A VIEW ON ELLIPTIC INTEGRALS
FROM PRIMITIVE FORMS

(PERIOD INTEGRALS OF TYPE A, B> AND Gy)

KYOJI SAITO

Elliptic integrals, since Euler’s finding of addition theorem 1751, has
been studied extensively from various view points. Present paper gives
a short summery of a view point from primitive integrals of types As, By
and Gs. We solve Jacobi inversion problem for the period maps in the
sense explained in the introduction (c.f. [27] Chap.1,13) by introduc-
ing certain generalized Eisenstein series of types A, B and Gs, which
generate the ring of invariant functions on the period domain for the
congruence subgroups I'1(N) (N = 1,2 and 3). In particular, Eisenstein
series of type By includes the case of weight two, and Eisenstein series
of type Gy includes the cases of weight one and two, which seem to be
of new feature. The goal of the paper is a partial answer to the dis-
criminant conjecture, which claims an existence of certain cusp form
of weight 1 with character of topological origin, giving a power root of
the discriminant form (Aspects Math., E36,p. 265-320. 2004). See §12
Concluding Remarks for more about back grounds of present paper.
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1. INTRODUCTION

We study period integrals for three families of elliptic curves: Weier-
strass family, Legendre-Jacobi family and Hesse family. We call the
families of type As, By and G, respectively, according to the lattice
structure of vanishing cycles studied in §3. In order to treat these three
types simultaneously, we use notation Iy(p) for the dihedral groups [4]
and identify Ay = [5(3), By = I2(4) and Gy = I5(6). Then the theory
for the type A, is nothing but the classical well-known theory of elliptic
integrals for the Weierstrass family of elliptic curves. The purpose of
the present paper is to show that there exist some parallel worlds for
types By and G, even in a somewhat deeper manner.

We refer the reader to §12 Concluding Remarks for the motivation
and the background of the study. Therefore, in the present introduc-
tion, we restrict ourselves to brief explanations of the contents.

As mentioned, we study the three families of elliptic curves of types
Ay, By and Gy (2.1). In the first sections §§2-4, we study the geometric
and topological aspects of the family. Namely, the geometric family of
affine (i.e. punctured by points at infinity) elliptic curves over the base
space St,(p) together with the discriminant loci Dy, () is introduced in
§2. The number N := [p/2] of points at infinity is called the level.

Then in §3, by the help of a real structure of the family, the lattice of
vanishing cycles in the fiber is described in terms of classical root lattice
of type Ay, By and Gy. The fundamental group of the complement
Styp) \ Diy(p) is described in §4 in terms of the Artin group of type
A,, By and Go. Actually, the image of the monodromy representation
becomes the congruence modular group I'; (V) of level N = 1,2 and
3 (4.6). In particular, the expression of the modular group leads to
a construction of its certain character ¥y, (4.10) whose k(Iz(p))th
power (4.8) is the sign character: I';(N) — {£1}. We shall comeback
to the character Uy, at the final Theorem 11.1 of the present paper.

The primitive form and associated period map, i.e. the map obtained
by the values of integrals of the primitive form over vanishing cycles
from the monodromy covering space Sy, of the compliment of the

discriminant to the period domain H, are introduced in §5. We ask
whether the period map is invertible (in the present paper, we shall
call this question Jacobi inversion problem).

In §8§6-9, we study the analytic aspects of the theory. Namely, we fix
a point at infinity and consider the indefinite integral of the primitive
form over open paths on the elliptic curve starting from the point at
infinity. Actually, regarding this integral value z as the time variable,
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the inverse function of the integral (a meromorphic doubly periodic
function in z) becomes a solution of the Hamilton equation (6.3) of
the motion together with the energy constraint (6.4). Conversely, any
formal meromorphic solutions of the Hamilton equations at a point
infinity are convergent and the set of solutions is in one to one corre-
spondence with the set of points at infinity (which were chosen as the
initial condition for the indefinite integral) (§7 Lemma (7.1)).

This equivalence of geometric solutions and formal solutions is a key
step in the next stage to solve the Jacobi inversion problem. Namely,
in the next section §9, by a help of the Hamilton equations (6.3) and
(6.4), we can expand those global meromorphic solutions on the full
z-plane into partial fractions by the help of Weierstrass p-functions or
zeta-functions, which depends only on the period variable (wy,wy) € H.
Then, again by expanding these global meromorphic functions into
Laurent series at the origin 2 = 0, as coefficients of the expansion,
we obtain an infinite sequence of functions in (wy,wp) € H, which we
call the Fisenstein series of type Io(p) in §10. Actually, the ring of
Eisenstein series, as functions defined on ]ﬁl, by pulling back by the
period map, is identified with ring of the Cartesian coordinate ring of
the parameter space Si,(p) (Theorem 9.2). Then, those Eisenstein series

enable us to construct the inversion map H — S, (), which finally leads
us to the solution of Jacobi inversion problem in the section §9.

Next in the section §10, we identify the ring of Eisenstein series of
types Ag, By and Gy with the ring of modular forms of the congruence
group I'1(N), where the ring of modular forms were already determined
explicitly by Aoki-Ibukiyama [2]. In order to determine the homomor-
phism exactly, we have to determine the exact values of the Eisenstein
series at cusps of the modular group. Actually, Eisenstein series of
type Ay are classical, whose Fourier expansions are well known. Eisen-
stein series of types By and Gy are no-longer classical. However, when
their weights are larger or equal than 3, then their expressions are still
obtained by a “shift” of the constant term of the classical Eisenstein
series (see (9.1)). Then, it is still possible to evaluate the values of the
shifted classical Eisenstein series at cusps by using either the classical
Riemann zeta function or Dirichlet’s L-function (see §10 Table 2).

However, Eisenstein series of types By and Gs of weights less than or
equal to 2 have expression by special values of Weierstrass p-functions
or by difference of special values of Weierstrass zeta-functions, which
seem to be less standard. We determine their values at cusps in a
separate note joint with Aoki [2] (c.f. [9, 16]). These determinations
lead us to the identification of the ring Eisenstein series of types As, Bo



4 KYOJI SAITO

and Gy with the ring of modular forms of I'y(N) (N = 1,2 and 3)
(Theorem 10.1). It is marvelous that this identification induces further
a one to one correspondence of the set of irreducible components of the
discriminant of our family of elliptic curves with the set of modular form

(up to constant factors) which vanishes exactly once at one I'; (IV)-orbit
of cusps (§10 Lemma 10.3).

This modular form, generating the ideal vanishing at an equivalence
class of cusps, on one hand as an equation for an irreducible component
of the discriminant, is nowhere vanishing on H. On the other hand as
a modular form described by theta-series, it has integral Fourier coeffi-
cients. Such form can be expressed as suitable quotient of products of
shifted Dedekind eta-functions (see Table 5). Doing this for all cusps,
we determine the eta-product expressions of the discriminant (11.1)
and the reduced discriminant (11.2) of our family of elliptic curves.

These expressions lead us to the final Theorem 11.1:

(1) There exists a cusp form of weight 1 of the congruence group
['1(N) with respect to the character Ui,y in §4 such the reduced dis-
criminant of the family of elliptic curves for the type Iy(p) is identified
with the 2k(I2(p))th power of the cusp form (p = 3,4 and 6).

(2) The discriminants of the families of elliptic curves of all types As,
By and Go, up to a rational constant times the power w'2, are identified
with the modular discriminant ¢ []77 (1 — ¢™)** of weight 12.

These two statements give positive answers to the discriminant con-
jecture 6 posed in [23] §6, and we close the present paper.

2. FAMILIES OF ELLIPTIC CURVES OF TYPE A,, By AND Gy

We start with the three families, defined by the equations (2.1), of
affine elliptic curves in the (x,y)-plane parametrized by two weighted
homogeneous coordinates g = (gs, g;) (where s and [ stands for small or
large weights of the coordinates so that the equations become weighted
homogeneous polynomials. See Table 1).

A2 : FAQ(x7y7g) ::y2_(4x3_gsx_gl)
(21) B2 . FBQ(%?J?Q) :=y2—($4—gsx2—|—gl+g§/8)

Gy @ Fg,(z,y,9) = 2(y® — %) + gs(32° + y°) — g1 — 293

Historically, they are called Weierstrass, Legendre-Jacobi and Hesse
family of elliptic curves (Exactly, compared with historical expressions,
some coordinate change is done from a view point of primitive forms.
See Footnote 1 and 2).
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As given in the left side of the equations, we call the families by the
names of root systems of rank 2, i.e. by Ay, By and G,. ' We shall justify
this renaming in §3 from a view point of vanishing cycles. In order to
treat these three cases simultaneously, let us use the notation I»(p) for
dihedral groups [4]. Namely, let us recall the following identifications.

(2.2) Ay =1,(3), By=L(4), G,=1I6)

These three cases are exactly the cases when the dihedral group of
type Ix(p) is crystallographic, corresponding to classical root systems
defined over Z which shall play crucial roles in the present paper.

Let us give Table of weights of the variables in the equation Fi, ).
We normalize them so that the total weight of Fy,,) is equal to 1.

wWt(F1,(p)) Wh(z) wt(y) s=wt(gs) I=wt(g1) Wt(A,(p)) Wi(2)

Ay, 1 /3 1/2  2/3 1 2 —1/6
B, 1 /4 1/2  1/2 1 3 —1/4
Gy 1 /3 1/3  1/3 1 4 -1/3

Table 1:  Weights of functions and coordinates

Here, Ay, and z are the discriminant introduced below (2.5) and the

Hamilton time coordinate z of the elliptic curve Elz(p) introduced in §6
(6.1), respectively. Note that the weight wt(z) :=wt(z)4+wt(y)—wt(FL, )
of the variable z is negative caused from a classification of vanishing
cycles, where the negativity plays an essential role in the present paper.

The equations (2.1) define geometric families of affine elliptic curves.
Namely, let us consider the morphisms:

(2.3) Tly(p) - X12(p) — SIQ(p), p= 3,4 or 6

where Sy, () is the two dimensional complex parameter space of the
coordinates g = (gs, 1), > Xi(p) is the affine subvariety in C* x Sy,
defined by the equation F,,) = 0, and 7, (,) is the morphism induced
on Xi,(p) from the projection to the second factor Si, ), respectively.

ITo be exact, when we call a family of type As,Bs or Go, we shall mean the
family given in the equation (2.1) together with an action of an automorphism given
in (3.11) of the family. They are subfamilies of the bigger families of affine elliptic
curves of type Az, A3 and D4 which admits an automorphism ¢ of order 1, 2 and 3,
respectively, so that the present family is the subfamilies over the parameters which
are fixed by o (see Footnote 9). The study of the periods for the types Az and Dy
(unpublished) are beyond the scope of present paper and shall appear elsewhere.
See also Footnote 7 and 14.

The coordinates g = (gs, ;) are, up to constant factor, flat coordinates of the

family [20] [23], whose weights are equal to exponents of Io(p) plus 1/p [4].
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The relative critical point set Cr of the map 7, () defied by ow) _

oz
o . .
% = 0 lies proper finite over the base parameter space Si, (). The

image set 7,(,)(Cr) in S, is a one codimensional subvariety
(2.4) D) C St);

called the discriminant loci, which is parametrizing singular elliptic
curves. The defining equation Ay, of the discriminant together its
multiplicity (up to a constant factor) is given by (c.f. [19])

Ay, = =272 + g8 = (V2Tq+ ¢ (—V2Tg + ¢2),
(25)  Ap, = (8g+92)(—8g+ g2 ’

Ag, = (90+290) (g +293)°.

The fiber Ey, ) 4 := ﬂi}p) (g) over a point g in Si,(,) is an affine open
curve in the (x,y)-plane which is compactified to an elliptic curve by
adding a single, two or three points at infinity according as the types
Ay, By or Gy. * Using the identification (2.2), we denote by [p/2] the
number of the points at infinity for the family of the type Iz (p).

Let us denote the points at infinity by

(2.6) 1, - 700@/2}

(where exact labeling is fixed in §3), the compactified curve by

= [p/2] —
2.7) Enpg = Eup.gU ZL:Jl{OOZ} and  Erp)g N Xnep) = Enp).g

and the fiberwise compactified family by
_ — [p/2]
(28) T ¢ Xne = Xne U U {00 X Sup)t — Ske)-

Actually, 712(1,) is smooth at the points oo; and 7y, () is transversal to
the divisors 0o; X Sy, (see Footnote 4). The weighted homogeneity of
the equation Fy,(,) implies that there is the ¢ € C*-action (z,y, g, g1) —
(tt@ g, vty ¢vtles) g 79 g)) leaving the space Xp,(,) invariant so
that the (2.3) is equivariant with the action. We note that the action
on Xy, extends to 712(}7) continuously so that the divisor co; X Si, ()
is invariant and the morphism (2.8) is still equivariant.

3The decomposition in case of type A, has meaning only when we consider the
real parameter space SE ) and it was unnecessary to fix the branch.

4A compactification of E1,(p),g is obtained by the curve defined in P? by the

homogenization of the equation Fy,,). In case of type Ay, it is tangent of order
3 to the infinite line at a single infinite point, in case of Bs, it is twice tangent
to the infinite line at the same infinite point (so that we need to normalize the
compactified curve at the point to separate branches), and in case of type Go, it is
intersecting transversally with the infinite line at three distinct infinite points.
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The restriction of the family (2.3) over the complement Sy, \ Di,(p)
of the discriminant loci (i.e. the space of regular values of the family
(2.3)) gives a locally topologically trivial family of punctured elliptic
curves, which also induces a topologically locally trivial family of com-
pact smooth elliptic curves.

Note. Compact elliptic curve has well-known abelian group structure
(after choosing the origin). Then, we have the following elementary,
but important fact, which we shall reformulate in (5.10) §5.

Fact 1. The difference of two infinite points [0o;] and [oo;] (1 <i,j <
[p/2]) is a torsion element of order [p/2].

3. REAL ELLIPTIC CURVES AND VANISHING CYCLES

We study some real geometry of the family (2.3). It provides a
description of the middle (i.e. one dimensional) homology groups of
the affine elliptic curves Ep, (), in terms of vanishing cycles of root
systems of types Ay, By and Go.

Let us denote by Xﬁ(p) and Sﬁ(p) the subspaces of Xi,(,) and Sy,
consistings of the points where the coordinates (z,y) and g take real
values, and call them the real total space and the real parameter
space of the family (2.3), respectively. In the real parameter space,
we are interested in a particular connected component of the compli-
ment Sfli ®) \ Di,(p) of the real discriminant loci Dy, ,) N SE (p)» SO called,

the totally real component I'y, ) 5 defined by

(3.1) Tne : —lgs?? <cq < |gs/””? and g, >0,
and its boundary as the union of two edges

(3.2) sl : cg==£|gs?? and g, >0

and the origin {0} (here ¢ = /27,8 or 1/2 according as p = 3,4 or 6
(2.5)). See Figure 1 and its following explanations.

Explanation: The union of curves pathing through the origin 0 is the real
discriminant Dy, ;) N SE ()" The union of the lightly and darkly shaded
areas, bounded by the real discriminant, is the totally real component I', ().

The boundary OI'r,(,) is the union of the upper boundary d,I'y,,), lower

p)

®Actually, the discriminant loci D, (py of the family (2.3) is identified with the
discriminant loci in the quotient space of a vector space by the irreducible finite
reflection group action of type Ia(p). Then, there is the unique connected compo-
nent I' of the complement of the real discriminant loci such that the inverse image
of a point in I is totally real in the original vector space of the representation [22].
Then, I' is homeomorphic to a chamber of type I>(p) and d+I'y,(,) are homeomor-
phic to its walls. These facts are used for a calculation of fundamental group of the
compliment of the discriminant loci (cf. §4).
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boundary d_I'y,,) and the origin 0. We choose points 9 and g 4 generically
in I't, () and in 04T, (), respectively. See §4 for the role of the other curves,
the dark shaded area, called J, and its boundary component a and b.

We observe the following Facts 1-5. of vanishing cycles in the fam-
ily of affine elliptic curves E,,). Proof is achieved by explicit direct
calculations (see Figure 2), and we omit its details.

Choose a base point g € I'(p) (recall Figure 1), and consider the
affine elliptic curve Ep).g, = ™, %p) (9)-
Fact 1. The real affine elliptic curve EE ()9, = By p).g, ﬂXﬁ(p) (exhib-
ited in the first row of Figure 2.) consists of a single compact component
(=oval), which we call

(3-3) Y0

and [p/2]-number of non-compact connected components (arcs) 61, - - - , 9/
The non-compact components are bounded by the points at infinity in

the compactification Eb(p)m. We fix orientations of the arcs d;’s and

the numbering of the points at infinity such that the cyclic union:

(34) {001}U51U{OOQ}U52U"'U5[p/2] U{OOl}

form an oriented closed cycle (i.e. 96; = c0og — 001, - - - , 009y = 001 —
00[p/21)- Then, this cycle is homologous to g after choosing an orienta-
tion of vy accordingly. However, this condition determine only a cyclic
ordering of arcs. So, there still remains an ambiguity of reversing the
orientation. We resolve this ambiguity in the following observation.

Fact 2. There exists a unique choice of an orientation and a cyclic
numbering of arcs 9;’s which satisfies the initial direction condition

(3.5) (01,001) C (Rsp,+00) x (Reg, —00)
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As By = AS Gy = DS
[o¢] 0 [oe] [0 [ee]
1 2 2 1 3
\J %,
R 2
Ehp).g, o
(9, € Tryp) 6
oo 5 o,/ v, \3, Yo N,
Yo 1 8,
0 0 [o¢] wﬂw 001
1 1 1 2 3
001 002 002 Oo\ 003 [e¢]
2
R p
EIz(P)QJr ’
(9. € 0:T 1) Py PN !
g+ +1 I2(p) p
[o¢] oo [e¢] w/m wl
1 1 1 2 3
[o.¢] [o¢] o] o0 ]
1 2 2 1 3
[o¢]
\} .
R
Elz(p),g,
(9 €0-Tpyp) Py Py Py
[o.¢] [o¢] o] CX)/\OO wl
1 1 1 2 3
[0 o] 0
Ool 002 002 1 3 2
R [0) O
EI2(P)v0 O <
001 Oo1 ool [o’e] o} [o'e]
2 3 1

Figure 2. Real elliptic curves of type As, By and Go

The curves in the second and the third column of the table, called of type Bo
and Ga, are also regarded as the real affine elliptic curve of type As and Dy
(see Footnote 1.) together with the action of an automorphism o, (3.11).

Here, (91,001) in LHS means the germ of the arc d; at ooy, and the
(Rsg, +00) X (R.g, —00) in RHS means a neighborhood of (400, —00)
in R>O X R<O C C X C.ﬁ

6A priori, there exists neither a guarantee that there exists such pair (d;,00;)
satisfying the condition (3.5), nor a guarantee that the condition (3.5) choose the
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Fact 3. Let us move the point 9 inside I'y, () to a point g, on the upper
boundary edge 0, Iy, (e.g. move along the path a in Figure 1). Then,
accordingly, the cycle vy and each arc 9; in the fiber EIQ(p)’QO are getting
close to each other, and, finally at g, € 04I'1,(p) on the boundary, they
intersect to a node p; of the curve Elyp)g, (t=1,---,[p/2]) (see the

second row of Figure 2).

Fact 4. Let us move the point g inside I'y ) to a point g on the

lower boundary edge 0_I't, () (e.g. move along the path b in Figure 1).
Then, accordingly, the cycle vy in the fiber EIz(p),go pinches to a Morse

singularity po in the fiber Ey, (), (see the third row of Figure 2). This

implies that the cycle 7 is the vanishing cycle generated by the Morse
singularity pg.

Fact 5. Each nodal point p; generates a vanishing cycle

(3'6) Vi

i=1,---,[p/2], in the nearby elliptic curve EIQ(p)ﬁO, which intersects
with 7o and 9; (recall Fact 1.) transversally. Since ; lies in the complex-
ification Ep, )4, we do not exhibit it in Figure 2, but some conceptual
expression of it shall be given in the first row of Figure 3. We choose
the orientation of v; by the following sign condition on the intersection:

(3.7) (v0,7i) = (disyi) = 1 (Z = L, [p/2])
<’7i77]'> = <’yj>’7i> =0 (27] =1, >[p/2])
Here we denote by (7,7’) the intersection number of paths v and +’
whose sign is fixed as follows: The orientation of Ely(p).g, 8s a real surface
is fixed by its complex structure. If a path 4 crosses another path v counter-
clockwisely, ” then the local intersection number is (vy,7') = +1.

Remark 3.1. The most degenerated real curve EE (.0 18 exhibited in
the 4th row of Figure 2.

As a consequence of Facts 1-5., we obtain the following description
of the homology group of the affine elliptic curve Eb(p)%.

Fact 6. The classes of vo and v; (i =1,..,[p/2]) in the first homology
group of EI2(P)720 form free basis (see the first row of Figure 3). We

pair (d;, 00;) uniquely. Therefore, Fact 2. claims that the conditiion actually choose

the unique one (which is easily confirmed from Figure 2). Further more, we remark

that the choice (3.5) in the real blow up space of P?(R), in case of type Bs, separates

two infinity points co; and ooy, which the P?(C)-compactification did not separate

(recall Footnote 3). Indeed, we have (d2,002) C (R<g, —0) X (Rsq, +00).

A path in th lex-pl ther path counter-clockwisely, if and onl

path in the complex-plane crosses other path counter-clockwisely, if and only

if their tangent vectors a and b at the crossing point satisfies Im(a/b) > 0.
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denote the classes by the same notation ~y; since we shall use notation
(] for another meaning below.
[p/2]

(3.8) L = Hi(Byp),2) = Zno & P Zv
i=1
ﬁiépen embedding ELp)g, € Enp).g, induces a surjective homomor-
(3.9) L — Hl(EIQ(p)’gO, Z)
whose kernel is the radical
rad(L) ={ye€ L] (v,6) =0, Vo € L}
of the lattice L which is additively generated by homologous relations
T ™Y /2
in the compactification Ev, ) 4. Hence, L/rad(L)is a rank 2 free abelian
group generated by the equivalence classes [vo] and [y1] = -+ = [yp/]-

(3.10) Ljrad(L) = Z[n] ® Zl)-

Here, we denote by [*] the equivalence class of x in the quotient module.
The map (3.9) preserves the intersection form, since it is the quotient
morphism by the radical.

We next consider a SLo-linear automorphism of the (z, y)-plane by ®

on(Ty) = (2,y),
(3.11) op,(z,y) = (—xz,—vy),
O-GQ(x7y) = (%7 73:572’/)‘

It fixes the equation Fj,,) and, hence, induces a fiber automorphism of

order [p/2] of the family (2.3), whose action fixes the base space Si, )
point-wise. Since o7,(,) leaves the real structure X%R;(p) invariant, it acts
on each complex and real curve Fi, ) 4. One checks directly that o, p)-
action induces the cyclic permutation of the cycles 7;, oriented arcs §;
and the points oo; at infinity for i € Z/[p/2|Z, respectively. However,
the cycle g is invariant by the oy, (,)-action.

Let us consider the sub-lattice of H;(Fx, ()
fixed elements.

(3.12) ng(p) — [ — Hl(EIQ(p)’gO’Z)JIQ(m

gy Z) consisting of o1, ()-

8There is an SLy-linear automorphism o of order 1, 2 and 3 on bigger families
of type Az, A3 and Dy (see Footnote 1). Then, the action (3.11) is induced from
o as fiber-wise action on the subfamilies of type As, Bs and Gs, respectively. The
o-action has not only homological implications as discussed in this section, it has
another important implication on a certain cohomology class called the primitive
form (see Footnote 17).
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It is immediate to see that Ly, (,) is a rank 2 sub-lattice generated by

(3.13) =3Py and B i=n,

whose intersection number is counted by (3.7) as

(314) <C¥, 6> - _[p/2]7 <O[ ) Oé> = 0 and <67 6> = 0.
The composition of the embedding Ly,(,) C L with the radical quotient
map (3.9) is again an isometric embedding of lattices:”

(3.15) L) © Ljrad(L), aw [p/2]m], 8= [
of finite index [p/2].

We give below a root lattice theoretic interpretation of what we have
calculated above (see also Footnotes 8, 9 and 11), which answers to the
question on the naming of the family (2.1), posed in §2.

In the following Figure 3, we exhibit:

(1) The first row exhibits a conceptual description of the cycles vy and
vi (t=1,---,[p/2]) in the surface Ei, ) , which is a complexification
of the real curves in the first row of Figure 2. Complexfication of real
curves in the second and the third row of Figure 2. can be obtained from
this surface Ei,(,)y by pinching either the cycles v; (t=1,---,[p/2])
or the cycle 7y, respectively.

(2) The second row exhibits the intersection diagram of the basis 7
and v; (1 = 1,---,[p/2]) of the homology group L := Hl(EIQ(p%gO,Z)
(actually, they are known as diagrams of types Ay, Az and Dy, respec-
tively (note Footnote 1 and 9)).

(3) The third row exhibits the folding of the intersection diagram
in previous (2) by the action of the automorphism oy, (, which is the
intersection diagram for the invariant basis «, 8 of the invariant homol-
ogy group (3.12) (actually, they are known as diagrams of types Ay, By
and Go, respectively).

Consequently, we observe that the oy, (,)-invariant 1-cycles of the fam-
ilies (2.1) are indexed by the lattices of types Ay, By and Gy, respec-
tively. This is the reason why we want to call the families according to
the type of the root systems. '© The singularity at the origin 0 € C2
of the curve B0 for g = 0 (exhibited in the 4th row of Figure 2)
together with the action of or,(,) on it is called the singularity of type

9Since we shall no-longer use the lattice L in the present paper, so far as there
is a no-confusion, we shall regard Ly,(, as a sub-lattice of L/rad(L) (e.g. (4.4)).

10Ty be exact, what we wrote here needs more explanations in the following
sense. The intersection form (-,-) on the free abelian group L := ZEPZ/OQ ) Zry; is

skew-symmetric so that the pair (L, (-,-}) is not a root lattice. In order to justify
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Iy(p) (i.e. of type Ay, By and Gy according as p = 3, 4 and 6) and the
lattice Ly, is called the lattice of vanishing cycles for the singularity.
Then, the family (2.3) may be regarded also as the universal unfolding
(by the parameter space Si,() of the singularity of type I»(p).

what we wrote above, we consider a pair (L, J) of the abelian group L with the non-

1-1-1
symmetric Seifert form J on it defined by the Seifert matrices [(1) _11} ) [8 (1) ? ]

1 -1-1-1
or B é g g} (which is the table of linking numbers between the ordered basis

7i (3.8)) according to p = 3,4 or 6, respectively. Then, the difference Jy, ) —"J1, )
is a skew symmetric form on L which is identified with the intersection form (-, -) on
Hl(Elz(p),go,Z). On the other hand, the sum [ := J + J is a symmetric bilinear
form so that the pair (L,I) is isomorphic to the root lattice of type Az, A3 and
D, with the simple root basis 7o, , /2. The geometric automorphism (3.11)
induces an automorphism of the lattice (L,.J), denoted again by oy,(,). Then the

invariant sub-lattice Ly, := L7%=® is spanned by a := ZE”:/f] v and B = 7y

so that the Seifert form Ji,(,) on the basis gives the matrix [[pAZ] —[p{ 2]} Then

(LIQ(p),I|L12(m) is isomorphic to the root lattice of type Ag, By and Gg with the
simple root basis a and f according as p = 3,4 or 6.

There are two constructions which realize the above formal justification: (1)
Consider the category of matrix factorization of the singularity F1,(,)(z,y,0) (see
[14]). Since the simple singularities are self-mirror, the category is isomorphic to
the category of vanishing cycles in the Milnor fiber Fj, ) (x,y,go) = 0. Actually,
one finds strongly exceptional collections generating the category such that their
images ; in the K-group of the category (~ the middle homology groupoftheMilnor
fiber) gives the simple basis where the Euler form >, (—1)*Ext* (+;,v,) is identified with
the Seifert form. (2) Consider the equation Fy, ) (;my,go)—&-zQ in three variables
(x,y,z). Then the suspensions, denoted by ¥;, of the basis v; (0 < ¢ < [p/2]) of the
vanishing cycles in the complex affine curve Fy, ) (z, v, go) = 0 form vanishing cycle
basis of the second homology group of the complex affine surface Iy, (z, v, go) +
z? = 0. Then the intersection form —(¥v;,¥v;) of the homology classes coincides
with the symmetric form I.
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" "
Ay go—gl Ag : g<z Dy & V2
V2 Vs
$ [z)1z) $ [z)2z) $ /(2/32)
6 « ﬁ « ﬂ o
Ay:o— 0 By: o—=<—o0 Gy : =

Figure 3. Vanishing cycles and associated diagrams.

4. FUNDAMENTAL GROUP AND MONODROMY REPRESENTATION

We describe the fundamental group of the compliment of discrimi-
nant loci Si,(p) \ Di,(p), and its monodromy representation in the first
homology groups of Ep,(,) , and that of its compactification Et, ).

First, we sketch a geometric description of the fundamental group
which is valid not only for types Ay, Bo and Gy but also for the regular
orbit space of any type finite reflection group by the authors [5],[8],[22].
Since the formulation of [22] is closest to the present setting, we briefly
explain it.

Consider a translation action 7. : St, ) — Sty(p)s (95 91) — (gs, 1 +€)
for e € C.1* If ¢ € R, then the action preserves the real space SfR;(p).
In Figure 1., we consider two shifted discriminant loci 7.(Dy,)) and
T_o(Dr,(py) for some ¢ € Ry, Then, the darkly shaded area J in
I'p C SfR;(p) exhibit the component (which is homeomorphic to a
rhombus) in I',) cut by the shifted discriminant loci 7.(Dr,p)) and
T_(Dr,(p)), where its boundary edges a and b are segments on 7.(Dr, )
and 7_.(Dy,(p)), respectively.

Let @ and b be the path in Stp) \ Dry(py defined as follows. We
choose the base point 9, € I't,(p) at the intersecting point of a and b as
in Figure 1.

Let ac and bc be complexfication of the real segments a and b em-
bedded in the complex shifted discriminants 7, Dy, () and 7_. Dy, ), re-
spectively, such that ac N D,y = {g+} and be N Dy, = {g_}. The

following Figure 4. shows how to choose paths @ and b in the complex-
ification ac and in be, and then embed them in Sy, ) \ Diyp)-

HThe action 7 is naturally obtained by integrating the vector field d,,, called
the primitive vector field, which is, up to constant factor well-defined (see [22]).
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bc

Figure 4. Homotopy classes @ and b

Fact 7. The fundamental group m (St p) \ D1y, 9,) =t Gry(p) is gener-

ated by the homotopy classes of a and b and determined by the relation
(4.1) ab--- = ba---

where the both hand sides are words of alternating sequences of a,b of
length p, which start either with a or with b.

Sketch of proof. 1. A direct proof is given by Zariski-van Kampen
method [28] w.r.t. the pencils {gs =const.}, which intersects with dis-
criminant loci by two points, giving two generators of the fundamental
group easily identified with @,b ([22]§4.3) and gives the relation (4.1)
by turning g, = € (0 < 6 < 27).

Let us sketch another approach in [5],[8],[22], where we regard the
discriminant loci Dy, as the discriminant loci for the orbit space for
the dihedral group action on a two dimensional vector space. Namely,
let Vg be the real 2-space on which the dihedral group W (Iy(p)) acts
as the reflection group. We suitably (up to constant) identify the in-
variant ring S(V)"12®) with the polynomial ring generated by two
variables g; and g¢; (recall (2.1)). So, we do W (Iy(p)\ Ve with S,
and (W (I2(p))\Ve)reg = W(la(p))\ (Ve \ UH,,) (=regular orbit space)
with S, ) \ D, (where UH,, is the union of complexified reflection hy-
perplanes). By this identification, the real region I't,(y (3.1) is home-
omorphic to any chamber in Vg \ UH,. Then, the inverse image in Vg
of the closure of * is a curved polygon which is dual to the chamber
decomposition, namely, hexagon, octagon and dodecagon according as
I(p) is of type Ay, By and Gy. The boundary of the polygon is given
by (ab)? (see [22] Fig.). Here, each a (resp. b) is a double cover of the
closed interval @ (resp. B) which is crossing the reflection hyperplane at
its central point. We now consider the inverse image in V¢ \ UH, of the
union @ Ub. Actually, the inverse image is free homotpic to the bound-
ary to the curved dual polygon shifted by v/—16 for some § € Vg \UH,,
(corresponding to breadth of @ and b, Figure 5.), where each compo-
nent of the inverse image of @ (resp. b) is homotopic to a shifted edge
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a ++/—10 (resp. b+ +/—16). On the other hand, the shifted real vector
space Vi + v/—19 does not intersect with any reflection hyperplane so
that the shifted dual polygon is contractible in Vi \ UH,,. This creates
the homotopy relation (4.1). That there is no-more relations follows
from a dimension argument, which we omit here. O

The group Gf, () with the presentation in Fact 7 is called the Artin
group of type Io(p) ([6]). The element of the expression (4.1) is the
least common multiple of the generators @ and b inside the positive
monoid of the group and is called the fundamental element ([12],[6]),
denoted by 12

A = Agyp).

It is well-known (e.g. [6]) that the center of the group G, () is an infinite
cyclic group generated by A (types By and Gy) or by A? (type As).

The next task is to determine the monodromy actions of the fun-
damental group Gf,(p) on the lattices L, Ly, and L/rad(L). Recall
Fact 2, 3, 4 and 5 that the “degeneration” of the curve Elz(p)go moving

the parameter g along the path a (resp. b) pinches the cycles 7; (i =
1.+, [p/2]) (vesp. cycle ) in Eyy ),y to points p; (resp. po). Then
the actions p = pr, () of @ (resp. b) on the lattice L = Hi(EL, )9, Z) 1s
determined by Picard-Lefschetz formula (i.e. the transvections) of the

vanishing cycles i, - -+, Yp/2) (resp. 7o), taking the intersection number
(3.7) in account. That is,
. ’YO_ZEPZ/E]% if j =0 - Yo if j=0
p(a)(v;) = y p(b)(v;) = L
,Yj 1fj_172a3 7]+’701fj_1a273

Then, the other actions on Ly, and L/rad(L), denoted by the same
p, are induced from this action either by restriction to the sub-lattice
or by the quotient out the radical of the lattice. In particular, the
embedding (3.15) is equivariant with the monodromy action. Explicit
formulae are given as follows.

Fact 8. 1) The action of Gy on Ly, = Hl(EIQ(p)’gO,Z>0'12(P) is given
as follows.

(42) p@(@.B) = (@) [§ | and p®)(e.8) = (@8) [y 1]

2Here, we have an unfortunate coincidence of notation of the fundamental el-
ement with that of the discriminant (2.5). Since we use them in different places,
there shall be no confusions.
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2) The action of G,y on L/rad(L) = H1<EI2(1)),Q072) is given as

follows.
(4.3)

p(@) (1o, ) = (1ol ) [—ppy2) 9] and p(®) (ol 1)) =1l 1] [§ 1] -

Here, the representations (4.2) and (4.3) are conjugate by the basis
change:

(44 (@8) = (ol ) |y o]

(3.15), and, hence, they are equivalent.'> We determine the image and
the kernel of the representations as follows.

Fact 9. Let us identify L/rad(L) with Z* by the use of the basis )
and [m], and regard the representation (4.3) as a homomorphism p :
Giy(p) — SLo(Z). Then, we have

1. The fundamental element A is represented by p as follows.
(4.5)

panl®) = [0 b pma@) =[5 O] and pea) = [§ ]

In particular, the images Im(pa,) and Im(pp,) contain —id, but Im(pg,)
does not.

2. The image of the representation p in SLo(Z) is equal to the sub-
group

(46) Tullp/2)) = { @ bl esta@) | [2 4 = [} §] mod p/21}},

called a congruence subgroup of SLao(Z) of level [p/2] (see e.g. [15]):
3. The kernel of the representation p is an infinite cyclic group
generated by

(4.7) (ab)*2()

where k(12(p)) € Zss is a number attached to any Cozeter system (see

23] §6, 6.1 i1)) such that

131n the sequel, we shall treat these two equivalent representations in parallel (e.g.
(4.12)), which looks a bit redundant and cumbersome. This subtlety was caused
since we, later on, want to study automorphic forms for congruence subgroups (see
(4.6) and §6). More precisely, from a view point for the period map of a primitive
form, it is natural to consider the lattice Ly,(,) of vanishing cycles. On the other
hand, from a view point of classical elliptic integrals for a compact elliptic curve and
to connect with classical elliptic modular function theory, it is natural to consider
the lattice L/rad(L). Therefore, in the sequel, when we talk about the matrix
expression of the representation p, we shall mean those matrices with respect to
the basis [yo] and [y1] but not the basis o and S. These cautious treatments are
necessary for the cases of types By and Gy but not for As, since the embedding
(3.15) is already isomorphic.
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14
4. Thus, we have the short exact sequence

(4.9) 1 - Z — Gup — Ii(lp/2]) = 1

That is, the Artin group Gi,p) 15 a central extension of an elliptic
congruence modular group T'1([p/2]).

Proof. 1. This is a direct calculation for the cases [p/2] = 1,2 and 3.
The fact that Im(pa,) does not contain —id is a consequence of ii).
2. Let us show that p is surjective to I'1([p/2]). Set A := p(a) and

B := p(b) in (4.3). Clearly A, B € I'1([p/2]). We show that I';([p/2]) is
generated by A and B. Consider an element C' € I'1([p/2]) whose (2,1)
(resp. (2,2)) entry is ¢ (resp. d). By definition, we set ¢ = ¢[p/2] for some
¢ € Z. We also know by definition that d # 0. Then the (2,1) entry
(resp. (2,2) entry) of CA* (k € Z) is equal to c+kd[p/2] = (¢+kd)[p/2]
(resp. is unchanged d). Then, by the Euclidean division algorithm, we
can choose k € Z such that [¢ — kd| < |d|/2. Next, let us consider
C € I'1([p/2]) such that its (2,1) entry ¢ = ¢[p/2] satisfies the condition
|¢| < |d|/2. If ¢ = 0 then the diagonal of C'is £(1,1) where (—1,—1)
cannot occur for the case [p/2] = 3 by the definition of I';(3). By
multiplying —id if necessary for the cases [p/2] = 1 or 2 (recall the
result in 1.), we see that C' is already of the form B! for some [ € Z.
Suppose ¢ # 0. We consider CB! for | € Z. Then, its (2,1)-entry is
unchanged ¢, but the (2,2) entry is given by d' := d — le. Then after
a suitable choice of [ € Z, we have |d — lc| < |¢|/2. Combining the
above two procedures, the (2,2) entry d’ of the matrix C A* B satisfies
|d'| < |e|l/2 = [e[p/2]|/2 < |d|[p/2]/4. Since [p/2]/4 < 1 in our case,
this means |d'| < |d|. That is, if C' is note generated by A and B,
there are integers k and [ such that the (2,2) entry of CA¥B! has the
absolute value strictly smaller than that of C'. This give an induction
proof of T'1([p/2]) = (A, B).

3. As a result of 1., we observe pa,(A%), pa,(A?) and pg,(A) are
identity matrices. That is, A}, , A%, and Ag, belong to the kernel,
where we have relations A}, = (ab)®, A, = (ab)* and Ag, = (ab)’.
Thus the element (4.7) is contained in the kerp. Conversely, let us
show that ker(pr,(y)) Ccenter of Gi,e). Then, we explicitly calculate
A},. A, and Ag, generate the kernel. To show this, we use the

fundamental domain of I'([p/2]) (see [23] §6 Assertion 5, 6.).
4. This is only the rewriting of the results 2. and 3. U

14T he numbers k(W) for any finite Weyl group W is defined in [23] 6.1 depending
on Coxeter diagram of W.
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Remark 1. The following characterization of the congruence subgruop
is well-known.

['1([p/2])={m € SLy(Z)| m preserves the subsets L/rad(L)%—ﬁ[%]}
= {m € SLy(Z) | m preserves the subsets Ly, and L,y +[11]}
= {meSL(Ly,p)) |m extends to SLy(Z) and preserves L, )+ [71]}-
A sketch of proof. Reflections by the roots a and [, satisfy the con-
ditions. Conversely, the conditions on m = [CCL 3;] € SLo(Z) that it
preserves L (resp. Li,) + [11]) implies ¢ = 0mod [p/2] (resp. d =
1 mod [p/2]). O
As a consequence of the description of the congruence subgroup

I'1([p/2]) in Fact 9, we introduce a character (see [23] §6 (6.1.6)) on it,
which shall be used to formulate the discriminant conjecture in §11:

m/—1 >
k(Ix(p))/

Proof. Obviously, the relation (4.1) is satisfied by the images of ¥y, ().
On the other hand, the vy, (,)-image of (4.7) is equal to exp(2ry—1)=1. O

[

(4.10) I : Ta(lp/2)) = C, @b eXp(

Note that the power
(4.11) O =V 1 Tu([p/2]) — {1}, a,brs —1

defines also a character for the anti-invariants, and 19122’{((;;@ ) is trivial.

Actually except for the type G, 01, factor through the sign morphism
Wi, — {£1} of the Weyl group associated with I»(p).

For a use to describe the period map in the next §5, we prepare
some notations. It is well-known that monodromy data given in Fact
9. is equivalent to data of the local systems of the homology groups
H (B, (p) g, Z)72® and Hi (L) g, Z) over g € Sty \ D). According
to the two local systems, we consider
(4.12)

L, = the lifting of the local system Hy(Er, () 4, Z)72® to §12(p)

L/rad(L) := the lifting of the local system H;(Er, )4, Z) to 512(1)).

Here, 512(1,) is the monodromy p covering space of S, () \ Dr,(p) defined
by

(4.13) Suw = ker(pnm)\(Sum \ Dne)

where (S1, () \ Dr,(p))”~ is the universal covering of Sy, )\ D1, (), on which
the fundamental group G, () acts from left properly and discontinu-
ously after choosing a copy fb(p) in (S, \ Dip)™ of the base point
loci I't, (p) € Sty(p) \ Diy(p) (3.1) as the base point loci in (St, ;) \ D))"~
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Then we take the quotient of the universal covering by the kernel of
the monodromy representation. The image of fIQ(p) in §12(p) is again
denoted by fIQ (» and called the base point loci of §12 (p)-

By definition, Ly, and L/rad(L) are trivial local systems on the
space §12(p) of homotopy type S*.

(4.14) Ly, =~ Lip X Sne and  L/rad(L) ~ L/rad(L) x Sy

with natural inclusion relation ilz(p) C L/rad(L). For any element of
Ly, C L/rad(L), say v, we shall denote by the same vy the global

section of Ly, C L/rad(L) associated with it, so far as there may be
no-confusion. So, the free basis a and  (3.12) (resp. [y1] and [y] (Fact
6)) are lifted to global basis a and 3 (resp. [v1] and [yo]) of Ly, (resp.
L/rad(L)).

Let us show in the next Fact 10 that not only those closed cycles [v;]
are lifted to global sections over §12(p) but also some “special arcs” 9;
on the curve E1,)4, which originally defined only for g € I'y, ), have
global sections over 512(},). Namely, let us first consider the pullback
family

Tom) ¢+ Xne) — She)
of the family 7, (2.8) to Sy, (p)- 1t carries some additional structures:

(1) global sections {oo; x Si,} (1 <i < [p/2]),
(2) fiberwise automorphism &7, such that global sections are cycli-
cally permutated: oy, (00;) = 00441 (i € Z/[p/2]Z).

Recall further that if the parameter g belongs to the base point

locus T'y,(,), then the fiber curve Elg(p),g contains oriented arcs 0; (i =
1,---,[p/2]) such that

a) 0(6;) = o00j41 —o0; forieZ/[p/2]Z,

(4.15) b) oL (%) = din for i € Z/[p/Z]Z,_
c) ZiGZ/[p/2]Z 6 ~ 7 homologous in Kt
We extend these ¢;’s to global sections over §12(p) as follows.

Fact 10. 1. There exist global sections for 1 <i < [p/2]
(4.16) 6+ g € S — 6ilg) € Ci(ELpgZ)

which coincide with ¢; in Fact 1. when g € T'y,(,), and satisty the
conditions (4.15). Here, C’l(EIQ(p).g, Z) is the module of singular 1-
chains on EIQ(p)_Q .
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2. The sections are unique up to homologous zero. That is, if there
exists other section d;, then d;(g) —d{(g) ~ 0 (homologous in Er,(),)

for all g € 512(p).
The proof is left to the reader.

5. PERIODS FOR PRIMITIVE FORMS

We study integrals over paths and cycles in the curves Er,,) , of the
family (2.3). Since we are interested in period integrals over the cycles
in Hy(Er,p)g,Z) (3.8), the integrant form should be holomorphic 1-

form on X, relative to the base space SIQ(p).15 Still, this condition is
too weak to fix an integrant (e.g. the Betti number of the curves are
larger than 1 so that just one choice of an integrant seems insufficient).

In present paper, we shall focus on the integrals only of the following
form:

dxdy

5.1 ¢ = Res| ————
( ) I2(p) FIQ(p)('ray;g>

(see Footnote 16 for explicit descriptions of the residue (5.1) %), which
has a characterization, up to a constant factor, as the unique primitive
form for the family (2.1). '"

15Forms on X1, (p) relative to the base space S1,(,) means the equivalence classes

of forms on X, () modulo the OXI2(p)—submodule generated by dFy, (), dgs and dg;.
16For each fixed g € Sup) dmdy/FIz(p) may be considered as a top degree
meromorphic 2-form on (x, y)-plane of simple pole along the curve Ep,(, . Then,

at the smooth point of Ey,(,) 4, the symbol (5.1) defines the residue, which is a
holomorphic one form on FEr, ) 4. Actually, using the (z,y)-coordinates, the form

___dy i
BT, 1y /0 (which

are equivalent modulo dFy,,)). Using these expressions, we confirm that (y,(p), as

is explicitly given by the relative differential forms Fljj) oy~

a 1-form on Ey, () 4, is well-defined up to the singularity loci {(z,y) € Er,(p)
OFY, )/ Oy = OF1,(p)/0x = 0} =:Sing(En,(p),g) when g € Dy, ().

17As we shall see immediately in Fact 11, the form (Lo (p) 18, so called, the elliptic
integral of the first kind for the compact elliptic curves Elz(p)’g for g € St,(p) (see, for

g |

instance, [27]). On the other hand, from a view point of integrals of vanishing cycles
of the universal family (2.3) of type Is(p), the form (i, () is, up to an ambiguity
of a constant factor, called the primitive form of the family (to be exact, this is a
restriction of the primitive form ( defined on the bigger family of type As, Ag or
D,. Since the action of ¢ on the big family (recall Footnote 9) preserves the form
¢, it induces the form (y,(,) (5.1)) (see [19, 23] for primitive forms).

A primitive form in general has distinguished characterizations, which we shall
implicitly (but not explicitly) use in the present paper (actually, we used already
the action of the primitive vector field in §4, which is an important ingredient of the
primitive form theory), and which we recall briefly as follows. Let us consider the
twisted relative de-Rham cohomology group R,y . (€ X1, (/51 (p)) of the family
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In the present section, we introduce the period map (5.3) by in-
tegrating (,p) over closed cycles in FEy,(,) . The description of its
inversion map (5.6) by the use of Eisenstein series over the lattices
Ly, C L/rad(L) is the main subject of the present paper. In order to
understand them, the study of integrals over the closed cycles are not
sufficient, but we need to develop a study of integrals of (y,,) over non
closed paths in EIQ(p%g. Precisely, we study integrals over the arcs ¢; in
the present section and over indefinite paths in the next section.

Consider the integral of (i, over a horizontal family of cycles v €
H (Ei,(p),g, Z) (Where g runs over a simply connected open subset of

Slz(p) \Dlz(p))

(5.2) Wy = ]{QQ@).

As is well-known that w, is a holomorphic function in the parameter
g (which can be confirmed by a use of Leray’s residue formula) on the
domain where the family 7 is defined. On the other hand, w, depends
only on its equivalence class [y] € L/rad(L) due to the following fact.

Fact 11. The form () can be extended holomorphically on the com-
pactified elliptic curves EIQ(,}),Q for g € S, The extended form is

nowhere vanishing on the smooth part Ei,) 4 \ Sing(Erp)) of the

curve.

Proof. 1f (x,y) € E, ()4 is a non-singlar point, then either of 0F1, ) (z,y, g)/0x
or O, ) (7, y, g)/0y is non-zero. Then, one of the two explicit expres-

sions of (y,(p) in Footnote 16 gives a non-vanishing and holomorphic
expression of (i, at the point (x,y). At the infinity points, we have
already observed in Footnote 3 that Elz(p),g is smooth. Then using

that expressions, we check again that Clz(p)iis holomorphic and non-
vanishing. The details are left to the reader. U

This means that (,(,) may be regarded as a relative de Rham coho-
mology class of the family of compactified elliptic curves Et, 4. The
cycles 71, -+, Y2 are homologous to each other in Ep,,),. This im-
plies fm Cop) = -+ = Lﬁ/wm Cy(p)» and, w, depends only on the class

Y] € L/rad(L). Therefore, we regard w, as a holomorphic function

(2.3).It is a filtered Os-module equipped with the Gauss-Manin connection and
higher residue pairings. Then, (y,(,) is an element in the Oth filter satisfying 1)
primitivity, 2) homogeneity, 3) orthogonality, 4) holonomicity (see, for instance,
[19]). In particular, the primitivity means that the covariant differentiations of (r, ;)
generate all cohomology classes so that just a single choice of (i, () is sufficient.
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defined on §12(p). In particular, in view of (3.13), we have expressions

Wa = 7{ CIQ(P) = [p/Z] Wy and  wp = f;gb(p) = Wy

Thus, in the present paper, we shall integrate either over a cycle in
EIQ(p) and a cycle v in L/rad(L)."® (in such situation, we shall say
“Integrate a cycle vy € Zlg(p) C L/rad(L)"), or over “special arcs” §;
(4.16).

For each point § € §12(p) (4.13), we consider the linear map

(53) v € Lpp € Ljrad(L) = w, ::7{62(”) € O
.

where we set Og, = holomorphic functions on 512(1,).
2

Using the trivialization (4.14) of ZIQ(p) C L/ ~, we obtain a holo-
morpbic map
(5.4) N

Py : Sy = Homz(Lyp), C) = Homg (L/rad(L),C) (=~ C7)

g = Vo Wy i f'y(g) CLa(p)

where the identification in RHS is canonically given by the change
(5.5) Wo = [p/2] wy, and wg = ws,

of the basis in both vector spaces. We shall call P,,) the period map
associated with the primitive form () (5.1).

Fact 12. The period map Py, is locally bi-holomorphic.

Proof. We show the Jacobian determinant of the map is no-where van-
ishing. We use an essential property: the primitivity of (i, () [19]. Since
the proof uses relative de-Rham cohomology theory for the family (2.3)
which is beyond the scope of present paper, a complete proof is left to
the literature but we give here a brief sketch of its idea.

There exists, so called, the Gauss-Manin covariant differentiation
operator V on the module (over Os,, ) of relative de Rham cohomol-

ogy classes of (2.3). Then, one basic property, called the primitivity,
of a primitive form is that its covariant differentiations Vgg, (i, (p) and

Vog,Cla(p) generate the relative de-Rham cohomology module (here d,,

181t is rather restrictive view point to study integrals only over 01, (p)-invariant
cycles or over equivalent class of cycles. This is caused by the fact that our family
(2.1) is already the subfamily of the full families of type Az or Dy, and is fixed by
a cyclic action o (recall Footnote 1 and 7) where the full (A3 or Dy) lattice L does
not play role. The studies of period integrals of the primitive form over the full
lattice L in the big families of type A3 and D4 (unpublished) are by themselves
interesting subject and should appear elsewhere.
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and J,, stand for the partial derivatives w.r.t. the coordinate system
g). Then, standard duality between the de-Rham cohomology group
and the (o, (y-invariant) singular homology group of the curve E, (0).g

¢, agsCIQ ¢ Vo, Cuwm)
Va,, Cla(p) f’yl Vagl Cla(p)

mutes with the derlvatlon action J, and the covariant differentiation

Oy, $., Ca) O $,, Clotr)
Vs, , we see that the Jacobian determinant det | ,°° 70 > 90y 5=
O |:a f <I2 p) ?) s § CIz

implies det ] # 0. Since the integral ¢ com-

# 0 does not vanish.

Let us now formulate the first main theorem of the present paper.
Theorem 5.1. The period map (5.4) induces a biholomorphic map

(56) PI2(p) : 512(p) >~ H ,
where the RHS of (5.6), so called the period domain, is given as
(5.7 H = {w e Homg (L), C) | Im(w,/ws) > 0}

= {we HomZ(L/rad( ), C) | Im(w,, /w.,) > 0},

(here we used again (5.5) for the identification of the first and the
second lines). The map (5.4) is equivariant with the action of the group

Iy ([p/2]) C SLz(Li,()) N SLa(Z).

Proof. This result for the case of type Ay = I5(3), is the well-known
classic (e.g. see [27]). We want to show the parallel world for the other
types By and Gy exists. The complete proof of this theorem can be
given after solving the Jacobi-inversion problem for those period maps
in Theorem 9.2 in §9. In the present section, we show only the following
classical well-known fact:

Fact 13. The image of the period map (5.4) is contained in RHS of
(5.6). In particular, by the period integral (5.2), the lattice L/rad(L),

Jorg € §12(p) 1s embedded into a discrete lattice, called the period lattice:
(58) QZ/rad(E),g = ZOJ% + Zw%

in the complex plane C.

Actually, this is well-known as a consequence of (1) the Riemann’s
inequality: Qh fEI " Cla(p)NCia(p) > 0, due to the positivity of the real
2(p).9

volume form #CIQ ;\CIQ(p and (2) the Stokes relation: fEQ(m, gh(p)/\

Clop) = §71§12 ) $.Cua0) fv CLa(p) $,,Cra(p)» due to the fact that the cycles 79

and ~; give a canonical dissection of the real surface Elg(p),g where (i, (p)

has no poles (i.e. it is only a topological but not analytical property.
c.f. the first row of Figure 3.). O
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Before ending this section, let us consider also the integrals over the
special arcs ¢; (4.16) constructed in Fact 1 in §2 and Fact 10 in §4.
Namely, for every g € St and 1 <i < [p/2], set

(59) w(;i ::/<12(p).
di

Recall that the d;’s are cyclically permuted by oy, and their sum
is homologous to v (see (4.16) and Fact 10.1). On the other hand,
one sees immediately from the expression (5.1) that the form () is
invariant by the action of o1,(. These together implies ws, = -+ =
Wy, 5 aNd wsy + -+ - + W, ., = Wa. Thus those arc integrals (5.9) are
expressed in terms of a classical period of a vanishing cycle as follows.

(5.10) Woy = = Wy = ﬁwﬁg (= ﬁw%)

Finally in this section, let us notice some elementary but useful facts.

Fact 14. The periods w,, and ws, (i = 1,---,[p/2]) are weighted ho-
mogeneous functions on 512@) of weights given in Table 1. That is, the
C* action on Sy, ts naturally lifted to that on 512(p), which, for an
abuse of notation, we shall denote g — t"*9gq, so that we have the
following equivariance w.r.t. the action of t € Cx.

Wy (D g) = 1) w (g) and  wy (1M Dg) = 1) ws(g)

tWt

where wt(w-,) = wt(ws,) = wt(z). Putting negatively graded structure
on RHS’s of (5.4) and (5.6) by multiplication t"**) for t € C*, the
maps (5.4) and (5.6) are equivariant with respect to the C*-action.

Proof. Recall that the C* action on the space Xi,(, extends to
its partial compactification 712@) in such manner that the restriction
of the action on the divisors oo; x Sy, () are equivariant with that on
Stp- Then, the action induces an action on the set of paths in Er,(,)
starting from oo; X g, where the end point of the path is acted by
the C*. We replace the integral (6.1) over a path by the integral
over the “acted” path. Due to the expression (5.1), we have wt(z) =
wt() + wh(y) — wt(Fry). 0.

6. JACOBIAN VARIETY

We study integrals of the primitive form (¢, over paths in the
smooth part of the curve Elz(p)ﬁ for each fixed g € Sy, () \ Di,(p) Which
may not neccesarily be closed. That is, we study the Jacobian variety



26 KYOJI SAITO

of the curve Fb(p),g.lg Precisely, we focus on the integrals from the
point at infinity oo;:

(z,y)~
(6.1) z::/ Gy € C

1

where (x,y)™ is a point in the universal covering (with respect to the
base point oo;) of the curve Ep,), which lies over a point (z,y) €
EIQ(p)g, or, equivalently, a homotopy class of rectifiable paths in the
curve Ep, ), from oop to (z,y) € Ei,(), (the notation (x,y)~ is am-
biguous and we use it only here). B

It is a classic that the integral (6.1) induces a biholomorphic map
from the universal covering of EIQ(pLg to the complex plane C (Proof.
The map is locally bi-regular (Fact 11) and is equivariant with the cov-
ering transformation of 7 (ET, (p)g> ©1) ON EINz(pL , With the translation

action by the full period lattice Q7 ), 47),= Zw+BZw,, on C (Fact 13)).

For a later use in the study of inversion problem, let us confirm the
direction of the Hamiltonian F,y) at the base point g, € D'y as
follows.

Fact 15. By the map (6.1) for 9, € I'(p), the cycle (3.4) is mapped to
the real interval [0,wg] in the z-complex plane. '
In particular, one has the correspondence: 00; <+ /mwg mod Zwg.

Figure 5. Period lattice (g, , and its fundamental domain
The big black spots indicate points in QG;g, and other small spots indicate other
places of the poles of the functions 3312(},)(;, g) and yr,(p)(2,9). Shaded area is a
fundamental domain (=period parallelogram) for translation action of Qg, 4.

Proof. Let’s first observe that the integral (6.1) over the arc §; takes
real increasing values. For the purpose, we only need to notify that

OWe can study in parallel the case when g belongs to the discriminant D, ()
by replacing EI2(p)g by Elz(p)g\Sing(Eb(p)g) and Ly, (,) by the lattices of rank 1
and 0. Details are left to the reader.
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dx
takes positive real values on the arc d;, or equivalently, the function
O0F1, () /Oy takes negative real values when z is decreasing and takes
positive real values when x is increasing on the path J§; (near at coq).
This can be confirmed directly depending on cases using the condi-
tion (3.5). The same argument works for the integral over the arcs
(02,009), -+, (dp/2, 00[p/21)- Then, recall that the cycle (3.4) is homol-
ogous to vy = . 0

01 is a real path as in Figure 2. and the integrant (i) =

We consider the inverse map: z = f;:l’y)w Ly € C = (2,y) €
EIQ(I,)Q. More precisely, we associate to z € C the coordinate values

of the corresponding point (z,y) € Elz(p),g by the relation (6.1) and
denote it by

(6.2) L) (2,9) and YL (z,9),

respectively.?’ To be careful, the values of the “functions” T1,(p) and
Yi,(p) May not be defined when (x, y) represents a point at infinity (2.7),
however, the function is obviously holomorphic at other points and we
see easily those undefined points are removable to a holomorphic or
meromorphic function. %!

Recalling the two local expressions in Footnote 16 of the de Rham
class of (y,(p), we obtain the following Hamilton’s equation of motion:
(6.3)

Or1,)(2,9) L) (2,9, 9) M) (2,9) 0P, (2,9, 9)

0z B oy and 0z B Ox '

However, this equation of the motion (which depends only on g but
not on g;) alone does not determine the solution (6.2) uniquely. In
order to recover the functions (6.2) as a function in z, we need to put
the following constraint on the energy level (depending on g;) of the

2OInversion expression of the coordinate (z,y) with respect to the integral value

w = fo(:y) w over the elliptic integral of the first kind w = dz/\/423 — gsz + g; is well-
known to be given by Weierstrass p-function and its derivative as x = p(w),y =
p’(w). Since there exists a factor relation (s, = w/2, we have the relation w = 2z
and the period lattice gets half size. Then, 2z, (2) = $p(2), ya,(2) = £p'(2).
21Here, one should be slightly cautious that xy,(,) and yy,(,) are (at present stage)
as functions in g € S, \ Dr,(p) only pointwise. Their holomorphic dependence
on g can be shown again by a use of Leray’s residue formula (details are omitted).
However, their extendability to Dy, ;) is not a priori obvious). Actually combining

with the discussions in Footnote 15, it is possible to show that they actually are
extendable to the functions on the whole Sy, (,). However, without using that logic,

we show directly in Lemma 7.1 in §7.
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motion:

(6.4) Fr) (#10), Y1) 9) = 0

We remark also that the functions x1,(,) and y, (), which are no-longer
polynomials but meromorphic in z, are still weighted homogeneous
functions if we give the weights to x,y, 2 and g as given in the Table 1.
That is, we have the following equivariance w.r.t. the action of t € C*.
(6.5) T (72, 10 g) = 70wy (2, g),

' i) (72, D g) = ) gy, (2, g)
(Proof of (6.5).) Recall that the C* action on the space X, extends
to its partial compactification X7, (p) in such manner that the point oo,
at infinity of a curve stays at infinity co; of the curve whose parameter
g is acted by the C* action. Then, the action induces an action on the
set of paths starting from co; to a point in the curve, where the end
point of the path is acted by the C*. We replace the integral (6.1) over
a path by the integral over the “acted” path. Due to the expression
(5.1), we have wt(z) = wt(x) + wt(y) — wt(Fi,(). O).

One crucial fact here is that the only variable z has the negative
weight (recall Table 1) and the functions can be (and, actually, is)
transcendental in z.

7. LAURENT SERIES SOLUTIONS AT INFINITIES

We study formal Laurent series solutions of the equation of the mo-
tion (6.3) together with the constraint (6.4) of the energy level and
the weight condition (6.5). The solutions are exactly in one to one
correspondence with the set of points at infinity of the curve Elz(p%g'

More exactly, we do the following shift of center of Laurent ex-
pansion. Namely, if 2y,)(2) or yr,p)(2) has a non trivial pole at
z = w(g) (where w(g) is a function of g € §Ig(p) of weight = wt(z),
then we consider the Laurent expansion of the pair (x(3),y(3)) =
(21,00 (3 + w(9)), Y (3 + w(g))) With respect to the local formal coor-
dinate 3 at 0. The pair (x(3),y(3)) satisfies the pair of equations

(5.3)* 0x(3.9) _ OFyp)(xy.9) g Weg) _ _ 0Fyp(xy.g)

’ 03 Oy 0 ox

since the equations (6.3) are invariant by the shift of the center of the
expansion. Next Lemma classify all formal solutions of the equations
with non-trivial poles.

Lemma 7.1. Consider the system of the equations (6.3) together with
the constraint (6.4) and the weight condition (6.5). Then it has exactly
[p/2]-pairs of formal Laurent series solutions having non-trivial pole,
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which are in one to one correspondence with the set {00y, -+, 009}
of the points at infinity (2.7) of the curve Exy ).

{Solutions with non-trivial pole } >~ {Points at infinity}
(7.1) (x(3):¥(3) = lim (x(),¥())

In particular, the linear transformation oy, (3.11) acts on the set

of solutions cyclically equivariant with the bijection (7.1). The coeffi-
cients of the Laurent series are Q-coefficients weighted homogeneous
polynomials in g so that the solution is a pair of weighted homogeneous

functions of weight (wt(z), wt(y)).

Proof. The proof is divided into 4 steps.

Step 1. For each type I»(p), consider the pair of Laurent series:

(7.2)
Xa2(3:9) = Dt Ang” and yas(3.9) = 2, B
XB, (372) = Zn%ga A3 and yp, (572) — Znog_b B3
XG,(3,9) = 2ol And"  and ye,(3,9) = oL, Bug"

of indeterminate coefficients A,, and B, with non vanishing leading
terms A_,B_, # 0 ?* (according to the even property of z,, and yg,
or odd property of ya, and zp, caused by the Z/2-symmetry (x,y)—
(x,—y), the sum consist either of even or odd powers in 3). We assume
that the pair has non-trivial pole, i.e. at least one of a or b is positive.
Here the coefficients are weighted homogeneous functions in g € S, (),
a priori not necessarily polynomials, of weight

wt(A,) = wt(B,) = (1 +n)/d

where d = 3,2 or 3 according as I5(p) = Ag, By or Gy (use Table 1 for
weights for z,y and z). Therefore, for each type I5(p), there exists a
positive integer ng such that

wt(A,,) = wt(By,) = 1 = wt(q).
(actually, np =d — 1 =2,1 or 2 according as I»(p) = As, By or Gy).

Step 2. Using only the equations (5.3)* double inductively on A, (n >
—a) and B, (n > —b), one can determine the coefficients until the
degree n < ng, where we observe two basic facts.

(1) The initial term (A_,, B_) are constants independent of the pa-
rameter, and we have exactly [p/2]-number of solutions. More exactly,
according to each initial direction condition listed in the following table
(7.3), there exists a unique solution satisfying it, where, in the last case,
X1,(p) does not have non-trivial pole. The list of explicit solutions is

22Here, we, unfortunately, use the notation A, and B, for the coefficients of
the Laurent series, which have nothing to do with the classification names A,, and
B,, for root systems. Since they are used only inside present proof, one should
cautiously read them.
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given in (7.4), where one confirm that the coefficients are Q-coefficient
polynomials in g;. The calculation is case by case and we omit details.
A2 [0, O} A,a >0 and B,b <0
By o007 ¢ A,>0 and B_; <0

(7 3) B2 g A,a <0 and B,b >0
' Gy 001 A_a >0 and B_; <0
Gy 00y : A, <0 and B_, <0

Gy o003 @ a<0 and B_, <0

Already in this initial solutions level (under the assumption that they
shall later extend to full solution), we can confirm the bijection (7.1)
by the use of Figure 2, where the “roots” of paths ¢;’s are the infinity
points co;. Therefore, we indicated the point at infinity in the table
(7.3) of initial conditions and in the table (7.4) of (partial) solutions.

(2) The second nontrivial term ((Ay, B1) for type Ay and (Ao, Bo)
for types By and Gy) contains the variable gs non-trivial linearly.

Step 3. We next use the energy condition (6.4) to determine the coef-
ficients A,,,, By, (actually, the equation (6.3) alone cannot determine
the energy level). We confirm that g; appears non-trivially in A,,,, By, -
According to the 6 initial conditions listed in (7.3), the results are
given below. In particular, we confirm that the variable g; appears as
a non-trivial linear term in A,, and/or in By,.

(7.4) 1
XAs,001 (5 = 4_&3 5198 Z + 7gl3 + Zn 3A Z
Yasoor (3) = —357° + 5953 + 3913° + D05 Bu3™ !
XB3,001 (3 - ;3_1 + 3953 + ( 8gs - ggl)3 + Zn:Q An32n+l
YBa,001(3) = _i?? + 695 + (1 92 - g )52 + 3 oss B3
XB2,O<>2 (3 = _%5_1 933 - ( 6591)53 + ZZOZQ An32n+1
YBs,002 (3

G le 305+ (02— 295+ D Ang”
=137+ 30, 39%+ (393 — 391)5° + Do Bu3"

=5 T+ ggs 3955 + (g2 — 591)3 D s Ans"
= =38  —39s — 2955 (395 gg )3 + Zn 3 B”3

= —Ys l+( 2gs +gl)3 + Z 72A2n5 .
yGQ,OO:’,( ) = 3 + 3933 + Zn o Ban13 an=

Step 4. To determine the coefficients A, and B, for n > ngy, we use
again the equation (6.3). By inserting (7.4) in (5.3)%, compare coef-
ficients of the Laurent expansions in BHS. Let C,, (resp. D,,) be the
coefficient polynomial of the power of 3 in the RHS of (6.3) whose de-
gree coincides with the term A, (resp. B,) in LHS. The C, and D,
are rational coefficients weighted homogenous polynomials in g4, g; and

)
)
)
)
)
)= 13— 505 — (1295 —29)5” + 2 oosy Bud™
)
)
)
)
)
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A, By (m € Zs,,,). Since the total weight of C, (resp. D,,) is equal to
wt(A,) = wt(B,), the coefficient C,, (resp. D,,) cannot contain A,,, B,
for m > n and A, and B, appear only linearly with constant coeffi-
cients. The linear coefficients are independent of n, since such terms
appear in the expansion of RHS of (5.3)* only when the term A,, or B,
multiplied with the constant coefficient terms of xy,(,) and yr, (), that
is lowest degree terms A_,2~% and B_,z" (see (7.4)). But, such pat-
tern does not depends on n € Z-,,. Calculating explicitly the linear
coefficients, we obtain the equations:

A, type @ 2nA, =2B,+C), (2n —1)B, = 6A, + D,
(7.5) Bgtype : (2n+1)A,=2B,+C!, 2nB, =3A,+ D,
Go type @ nA,=-A,+B,+C/, nB,=3A,+B,+ D,

where C) and D), are the remaining part of C,, and D,, after subtract-
ing the linear terms in A, and B,. We observe immediately that the
determinant of coefficients of A, and B, in the two equation for the
three types are given by

Ay det [%% o 2 1l By:  det [2@51 ggl Go:  det [”_451 . ]
= 2(2n+3)(n—2), = 2(2n-3)(n+2), = (n+2)(n—2)
which takes positive values for n > ng. Thus A,, and B,, are uniquely
expressed as rational coefficients polynomials in A,,, B, (ng < m < n)
and g,. This gives the inductive construction of the coefficients A,, and
B, (n € Zy,).
This completes the proof of Lemma 7.1 . U

As a result of Lemma 7.1, we can determine the principal parts of
the Laurent expansions of the meromorphic functions 1, (z,g) and

Y1) (2, 9) (6.2).

Fact 16. 1. The formal Laurent series solutions in Lemma 6.1 are
convergent.
2. The following substitutions of 3 in the formal series solution (7.4):

(76) XI2(p)7OOi(Z - (ﬁww + W’Y))ﬂ yI2(P):OOi(Z - (ﬁw% + w’y))

give the Laurent expansions of the meromorphic functions 1,u)(2, g)

and Yy, (2,9) at the place ﬁw% +wy for any 1 < i < [p/2] and

v € L/rad(L).
Proof. 1. can be shown as a consequence of the next 2.

2. We know already from geometry (recall a discussion after the
definition (6.2) and the description of Fact 15) that the functions
T1,p) (2, 9) and y1,(») (2, g) may have poles only at the places ﬁwo +wy

for i = 1,---,[p/2] and y € L/rad(L). In view of the asymptotic be-
havior of paths §;’s at their starting points in the first row of Figure 1,
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we observe that all of them become poles except that the function z¢,

at the places 2wg + w, for any v € L/rad(L)) does not have a pole
Obviously, the Laurent expansions at those places should satisfy the
equations (6.3) together with the constraint (6.4), which further sat-
isfy the initial constraint (7.3) according to its location. Then, the
uniqueness of the solution of the equations under the initial constraint
implies that the formal solution should coincide with the expansion of

sz(p)(Zag) or yIz(p)(ng)' ]

We note that the proof of Lemma 6.1 actually covers also the Lau-
rent series expansions of the cases for g € Dy,,). The (7.3) express
the Laurent series expressions of the coordinate (x,y) for the cases of
g € Dy (recall Footnote 15 and 17.) as trigonometric or rational
functions in z.

Let us give explicitly the first few terms of the Laurent expansion of
T4 (2, 9) and y1,) (2, g) at the origin z = 0 as follows.

Ay case.
xAz(z) = 4_1121 >+ %glsz + 7glz + 7595 + 34%%2 sng +
Yas(2) = =327 + Loz + 2012° + 51 922° + 220.9127 + -
B, case.
g, (2) = %zl ' %glsz + (5 §gs 6gz)z3 + (iggi’ - %gsgl)f +
Uy(2) = — 3277 + 59 + (1395 — 59) 2% + (5592 — 79.9) 2" + -
G, case.

sz('z) = %Zl_l + 5.935 + %g;z + (gg - %91%22 + (%9?3 glgs)z +
Yoo (2) = =227t + 39, — 2922+ (3¢% — 2g))2% — (593 Sg195)2° + -+

Table 2:  Laurent expansions of zy,(,) and yi,(,) at z = 0.

8. PARTIAL FRACTIONAL EXPANSIONS

We come back to the global study of the meromorphic functions
T ;) (2, 9) and y1,)(2,9) in 2z (6.2). The goal of this section is to give
the partial fractional expansion of them. The study belongs to classical
elliptic function theory. In particular, A,-type case is well-known as
Weierstrass p-function theory. We generalize it for the other two types
Bs; and Gs, since those descriptions in the present section, lead to
“generalized Eisenstein series” expression of the modular forms for the
congruence subgroups I';(2) and I'1(3) in the next section, which seems
to have be unknown (see also Remark 2 in §9).
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We recall the classical Weierstrass’s p-function and (-function asso-
ciated with any point (wp,w;) € H as meromorphic functions on the
z-plane with double or simple poles (see, e.g. [13]).

pe) = 2+ Y ()

w#0eQ
o) =+ ¥ (ErieE)
WA0EQ
where we set 0 := Zwy + Zw;. Since they are compact uniform
convergent on C x H \ U, nez{z — (mwi + nwy) = 0} , one may

derivate them termwisely. In particular, one has the well-known re-
lation: ¢'(z) = —p(2).*

Theorem 8.1. The meromorphic functions 1, (2,9) and Y, (2, 9)
have the following partial fractional expansions.

(8.1)
$A2(27ﬂ) - zllp(z)
ya:(2,9) = g0'(2)
:L‘Bz(zvg_]) - _%C(%WO) + %C Z) - % (Z %w“/o)
sz(zag) = _%p(z) + lep(z - %M’Y())
flfG2<Z>g) - _% %C(Z %w’YO)

where the p-function and the (-function in RHS are those associated
with the period (wy,,w-,) € H, and, hence, with the period lattice € =

Qz/rad(i),g (5.8).

Proof. Owing to (7.4) and Fact 16, we know already the principal parts
of poles of the functions x,()(2,9) and yp(2,9) in z. Since the
principal parts of poles of p(2), p’(2) and ((z) are 1/(z—w)?, —=2/(z—w)?
and 1/(z — w) for w € Qy,(p) ¢, respectively, we see that the sum in the
bracket of RHS of the following (8.2) give meromorphic functions on
z, whose principal parts of poles coincide with those of zy, (2, g) and
Yi,p) (2, 9) in 2, respectively (here, we denote by [f(z)] the set of all

23The notation “’ ” or “” 7 shall mean single or twice derivative with respect
to z.
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principal parts of a meromorphic function f(z) defined on z-plane).

;xA2<Z g)] - [4]3( )}
_yAQ 2 g ] = [ }
;xB? 9 } [ %ﬁ(z - %WWO)]
B2 (e 9] = [~ 10() + 2p(z — duon)]
e, (2,9)] = [3¢(2) = 5¢(z = 5050)]
_sz(z 2)} [ é (Z) % (Z - %w’m) + <(Z - %w’YO)]

On the other hand, we remark that the functions in the bracket of
the RHS of (8.2) are periodic functions w.r.t. the period lattice Qy, ) 4
since (1) the functions p(z) and p’(z) are already periodic, and (2) the
sum of coefficients of the linear combinations of the functions of the
form ((z 4 *) in each formula is equal to zero and, then, it is well
known that the linear combination is a periodic function (see, e.g. [13]
Ch.1812, this follows from an elementary property of zeta function that
C(z 4+ mwy + nwy) — ((z) = m2¢(wo/2) + n2¢(wy/2) for w € Q). Thus,
due to Liouville’s Theorem, the difference of meromorphic functions in
the brackets of both hand sides of (8.2) are constants.

Actually, the data of the principal parts of poles are not sufficient to
control the ambiguity of adding constant terms except for the case of
type As. Namely, the Laurent expansion for the type Ay at z = 0 (see
Table 2 at the end of §7) does not have constant terms but those for
the other types By and Gs contain non-trivial constant terms, which
are linear in g, and which are still to be determined from the data of
the lattice {,(,). In order to overcome this issue, we use the Hamilton
equation (6.3) of the motion. This is essentially new feature to be
cautious compared with the classical case of type As.

Let us determine the constants depending on the type separately.

A, type case: Since the constant terms of the Laurent expansions at
the origin of BHS are zero, the difference is zero, and we obtain already
(8.1) for type As.

B, type case: Set, for suitable constants (W r.t. z) A and B,
sz(Zag) = A+ 2(( ) ('Z—§w“/o)
sz(Zag) = p( ) 4p( w’m)
In the first equality, since the constant terms of the Laurent expansions
of zB,(2,g) and ((2) are zero (recall (7.4) and the fact that ((z) is an

odd function) the sum of the remaining terms A — ¢(0 — w,,) is equal
to zero. This determine A = —((5w-,).
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For the second row of the equality, recall the Hamilton’s equation of
the motion (6.3) &BBQ = 2yp,. The LHS is equal to —3p(z) + 3p(z —
%w%), and Substltutlng Y, in the RHS, we see that 2B = 0. These
already gives (8.1) for type Bs. Then, by comparing the constant terms
of the Laurent expansion of the BHS of (8.1) in view of (7.4), we obtain

%95_4]3( w%) Hence)

A = _C<%W’YO)
(8.3) B =0

gs = 2 p( w'VO)

G, type case: Set, for suitable constants w.r.t. z, A and B,
IG2(Z,Q) = A+ %IC(Z) - %1 (Z - %lw“/o) )
sz(Zag) = B-— 2 (z) ) (Z - §w’yo) + C(Z - §w70>'

Recall the Hamilton’s equation of the motion (6.3)

8ZEG2
0z

The LHS is equal to ——p( )+ 2p( w%) so the residue at any pole of
LHS is equal to zero. Thus, we obtam two relations that the residues

at at z = %Ww and at at z = %w% of the meromorphic function

2 (43609) 300~ B (B~ 3(E) 36— o) (e~

+ 2 QS(B ) (Z) 2 (Z - w’yo) + C( W’YO))
are zero.
(1) Residue at z = 2wy: 24+ ((3wy,) — (3w, — 5wy) + 295 =0
(2) Residue at z = 3wy, —A — 3((5wq) — B + 3¢(3wy,) — ((Gwy, —
2 _
§w70) —9s=0

In addition to them, let us consider two more relations:
) lo.= A=K ko)
(4) 589s = B — 2 (0 w%) + C( wvo)
obtained by comparing the constant terms of Laurent expansion of the
equalities: zg, = A + 3$((2) — 3((z — jwy,) and yg, = B — 3((z) —
%C(z - %w’vo) + C(Z - %w’m)‘

Recalling the fact that ¢ is an odd function, we see that (1), (2), (3)
and (4) are overdetermined system for A, B and gs, and we obtain the
solution:

= Qszsz + 2gsyG2’

A = _%C(éw’m) - %C(j?,zw’)’o)
(84) B = gg(?*]’m) + %C(gw’m)
gs = §<(§w’yo) - §<(§w’m)

This completes the proof of Theorem 7.1.

W% ))
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Remark 8.2. In order to get the equality (8.1), we have substituted the
lattice {2 in the RHS by the period lattice (1, ) ,. However, the expres-
sion in the RHS of (8.1) is defined in a self-contained manner for any
point (wp, w; ) in H. Therefore, we shall hereafter regard RHS of (8.1) as
meromorphic functions in z which are holomorphically parametrized by
fPV]I, where the holomorphicity follows from the compact uniform conver-
gences of the series p and ¢ also in the variable (wg,w;) € IFH, regardless
whether it is in the image of the period map or not.

9. EISENSTEIN SERIES OF TYPE As, By AND Gy
- (PRIMITIVE AUTOMORPHIC FORMS)

We come back to the solve the inversion problem posed at Theorem
5.1. For the purpose, we use some generalizations of Eisenstein series to
obtain inversion maps (see Theorem 9.2). For type Ay, this is classically
well established theory. Our interest is to show that a generalization
of the theory works for types By and Go (which is the first main goal
of the present paper).

Definition 9.1. For each type Iy(p), the coefficients of the Laurent
series expansion at z = 0 of the meromorphic functions in RHS of (8.1),

as a weighted homogeneous holomorphic functions on (wg,w;) € H,
shall be called Eisenstein series of type Is(p).

In the following, we determine explicitly all Eisenstein series of type
I,(p). However, such explicit description is un-necessary to solve the in-
version problem. So, some readers may skip the present paragraph till
Theorem 9.2. However, the explicit description are unavoidably impor-
tant in §10, when we study the Fourier expansions of the polynomials
in Clgs, ¢i] as modular forms.

Set Q 1= Zwy + Zw, for (wg,w) € H. Depending on m € Z>3 and
a € Rwy + Rw; = R®7z (2, let us consider series:

(9.1)
weﬂz\{o}w_m B (mll)!dm;ﬁ:?%(o)
Gnla) = ¢ = iy 0) (fac®)
St = mmEco
= —imet(-a)  (fagQ).

\

The first series for a € ) are the classical well-known classical Eisen-
stein series of weight m (see, e.g. [H-C,E-Z]). However, the second
series for a ¢ € seem to have not appeared in literature. As we shall
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see, since both behaves in parallel to the classical series, we shall call
the latter case shifted classical Fisenstein series of weight m.

It is absolute and locally uniformly convergent so that defines a
holomorphic function on H of weight —m - wt(z)?* parametrized by
a € (Rwy + Rwy) /9, such that G,,(a) = (—1)"G,,(—a). In particular,
we have the relations:

Gn(a)=0 for a € 32 and m = odd.

Using (9.1), one get the following Laurent and Tayler expansions.
The first two lines are standard (e.g. [13]), and the latter two for a €
R ® Q\ Q can be shown similarly.?®

p(2) = 22430020+ 1)27"Gania(0)
C(z) = 27 =30, 2" Ganga(0)
9.2)
p(z—a) = pla)+> 0 _(m+1)2"Gpya(a)
((z—a) = —((a) —p(a)z =>4 2" Gia(a)

Now, let us describe Eisenstein series for each type Is(p) separately.
The calculation is straight forward from the formula (8.1), and we omit
details of them.

A, type: Set

Tan(2) = 1270420, Ane™
(9.3) 13 50 2n—1
yar(2) = =327+ 2,0 Bz

Then, we have

Ap = MG%—H(O) (nZl)

9.4 A+ n

(54) By — MG L0) (02 1)
B, type: Set

(9.5) wBy(2) = 527N+ oy An®t!

yB,(2) = —1270 420 B2

24We should be cautious about the use of the terminology “weight”. The weight
—m - wt(z) of Gp(a) as a function on H comes from the C*-action (recall Fact
14). It is proportional to the weight m as the Eisenstein series, but depends on the
factor wt(z) which depends on type Io(p) (recall Table 1) (c.f. (10.3) and Table 2).

25 Actually, the last equality has meaning for the periodic variable a, even though
the zeta function is not periodic, since ¢ is still “semi-periodic” (see [13]§11).
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Then, we have

Ay = 3p(5w0)

An = _%GZTH-Z(O) + %GQTL-I-Q(%WO) (’)’L 2 1)
(9.6) -

By = 3p(5w0)

B, = Zanl G2n+2(0) + %02714,2(%(&)0) (n > 1)
Gy type: Set

To,(2) =  tzh 4300 A"

97 2 n=>0
&:9) Yo (2) = —2%2‘1 + 3% Bu2"

Then, we have

(9.8)

Bn = %Gn#»l (0) + %Gn+1(%w0) - GnJrl(%wO)

= 16 (0) + A (CD)Guni () (02 2)
Remark 2. 1. The infinite sequence of Eisenstein series for each type
I,(p) are not algebraically independent. More precisely, they are obey-
ing recurrence relation (7.5) in Step 4. of the proof of Lemma 7.1 (which
leads to the isomorphism (9.9), describing relations directly). The rela-
tions may be considered as the Bo-type and Go-type generalizations of
the classically well-known As-type relations. However, in the present
paper, we do not go into details of the relations.

2. We note that the first Eisenstein series Ay, By in case of type B,
and the first and the second Eisenstein series Ay, By and A;, B in case
of type Go do not have the description using the classical series (9.1).
These exceptional behavior was caused by the fact that the classical
Eisenstein series (9.1) do not converge absolutely in those low weights
so that one need to make conditional convergent series by a help of
p-function or (-function. This was made possible by the determination
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of the constant terms of fractional expansions in Theorem 8.1 using the
energy condition (6.4) of the Hamilton’s equations of the motion.

In a forthcoming paper [2], we shall study systematically those “ex-
ceptional” Eisenstein series from a view point of modular forms.

Now we are to formulate the second main theorem of the present
paper. The proof is essentially done already in previous sections so
that we have only to coordinate them.

Theorem 9.2. Consider the pull-back homomorphism Pf;(p) : O —

051 ) from the ring of holomorphic functions on the period domain H
2(p

to that on the monodromy covering space 512(1,) of the base space St,p)

of the family (2.3) (recall (4.13) for the definition of Sy, and (5.4) for
the definition of Pi,p)).
Then, it induces the ring isomorphism.:

(9.9) Q[Fisenstein series of type Io(p)] =~  Qlgs, g,

where LHS is the ring over Q generated by all Fisenstein series of type
Io(p) (recall Definition 9.1) and RHS is the coordinate ring of the space
Sty (recall (2.3)) generated by the flat coordinates gs and g; over Q.

In particular, the generators gs and g; are expressed by Fisenstein
series of type Is(p) as follows

A, type:
15
gs = _G4(0)
9.10
(9:10) a = 5 G0)
B; type:
3,01
gs = _p(_wo)
9.11 2
511) g = S (o) + §Ga(0) — 1Ga(dwo)
G, type:

gs = C(%WO) 3 (5("}0)
(9.12) g2 = ip(zwo)
g = 2g° — Gs(3w0)

Proof. The explicit description of the function on S, corresponding
to an Eisenstein series by the pull-back morphism Pf;(p) is obtained
by the corresponding coefficient of the Laurent expansion at z = 0
of the meromorphic functions xy,)(2,9) or ynp(z,9) (8.1). Then,
it was already shown in Lemma 7.1 that they are rational coefficient
polynomials in g, and g; (c.f. Table 2 at the end of §7). This defines
the homomorphism (9.9) from left to right.
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The morphism is injective, since the period map P (5.4) is an
open map between connected manifolds (Fact 12).

The morphism is surjective, since (1) the generator g is, up to a
constant factor, given by the lowest weight Eisenstein series for each
type (recall Step 2. of the proof of Lemma 7.1 and (7.4)), and (2) the
generator g; appear non-trivially and linearly in the coefficients A,,
and B, of the Laurent expansions of x1,,) (2, g) and yr,@)(2, g) (recall
Step 3. of the proof of Lemma 7.1 and (7.4)). O

After the isomorphism (9.9), we shall sometimes identify the ring of
Eisenstein series and the polynomial ring in g, and g;.

Proof of Theorem 5.1
We show by 4 steps that the period map Py, ) (5.6) is bi-holomorphic.

Step 1. Regardless, whether an element (wg,w;) € H belongs to the
image of the period map or not, let us use the Eisenstein series of type
I1(p) expressions (9.10),(9.11) and (9.12) to define a holomorphic map

(9.13) E=(E,E) : H — Sy

The equality (8.1) in Theorem 8.1 implies that the following diagram
iIs commutative

Pry(p) ~

Sta(p)

(9.14) N e
SI2(P)

We remark that pull back of the polynomial ring on Sy, ) by the mor-
phism F (9.13) induces the same isomorphism (9.9), since ( ) the period
map Py, () is a non-trivial open map, and (ii) any algebralc dependence

relation among Eisenstein series on an open domain in H [ automatically
extends on the whole H by analytic continuation, since H is connected.

Step 2. Let us show that the image of E' is contained in the compliment
of the discriminant: E(H) C Si,)\ Dr,p). For (wi,ws) € H, using RHS
of (8.1), we define global meromorphlc functions x1,(,) and yr, (), which
are periodic w.r.t. the lattice Q = Zwy + Zw;. Let us see that the pair
satisfies the relation (6.3) together with (6.4), where the parameter g
is given by (9.13). Actually, the both hand sides give doubly periodic
function of the period €2 = Zwy + Zw1, where we can check they have
the same principal parts of poles, and the constant term of Laurent
expansions at 0 coincides.

This means that the time coordinate z is given by the integral (6.1)
(up to a shift of a constant). That is, the image of the map (@, (p), Y1, (p)
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satisfies the equation (6.4). However, if g belonged to the discriminant,
then the associated curve defined by the equation (2.1) is a singular
rational curve. The integral (6.1) (avoiding the singularity of the curve
but admitting to go through points at infinity) cannot be doubly peri-
odic (either one periodic for g€ D1, \ {0}, or no-periodic for g= 0),
where as the starting (wo,w;) € H generates rank 2 lattices and 1, )
and yr,(p) are doubly periodic. A contradiction!

Step 3. Let us show that the period map is surjective. Since H is con-
nected, for any point w € IFH, consider any path, say p, in H connecting
w with the image P, ) (fIQ(p)) in H of the base point loci of §12(p) (re-
call the definition (4.13)). Then, the projection image F(p) is a path in
Sty(p) \ D1,y(p) connecting the base point loci I'y, () with E(w) (recall the

—_—~—

commutative diagram (9.14)). Then, the monodromy lifting F(p) of
the path E(p) in the covering space Sy, ;) is a path connecting the base
point loci fIQ(p) to a point F(w) which lies over E(w). Then, the image
P, (E(p)) is a monodromy covering in H of the path E(p) connecting
P, (fIQ(p)) to a point P, (F(w)). Since p is also is a monodromy
covering in H of the same path E(p) connecting the base point loci
P, (T'(p) to the point p. So the two end points P, ) (£(w)) and p
of the paths should coincide each other. In particular, p is in the image
of the period map. This shows also that the modular group I'y([p/2]),
which is the monodromy representation p-image of the fundamental
group of Sy, \ Di,p) (Fact 9, 2.), acts on any fiber of the map FE tran-

sitively. That is, the modular group action quotient of H is isomorphic
to the discriminant compliment:

Ti(p/2)\NH =~ Sy \ Dio)

Step 4. Finally, let us show that the period map is injective. Since the
period map is equivariant with the modular group action, it is sufficient
that the modular group action on the period domain H is (generically)
fixed point free. But this is trivially true, since the modular group is
a subgroup of GLy(Z) so that its fixed points set is thin and H is an
open subset of C2. Since E is a covering map, if the action modular
group is fixed point free in one fiber, it is fixed point free for all fibers.

This completes a proof of Theorem 5.1. O

Remark 9.3. 1.

6(93) gl)

(9.15) (e, 1)

_ red
- CAlz (p)
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2. In [21, 23] , we posed a general question to describe the inversion
morphism to the period map defined by a primitive form. If a function
on the parameter space of the family is described in terms of the coor-
dinates of the period domain, we call the function (and its description
on the period domain) a primitive automorphic form. In that sense, the
generalized Eisenstein series of type By and G in this sections are are
the first examples of primitive automorphic forms beyond the classical
case of type As.

10. RING OF MODULAR FORMS AND DISCRIMINANT

We identify the ring of Eisenstein series of type Iy(p) with the ring of
modular forms of the congruence group I'y ([p/2]) (see [1] for M, (T'1([p/2])))-
Then we confirm that the set of irreducible components of the discrim-
inant of the family (2.3) is in one to one correspondence with the set
of cusps of the congruence group I'i([p/2]).

Theorem 10.1. The ring of Eisenstein series of type 15(p) is identified
with the ring of holomorphic modular forms of the congruence group
['1([p/2]), where the identification is given in following (10.3). 2°

(10.1) C|Eisenstein series of type Ia(p)] =~  M.(T1([p/2])).
The correspondences of generators are given in (10.5), (10.6) and (10.7).

Proof. Proof of the theorem is divided into Steps 1-5.

Step 1. We explain the meaning of “identification”, and fix notation.
Recall the period domain H := {(wp,w;) € C? | Im(w; /wy) > 0} with

its homogenous coordinates (wp,w;). We introduce the inhomogeneous

coordinate

(10.2) T = wi/w

Then the natural projection H — H := {r € C | Im(r) > 0},
(wo,w1) + T := wi/wy gives a principal C*-bundle, say (L*)~!, over
H, which we trivialize by the morphism H ~ C*H, (wp,w;) — (wo, T)-

The modular group I';([p/2]) acts from the left on H and hence on L.
For k € Z~y, a holomorphic section of the L¥, say s = s(7), such that

v*(s) == s - L is equal to (c7 + d)Fs(r) for v = {CCL Z} € I'i([p/2]), is
called a modular form of weight k of I'y([p/2]) in a wide sense. Then,

the correspondence s(7) + wy " - s(7) defines the “identification”:

26This is naturally an expected result. However, this should have been proven,
since the Eisenstein series appeared in the context of the geometry of the period
mapping, whereas the modular forms are defined independently by themselves. So,
their coincidence is a non-trivial marvelous fact, which we need to work cautiously.
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(10.3)
{modular forms of weight k of the group I'1([p/2]) in a wide sense}

> {holomorphic functions on H of weight —k - wt(z) invariant by I'1([p/2])}

Actually, we study more restricted class of modular forms which are
holomorphic and taking finite values at cusps, as we explain now.

Recall [15] that a point z € RU {y/—1oco} (= 0H) is called a cusp
of T'1(N) if it is fixed by a hyperbolic element of 'y (V). The isotropic
subgroup of I';(N) fixing a cusp is an infinite unipotent group, and
the set of all cusps are invariant under the action of I';(N). For v =

[CCL Z} € SLy(Z), set (slky)(1) = (v*s)(1)(cT + d)™* (so that the

modularity property of s is equivalent to s|,y = s for all v € T'1(N)).
Let v(z) = /—1oo for a cusp z and v € SLy(Z). For a modular
form s (in the wide sense), s|x7, as a periodic function in 7, develops
into a Fourier series in 7. Then, s is called a holomorphic modular
form if the Fourier series consists only of non-negative powers of ¢ =
exp (2my/—17) at all cusps of I';(N). The constant term of the Fourier
series is called the value of s at the cusp and denoted by (s|xy)(v/—100).

Step 2. We recall the results by Aoki and Ibukiyama on the ring of
modular forms. In [1], Aoki and Ibukiyama gave a simple unified de-
scription of the graded ring of holomorphic modular forms of I'y(V)
for N = 1,2,3,4. From that description, we recover easily the ring
M. (I'1(N)) of holomorphic modular forms of I'; (V). Namely, accord-
ing as N = 1,2 and 3, the ring is generated by two (algebraically
independent) modular forms ey, e of weight 4 and 6, aw, B4 of weight
2 and 4, and a1, 3 of weight 1 and 3, respectively. That is,

(10.4)

M, (T'1(1)) = Cleq, ee], M.(T'1(2)) = Claz, fa], M.(I'1(3)) = Clov, 53]

where explicit descriptions of the generators as theta-function, in par-
ticular, the first few Fourier coefficients at the cusps are given in [1].

Step 3. We define a morphism from the left hand side to the right hand
side of (10.1). This is achieved by showing that the Eisenstein series
are holomorphic at all cusps.

More explicitly, recall that, according as N = 1,2 and 3, the number
of I'; (N)-equivalence classes of cusps are 1, 2 and 2, whose representa-
tives are given as follows.

Ay type: V—1oo, Bo type: vV—1oo and 0, Go type: vV—1oo and 0.

Let us consider the ring of Eisenstein series of type Iy(p). Recall that
the identification (9.9) was given by the composition with the period
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map Py, where the period map is I'y ([p/2])-equivariant. T hNis means

that any Eisenstein series is a I'y ([p/2])-invariant function on H. So, by
the identification (10.3), it gives arise a modular form. If we, further,
show that the Eisenstein series are holomorphic at all cusps, we obtain
a graded ring homomorphism from the left hand side to the right hand
side of (10.1).

Lemma 10.2. The modular forms associated with Fisenstein series of
type Ia(p) (p = 1,2,3) are holomorphic at their cusp(s).

Proof. Let E = B (1)] and S = [_01 (1)} € SLy(Z), which transforms

v/—1oo and 0 to v/—1oo. We show that the series associated with s|,F
and/or s|pS for an Eisenstein series s with the weight & converges
absolute uniformly in a “neighborhood” of \/—1loo. This is classical
for the case of Eisenstein series s = G,,,(0) for m > 3 (see [11]), and
similar proof works for Eisenstein series of the form s = G,,(a) for a
suitable a € Qg. In case of Eisenstein series of the form s = p(a) for
a suitable a € {lg in type By and G, we may either show directly
the convergence in [2], or alternatively, we use the expression of the
p-function as a proportion of Jacobi forms ([10] Theorem 3.6) to show
that the Fourier expansions at infinity consists only of positive powers.

In case of s = ((3wo) — 3¢ (3wp), it will be shown in [2]. O

Step 4. In the following table, we give the values at cusps of the
additive summands in (9.10), (9.11) and (9.12). Calculations depend
on cases: In case of the form G,,(0), it is classical (e.g. [7, 11]). In case
of the form p(a) for some a € Qg (see [2]). The cases of shifted series
Ga(3wo) and Gs(swo) at the cusp v/—Ioo are reduced to Riemann’s
zeta function (g(4) or Dirichlet’s L-function L(3,y) of the character
X given by quadratic residues, respectively (see [3] for explicit values).
Their values at the cusp 0 are directly shown to be zero. In case of
¢(3wo) — 2¢(3wo), it will be shown in [2].

A, type:

(@} - Ga(O)laB) (V=To0) = T (wf - Go(0)[B) (v=To0) = §3

B, type:

(wf - p(3w0)l2E) (V=Too) = 2= (wf - p(5w0)25) (v=To0) = %

(w9 (3w0)laB) (vV=To0) = 5= (- p*(3w0)la8) (V=To0) = T
(wi - G4(0)|4E) (v=Too) = % wi - G4(0)]48) (v =Too) = =
(

U.}é . G4(%W0)|4E)(\/—7100) = %4 WS‘ . G4(%Wo)|45) (\/jloo) =0
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G, type:
(wo - (¢(3w0) = 3¢(zw0)) L E) (v =100)  (wo - (C(3w0) — 3¢(3w0))[15) (v ~1e0)
- = = /-1
(w§ - p(3wo) 2 B) (V—1o0) = 7 (w3 - p(3wo)|2S) (V—To0) = %

223

(Wi - Ga(zwo0)[3E) (v —To0) = Wl (Wi - G3(5w0)[35) (V—Too) =0
Table 2:  Values of Eisenstein series of type I(p) at cusps, I

This completes a proof of Theorem 10.1 U

Remark 3. In case of type As, Fourier coefficients of Eisenstein series are
well-known to be given by the divisor sum function o,(n) with suitable
constant factors given by special values of Riemann’s zeta function (e.g.
[11]VIIL.1.3). It is natural to ask for similar expressions of the Fourier
coefficients of Eisenstein series for the types By and Gs.

Combining above calculations with the expressions (9.10), (9.11) and
(9.12), we obtain the following table,

A, type:
(w§ - gs|4E) (v —100) = gzt
(wg ~gl|6E) (v—100) = 23—133776,
B, type:
(wd - gs|2E) (vV—1o0) = 72, (w3 -+ gs|25) (vV/—To0) = — 372,
(wo - gilaB) (v =100) = =557, (wg - gifaS) (V=100) = g57?,

G, type:

(wo- W E)(V=To0) = Z5, (w0~ g5hS)(vV=To0) = =¥,
(wf - @l B) (v=Too) = 3227, (wf - aulsS) (v—Too) = 2427,

Table 3:  Values of Eisenstein series of type I(p) at cusps, 11

Step 5. This is the final step to obtain the isomorphism (10.1). We
determine the linear relations between the generators of both hand
sides by comparing their values at cusps.

First, we compare the weights (of the free generators of) the rings
in both hand sides of (10.1) by the use of “weight factor” wt(z) (recall
(10.3)). Comparing Table 1 in §2 and the description of (10.4), we
obtain the following “coincidences’ of weights!

| —wit(gs)/wt(2), —wt(g)/wt(2) | weights of M. (T'1([p/2]))

Ao |-2/3)/(LJ6)= 4, -1/(-1/6)=6 T, 6
By | -(1/2)/(-1/4)=2, -1/(-1/4)=4 2, 4
G | -(U/3)/(1/3)=1, -1/(-1/3)=3 1, 3



46 KYOJI SAITO

Table 4:  Weights of the generators of the ring of modular forms

This means that each generators g, and ¢, are mapped into the
graded vector subspace of M, (T'1([p/2])) of the same degree as the
corresponding generators «;, §; etc., respectively. For g,, the dimen-
sion of the graded subspace containing it is equal to 1 so that we only
need to fix the constant factor. In case of g;, the dimension is either 1
for type Ay or 2, spanned by g; and a power of g, for types By and Gs.

Let us recall the values of the generators of the modular forms at
cusps. The following values are taken from [1] Internat J. Math. 16-
3(2005) 249-279, By: p.270 B3 pp.271-272.

(ea]2E)(v/=To0) =1,
(eg|4E)(v/—1o0) =1,

(az2B)(v=100) = 1, (az/29)(v/=1o0) = —1/2,
(Bl E)(v/—100) = 0, (B4]45) (v/=1o0) = 1/256,

(1 B)(V=100) = 1, (as19)(v/=1oo) = —v/=1/V/3,
(B3|sE)(v—=1o0) =1, (B3]39)(v/—1o0) = —/=1/3V3.
Table 5:  Values of Modular forms of I';([p/2]) at cusps

Comparing Table 3 with Table 5, we obtain the following expressions
of the isomorphism (10.1).

A, type:
_ 14 —4
(10.5) o T W
g1 = 53337 €6 Wy
B; type:
2 —2
(10.6) g = 247 B, w0—4 _ 2—1371'4 (i wi?)?
G, type:
1 —1
gs = =T W
(10.7) B s
g = 337 B3 wy

Remark 4. As a consequence of the identification (10.1), we observe
that the holomorphicity condition at cusps on modular forms are equiv-
alent to the holomorphic extendability condition on functions on Sy, \
Dr, ) to holomorphic functions on Si, (). Then the cusp form condition
“should be” equivalent to the condition to vanish on the discriminant
Dy, (p). This is the subject discussed in the following lemma.
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Lemma 10.3. The set of I'1(|p/2])-equivalence classes of cusp points cor-
responds naturally in one to one with the set of irreducible components
of the discriminant loci Dy, (2.4).

We show that a generator of the ideal of the ring M, (I';1([p/2])) of
modular forms vanishing at each equivalence class of cusp points, which
can be easily found from Table 4, is, by the pull back by the period map
(5.6), up to a constant factor, identified with an irreducible component
of the equation A, € Clgs, gi] (2.5) of the discriminant.

Here, we may recall Footnote 27 again.

A, type: Recall that there is a unique equivalence class of cusps which
is represented by v/—1co. The ideal vanishing at the class is generated
by e3 —e2. We also recall the equation of the discriminant (2.5) of type
Ay. Then, the identification (10.5) induces the following identity:

12
(10.8) —27g) +9; = Toog(ei—eg) wo
B, type: Recall that there are two equivalence classes of cusps, which
are represented by /—1oo and by 0. The ideal vanishing at the class
v/—1oo is generated by B4, and the ideal vanishing at the class 0 is
generated by a2—643%. We recall the irreducible factors of the equation
of the discriminant (2.5) of type By are —8¢g; + g2 and 8¢; + ¢g2. Then,
the identification (10.6) induces the following identities.

81+ g2 = 1287wy
—8g1+ g2 (= —=Ga(5w)) = 27*(a3 — 646,) wy*

(10.9)

Gy type: Recall that there are two equivalence classes of cusps, which
are represented by /—1oo and by 0. The ideal vanishing at the class
v/—1o0o is generated by 5—14(a? — f3), and the ideal vanishing at the class
0 is generated by 3(af + f3). We recall the irreducible factors of the
equation of the discriminant (2.5) of type Gy are g; + 2¢g2 and g; — 2¢°.
Then, the identification (10.7) induces the following identities.

(10.10) o 2g§ 1 - %gﬂz(ai_ 53) w633
9 —2g; (= —Gs(zw0)) = —557 (a7 + Bs) wy

11. DISCRIMINANT CONJECTURE

This is the last section of the study of the period map of types As,
B, and G,. We recover the classical modular discriminant formula for
all types, and answer in Theorem 11.1 to the discriminant conjecture
posed in [23] §6. Let us recall the conjecture in the original form.
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Conjecture 6. Let W be a crystallographic finite reflection group. Is
the k(W)th power root of dw, say A\w (up to a constant factor), an
automorphic form for the group I'(W') with the character 9w ¢ Can one
find an infinite product expression for Ay compatible with Congjecture 4 ¢

We first explain notation in the conjecture. In [23], W is a Weyl
group for an irreducible finite root system of any type, but in the
present paper, we restrict ourselves only to the types Ay, By or Go.
The number k(W) and the character ¥y are defined in [23] §6, but,
in the present paper, in (4.8) and (4.10), respectively. The dy is a
generator of anti-invariants whose square is the discriminant Ay, ). We
shall explain about dy and Ay again in Theorem 11.1. The modular
group I'(W) is, in [23] §6, 6.4 Example, unfortunately, wrongly stated
to be equal to the congruence group I'g([p/2]). However, according to a
result (4.6) in the present paper, the group I'(W) should be corrected
to be I'1([p/2]).2" The Conjecture 4 mentioned in the Conjecture 6
is something about the “liftablity” of the ring of Eisenstein series to
the ring of the “Galois” covering by the Weyl group of the type I(p).
However, we will not discuss on this in the present paper.

The answer to Conjecture is given by a use of Dedekind eta function
n(r) = ¢“* T2, (1—q") (¢ = exp (2m/—17)). Recall that a function
in 7 € H is called an eta-quotient if it has a finite product/quotient
expression [[_, n"*(m;7) where s,m; € Z-g, r; € Z. A holomorphic
modular form that is non-vanishing on H and has integer Fourier coef-
ficients at infinity, is an integer multiple of an eta-quotient (see [18]).

Let us come back to the equalities (10.8), (10.9) and (10.10), and
show that they admit eta-quotient expressions. LHSs, as defining equa-
tions of irreducible components of the discriminants, do not vanish on
Sto(p) \ Drp)- So, after the identification (10.3), they do not vanish on

H. On the other hand, those generators ey, e, oo, B4, 1,32 in RHS,
are described by theta-functions, and, therefore, have integral Fourier
coefficients at infinity (see [1]). Then, we have the following expres-
sions.

3

€ _62
[y(1) : TR = 77(7')24>

T1(2): By =1200 o2 648, = LD

| n(r)® )0 T on(2n® (0
T 1 T
I(3): gaf = Bs) =15, 3(e1+Bs) = gy

2T fact, To(N) = T'1(N) for N = 1,2, but T'o(3) is a double extension of T'; (3)
by +id. Since in [23], one use the same generators as (4.3) in the present paper as for
the generators of I'(I2(p)), practically the calculations in [23] are still meaningful,
and we shall use them in the present paper.
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Table 5:  eta-quotients of irreducible components of the disriminant

(Proof. Case of type Ay is classical (e.g. [7, 11]).

Case of type Bs: Because of level 2 condition, candidates of eta
quotients are of the form en(7)Pn(27)4 for unknowns ¢ € C and p, g € Z,
satisfying p+q = 2-weight = 8. Recall Table 5, so that 84]4E(v/—100) = 0
(simple zero in q), B4]4S(v/—100) = 1/256 and a3 — 6434|4E(v/—1o0) = 1,
a2 —644|4S(v/—1occ) = 0 (simple zero in ¢). Posing these constraints on
the eta-quotients, we determine ¢, p and ¢, and obtain the expression.

Similar proof works for the type Go. O)

Applying above expressions for (10.8), (10.9) and (10.10), we are
now able to express the discriminant form Ay, (2.5) and its reduced

form Aff(d) by some products of eta quotients. As is expected (since

p
discriminant vanishes on both cusps), the results are no-longer eta-

quotients, but are eta-products, i.e. they don’t have denominators.

Ay, = ~27g7 + ¢ = 7o)
(11.1) Ap, = (8gi+¢%)(=8gq+¢?)? = 51272 n(r)* w2
Ac, = (g +2¢3) (=g +2¢3)° = =2 72 n(1)* wy ™

Table 6. Eta-product expressions of discriminants

Ayl = =27gt +g7 = w2 a(r)n(n)"? w5
(11.2) At = —64g7 + g2 = 2567° n(7)*n(27)% wy®
A = —gf +4g90 = —An® n(r)°n(37)° wg®

Table 7. Eta-product expressions of reduced discriminants

We formulate final Theorem of the present paper, where both formu-
lae (11.2) and (11.1) give answers to the first half and the latter half
of Conjecture, respectively.

Theorem 11.1. 1. For all three types As, By and Go, set

(11.3) Aw(p)(T) = n(T)n([p/2]7).
Then, (i) A (7) is @ modular form of weight 1 of the group I'([p/2])
with respect to the character Uy, ) (4.10),

(ii) The power Or,p) = A (7)"12P) s a generator of the module
anti-invariant modular forms (recall (4.8) for k(Iy(p))),
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(iii) The power Ar,p) ()2 12P) up to a non-zero constant factor,

corresponds by (10.3) to the reduced discriminant form A;e(dp

2. For all three types Ay, By and Go, the discriminant form Ay,
(2.5), up to a non-zero constant factor, corresponds by (10.3) to

I, (1 —g")*

called the modular discriminant (or discriminant function).
28

Proof. 1. (i) The calculations given in [23] to show the modularity of
AL (p) With the character ¥ are still valid. For a sake of completeness of
the present paper, we recall it by adjusting notations.
For simplicity, we introduce a number N € Z- called level, where
= [p/2] in case of type Ay, By and Go. Set ¢ := exp (mv/—1/12) so
that (V*! = exp (mv/—1/k(Ix(p))) (N =1,2,3 and p = 3,4,6). In view
of (4.3), (4.6) and (4.10), it is sufficient to show the following.

Lemma 11.2. The Ay :=n(T)n(NT) for N € Z~¢ is a modular form of
['1(N) with a character 9y, where the character satisfies

’L9NI CNLN = |:—1]V (1):| s EN = |:(:; {| — CN+1 c (CX
Proof of Lemma 10.2. By definition, Ay is automatically a modu-
lar form with a character of the group I';(N) (see, e.g. [18]). Re-
calling (10.2) and (10.3), we have only to show (a4 ) '(Aywy') =
CN Y (Anwy ) and by (Ayvwyt) = ¢V (Anwy ). In the following, we
shall use a sign convention on the monodromy of the eta-function from
[15] p121.

Recall (10.2), b%(7) = 7 + 1 and b} (we) = wo. Then, using the
transformation formula n(7 + 1) = {n(7), we obtain:

by(Owwg) = (7 + (N (7 + 1wy !
= ) M(NT)w = ey
Recall (10.2) so that aj(7) = == and ay(wo) = wo — Nw1 = wo(l —

NT). Then, using the transformation formula 7(— 77

28 All results are well-known for the type A,. However, for the other types B
and Gg, at present, there is no geometric explanation why such power roots of the

reduced discriminant Af;(dp) form modular forms with character, and why all three

geometric discriminants Ay, (,) take the same modular discriminant form. What are
)\12@)'5? Does mirror symmetric interpretation give a hint to understand them?



PERIOD INTEGRALS OF TYPE A3,Bs AND G 51

we obtain:

-1
T Nt Wo

(@) e ) = ()G T

—(NT T wol
= AN = ) G- i) i

—(NTt T T T - wy
= FERRE NNy () Gn(NT + 1)

¢S (rn(NT)wg !
NNyt = TV O )

End of Proof of Lemma 10.2. O

(ii) Recalling the character 6 (4.11), 61, ) is obviously an anti-invariant
of the group I'; (V).
(iii) This a paraphrase of (11.2).

2. This is only a paraphrase of (11.1). O

Remark 5. In [23] §6, we formulated 6 conjectures. The present paper
gives positive answers to all conjectures for the types Ay, B and Go.
The conjectures seem to be still valid for all types of crystallographic
reflection groups. That is, we ask for a construction of Eisenstein series
for all types to answer to Jacobi inversion problem, where we may need
special consideration for low weight cases as in the present paper.

12. CONCLUDING REMARKS

The findings of the duplication formula for the Lemniscate arc length
integral due to Fagnano (1718) and its generalization to the addition
formula due to Euler (1751) were naturally understandable by invert-
ing the variables, i.e. by parametrizing the Cartesian coordinates of
the curve by the arc length. This led to the finding of new periodic
functions, i.e. the elliptic functions, beyond the trigonometric or expo-
nential functions. It is impressive to see the historical developments
caused by the finding of the elliptic integrals, from the classical Abel-
Jacobi theory through the modern mixed Hodge theory.

[, however, was attracted by other aspects of elliptic integrals. Namely,
covariant differentiations of the elliptic integral of the first kind give
other kinds of elliptic integrals. That is, the elliptic integral of the
first kind is a potential for all other periods. 1 called this property the
primitivity of the elliptic integral of the first kind.

The primitivity is combined with another remarkable property of the
theory. Namely, the 2 of the rank of the lattice of cycles used for the
elliptic integrals is equal to the 2 of the dimension of the unfolding
parameters (g, g;) of the elliptic curve. That is, the map from the
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space of parameters to the space of periods defined by the period inte-
grals of first kind becomes a morphism between the spaces of the same
dimension. The Schottky type problem, an unsolved problem in classi-
cal Abelian integral theory to determine the image set of periods (c.f.
[27]), is resolved automatically in this setting! I called this property
the equi-dimensionality of the period map of elliptic integrals.

Then, it was again natural to ask for a description of the inverse
morphism from the space of periods to the original parameter space.
Actually, it was done by theta-series by Jacobi and later by Fisenstein
series. We call this procedure “solutions to Jacobi’s inversion problem”.

Following those works, I was inspired to look for (higher dimensional)
analogs of the elliptic integral of the first kind, which carries the prim-
itivity and the equi-dimensionality. That is the theory of integrals of
primitive forms over Lefschetz vanishing cycles [19]. If we look back
some historical works from the view point of primitive forms, the works
by E. Picard [17] (1883) and by G. Shimura [25, 26] (1963,1964) can
be regarded already as some part of period integrals of primitive forms
of type Eg and Eg, Egl’l) and some others, respectively.

Nowadays, primitive forms become a driving force for constructing
new integrable hierarchies, and play a role in mirror symmetry from
complex geometric side. However, this is one half of the primitive form
theory, i.e. algebraic analytic aspects. The transcendental aspects, i.e.
the period integral theory over Lefschetz vanishing cycles is missing
still. Primitive forms can play their full original power only after they
are integrated to period maps, and the solutions to the Jacobi inversion
problem leads us to the study of new transcendental functions [24].

However, the integral theory over closed cycles is a quite hard sub-
ject, since they form a closed world which is rigid and inflexible. We
first need to embed them in a big ocean of integrals over open cycles,
where we have wide freedom of making new pictures and theories, as
was done in the original works of arc-length integrals by Fagnano and
Euler. Also, the classical abelian integral theory by Riemann was suc-
cessful through integrals over open intervals, called the Jacobian variety
theory, where the inversion maps are described by theta functions [27].

Thus, it was my pleasure to reinterpret the classical elliptic integrals
of the families for Weierstrass, Legendre-Jacobi and Hesse in terms
of integrals of primitive forms over vanishing cycles of types A,, B
and Gy as in the present paper (types Dy and Az are ongoing). We
tried to make clear the importance of integrals over open paths by
showing that their inversion functions are the solutions of Hamilton’s
equation of motion in §6. That is, open integrals are inverse to certain
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Dynamical systems. Actually, this fact was the key reason, why we
could determine the inversion map in §7-9 to solve Jacobi’s inversion
problem by introducing generalized Eisenstein series for each type.

We do not know yet what are the higher dimensional analog of them:
how to invert the period map to answer Jacobi’s inversion problem, how
to generate the inversion functions ([21]). When the vanishing cycles
form a finite root system, there are some conjectural descriptions ([23]).
The positive answer to the conjectures for types Ao, Bo and G in the present
paper by a use of the Dedekind eta-function is a toy model and did not
give any new transcendental function. However, we may get enough
hope to expect that the conjectures still hold for all other types of root
Systems.

One may expect the mirror symmetry and the study of d-branes on
open string theory in high energy physics may give some suggestions
for the understanding of the period maps for primitive forms, since the
study of the power roots of the discriminant, as done in the present
paper, is explained not from the primitive form side by itself but from
the structure of the root system of the vanishing cycles [23] which
belongs to the mirror side, i.e. the symplectic geometry side.
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