimension my, p = 0,...,k. It is a closed algebraic subvariety of the
product of Grassmann varieties G(m,,, V). It carries a sequence of tautological bundles
of rank m,, pulled back from that of G(m,, V). A polarized AHS of weight k defines a
point (FP) in Fi(m, V). It satisfies the following conditions

(i) Ve = F* @ FF o7
(i) QP FF—rHl) = 0;
(iii) (=1)k*E=D/2Q(Cx,z) > 0, where C acts on HP as multiplication by P~

The subset of flags in F'l(m, V) satisfying the previous conditions is denoted by Dy, (V, Q)
and is called the period space of (V,Q) of type m. Fix a basis of V' with respect to @
to identify V with the space R”", where r = mg. FP can be identified with a complex
matrix II,, of size r x my,, which is called a period matriz. Another important structure
is the integral structure. An integral structure of an AHS is an abelian subgroup A C V
of rank equal to dim V' (a lattice) such that Q(A x A) C Z.

Suppose that X is a Kéhler manifold of dimension k. The Hodge decomposition and
cup product () on the middle dimensional cohomology V = H k(X ,R) define an AHS
of weight k. The integral structure is given by A = H*(X,Z). Now, suppose we have
a family of compact connected complex manifolds. It is a holomorphic smooth map
f: X — T of complex manifolds with connected base T. For any t € T, let X; = f~1(¢)
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be the fiber and V; = H*(X;,R) equipped with a Hodge structure. The cup product
defines a polarization ); of the Hodge structure on V;. Fix an isomorphism

or: (V,Qo) = (H*(Xy,R),V)

called a marking of X;; we assume that the dependence of the marking ¢; on ¢ is locally
constant (flat with respect to the Gauss-Manin connection). Then, the pre-image of the
Hodge flag (F}) is a Qo-polarized AHS of weight k£ on (V, Qo). Let Dy, be the period
space (V, Qo) of type m = (m,,) for m;, = dim FP. We have a multi-valued holomorphic
period map

¢: T — Dy, t = (07 L(FF)).

To define the single valued period map, we need to consider the universal cover T of
T. Let X — T be the pull-back family. Then, we can fix a basis of (Hk(f(t,Z),Qt)
for each ¢t which depends holomorphically on ¢ and hence a single valued period map
¢: T — Dy,. Furthermore, the monodromy defines a homomorphism

a: mi(T,to) = Ga = Aut(A, Q[r)

called the monodromy representation. Let I' be the image of a. We obtain a single
valued period map

¢: T — Dy /T — D/ Aut(A, Q|a).

The global Torelli theorem is a statement that Dy, / Aut(A, Q|s) describes the moduli
space of complex structures, which is basically true in dimension one and two. It is
unknown if the global Torelli theorem holds in higher dimension. Another important
property is whether or not Dy,/ Aut(A,Q|s) is a hermitian symmetry space, which
makes the connection to number theory. Again, this is the case in dimension one and
two and false in higher dimension.

When X is Calabi-Yau, F* = H*? is one-dimensional. An element of H*Y is called
a holomorphic (k,0) form or a Calabi-Yau form. F* induces a holomorphic line bundle

L — Dpm.

In physical literature, £ is called a vacuum line bundle. It is invariant under G action
and hence descends to Dy, /G . We use the same £ to denote its pull back to T'. Using
L, we can define the modular form.

Definition 2.1. We call an analytic (holomorphic) section ¥ of £* a (holomorphic)
modular form of weight k of T'. Alternatively, ¥ can be viewed as an analytic function
on the total space of £ such that ¢(zv) = 2% (v). We call a holomorphic function v on
Dy a quasi-modular form if it is the holomorphic part of a “non-holomorphic” modular
form. In other words, there is a (non-holomorphic) modular form ¥ and functions
hi,...,h; (anti-holomorphic generators) such that W is a polynomial of hq,--- , g with
holomorphic functions as coefficients and ¢ as the constant term.

Remark 2.2. The above definition is unsatisfactory since it also includes other objects
such as mock modular forms. We use it as the working definition of this paper because
of the lack of a better definition. The main point of BCOV’s paper is that B-model
GW-theory generating function should be a almost holomorphic section of £* and hence
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almost holomorphic modular form. Here, the almost holomorphic means that its anti-
holomorphic generators satisfy the so-called holomorphic anomaly equation. The A-
model GW-theory generating function corresponds to the holomorphic part of B-model
generating function. An important future problem is to study these anti-holomorphic
generators, which will lead to a definition closer to that in number theory.

Example 2.3. An abstract Hodge structure of weight 1 on a real vector space V is a
decomposition into direct sum of complex linear subspaces

Ve =V vol

such that
(i) VIO = VoL
A polarization of AHS of weight 1 is a non-degenerate skew-symmetric form Q on V' (a
symplectic form) such that
(ii) Qly1o =0,Qyo1 = 0;
(iii) iQ(z,z) > 0,ve € V10 —{0}.
Then, we extend @ to a skew-symmetric form on V¢ by linearity.

H(z,y) = —iQ(z,y) (or Q(z,y) = tH(z,y) ) defines a hermitian form on V¢ of
signature (g, g). Let G(g,Vc) be the Grassmann variety of g-dimensional subspaces of
V. Set

G(9,Ve)u ={W € G(g,Vc) : Qlw = 0, H|w > 0}.

There is a natural bijection between Hodge structures on V' of weight 1 with polarization
form @ and points in G(g,Vc), where H is the associated hermitian form of Q. By
choosing a standard symplectic basis in V', G(g, V) can be described as a set of complex
2g x g-matrices satisfying certain condition. Furthermore, we can find a unique basis
of W such that the last g rows of the matrix form the identity matrix. Therefore, we
identify W with a unique g x g-matrix Z. The matrix Z satisfies the conditions

1 _
7V =27 Im(Z)= 52 =2)>0.
1

The period space I parametrizing polarized AHS of weight 1 is isomorphic to the

complex manifold

29,9)

2, =1{Z € Mat,(C) : Z" = Z,Im(Z) > 0}

called the Siegel upper half plane of degree g. Its dimension is equal to g(g+1)/2. The
monodromy group I' is a subgroup of Sp(2g,Z), which acts on D by

M(Z) = (AZ + B)/(CZ + D)

A B
C D)

Suppose that X — T is a one-dimensional family of elliptic curves. It induces a
weight 1 AHS of g = 1. Therefore, the period space is Z;-the upper half plane H.
The monodromy group I is a subgroup of SL(2,Z). Suppose that X is not a constant
family. Then, the universal cover T = H and T'= H/T". We would like to consider its
modular form. Note that we can consider Dy ; as a sub-domain of P(V¢). Then, L is
the pull-back of the tautological line bundle of P(V¢).

29,9)

where M is written as a block-matrix
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Suppose that w is a holomorphic (1,0)-form. Choose a symplectic basis or marking

A, B. The periods
a:/w, B:/w
A B

define a homogeneous coordinate system on Dy ;). The inhomogeneous coordinate is
7 = 8/a € H. Moreover, the total space of £ (minus the zero-section) can be identified
as (Vo — {0})/T, where T acts

(a, B) = (aB + ba, ¢ + dav),

where <CCL Z) € I'. By the definition, a modular form of weight k is a holomorphic

function
f:Ve— {0} —C

such that

(i): f is invariant under I'-action;

(ii): f(zvo,2v1) = 2* f(vo, v1).
Choose A such that w(A) = 1. Then,

T— (1,7)

defines a section of £. Let F(7) = f(1,7). Under a fractional linear transformation

T — ‘gig, F(7) changes as

at +b B at + b B _k B _k
F<CT+d>f(1,c7_+d>(CT+d) flar +byer+d) = (et +d)""f(1,7)

= (et +d)7FF(7)
which agrees with the usual definition of modular form.
The above example can be generalized to higher rank cases. V10 defines a rank
g bundle V over the Siegel upper half space Z,. Let £ = det(V). A Seigel modular

form f of weight k is a section of £F. Similarly, we can work out its inhomogeneous
presentation. It corresponds to a function F': Z; — C such that

AT+ B A B\"
P2 g (4 B)' i

A B
for 7 € Z; and <C’ D) € Sp(g,Z).

Example 2.4. Next, we consider the B-model moduli space of a K3-surface. Let X
be an algebraic K3-surface. H?(X,Z) is a free abelian group of rank 22 and carries
a unimodular even bilinear form of signature (3,19). Let w be an ample class. We
consider the Hodge structure on cohomology V = Hg X, Z) which is the orthogonal
complement of w. The Hodge structure on V¢ is an AHS of weight 2 of type (1,19, 1),
where we take the polarization defined by the restriction of intersection form (). The
Hodge flag is

0CF*=H*X)c F'=H*X)+H . (X)c F’=H?

prim prim(

rim(

X,C).
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The flag (FP) is completely determined by F? since F' = (F?)L. This implies that the
period space Dy, (V, Q) is isomorphic, as a complex manifold, to

Dp(V) ={Cv € P(V¢);Q(v,v) =0,Q(v,v) > 0}.

The integral structure A is again given by HS X,Z). The monodromy group I is a
subgroup of Aut(A, Q|a)-

One can generalize this to a so-called lattice K3-surface. Let M be an even lattice of
signature (1,7 —1). A M-polarized K3-surface is a pair (X, j) consisting of an algebraic
K3-surface X and a primitive embedding of lattices j: M — Pic(X) such that the
image of j contains an ample class. If M is rank one, it reduces to the previous case. A
family of M-polarized K3-surfaces is w: Y — T, a family of K3-surfaces such that there
is an embedding j;: M — H?(X;,Z).

Let N = M be the orthogonal complement of M in Lgs. The period domain is

Dy = {Cv € P(N¢); Q(v,v) = 0,Q(v,v) > 0}.

rim (

Djs is a hermitian symmetry space and of great interest to number theorist. The
modular form in this context is referred as automorphic form in literature.

There is an inhomogeneous description of D, similar to that of the upper half plane.
Suppose that e and f span a hyperbolic lattice; i.e., Q(e,e) = Q(f, f) =0,Q(e, f) = 1.
Consider the decomposition

V=WaRf®Re.
We can identify
Dy ={z € W(C) : ImQ(z,z) > 0}
via the map
z—=w(z) =z+ f+Q(z,2)e.

Using the above map, we can figure out the automorphic factor—the generalization of
(et +d)7*.

Example 2.5. Suppose that X is a Calabi-Yau 3-fold. We obtain a weight 3 AHS
0CF=HYCcF’=H"+H" cF'=H"+ H*' + H® c F* = ¢.

on V = H3(X,R). The polarization @ is symplectic in this case. The moduli space of
complex structures Mx on X is smooth of dimension h = H?'. The period domain Dy,
for m= (2h 4+ 2,2h + 1,h + 1,1) is not a hermitian symmetry space in general. The
relation to number theory is not clear. However, we can define a modular form formally
as a section of L¥. What is lacking is a inhomogeneous description similar to the upper
half plane. However, we can again use the periods to define a convenient coordinate
system. The monodromy group I' can be viewed as a subgroup of Sp(h + 1,7Z).

One can conveniently forget about 3, F2. Then, we obtain a weight 1 AHS

0cC F?c FO.

This defines an embedding of the moduli space of complex structures into the Siegel
upper half plane

i Mx —>Zh+1/I‘.
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3. GLOBAL LANDAU-GINZBURG B-MODEL AT GENUS ZERO

In this section we construct the genus-zero data (Saito structure) of the global B-
model over a deformation space of quasi-homogeneous polynomials. This is given as a
vector bundle formed by the twisted de Rham cohomology, equipped with the Gauss-
Manin connection and the higher residue pairing. In many ways, the material in this
section is already standard to the experts (see, e.g. [63,[66], 61 [38]); the (only) novel point
in our construction is that we restrict ourselves to relevant and marginal deformations
so that the resulting structure is global and algebraic.

3.1. A family of polynomials. Let x1,...,x, be variables of degrees ci,..., ¢, with
0< ¢ <1,¢ € Q. Let My, denote the space of all weighted homogeneous polynomials
of degree one.

Mupar = {f € Clxy,...,z,] : deg f = 1}.
Here the subscript “mar” means marginal deformations following the terminology in
physics. We recall the following standard fact:
Proposition 3.1 ([25]). For a weighted homogeneous polynomial f € Mar, the fol-
lowing conditions are equivalent:

(1) f(z) =0 has an isolated singularity at the origin;
(2) Oy, f(x),..., 04, f(x) form a regular sequence in Clxy, ..., zy,].

For such f, the dimension of the Jacobi ring

Jac(f) :==Clx1, ..., 20|/ (Oxy [y Ou, f)
1s independent of f and is given by

N o (1—01)(1—02)-‘-(1—071).
C1Co - Cp

Moreover polynomials f satisfying the conditions (1) and (2) form a (possibly empty)
Zariski open subset of Muar-

Definition 3.2. We say that a weighted homogeneous polynomial f € My, is reqular
if one of the equivalent conditions in Proposition holds. Let M7 . C Mpar denote
the Zariski open subset consisting of regular homogeneous polynomials. We denote by
M the space of polynomials of degree < 1 with regular leading terms:

M:=Q feCr,...,an]: f= > fo, deg(fa) =d, fr € M3y,

0<d<1

We will henceforth assume that M, .. is nonempty. For a point t € M, we write
f(z;t) € Clxy, ..., zy,] for the polynomial represented by t € M. Setting X := C" x M,

we have the following diagram:

X f(z;t) C

(1) ™
M
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where m: X = C" x M — M is the projection to the second factor. The space O(M)
of regular functions on M is graded as follows. A finite cover of C* acts on M by
M- fi= A" (A, ..., A\®x,,); this action induces the action on functions ¢ € O(M)
by (A=) (f) = o(A~1- f). We say that ¢ € O(M) is of degree d € Q if - = A%p. The
grading on O(M) and degz; = ¢; together define a grading on O(X) = O(M x C").
The universal polynomial f(z;t) € O(X) is of degree one with respect to this grading.
What is important for us is the fact that O(M) and O(X) are non-negatively graded.
We introduce the critical scheme C' C X as follows:

OC = OX/(amf(x;t)a v 7axnf(x;t))'

Proposition implies that (7.O¢)|ms, . is a locally free cohrerent sheaf of rank N;
we will see that m,O¢ is also locally free in Corollary below.

Remark 3.3. A group of coordinate changes on C" acts on the parameter space M
and our global B-model is equivariant with respect to the group. Let G be the group
of ring automorphisms of C[z] = Clxy,...,,] preserving the degree filtration Clz]<¢ =
{f € Clz] : deg f < d}. Then G acts on M and the diagram (I)). The quotient stack
[M/G] should be viewed as a genuine moduli space.

Remark 3.4. In practice, it is convenient to work with a family of polynomials of the
following form: for a weighted homogeneous polynomial fy(x) of degree one and a set of
homogeneous polynomials ¢.(x), we can consider a family f(z;t) = fo(x)+ Y, tepe(z).
For such a family, we say that the deformation parameter t. is relevant (resp. marginal,
irrelevant) if dego. < 1 (resp. degp. = 1, degp. > 1). We can assign the degree
of parameters as degt. := 1 — deg ¢.(x). The above space M includes only relevant
and marginal deformations. When we construct a miniversal deformation (see §5.2),
we choose homogeneous polynomials {¢.}2; such that [¢1],...,[¢n] form a basis of
the Jacobi ring Jac(fp); in this case the deformation family may also contain irrelevant
directions.

3.2. The twisted de Rham cohomology. We are interested in the hypercohomology
of the twisted de Rham complex:

F =R"m, (Q;(/M[Z],de/M + df(x;t)/\)

where f(z;t): X — C is the universal polynomial in the diagram (IJ). Since  is affine,
this is:
F = @ [21/ (o an + df (@ )M [,

The fiber of F at a single polynomial f is called the Brieskorn lattice [9] of f. A
presentation of the Brieskorn lattice as a twisted de Rham cohomology group was given
n [64]; this is also called the filtered de Rham cohomology (see [66]). We introduce the
grading on F given by the grading on O(X) together with deg(dz;) = ¢;, degz = 1.
This is well-defined since the differential zd x ¢ +df (z;t)A is of degree one. The module
of global sections of F is again non-negatively graded.

Proposition 3.5. The sheaf F is a locally free Opq|z]-module of rank N.
Proof. Let us fix an affine open subset U C M5, such that (m.O¢)|v is a free Opy-

mar

module. Choose quasi-homogeneous polynomials ¥; € O(U)[z1,...,2,], 1 < i < N
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which induce a basis of (7.O0¢)|y. We claim that ¢;dz, 1 < ¢ < N form a basis of F
over M x U, i.e. the map

¢: (OMreIXU[Z])GBN - F|Mrel><U

sending (v;)¥, to the class of Zf\il vy dz is an isomorphism, where we set dr =
dri A+ ANdxy,.

First we prove the surjectivity. Suppose by induction that the submodule F (M, X
U)=F of degree less than or equal to k is contained in the image of ¢. Every homogeneous
element w € %\ [z] of degree < (k+1) can be written as w = > ;- ; v;¢p;dx +df Aa for

some o € 9}7/1\4 [z]. By taking the homogeneous component if necessary, we may assume

that a is homogeneous of degree < k. Then [w] = [w — (2d + df\)a] = Zf\il vi[Yidx] —
z[da]. By induction hypothesis, [da] is in the image of ¢ and thus w is also in the image.
Let us prove the injectivity of ¢. Suppose that ¢(v) = 0 for some v = (vy,...,vN).

By definition there exists a € Q}?}v{ [2] such that Zi\i 1 Vividx = (zd + df \)o. Expand

V; = E vi’kzk, o = E akzk

k>0 k>0

v; and « in powers of z:

where the sum is finite. Comparing with the coefficient of 2%, we have vaz 1Vio¥i =
df A ap. Since ¢;, 1 < i < N form a basis of the Jacobi ring, we have v; o = 0 for all i.
Therefore df A oy = 0. Because 0y, f(x;t),..., 0y, f(x;t) form a regular sequence, there
exists By € Q&?/Q\A such that ag = df A fo. Setting o/ = a — (2d +dfA)fo = 3 3>y L
we have

N

Z Z zkvi,kwi = (zd + dF M)

i=1 k>1
Comparing with the coefficient of 2!, we obtain v;; = 0 for all i. We can repeat this
argument inductively to show that v;o =v;1 =--- = 0. [l
Since we can identify the restriction F|,—o with (7.O¢)dz, we obtain:

Corollary 3.6. The sheaf m.O¢ is a locally free Orq-module of rank N .

3.3. The Gauss-Manin connection and the higher residue pairing. Here we
introduce two important structures on the twisted de Rham cohomology F: the Gauss-
Manin connection V and the higher residue pairing K. The Gauss-Manin connection
V is a map

V:F =200 @0, F @2 20Mm[2)dz
defined by the formula:

Vilo(x, t, z)dx] = [&é(az,t, z) + Wgﬁ(az,t, z)dx]

Vo.lotat,)aa] = | (250D LD gy, - 2HEED Y g

z
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where ¢(z,t,2) € Ox|z], de = dz1 A --- ANdx, and U is a vector field on M. One can
easily check that this is well-defined; moreover it satisfies the Leibnitz rule:

Vig(t, 2)w) = dg(t, 2)w +g(t, 2)Vw,  g(t,2) € Opmlz], we F
and the flatness condition V2 = 0. The higher residue pairing of K. Saito [64] is a map
K: F®o,y F = OmlZ]

which we expand in the form
o
K(wi,ws) = Zz”K(p)(wl,wg).
p=0

The higher residue pairing is uniquely characterized by the following properties:

(1) 2K (w1, w2) = K(zwy,w2) = —K (w1, 2w2);
(2) K©(wy,wy) is the residue pairing on the Jacobi algebra of f:

o1(x,t,0)pa(x,t,0)dx
Op, fx3t), ..., 0y, fx;t)

K(O)(wl,wg) = ResX/M |:

where w; = ¢;(z,t, z)dx;

(3) K(wi,ws)(2) = K(wo,w:)(—2); i.e., K® is skew symmetric for p odd and sym-
metric for p even;

(4) K is flat with respect to the Gauss-Manin connection:

§K(w1, wg) = K(ngl, w2) - K(wl, VgWQ),
where & = 2@ (with @ a vector field on M) or 229/0z.

Remark 3.7. The Gauss-Manin connection is defined in such a way that oscillatory
integrals

(2) F 3> [pdx] — (—27rz)_"/2/ o(x)el @D/Z g
r

define solutions (i.e. intertwine the Gauss-Manin connection with the standard differ-
ential), where I' is a cycle in H,(C", {z € C" : Re(f(x)/z) < 0};Z). The prefactor
(—2mz)~™/2 here should be viewed as a shift of weights by n/2; this is introduced in
order to make the Gauss-Manin connection compatible with the Dubrovin connection
on the A-side under mirror symmetry. This in turn results in the shift of the higher
residue pairing Ky by the factor of 2".

Definition 3.8. We call the triple (F,V, K) consisting of the twisted de Rham coho-
mology, the Gauss-Manin connection and the higher residue pairing the Saito structure
of the family of polynomials.

Remark 3.9. The Saito structure gives a TEP structure in the sense of Hertling [39].
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4. OPPOSITE SUBSPACES

In this section, we introduce opposite subspaces for the Saito structure (F, V, K). For
a marginal polynomial f, we obtain a one-to-one correspondence between homogeneous
opposite subspaces and splittings (opposite filtration) of the Hodge filtration on the
vanishing cohomology. We also observe that the complex-conjugate opposite subspace
yields a positive-definite Hermitian bundle with connection, called the Cecotti-Vafa
structure. The notion of opposite filtrations were originally used in the work of M. Saito
[66] to construct a flat structure (Frobenius structure) [63], 26] on the base of miniversal
deformations (see also . Most of the materials in this section are again not new;
similar (and in fact more general) results have been obtained by Saito [66] and Hertling
[39]. Since we restrict ourselves to weighted homogeneous polynomials, our presentation
has the advantage of being more explicit and elementary.

4.1. Symplectic vector space and semi-infinite VHS. Let us recall that we some-
times identify the points ¢ € M with the corresponding polynomials f = f(x;t), so the
points in M are functions. Recall the sheaf F of twisted de Rham cohomology groups
from §3.2] Proposition implies that F is the sheaf of sections of a vector bundle
H, on M, whose fiber over a deformation f € M is given by the infinite-dimensional
vector space

Hi (f) 1= Huwdr (f) = Qal2]/ (2d + df QI [2] = Jac(f)[2]-
We introduce the free C[z, z~1]-module

H(f) = HthR(f) ®(C[z] C[Z7 Z_l]

and its completion
H(f) = Huwar(f) @cpz C(2)-

The spaces H(f), H/i\l( f) are equipped with the symplectic form
Q(w1,w2) = Res,—g K (w1, ws)dz

where K is the restriction of the higher residue pairing to the fiber of the sheaf F at
f. Note that Hy(f) is a Lagrangian (i.e. maximally isotropic) with respect to 2.

The spaces H(f), H/i\l( f) are the B-model analogues of Givental’s symplectic space [33].
The Gauss-Manin connection induces a flat connection V on the bundle H = (J, H(f)
and the symplectic form €2 is flat with respect to V. Over a contractible subset U of the
marginal locus M, ,., we can identify all fibers H( f) via parallel transportﬂ with a single
symplectic space H; then we can regard f — H, (f) as a family of Lagrangian subspaces
in ‘H parametrized by f € U. This is an example of the semi-infinite variation of Hodge
structure (semi-infinite VHS) in the sense of Barannikov [5] (see also [21]). The main
property of the semi-infinite VHS is the Griffiths transversality:

VAL (f) C 27 THL(f) for v € TM
IThe parallel transport is well-defined only over the marginal locus; the parallel transport along

relevant deformations involves infinitely many negative powers of z, and only makes sense after tensoring
H with the ring of holomorphic functions on {z € C*} over C[z, 2™ "].
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for the semi-infinite flag - -- C zH, (f) C Hy(f) C 2 'H,(f) C ---. In the z-direction,
we also have V5. H (f) C 27 1H, (f).

4.2. Definition and first properties.

Definition 4.1 ([5, 21]). We say that a Lagrangian subspace P C H(f) is opposite if
H(f) =H,.(f)® P and z~'P C P.

The vector space H(f) can be identified with the space of sections of a vector bundle
over {z € C*} and the subspace H,(f) corresponds to the extension of the vector
bundle across 0. In this viewpoint, the data of an opposite subspace P corresponds to
an extension of the bundle across co such that the resulting bundle over P! is trivial.

Proposition 4.2. If P is an opposite subspace, then the following properties hold:

(1) The vector space Hy(f) N zP has dimension N.
(2) If {wi}Y, is a basis of Hi(f) N 2P, then K (w;,w;) € C.
(3) Let {w;} and {w'} be dual bases of Hy(f)NzP with respect to the residue pairing

KJ(CO) . Then

{Wz k}k 0,1, and {w’( ) k— 1}? 107,177
are bases of respectively H (f) and P dual with respect to the symplectic pairing.

The proof of the above proposition is straightforward, so it will be omitted. Motivated
by Proposition for a given opposite subspace P we will refer to a basis of H (f)NzP
as a good basis. Note that a C[z]-basis {w;} of H(f) is good if and only if K (w;,w;) € C.
Similarly, one can define the notion of an opposite subspace and a good basis for the
completion ﬁ( f) and its Lagrangian subspace ﬁ+( f) = H4(f) ®c[; C[z]. Proposition
still holds, except for property (3), which takes the following form. Put H :=
H, (f) N zP, then

(3) H.(f) = H[:l, P=H["]"

An opposite subspace P C H(f) at f € M can be extended to a family of opposite
subspaces in a neighbourhood U of f € M by parallel transport (see the discussion
n and [21), §2.2]). We regard this family of opposite subspaces as a subbundle of
H = U, H(f) and denote it again by P. The Gauss-Manin connection induces a flat
connection on the finite-dimensional bundle zP/P and the identification

HyNzP = zP/P

induces a trivialization H, = (2P/P)[z] over U by a flat bundle zP/P. With respect
to this trivialization, the Gauss-Manin connection is of the form:

Vod+ic
z

with C' € End(zP/P) ® Q}, independent of z. This fact is crucial in the construction
of a Frobenius (flat) structure. See for more details.
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4.3. Homogeneous opposite subspaces over the marginal moduli. In this sub-
section we assume that f lies in the marginal moduli M5 ., i.e. f is a weighted homo-
geneous polynomial of degree 1. The operator

(4) 20, + Lieg, ¢ := Z ¢iTiOy,

=1

where Lie denotes the Lie derivative, defines a grading on Q% [z, 27!]. Since the twisted
de Rham differential zd + df (x;t)A is homogeneous (of degree 1), the twisted de Rham
cohomology H(f) inherits the grading. We say that an opposite subspace P C H(f)
is homogeneous if (20, + Liec)P C P. We would like to establish one-to-one corre-
spondence between homogeneous opposite subspaces and splittings of the Steenbrink’s
Hodge filtration of the vanishing cohomology b := H* (f~1(1);C).

Remark 4.3. An opposite subspace P is homogeneous if and only if P is preserved
by the Gauss-Manin connection in the z-direction, i.e. V.5, P C P. This implies that
the Gauss-Manin connection has a logarithmic singularity at z = oo with respect to the
extension of the bundle H; (f) across oo defined by P; this corresponds to the notion
of TLEP structure [3§].

4.3.1. Steenbrink’s Hodge structure for weighted-homogeneous singularities. Given a
holomorphic form w € Qcn (C™) we recall the so-called geometric section (see [4])

swi= [ 2 e H TN,
daf

where w/df denotes a holomorphic (n — 1)-form 7 defined in a tubular neighborhood of

f~Y(\) such that w = df An; the restriction of 1 to f~1()) is well-defined. By definition,

Steenbrink’s Hodge filtration [70} [71] on b is given by

FPh:={Aebh| A= s(w,1) for some w such that deg(w) < n — p},

where deg(w) denotes the maximal degree of a homogeneous component of w. This is an
exhaustive filtration; in particular every cohomology class of f~1(1) can be represented
by a geometric section.

The vector space h = H" 1(f~1(1);C) is equipped with a linear transformation
M € End(h), called the classical monodromy, which corresponds to the monodromy
of the Gauss—Manin connection around A = 0. Using the fact that f is weighted-
homogeneous, it is easy to see that if A = s(w, 1) for some homogeneous form w, then
M(A) = e~ 2mV=1deg(@) A Tet us decompose h = bh; & b1, where by is the invariant
subspace of M and hx; is the remaining part of the spectral decomposition of h with
respect to M. Following Hertling (see [38, Ch. 10]) we introduce the non-degenerate
bilinear form

S(A,B) = (=1)"D=2/204 Varov(B)), A,Beb,

where v is a linear operator such that v = (M — 1)~ on b, and v = —1 on by, and
the variation operator

Var: H*(f~'(1);C) = Hn(f~1(1);C)
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is an isomorphism constructed via the composition of the Lefschetz duality
H™(f71(1);C) = Hy(f71(1),0f 1 (1); C)

and the isomorphism H, (f~!(1),0f71(1)) = H,(f~*(1)) mapping a relative cycle v to
an absolute cycle M(y) — ~, where M : f~1(1) — f~1(1) is the geometric monodromy
fixing the boundary (see [4, Ch. 1.1, 2.3]).

Combining the results of Hertling (see [38, Ch. 10]) and Steenbrink (see [71]) we
get the following: the filtration {F ph};;&, the form S, and the real subspace hr :=
H"1(f71(1),R) give rise to a (pure) Polarized Hodge Structures on h.; and by of
weights respectively n — 1 and n. More precisely, put hs = Ker(M — s1d); then FPh =
@D, FPb, with FPh, = FPhn b, and

(a) bs=FPh @ FHi-ph, VpeZ,

(b) S(u,v) = (=1)"S(v,u),

(c) S(FPh, FmH1=Pp) =0,

(d) V=T "S(u,m) >0 for e FPh, N FmPh\ 0,

where m = n — 1 for s # 1 and m = n for s = 1. Note that S(bs,h:) = 0 unless t = 3
and that hs = bs.

4.3.2. The polarizing form and the higher-residue pairing. We will identify the vector
space h = H" 1(f~1(1); C) with a fiber of the local system underlying the Gauss-Manin
connection (Hy(f) = F|f, V.a,). Then we describe the higher residue pairing in terms
of the polarizing form .S on §.

Recall that oscillatory integrals give solutions of the Gauss-Manin connection,
and therefore the local system underlying the Gauss-Manin connection is dual to the
space

(5) Vi = l'&lHn((C”, {r € C" : Re(f(x)/2) < —M})
M

of Lefschetz thimbles (twisted by (—27z)~™?2). By the relative homology exact se-
quence, we can easily see that this is isomorphic to H,_1(f1(1)); hence fibers of the
Gauss-Manin local system should be identified with h. To make this identification ex-
plicit, we use the Laplace transformation. When z < 0 and the integration cycle I' in
is a Lefschetz thimble of f lying over the straight ray [0,00), we may rewrite the
oscillatory integral as the Laplace transform of a period

(2772)_"/2/ e)‘/z/ s(w, A)
0 T'x

where Ty is a vanishing cycle in f~1()\) such that T' = J Ae0,00) FA- This can be viewed
as the pairing of the vanishing cycle I'y € f~1(1) and the cohomology class 5(w, z) of
f~1(1) given by:
o0
S(w, z) := (—27rz)"/2/ eMZs(w, A)dA
0

where we identified H"~1(f~1()\); C) = b via the parallel transport along the integration
path (with respect to the Gauss-Manin connection), so that s(w, \) takes values in b.
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Thus the map [w] — S(w, z) defines a flat identification between H (f)|, and h. For a
homogeneous form w € QF, (C™), the geometric section s(w, \) satisfies the homogeneity

s(w, A) = Ade&@)=15( 1), and therefore we find
(6) S(w, 2) = (—2m2) 3 (—2)48@N (deg w) s(w, 1).

Thus S(w, z) makes sense as a Laurent polynomial of z (with fractional exponents)
taking values in . We verify the following lemma directly.

Lemma 4.4. The map
Hi(f)=Fl; — bz, [w]—5(w.2)

is well-defined and intertwines the Gauss-Manin connection V .5, with the standard
differential z0,, where d is a common denominator of c1,...,c, and n/2. This induces
an isomorphism Hy (f)], = b between fibers for every z € C*.

Proof. Let us first check that the map passes to the quotient H (f) = Q. (C")[z]/(zd+
df A (CM)[z]. If w is a homogeneous (n — 1)-form of degree m, then the image of
zdw + df Aw is

(7) I'(m)s(dw,1) —T'(m + 1)s(df Aw,1).
multiplied by (—272)~"/2(—z)™z. On the other hand

s(dw, A) = / Cj; = 8,\/w = O\s(df Aw, \).

Using homogeneity, s(df Aw, A) = A™s(df Aw, 1). Hence s(dw, 1) = m s(df Aw, 1), so the
expression vanishes. This proves that the map in the Lemma passes to the quotient.

Next we show that the map intertwines the Gauss-Manin connection with zd,. For
a homogeneous form w of degree m, the image of Vg, [w] = [—(f/z + n/2)w] is

(—2m2) "2 ()™ (r(m + D)s(fw,1) = ST (m)s(w, 1))

which equals 20,5(w, z) = (m — n/2)s(w, z) since s(fw,1) = s(w,1).

The last statement follows by comparing the ranks: the map is surjective since every
class on f~1(1) is represented by a geometric section, and Proposition shows that
the rank of H4 (f) equals the Milnor number N = dim b. O

Let us denote by 5(w, 2)* := §(w, e ™ ~12) the analytic continuation along the semi-
circle 0 — e_‘/jwz, 0 < 0 < . The relation between the polarizing form S and the
higher residue pairing K has been determined by Hertling (see [38, Ch. 10], [39) §7.2(f);
§8, Step 2]). We follow the presentation in [51].

Theorem 4.5 ([38,39], [51, Lemma 3.3]). The polarizing form S and the higher residue
pairing Ky are related by the formula:

(8) K¢(w2,wr) = —S(5(wr, 2)*, v 5 (we, 2))

where in the right-hand side we use the determination of s(wj, z) given canonically for
z € Rog via formula @
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Remark 4.6. We give a brief explanation for the above formula . Pham [50, 2eme,
§4] identified the higher residue pairing with the dual of the intersection pairing between
the relative homologies V. and Vy _, from (see also [39] §8], |21, Definition 2.18]).
This intersection pairing can then be identified with the Seifert form (A, Var(B)) on b
by a topological argument in [4, Ch. 2.3|, [56, 2eme, §3.2]. Note that the right-hand
side of is induced by the Seifert form.

4.3.3. Splitting of the Hodge structure. Following M. Saito [66], we use opposite fil-
trations on h to construct homogeneous opposite subspaces for H, (f) (see also [38]
Theorem 7.16]).

Definition 4.7. An opposite filtration on h = H" '(f~1(1);C) is an increasing M-
invariant filtration {U,h},cz such that
(a) Uph=0 for p<0 and Uph=Hh for p>0,
(b) h=EPFHNU,b,
PEL
(C) S(Uph7 Um—l—ph) = 07 vp € Z7

where m =n — 1 for s # 1 and m = n for s = 1.

Let ¢: b — H(f)[2*1/9] denote the map inverse to the map [w] — 5(w, 2) in Lemma

This is given by
(27r)n/ § —-d
9 A) = o egw+n/2
© VA) = 1 (=2) ]
when A = s(w,1) € b for some homogeneous form w € QF, (C™). The image 1p(A) is
homogeneous of degree n/2 and is flat with respect to the Gauss-Manin connection.
Take s = 2™V ~1% with 0 < o < 1. Note that 1(A) € 2% "/2H(f) for A € bh,. The
Hodge filtration FPhs can be described in terms of the Lagrangian subspace H. (f) as
FPhy = {A € by 1 p(A) € 22T PHL ()}

since, for A = s(w, 1) € b, every homogeneous component w; of w satisfies (— degw;) =
o and we have

—degwj+g >p+a-— g < [degw;] <n—p.
Conversely, H, (f) can be reconstructed from FPl as
He(f)= > Y 2 P7ot/2y(Fry,)s]  with s = *™V1o,
0<a<l peZ

The correspondence between homogeneous opposite subspaces P C H(f) and opposite
filtrations U,h is given similarly. We require that P and U,bh are related by

Upbs = {A S hs : ¢(A) S zp—l—a—n/QZP}
(10) pP= Z ZZﬁpia+n/2271w(Uphs)[zil] with s — 27V"Ta
0<a<1 peZ

Proposition 4.8 ([66], [38, Ch 7.4]). The formulas (10| establish one-to-one correspon-
dence between homogeneous opposite subspaces P and opposite filtrations {Upb}pez.
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Proof. Given an opposite filtration {U,h}, we prove that the subspace P defined by the
second formula of is an opposite subspace. It is obvious that P is homogeneous.
Using the decomposition hs = ®pEZ(prS NUpbhs), we can rewrite

Hi(h) = D D= 2o nUh,)Le]

0<a<l peZ

P= @ Pzt (FPh N Uphs) [z

0<a<1 pEZ

(11)

where the summand indexed by « is generated by elements w € H(f) with o = (— degw).
This decomposition clearly shows H(f) = Hy(f) @ P. The Lagrangian property of P
follows from the property (c) of the opposite filtration: using the fact that ¢ is inverse
to [w] — S(w, z) and equation (8] we have

K(Z_p_a+%z_lw(Uphs)7 Z_q_6+%z_lw(Uqbt))

= 2 PRI RS Uy, v Uphs) = 27PN S (Ughy, Uphs)

when s = e2™V=la and ¢ = e2™V-18 with a,f € [0,1), and this is nonzero only if
—p—q—a—B+n <0 by the property (c). This means K (P, P) C z~2C[27!] and thus
P is Lagrangian.

In the opposite direction, we start from a homogeneous opposite subspace P C H(f).
The filtration U,hs defined by the first formula of is an increasing filtration since
P C zP. The homogeneity of P implies that the finite-dimensional space H (f) N zP
is spanned by homogeneous elements. The map A — (—z) P~*t"%/24(A) identifies
Uphs N FPh, with the homogeneous component of zP N H(f) of degree n —p — «
(when s = e2mV=la g ¢ [0,1)). Setting z = —1 and using the isomorphy of the
map h = Hy(f) N zP = H(f)|,=—1, A — ¥(A)|:=—1 in Lemma we conclude the
decomposition hs = ®p€Z FPhs N Uphs, i.e. property (b) for opposite filtrations holds.
The property (a) follows from (b), and the property (c) follows from the Lagrangian
property of P by reversing the above argument. U

An opposite filtration {Uph},cz induces a homogeneous opposite subspace P (|10)
and an isomorphism o = oy, : b = H4(f) N 2P by the formula (cf. (11])
(12) o(A) = (—2) P72t 3(A)  for A€ FPhy N U, b,
where s = e%ﬁa, a € [0,1) and ® is given in @ The map oy, gives a splitting of
the projection Hy (f) — Hy(f)]|.=—1 = b.

The higher residue pairing takes values in C on the image of 0. We compute the
precise values for later purposes.

Lemma 4.9. Let o be the splitting associated to an opposite filtration Us. If

A € FPhysNUphs with s = e2mV=la g e [0,1) and B € b is arbitrary, then
K(0(A),0(B)) = C(s)V=1"""S(A, B)

where we setm=n—1ifs#1 andm=nifs=1, and

C(s) = {2sin(7ra) if a #0;

1 otherwise.
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Proof. We may assume that B € Fib;NUgb; witht = e2™V=18 and B € [0,1). Combining
the fact that 1 is inverse to [w] — §(w, z) and Theorem |4.5, we find

Ky(o(A4),0(B)) = =87V 108 (—2) 70 By (—z) 7ot i a),
This pairing vanishes unless a + =0 mod Z and p+q+ a+ 8 =n. If a # 0, this
equals
_arﬁ(m—p—&—l—a)(\/jl)—m—l(e%r\/ja —1)(=1)"S(A, B)
by v 1A = (627“/?10‘ —1DA, f=1—aand p+qg=n—1=m;if a =0, this equals
—e™V T (VD) T (1) (<) S(A, B)
by v !A=—A a=p3=0,p+q=n=m. The conclusion follows easily. O

Remark 4.10. When we regard H (f) as a vector bundle over C and zP as the exten-
sion data across oo, the filtration Uph on the space h of flat sections is determined
by pole orders at z = oc.

4.4. The complex conjugate opposite subspace. Over the marginal locus, the
vector bundle H — M7 . has a natural real structure coming from the space of real
semi-infinite cycles
Vis= lim H,(C" {z:Re(f(x)/2) < -M};R) =R",
MEeR,

where the homology groups form an inverse system with respect to the natural order
on Ry and the limit is the projective (or inverse) limit of vector spaces. The vector
spaces V. form a real vector bundle on My, x C* equipped with a flat Gauss-Manin
connection. For each f € My, let us denote by H(f;R) C H(f) the real vector
subspace consisting of w such that

(13) (—2%2)”/2/ el e R Va e Vy,, Vze St

or equivalently,

S(w, 2) € br Vz e St
where S = {|z] = 1} is the unit circle. Let «: H(f) — H(f) be the complex conjugation
corresponding to the real subspace H(f;R). The main properties of the complex con-
jugation x can be summarized as follows (see [42] for generalities on the real structure
in a semi-infinite VHS). Let us denote by

v: Clz, 27 = Clz, 271, A(9)(2) = 9(Z™1)
the complex conjugation corresponding to the real subspace consisting of Laurent poly-
nomials that take real values on |z| = 1. By definition, we have

K(gw) = v(g)k(w).

Remark 4.11. The definition for [w] to be real extends to non-marginal poly-
nomials f € M\ M3 ..; however our algebraic model H(f) is not necessarily closed
under the real involution . In general, £ is defined on the analytification H(f)*" =
H(f) ®clz,.-1] O*(C*) and H(f;R) can be only defined as a subspace of H(f)*", where

O (C*) denotes the ring of holomorphic functions on C*.
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Complex conjugation in the vanishing cohomology h gives a natural splitting of the
Steenbrink’s Hodge filtration:
(14) Uphs := F™m~Ph; forpe Z, |s| =1,

where m =n — 1 for s 21 and m = n for s = 1.

Proposition 4.12. Let f € M2, be a marginal deformation. The subspace 2~ x(H, (f))

mar

s opposite and corresponds to the complex conjugate opposite filtration under .

Proof. Let o: h — H(f) be the splitting defined by the complex conjugate filtra-
tion (14)). It suffices to show that o(h) is k-invariant; indeed this implies o (h)[z~1] =
k(o(h)[z]) = k(HL(f)). We will prove that

(15) k(o(A)) = o(A) VA €.
Recall from the definition of §(w, z) in that we have

(—27rz)_"/2/ef/zw:/ S(w, 2)
r r

and thus the map [w] — 5(w, 2) intertwines the complex conjugation x on H(f)|s1 with
the standard complex conjugation on h. This implies ¥(A) = k(1) (A)) since 9 is inverse
to the map [w] — S(w, z). For A € FPhyNUphs with s = e2™V=la ()< o < 1, we have

K(0(A)) = k(2P F2gp(A)) = 2T 2g(A).
Here A € Fihs N U,bs for ¢ with p + o — 5 = —q — (—a) + 5. Therefore, the above
quantity equals z_q_<_°‘>+%w(2) = o(A). The proposition is proved. O

4.5. Opposite subspaces for Fermat polynomials. In this subsection we will as-
sume that

Nyi+1 Np+1
fla)=ap" "

is a Fermat polynomial. The higher residue pairing Ky factorizes into a tensor product
N;+1

of the higher residue pairings of the summands z;

is easy to see that the forms

(16) g gindry - dr,, 0<is < Ng—1

. Using a simple degree count it

form a good basis, i.e., if we denote by H C H. (f) the subspace spanned by the above
forms, then P = 2~ H[z!] is an opposite subspace.

Proposition 4.13. The complex conjugate subspace k(H4(f)) equals the subspace zP
spanned by the forms over C[z~1].

Proof. Since P is an opposite subspace, we have H (f) = H[z]. Therefore, it is enough
to prove that k(H) C H. On the other hand, note that if f = f; @ f5 is a direct sum of
the quasi-homogeneous functions f;: C™ — C, then the direct product of cycles defines
an isomorphism

Hp, (C*, {Re(f1/2) < 0}) @ Hp, (C"2, {Re(f2/2) < 0}) = Hn(C", {Re(f/z) < 0}).
Moreover, if w; € Hy(f;), i = 1,2, then w; Awe € Hy(f) and
K(wr Awz) = kp (wi) A kg (w2),
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where on the RHS we use the index f; (i = 1,2) to indicate that the conjugation is
in the corresponding twisted de Rham cohomology. This observation reduces the proof
of our Proposition to the case n = 1, i.e., we may assume that f(z) = z¥*!. The
oscillatory integrals are very easy to compute explicitly and we can verify directly that

2idr N1y

K|l —m— | = ———.
] N
r()) r(aE)

Alternatively, we could argue that the opposite subspace P corresponds to a splitting
of the Steenbrink’s Hodge filtration of f. However, in this case h; = 0 and FPh = 0
for p > 0 and FPh = h for p < 0. Note that there is a unique monodromy invariant
filtration U, which gives a splitting: U,h = b for p > 0 and U,h = 0 for p < 0. Using
Proposition we get that P = x(H,(f))z"L. O

Remark 4.14. The results of this section can be generalised to any invertible polyno-
mial.

4.6. The Cecotti-Vafa structure. Cecotti and Vafa introduced tt*-geometry for N =
2 supersymmetric quantum field theories [10, [I1]. This structure has been studied in
mathematics by Dubrovin [27], Hertling [39] and many others. The Cecotti-Vafa struc-
ture for isolated hypersurface singularities has been introduced in [39]. We describe the
structure for weighted homogeneous polynomials using the complex conjugate opposite
subspaces.

Proposition 4.15. If f € MS,.., then the subspace 2z~ 'k(H,(f)) is an opposite sub-
space and

h(wi,ws) = K(O)(/@(wl),wg)
s a positive-definite Hermitian pairing on
K(f) :==Hy(f) N s(H(f))-

Proof. According to Proposition 27 1k(H(f)) is an opposite subspace. Thus we
have the corresponding splitting (see (12)))

o: b — Hi(f) Nr(HL(f))
Moreover, using formula , we have
hw,w) = KO (a(4),0(4)),

where w = 0(A). Let us assume that A € FPhs N Uph,. Then using Lemma we get
that the above pairing is

Cls)vV—T"S(4, A).

Recalling that FPh is a Polarized Hodge Structure (see property (d) in Section [4.3.1)),
we get that the above number is a positive real number. O

By Remark we can extend the real structure x over the whole space M by ex-
tending scalars. Following the notation there, we write H (f)*" = Hy(f) ®c[) O*"(C).
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Because the oppositeness is an open condition, the subspace z~'x(H, (f)*) is oppo-
site to H (f)*" for f in a neighborhood of ./\/l Moreover, the Hermitian form
h(wi,w2) = K(k(w1),ws) on the vector space

K(f) = Hy ()™ N za(Hy (F)™)

is positive definite for f in a neighborhood of M; ... On the other hand, Sabbah
[62, §4] proved that the Brieskorn lattice of any cohomologically tame function on
a smooth affine manifold with only isolated critical points satisfies these properties,
i.e. the oppositeness and the positive-definiteness of h. Therefore we have a globally
defined Hermitian C*° vector bundle K — M whose fiber at f € M is K(f). The
Gauss—Manin connection V on H induces a family of flat connections of K depending
on a parameter z € C*, which will be called the Cecotti—Vafa connection. Namely, let
us pick a C®-frame {w;}Y | for K. The deformation space M, being a Zariski open
subset of a standard complex vector space, has a natural holomorphic coordinate system
o = (o1,...,0n7) and the vector fields

0/0o1,...,0/00N,0/001,...,0/0G N
give a frame for the complexified tangent bundle T°M := TM @ C. The properties
VxHL(f) C 2 L (f), Voo, Ly (f) C 2 VHL(f) imply that
Vx(H1(f)) = £(VxH1(f)) C z6(H(f))
Vo k(H(f)) = £(V_z0.H1(f)) = z6(H4(f))

for a complexified vector field X € T®M, where we used Vxr = £V and k(2" 'w) =
zk(w). From these properties we get that in the frame {w;} the Gauss—Manin connection
takes the form

mar*

-1

Vwa—i< 1Cb()>b

b=1

Viwg =

/Pﬂz

o) + 2Ct (o ))wb

b=1

28 wa—

||Mz

( 4+ Qo) + UL0)z )y

where V; :=Vy/55,, Vi 1= Va /o> and the connection matrices are C* functions in o.
It is easy to prove that

!

D=d+ Z (Fidai + nga-)
=1

is compatible with the Hermitian metric A and its (0,1) part defines the holomorphic
structure on K = H, /2H and its (1,0) part defines the anti-holomorphic structure
on K 2 k(H;)/z 'k(Hy). Here I';,T; € End(K) are defined by Tjw, = >, %, w, and
Tw, = >, 2wy, Using the compatibility of the Gauss-Manin connection with the
complex conjugation

VY = FLVXFL, Vzaz = —Hvzazﬁ
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we get the following relations between the connection matrices

C; = kCik, U = krUk, C~2 = —kQk.

Remark 4.16. When we choose {w;} to be a frame that is holomorphic under the
identification K = Hy /2Hy = (J; Jac(f) - dz, then we have I'; = 0. Moreover the
operators C; and U above correspond to the multiplication on Jac(f) - dz by 0,, f(x; 0)

and f, respectively. In particular, U = 0 along the marginal locus M; ..

5. QUANTIZATION AND FOCK BUNDLE

Using Givental’s quantization formalism [32], we define a vector bundle of Fock spaces
on the moduli space M7 ... The main motivation for our definition is to provide a con-
venient language to state mirror symmetry as well as to investigate the transformation

properties under analytic continuation of Givental’s total ancestor potential.

5.1. Givental’s quantization formalism. Let H be a complex vector space of dimen-
sion N equipped with a non-degenerate bi-linear pairing (, ). Givental’s quantization is
based on the vector space H = H((z)) equipped with the following symplectic structure:

Q(f1(2),f2(2)) = Res,—o(fi1(—2), f2(2))dz.

The Lie algebra of infinitesimal symplectic transformations A of H is naturally identified
with the Poisson Lie algebra of quadratic Hamiltonians via

1
A ha(f) = JO(AR ).

Note that f — Af can be interpreted as a vector field on H. This vector field is
Hamiltonian with Hamiltonian h 4 if and only if A is an infinitesimal symplectic trans-
formation.

The symplectic vector space has a natural polarization H = H4 & H_, where Hy :=
H[z] and H_ := H[z71]z7! are Lagrangian subspaces. The polarization allows us to use
the so-called canonical quantization to represent quadratic Hamiltonians by differential
operators. In coordinates, the representation can be constructed as follows. Let {(ﬁi}f\il
and {¢'}¥ | be bases of H dual with respect to the pairing ( , ). Then the linear
functions on H defined by

pk,l(f) - Q(fa ¢izk)7 QR,l(f) = Q((ﬁi(_z)ikilaf)? 1 S 1 S Na k 2 07

form a Darboux coordinate system. We define A=h A, where a function in p;; and
ki is quantized by the rules

Dk,i = ﬁ1/2i Qi — ho1/2

) qk7 ]
qyi ‘

and normal ordering, i.e., all differentiation operations should preceed the multiplication
ones.
If R is a symplectic transformation of H of the form 1+ Riz + Ry2? + - -, where

Ry, € End(H), then we can formally define A = log R and R = e, Let us introduce the
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quadratic differential operator

Z Z (Vied’, ¢')

kf4=01,j=1
where Viy € End(H) are defined by

i ngzkwe _ 1- R(Z)Rt(w).

z w
k=0 +

8Qk 28%3

Proposition 5.1. Let F = F(h;q) be a formal power series in q = (qi,;) with coeffi-
cients in Cp, = C((R)) such that R™1F is well defined. Then

where R(z)q is defined by identifying q with a vector y oo ZZJL qk7z~¢izk € H[Z].

5.2. From an opposite subspace to a Frobenius structure. Let us denote by
L — M;, .. the line bundle whose fiber over a point f € M7 . . is the space of elements
in Hy (f) of minimal degree; i.e., Ly = Cdxy - - dx,. We refer to L as the vacuum line
bundle.

Assume now that f € My, is a given point, w € Ly is a non-zero form, and P is a
homogeneous opposite subspace of H (f). Let us choose a good basis of homogeneous

forms {w}Y, C H.(f) N Pz and define ¢; € Jac(f) such that?]
wi = ¢;w mod zH,(f), 1<i<N.

We construct a miniversal unfolding of f by
N
i=1

where By C C" is a sufficiently small ball representing the holomorphic germ at 0 of
CN and ¢;(x) is a homogeneous polynomial representing ¢; € Jac(f). Let us assign
a degree to t; such that F(xz,t) is weighted homogeneous of degree 1, and let us split
the deformation parameters t into 3 groups: relevant t* = (t1,...,tnN,,), marginal
O = (EN 1y s ENp N )> @0 irTelevant 7 = (tn 4 Nyaet1s - - -5 EN), depennding
on whether their degrees are respecively > 0, = 0, or < 0. There is a natural way to
construct a Frobenius structure on By. Let us outline the construction referring for
more details to [38, 63, [65]. To begin with, we choose an appropriately small Stein
domain Xy C C" x By around 0 (see [M]). Let us denote by F': Xy — C the miniversal
unfolding of f and put F = R, (QthR, dthR) for the hypercohomology of the twisted
de Rham complex

(Qfwar, dtwdr) = (Q}f/gf [=], Zde/Bf + dFN),

2The differential form ¢;w depends on the choice of a representative of ¢; € Jac(f), but the class of
¢iw in Hy (f)/zH4(f) does not.
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where ¢: Xy C C" x By — By is the natural projection. Following the argument in

Section [3|it is easy to prove that after decreasing By if necessary, F is a trivial vector
bundle on By, whose fiber over a point s € By

Hi (F) i= Q% [2]/(zd + dFNQY ' [2],  F = F(,5),
is a free C[z]-module of rank the Milnor number N. Put
A(F) = L, (F) @cpg C(2).

This way we obtain vector bundles ]ﬁl+ cHonB ¢. For a given holomorphic function
g(w,2) € Ox,(Xy) @ C((2)) let us denote by

l9(x, z)dx|p =: /eF(x)/zg(x,z)dx

the equivalence class of the form g¢(z,z)dx; - - dz, in the de Rham cohomology group

5.2.1. FExtension in the relevant and marginal directions. There is a unique way to ex-
tend w; = [g;(x, 2)dz] ¢ to sections w; of I/H\1+|{tirr:0} so that they give a good basis in each
fiber Hy (F) for F € {t™ =0} C By. The extension can be constructed by Birkhof’s
factorization as follows. Let us denote by G; the section of ﬁ+ obtained by flat exten-
sion of w; with respect to the Gauss—Manin connection. The Gauss—Manin connection
V gives rise to a system of differential equations

N
Zva/ati [gj (SE, Z)dx]F = Z Ffj (t7 Z) [Qk(ﬂf, Z)dl‘]p, 1 <4 < Nyel + Nmar-
k=1
Since f is weighted-homogeneous, the functions g;(x, z) are polynomials in z. In particu-
lar, the connection matrix I' is holomorphic at (¢, z) = (0,0). Let us pick a fundamental
solution ®(t, z); i.e., a N x N non-degenerate matrix solving the differential equations

(17) 20, ®(t, 2) = Ti(t, 2)®(t, 2), 1 <4< Nret + Nmar,

where T';(¢, ) is the matrix whose (j, k)-entry is Ffj (t, z) and satisfying ®(0,z) = 1. We
have

N

lgi(x, 2)da]p =) ®ij(t, 2)G.

j=1
Note that ®(¢,2) is a holomorphic matrix for z € C* := P!\ {0,000} that has a Birkhof
factorization at t = 0, so ®(¢, z) must have a Birkhof factorization for all ¢ € By provided
we choose By sufficiently small. Put ®(t,z) = ®4(t,2) '®_(t,2), where ®_(t,2) is
holomorphic for z € P!\ {0} (with ®_(t,00) = 1) and ®(¢,2) is holomorphic for
z € P\ {cc}. One can check that the forms

N

w; = Z((I)+(t7 Z))ij[gj(‘rvz)d:E]F’ 1 <i<N,
j=1
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give rise to a good basis. Moreover, the good basis @; = [g;(z, ™, t™; 2)dz]p de-
pends polynomially on z, ™ and z (because these variables have positive degrees) and
analytically in ¢™a",

5.2.2. Eztension in the irrelevant directions. If we want to extend in the irrelevant
directions, then the above argument becomes much more involved, because the system
(17) might fail to be convergent and holomorphic in z. To offset this difficulty one can
take the formal Laplace transform, solve the resulting system, and then obtain w; via
the inverse Laplace transform. The details are quite delicate, so we refer to [38] [66].
An alternative way to proceed is the perturbative approach of [47]. The main idea is
to look for a good basis that depends formally on the irrelevant parameters, i.e., we are
looking for a good basis of the form

@i = [Gi(x, t, 2)dx)p,  §i € C{t™a Y [z, [, 2],
where C{a} is the ring of convergent power series in a. According to [47], first we have

to find the extension & = g(x,t,z)dx of the volume form w € Ly — {0} by solving the
following equation in H, (f) :

J(t, 2) = eF @)= @hertmar)) /2500 ¢ 2Vde € w+ H[z"']271,

where H = H, (f) N zP is the vector space spanned by the good basis {w;}}¥,. The
extension of the remaining forms is obtained from the period map

(18) TBle] = Hy, 0, — 2V, (@)

as the image of the flat vector fields. The latter are the vector fields corresponding to
the coordinate system on By given by the coefficients in front of =1 of J(t,z). We
define a Frobenius structure on By for which a basis of flat vector fields corresponds
via the period map to the good basis {@,}Z]\Ll and the flat pairing corresponds to
K}O). Let us point out that the extension w of the volume form w is a primitive form in
the sense of K. Saito. Slightly abusing the terminology we will sometimes refer to the
sections of £ as primitive forms, keeping in mind that they do become primitive only
after an appropriate extension.

5.3. The total ancestor potential. Given f € Mpya, w € L\ {0}, an opposite
subspace P C H(f), and a good basis {w; }}¥.; C H, (f)NPz, let us construct a miniversal
unfolding space By equipped with a Frobenius structure as explained above. Using the
flat structure we trivialize the tangent and the co-tangent bundle

T*Bf = TBf = Bf X ToBf = Bf X Jac(f),

where the first isomorphism uses the non-degenerate pairing, the 2nd one uses the
flat Levi-Civita connection, and the last one is induced from the period isomorphism
ToBy = H(f)/zH(f) and the isomorphism

(19) Jac(f) = Hy(f)/zH(f), ¢(z) — ¢(z)w  mod zH (f).

Note that ¢; € Jac(f) are the elements corresponding to the good basis w; via the
isomorphism . Let us introduce the Fock space

Ch[[q(b q1 + 17Q27 .. ]] - (C((h))[[QONJl + 17q27 .. ]]
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of formal power series in q = (g, l)f 10 L We denote qr = Zf\i 1 Qk,i®;- The shift g1 +1
means that the element 1 € Jac(f) should be written as 1 = ). a;¢; and in the formal
power series the variables ¢; ; are shifted to q1; + a;.

On the other hand, if F' is a generic deformation of f, then the critical values of F
give rise to the so-called canonical coordinate system u = (uy,...,uy), defined locally
near F', in which the Frobenius multiplication and the pairing are diagonal

(8uia 8u]) = 5i,j/Ai7 auz b auj = 6i,j8uj-
Let us denote by
Up: CN = TpB = Jac(f), Vp(e;) = \/Ady,

the trivialization of the tangent bundle at a generic F. The total ancestor potential is
an element of the Fock space defined by

N
Arp(hq) = UpRp [ [ Dpt(hAi; 'a/Ay),

where Ry is a symplectic transformation of CV((2)) of the type 14 Ryz+---, which will
be defined below. We have a different set of formal variables 'q = (*qo,"q1,...) which
is related to the previous one by

N

D gk Vr(e) =qr, k>0
i=1

By definition the quantization T r acts by the above substitution. Finally, Dy is the
Witten—Kontsevich tau function:

Dy (B —eXp Z_:hgl/ H wlﬂbl)

where q = (gx)k>0 1S a sequence of formal variables and q(¢;) = Y 5 q¥F (with ¢; the
1st Chern class of the line bundle of i-th marked point cotangent lines) is a cohomology
class on ﬂg,n' Note that the dilaton shift is incorporated here, so the function is an
element of Cy[q0, 1 + 1,¢2,...].

The operator Rp is in general defined as a formal solution of the Gauss—Manin
connection near the irregular singular point z = 0. In the case of singularity theory,
however, we have an alternative description in terms of a stationary phase asymptotic.
Namely, let 5; C C™ be the cycle swept by the vanishing cycle vanishing at the critical
point of F' corresponding to the critical value u;, then the stationary phase asymptotic

(20) (—2mz) 71/ / P @G, ~ (UpRp(2)es, da)e/?, 2 — 0,

where ¢, € Jac(f) corresponds to the flat vector field determined by w,.
According to Milanov [50], the total ancestor potential Ap extends analytically for
all ' € By. In particular, we have a well defined limit

Awl, "N (R q) = lim Ar(h; q).
F—f
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Let us describe the dependence of the total ancestor potential on the choices of w and
wi,...,wn. Assume that ' € Ly — {0}, P’ C H(f) is an opposite subspace, and
{wW}N | CHL(f)NP'zis a good basis. It is convenient to split the general formula into
two cases. The first case is the following: if P’ = P, then

N
(21) Wi = ZwiBij, W= cw

i=1
for some invertible matrix B = (Bij)gj:l and some non-zero constant c¢. The second
case is the following: if w’ = w and

W, =w; = giw mod zH,(f), 1<i<N,

where {¢;}¥, C Jac(f). Let us denote by R(f,z) the linear operator in Jac(f)((2))
whose matrix (R;;(f, 2 ))” | with respect to the basis {¢;}¥, is defined by

(22) zwz Z] f7 )7 1<53<N.

Let us recall Givental’s quantization formalism for

H=Jac(f), (1,92) = KO (1w, ow), 1,4 € Jac(f).

Note that R(f,z) is a symplectic transformation of H = H((z7!)) of the type 1 +
R1(f)2’ + Rg(f)2’2 + .-

Proposition 5.2. a) The transformation of the total ancestor potential under the
change 18 given by

.A 17 W ( ) Aw1, - (hcfz;cleq),
where (c"'Bq)y,; = Zﬁ-vzl ¢ ' Bijqr,;-

b) The transformation of the total ancestor potential under the change s given
by

Awl’ “N (b q) = (R(f. ) DAL N (s q),
where R(f,2)! is the transpose of R(f,z) with respect to the residue pairing.
Proof. Let us denote by

N
Ap(h; @) = ViR [ [ Dot (hA}; 'ay/AY)
i=1

the total ancestor potential corresponding to the Frobenius structure determined by
the primitive form ' and the good basis wi,...,wy. Let 7 = (11,...,7n) and 7/ =
(11, ...,7y) be the flat coordinates on By corresponding respectively to the good bases
{wi}Y | and {w/}¥ . By definition

2V p7r,w = wi, zVa/aTi/w’ =w,, 1<i<N.
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a) Recalling the change we get the following relations

N N
Ti = g ¢ BT 0 _ g ¢ 1By; 0
(2 179 a7 1] a_
T T
j=1 0 J i=1 i

The matrix of U%.: CV — Jac(f) with respect to the bases {e;}}¥; € CV and {¢/}¥, C
Jac(f), ¢}, = 0/07] has entries (Uz); defined by

N
Upei =Y & (Wpkin (V)i = /A 077, /Ou;.
k=1

Similarly, W is represented by a matrix with entries (Vp)r; = VA; 07 /Ou;. Note that
VAL = c WA, R, = Rp, and ¥, = B~! Up. Using also that the quantized action

~

Rp commutes with the rescaling
B hic?, lgp e igue
we get
Ap(h;q) = Ap(hc™®, ¢ ' Bq).
Taking the limit F' — f completes the proof of part a).

b) The entries of the matrix of the linear operator ¥/, R with respect to the bases
{e;}}¥, € CV and {¢,}YY_; are by definition the stationary phase asymptotics

(—2%2)”/2/ e(F*“i)/zfu{,nab ~ (VeR%)ai, z—0,

where {&,} is the extension of the good basis {w,}Y, to a good basis on By and

(n“b)i\f p—1 is the inverse matrix of the matrix of the residue pairing (nab)fx be1s Mab =

(¢a, Pp). Similarly,

(—QTFZ)_R/Z/ =G n® ~ (UpRp)ai, 2z 0.

i

Let us denote by R(F,z) the symplectic transformation of Jac(f)((z)) whose entries
Rap(F, z) with respect to the basis {¢,}_; are given by

N
Bh =Y @a Rap(F, 2).
a=1

By definition limp_, ¢ ﬁab(F ,2) = Rgp(f,2). Comparing the above asymptotic expan-
sions, we get

N
(VeRE)ai = Z N Ry (F, 2)0, (YR ).

H,v=1
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Note that the matrix of the transpose E(F . 2)! with respect to the residue pairing has
entries

N
(R(Fa Z)t)ab = Z na#Rl/ﬂ(Fv Z)nub-
Hr=1

We get that U R}, = R(F,2)'UrRp, so
Ap(h;q) = (R(F,2)")" Ap(h; q).
Taking the limit F' — f completes the proof. O

5.4. The abstract Fock bundle. Recall that a series of the form

Z Z AN iy iy thi = Qe + Okaai,
9EZ k=(k1,i1) e ,(kr,ir)

is called tame if c,({g) # 0 only for x satisfying the (3g — 3 + r)-jet constraint
b1+ +k <3g—-3+r.

It is known that Givental’s total ancestor potential A‘;Z"”WN (h;q) is tame (see [34]).
Motivated by Proposition we define a vector bundle \A/tame on M? _ whose fibers are

mar
the Fock spaces Cp[qo, ¢1+1, q2, - - - Jtame Of tame seriesﬂ and the transition functions are

given by the transformation laws of Proposition (with ¢ = 1). Following Costello-
Li’s interpretation [23] of Givental’s quantization formalism, we will identify each fiber

of @tame with a highest weight module of a certain Weyl algebra, which in particular
yields an intrinsic definition of Viame.

5.4.1. The Weyl algebra and the Fock space. Let us fix f € M7 .. The Weyl algebra
of H(f) is defined by

o0

W(f) = P (B @ Ch) /1,

n=0
where C, = C((h)) and I is the two sided ideal generated by the elements
a®@b—b®a—hQa,b), a,beH(f).
The Lagrangian subspace H (f) determines the following Fock space
V() = W) W(HL ().

Lemma 5.3. If P is an opposite subspace, then the natural map

o0

op: @(Sym”(f’)@@h) = V(f), a-apn—a® - ap,

n=0

induces an isomorphism.

3Note that elements of C[A] are tame, but A~ * is not tame; hence Cy lg0,q1 +1,q2, ... Jtame is not a
Cp-algebra (only a C[h]-algebra).
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Proof. The map is well defined and injective because P is Lagrangian. The surjectivity
follows from the Wick’s formula (see [43]). Namely, given ay,...,a, € H(f) we have
the following identity in V(f):

n/
al@...@anzz(HQ(&;Z,&%))CLE@-..@G;L/M
s=1

where the sum is over all possible ways to select pairs (i7,}), ..., (i,,i,) C {1 2,...,n}
such that ¢, < i) and i} <--- <@, and {j1,...,jnr} ={1,2,...,n}\{7},..., n/,zl, . .,ig, ,
and where a~ € P (resp. a™ € Hy(f)) denotes the projection of a on P (resp. H(f))
along H (f) (resp. P). O

5.4.2. The tame Weyl algebra and the tame Fock space. If P C H(f) is an opposite
subspace, then using the vector spaces isomorphism

f) = P @ H.(f)* ®Cy

r,s=0

we can write an element of W(f) as a finite sum of terms of the form

(23) cgg}hg_lwil(—z)_kl_l W (=) TRl @y 20wy 2

s

where {w'} and {w;} are dual bases of Hy(f) N 2P, and the coefficient c&} is a
constant depending on ¢ and the multi-indexes I = {(i1,J1),...,(ir,kr)} and J =
{(J1,41), ..., (Js, €s)}. The tame Weyl algebra Wiame(f) is defined as the vector sub-
space of W(f) spanned by monomials of the type such that

(24) ki 4k —r<3(g—1+5/2).

Finally, we need to introduce the completion of Wiame(f)

mame(f) Zzl'ﬁlwfsame( )/ Wiame(f);

where the decresing filtration {W{,.(f)}72, is defined as the span of all terms of the
type such that

ki4 otk +b+ o+l +5>m.

Equivalently, the elements of V/Vtame( f) are arbitrary infinite sums of terms of the type
satisfying the tameness condition . We can prove the following proposition by
an argument similar to the proof of the fact that tame functions are preserved by the
upper-triangular Givental group action [34].

Proposition 5.4. The tame Weyl algebra Wiame(f) and its completion V/\Zame(f) are
independent of the choices of an opposite subspace and a good basis. Moreover, the
multiplication induced from W(f) is well defined, so both Wiame(f) and Wiame(f) are

associative algebras.

Let {¢; fil C Jac(f) be a fixed basis, let P C H(f) be an opposite subspace, and
let w € L — {0}. Given these data, we can uniquely construct a good basis {w;}¥, C
H. (f) N Pz such that

w; = ¢iw mod zH, (f)
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and so that there is an isomorphism
Dy, wn: Chlgo, g1, -] = V(f)
defined by
Puor,on (s Qi) = (@2 @@ (W),
where {w'}Y, is a basis of Hy(f) N zP dual to {w;}X, with respect to the residue
pairing K}O). Let us define
O’i’ll’;}"’qu = e*wz/thwh__’wN: Culgo, q1,---1 = V(f),

where we use that V(f) is a W(f)-module on which wz acts locally nilpotently. Note
that

[~wz,w'(—2) "] = hRes,—o K j(—wz,w'(—2) ¥ N dz = —hdy 104,

where a; are the coordinates of 1, i.e., 1 = 25\;1 a;¢;. Therefore the operator e~wz/h
acts as the shift ¢1 — ¢1 — 1, and we have

0-271]5“@1\] (g(Q(h q1,4q2, - - - )) = (I)wl,-..,wN (g(qo) q1 — 17 q2, ... ))
for any g € Cylqo, q1, - . .]. It follows that Uflﬁ“’(bN induces an isomorphism between the
completed tame Fock spaces
(25) 02’115”7(25]\] : (Ch[[QOa q + 1, q2. .. ]]tame — Vtame(f)»

where i\]tame(f) = V/\Zame/mameH+(f)'

5.4.3. The total ancestor potential and the abstract Fock space. It turns out that the
dependence of the isomorphism @, . ., on the choice of an opposite subspace and
a good basis is controlled by Givental’s symplectic loop group quantization. Let us
assume that we have two opposite filtrations P’ and P and {w/}¥, C H,(f) NP’z and
{wi}, CHL(f) N Pz are corresponding good bases.

Lemma 5.5. If P’ = P and the transition between the good bases is given by , then
(I>7/1 ;O <I>w1,...,wN]:(h; CI) = ]:(hv Bq)

WY e Wy
It remains only to investigate the case when P’ and P” are different. Let us choose
w € Ly —{0}. Using Lemma we may reduce the general case to the case when
wi = w, = ¢jw mod zH(f). In order to compare with Givental’s formalism put

H := Jac(f), and denote by (, ) the pairing on H induced by the residue pairing Kj(co).

Let R(f,z) be the symplectic transformation of H((z)) defined by (22).
Lemma 5.6. The following formula holds
O 0Py wy(F) = (R(f,2))F,

WY Wiy

where R(f,z)! is the transopse of R(f,z) with respect to the residue pairing.
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Proof. It enough to prove that if the Lemma is true for some F, then it is true for g ; F
for all kK >0, 1 <i < N. Recalling Proposition and that R(f,2)! = R(f,—2)7!, we
get

(R(f,2)")"F(q) = (e%qu,aq) ;)’

a—+R(f,~2)a’
where the 2nd order differential operator
s o 52
V(0q,0q) = Vied? , ') ————
(0a:0a) k;()( ke ¢)GQk,i6‘qz,j
is given by
l
Vie =Y (=) Ry o Ry,
a=0

By definition,
(pwl,...,wN (Qk,if) = Wi(_z)ikilq)wh---wa (‘F)

—k=1is given by

and w'(—2)

Z(ZRUG )” ,]( ~(k=a) Ly Z RZ]a )@ ’J( z)“_k_l).

j=1 a=0 a=k+1
By definiton, if £ — a > 0, then
1 13 —(k—a)—1 __ ‘ -1
¢w17 7‘"4\7 © wj(iZ) ( a) B qk_a’j © (bwﬂv"'vwﬁ\f
and if a > k + 1, then
al )
-1 15(_Na—k=1 _ (_q\at+k+1 g’ 1
(I)w'l,...,wk, ow ( Z) ( 1) h/zl(gb]?QS )8qa7kflj © (I)wl, Wiy
J = 9
Therefore <I> ! o Qo .. wy (qr,iF) can be written as the sum of
N
N k .
3.3 Rl iy (%0 )
j=1a=0
and
N 00 N 9 .
DR @)D (A ) |
z:: ; il ],;( )3%%71,;‘/ a—R(f,—2)a
Note that

ZZRU () k0 = (R(f, —2) )i

j=1a=0
A straightforward computation shows that

N o0 N . . a
3 kL S
> Rija(H)(-1) hj/z:l(qy,W)aqa_k_Lj/ (g(q)‘q;—)R(f,fz)q>

j=1a=k+1
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equals

(g [V(8q, 8q)7 Qk,i}g)

a—R(f,—2)q

Finally, for @;,11,“.’% Doy (i, F) we get

((Qk,i + g[V(aq,aq),qm])e%\/(aq,aq) ]:> — (e%v(aq@q)(

qk’i}—)> ’qHR(f,*Z)q '

a—R(f,—2)a
The above expression is precisely (R(f,2)")"(qr:F)- O

Comparing the transformation laws for the total ancestor potential (see Proposition
5.2) and the transformation laws in Lemma and Lemma we get that

A(h, f,w) 1= 005N (ASLN (B q)

is a vector in Vtame( f) independent of the choice of the basis {¢;}}¥, and the choice of
the opposite subspace P. We refer to A(h, f,w) as the global ancestor potential of f.

Let us denote by @tame the vector bundle on M3 .. whose fiber over a point f € My,

is the completed tame Fock space @mar( f). We call it the completed tame Fock bundle
or simply the abstract Fock bundle. The global ancestor potential may be viewed as a
holomorphic function

A: L\{0} = Viame,  (fyw) = A(h, f,w).

Note that the above map is not a map of vector bundles. Nevertheless, we have the

following symmetry, which in some sense allows us to think of & as a coordinate along
the fiber of L.

Corollary 5.7. The global ancestor potential has the following scaling property:
AR, frew) = A(hie™?, f,w), Vee C\{0}.
Proof. The statement is a Corollary of Proposition a) and Lemma O

5.5. Abstract modular forms. Motivated by Corollary and the generalized defi-
nition of a quasi-modular form in the theory of the period maps (see Definition , we

would like to introduce the notion of a quasi-modular form for the moduli space M3 ...

Definition 5.8. We say that a function
A:L— {0} — i\/tamea
is an abstract modular form if A(h, f,cw) = A(hc™2, f,w).

Remark 5.9. According to Corollary the global ancestor potential is an abstract
modular form.

In order to compare Definitions and let us trivialize the abstract Fock bundle
over an open subset 4 C M; ... Let us denote by Jac the vector bundle over M ..
whose fiber over f is the Jacobi algebra of f. Assume that {¢;}}¥, is a frame for Jac |y,
w is a frame for L[y, and P C HJy is a sub-bundle such that P(f) C H(f) is an opposite
subspace for all f € U. The isomorphism is a trivialization of the abstract Fock
bundle.
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Let A(h, f,w) be an abstract modular form. Put
AR fow. @) = (00 575%) 7 (AR, fLw).
Suppose that we have the following genus expansion

A(h7 f’qu) = exp Z hg]:g(fvw’q)

g=0
The scaling property of A is equivalent to
Fo(f.cw ca) = 7 Fy(f,w,q),

so the coefficients of F,(f,w,q) in front of the g-monomials can be interpreted as
sections of £2972%de|,, where deg is the degree of the corresponding q-monomial.
The notion of quasi-modularity is contained in Definition [5.8] as follows. Given an
abstract modular form 4 and a chart U such that Jac|y is trivial, we can choose
the complex conjugate opposite sub-bundle x(H)z~! to obtain coordinate expressions
.7?9( fyw,q). The latter depends non-holomorphically on f, but its coefficients transform
as modular forms in the sense of Definition Choosing a different opposite sub-
bundle P C H with a holomorphic trivialization of H; N Pz, we can obtain another
coordinate expression F,(f,w,q) for A. The change of the opposite subspace is given
by a matrix B(f) and a symplectic transformation R(f,z) = 1+ Ry(f)z+ Ra(f)z2+---
(see Section . Recalling Lemma and Lemma we get that the coefficients
of .7?9( f,w,q) are polynomial expressions of the coefficients of Fi(f,w,q), | < g, with
coefficients in C[B, R1, Ra,...], where C[B, Ry, Ra,...] is the polynomial ring on the
entries of the matrices B(f), Ri(f), R2(f),.... The entries of these matrices depend
non-holomorphically on f, so following the terminology in Definition [2.1] we call them
anti-holomorphic generators. Let us point out that finding explicit formulas for the anti-
holomorphic generators is in general a difficult problem (see the example in Section .

Remark 5.10. We explain a relationship of the Fock bundle in the present paper to
the Fock sheaf in [20]. Given an opposite subspace P, a section of the Fock sheaf in
[20] can be locally identified with a function on the Givental Lagrangian cone of the
form Z = exp(}_,2, h9~1F,) (this is similar to the trivialization (25)). The total space
of £ —{0} over M2 . can be identified with a finite-dimensional slice of the Givental
cone, and a coordinate expression A(h; f,w, q) = (Ji}jg'""z)N)*lA(h, f,w) of the abstract
ancestor potential corresponds to the jet of the potential Z at the point (f, —zw). This
is related to the jetness in [20].

5.6. The holomorphic anomaly equations. Let us pick local holomorphic frames
{#:;}¥; and w for respectively Jac and £. Let us choose a local holomorphic coor-
dinate system o = (o1,...,0n7) on M; .., so that each ¢; = ¢;(z,0) is a weighted-
homogeneous polynomial depending holomorphically on o. We define the hybrid an-
cestor potential Ay(h,q) to be the coordinate expression A‘;;”‘MN (h,q) of the global
ancestor potential with respect to the opposite subspace x(H, )z~! (see Section .
The hybrid ancestor potential depends non-holomorphically on f. We would like to
derive differential equations for A¢(h,w), which following the physics literature will be
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called holomorphic anomaly equations, that govern the non-holomorphic dependence on
I

Let us begin with several remarks about the Cecotti-Vafa connection from Section
[A.6] For given f € M5, .., we have a vector spaces isomorphism

Jac(f) = K(f)a o F Wa,

which allows us to interpret all connection matrices and the complex conjugation k as
endomorphisms and a complex conjugation of Jac(f). Note that C; is the operator
of multiplication by 0f/do; and U is the operator of multiplication by f. In partic-
ular, U = U = 0 because f is weighted-homogeneous, so it vanishes in Jac(f). The
next observation is that {w,}2_; is a holomorphic frame for K, because the transition
functions in this frame are the same as the transition functions of Jac ® L in the frame
{¢a ®w} and the latter is by definition holomorphic. This observation implies that the
connection matrices satisfy I';y = 0 and I'; = h~'0h, where 0 is the holomorphic de
Rham differential on M3, .. and h = (hep) is the matrix of the Hermitian pairing

hay = KO (k(wa), ws).

Finally, let us point out that the operators zé;, 1 < i < N’ are infinitesimal symplectic
transformations of Jac(f)((27!)). This can be proved by using the compatibility of the
Gauss—Manin connection with the higher residue pairings and the fact that up to a
holomorphic factor, the quantity

K(wi, Wj) = K(O) (wi,wj)

o]
mar-*

is the Grothendick residue of ¢;(x, 0)¢;(x, o), so it must be holomorphic in o € M

Proposition 5.11. The hybrid ancestor potential satisfies the following differential
equations

05, Af(h.q) = (:C))" Ag(h,q), 1<i<N
where t is conjugation with respect to the residue pairing.

Proof. Let us fix f € My, .. and denote by P(F) (F' € By) the holomorphic extension
of the opposite subspace k(H(f)) to a family of opposite subspaces on the parameter
space By of a miniversal unfolding of f. Let us fix arbitrary holomorphic frames {da}N,
and w of Jac and £ on M; .. N By. For every f' € M; . N By we have two opposite
subspaces in H(f’): the complex conjugate subspace x(H, (f’))z~! and the holomorphic
opposite subspace P(f’). Let us denote by {w.}2; C K(f') and {@,}; C H,(f") N

P(f")z the good bases such that
Wa =80 = G mod 2H (f).
According to Proposition b), the ancestor potentials
Apr(h,q) == AN (hyq) and - Ap(h,q) = A% (b q)
are related by
Ap(hsa) = (R(f',2))" Ap (B ),
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where the symplectic transformation R(f’, z) of Jac(f")((27!)) is represented in the basis
{¢a}N_; of Jac(f') by the matrix (Rq(f", z))fxb:l that describes the change

(26) Zwa Rap(f,0), 1<b<N.

Since A #» depends holomorphically on f’, we just need to find the derivatives of R(f’, z)
with respect to @, where ¢’ = (07, ...,0%,) denotes the coordinates of f’. Differentiat-

ing with respect to @, we get

N
> wr(f)(Th + Che) =
k=1

for the LHS and

Ba(f")Rar(f',0) (T8 + Ck 2)
1

=

N

> @a( )05, Rap(f', 2)

a=1

for the RHS. Comparing the coefficients in front of @, we get

N
= Z R (f',0)(TE + Ck»2).
=1

In matrix form the above equation becomes 05, R(f,z) = R(f’, z)(I'; + zC;). Although
quantization of symplectic transformations is only a projective representation, when
restricted to the subgroup of symplectic transformations of the type Ry+ Riz+--- the
quantization becomes a representation. Therefore

O (R(f',2)')" = (i + 2C)) (R(f', 2)")"
It remains only to use that the frame {w,}Y_; is holomorphic, so I'; = 0. O

Remark 5.12. Note that by definition, the quantization of the infinitesimal symplectic
transformation 2C? is the following differential operator

N 00
h ~ 0?2 ~ 0
E “CH—— E ct, a7>7
Pt <2 9900990 = O, OQrt1,p

where

Ceb = (Cr9®, ¢") = (Cir(¢7), k(1))

is symmetric in a and b. Here {¢®}2_, is a basis of Jac(f) = K(f) dual to {¢,}_; with
respect to the residue pairing. From this explicit formula we see that our dlfferentlal
equations have the same form as the BCOV holomorphic anomaly equations (see [7],
formula (3.17)).

Remark 5.13. The holomorphic anomaly equation was also studied in [20] §9.3].
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5.7. Fermat simple elliptic singularity of type Eél’l). We would like to give an
example in which our construction gives an elegant way to investigate the modular
properties of the total ancestor potential. Put

éxlwzxs, Q1= 3°Q%) 0.

This family of polynomials represents a transversal slice to the orbits of the group of
coordinate changes, so it could be viewed as an open chart in the marginal moduli space
(see Remark [3.3]). Let us introduce the functions

@ = 1+ 8

f(@,Q) =2} + a3 + 23 -

(k!)
k=1
(@ = 1@+ Y Q™08 Q + hak — )
k=1 ‘"
= _ (D)o + (Dfo)fy
9(@:9) fifo+ fofs

where D = Q0oQ = (Q + Q?9g) and hy = 1+ % + e+ % are the harmonic numbers.
Note that fp and f; are solutions to a 2nd order Fuchsian equation defined by the
differential operator

(27) (Q0q)* — 3°Q*(QIq + 1)(QIq +2).

We are going to choose two sets of good bases {wX®} and {wS$W1, where the index set
for e is splitted into the following 4 groups:

{(0,0,0), (1,1,1)} U{(1,0,0), (2,0,0)} LU {(0,1,0), (0,2,0)} L{(0,0,1), (0,0,2)}.
The following set of forms is a good basis for the complex conjugate opposite subspace:
"J(Ifg o =dz/Q,
WE?Q = (17013 + 9(Q, Q)2)dz/Q
wkS  =aldz/Q, 1<m<2, 1<i<3,

where e; is the ith coordinate vector in Z3. Another good basis is computed from mirror
symmetry at the large radius limit point Q = 0

WOW
“0.0.0 FQfo(Q)

Sl = VT (mrams — =) (@ der() 1

W d
7G€i /__ ( 33@3)1%/3 m £ m 1727
where

" Q’
j [fo(Q Dfo(Q ]
7 AQ) DA

is the Wronskian matrix of the differential equation (|2 . The details of both computa-
tions will be presented in a future investigation.
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Let us pick w = w&(% to be a frame for the vacuum line bundle and denote by
A?S(h; q) and A?W(h; q) the total ancestor potentials corresponding respectively to
the good bases {wX®} and {wFW}. Let us define

t:=2my/—17/3 := f1(Q)/ fo(Q).

Using the positive definite Hermitian pairing on Hy (f) N x(H4(f)), it is easy to check
that t +¢ < 0, i.e., Im(7) > 0. Note that

(@h00:- - w00.2) = (@500 wG02) R(Q, @, 2) B(Q),
where the matrices R and B are block-diagonal
R= Diag(R(l), R(Q)’ R(3)7 R(4)),
B = Diag(B(l),B(2),B(3),B(4)),

where the blocks R and B® are given by the following formulas:

M _ |1 2/({t+1) @ _ pG) _ p@_ |10
R—[o |y BT =R =RT=1

and

f 0
BW =_ =1 [6) det(fo)/fo] ’

@ _ p® _ p 7 [(1=33Q%)718 0

B B B \/71 |: 0 (1 o 33@3)—2/3 :
Recalling Proposition [5.2] we get that

(28) Ar(h;q) == (R(Q,Q,2)")" AFY (h;q) = AFS(h; B™'q).

Let ¥ = P! — {Q(1 — 32Q?) = 0} be the domain of the deformation parameter Q. The
function 7 gives an identification between the unniversal covering of ¥ and the upper-
half plane H. It is easy to check that the monodromy transformations of 7 are given
by
at +b a b
T g(T) = ara 97 [c d} €I'(3).

Under the analytic continuation the primitive form w and B~! are transformed respec-
tively to

wwler+d)™ and Bl B7lJ(g,7)(er +d)7H,
where

J(g,7) = Diag(1, (cr + d)*,cr +d,...,er + d).

6 times

The analytic continuation of the identity yields
AVQ(T)(h; q) = A, (h(er + d)%; J(g,7)q).

Comparing the coefficients in front of the monomials in q we get that the coefficients
of the total ancestor potential A, (h; q) transform as modular forms on I'(3).
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Remark 5.14. The potential Av—[-(h; q) coincides with the anti-holomorphic completion
constructed in an ad hoc way in [52]. Recalling also the mirror symmetry established
in Theorem we recover the main result of [52]: the Gromov—Witten invariants of
the elliptic orbifold IP’%7373 are quasi-modular forms.

Remark 5.15. Slightly generalizing the above argument, we would like to investigate
the total ancestor potential A?W(h; q) as a formal series in gy, ;, k > 0, whose coefficients
are analytic functions of 7; := gp4, 1 < i < N. Recalling the results of Looijenga (see
[49]), we may identify each relevant deformation parameter 7; with an appropriate 6-
function. We expect that under this identification, the GW invariants will turn into
quasi-Jacobi forms. We will address this problem in a future investigation.

6. MIRROR SYMMETRY FOR ORBIFOLD FERMAT HYPERSURFACES

In the last three sections, we have constructed a global B-model generating function
which is modular in an appropriate generalized sense, but non-holomorphic. In the
remaining part of this paper we will prove two mirror theorems for Fermat type poly-
nomials satisfying a CY condition. Namely, we will prove that the generating functions
of certain GW-theory/FJRW-theory invariants are holomorphic limits of the global B-
model generating function. In this section, we will establish the mirror theorem for

GW-theory.
Let dy,...,d, € Z be positive integers satisfying
DA
dq dy, ’
Let G be the group
G={te(C)"|[t] = =tI}.

We define two orbifolds

P :=[(C"\{0})/G]
and a suborbifold Calabi-Yau (CY) hypersurface

Y =(2/G), Z={z+ - +z==0}cC"\{0}.

The above quotients are taken in the category of orbifold groupoids or equivalently in
the category of smooth Deligne-Mumford stacks.

6.1. Orbifold Gromov—Witten theory. Let Y be an orbifold groupoid whose coarse
moduli space |Y| is a projective variety. Let us denote by H := Hcgr(Y,C) the Chen—
Ruan cohomology of Y. Our main interest is in the orbifold Gromov-Witten (GW)
invariants of YV

(29) (D™, 9™ g mds

where {¢; })¥, is a basis of H and d € Eff(Y') C Hy(|Y|; Z) is an effective curve class. The
invariants are defined through the intersection theory on the moduli space ﬂg,n(Y, d).
The latter is the moduli space of degree-d stable orbifold maps f: (C, (21,91),-- -, (2n,9n)) —
Y, where C is a genus-g nodal Riemann surface equipped with an orbifold structure, n
marked points z;, and a choice of a generator g; € Autc(z;). The evaluation at the i-th

marked point (f(2;), f(gi)) determines an evaluation map ev;: My, (Y,d) = IY, where
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IY is the inertia orbifold of Y. Let us denote by 1; = ¢1(L;), 1 <14 < n, the descendant
classes, where L; is the line bundle on M, ,(Y,d) formed by the cotangent lines of the
coarse space of C' at the i-th marked point (see [73]). By definition the GW invariant
is obtained by pairing the cohomology class

evi(di )Y U Uevi(di, vy

with the virtual fundamental cycle [M, (Y, d)]"*". The invariant takes its value in the
Novikov ring C[Q]. Let us fix an ample Z-basis {L®}7_ of Pic(|Y]). We embed

ClRlc CQr, . QL. Q' Q" gt
For further details on orbifold GW theory we refer to [2] for the algebraic approach and
to [I3] for the analytic approach.

6.1.1. Givental’s cone. Let us introduce a set of formal variables t = {t;;}, 1 <i < N,
k > 0. The generating function

Qd
Z Z | : 7t(¢)>g,n,d

n=0 deEf(Y)

is called the genus-g total descendant potential. Here we write t(¢) = > 72 sz\;1 tripib"
and expand the correlator multiniearly as a formal power series in t whose coefficients
are the GW invariants ([29)).
Following Givental [32] we introduce the symplectic vector space
Hy = Her(Y;CIQD(=71),  Qf,9) = Res.=o(f(—2), 9(2))dz,

where ( , ) is the orbifold Poincare pairing. The subspaces Hy> := Hcr(Y;C[Q])[2]
and Hy = Her(Y; C[Q])[z71]2~! are Lagrangian subspaces and define a polarization
Hy = 7-[;5 ® Hy, which allows us to identify Hy = T*H; By definition, Givental’s
cone Ly is the graph of the differential dFy 0 Explicitly,

,CY—{—Z—l-t-l-ZZaF (—z)7F 1 ‘t(z)e?—[;ﬁ},

k=0 i=1 ki

where {¢'} C H is a basis dual to {¢;} with respect to the Poincare pairing. The above
definition should be understood in the formal sense, i.e., Ly is the formal germ at t =0
of a cone in Hy .

6.1.2. The J-function and the calibration. Let us fix 7 € H. It is convenient to introduce
the notation

<<a1,.. >> Z Z O[l,...,Oék,T,...,T>g7n+g7d,
(=0 deEf(Y) e

where ay = ¢; 9", 1 < s < n, are arbitrary insertions. By definition, Givental’s
J-function of Y is

TS 3 Sl ol 7 (T NI

k=0 i=1 deEf(Y)
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Note that
jY(T7 Q, _Z) =—2+7+ d—z-&-‘rf}(fO) € Ly.
Recall also the calibration series S(7,Q,2) = 1+ S1(7,Q)z~! + - -- defined by

(S(r,Q,2)¢1,¢85) = (i) + > Y. Q1 <<¢i¢k, ¢>j>>0 , d(T) 2717k,
k=0 dEBR(Y) 2

Let us denote by L. the tangent space to Ly at J (1,Q, —z), then we have

J(1,Q,—2) = —28(1,Q,2) ', L,=S(r,Q,z) 'H;.
6.1.3. Quantum cohomology. The quantum cup product e, is defined by
(¢a o Oy, ¢c) = <<¢a’ ®b, ¢c>>073(7—)-

Let us fix € < 1, assume that the Novikov variables |@Q;| < € (1 < i < r), and denote
by B C H the open subset of 7 € H for which the quantum cup product is convergent.
In the absence of convergence, we think of B as a formal analytic germ at @ = 0 and
7 = 0. Let us introduce also the Euler vector field

N

E =Y (1 —degcr($:)tids;, + a1 (Y),

i=1

where degor denotes the Chen-Ruan degree. Finally, let

(M - degCR(¢i))¢i

0:H—H, 60(¢)= 5

be the so-called Hodge grading operator.
By definition the quantum (or Dubrovin’s) connection is the connection V on the
trivial H-bundle with base B x C* defined by

N
V=d+ ( — 9+ 2Fe )dz =3 (et
=1

It is known that the gauge transformation defined by the calibration S(7, @, z) acts on
V as follows:

S(Ta Q?Z)ilvs(Ta QJ Z) =d+ ( - 2710 + 272p>d27

where p := ¢;(Y)U is the operator of classical cup product multiplication by ¢;(Y). In
particular V is a flat connection.

6.1.4. The total ancestor potential. Let 7 € H be an arbitrary parameter. The ancestor
GW invariants

<<¢1'1$k17 ce ﬁ%ﬁk >>

are defined in the same way as the descendant ones except that instead of the descendant
classes 1; (1 < i < n) we use ¢; := ft*1;, where ft: My, 1,(Y,8) = Mg, is the map
that forgets the map to Y, the orbifold structure on the domain curve, the last £ marked
points, and it contracts all unstable components. If ﬂg,n =0, ie., 29—2+n <0, then

1, — —kn
(T) = Z E<¢l1w 1’ ceey ¢1n¢ DEEE ,T>g7n+ﬂ,d

g,n,d
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the ancestor invariant is by definition 0. Let us point out that in general the dependence
on 7 is only formal, i.e., the ancestor invariant is a formal power series in 7.
The generating function

o= Y L(@...@) @

g;n,d

is called the genus-g total ancestor potential and

(o9}
AL st) i= exp (Y- Fi(e) o)
g=0
is called the total ancestor potential of Y. The relation between ancestors and de-
scendants is completely determined by the calibration S(7,z) and the genus-1 primary
potential of Y (see [32] for more details). Thanks to the divisor equation we have the
following symmetry

Y Y
Ar@=Ar_yr PiogQit
where P; = ¢;(L%) and Q = 1 means Q; = 1 for all i. Therefore, without loss of

generality we may set @; = 1 for all i and work with AY := Af’l

6.2. I-function. Let us return to the case when Y is the orbifold Fermat CY hyper-
surface.
6.2.1. Combinatorics of the inertia orbifold. Let
bi=(0,...,d;...,0)€Z"t (1<i<n-—1)
by = (—dp,...,—dy) € Z" L,
Let ¥ be the fan consisting of all subcones of 71, ..., 7,, where 7; is the cone in R*~!
spanned by the (n — 1) rays
bi,.... b, ... by
Note that P is the toric orbifold corresponding to the fan 33, so according to the general
theory (see [§]) the connected components of P are parametrized by the set
n
Box(X) ={ce Q" | 0<¢ <1, supp(c) C o, ch-bi € Z" ! for some o € X}
i=1
where supp(c) is the set of all b; such that ¢; # 0. We have
IP = chBox(E)P07
where
P.=[{z1c1 = = znc, = 0}/G].

The dimension of P, is 1 less than the number of ¢ such that ¢; = 0. The orbifold P, is
non-reduced and it has a generic stabilizer

Ge = H L, -
i:¢; 70
In particular, the order |G¢| = [, o di-
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The inertia orbifold IY is a suborbifold of IP, we have
dim(Y;) = dim(P.) — 1,
so the twisted sectors are parametrized by ¢ € Box(X) such that dim(P.) > 0; i.e., ¢
has at least 2 entries that are 0. We denote the set of all such ¢ by Boxy (X).

6.2.2. Cohomology and Poincaré pairing. The coarse moduli spaces of ¥ and P are
respectively P2 and P"~!. Indeed, the map
(30) T (C"\{0}) x G — (C"\ {0}) x C*,  (z,1) = (2,1")
induces a map of orbifolds that maps the pair (|Y|, |P|) homeomorphically onto (P"~2, P*~1).
Let us define L = 7*Opn-2(1) and p = ¢1(L) € H*(Y,Z). A basis in Hcgr(Y;C) can be
fixed as follows:

Pl 0<k<dim(Y,), ce Boxy(2),
where 1. is the unit in H(Y,;C). Given a cohomology class p*1. € H*(Y,;C), the
orbifold Poincaré pairing (p*1., pkllc/) is non-zero if and only if

k+ kK =dim(Y,), ¢ +c,=0(mod d;), 1<i<n.
If (k,c) and (K, ') satisfy the above conditions, then we have
1

|Gel

(P*1e, " 10) =
Finally,
Hy([Y[;Z) =2 Z, B d:=(c1(0(1)),5).
6.2.3. The J-function of Y. Given d € Z>( and v € (Z>()" we define

L) = (F1+d+pz Y H P(1—c¢ + (p/di)z") 1, oIkl
1+ pz I‘l—cﬁ—k + (p/d;)z~1)
where k; € Z and 0 < ¢; < 1 are deﬁned uniquely by the identity
V; —d
d;
and we put |v| =11 + - -+ v, and |k| = k1 + --- + k. Put

Iy(t,Q,z) = ePlogQ/z I.(z th—,
' v!

d=0 VEZ’ZIO

=—ki+c¢

where
=7t vl=pll
Note that
Iy(t,Q,2) = fo(@)1 + 2 lfl(t Q) +z 2 fa(t,Q) +
where fi(t,Q) € Hcr(Y;C) (k> 1) an

_ (d0)! d
fo(@) = 1+; ot (i @
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where ¢ = lem(dy, ..., d,) and w; = £/d;.
It will be convenient for our purposes to modify slightly Givental’s J-function and to
work with

Jy (1,Q,2) = eplogQ/zjy(T, Q,z) = jy(T + PlogQ, 1, 2),

where the 2nd equality is a consequence of the divisor equation. The suborbifold Y C P
is cut out by the section 2{' + --- 4 29" of the convex line bundle 7*O(1), where
m: P — P"! is the map induced from (30). We may recall Theorem 25 in [22] and get
the following formula for the J-function of Y.

PI'OpOSitiOIl 6.1. IfT = fl(t’ Q)/fO(Q)) then JY(T7 ]-az)fO(Q) = ZIY(t,Q,Z)'

The I-function is known to be a solution to a Picard—Fuchs differential equation in
@, so it has a non-zero radius of convergence as a power series at () = 0. Let A be the
disc of convergence, A* := A — {0}, and 7: A* — A* be the universal cover of A*. The
function 7 in Proposition defines a map

(31) T CPx A > H, (4,Q)— 1(t,Q) = fi(t,Q)/fo(Q)

which will be called the mirror map.

6.3. Mirror symmetry for D-modules. Let us introduce the following family of
polynomials:

n

flz,t,Q) = Z(:cfl + tiw;) — qlle o Ty,

i=1

where
(t,Q) € C" x (P'\ {0,a1,...,a,,00}),
where a; are the values of ) for which the polynomial has a non-isolated singularity.

Remark 6.2. The radius of the disc A is precisely maxj<j<, |a;.

6.3.1. The twisted de Rham cohomology and the quantum D-module. The main goal of
this section is to construct an isomorphism between the sheaf F of the twisted de Rham
cohomology and quantum D-module. Let D be the sheaf of differential operators

Ocnxa-|?] <Z ZQ

o
oty 8Q>

We would like to construct a D-module isomorphlsm
7 (Flenxar) 2 7(0p ® H[z]),

where 7: C" x A* — C™ x A* is the universal covering, 7 is the mirror map, and B C H
is the domain of convergence for the quantum cohomology. The D-module structures
on the LHS and the RHS of the above isomorphism are induced respectively from the
Gauss—Manin connection and the Dubrovin’s connection, i.e.,

z&ta — z@ta Z gz_z t Q) ¢, zQGQ — ZQ&Q ZQaTz " Q) bi®,
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where 7(t, Q) =: 71 (t, Q)1 + -+ + v (t, Q)pn. Put
Iy (t,Q, z) := (20,) Iy (t,Q,2), e€ZL,
where
(20)° = (20,) - -+ (204, ).
The Taylor’s series of I5(t,Q, z) at Q@ =t = 0 takes the form
F6Q2) = Y Y Qi gy, (2
d=0 vz,
We will need the following lemma.

Lemma 6.3. Letd >0 and v € Zgo.
a) Ifm=(1,...,1) € Z", then

L1 ptetm(2) et = (1+d+ PZ_I)Id,u-&-e(Z) Slel+1
b) If e; € Z™ is the vector with a non-zero entry equal to 1 only at the i-th place, then
Id,V+€+diei (Z) = dz_l(d — UV — €i + pz_l)fdy_i_e(z)z_di"'l’
where €' is the i-th entry of e.

The proof follows immediately from the definitions and it is omitted. We also need
the following Lemma, which is a corollary of Proposition (3.5

Lemma 6.4. The sheaf Flcnxax is a free Ocnxax[z]-module of rank
N:=(dy—1)---(dy, — 1).
The main result of this subsection can be stated as follows.
Proposition 6.5. The assignment
xdzx/Q — S(r,1,—2) Iy (t,Q, 2),
where T = 7(t, Q) is the mirror map, induces an isomorphism of D-modules
Mir: 7*(Flcnxax) = 7°(0Op ® H|z]).

Proof. According to Proposition S(1,1,—2) I5(t,z) € H|[z]. To prove that we have
an induced map Mir we have to prove that Mir maps

(zd + df N)xdxy - - - dz; - day,

toOforalli=1,2,...,nand e € Z%,. If e = (el,...,e"), then the above form takes
the form a

(Zeixe—ei + dixe—l—(di—l)ei + tixe - Q—lxe—l—m—ei)dx’
where m, e; € Z" are the same as in Lemma [6.3] Shifting e — e + ¢; we get

(z(ei + 1)z + dierrdie" + tzeTe — Qflfceer)dx.
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It is enough to prove that Mir maps the above form to 0. Recalling the definition of
Mir we get that the above form is mapped to

v

Z ' di 1 -1 at
(Z(GZ + 1)Id,y+ezle| + diId,V—f—e—&-die,-Zle‘—i_ ‘+ tild,y+e+eiz‘e|+ - Q Id,u+€+mz‘e|+n)Q E
d,v ’

The terms in the brackets are transformed as follows: for the 2nd one we apply Lemma
b); for the 3rd term we shift the index v — v — ¢; and use that

s
‘v—e) WV
for the 4th term we first shift the index d — d 4+ 1 and then recall Lemma a). We
get
. . v
z:((eZ + )+ (d—vi—e +pz ) +vi— (L+d+pz ) g,e(2) z'eHle; = 0.
d,v ’
To prove that Mir is a D-module morphism we need only to verify that
Mir(2Q0g[x°dx/Q)]) = 2Q0g Mir([z“dz/Q)]).
Since
: (&) € n e ty
er(ZQaQ[x dr/Q]) = Z(Id+1,u+e+mz| Hn Id,l/+6zl |+1)Qdﬁ
d,v

the above identity follows from Lemma a).
Finally, since

(32) IY(taQaZ) = fO(Q)S(Tv]-v_Z)_l 1,
the map Mir is surjective. Since both sheaves are free O, x:[2]-modules of rank N,
the map must be an isomorphism. O

6.4. Pairing matches. Let us introduce the following pairing
(33) K (w1, ws) = —(Mir(m* w1 ), Mir(7*ws)*),  wi,ws € Flenxar,

where * is the involution in H|z] induced from z +— —z, and (, ) is the Poincaré pairing.
It is convenient to expand in the powers of z

w17w2 g K@ WlaWQ
PEZ

The main goal in this section, which is one of the key ingredients in the proof of our
mirror symmetry theorem, is the following proposition.

Proposition 6.6. The pairing K coincides with K. Saito’s higher resdiue pairing.

The main idea of the proof is to use Hertling’s formula in order to obtain a formula
for Saito’s pairing similar to (33]).
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6.4.1. The mirror map for vanishing cohomology. Recall the notation from Sections
and Let us fix a polynomial fj corresponding to a reference point in C™ x A*
and define for all f sufficiently close to fp a linear isomorphism

(34) U:bh=H""'(f"(1);C) = H= Hcgr(Y;C),
such that
(35) U(3(we, 2)) = (—2) I} (£, Q, 2),

where w, = 2°dx/Q is a fixed set of weighted-homogeneous forms that induces a triv-
ialization of F|cnxa+. Using that the isomorphism in Proposition is a D-module
isomrphism we can check that ¥ is independent of ¢ and (). Note that the homogeneity
of the I-function can be written in the form

n
(20 + Y (1= 1/d)t;0;, + degog) Iy (£, 2) = (deg(we) — 1) Iy (t, ).
i=1
From this equation we get that ¥ is independent of z as well.

Remark 6.7. The map VU is multivalued in f. It can be viewed as a trivialization of
the pullback via 7 : C" x A* — C™ x A* of the vanishing cohomology bundle.

6.4.2. The polarization form and the Poincare pairing. Let us introduce the following
bilinear form on H:

v(a,b) =S¥ (a), v w1 (b)),
where S is the polarization form of Steenbrink’s Hodge structure (see Section [4.3.1)).

Lemma 6.8. The claim in Proposition[6.6 is equivalent to the identity
x(a, e_”\/jwb) = (a,b), a,be H.

Proof. Let us first establish that pU is an infinitesimal symmetry of x. Let us denote by
Mpar the monodromy transformation of § of the Gauss—Manin connection around @ = 0
in counter clockwise direction. The analytic continuation around ) = 0 transforms the

RHS of into
(—z)_e 2V =1p/2 L(t,Q,2) = e~ 2mV=1Ip (—z)_eff/(t, Q,z).
Therefore,

VoML —e2nV=lp oy,

mar

In particular, My, is unipotent and there is uniquely defined nilpotent operator Ny, :=

_ 27r\1/_71 log Mmar- By definition

x(a,b) = (=)D ), Var oW (b)),
Since the form (-, Var(-)) is Mpar-invariant and
U(Npar A) =pV(A), A€,

we get that y(pUa,b) + x(a,pUb) = 0. Using this property we can complete the proof
as follows. By definition

S(wer2) = U (=2) L5 (1,Q,2)) = BN U1 (—2) 0T (1,0, 2)),
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where I¢(t,Q, z) =: eP108 Q/sz}(t, @, z). Recalling formula (8]) we get
(36) K (wer,wen) = —x (€™ 0(=2) L (t,Q, —2), (—2)T§ (1, Q, 2)),
In order to complete the proof, we just have to notice that can be written as

‘[}(we/a we”) = _((_Z)_Hfff;”(ta Q, _Z)’ (_Z)_GTS%I (tv Q, Z))v
where we used that S(7,1, z) is a symplectic transformation, so
S(r,1,2)!8(r,1,—2) =1. O

We will compute y by specializing (36) to t = @Q = 0, i.e., we will express y in terms
of the limit of the higher residue pairing at t = ) = 0. To begin with, let us compute
the Chen-Ruan product of Y. Put ¢; = 1. 1/4;,..,0), Where the non-zero entry is on
the i-th place. Let

e HE1 (&2
he = ¢St P,
where e = (eq,...,e,) is a sequence of non-negative integers and the monomial on the

RHS is defined via the Chen—Ruan cup product.
Lemma 6.9. The following formula holds

e = (dl_e1 . --d#")pélc, c=(c1,...,¢n),

where the numbers £ := {41 + --- 4+ £, and ¢; are defined by
%Z&-{-Ci, 0<¢g<l, ¥ €eZ.

(3

Proof. Note that at Q = 0 the J-function of Y is
jy(’?:,o,Z) = ZeFUCR/Za 7/\::: t1¢1 ++tn¢nv

where Ucg denotes the Chen—Ruan product. Note also that 7(¢, Q) = plog Q+7+0(Q)
and that the calibration S(0,0,z) = 1. Recalling Proposition We get that the vector
I5(0,0, 2) is polynomial in z and that its free term

I5(0,0,0) = (d; " - ;") p'Le

must coincide with (29;)¢Jy (¢, 0, 2)|i=0 = @e. O
Choosing e = (ej,...,e,) appropriately we can arrange that the vectors ¢, give
a basis of the Chen—Ruan cohomology. Note that the Chen—Ruan degree of ¢, is

deg(e) == Y1 e;/d;.
Lemma 6.10. We have
X(ée’% eiﬂp\/jwd)e’) = (¢e’a ¢e”)'
Proof. Recalling we get
(37) K (wer, We”)|t:Q:0 = 7Z_n+deg(e/)+deg(e“)+2x(¢e”v e—wﬁ0¢e/)‘
We need to check that the higher residues — K (») (wer, wer )| t=@=0 vanish for p > 0 and
coincide with the Poinare pairing (¢, ¢ ) for p = 0. Using that x(pUa, b)+x(a, pUb) =

0, we may reduce the proof to the case when ¢, is not divisible by p, i.e., 0 < e} < d; —1.
Finally, let us assume also that t = 0. The rest of the proof is splitted into four steps.
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Step 1. We claim that if K(we,wer)|g=0 # 0, then e, + e/ =0 mod d;. Put n; :=
e2mV=1/ & then the rescaling
(T1y ey @iy ooy Tn) > (T1y o, Ty ooy Tp), Q= MiQ,

defines an automorphism of H (f). It is easy to see that the higher residue pairing K
is invariant under the rescaling. We have

0o
K(We’a we”) =2z Z K€/76”7’QOa

m=0

where r := deg(w,/) + deg(we) — n. Rescaling the above identity we get that

oo
' el
7’]:2 € K(we/7w6//) = Zp Z Ke’,e”,QOn;n-
m=0
It follows that e;+e/ = m mod d;, so if the pairing K (wr, wer)|g=0 # 0, then e,+e€! =
mod dl
Step 2. We claim that if K (we,wer)|g=

=0
prove this, recall that ¢ = ( dl_glll d KZ)
are defined by

# 0, then deg(¢e) + deg(per) = n — 2. To
P 1, where 0 < £ < dim(Yr), 0 < ¢/ < 1

n
=30, € jdi=t+d, li€l
=1

Using that e, + e/ =0 mod d; we get that

67;4_67;/: 2 +1, i #0,
d; i o otherwise.

Recall that dim(Y/) + 2 is the number of ¢ such that ¢/ = 0. Therefore,
deg(de) + deg(per) = deg(e') +deg(e”) =n — 2+ ¢" —dim(Yer) <n — 2.

This proves that K" (wer, wer)|g=o could be non-zero only if r = 0, £ = dim(Y), and
deg(wes) + deg(wer) = m. It remains only to check that

(38) K(O) (we’y we”) = _(¢e’7 ¢e”)-

Step 3. We claim that it is enough to verify in the case when e} + e/ = d; for n—2
values of i and e, = € = 0 for the remaining two other values. Indeed, we may assume
again that 0 < e} < d; — 1 and write ¢ = (d;el{ e dﬁeg) p" 1, as we did above. Since
the set I(c") := {i | ¢] = 0} contains dim(Y,~) + 2 elements we can choose a subset
J C I(c") with £” elements. Note that e} = 0 for all j € J, because €} + d;c] =
mod d;. Let us define € = d;c} (1 <i<n) and

., {dj ifjeJ

€= / :
€ otherwise.
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Using the relation djx;-lj =Q w1 2, in Jac(f) we get
iy
K(O) (we/, we//) = < H di ¢ )K(O) (wg/, wgu).
igJ
Similarly, using the relation d@fi = p in the Chen—Ruan cohomology, we get
—p
(6o, 6er) = (L&) (620, 62,
igJ
which completes the proof of our claim.

Step 4. Due to permutation symmetry of our computation, it is enough to consider
only the case €, + €/ = d; for 1 <i < n — 2. By definition
Qn_2x(111 o o xin__;dxl [ da;n

K(O) (we/, we//) = Res .
(Qdya ™ —my-my) - (Qdpain ™ —xy -y 1)

Since xfi = (21 2p)/(d;Q) in the Jacobi ring of f, the above residue turns into

1 (w1 20)" 2d2y - - - dy
7 7 Res oo R .
1-..-Qp—2 (lexl Q;an)(anxn q:l...xn_l)

Since the Poincare pairing (¢, ¢ev) equals 1/(dy - --d,—2), to complete the proof we
have to verify that the above residue is —1 when @ = 0.
In order to compute the residue, recall that

(39) Res(i{xl A---A‘j{“) :Res<(de1--~dxn) — N.

On the other hand df;, A --- Adfy, is given by

(dizP ey — Q Yd(za - ) A A (dpzdYday — Q7N d(my - mpy)).
This wedge product can be computed explicitly as follows:

(40) Zn: Z (1 +m — n) Q—n—i—m (ﬁ d;. (dis . 1)le:'5 +nm2> %

m=01<i;<---<im<n s=1

X (xj, - xg, )R dry A Ady,

where {j1,...,jn-m} = {1,2,...,n} \ {i1,...,in}. In the derivation of the above for-
mula we used the following simple fact: if g(y1,...,y%) = y1- - - Yk, then

det(Hess(g)) = (—=1)*(1 = k) (yr---yp)* 2.

This formula is applied for k =n —m and (y1---yx) = (zj;,...,2j,_,.)- Note that the
term with m =n — 1 in vanishes, while the term with m = n reads

[ di(di — Dafi?day A - A day.
=1
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The contribution of this term to the residue is analytic at ) = 0 and it vanishes
at @ = 0 of order at least 2. Therefore, we may assume that the summation range for
m in (40)) is up to n — 2. Using the relations in the Jacobi ring of f we get

di(d; — D)abt=m=2 = (d; = D)™™ 2 (g - 2,) Q7L
The sum is transformed into

n—2 m
Z Z (I+m—mn) (H(dis—l)) X

m=01<i1 < <im<n s=1
xQ " (xy - ~mn)"_2 dzxi A --- Ndzy,

Note that the sum on the first line can be computed explicitly. We have the following
identity:

zn: Z (diy —1)---(d;,, — Dzt = 2" (x(dy — 1)+ 1) --- (z(d, — 1) + 1).

m=01<i1 < <im<n

Differentiating with respect to x and setting z = 1 we get

Z Z (diy = 1)+ (d;,, — 1)(1 —n+m) = 0;

m=01<i1 < <tm<n

therefore,

n—2
Z Z (diy —1)---(d;,, — 1)l —n+m)=—(dy —1)---(d, — 1) = —N.

m=01<i1<--<im<n
Restricting the identity to Q = 0 gives

—-n n—2
Q7" (w1--- ) dri N - Ndxy, =-1. O

Res
f;m ' fxn Q=0

6.5. Mirror symmetry in genus 0. We enumerate the elements of the basis {p*1.}
of H*(Y,C) in an arbitrary way and denote by ¢; the ith element. It is convenient to
enumerate in such a way that

¢a:16a/da7 1SCLSTL,
where e, is the a-th coordinate vector in Z". Let 7 = (1,...,7n) be the linear coordi-

nates on H*(Y,C) corresponding to the basis {¢;} and put 9; := 9/97; (1 <i < N).

6.5.1. The big quantum cohomology of Y. Let us fix a constant ) € A* and specify a
value of log ), so that the mirror map C" — H,t — 7(t, Q) is analytic. In this way C" is
identified with an analytic subvariety 3 of H*(Y, C). The linear coordinates (11,...,T)
form a coordinate system on X, because on % we have

Ta =tg (mod @), 1<a<n.
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Lemma 6.11. There are differential operators
Pi(z,t,Q; 20y, ...,20,) € C{Q}[2,t|(z04,,...,20,), 1<i<N,
such that
PJy(r,1,z) € z¢;+H[z],
where T = 7(t, Q). Moreover, for any choice of such differential operators, we have
Py Jy(1,1,—2) = —25(7,1,2) "L
Proof. Put
Jy(t,Q,2) = (20) Iy (7(1,Q), 1, 2) = 213 (1, Q, 2)/ fo(Q).

Using the quantum differential equations, we get
n
Jo(t,Q,2) = 2(20,)°S (1,1, —2) 11 = 28(r,1, —2) ! H(z@ta — M,)*"1,

where M, = 0y, is the operator of quantum multiplication by 0;,. Let us choose a
set of indexes e = (el,...,e") such that the cohomology classes ¢, := I&(0,0,0) form a

basis of H*(Y,C). For example, for a given basis vector p*1.. if we define
= (k+c1)dy, e? = cody, ... e" = cpd,,

then ¢, = dl_kpklc. In order to prove the existance of the differential operators P;, it is
enough to prove that the determinant of the matrix C' whose columns are [[_, (20, —
M,)®"1 is independent of z and ¢. Under this assumption, the inverse of the matrix
C has entries in C{Q}[z,], so the columns of 2S(7,Q, —z)~! can be written as linear
combinations of Jy (t,Q, z) with coefficients in C{Q}|[z,t], which is what we have to
prove.

Note that

(20 + E + degor) Iy (1, Q. 2) = deg(e) If (1, Q. =),
where deg(e) := Y €'/d;. The determinant A;(t, z) of the matrix with columns ff/(t, Q,z2)

satisfies the following differential equation

(20, + E)Af(t, 2) (Zdeg — Tr( degCR))AI(t, z) = 0.

Similarly, the calibration S(7, @, —z) is known to satisfy the differential equation
(20: + E + degcr)S(7,Q, —2) = S(7,Q, —2) degcr -
Hence, the determinant also satisfies
(20, + E)det(S(7,Q, —2)) =

We get (20, + E) det(C) = 0. However, the matrix C' depends holomorphically on ¢ and
zatt=2z=0,sodet(C) is a constant independent of ¢ and z.

Let us assume that P; (1 < i < N) is another set of differential operators such
that P; Jy (7(t,Q),1,2) € z¢; + H[27!]. Using that the calibration solves the quantum
differential equations we get

]Bi Jy (1, 1,2’)271 =5(r,1, —z)*lg(t,Q,z), g € H[z].
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The projection of the LHS of the above identity on H|z] is by definition ¢;, so on the
RHS we must have g = ¢;. O

Note that in the proof of Lemma [6.11] we obtained an explicit algorithm to find
differential operators P; from the I-function. Namely, let us choose a set of N indices e
such that the vectors I, (0,0, 0) give a basis of H. The matrix A(t,Q, z) whose columns

are the vectors fe(t, Q, z)/ fo(Q) has a Birkhof factorization A_(t,Q, z)A+(t,Q, z) with
A_ =1+0(z71). The entries of the i-th column of the matrix A (¢,Q,2)"! determine
the coefficients of a differential operator P; that has the required properties. In partic-
ular, the I-function determines explicitly S(7,1,—2) = A_(¢,Q,2)~ ! for all 7 € ¥ and
the operators M,(t,Q), (1 < a < n) of quantum multiplication by 9, .

Lemma 6.12. The big quantum cohomology of Y is uniquely determined by the poly-
nomials P;, 1 <1 < N and the flatness of the Dubrovin’s connection.

Proof. Let us denote by ;(7,Q) the linear operator of quantum multiplication by
¢;®r . Lemma implies that

Qi(TaQ) :Pz<07t7Qa _Mla"'v_Mn)7 T:T(taQ) €.
so the restriction of the multiplication operators to X is also uniquely determined. Note

that €©,;(0,0) generate the orbifold cohomology. In fact, using that the J-function at
Q = 01is e/* we get that

Ql(ov O)Vl T Qn(07 O)Vn = (ﬁd;&) pélcv
=1

where the numbers ¢ = (c1,...,¢p), 1, ..., 4y, and £ := {1+ - -+ £, are uniquely defined
by
vifdi=Lli+c, C;€Z, 0<¢ <l
The matrix A = A(t,Q;Q1,...,Q,) with columns
P0,4,Q;—,...,—Q)1, 1<i<N

is non-degenerate, because at t = ) = 0 it reduces to the identity matrix. The quantum
multiplication is commutative; therefore, Q;(7,Q)A coincides with the matrix B =
B(t,Q;Q,...,Q,) whose columns are given by

Rﬁ(ovth;_Qla"w_Qn)(biv ISZSN

Here A and B are viewed as functions in ¢, ) and the entries of the matrices Q1,...,,.
It follows that Q;(7,Q) = BA~! is a rational function R;(7,Q; €, ...,$,) in the entries
of Q4 (1 < a <n). Using the flatness of Dubrovin’s connection we get

0iQ = 0,82 = 0, Ri (1, ..., D),

and we get that the restriction of all higher order derivatives in 7 of Q,(7,Q), 1 < a <n
to X are uniquely determined. In particular, we can express the higher order derivatives
in 7 of Qu(7, Q) at 7 = 0 in terms of the polynomials P;, which completes the proof. [
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6.5.2. The mirror isomorphism. Let us fix Q € A* and define
fi= F(@,0,Q) = Zaz - g

Let us embed CV C By via t — f(z,t,Q). Put
wi =V-1Mir '(¢;) € Flenxiq}

where the scalar /—1 is chosen, so that the Poincare pairing matches the residue pairing

KO (see Proposmon. According to Proposmon the forms w; form a good basis,
i.e., K(w;,wj) € C. Let us assume that ¢; = 1 and define w := w; to be the primitive
form. The good basis {w;}, extends uniquely to a good basis over the space By of
miniversal deformations of f and it determines a flat coordinate system 7 = (11, ..., 7n)
on By such that

N
ZTl sz—TtQ) vt € C".
i=1

We can use the map Mir to obtain a reconstruction of the Frobenius structure on
B f similar to the reconstruction of the big quantum cohomology given by Lemmas
1] and [6 Namely, using Proposition it is easy to verify that the statements
of both lemmas remain the same if we replace Jy (7,1, z) with the primitive form w
and Dubrovin’s connection with the Gauss—Manin connection. Note that since Mir
is a D-module isomorphism, we can use the same set of differential operators P; for
both reconstructions. Therefore, we can uniquely extend the mirror map C* — H,
t — 7(t,Q) to an isomorphism of Frobenius structures, i.e., we have the following
proposition.

Proposition 6.13. The map
(41) By — H:=H{g(YiC), 7= (71,...,7n) > > _Tid;

induces an isomorphism of the germ of the Frobenius structure of By at 7 = 0 and the
quantum cohomology of Y .

Remark 6.14. The map Mir is defined in terms of an extended I-function of Y depend-
ing on the relevant deformation parameters ¢i,...,t,. Using the results of [22] we can
extend the I-function even further to include all deformation parameters. This would
give us an appropriate extension of the map Mir, which will provide us directly with a
trivialization of T'B[z] = B x H[z] that intertwines the Gauss-Manin connection and
the Dubrovin connection. The advantage of using a reconstruction argument is that,
after analyzing the reconstruction scheme more carefully, we can prove the convergence
of the Frobenius multiplication on T'B; in the irrelevant direction.

6.6. Mirror symmetry in higher genus. Proposition [6.13]implies that the quantum
cohomology of Y is semi-simple. Therefore, we can recall Givental’s higher genus re-
construction [3I), 32] proved by Teleman [72]. Let 7 = 7(0,Q) € H be the value of the
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mirror map 31| at ¢ =0, put f := f(z,0,Q), and recall the good basis
wi=V=TMir '(¢i)li=o € H(f), 1<i<N,

where {gbz}fil C H is a fixed basis with ¢; = 1. The higher genus mirror symmetry for
Y can be stated as follows.

Theorem 6.15. The total ancestor potentials of Y and f are related by the following
formula:

AT (B ) = A7 (b @),
where
dzry---dzy,
=y =/
v Qf(@)

6.7. A-model opposite subspace. Let f = f(x,0,Q), Q € A*. Recall also the
notation h and h* for respectively the middle cohomology and homology of f. The
opposite subspace P C H, (f) that corresponds to the good basis of GW theory can be
characterized as follows. The group p4, of d;th roots of 1 acts naturally on C" x A* via

n.((x1,...,20), Q) = ((x1,...,nT4, ..., Tpn),NQ).

The function f is invariant under this action, so the vanishing homology and cohomology
bundles on A* become naturally pg,-equivariant bundles. Let us a define a linear map

Li:h—b, <LZ(A)7a> = <A777i_1 ’ aﬁz‘Q)?
where n; = e2mV=1/ di n; L. is the [g;-equivariant action, and a,,q is the parallel

trasnport of the cycle o along the arc Qeﬁe, 0 < 6 < 2n/d;. Note that L?i =

M;alr, where My, is the monodromy transformation of h corresponding to a closed
loop around ) = 0 in counter clockwise direction. Recall that M., = e~ 2™V ~=1Nmar
(see Lemma , where Ny is a nilpotent operator. In particular, we can define
Mél/a‘f’ .= ¢~ (2mV=1/di)Nmar  Note that the linear operators L; and M, pairwise com-

mute for 1 < ¢ < n. Therefore, the map n; — L; o Mél/a‘fl gives a representation of jiq,

on fh for each i = 1,2,...,n. Since the operators defininig the representations pairwise
commute we have a joint spectrum decomposition
(42) h= @ be, he={vebe : Liv=mn; “v, 1 <i<n}.

e=(e1,....en)

where the direct sum is over e = (ey,...,e,) such that 0 < e; < d; — 1 and b, # {0}.
Let us recall the definition of a weight filtration (see [67], Lemma 6.4). Given a
triple (V,m, N) consisting of a vector space V, a positive integer m (called weight),
and a nilpotent operator N such that N™ = 0, there is a unique increasing filtration
0=W_1CWyC--- C Wy =1V, called a weight filtration, such that N(W;) C Wy_o
and N': Gr,V, , — Gr}/_, is an isomorphism for all ¢.
Put

Ne = Nmarlp., me:=n+|{i : e # 0} —2[u(e)],

where |S| denotes the number of elements in a set S and ¢(e) := Y i ; e;/d;. Let us
define W¢ to be the weight filtration corresponding to the tripple (he, me, Ne).



GW THEORY OF QUOTIENT OF FERMAT CALABI-YAU VARIETIES 59

Proposition 6.16. The opposite filtration {Us} of b, which corresponds to the GW
opposite subspace P via s given by the formula

Ur =P Ws
€
where the direct sum over e is the same as in (42)).

Proof. Our argument is based on mirror symmetry. Recall the isomorphism (35|
v:.Hh— H.

We will find the images of the opposite filtration and the various weight filtrations under
¥ and see that the desired relation is obvious.
By definition the one-to-one correspondence, associates to every A € Fh,NUbs

with s = €2™V=12 (0 < @ < 1, a homogeneous form w € H (f) N Pz of degree deg(w) =
n — ¢ — «, such that

Blw,2) = (—2) 775 4,

where we used that for every fixed z the map % in is the inverse to s( ,z). By
definition

U(5(w,2)) = (=2)778(,1,—2) " Mir(w),

where 7 = 7(0,Q) is the image of the mirror map. On the other hand, due to home-
geneity

(=2)708(r,1,—2) 1 (=2)°
is independent of z and
(—2) 7 Mir(w) = (—2)%8“)~2 Mir(w).
We get
T(A) = S(r,1,1)" Mir(w).

Therefore, ¥(F‘h, N Usby) is the span of all S(7,1,1)"'¢ € H such that ¢ is a homoge-
neous class satisfying

[deger(@)] =n—1—1¢, degcr(e) +a € Z.
Recall the homogeneity condition for S(7, @, z):

(20, + E)S(1,Q,2) = [0,5(7,Q, 2)].
It follows that S(7,1,1) = 1+ p—; Sk(7, 1), where each operator Si(r, 1) increases the

degree by k. Since
UE = @@F”hs N Ué’b&
>0 s

we get that W(Uy) is spanned by homogeneous classes ¢ in H such that

(43) [deger(@)] = n—1-L.

Let us determine the images of the weight filtrations. We already proved that ¥ o
Nmar =pU ¥ (see Lemma . Using the identity

Lis(we, 2) = U;eig(wea Z)‘Qr—wnéb
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where we = x°dz/Q and the definition of ¥ (see (35)), it is easy to check that ¥ o
(LzMél/a‘il) = J; o U, where J; : H — H is the linear operator defined by

J’L(pk]-c) — e—QWﬁCi pklc

Therefore, we have ¥(h.) = H(Ye;C), where Y, is the twisted sector corresponding to
c=(c1y...,¢n), with ¢; = e;/d;. The weight filtration of the triple (H(Ye; C), me, pU) is
straightforward to find. We get that U(Ws,) is spanned by homogeneous classes ¢ € H,
such that

deg(¢) > %(dlm(}{e) T me> e,

where if ¢ is a class of (usual) real degree 2i, then deg(¢) = i. Note that

(44) degcr(9) = deg(e) + u(e).
Comparing the inequalities and we see that they are equivalent when m, =
n+{i : e # 0} —2[cle)]. O

7. MIRROR SYMMETRY FOR FERMAT CY SINGULARITIES

Now we discuss the mirror symmetry on the LG side. In [37], He-Li-Shen-Webb
identified the FJRW ancestor potential (LG A-model) of invertible quasi-homogeneous
polynomial singularities to the Saito-Givental ancestor potential (LG B-model) of the
mirror polynomials, by using Givental-Teleman’s [31] [72] unique higher genus formula
for semisimple Frobenius manifolds and matching Frobenius manifolds on both sides
via WDVYV equations and a perturbative formula in [47]. In this section, we establish
a mirror symmetry statement of D-module structures and opposite subspaces between
FJRW theory and Saito’s theory for Fermat CY singularities. For Fermat CY singulari-
ties, our result recovers He-Li-Shen-Webb’s result. More general cases remain unknown
due to the lack of a toric model.

7.1. FJRW theory of Fermat CY singularities. As before, we consider the Landau-
Ginzburg side of the Fermat polynomial of Calabi-Yau type

n
1
W=af +.4alr, =1
i=1 "
Let Gw be the group of diagonal symmetries of W, so

G = {(Al,...,An) e (C*)"

W(Az1, ..y Adpn) = Wiy, ... ,a:n)} = H“dr
i=1

For each v € Gy, there exist unique {@g) € [0,1) N Q}, such that
v = (exp(27r\/—1@gl)), e ,exp(27r\/—1@g"))> .

A mathematical construction of the LG model for a generic pair (W, Gy ) is given
by Fan, Jarvis, and Ruan [28 [29], based on a proposal of Witten [75]. More generally,
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the group Gy can be replaced by any subgroup that contains the exponential grading
element

(45) jwr = (exp<

2/ —1 2my/—1
YD o).

In this paper, we only focus on the pair
(W:xill +~~+xg", G’W).

Its FJRW theory consists of a graded vector space Hyy (called FJRW state space), and
a Cohomological Field Theory {Ag‘fk}. We recall some basics in this section and refer
the readers as to [28] for more details.

Each v € Gw acts on C" by homothesis and we denote Fix(y) C C" the fix locus
of 4. Let W, be the restriction of W on Fix(y). Each 7-twisted sector H., consists of
Gyw-invariant part of the middle-dimensional relative cohomology for W,

H, := (H*(Fix(7), (Re Wy) "} (=00, ~M); )™, M > 0.

Here H, is called narrow if Fix(vy) = 0 € C" and is called broad otherwise. Each narrow
sector is canonically isomorphic to C,

H, = H*({0},0;C) = C.

We denote 1, the canonical generator in 1 € C = H,.
In particular, since W is Fermat CY singularity, the FJRW state space is given by

Hy=@P H,2HC 1,
yEN yeN

where v belongs to the set of narrow elements

(46) W= {’y e G

1§dj@gj>§dj—1,w§j§n}.

The cardinality of .#" is N := [[_,(d; — 1), hence Hy is a vector space of rank N.

Moreover, (Hyy,degy,) is a graded vector space, where
_ 1
47 degyy 1, := e - — ).
(47) e8w Ly Z ( v dj)
7j=1
For each v € 4, we define its involution 4" € 4 by
) ._ j
0y =1-0y.

v
Let 6((:)) be the Kronecker symbol. Then Hy, has a non-degenerate pairing ny, given
by
(48) mw(la,1g) =05, Va,fe.N.

The triple (Hyw, degy,, nw) has a Cohomological Field Theory {Ag‘fk}, which consists
of multilinear maps

A?fk D HYF — H* (M, C).
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Here ﬂg,k is the moduli space of stable k-pointed curves of genus g. Letting v; € A4,
and ¥; € H*(M,k, C) be the j-th 1-class, we have the following FJRW invariant

/s L
(49) (LBl L G, = / AV (L1, H

Mg

Similarly as in GW theory, for any 7 € Hy, we can define a formal function

_ oaW 1 _ _
4 l 4 £ w
<<171 SRR 71%wkk>>gk(7-) = E 4m!<171 e ’17k¢kk77—’”' 7T>g,k+m'

m>0
The quantum multiplication e is given by

mw (Lo er 15,1,) = <<1a, 15, 17>>:‘;(7).

The product e, has an identity 1 := 1;,, with jy defined in .
Again we introduce a set of formal variables t = {t;;}, 1 < i < N, k > 0. We
introduce a genus-g generating function

9 oy =N~ L eh A\
Fa(®) =3 5 (@), 6@)) ()
and the total ancestor potential
AV (Bit) = exp | S W FY ()
g=0

7.1.1. J-function. Let Hy = Hy (27 !)) be the infinite vector space. Let us consider
the Darboux coordinate s

=3 1z alz) =)0 gplazh
k>0 o k>0 «
We may write an element in Hy as
z) = Zq,@‘lazl€ + Zpglazk.
k>0 k<0

The infinite dimensional vector space Hyy is equipped with a symplectic pairing
O (£(),9(2)) = Reseo my (F(=2), g(2)d=.

We have Hy = Hi;, &Hy;, where Hi;, = Hw 2] and Hy;, := 2~ Hy [z 1] are Lagrangian
subspaces. Since H = TH., after the dilation shift q(z) = —z + t(z), the graph of the
(0)

genus zero generating function Fy, defines a formal germ of Lagrangian submanifold
Lw in Hyy,

—(0
Lw = {(p,q) S T?—[;‘r, p= dq}"g,v)} .
We define the FJRW J-function
(50)  Jrgrw(T,2) == —z+t + Z ZZ m, (ke ) Ly (—2) 75

m=0k=0 =
It is standard to check that
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Lemma 7.1. The J-function Jpyrw (T, z) belongs to Ly .

Similar to GW theory, we define the calibration operator Sy (7, z) in FJRW theory

by
(o) B W k
mw (S (7 2)La 1) = mw (Lo 1) + D ((Lath 15) () 27175,
k=0 ’
where the unstable terms vanishes. We can also rewrite the J-function as follows:
(51) JFJRw(T, Z) = —Z Sw(T, Z)_ll.

7.2. I-function in FJRW theory. Now we introduce an FJRW I-function I? (¢, z)
in via toric geometry. This I-function lies on the FJRW Langrangian cone, and
Birkhoff factorization of the I-function will induce a mirror map ((64)).

7.2.1. Toric setup and an FJRW I-function. Let {bo,b1,--- ,b,} be vectors in Z" such
that ' |
bo=(1,---,1), b =§d, Vj=1,--- ,n.

K3
Let S is be a set of vectors in Z",

S=R[[B, R={b,---,bn}
and B is a set of ghost variables
(52) B = {b = (bW, by ez 0 < b <dj—2,¥j =1, n}
In LG side, we have an exact fan sequence
(53) 0—-L—2z5%2"
For each b € S, the map ¢ in is defined by
p(b) =beZ".

Let Vg : 0 NZ" — QF, where ¥y g(e) = {¥(e)} and the coefficient of b € S is
given by

() /d. — b .

b _J eV/d;, b=0b; € R;

Yiale) = { 0, be B.

Let v(e) = Y ,cq vs(€) b € QF be defined by

(54) v(e) == —Urale+bo) + Y _ vs(e) &,
beB

where for each b € B, v,(e) € Z>p and

Gi=b—» Tig)cely:=LezQ.

ceER
Thus for each j =1,--- ,n, we have
1 , ,
(55) vile) =—— (e(J) +14 > ue) b@) € Q<.
1 beB

For each v € Q°, we can assign an element v, € Gy

(56) Yy = (exp(2ﬂﬁ<—yl>), e ,exp(2ﬂx/j1(—yn>)) € Gw.
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Let t(-) : L — C be a formal function given by

Yrg(etbo)+v . Vp
t =114
beB

Recalling the definition of v in , we define the box element [J, to be

1 TR (v + k) 2
Hbe‘B Hk;:l(kz)

If there exists j € {1,---,n} such that —v; € Z, then O, = 0. Thus for 00, # 0, we
know 7, € .4, and it makes sense to introduce

(58) Faltz)= ) (Ht ) L,, € Hw[t](=)-

veQs \beB

Here Hy [t] := Hw ®c C[ty; b € B]. In particular, when ¢t = 0, i.e., v, = 0 for all b € B,
then according to Equation ,

- el +1
V:Z — d. bj.
J

Jj=1

(57) O, :=

A direct calculation shows:
(59) Fat=0,2)=1,,.
Taking e = 0, we get the I-function in the LG side:

(60) Ralt,z) =) (Ht ) € Hw[t](2)).

v \beB
Now we assign the following degree:

" p)
degy tp =1 — , degy z=1.
Ew b = le d; ew

When we apply and , we see that each term in If (¢, 2) has degree

" p) n L
degW<HthDl,1%> = Zl/b 1—2% +ZL—VjJ—EVb+Z<<—

be®B be®B j=1 7 j=1 be®B j=1
-y
=1 7
This depends on e only, so we know IEG (t,z) is homogeneous of degree zero; i.e.,
(61) degy (I (t,2)) = 0.

Definition 7.2. Following [22], we say f(t, —z) is an Hy [t]-point in the Lagrangian

cone Ly if
flt,—2) = =21 +t(—2) + Z<< >> (t) 1

for some t(z) € H [y] such that t(z)]y=0 = O.
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The following result is known to experts.

Proposition 7.3. The formal function I (t, —2) is an Hw [t]-point in the Lagrangian
cone Ly .

For the reader’s convenience, we give a proof in Appendix [A] following the method of
Ross and Ruan [60]. It uses a localization computation in GLSM theory [30].

7.2.2. Convergence. Let e; € Z™ be the i-th standard vector; i.e. egj) = 51], i=1,---,n.
Let t; be the parameter of e;. Let o be the parameter of by = (1,---,1) € Z". We
restrict I (¢, z) to the following subspace of C® x C 3 ({t;}ves, 2):

C"M x C3 (t, - ,tn,0,2).
We denote the restriction by IEG(tl, -+« tp,0,2). From to , we know

degy (IEG(tl, oo tp, 0, z)) = 0.
On the other hand, since

1
degwtizl—g>0, degy (o) =0, degyz=1, 0<degyly<n-—2,

)

we can rewrite the function IEG(tl, o tn,0,2) as

Ra(ts, - stny0,2) =Y IV (b1, tn,0)27 % € Hw[ty, -+, tn, 0][27 ]

Hence I(I)/V(tl, -++ ,tp,0) is homogeneous of degree zero. If d = l.c.m(dy,--- ,d,,), then
n md/d;
md+ 1
62) V(e o) = [V (o 1—1+Z .HH ( )
7=1 k=1

The ratio test shows that f}V (o) is analytic near ¢ = 0. Further more, we have the
following convergence result.

Corollary 7.4. For each k >0, IV(t1, -+ ,tn,0) € Hw[t1, -, ty){o}.

Proof. The polynomiality of ¢1, - - - , 1, follows from degree counting and degy t; > 0 for
each i = 1,--- ,n. For any fixed homogeneous element in Hyy[t1,--- ,t,], we can use
the ratio test to obtain the analyticity of ¢ near o = 0. Il

More generally, recall that W = a:l 4+ 428 is an element in M in (I). We define
B = (b € B|degy, tp >0}, B = {b e B|degy, t, = 0}.
We may consider a neighborhood of W € M consisting of

W+ Y b, Bl <6 if be B
be%relm%mar
We denote this neighborhood by My s,

MLGﬁ o~ C%rel % A(S%mar‘
If ¢ is sufficiently small, then a discussion similar to that in Corollary (7.4) shows

IEG(t, Z)|MLG,6 € Hw ®c OMLG,J [[Z_l]]'
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7.2.3. Mirror map. The Birkhoff factorization allows us to rewrite I (t, 2) as
(63) Rt z) = L_(t,2)YLa(t, 2),
with

Yia(t2) € Hyt] and L_:=1+) Ly(t)z " € End(Hyw)[z""].
k>1

A mirror map 7 : C® — Hy[t] is given by

(64) () = La(H)(1) € Hy[1].

Combining Lemma [7.1] and Proposition [7.3] we have the equality
Jrarw (T, 2) = —2L_(t, —2)1.

Here we identify the calibration operator Sy (7(t),2)~! with the operator L_(t, z) via

the mirror map .
The restriction of IEG (t,2) to Mpg,s will imply

Tra(t, Z)’MLG,S € OMLG,& -1,

and the mirror map restricts to
(65) T: Mygs — Hw.

In particular, if we restrict to the (¢1,--- ,t,,0)-plane, then

TLG(tl) T 7tn7 g, Z) = f(YV(U) 17
where f}V (o) is given in (62), and the mirror map restricts to
IYV(tla e atnaa)
¥ (@)

Here vavl are the elements of Hy with degy, < 1.

T(t1,  tn,0) = GHI%/l[th"',tn]{O'}'

7.3. Mirror symmetry to FJRW theory.

7.3.1. An isomorphism between D-modules.

Lemma 7.5. The set {I{(t,2)|e € ZL,} satisfies the following differential equations:

(66) z(;szfG(t, 2) = I0(t, 2), Vb€ B;
(67) 2(e + 1) gt 2) + Y bty IEER(t, 2) + Z Bl 15 (1, 2) = 0.

beB

Proof. Recalling (55), we will simply denote v = v(e), v/ = v(e+b) and v/ = v(e+b;).
For the first equation, we shall compare the coefficient of tZ”fl [ 1.z tée on both sides.
The corresponding vector {v.}.cn on the right hand side should satisfy

(68) V.=v,— 68 ceB.

Both coefficients are 0 when v, = 0, and thus it is enough to match them when v > 1.
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When vy, > 1, on the right hand side, similar to , we have

V= _% <e(j) 4@ 41+ Z yéc(j)> € Qo.

J ceB
Equation implies v} = v; and

T Ty 0 + k)
[lece Hzé:1 (k2)
Thus the coeflicient of th—l II b b on the right hand side is
0,1, = (vp2)0,1,,.
Now let us prove the second identity. There are three terms and we will consider the

coefficient of [] .o tee for a fixed vector v = {vc}cem. For each b € B, the contribution

from I£5P(t, 2) comes from the vector {¥/.}.c such that

V.=v,—8, VeeS.

¢

O, = = (pz)0y.

For each j = 1,--- ,n, the contribution from Ifébj (t,z) comes from the vector {v/}.cn

such that
vV =v.— 8, VeeS.
Thus
0,1, , = (nz)d,1,,, Oxl,, = (vz)0,1,,.
Put everything together, we know the coefficient of [ o tZ¢ of the LHS in is given
by

26D+ 1)+ 3 0Dy + 3 60z | 0,1,
beB J=1

Since bg-i) = djéé, Equation implies that the formula above vanishes.

Finally, we check the constant term in equation (67)). The constant in the second
term vanishes by definition. The remaining two terms give

2(e®W +1) + Zbg-i)ujz 0,1, =0.
j=1

This again follows from Equation , where now v, = 0 for all b € B. O

According to this lemma, there exist a D-module on Mg s. We identify this D-
module with the D-module (Hy (W), V) in the B-model using the mirror map in (65).

Proposition 7.6. The following map
(69) Locw : H (W) — Ly,  [2%dx] — IE(t, 2).
extends to a D-module isomorphism.

Proof. The surjectivity is obvious and the injectivity is a consequence of Equation .
The result follows since both D-modules has the same rank. O
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7.3.2. Matching pairings. We extend the pairing ny in C[z]-linearly, and still
denote the extension by nw : Hy [2] x Hw[2] — C[z]. Via the map Loc" in (69), we
call pull back the pairing ny to get

Kw : Hy (W) x Hy (W) — C[z],
where

Kw (w1, w2) = nw (Locy (w1), Locyy (w2)) .
For Fermat singularities W := xclh + -+ + 29 we recall the set in . The set
{[xbdx] € IP]LF(W) | b€ B} forms a good basis [37, Theorem 2.10], such that
Kw ([2%dz], [z°dz]) = 5.

We identify the set B with .47, the set of indicies of narrow elements in FJRW theory,
by a shifting map

. ) 11
(70) G:B N, wvia boyeN, @@:%.
j

Proposition 7.7. For any b, c € B, we have
Ky ([°da], [#°dz])) = Kw ([adz], [2°dx]).

Proof. Since L(t(7),z)~! preserves the pairing, in order to prove the mirror map (69
preserves the pairing, we only need to verify

mv (Ha(t:—2) o, K (t:2) o) = 5.
This equality follows easily from . O

7.3.3. Matching opposite subspaces. The vector space of the good basis
Hy = {[a’dz] € H (W) | b € B}
induces an opposite subspace Py in ﬁl(W) Recalling in Section we have
Py = Hy[z Y271

On the other hand, Hy ((z)) has a natural opposite subspace Hy [z~ 1]z~!. Then the
restriction of Locy on Hyg is induced by the shifting map

Locy : Hy — Hy, [2°dz] — 1)
It is easy to see that

Proposition 7.8. The map Locy, matches the opposite subspaces Py with Hyy[z~1]2z71.

7.4. Proof of main theorem. Recall our main theorem:

Theorem 7.9. Suppose that W is a Fermat polynomial with d = ), ¢; (hence Xy
defines a Calabi- Yau hypersurfac). Then,

(1) LG/CY correspondence conjecture holds for the pair (W, Gw).

(2) The modularity conjecture holds for [Xw /Gw].
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Proof. The proof of modularity conjecture follows directly from the definition of B-
model generating function (Deﬁnition, which is modular but non-holomorphic; and
GW-mirror theorems (Theorem, which express B-model generating function as the
anti-holomorphic completion of GW-generating function. Although our main interest
is GW-theory, a similar statement holds for FJRW-theory as well.

To prove the LG-CY correspondence, we need to consider the analytic continuation
of holomorphic generating function of GW/FJRW-theory. This can be done as follows.
Using two mirror theorems (Theorem Proposition and , we identify
GW/FJRW-generating function to the local generating functions near large complex
structure/Gepner limits on the B-model moduli space. Now we can use the complex
coordinates (not flat coordinates) on the B-model moduli space. The GW/FJRW-
generating functions were induced by the GW/FJRW-opposite subspaces. Now, we
use the Gauss-Manin connection to parallel transport the GW-opposite subspace at
the large complex structure to the Gepner limit along a path. Note that Gauss-Manin
connection preserves the Givental symplectic vector space and Givental cone, so the
parallel transport of an opposite subspace will remain Lagrangian and opposite. In
such a way, we obtain a holomorphic generating function in a neighborhood of a path
connecting large complex limit to Gepner limit. Namely, we construct an analytic
continuation of the GW-generating function. But the analytic continuation of the GW-
generating function to the Gepner limit is not the FJRW-generating function because the
parallel transport of GW-opposite subspace is different from FJRW-opposite subspace.
By Lemma 5.6, the two generating functions differ by the quantization of the symplectic
transformation mapping one opposite subspace to other. O

APPENDIX A. A PROOF OF PROPOSITION [7.3]

A.1l. Weighted invariants and concavity.

Definition A.1. For any € € Q~q, we say (C,L1,---,L,) is a (Gw, €)-stable structure
if the following conditions are satisfied:

e C is a connected proper one-dimensional DM stack of genus 0 with weight-1
marked points x1,- -+, x,,, and weight € points y1, - ,y,. The total weight at
each point p € C is bounded by 1. Stacky point can only occur at marked points
and nodal points.

e Let G}, be the local isotropy group at the stacky point p. There is a faithful
representation r, : G, — Gy .

e Each £; is an invertible sheaf over C and there exists integers &; ; € [0,d;) such
that

l
(71) £;-®dj = We,log <_ Zé‘l}j [yz]> :
=1

At each marking x;, the local representation sends the generator 1 € G, to some

i = (exp(zm/—mg?), . exp(zm/—mg?))) eGw, 0¥ e0,1)NQ.
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We fix the decorations v = (v1, -+ ,¥m) and & = (&1, -+ , &) such that @g) =& /d;.

We denote the moduli of (G, €)-stable structures by W;M('ﬂé). L; has a desingu-
larization, which is a line bundle L; on the coarse curve C [14, Prop. 4.1.2]. When
Wiae(71€) is nonempty,

l m
1 .
(72) deg Lj = p (—2—|—m - jgi,j> -y e ez
=1 =1

According to [28], nonempty anw(y\g) is a smooth Deligne-Mumford stack properly
fibered over the Hasset moduli space of stable weighted rational curves, which we de-
noted by M,,,,. Furthermore,

(73) dime Wy (71€) = =3+ m + £,

In [28], if the vector space consists of narrow sectors and compact sectors only, the
authors use cosection technique [19, [12] to construct a virtual fundamental cycle on the
moduli space. We denote such a cycle by [W:nw(’y\f)]"ir . Let 1,, be the insertion at
the marked point z; and 1¢, be the insertion at the marked point y;, then the following
weighted-¢ invariant is defined

m

(74) <1'y _lfla"' 717m1/;7lizm‘1§ P 31§> :/ . ’(/_}zkl
' ' ‘ [Wiape(16)]"™ 11

m|¢ i=1

In particular, if € > 1, then there is no weighted point and we get the FJRW invariant
up to a sign [12, Theorem 5.6].

A.1.1. Concavity. The following lemma is very useful.
Lemma A.2. Each geometric fiber (C,L1,---,Ly,) € W;nw(y]{) is concave, i.e.,
(75) H°(C,L;)=0, V 1<j<n.

Proof. If C is smooth, since dj@%) >1land & ; >0, implies deg L; < 0 and
follows.

If C is a nodal, then for each j = 1,--- ,n, the normalization induces a long exact
sequence:
0— H(C,L;) » @ H® (Co. L) & @ H (0, L) - H' (C, L;) - P H' (Co, £;) — 0.
v p v

Here C, runs over all the components after normalization and p runs over all the nodes.
It is enough to prove Ker(g) = 0. If p is a narrow node, then H (p, £;) = 0 and we
can split the exact sequence into two different sequences and then discuss individually.
Thus we may assume all the nodes are broad.

We call a broad node external if one of the component attached to this node has
exactly one node. Otherwise we call a broad node internal. We denote the number of
external broad nodes by E and the number of internal broad nodes by I. Since C is a
genus zero nodal curve, there are E + I + 1 components in the normalization, where E
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of them contain exactly one node. Also, we must have £ > 2. If we denote the number
of broad nodes on the component C, by B,, then

ZBv:E+2I.
v

Moreover, since dj@,(yz) >1,¢&;>0,and d; > 2, the formula implies

B,
(76) degg, Lj < 5 = 1.

By definition of p, any nonzero section o such that ¢(c) = 0 must vanish on each
external node. Thus the total degree of ¢ is at least E. However, implies the
number of zeros of ¢ is at most

B, B, E E
——-1) = ——{U+1 —4+1I-I+1)=—=——-1<E.
Y. (5= T+ <S+I-(I+)=5-1<
v;By>2 v;By>2
This is a contradiction. Thus we must have Ker(g) = 0. O

Let € be the universal curve, 7 : ¢ — Win‘ ¢(7[€) be the universal family, and .Z; be
the j-th universal line bundle. Lemma [A.2] implies

U= o [ B'm @2 | 0 [V010)] € HOVp01). Q).

Jj=1

(77 [ Prerlo)]

A.2. Graph spaces and localization.

Definition A.3. We consider a graph space (f : C — P!, Ly,---, L,,) where

e The rational coarse curve C contains a component C7 = P! with deg(f)|c, = 1.
e (C/C1, L1, ,Ly) is (Gw,e€)-stable on each component of C/C;.

For fixed decorations (v|¢), we denote the moduli space of graph spaces by G¢ ,(7/€).

mll
For any x;,y; € C1, there are evaluation morphisms

evi, 6vj 1 Gry(v[€) — P!

which send (f: C — PY,Ly,---,L,) to f(x;) and f(y;) respectively. The moduli of
graph spaces has a GLSM model description [30, Example 4.2.22], so the cosection
technique [44], 12] allows [30] to construct a perfect obstruction theory on Gl (71€). In
particular, since the genus g is 0, the moduli space is concave. We write the obstruction
sheaf as

(78) Obg: (e = B'me €D 2
j=1
Now we consider a C*-action on P!:
(79) A [zo:xq] = [Axo:x1], AeC”.
Let us denote [0] := ¢t (O(1)) € HZ.(P') if the weight of the C*-action is 1 at 0 = [0 :

1] € P! and 0 at oo = [1: 0] € PL. We also denote [o0] := T (O(1)) € HZ.(P') if the
weight of C*-action is 0 at 0 € P! and —1 at oo € P,
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Let (f: C — P!, Ly,---,L,) be a graph space such that f(2,,1) = 0o, f(yer1) = 0.
We fix the type of decorations by

(v(@)|€(B)) == (v, s ymsalr, -+, &, B).

The (m+ 1)-th marked point x,,+1 is decorated by 1, and the (¢£+ 1)-th weighted point
Ye+1 is decorated by 1. For simplicity, we denote the moduli space by

Ge = gfn+1|g+1 (V(O‘)‘f(ﬁ))

The C*-action induces a C*-action on the moduli G¢ and on its universal bundle.
The moduli stack G¢ has a C*-equivariant virtual cycle [ € AC™(G€) and

(80) v ([0]) = 2, evipa([oo]) = —2.

We label the fixed locus by decorated dual graph I'. Let mg,ng be the number of
marked points and number of weighted points on f~!(0) = Cy. Here neither the node,
nor the weighted point with decoration 14 is included. Similarly, we define mq, and n
on f~1(00) = Cs. Thus

mo+ Mo =M, Ng+ Neo = 4.
Let I'g and ' be the decorated dual graph of Cyp and Cy respectively. Let WG(I‘O)
and W' (I's.) be the corresponding moduli spaces of (Gyy, €)-structures. Let Fr be the

fixed locus labeled by I'. Again it has an obstruction bundle Obz. = @Rlﬂ*ﬁj and the
virtual fundamental cycle

[ = Ctop @ R L F]

We have morphisms
s Fr = W (o) x W (Ts) — G<.
Let NT be the normal bundle of Fr in G¢. We use Atiyah-Bott localization to obtain
vir []:F]Vlr
G =3 (up). <H .
© ZF: ecr (M)
Then the C*-integral

€,C*
) (Tt Ll daflg g Tafevin () Ueva (0D)
m+1[+1
/ wir <H¢ > evim41([o0]) Nevi, ([0]) € C[2]
allows us to define a formal power series with variables ¢ and y.
€,C*
(2)  (Laftslevoch U (O, ()
1 €,C*
=3 e e e (D USA))
ml m+1]¢+1
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The fixed locus is called stable if both pg := f~1(0) NCy and ps = f~1(c0) NCy are
nodes. Otherwise, it is called unstable.

A.2.1. Stable contribution. Let (f: C — P, Ly,---,L,) be a geometric point in the
stable fixed locus Fr. Then

mo+1+(no+1)e>2 and Mmoo + 2+ noge > 2.

The normalization C = Cy [ C1 [] Coo — C induces the following long exact sequence:

0—>@H0(3£ —>@ EB H° (C, L) —>@ @ O (pa, L) —

J=1 a€{0,1,00} Jj=1 a€{0,00}
(83) —>@H1 C.L; —>@ B H'(CLj)—o.
Jj=1 ae{0,1,00}

Both Cy and C contain at most one broad insertion. Thus we can proceed as in Lemma
[A2 to obtain

H°(Co, L) = H(Coo, L) = 0
On the other hand, for the component Cq, the formula implies

deor L. — 0,  two nodes are broad,
8C1 i = —1, two nodes are narrow.

In either case, we have
Hl(cla ﬁj) = Hl(CbLj) =0.
If both nodes are narrow, then the first line in will vanish. Thus we get isomorphic
C*-equivariant vector spaces

(84) HY(C,L;) = H' (Co, £;) P H' (Coo, L))
Now if both nodes are broad, then there exists some j such that
HO(C1,L;) = C, H°(po, L) P H® (poo, L) = C.

The first line in (83)) contains a summand of C < C2, with C* acting trivially on C2.
Recall and (84)), we have

c* ,
c* _ ctop(Ob W (I ))ctop(ObWe(Foo)), if both 0 and oo are narrow.
(85) ciop(Ob7) { 0, if both 0 and oo are broad.

On the other hand, we have
C(lc* (TpoCo @ TpoC1) = —2 — Yy C(f* (TpoCoo ® Tpo . C1) = 2 — Py -
2

Since the C*-equivariant Euler class of deformation of the maps f : C; — P! is —22, we
use to obtain that the stable contribution of is

(1ol nva ), =S, (1 2N

We remark that by definition of ., the RHS only contains stable terms.
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A.2.2. Unstable contribution. There are three unstable situations:

(1) Both £71(0) and f~!(oc0) are unstable.
(2) £71(0) is stable but f~!(00) is unstable.
(3) £71(0) is unstable but f~!(co) is stable.

Before we start to compute the unstable terms, let us introduce a weighted I-function.

Recall that when e = 0, v and [, are given by and . Recall that B is the set
of ghost variables defined in . For any € € Qsq, we consider

1
ILE = {V:{I/b}begll/bzo, lebée}.

be®B
In particular, lime_,o L, = LL in . We define an I¢-function

(87) L, 2 Z H ty'Ouly,

veL. beB

For the first case of unstable terms, C = Cy, and
Mo = Moo = Noo =0, (no+1)e < 1.

Thus m = 0 and ¢ = ng. Each C*-action on £; induces an isomorphism C; = P[d;, 1]
with po the only orbifold point. All the weighted points y1,--- ,ys, yer1 stack at pg.
For each y;, we have some &; ; € {0,1,--- ,d; — 1} such that

V4
dj j
£ = g g (—} & ilyil - dj@%’mﬂ) :
=1

Here {41 = dj@(ﬁj) since y¢41 is decorated with the narrow element 1g. Also we have

{+1
ﬁj = O]P’[dj,l] ((—1 - Zf%,j)[oo]> :
=1

According to , the node po, must be decorated by a narrow 1, € Hy where

‘ /+1
(88) ey = ( Z@) nQ.

According to [48, Example 98|, we may choose the C* action Alxo;x1] = [Axo;z1]
such that
* * z *
C? (TPOC) =% C(E (Tpooc) = rk C(lC (‘Cj|p00) =0,

then

n n L_ij

@le*éfj = H H (—vj —k)z.

j=1 j=1 k=1

We reindex 1¢; by b € B such that bl9) = & — 1. Let v be the number of b € B
and we parametrize such an element by y,. By definition of and , we get an
element 1., such that 1,, = 1,,. Here ~y satisfies and 7/ is the involution of ~.
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Since the C*-equivariant Euler class of deformation of the maps f : C — P! is
(—2)*1(—22), we obtain that the first unstable part of (82) is given by

v, N —vj J

(89) Z (- )£+1 ) H ,yj; H H —k)z=mw <aaﬂ L&, z)’1°‘> '

1
Zybgz_l be‘B 7j=1 k=1

Similarly, we get the rest of the unstable part of as follows

w0 (), e (g a0 D), 1)
ol

A.3. A proof of Proposition

A.3.1. Regularity. We define a J*-function:

(91) J(t,y,2) = 1[Gy, 2) + 21+ t(z +Z<<

)1t

Proposition A.4. We have the following equality

©92) mw (=L de(t . —2), 2 ety 2) = (1 ev*([oo])u&*([op»e’@ e Cl4].
dys 7 oty ’ 11

Proof. Thus

O gty =) = 210y +Z<< ‘ >> 1.

dys ’ 9yB Loy 1
and each v; satisfies
(93) vj = —q; — Vﬁ@ vab N =—q; — @(ﬁj) - Zﬁbb(j).

b8 b

For the second term, we get

COTERTNS > s

The identity follows from matching the formula above with , , and . As a
consequence of , we know the LHS is regular at z = 0. O

A.3.2. Reconstruction. Let [Ig’é} > and [Igé} _ be the truncation of IE’(E; along nonneg-
ative direction and along negative direction respectively, then

(0] sow:2) € HII[Z],  [10G]50(0,2) = 0.

We can rewrite the J¢-function as

O () = [E]sgm2) + 21+ ) + (1] o)+ () 1

0,1
>

We introduce multi-indices m and n:

m=(~-,m7~~)e(220)°°, n:(~--,ng,~~)e(ZZO)N, Vi>0,yeN.
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Here all but finitely many m;, are nonzero. We adopt the notation
ml=>_ > mi, Inl=>_ n
>0 7y vy
We define two vectors m(«) and n(/3) such that
0
m(a); =m] +6;03, n(B)y =ng + 3.

17
We define coeflicients Ay, j>0~ and By j<o~ by expanding

(95) 1), @) =303 3 AL,

n ;>0 v
(96) Z<<Zl_”w>> ) y=Y le BS, ™A1,
¥ m ;< ¥

Let us write

(97) “(ty, 2 ZZZZ mndvtmynzj 1.

m jeZ v
Definition A.5. If CF, , » 518 determined by the coefficients in and , then we
say

Cfn n?]?’y @'

Proposition A.6. The function J¢(t,y, z) is determined by the coefficients { A}, ;~q.}
in and {By, i<} (96).

Proof. Direct calculation shows
0 d
nw 7J6(t,y, —Z),ije(ty’z)
<8ya atg
ZZ Z Z n() + 1 m,g + 1)06 n(8)., ’ylen (o)l tm+m’yn+n’zj+j/'

Y n,n’ mm’ jj’
For any fixed M, N, and a positive integer K, the regularity formula implies

(98) XY 2:0@4‘U0ﬂ8+ﬁ)0&mwmwcﬁmechqﬁ/:0-

Y n+n’=Nm+m’'=M j

We do induction as follows. Starting with n =0 := (0,---,0), we know
m ,0,7,y € 2)

since for any m and -, we have
By if 5 <0;
1 if j=1,m=0,1, = 1;

99 € ) — bl bl ) Yy I

(59) mOI T, if j>0,m5=5l85;
0, otherwise.

For any integer ng € Z>o, assume that if |n| < ng, then

(100) Cs €Y, Vjel~yeN.

m,n,jyy
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Now we fix [N| = ng and consider the coefficient
CMN@) gy VBEN
We notice that [N(8)| = ng + 1. By the definitions in and (97),we know that

m,N(,B),j,fy - AN(ﬁ),],’}/? Zf j Z 07 m = 0
We do induction on the positive integer K by assuming
(102) ChanN@)jy €Y, V-K—-j<O.

This is true when K = 1 by ({101)). Thus it is enough to prove for all M and o’ € 4/,

016\47N(5)1_K7O/ E @'
In order to prove this, we rewrite equation as
_ B
O - Z Z(NO + 1) Cle\/LN(IB),j,'yC(E)(a),O,—K—j,'y’
Y JEZ

(103) +> > Z(Ng* + 1) (MG + 1)Ce N (5 Cont ()0 K i
v m#M je€Z

0 D g+ D+ DO s Cov ek

Y n#N m+4m/'=M j€Z
Let us analyze the RHS of (103]) line by line. From , we observe that
Bo),-k—jy €9, — K-35 <0,

C(E)(a)707_K_j7’7/ = 5’())/6/’ Zf - K - ] = 0’
0, if —K—j>0.

When —K — j < 0, by induction (102]), IE\/IN(ﬂ)j'y € ). The first line of the RHS of
(103)) is a sum the target term (N(’? +1) Cy N(B),— K, a0d
Z Z <NOB + 1) ].EV.[,N(ﬁ),j,’YCS(O{),0,7K7]~,’7/ E @
7 —K—j<0
The second line belongs to ), since by (102)),
Cfn,N(ﬁ),j,fy € SD? V—-K _j < 07
and for m’ # 0,

ce —{0, if =K —j=0,
m/(a),o,—K—],'y’ Bf‘n’(aL—K—j;y’ c @7 Zf — K —] < 0.

Since n # N, the formula (100 implies that the third line of (103) is in Q).
Since N(’? +1# 0 and o € 4 is arbitrary, we know Cy, N(B)—K.o' € Q). This finishes
the induction argument on (102]). O

Now we conclude a proof of Proposition [7.3
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Proof. Let

te(2) == t(2) + [I0G]) 50 (v 2)

and then consider

Iz = A+ E ) + () 6 1,
Y

Using the same method in Proposition [A.4] we can check

0 .~ 0 _~
a. tea_ ) Ao tE? .
mw (=) =2). 5z 0.2) ) € €Il

Thus the function .J(f, z) satisfies the same reconstruction procedure as the function

J¢(t,y, z) in Proposition . Moreover, the initial reconstruction data (see and
(96])) are identical for both functions. This implies that

J(t,y, 2) = J(te, 2).

On the other hand, the function .J(t, —z) is an H[t, y]-point on the Lagrangian cone L.
Thus when we let t(z) = 0 and € — 0, the last two terms in vanish. In particular,
the second term vanishes due to the unstability condition 1+ ne < 2. The result follows

by choosing an appropriate completion. Il
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