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THE EXTENDED D-TODA HIERARCHY
JIPENG CHENG AND TODOR MILANOV

ApstrRACT. In a companion paper to this one, we proved that the Gromov-Witten theory of a Fano orb-
ifold line of type D is governed by a system of Hirota Bilinear Equations. The goal of this paper is to
prove that every solution to the Hirota Bilinear Equations determines a solution to a new integrable hi-
erarchy of Lax equations. We suggest the name extended D-Toda hierarchy for this new system of Lax
equations, because it should be viewed as the analogue of Carlet’s extended bi-graded Toda hierarchy,

which is known to govern the Gromov-Witten theory of Fano orbifold lines of type A.
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1.1. Background and motivation. Motivated by Gromov—Witten theory, Dubrovin and Zhang have

proposed a general construction which associates an integrable hierarchy to every semi-simple Frobe-

nius manifold. The definition however is very complicated and hence the study of these hierarchies is

a very challenging problem. Our strategy is to concentrate on the cases when the Frobenius manifold

corresponds to a semi-simple quantum cohomology of a complex orbifold X, whose coarse moduli

space |X|is a projective variety. We can further seperate these classes of Frobenius manifolds accord-

ing to the dimension of X. Based on the examples worked out in the literature, one can speculate

that in complex dimension 1, the corresponding integrable hierarchies can be understood in terms

of the representation theory of generalized Kac-Moody Lie algebras.
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Let us discuss the case when dimg(X) = 1. The quantum cohomology of X is semi-simple if and
only if the coarse moduli space of X is IP! (see [22]). Let us divide the orbifold lines into three groups
depending on whether the orbifold Euler characteristic is > 0, = 0, or < 0. The orbifolds in these
three groups will be called respectively Fano, elliptic, and hyperbolic orbifold lines. The Fano case
is the easiest and nevertheless it is still unfinished. A Fano orbifold line has the form 11’}11’“2’“3, that
is, P! with 3 orbifold points with isotropy groups of orders a;,a,, and a3, such that % + al—z + ;—3 > 1.
Tripples (a;,a;,a3) satisfying the above inequality are in one-to-one correspondence with the Dynkin
diagrams of type ADE. According to [19] the corresponding hierarchy must be an extension of a
certain Kac-Wakimoto hierarchy. In the case A, the extension is known (see [3,5,20]) and it is called
the Extended Bi-graded Toda Hierarchy. Our interest is in the case D. We divided the problem into
two parts. In the first part, we find the extension of the corresponding Kac-Wakimoto hierarchy in
the form of Hirota Bilinear Equations. The second part, which is the goal of this paper, is to describe
the extension in terms of Lax equations.

Let us point out that although the Kac-Wakimoto hierarchies have been known for a while, it is
still an open question to describe the flows of these hierarchies in terms of Lax equations. There
are many cases in which the Lax equations are known — usually the answer is a reduction of some
multicomponent KP hierarchy, but there is no general construction that works for all Kac—Wakimoto
hierarchies. In particular, for the case D in our project, the Lax equations of the corresponding Kac—
Wakimoto hierarchies were unkonwn, so we had to construct them. We believe that our methods
can be generalized and that one should be able to construct the Lax equations of all Kac-Wakimoto
hierarchies of type D. Finally, let us point out that the symbol of our Lax operator is very similar to
the Landau—Ginzburg potential used in the construction of Frobenius structures on the orbit spaces
of the extended Weyl groups in [9]. We can speculate that another possible generalization of our
work is to construct the integrable hierarchies corresponding to the semi-simple Frobenius manifolds
constructed in [9].

In the rest of the introduction we will focus on stating our results.

1.2. Lax operators. The idea of our construction is partially motivated by Shiota’s approach to the
2-component BKP hierarchy (see [21]). Let R be the ring of formal power series in € whose coeffi-
cients are differential polynomials in the set of n + 1 variables Z = {ay,...,a,_4,a,95,93,¢5,¢3} and the

functions e*®. Formally, R is defined by
R:=C[E (i >0, & €B),e*][e]],
where &' is a formal variable. We identify £0:= & for & € Z. Let us define the derivation o,

1+1

© QU
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Note that & = 9%(£). The translation operator A := e’s acts naturally on the ring R and we put
P[m] := A™(P).

Suppose that the ring R is equipped with two commuting derivations d, and d3 both commuting
with d,. Given an operator series
(1) A= ) FippAl PAER

Juiais€Z
where f; ; i € R and the sum is possibly infinite, we define the truncations A, <, Ag <k, Ag [k}, Aa>ks
and A, . by keeping only the terms in the sum (1) for which j, is respectively <k, <k, =k, > k, and
> k and truncating the remaining ones, e.g.,
Avse=) Y fup A 2o,
j12k j2,j3€Z
Given another operator series B = 211,12,13623111213/\11 81228133, the operator composition of A and B,
whenever it makes sense, will be denoted by AB or A - B. If the sum (1) is finite and contains only
terms for which jj,j3 > 0, then A is called a differential-difference operator. A differential-difference
operator A acts naturally on the space of formal operator series of the type (1). We denote by A(B)
the operator series obtained by applying A to the coefficients of B, that is,
AB):= ) Ay, A 9395,
1,lyheZ
Finally, let us introduce the adjoint operation #
) APz ) AT02)2(-95)
Juj2s€Z

which obeys (AB)* = B¥ A* for any two operator series A and B for which the composition AB makes
sense.

Let us denote by £ := R[A*!,d,, 03] the ring of differential-difference operators and define the
following 4 operators in &:

n-3

L= (;(ai/\i—/\_iai))(/\—/\_l)wL%8%+%3§+%1(62—63)(A+A_1)+%(c2+c3),
Hy = 0yd3+4i,

Hy = (A-1)2,-g:(A+1),

H; := (A+1)d5-q3(A-1),

n-2)a

where g1 := -2(1+A)'(g293) e R and a,,_3 := ﬁe(

Let us introduce the following rings

Ewy) = R[D2,I3)(ATY),  En)=RIAAT,35)((951)), &3 =RIA A, ,]((951))
4



and

0 =RUATY), €L =R((33"), &L =R((95").

Finally, let us denote by .AH the left ideal in A generated by H,, H,, H3, where A could be any of the

rings &), £2), or £3). Note that we always have a decomposition into sum of vector spaces
(3) A=A+ AH, Y A€(Eu)En)En)h

We will work out a criteria for the derivations d, and d; that guarantees that (3) is a direct sum

decomposition, that is, A° N AH = {0}. If (3) is a direct sum decomposition, then we denote by 7,

(a = %,2,3) the corresponding projection &,) — €(Oa) and we have the following recursion formulas:

1o (A 950) = A (e (M 05 OF) ) g (A%,
(AN 9P) = ( (AJ1 929 )+ (A O292) - 11,(9,),
o (N OE ) = 05y AF 92 98 )4 g (AR 92 9L - g 03)
which reduce the computation of 7, to the following cases:
m.(d2) = 1Av1Qa,  Tu(d3) = 1A71Q3,

T)(A) = (03— q2) - (dr+q2) = =1 +2(dy —q2) - da,  Ta(d3)=-05" -q1,
T3(A) = —(d3—q3) 7 (d3+q3) =1-2(d3-q3) " - 93, m3(da) =—05" -q1,

where Q, := (A—1)"1qy(A+1), Q3:= (A+1)"1g3(A—1) and 15 (resp. i5-1) denotes the Laurent series

expansion at A = 0 (resp. A = ).

Proposition 1. a) The decomposition (3) is a direct sum of vector spaces if and only if the derivations d,

and d3 satisfy the following 0-curvature condition in &4

d>2(Q3) - d3(Q7) = [Q2, Q3]

b) There are unique derivations d, and d3 such that (3) is a direct sum of vector spaces and
HLefH, 2<a<3.

Remark 2. The 0-curvature condition can be justified as follows: Note that 7t,(d>d3) (@ = +,2,3) can
be computed using the recursion formulas from above in two different ways: reducing the power of

d, or reducing the power of d;. The two computation will agree if and only if

92(100(93)) - 930 (92) ) + o (05), 20 (02)] =

5



which is equivalent to the 0-curvature condition. Similarly, the projection 7, (Ady) (a = +,2,3, b =

2,3) can be computed in two different ways, which will agree if and only if

Op{ () + 700 () - 74(9)) = A 24 (04) ) 7 (A,

This relation is also equivalent to the 0-curvature condition. O

1.3. Dressing operators. There are unique operators Ly = by oA+ 52, by ;A L, = d,+Y 52, b, 9L~
(a = 2,3) with coefficients in R such that

A-1)(n-2
bio= exp(%(a)), by =b3; =0
and
1 n-2 1 2 1 2
@ (L) = L7 ml) =51, m(0)= L5

Let us construct 3 differential ring extensions R; (1 <i < 3) of R. Put
Ry=ClE/(E €E,j20),e, e,y 1, 1o, I[e])
and
Ro=C[e/(E€E,j20),e", P41, P2 Jle]l, 2<as<3.

The derivation €d, is extended uniquely to a derivation of R; in such a way that €d,(¢) = a and
L= SlASfl, where

0 . (n—2)edy (4))
Sl = libl,o + lel,i/\ l, 4)1'0 = e 1-A"2 .
i=1

More explicitly, by comparing the coefficients in front of A~ we get that the identity L, S; = ;A

will be satisfied if we define

Priy_ edy (o, Prisll-s]
(5) €8x(l/’1,0 ) = 1o [5_1 bl,s—%’o ]

Similarly, there exists a unique extension of the derivation d, (a = 2,3) to a derivation of R,, such

that, L, T, = T,d,, where

T, =1+1,10;" + 1,20, +---.

Such an extension exists and the derivation d, (a = 2, 3) is uniquely determined. Indeed, substituting
L,=0,+Y2 ba,ia};i and the above expansion of T, in L,T, = T,d,, comparing the coefficients in
front of d7F for k > 1, and using that b, ; = 0 we get

k+1 k+1—i

aa(l;bu,k) + Z Z (1 ;l)ba,iafz(laba,kﬂ—i—s) =0, k>1.

i=2 s=0
6



This formula alows us to define recursively d,(i,x) for all k > 1. We are going to prove that the
derivations €d,, d,, and d3 can be extended uniquely to pairwise commuting derivations of R; (1 <

i < 3), such that, the following conjugation relations hold: for the operator S;

(6) SIAST =11, $19,57" =0, Q4 (a=2,3),

for the operator T,

(7) Ty (A-1)T; ' =(dr+q,) ' Hyy, T, T, =1, T,03T,' =9, Hy,

and for the operator T3

(8) T3(A+1)Ty ! =(d3+q3) ' Hs, T30,T3' =05 'Hy, T305T5" = L.

We need to modify slightly the definition of T, and T3. It turns out that the following proposition

holds:

Proposition 3. There exists an operator S, € 1 + R,[[d;']] (a = 2,3), such that, S;' T, commutes with the

derivations €dy, d,, and d3 and S¥ = 9,519,

Note that the conjugation formulas (7) and (8) remain valid if we replace T, by S,. The operators

S; (1 <i<3)will be called dressing operators.

1.4. Lax equations. Let L; (1 <i < 3) be the operator series defined by (4). Let us define

(o)

By = Z( (LEAT2mt) e (AP )(A “ATY, k21,

m=0

and
(72041 _
Baoi1:=(L3 " )220, a=2,3, [1>0.
Using the dressing operators we define

IOng = SleaxSfl :€ax—€1, €1 ER[[A_I]],

log((82 + qz)_le + 1) = 5268x52_1 = e&x -0y, )€ R[[agl ]]8_1,
and
1og(<33 +qs)  Hy - 1) = 5360,55 =€, 5, €€ R[I5)95,

where ¢; := €d,(S;) - SZ-‘1 and the fact that the coefficients of ¢; belong to R will be established later
on. Put

1 (n-2)k
Al yi=———L

ot (€,

AT =AM =AY AT RA =AY,
7



and

Lok
Agpi= ﬁLg (€dy—C,), a=2,3,

where k > 1 and h; = ﬁ (1 + % +et %) Let us define By x = B x,1 + Bo k2 + Bo,3, where

+00
B _ (A* ‘A—2m—1) +(A* ‘A2m+1) ) A—AD),
0,k,1 mZ:é( 1,k 1,50 1,k 1.<0 ( )
1 _
By = (Az,k) + E(Az,k) S(1+ATH,
2,>0 2,[0]
1 _
Boks = (Aa,k) + E(A3,k) S(1-ATh).
3,50 3,[0]

Our first result can be stated as follows.

Theorem 4. Let (i, k) be an arbitrary pair of non-negative integers, such that 0 <i <3,k >1, and k = 2I1+1
is odd for i =2, 3.

a) There exists a unique derivation d; ; : R — R commuting with d, such that
di k(L) = [Bix L] €EH,
ai,k(Ha)—[Bi’k,Ha] €efH, a=23.

b) The set of derivations {0d; \} pairwise commute.

The integrable hierarchy defined by the infinite set of commuting derivations in Theorem 4 will
be called the Extended D-Toda Hierarchy. Note that 1, (d;x(M)) = d; (M) for M = L,H,(1 <a < 3).

Therefore, the conditions in part a) of Theorem 4 yield the following formula:
(9) ik (M) =70, [Bf}, M], M €{L,H,,H,, Hj),

where B:”k := 10, (B; k). We will prove also that formula (9) provides an equivalent formulation of the
Extended D-Toda Hierarchy (see Lemma 10).

The Extended D-Toda hierarchy can be formulated also in terms of the dressing operators. In
other words, the derivations d;; can be extended to R, (1 < a < 3) and the extended derivations
are pairwise commuting. The formulas for the derivatives of the dressing operators can be found in

Section 5.1.

1.5. Hirota bilinear equations. Let t = (t(,t,t;,t3) be 4 sequences of formal variables of the follow-

ing form:
t; = (ti,k)kzl (1 = 0,1), t, = (ta,2k71 )kzl' (a = 213)

The 2 variables vy, :=t,; (2 < a < 3) will play a special role. Let O, := O(C)[[€]] be the ring of formal

power series in € whose coefficients are holomorphic functions on C. Let x be the standard coordinate
8



function on C. The ring O,[[t]] is equipped with a translation operator

A Ot = Ocitll, A(f)(xt):= fx+et)

and an infinite set of pairwise commuting differentiations 5 and at . Note that a ring homomor-

phism
d
¢:R—Ot], suchthat ¢od, = 5. ° ¢
is uniquely determined by a set of n+ 1 functions in O[[t]]

P(&)=&(xt) Sek.

We say that the set of functions &(x,t) (¢ € E) is a solution to the Extended D-Toda Hierarchy if the

corresponding ring homomorphism satisfies

¢oaa:%0¢(ﬂ:2x3)r (Poak_&tk (P

The second goal of our paper is to prove that solutions of the above type can be constructed from a
system of Hirota Bilinear Equations (HBEs), which we describe now.

Suppose that 7(x,t) € O.[[t]] is an arbitary invertible formal power series, i.e., 7(x,0) € O(C)[[€]] is a
formal power series in € whose leading order term is a holomorphic function on C that has no zeros.
Let D, := D(C)[[€]] be the ring of formal power series in € whose coefficients belong to the ring D(C)
of holomorphic differential operators on C. We extend the anti-involution # to operator series of
the form (1) with coefficients f; i € Dc[[t]], so that (d4)* = —0,. Let us introduce the formal power

series
\p1+(x’ t, Z) — z,bf(x, t, Z)eél(t,z)zx/e—% and ‘1’1_(36, t, Z) — Z—X/e—%e—él(t,z)l’bl—(x, t, Z)

taking values in respectively D, ((z™! )[[t]]zx/e 2 and 272D <(z71)[[t], where

(n-2)k
k zZ
t,z) = t + £ d,—h)—— ,
&1(t2) z( 1k2k +to (€0, k>(n_2)kk!)
o1
+Zk>1 T arlk,[ x+€ )
Pi(xtz) = = Z I—' x,t)z
k=0

where h; = ﬁ (1 + % +eet %) Similarly, let us define for a = 2,3 the formal series
W (x,t,2) = P (x,t,2)e%?  and W (x,t,2) = e S0P (x, 1, 2)

taking values in D,((z™1))[[t]], where
ZZZ

2

s

Ealt,z) = Z(ta o122+ to €0y ==

9



,—21+1
+2):1>1 2 9

Pi(xtz) = Y MT“ Zybakxt

The Hirota Bilinear Equations of the Extended D-Toda hierarchy are given by the following system

of quadratic equations

Z(n 2)k dz #
(10) Reszzow (\Ifl (x,t,2)¥] (x + me, t',z) + (] (x + me, t',2) V] (x,t,2)) )
22k 45
Res,— 02kk' 5y (W (x,t,2) Wy (x + me, t', z) — (=1)"WS" (x, ¢, 2) W5 (x + me, t, 2)),

where k > 0 and m are arbitary integers and W* (x + me, t’, z) := A" (W (x,t’, z)). If the above equations
are satisfied then we say that 7 is a tau-function of the Extended D-Toda hierarchy, the formal series

W and W, := W, (a = 2,3) will be called wave functions, and the operator series
SHxt,A) = Zgb;j(x,t)/\
j=0

STt A) =) ATy ()

j=0
W(xt,d,) Zl,ba]xt (a=2,3)
will be called wave operators. Let us introduce also the following auxiliarly Lax operators:

Li(x 6 A)i=S{ (66, A)- A~ ST (0t A) =i uf (o)A + ) uf (m, )AL,
j=1

Li(e 6 A) = STt A - AT (ST, A)F) = gl A +) up (oA,
]:1

Lo(x,8,04) 1= S4(x,4,04) - 95+ Sal,6,00) ™ = 0+ )ty )9, (a=23).
j=1

To avoid cumbersome notation we put Ly(x,t,A) := LT(x,t,A) and up; = uf i

Theorem 5. If t(x,t) is a tau-function of the Extended D-Toda hierarchy, then there is a uniquely deter-
mined solution of the Extended D-Toda hierarchy, such that,

T(x,t)

ey 7Y

ca(x,t) =07 logt(x,t), qa(x,t) =9y, log

and the Lax operator

2
- 2.5, [ (A-A""+

2 2

anZA 2m— 1]

1 1
+Z(c2 —c)(A+ AT+ E(c2 +c3).
10
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The proof of Theorem 5 will be given in Sections 6 and 7. In fact, Sections 6 and 7 can be read in-
dependently. Our strategy is to construct Lax operators and derive their evolution equations directly
from the HBEs. In fact, the system of Lax equations (9) was discovered exactly in this way.

The inverse of Theorem 5 is also true, i.e., we have the following theorem:
Theorem 6. Any solution to the Extended D-Toda hierarchy in O.([t]] is obtained from a tau-function.

The proof of Theorem 6 has two steps. The first one is to prove that for any solution of the Lax
equations (9) the corresponding dressing operators satisfy the bilinear relations (10). Note that the
wave function can be expressed only in terms of the dressing operators, so we can interpret (10) as
a system of bilinear relations for the dressing operators. Using Taylor’s series expansion, it is easy
to check that (10) is equivalent to (52), so our proof of Proposition 17 (see Section 4.4) contains also
the first step in the proof of the existence of a tau-function. The second step is to show the exsitence
of the tau-function. The argument is essentially the same as in [18] (see also [5]) and we leave the

details to the interested reader.

Acknowledgements. T.M. would like to thank Mikhail Kapranov for a very useful discussion on
localization of difference operators, which helped us to define the ring of rational difference operators
in Section 2.2. We would like to thank also Atsushi Takahashi for letting us know the reference [22]
about quantum cohomology of orbifold lines. The work of T.M. is partially supported by JSPS Grant-
In-Aid (Kiban C) 17K05193 and by the World Premier International Research Center Initiative (WPI
Initiative), MEXT, Japan.

2. PrROJECTIONS

The first goal of this section is to prove Proposition 1. The second goal is to establish several key
properties of the rings £, (« € {#, 2,3}) and the corresponding projections 7, : o) — 5(00(). We prove
two propositions which will be used in an essential way in the rest of the paper. While the second
proposition (see Proposition 9) is straightforward to prove, the first one (see Proposition 8) will

require some preparation. Namely, we will have to introduce rings of rational difference operators.

2.1. Proof of Proposition 1.

Proof. a) The neccessity of the condition is clear because

92(Q3) = d3(Q2) —[Q2, Q3] =[d2 — Q2,03 — Q3] € 5(0+) NEwH.

Suppose that the 0-curvature condition is satisfied. Let us prove that (3) is a direct sum decomposi-
tion for A = £,). The argument for &) is identical. Note that H; already belongs to the ideal in &,

generated by H, and H3. We have to prove that if P :=a(d, — Q)+ b(d3 — Q3) € €(O+) then P = 0. Note
11



that a and b must have the form

m m+1 .
a= ;ai(A, 93)dh, b= ;bjm, 9)3),
i= j=

where the coefficients a;,b; € R[I3](A™')). We argue by induction on m. If m = 0 then by comparing
the coefficients in front of d, we get ay = —b;(d3 — Q3). Using the 0-curvature condition we get
b1Qy(d3 —Q3) € 5(0+). This implies that b; = 0, otherwise we write b; = Zi'(:o blliag with by, # 0. The
coefficient in front of the highest power of d; is by xQ; and it must vanish — contradiction because

0
5(+)
a4y, = —b,,01(d3 — Q3). Using the 0-curvature condition we get

does not have 0-divisors. If m > 0, then by comparing the coefficeints in front of 95'*! we get

0,05 (92 — Q2) + by 195+ (95— Q3) = bm+1([Q3;95”](92 — Qo)+ 0y -Qy-(d3— Q3))-

Therefore we can write P as a linear combination of d, — Q, and d3 — Q3 whose coefficients are
differential operators of d, of orders respectively < m and < m+1. Recalling the inductive assumption
we get P =0.
Let us move to the case A = &5). After a direct computation we get that the 0-curvature condition
is equivalent to the following identities
€% _ 1

(11) 92(q3) = 95(42) = —5—

(9293)

Using (11) we get the following relation:
9y -Hy+q3H, = (A+1)-Hy.
Therefore, the left ideal £ H is generated by H; and H,. Put
H, :=d7'H =9d3+3;'q
and
Hy:=(d,+q2) "Hy=(1+95"q5) ' (1- 95" q2)A - 1.

We have to prove that if P = aH, + bH, € 8(02) then P = 0. Similarly to the above case, since the
coefficients in front of the highest power of d; in P vanish, we get that 2 and b must have the form
a=)ym", aiaé and b = z;ﬁgol b]-8]3, where a;,b; € R[A*']((9;'). The coefficients in front of 93! in P

must vanish = a,, = —b,,,1H,. We are going to prove that [ﬁl,ﬁz] = 0. Assuming this fact we get
a0y Hy + by 95 Hy = bm+1([9§",ﬁz]ﬁ1 +04 (=03 q1)- ﬁ2)-

Therefore we can complete the proof by induction on m. Let us prove that [H;,H,] = 0. We claim

that the vanishing of this commutator follows from the identities

(12) d2(q3) = d3(92) = 91 + 9293 = =293 — q1[1],
12



where the last identity is just the definition of q;, while the rest of the identities, being equivalent to
(11), are consequence of the 0-curvature condition. It is convenient to put M = (1+<951 g2)71(1 —851 q2)

The vanishing of the commutator [H,, H,] is equivalent to
(13) d5(M) =-93' ;M + My g, [1].
We have
d3(M)=—(1+ 95142)_1951(93(0]2)]\4 + 93(0]2))-

Substituting the above formula in (13), collecting the terms that have M as the rightmost factor, and

multiplying both sides of the equation from the left by d,(1 +d,'g,), we get that (13) is equivalent to
(=03(q2) + 41 + 4293 41)M = 93(92) = D2(1 + 93" 92)M 33" 9y [1].
Using formula (12) we transform the above equation into
~4295'43(92 = 42) — 93(q2) = (92— 42)95 ' qu[1]

This however follows easily from (12).
b) Let us first prove the uniqueness. We will argue that the derivations d, and d; are uniquely

determined from the 0-curvature condition and the 4 projection constraints
i (HoL) =71 (H3£) =0, ma(HpL)=0, m3(H;L)=0.

We already know that the 0-curvature condition is equivalent to formulas (12), that is, d,(g;) fora=b

is uniquely fixed. Let us prove that
1
(14) aa(qa): E (1_66%)(%), a=2,3.
The proof of the two formulas is identical, so let us consider only the case d,(g,). Note that 75(L£) =

9 -1
- +¢,+0(d; ") and that

(d2—q2) '"Hy=A-1- 22(851‘12)i~

i=1

Comparing the coefficients in front of 95 in

(02— q2) ' HyL£) = 0
we get

(A =1)(c2) +202(q2) = 0.

The formula for d,(g,) follows.

Note that 7, (H,L) = 0 is equivalent to

(15) da(L) = 10, ([Qa £])-
13



The derivatives d,(a;), d3(a;) (1 <i<n—4)and d,(cp) (2 <a,b < 3) can be determined by comparing
the coefficients in front of A’ for 0 <i < n— 3. Indeed, let us consider only the case d,(a;) and d;(cy),

because the other case is analogous. The operator £ has the form

'S

n—

1
an_3A”_2 + 51,1_4A”_3 + ) (g1 — ax1 )Ak + ( —a, + Z(CZ - c3))A +

=~
Il
(S

(—al—al[—1]+%(c2+c3))A0+~~,

where the dots stand for terms involving only negative powers of A. Let us split [Q;, £] into sum of

two commutators [Q,, £ — %(95 + 8%)] and

1 1
E[sz 95+ 93] = —5(9% +93)(Q2) — 92(Q2)95 — 93(Q,) 5.

The first commutator is already in E(O+) and it is a Laurent series in A~! whose coefficients are dif-
ferential polynomials involving only d,-derivatives. The projection 7, of the second commutator

is
1
—5(3% +03)(Q2) — 92(Q2) Qs — 93(Q2) Q3.

A straightforward computation, using formulas (11) and (14), shows that the above expression has

leading order term of the type

11—e—€9x(e€9x—1

- (4243) +1(C -c3[1]) )+
2 1+ €0 eeaxﬂfh% q3 3= C3111)92

(22(c2-cal 1) ;

#3(c2 = cal-1)aal-1]+ 56 - es[-1])asl-1])A% + O(A™),

Comparing the coefficients in front of A¥ in (15) for 1 <k < n—2 we get that d,(a;) (1 <i <n-3)and
d,(cy — ¢3) can be expressed as differential polynomials that involve only d,-derivatives. Comparing

the coefficients in front of A? in (15) we get that
1 1 1 —€d 1 —€0
592(C2+C3)—Zaz(cz—cz[—l]):§(3+€ ")92(C2+C3)—§(1—6 *)d2(ca —c3)

can be expressed in terms of differential polynomials that involve only d,-derivatives. The operator

—€d

3 + e7¢% is invertible, so the derivative d(c; + c3) is also a differential polynomial involving only

d,-derivatives. Finally, by comparing the coefficients in front of A"~2 we get

05(a,_3) = ay_3(1 — e 2%)(g,[-1]) = a,_3(q2[~1] - g2 [11 - 3]).

Since a,,_3 = ﬁe(”‘”“ the above equation implies dy(a) = ﬁ(qz[—l] —qga[n-3]).

Let us define d, and d3 as above, i.e.,

(16) 92(43) = 95(02) = 41 + 4205 Palde) = 3(ca—cal1]) (a=2,3),
14



and

(9u£)-m.(1Qu L)) =0

1,>0
We have to prove that H,L € £H for a = 2,3. We will give the argument for a = 2 only, because
the case a = 3 is analogous. Let us first prove that d,(£) — 7, ([Q,, £] = 0. Using formulas (16) it is
straightforward to verify that

(17) £:A+1Ailc+l/\ilg,

where

3
A= Z(ai/\i ~Ag) (A=A,
i=1

€= 5 (A= 1 (A~ A YA+ 1) = S(A+ 17 (s - s A (A= 1)+ 503+ QD)
and
0= 3((92+Q2)(02 - Qo) +(95 + Q3)(33 - Q)
Note that the above operators have the following symmetries
(18) M¥f=(A-AH M- (A-AHL, M=AcC,
and
Q- (A=A Q- (A=A = (A-AT1)(92(Q2) + 95(Q3)) - (A- A7),
Using the 0-curvature condition we also have
7, ([Q2, (g + Qa)(dy — Qu)] = —Q402(Qp) — 92(Q4) Qu — 920,(Q,).
Therefore,
(1, [Q2, Q) = (A= ATH[Q, QUA - AT = (A= AT1)(95(Q2) + 9293(Q3)(A - A7)
Using the above symmetries it is strightforward to check that

((A~A)(20) -, (102 D)) + (A~ AT (2200~ .10z, = 0.

By definition the operator (A — A‘l)(82(£) - 7'(+([Q2,£])) has the form Y 2, b;A™", so the above sym-
metry implies that b; = 0 for all 7.
Note that d, -~ Q,,Q € £, H. Therefore,

[02—Q2, A+Cl =7, ([02 = Q2 £]) = d2(L) — 1, ([Q2, £]) = 0.
Since H) = (A —1)(d, — Q,) the vanishing of the above commutator implies that

HyL=(A-1)AA-1)""Hy +(A-1)C(A-1)"'H, + H,Q.
15



The first term on the RHS is already in £H, so we need to verify that the remaining two terms add
up to some element in £H. A long but straightforward computation using the explicit formulas for
C,Q, and H, and formulas (16) gives that (A —1)C(A-1)"'H, + H,Q is given by the following formula

(%(8% +03)+ i(A(CZ —c3)+(ca—c3) A ey r ez ep[l]+ c3[1]))H2 +d3(q2)Hs.
Let us give the explicit formulas for the other case. We have
HiL=(A+1)AA+1)" Hy+(A+1)C(A +1)"'Hs + H3Q
and (A +1)C(A + 1)~ H3 + H3Q is given by

1 1
(5(8% + 9%) + Z(A(C2 — C3) + (C2 — C3)A_1 +Cy+C3+ Cz[].] + C3[1]))H3 + 92(q3)H2. ]
Let us point out that if the ring R is equipped with the derivations d, and d3 defined by Proposition

1, b), then we have
Hy = $(d; - q2)H3 — $(95 — q3)H,.
In particular, H; £ € £H, that is, the condition in Proposition 1, b) holds also for a = 1.

2.2. Rational difference operators. Let C(A) be the field of rational functions in A. If A is any C-
algebra, then we denote by A(A) := A®¢ C(A). Using elementary fraction decomposition, we get that
the A-module A(A) can be decomposed into a direct sum of A-modules as follows:
A(A) = @A@A” @ @ A®(A—a)™
n>0 aeC,n>1
We apply this construction for A := C[&7 | i > 0,& € Z]. The key observation is the following: if A
commutes with the elements of A, then clearly A(A) is a ring. This is not the case in our setting, but
the commutator [A, a] is proportional to €, so the failiure of commutativity may be offset by allowing

infinite power series in €. This idea can be realized as follows: Put
Era:=ClE (120, £ €8),e*)(A)[[e])

We claim that &, has a natural ring structure. It is sufficient to define (A —a)™! - P, where P Ais a

differential polynomial. In order to justify the definition, note that we have the following formula:

(o)

(19) (A=a)'P=) (-adp)"(P)-(A-a)"",

n=0
where both sides make sense if we expand them in the powers of A~!, that is, the above equality

makes sense in the ring A((A~!))[[€]]. For the proof, note that we have
(20) (A-a)'P=P-(A-a)' +(A—a)}(-adp(P))- (A—a)"L.
Replacing in this formula P by (—adx(P)), we get

(A—a)"! (=ad(P)) = (~adA(P))(A=a)"! +(A —a)! (-adp)*(P)(A —a)".
16



Therefore,
(A—a)'P=P(A-a)"  +(—adp)(P)(A —a) 2+ (A —a) "} (—adp)>(P)(A —a) 2.

Clearly, continuing this process by applying formula (20) with P replaced by (—ad)"(P), we will get
formula (19). On the other hand, if P € &, then (—adp)™(P) € €™&,,;. Therefore, the RHS of (19)

defines an element of £,,;. In other words, the Laurent series expansion operation
IN-1: Erap ™ A((A_l))[[e]]

provides an A-module embedding of £, and the image is a subring of A(A~!))[[¢]]. In particular, the
A-module &, has a unique associative product, such that formula (19) holds. The elements of the
ring &, will be called rational difference operators.

For every a € C let us denote by
IN-a grat - A((A - a))[[e]]

the Laurent series expansion operations. Let us recall also the rings S(Oi) = R((A*!)). Note that we

have an embedding
R(AT) = Alle(A™) € A(ATH)[[e],

which allows us to think of R((A!)) as the elements in A(A¥!))[[e]] that have a finite order pole at

A = oo or 0. Finally, note that we can identify
R[[A-all = Alle][A - a]] = A[lA - a]][[]

with the elements of A((A —a))[[€]] that are regular at A = g, that is, the series that do not involve
negative powers of A —a. There is a unique associative ring structure on R[[A — a]], such that the

multiplication satisfies
(A—a)-P=P[1]-(A—a)+aA(P), PeR,

where A(P) := P[1] - P is the forward difference operator.

The following properties are straightforward to check:

(i) For every a € C, there exists a unique associative ring structure on A((A — a))[[€]], such that
formula (19) holds for P € A(A —a))[[€]).
(ii) The maps ip+1 and 15_, are injective ring homomorphisms.
(iii) The ring R((A¥!)) is a subring of A(AT1)[[€]).

(iv) The ring R[[A —a]] = A[[A —a]][[€]] is a subring of A((A —a))[[e]].
17



2.3. The kernel of the projections 7.

Lemma 7. a) Suppose that P =) " aiaé +XYi bz-&g is a differential operator with coefficients a;, b; € R.
If ©,(P)=0 then P = 0.

b) Suppose that P = Y " a:d% + Z?j_nl b;A' is a differential operator with coefficients a;,b; € R. If
1t3(P) =0 then P = 0.

c) Suppose that P =) I, aiaé + Z?j_nl b;A' is a differential operator with coefficients a;, b; € R. If
705(P) =0 then P = 0.

Proof. Let us give the argument only for part a) for the case when 7, (P) = 0. The remaining state-
ments are proved in the same way.

Let us consider first the case when all b; = 0. We claim that gy = 0. Indeed, using the rlation
dy=(A-1)"1g(A+1)+(A-1)"1H,, we get that P = Gy + Y I"; GiHé, where the coefficients G; € &,
are rational difference operators that have a finite order pole at A = co and are regular at A = a for all
a # 1. By definition, 1p-1(Gg) = 7t (P), which is given to be 0. Therefore, Gy = 0 and we get P = GH,
for some G € £,,4[d]. Since P is independent of A, we get P = i15,1(G)H, in the ring R[d,][[A + 1]].
Comparing the coefficients in front of 88(/\ +1)° we get that ay = 0.

Let m = max{i : a; # 0} be the order of the differential operator P. We argue by induction on m that
a; = 0 for all i. Suppose that ker(m,) does not contain differential operators of order < m — 1. Note
that the operator P :=(a,,03 — d5(a,,)) - P is also in the kernel of 7,. However,

m—1

m—1
P Z ama3 83(61,”)611')83 + Zamaiaé_l(_ql + Hl)
i=1

i=1
and if we set H; = 0 in the above formula then we still have an operator whose projection 7, is 0 and

whose order is at most m — 1. The inductive assumption implies that

—

N m—1
P=) (a,0ds3(a;)—ds(a,)a + a,, 81 L =0.
i=1

3

Il
—_

i

Comparing the coefficients in front of 8£ forj=0,1,...,m—2we getthata; =0foralli=1,2,...,m-1.
This proves that P = 0 and since the ring R[d,] does not have zero divisors we get P = 0.

Similar argument works if a; = 0 for all i. Let m := max{i : a; # 0} and »n := max{i : b; # 0}. Then

it remains only to consider the case m > 0 and n > 0. We argue by induction on n that such a case is

impossible. Note that the operator (b,d, — d,(b,,)) - P has the form

,_

m n—

D (bud2 = r(by)a;ds+ ) (byda(bi) = Ia(b)bs)d5 + b boaz+Zb b;d5 ! (~q1 + H).

i=0 i i=1

I
o

If we set H; = 0 in the above expression we will get an operator whose projection 7, is also 0. The
coefficient in front of d3'*! is a,,b, = 0 while the highest possible power of d3 is n— 1 — contradiction

with our inductive assumption. O
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Proposition 8. The following equality of left ideals holds £ o\ HNE = EH for all a € {,2,3}.

Proof. The arguments in all 4 cases are similar, so let us consider only the case & = +. Suppose
P e &, HNE. We may assume that P is polynomial in A. Indeed, if not then we can always find
a positive integer n such that A"P € R[d,, d3, A]. The operator A"P € £, H NE, so if we knew that
A'"PeEH,then Pe EH.

Suppose that P is polynomial in A. We will reduce the proof to the case when P = P, + P, + P;,
where P, € R[A], P, € R[d,] (a = 2,3). Let us write

P=Y) pij(AN)h,  pij(A)eRIA],
ij,k

where the sum in i and j is finite. Using that d,d3 = H; —q; we can write P as a sum of an element
in £H and P, + P5, where P, € R[A, d,;] (a = 2,3). Let us write P, (resp. P;) as a sum of monomials of
the type (A - 1)ia§ (resp. (A + 1)ia§). Using the relation (A —1)d, = Hy + g(A + 1) (resp. (A+1)d3 =
Hj + q3(A — 1)) we can reduce P, to a sum of a polynomial in R[A] and a polynomial in R[d,].

Suppose now that P = P; + P, + P3, where P, € R[A]A, P, € R[d,] (a = 2,3). We are given that
0=m,.(P)=P +71,.(P,)+m,(P). The projections 7t, (F,) (a = 2, 3) have only non-positive powers of A.
Therefore, by comparing the coefficients in front of the postive powers of A, we get P; = 0. Therefore,

1, (P, + P3) = 0. Recalling Lemma 7, a) we get P, + P; = 0. O
2.4. Residue formulas for the projections.

Proposition 9. a) If k > 0 then the following formulas hold

ﬂi(ag)

Lipm (a’;Hgl (9, + qz))2 A ATY,

7'[3((915) = (aéHfl 82 )27[0183.

b) If k > 0 then the following formulas hold

T(i(a]?(,)

%LA11(8§H§1(83 ; q3))3 A —ATY,

15(9%)

akH—la) 9,
(31 i) 2

c) If k > 0 then the following formulas hold

B
=
>
"
=
1]

(=1)F + 2(Aikw (Hy' (A + 1)—1))1 s

ey (Ah) = 1iz(Ai’<1A;1(H51(A—1—1)—1)) .95,

Proof. Let us prove the first formula in a)

(21) 7 (38) = 5 1a (BEHT @u b a0)) ) (A= AT

19
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The remaining formulas are proved with the same method. Put

+00 .
(22) Hy' (0 +a) = (A=) + ) 37 v,
j=1
Using the formula
_ I+ =1\ mi
f-8’=2( ! )32]'9]z(f)
j=0

and comparing the coefficients on the right of 851 in

(02+02) = (A= 112, =qp(A+ D) (A= 1)+ )9y
j=1

we get
S

(23) v =2Q(A =AY, vy = Z( j )%(Qz)-vz_p 1=1,2,3,--,
=0

where recall that Q, = (A —1)"1g,(A + 1). Furthermore, note that

(24) Zail'vm = Qz‘Zail'Vl'
=1 =1

Indeed, the formula follows by comparing the pseudo-differential part, i.e., the terms involving only

negative powers of d, in
(92-Q2)-((A=17"+ )05 = (A= 1) (32 + g2
j=1
Recalling the definition of 7, we get

m.(02) = Qa1 (95) = Oa(mu(mh)) + 70, (95) - Qp  1=1,2,3,--.

It is straightforward to check the relation (21) is correct for I = 1. Let us denote by A; the RHS of (21).
We prove (21) by induction on k. Clearly, we need only to show that

(25) App1 = 92(A) + A1~ Q.

Substituting the expansion (22) in A; we get

!
(26) A= %Zaj”(vj).(A_A—l).
j=1
After inserting the above formula for A; in the recursion relation (25), we get that (25) is equivalent
to
! .
(27) v =-) 9" () Qb
j=1
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which according to formula (23) is equivalent to

l -1
—i4]
(28) =) %) ( )a’ Qz)-vLj.
j=0 j=0
Furthermore, let us rewrite (28) as

(29)  —Resy, (a; Hy' (94 q0)- 95" Qg) = Res,, (912—1 CQ, Hy' (9, + qz)), I>1,

which is equivalent to

(30) (02 H3' (0202005 QF) =(QarHy'(02442)

2,<0

Using the expansion (22) we transform the above relation into

_az.iazl.vl.azl.ngQz.iazl.vl
=1 I=1
< i8§l+1'vl’(/\—/\_1)'951'QzZQz'if?El'vl'(A—A_l)
=1 I=1
(by QF =~(A-A")- Q- (A=A
< Vl'(A—A_l)'9§1'Q2+Q2'i9§l'Vl‘(/\—/\_l)'351'Qz
=Qa- iazl v (A=A, (by formula (24))
I=1
o 2951‘Q2+i951'vl'(/\—/\_1)-9§1-Q2=iagl-vl-(A—A‘l)
I=1 I=1
(by w1 =20, (A —A*)*l)

o 29;'-Q(1-9;"- Zaz v (A=A

(by solving for Zagl ‘v (A= A‘l))
I=1

o 21-3"-Q) 14 A T =Hy - (dr+40) - (A—ATY) (by formula (22))

(=4 HQZ(A—l)'az—CI2'(A+1), (by1—851-szagl-(A—])_l.Hz),

which is just the definition of H;.
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3. EXISTENCE OF THE DERIVATIONS

In this section we are going to prove part a) of Theorem 4, except for the existence of the deriva-
tions of type dgx (k > 1). The latter are called extended flows. Their construction, based on dressing

operators, requires some additional work which we postpone until next section.

3.1. Auxiliarly lemma. The following simple lemma allows us to construct derivations of R com-

muting with d,.

Lemma 10. Suppose that B € £ is a differential-difference operator, s.t., the projections B* := 1, (B) satisfy
the following conditions:
(i) (B)* =~(A-A)B ia(A-AT)L.
(ii) 7, [B*, L]=m_[B,L]€&.
(iii) m,(H,B*)=m_(H,B")€&.
Then there exists a unique derivation d of R commuting with d, such that one of the following two

equivalent conditions is satisfied

(31) J(L) =, ([B, L)),
(32) J(H,) = -m,(H,B*), a=23,
or

d(L)-[B, L] € €H,
d(H,)-[B,H,|€ EH, a=2,3.

Moreover dd,(q,) = d,9(q,) for a = 2,3.

Proof. We claim that it is sufficient to prove that there exists a unique derivation satisfying (31) and

(32). Indeed, if we knew this, then let us write B* = B+} ,_, 5 B,H),, where P, € £,). We have

(33) [B*,£]=[B,L]+ ) ([P LIHy+PB[L,Hy)),
b=2,3

(34) [B*Hol = [B,Hl + ) ([Py, HolHy + P,[ £, Hy ).
b=2,3

Since HyL € £H, we get that 7, ([B", £]) = 7.([B, £]). Therefore, J(L) —[B,L] € £ )HNE = EH. Simi-
larly, d(H,) - [B, H,] € £, )H N E = EH. This proves that there exists a derivation satisfying the scond
set of equations. Conversely, suppose that there exists a derivation d satisfying the scond set of
equations. Then the relations (33) and (34) prove that the 1st set of equations (31) and (32) are also
satisfied and hence d must be the unique derivation satisfying the firs set of equations. Our claim is

proved.
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It remains to prove that there exists a unique derivation satisfying (31) and (32). Note that d is

uniquely defined by the equations

(91,4(£) = 7. ([B} 1 £1)) 0,

(i(H) + s (HiBL ), o = 0 a=2,3

1,20

and the requirement that it commutes with d,.. Indeed, the first equation determines d(a;), d(c,), and

d(c3), while the remaining two equations determine d(q,) (a = 2,3). We would like to prove that

L) = mn([B"L]),
d(H,) = -m,(H,B'), a=23.

First we will prove the second equation. Let us consider only the case a = 2. The argument for a = 3

is similar. Put
A= (A7 4 D(O(Hy) + e, (HoB) = (A + 1)(Hy) + (A= A™)(95(B") +[B", Q1)

Using Hf = (A~! + 1)Hy(A + 1)7! and conditions (i) and (iii) we get that A* = A. Recalling again

condition (iii) we write

m
a(H2)+T(+(H2B+) :611/\+€lo+ ﬂ_iA_i.
i=1

Then

m+1

A=aA+(ag+ar[-1])+ ) (a+aa[-1)A™,
i=1

where a_,,,_; := 0. Since A* = A we get the following m+1 equations: a_;+a_;,;[~1] = 0for 2 <i < m+1
and a; = a_q[1]+4ag. The first m equations imply that a_; = 0 for all 1 <i <m. Furthermore, ay = 0 by
the definition of d(H,). Finally, we get a; = 0 from the last equation.

Let us prove the first equation. We will use the following identity

(35) (L) -7, [B*, L))" (A= A7) (L) -, [BY, L)) (A-ATH) ™ =
Y (A=A (994(Qa) - 2a9(Qa) (A= A7)
a=2,3

where on both sides we could take either the expansion 15 or the expansion i5x-1 and the identity

holds in both cases. Let us prove (35). The main difficulty is to compute

36) (rott7,20) =18 M1 = Y (20800 + 3225))

a=2,3

where M := £ — 1(d3 + 93). It is straightforward to check that

(37) L8 = (A=A (L +92(Q) +95(Q3) (A=A,
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where on the RHS we take either the expansion in the powers of A~! or the expansion in A. Recalling

conditions (i) and (ii), after a short computation, we get that (36) transforms into

(A=A (A—A1)L,

7 B+ ) (02B7)+10u(B ) Qul + 1B, 94(Q))])

a=2,3

On the other hand,
040(Qq) = =040(9a = Qa) = 9a_((9a = Qu)B") = 9(B7) + o[ B, Qul.
Therefore,
(al1B,2)) = (A= A1) (e, [B",£]+ 3,0(Qu)) (A~ A

The above identity and (37) yields (35).
Put A := (A - A7) (d(L) -, [B*, L]). Then (35) yields

(38) —AF A= (A + M)A+ (Ay+ A5 — Ay[-1] = As[-1]) + A1 (A, + A5),

where A, := dd,(q,) — d,9(q,). The definition of d and condition (ii) imply that d(£) — 7t [B*, L] =
Y i>1a;A™" has only negative powers of A and that only finitely many a;’s are not zero. Suppose that
there exists at least one i > 1 such that a; # 0. Let us denote by m the largest such i. Comparing
the coefficients in front A="~! in (38) we get a,, = 0 — contradiction. Therefore A = 0, i.e., J(L) -
7, [B*, L] = 0 which is exactly what we wanted to prove. Note that as a biproduct of our argument

we get also that dd,(q,) = d,9(q,)- O

3.2. The derivation J; ;. Let us first prove the existence of the Lax operator L;.

Lemma 11. There exists a unique operator Ly = by oA+ 2, bllz-Al‘i with coefficients b; € R, such that,

(A-1)(n-2) 1

o =exp( o (@) ()= 1

Proof. In order to avoid cumbersome notation let us write b; for by ;. Let us first check that the

coefficients in front of A"2 in 7, (L) = ﬁ L’ffz match, i.e., the following identity must hold:
1
ap-3 = mbobo[l]'“bo[” -3].

On the other hand, 4,,_3 = ﬁe(”‘z)“ and

A-1)(n-2 _
%(1+A+-~+A” ) a) = (n-2)a.
Our claim is proved.

Comparing the coefficients in front of the powers of A"27 for i > 1 we get a relation of the

following form

[e)

n—

(D (Bo-+bols = 1)bols+ 1 =]+ boln =3 = DA )(bi) = -,
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where on the RHS we have an expression involving by,...,b;_; and the coefficients of 7, (£). The
operator on the LHS that is applied to b; belongs to R[d,]|[[€]], i-e., it is a formal power series in €
whose coefficients are differential operators in d, with coefficients in R. The leading order term is
the constant n — 2 because by =1+ O(e) and A =1+ O(¢), so the operator is invertible as an element
in R[d,][[€]]. Therefore we can solve for b;, get a recursion that uniquely determines L;, and using a
simple induction on i prove that b; € R. O

Let us recall the difference operators By ; (k > 1) defined in Section 1.4. We will check that B* :=
Bj  and B™ := By satisfy conditions (i)—(iii) in Lemma 10. Note that condition (i) is immediate from
the definition of B} ;. We have to verify only (ii) and (iii).

To begin with, note that the decomposition (17) and the symmetry (18) implies that

(39) L=75 117 +101Q = 75 (L) +10Q,
where

0= }{(92+Q2)(2:- Q2) + (95 + Q3)(05 - Qs )
and
(40) L= ia(A=AT) LT (A-ATY.

In particular, n_(£) = ﬁ(LI)”’Z.
We have by definition that

 (HyBix) = (A—=1)(d2(Bik)+[Bixia1Q2])

n_(HyBix) = (A—=1)(0d2(Bik)+[B1ktaQ2]).

Subtracting the second equation from the first one we get

1. (HyBy k) —t_(HBy ) = (A=1) By & H, =0

)_A"

mezZ

where we used that By is divisible from the right by (A - A™!). We claim that [d;, — Q,,L;] = 0.
Indeed, using (39) we get that [dy — Q,, L} ™%] = 71, [ — Q,, LT72] = 0. Suppose that that [dy - Q), L] =
a, A™ + O(A™!) with a,, # 0, then the vanishing of the coefficients of the highest power of A in
[0 - Qy, L{7?] yields

n—2
Y b1obio[1]-+boli = 1ay[ilby olm+i]-+-by o[m+n—3] = 0.
i=1

Since by ) = 1 + O(e) the above equation implies that a,, = 0 — contradiction. In particular, our claim
implies that n+(H2L’f) = 0. Therefore, v, (HyBy ) = 1 (Hp(By x — L'l‘)) is a Laurent series in A~! that

involves only powers of A that are < 1. This completes the proof of condition (iii).
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Let us prove that condition (ii) holds. We have
70, [B1o, L] = [By g, M] + 370, [B1 1, 03 + 93],
where M := L - %(8% +d3). Similarly,
7_[Byx, L] = [By g, M]+ ir_[By t, 95+ 3].
It remains only to notice that
31, [By g, 93] = =04(Byp)ia-1Qu — 292(Byx) = $m_[By g, 93],

where we used that By i is divisible from the right by A-A"1, 50 da(B1x)Q, € R[A,A™']is a difference
operator. Finally, note that 7, [By, L] = 7 [By ) — L]f,L'] € A" ?R[A7!] because B;; - L'f does not

involve terms with positive powers of A.
3.3. The derivation d, ;1. Let us prove the existence of the operators L,.

Lemma 12. There exists a unique pseudo-differential operator L, = d, + Y%, b, ;9L (a = 2,3) with

coefficients in R, such that,
15
b1 =0, (L) = ELa'

Proof. The proof is straightforward computation by comparing the coefficients in front of 92, d,, and
dl7" (i > 1). The first identity is trivially satisfied. The second one is equivalent to b,; = 0, and the
remaining ones, give a recursion for solving by ;,; in terms of by 1,by 5,..., by ;. O

Let us recall the differential operators B, ;,; from Section 1.4. Put

1 - —
B =y (L7 @G a) (A=A, =23,

a,[0]

where H,! is the inverse of H, in the ring R((A))((d;')). Recalling Proposition 9, we get Bi el =

T(i(Ba,ZlH)-

Lemma 13. Suppose that a € {2,3}. Then the following properties are satisfied.
a) The operators d;'Hy, (0, + q,) "' H,, and L, pairwise commute.
b) L =-0,-L,-d;" and (L2+1),10) = 0.
c) n+(HbB;21+l) =n_(HpB, ,,,) (b=1,2,3).
d) 0 ([Bg 511, £1) = (B, 5151, £]-

Proof. a) Let us argue in the case when a = 2. The case a = 3 is similar. We have already proved that
Hl = 8§1H1 = 83 + 8£1q1 and

Hy:=(d2+q2) ' Hy = (d2+42) " (da—q2)A - 1
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commute (see Proposition 1). Let us prove that [H,,L,] = 0. The argument for the remaining identity
[H,,L,] = 0 is similar. We have

[Hy, L3] = ((92 +92)71 (92 — q2)(L,[1])> = L3(9, + q2) ' (2 — 612))/\'

By definition L2 = 27,(£) and we know that H,L € &) H. Therefore, n2([ﬁ2,L%]) = 0. On the other

hand, if 7t,(AA) = 0 for some A € 5(02), then A = 0. Indeed, by definition

(AN) = A(dy — q2) 7 (92 + q2)

and the operator (d,—g,)~' (9, +¢,) is invertible. This proves that [H,, L%] = 0. Suppose that [Hy, L,] =
am(AN)IY + 0(831_1) with a,, = 0. The coefficients in front of 8%’”“ in [ﬁz,L%] = [H,, L)Ly + Ly[Hy, L]
is 2a,,(A) and it must be 0 — contradiction.

b) It is enough to check that (L%)# =d,- (L%) -d5'. Indeed, if this was known then X := -d,' - L% -0,
is a pseudo-differential operator of the form d, + O(d;') solving the equation 7t,(£) = XTZ However,
we know that such a pseudo-differential operator is unique and by definition it is Ly, i.e., —d5' - L% -
d, = L,, which is the first formula that we have to prove. For the second formula (L%l+1)2,[0] =0

we argue as follows. We have (L%”l)z,[o] = Res,, (L%l“agl). Let us recall the following formula

#
(Resaz(P)) = —Resaz(P#) for every pseudodifferential operator P € R((&El)). In the case P = L%l“agl,
we have P* = —P, so Res,, (P) = 0.
Let us prove that (L%)# =d,- (L%) : 851. By definition L% = 215(L). Let us write the operator

L =A+ %05+ 1093. Recalling Proposition 9, c) we have

7'(2(A) = 2(A1,>0 LA (Hz_l(A_l + 1)_1)) 82—2(A1,<0 LA (Hz_l(A_l + 1)_1)) 82 +A|A:_1,

1,[0] 1,[0]

where for A = Y. a; A" we set A[p__; := Zi(—l)iai. It is straightforward to check that A[x-_; = c3.
On the other hand, by definition —L5L%"% = i, (£) and the 7, projection of d5 and d3 involves only

non-positive powers of A, while 77, (A) = A. Therefore, A 5o = ﬁ(L’fJ)DO. Furthermore,

A (Hy AT + 1)) =40 (92 - Q) A= ATH )

involves only negative powers of A. Therefore, replacing A; 5 by %L’f’z does not change the con-

tribution to the projection 7,(£). Similarly, replacing A; o by ﬁ(LI)”‘2 does not change the contri-

bution to the projection. We got the following formula for 7t,(A)

2 ti2ias (92 - Q)M (A= AT 0]92—2(ﬁ(LI)”_21A((92—Qz)_l(A—A_l)_l)) 9, + cs.

1 1,[0]
Using Lf =(A- A’l)LI(A —-ATH L Qg =—~(A-=A"1Qy(A-A"")"!, and that L, (resp. L]) commutes
with dy —i1p-1(Q5) (resp. dr —iA(Q7)) we get that

(2(A)* = 95 - 11(A) - 951 = Dy (c3) - 95
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A direct computation (or using Proposition 9, b)) yields
#
§(m2(03)) = 05 mal03)-03" + Oa(q1) - 35"
Therefore, we get the following relation

(12(L)* = 95 - 15(L)) - 5" = (93(q1) — Da(c3)) - I3

2
We claim that the RHS is 0. This follows from part a). Namely, the operators %L% =713(L) = % +c3+

0(851) and angl =dy+ aglql commute, i.e.,
% b3+ 0(951),0,+ 951 | =
5> +c3+0(d37),d,+d37g91|=0.
Comapring the coefficients in front of 8g we get dy(c3) = d3(q1)-
c) We will prove a stronger statement. Namely, we claim that for each pair (a,b) there are a,; and

Bab € R such that HyB, 5141 — @, A — Bop € EH. Suppose that a = 2, the case a = 3 is similar. Let us

prove the statement for b = 2. Recalling Proposition 9 we get
1, (HyByp141) = Sip-1 (H2(L%l+1)2,zoﬁz_l )(/\ A7),

Using (H,L3"1)) 50 = Hy(L3#1)5 50 + (A = 1)resy, (L3'!) and the fact that Hy! = (A-1)"! + O(9;!) has

only non-positive powers of d, (see formula (22)) we get
7o (HaBoar) = $ian (L3 G (A = A7) = (A = Dres,, (13*)(A ! +1),
According to part a) L, and H, commute, Hzﬁz‘l = d, + ¢;, and by part b) (L%ZH)Z’[O] = 0. Therefore
1, (HyByo1) = 5(A=AT) = (A= HAT +1) = S(r=r[1])(A + 1),
where r = Resaz(L%l”). From here, recalling Proposition 8, we get H,B; 5741 — %(r —r[1])(A+1) €
EyHNE = EH. In particular, we get the following formulas
ayn = Pap = 5(r—r[1]).

Let us move to the case b = 1. Recalling Proposition 9 we get

13(H1Byp141) = (17[132,21+1ﬁf1 )2 o) ds.

On the other hand, using that (Hngl”)zzo = Hl(Lgl”)z,Z() +d;3 -resaz(Lgl”) and that ﬁfl =d;! +

O(d5') has only non-positive powers of d, we get

13(H1Byp141) = (HlL%ZHHfl)z [0]93 —-d3-1,

where r = Resaz(Lg”l). According to part a), the operators L, and H, commute. Since Hlﬁl‘l =d,

we get

n3(HyByop1) =103 =03 -1 =—d5(r).
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Recalling Proposition 8 we get H; B, 51,1 + d3(r) € £3H N E = EH. Let us point out that
a1 =0, Bo1=-05(r)
Finally, for the case b = 3, let us recall the identity
(A-1)H; =q2H3 + d3 - H,.

Multiplying both sides by B ,;,1, taking the projection 7, and using that

10 (HBais1) = —05(r) 1, (HaBopp41) = 3(r—r[1])(A + 1),
we get the following identity

—(A=1)d3(r) = o, (H3Bg 2141) + 393(r = r[1])(A+ 1) + 3(r — r[1])g2(A - 1),
which yields
g2 (H3B3 5141) = —%(93“ +1[1]) +qa(r - 7[1]))(/\ -1).
Comparing the coefficients in front of A we get that 77, (H3B; 5/4+1) = a2 3A+ 3 forsome ay 3,23 €R
satisfying
92B23 = —q2023 = %(93(7 +r[1]) +qo(r - f[l]))~

It remains only to use that H3B; 51 —ay3(A-1)e £y HNE = EH.

d) Let us give the argument for a = 2. The case a = 3 is similar. Since B§,21+1 = T(J_,((Lgl*l)z,zo) and
H;L € EH, we have TZJ_,[B;—'JHI,,C] = Tzi[(L%l“)ZZO,[I]. It is sufficient to prove that the 7t, -projection of
[(L§l+1)2,20,£] is a difference operator, i.e., it belongs to the ring R[A, A~!]. Indeed, if we knew this
fact, then

(L3 )50, L] - 10 [(L3 )0 50), L] € ENEH = EH,

where we used Proposition 8. The above statement implies that 7(+[(L§l+1)2,20), L]= 7(_[(L%ZJrl )2,50) L],
which would complete the proof.

Note that
[(L%l+1)2,20'£] = [L%l+11£]2,20 + 82(resa2(L%l+1))'

Therefore, it is enough to prove that T[+[L%l+1,£]2'20 is a difference operator. Let us decompose the

operator

(41) ,C:%L%-I-Aﬁz-i—a?,'ﬁl—%ﬁlz,

where H, = (d, +q,)"'H, and H; = d5'Hj. The last two terms in (41) coincide with (93 — ,(93)).
The terms of £ that involve only A decompose by the following recursive rules:

A= (dy—qoli = 1)) ' AT Hy + (95— qoli = 1)) 19y + o i — 1A
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and
AT = (92 + g =) AT Hy + (02 + o[ =i) 7 (92— gal -i)AT,
where i > 0 is an integer. Therefore, the coefficient A € ’R[A,A‘l]((agl)). According to part a) the

operators Ly, H,, and H; pairwise commute. Therefore,

(L3, L]550 = ([L§l+1,A]ﬁ2) - (33(L%l+19§1)H1)

2,20 2,>0"

Note that
(95(L3"*1 951 H ), = (95(L31*1931)), _ Hy =Res, (95(L3*19;1)) - 05 = 0,

21+1
L2

where for the last equality we used that ( )2,0] = O (see part b) ). We get

yn ([L%l“,ll]zzo) - ([L%IH'A]HZ)L[O] T (([L%ZH'A]ﬁz)ZW)'

The first term on the RHS is a difference operator, while for the second one we recall Proposition 9

part a) and we get

m(([L%l“,Alﬁz) )= (L3 A = (L3 Al g o)y ) (A= AT,

2,>0 2![0]

This is clearly a difference operator. O
We claim that the operators B* := B;*' 5141 Satisfy the conditions (i)-(iii) of Lemma 10. Conditions (ii)
and (iii) follow from respectively part d) and c) of Lemma 13. We need only to verify that condition

(i) is satisfied, that is,
(42) (o)) = =(A= AT By (A= AT

Again let us give the argument only for a = 2. The case a = 3 is similar. Recall that the residue of a

pseudo-differential operator P =} _;p; 6% is defined by res;, (P) := p_;. We have
B§,21+1 = Liai Resy, (Lg”lﬁgla;l )(A -A7h.
Using the following simple formula
(43) (Resaz P(A, az))# = —Res;, P*(A, 35)
we get
(B3 1)” = $(A = A7) Resy, (=027 (7)1 142!+
Recalling Lemma 13, a) and b) and
A =0, (Ho+1)" ;!
we get

(BS 31" = —L(A = A™)Res,, (Lgl“ﬁ;l 95 + 1241951 )
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In order to prove (42) we need only to recall that according to Lemma 13, b) Res;, (L%I”agl) =0.

4. EXISTENCE OF THE EXTENDED FLOWS
4.1. Dressing operators. Let us recall the notation from Section 1.3.

Proposition 14. a) The derivations d, and d5 can be extended uniquely to derivations of Ry such that
€dy, d,, and d3 pairwise commute and d,(S1) = Q,S1, a=2,3.
b) The coefficients of the operator series {1 := €dy(S;) - Sy belong to R.

Proof. Let us extend the derivations d, (a = 2, 3) to derivations of R4 via the given formula d,(S;) =
Q.- S1. We need only to prove that €d,, d,, and d; pairwise commute as derivations of R;. The
commutativity of d, and dj is a direct consequence of the 0-curvature condition. Let us prove that
d, and ed, commute. The argument for d; and ed, is similar. We have to prove that €d,d,(S1) =
02€09,(S1)-

The first step in our argument is to prove that the derivation d, commutes with the translation

operator A"~2, Using that

1
n—2

1
LI =m(L)=L- 5((32 +Q2)(d2 = Q2) +(d3+ Q3)(d3 - Qs))
and
1
02(£)=[Qa L= H(33+ D))= ) (592(Q2)+4(Q)Q,)
a=2,3
we get do(L772) = [Qy,L17?]. Let us substitute LV™? = ¥ °b, ;A" 2" and S| = Y2 l,bl,j/\ﬁ' in

L1725 = S{A""? and differentiate the resulting identity with respect to d,. We get

oo k
HLF2)S1+ ) ) buida(rpiln—2-i)A" > = 95(5))A" 2.
k=0 i=0

Since 82(L’11_2) = [QZ,L’f_z], d,(S1) = Q,5;, and L;‘_zsl = 51 A"2, the above identity yields

k k
me,iaz(%,k—i [n-2-i])= th,i92(¢1,k—i)[” —-2-i].
i=0 i=0

A simple induction on k yields d, A""%(p1 ;) = A2 9, (¢py x) for all k > 0.

Now we are in position to prove that (€d,0d,)(1; ;) = (dp0€d,) (¢ ;) for all i > 0. For i = 0 the equal-
ity is straightforward to check. In particular, it is sufficient to prove that (ed, o d5)(¥1,i/1,0) = (d2 0
€dy)(P1,/11,0). We argue by induction on i. Formula (5) can be written as (1-A)(41,;/11,0) = fx, where
fx € Ry is a formal power series in € whose coeffcients are differential polynomials in ¢, ¢; 1,..., 1,1
with coefficients in R. Using the iductive assumption we get d,(€d,) (fi) = (€9x) d2(f) for all I > 0.

Therefore

& ~ 1_An—2 B 1_An—2
b )= = A
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Let us take the equality between the first and the last term in the above formula. After exchanging

€d,

the order of d, and 1 — A"~2 on the LHS and applying to both sides the operator A we get
P1i\ _ €dy €0y Py,
R e e AR =060, 1),
x Y2 lzbl,O 1-A Z(fk) 2 1 _A(fk) 260y Inbl,O

where for the second equality we used the inductive assumption and for the thrid equality we recall
formula (5).
b) The idea of the proof is the same as the proof of Theorem 2.1 in [4]. Let us first prove the

following general statement about pseudo-difference operators: let
R=C[3}Pjlm=0, j>1][e]

be the ring of formal power series in € whose coefficients are differential polynomials on the infinite

€ acts naturally on R, so we

number of formal variables i,1,,.... The translation operator A = e
can define the ring of pseudo-difference operators R((A~')). Let us define the following pseudo-
difference operators:
S:=1+ Z%A‘j, L:=SAS™!, (:=€d (S)S~".
=1

We claim that the coefficients of ¢ are differential polynomials in the coefficients of L, that is, the
coefficients of zbelong to the differential subring of R generated by the coefficients of L.

Let us prove the above claim. The idea is to compare the coefficient in front of A? in the following

equations:
ed (L") =[¢, L"), m>1.

Let us write £ = Y2, a;A™" and I =A™+ Z;; um,jAm_j, then we get

m—1

(44) €0 (1t ) = (1= ") @) + ) (1= %)@ty [~i])
i=1

In order to complete the proof it is sufficient to prove that

ed (o PP .
(45) Ay = Tni—:ax(um’m) - Zm(“ium,m—i[—l])-

i=1
The recursion (44) implies that the derivatives of the LHS and the RHS of (45) with respect to x are
the same. We have to prove only that the integration constant is 0. Let us turn R into a graded ring
by assigning degree i to 9"); for i > 1, m > 0. We leave it as an exercise to check that the ring of
constants of R, that is, the set of elements A € R, such that, d,(4) = 0, is C[[¢]]. In other words, the
ring of constants coincides with the subring of homogeneous elements of degree 0. On the other

hand, note that the coefficients a; and u,,; are homogeneous of degree i. The difference of the LHS
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and the RHS in (45) is homogeneous of degree m > 1 and its derivative is 0, so it must be identically
0.

Now the proof of part b) can be completed as follows: Put S = gbi})sl. Note that the coefficients
of the pseudo-difference operator L := SAS™! = ¢f,1()L1¢1,0 belong to R, because e?l/I-? € R for all
i € Z. Recalling the claim from above, we get that the coefficients of (= €9,(S)S7! also belong to R.

Finally, the coefficients of the operator

_1_ €9x(P10) = 1 _ (n-2)ed o
01 =€0d,(S1)- S = :DT + o€ 1y = Tn_;(a)ﬂ,bl,o o
belong to R, which is what we have to prove. O

Proposition 15. Suppose thata=2,b=3o0ra=3,b=2.
a) The translation operator A = e’ and 9y can be extended uniquely to respectively an automorphism

and a derivation of the ring R, in such a way that A, d,, and d3 pairwise commute, and
L= (90~ 42 (da+da) T 9p(Te) =05 41+ T

b) The derivation €d, can be extended uniquely to a derivation on R, such that €dy, d,, and d3 pairwise
commute and A = e<%~. The coefficients of the operator €, := €d,(S,)- S, belong to R.
Proof. a) Let us give the argument for the case a = 2 and b = 3. The other case, a=3 and b =2 is
similar. By definition,

d2(T) = (d2 = Ly)- Ty
Let us extend the translation operator A and the derivation d3 to R, by the given formulas, that is,
To[1]= (92— 42) ' (D2 +42) T,
93(T) =95 41 - T».

The commutativity of the extended translation operator and the extended derivation d3 is equivalent

to

33((92 ~32) (2 + ) Ty) = =5 - @1 [1]- Tu[1]

Substituting the above formulas, after a short computation, we get that the above identity is equiva-
lent to the fact that Hy := 95 + dy'q; and H, := (95 +q2)"1(d5 — g2) A commute. This however, follows

from part a) of Lemma 13. Similarly, the commutativity of A and d, is equivalent to

> ((32 —q2) 7' (da + 612)T2) = (dy - Ly[1])- To[1].

The above identity is equivalent to the fact that L, and H, commute, which again follows from part
a) of Lemma 13. Finally, the commutativity of d, and d5 is equivalent to the commutativity of L, and
H.
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b) Let us define pseudo-differential operators Z(zm) e R[[d;']]105! (m > 1) by the following two con-
ditions:
(1) g(2m+1) =0, -{7(2"1) + eaxi‘;”) with {7(20) =1and (7(21) =0,,
(i) X0 65" /m! = (92 +42)™ (92 - ).

Let us check that conditions (i) and (ii) uniquely determine the sequence ng). Condition (i) defines

27‘2"" in terms of {5, so we need only to check that ¢, = Y is1 aia;' is uniquely determined by condition
(ii). Note that ?2"1) = (edy)™ 1(€;) + ---, where the dots stand for a differential polynomial in ¢, that
involves at least quadratic terms in ,. In particular, the ceofficient in front of 0 in Y s Z(zm)/m!
has the form
e — 1
€d,

(a;) + terms involving ay,...,a;_;

. €dx _ .. . . . . oy ey o .
Since the operator “— L is invertible, the identity in condition (ii) is equivalent to a system of recur-

sions, which uniquely define the coefficients a; (i > 1).

Let us extend the derivation ed, to a derivation on R, by the following formula: eax(Tz_l) = Tz_l 0.
Using the fact that d, commutes with ed, on R and condition (i), we get (€d,)™ (T, ) = Tz_lg(zm) for all
m > 0. Recalling condition (ii), we get that the extension of the translation operator to R, coincides
with €%, It remains only to prove that [d,,€d,] = 0 on R,.

Put ¢, = T; - [d, (€9,)™](T,). According to part a), we have [dy, A] = 0on R, = Y 7, ¢,,/m! = 0.
By using [d;,€d,] = 0 on R, we get the following recursion relations for the commutators ¢,,: ¢,,.1 =

Osc, + cli(zm) +€dycp,. Using this recursion relation, by induction on m, we get the following formula:
m-1 k A . L
(46) Cm = ZZ(i)Z(zz)(eax)k_z(cl -g(zm_l_ )) = (edy)" (c;) + at least quadratic terms.

Then assume ¢ =} {2, cl,ia;'. By comparing the coefficient of a;’ in ) /2 c/m! =0, we get
eeax -1
€d,

. €dx_1 . . . . . . . .
Since the operator “—; L is invertible, by induction on i, we get a; = 0 for all i > 1, that is, ¢; = 0.

(c1,;) +terms involving ¢; 1,...,¢ j_; = 0.

Finally, note that ¢, = —272, so the coefficients of ¢, belong to R as claimed. O
Corollary 16. The operator
T/ 0,T,0;" € Ruld;'], a=23,
commutes with €dy, d,, and 0ds.

Proof. The commutativity [P,ed,] = 0 is equivalent to P[1] = P. Indeed, let us assume that P[1] = P

the other implication is obvious). Expanding P = Y % . P.eF and comparing the coefficients in front
p p g k=0tk p 8
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of €l in P[1] = P we get d,(P) = 0 and hence Py[1] = Py. Clearly, we can continue inductively and
prove that d,(P;) = 0 and P[1] = P for all k.
Let us check that

(47) T/[119, T,[1]9," = T} 9, T, 9,".
Using that
Tu[1]= (9~ 2) " (90 + 42) T,
and
T[] = ATIA™ = (T[1)" = T7(9s ~ 4)(0a + )",

we get that the LHS of (47) is equal to

T (90~ 4a)(9a +40) ™' 9al0a — 42) " (0 + 42) Tu05 -
This expression coincides with the RHS of (47), because

9a(9a=492)" (0a+ 4a) = (1-4,97") ' (1 +4,9;1)9,

and (0, —44)(9a +q4) 7" = (1 -4,9;)(1 +q,9,") 7.

The commutativity with dj, is proved in a similar way, using the explicit formula d,(T,) = —d;'q; T,.
Finally, to prove the commutativity with d,, let us conjugate the identity L, T, = T,d,, we get T/ L =
—d,TF. On the other hand, according to part b) of Lemma 13, we have L¥ = —-9,L,d;! = -0,T,0,T,'9;'.

Therefore,
T%9,T,0,T,'d;' =0, T} = |[TF0,T,0,,0,]=0. O

Using Corollary 16, we can give a proof of Proposition 3 as follows: Put A := T?9,T,d;' € 1 +
Ral[2;']]. Note that A* = 9;1Ad, = A, where for the second identity we used that A commutes with
dy. Therefore, A=1+) 72, ai8§2i. Recalling Corollary 16 we also have that the derivatives with
respect to dy, d, and dj3 of a; are 0. There exists a unique operator B = 1 + Z]?; bjang such that
B? = A. Indeed, comparing the coefficients in front of 8§2i we get a system of recursion relations for
b; of the form 2b; +--- = a;, where the dots stand for terms involving by, ..., b;_;. Clearly, the operator
B commutes with the 3 derivations and B¥ = B. Therefore the operator S, := T,B~! has the required

properties. U

4.2. Extension of the coefficient ring R. It will be convenient to extended the coefficient ring R to

R :=R[d,], that is, let us define
(cf = R[Ail,az, 83],

A

£y =R[92,95](ATY), €y =RIAATL93]((051), €3 =RIA AT, 9,]((951)
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and
EL = RUATY), €L =R((97"), &Y =R((93")).

We still have a direct sum decomposition A=A"® AH for all Ac {€) €0 E3)}, where AH is the
left ideal in A generated by H;,H,, and Hs. Therefore, we can define the projections 7, : A, — AY.

Moreover, the natural generalization of both Proposition 8 and Proposition 9 still hold.
4.3. The extended flows. We have the following symmetry

(48) (Agp)* = =0,A0xd;", a=2,3.

Indeed, since S¥ = 9,5;'9;! and by definition,

Au,k - (68 )

azkkl

the identity (48) is straightforward to prove. Let us define

Bg,=(Bg1+Bgo+Bgy (A=A,

where
i(( L(n—2)l L(n—Z)l #
B 1 _(logl —h)A—Zm—l] ; Az’””(—(lo L h)) ] ]
01" DY 1= ] gL1— 1 ’
m=0 (n=2)'I! 1,20 (n=2)I! 1,<0
N U & 1
Bopoi= 5| i Ha (3z+qz)10g((8z+qz) H2+1) :
’ 2,[0]
and

1 LZZ
3813'—51A1[—H (93+6]3)10g((93+‘i3) 1H3—1))
’ 3,[0]

Note that By, = 0 1 (A=AT 1). Recalling parts a) and b) of Proposition 9 we get that BO ¢ = T4 (Bo)-

We claim that the operators B ox and By, = m_(Box) satisfy conditions (i)—(iii) in Lemma 10 and
hence the extended flows dy; exist. We divide the argument into two parts. First, we show that
conditions (i)—(iii) of Lemma 10 hold provided that the coefficient ring R is replaced with R. Second,
we will prove that the coefficients of B(J—;’k belong to R, that is, the terms that involve the differential
operator €d, cancel out.

Let us check condition (i). The identity
Bl k1= ~(A=A")Bogi(A-AT)"
is obvious. We have

1 L _
7, (Buka) = 5iaResy, (AQ,kHzla;)(A—A .
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Note that Hy = Sy(A — 1)82_1 and A, commute, and that the conjugate of A, can be computed by

formula (48). Therefore, the same argument used in the proof of formula (42) yields
(7 (Bok,2)* = (A= A" )m_(Bo2)ia(A - A7)

Similarly,
(70 (Bok,3))* = =(A = A™)1_(Bo i 3)ia (A - A7)

Let us check condition (iii). It is sufficient to prove that each By ; (i = 1,2, 3) satisfies condition (iii)
with B* = B~ = By ; and R replaced by R. For i = 1 the statement is obvious, because Bok is a
difference operator divisible by A — A~!. For i = 2 we will use the same argument as in the proof
of part c¢) of Lemma 13 to prove that 7t (H,B ) € R[A*!] for a = 1,2,3. This would imply that

H,Box2—1,(H,Boy,) € ég)H NE = £H, that is,

(49) H,Box» € RIA* | ®EH,

so the projections 7t, and 7_ of H,Bx, coincide with the projection on the first factor of the above
direct sum (49). Let us see how the argument from the proof of part c¢) of Lemma 13 is modified in
order to prove that 7, (H,Bg ) € R[A*!] for a = 2. The modification for the other two cases a = 1

and a = 3 is analogous. To begin with, we have

(50) 5 HalAso)( A+ 1) = S(A = 1242 oo (A + 1)+ [(Az oo A +1), Q1)

Note that

Hy(Azk)2,50 = (H2A2 k)2,50 —Ha - (Ag k)2, 0]

Recalling part a) of Proposition 9 and the expansion Hgl =(A-1)"14+20Q(A-AH! 851 +---, we get
that

1 I 71— —
1ty ((A2k)2,50) = IR (I'IZAZJJ_I2 1 )2 O(A —AT

1 _
+ 5(‘]2(/\ +1)(Az k)2 [0] = a2(1‘\2,k)2,[0])(/\ L4 1) = (A= 1)(Ap )20 Q2.
Adding up the above formula and (50), we get that
1 ~_ _ 1 _
7 (HyBo,2) = ElAfl(HzAz,kHz ! )2 0(/\ ~ATh)+ E(A —1)(Ag)2,[0) (AT = 1)Q,.
The second term on the RHS is a difference operator, because (A™' —1)Q, = —q,[-1](A~! +1). The
first term is also a difference operator, because A,y and H, commute and Hzﬁz‘l =d, +q;.
The proof that By 5 satisfies condition (iii) is completely analogous. Let us move to the last step,
i.e., we will prove that By ; (i = 1,2, 3) satisfy condition (ii) with B* = B~ = By} ; and R replaced by

R. Again, this fact is obvious for i = 1 and the arguments for i = 2 and i = 3 are identical, so let us
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give the details only for i = 2. We follow the same idea is in the proof of part d of Lemma 13. Since

[Box,2 L] € &, it is sufficient to prove that the projection 7, ([By 2, £]) € R[A,A~']. We have

(51) [Bok,2, £] = ([Az i L])2,0 + %[(1‘12,02,[0](/\_1 —1), L]+ ds(resy, (Ag 2)).

The 7, -projections of the 3rd term is difference operators, so we have to check that the projection
of the 1st and the 2nd terms add up to a difference operator. Let us decompose £ as in (41). Since
A, x-commutes with H, and H; (see the conjugation formulas for S;), we get

[Ay kL1250 = ([App AlHa)p 50 — (93 (Ay 03" H, )2 "

Note that

_ 1 _ . ~
10, (([Ag, AlH2) 2, 50) = LA (([Az,k;A]H2)2,>0H2 ! )2 o] (A-A"1)

is a difference operator, because in the above formula we can replace ([Az,k;A]ﬁ2)2,>0 by ([Ayx, AlH,—
([Az,k,A]ﬁz)z,[o]: where only the second term could have a contribution which is not a difference
operator. However, this contribution involves only the 0-th order term of ﬁ; YA = A71) which is

A~!+1, that is, a difference operator. Clearly, n+(([A2,k,A]ﬁ2)2l[0]) is a difference operator. Note that

n+(83(A2,k851)H1 )2 o 93(A2k)2,[01Q3-

Recalling formula (51), we get that up to terms that are difference operators, the projection 7, ([Bg x 2, L])

coincides with

1 _ 1 _
—d3(A2k)2,[0)Q3 + ZTZ+([A2,k)2,[0];9§](A '-1)= _583(A2,k)2,[0](/\ '+1)Qs.

However, (A™! +1)Q3 = g3[-1](1 - A™!) is a difference operator, so 7, ([Bo 2, £]) is also a difference
operator.

Let us prove that the coefficients of Bg,k belong to R. We will consider only the case Bak. The other
case is similar. Since 1, ([A1, £]) = n+(HaA1“’k) =0, it will be sufficient to prove that the coefficients
of the operator By — Ai’,k € é(+) belong to R. The coefficients of the operator By — AI,k are at most
Ist order differential operators in €d,. The vanishing of the coefficient in front of €d, is equivalent

to the following identity

L ome 2m+1(L#)("2)k) 1y 1 ( L 1 L3 1 -1
AP A GRS ) (A AT =S (S, (S Ja-ath,
Z((n—2>k =2k | 2 272 Jojop N2 a0

m=0
Proposition 17. If k > 0 is an integer, then the following identity holds

(L oot pomen L) 1 L3 -1 L3 -1
Z((i—zv’\ T AT =5 ) (Z_stzAms2 )2’[0]_(2_153(—/\)"153 )3,[01 '

m=0 meZ
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The above proposition yields the identity that we want to prove. Indeed, since
ZszAms;l = 1A Sy(A=1)7'S5 = ipn H;!
m<0

and

- 253(—/\)’”53‘1 =ia1S3(A+1)71s5 =1 HS Y,

m<0

we just have to remove the terms that involve non-negative powers of A and multiply both sides by
(A—A1).

4.4. Proof of Proposition 17. We are going to prove a more general statement. Namely, put

M = Zsl Pk (9595(871) - A2,

12 ZAZmH ((3T85(51)) MPik-Sy )#,

(52 pok - 95(851) (—32)r)2 o

s (S -—85) ,
(3,“3k (S31)-(~95) 310)

where

. A(”*z)k . azk . azk
Wik = m, Wok = Z 2_21<Am: Ha k= — Z Z_Sk(_A)m

meZ mezZ

We are going to prove the following identity
r,s r,s 1 r,s r,s
(52) M +M2y = §(M2,k+M3’k).

The identity stated in the proposition is the case when r = s = 0. Let us introduce the following
notation: If P(A,d,,d;) € € is a differential-difference operator, then we denote by P the operator,
acting on S(J_,), such that A acts by multiplication, while d, and dj act by derivations, e.g.,

—

Hz(M):(A—l)(92(M)—6]2(A+1)M:HzM—(A—l)Ma2

Lemma 18. Suppose that i € {+,—,2,3} and k,r,s > 0 are arbitrary integers.
a) The following formulas hold:

Hy(M[}) = (A-1)M[',  Hy(M[) = (A+ )M

b) The following formulas hold:

N

,C(M:';)ZM 1]\/Ir+25__]\/1r5+2

r+1,s r,5+1
1k+1+82( ik )+a3(Mi,k ) 7 ik 2
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Proof. a) Let us prove the formulas for HZ(M ) and H2( ) The argument in all other cases is
similar. We have

Hy(M%) = Hy- M\ = (A=1)M]} - 9.

On the other hand, H,S; = (A —1)S;d,. Therefore, the above identity is transformed into

(o)
—

Fo(M5) = ) (A=1)S1 i1 (92 (9595(57) = (9595(S71)) - 92) = (A= )M,
m=0
We have
Fo(M55) = (HaS3p.05(85)(=05)" = (A= 1)S3pi3,93(53") (=052 .
Recall that Hy, = (A - l)angl - 9§1q2H3. Recalling also the conjugation formulas for S;, we get
H3S3 = (d3 +q3)S3(A + 1) and d3'H; S5 = S30,. Finally, note that (A + 1)u3 = 0. Putting these facts
together we get

FO M3 = (A= 1)(S5 i 2-05(531)- (=050 =S5 s 35(5")- (-5 0a)
The RHS of the above formula coincides with MZ;(LS.
b) Let us prove the formula for Z(M;,s() The remaining ones are proved with the same technique.

The action of £ can be computed as follows:

(53) Z<M>:(z;_%%_%%).M+8%gM>+32 =L M- Z(a M-9,-M- )
a=2,3

Let us apply formula (53) to M := Sy - pip i - 95(S;')(=0,)". The operator £ has the following decom-
position (see formula (41)):
HZ
£:TZ+AH2+83 Hl__-
Recalling the conjugation formulas for S,, we get

12 _
2-M =Sy pppsr - 95(S31)(=0a),

H,-M =0, because H,S, = (d, + 42)S2(A =1) and (A -1)uy ;. =0, and finally,

~ H? _ 93 s(c-1 r
d3-Hy— =5t |-M=(d3-5,-0d3-5,- 3| po - 0d5(5;7)(=0>)
Substituting these formulas in (53), we get

E(M) =Sy s - 0557 =00 + (955203 = 8, 5 ) po- 0557 )02 = ) (9 M -0, M-}

a=2,3

Substituting also the formula for M, after a short computation we get the following formula:
L(M) = S poer - 95(85 1) (=02

+ 93(32 Mok a§+1(52_1)(—92)r) + a2(52 ok 95(S31) (=) )+
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1 1
- 5(52 Mok 9573(S5! )(—92)r) - 5(52 ok 95(S5! )(—az)r”)-

Since Z(M;i) = (Z(M))ZI[O], we see that the 1st line of the RHS of the above formula contributes

M., the 2nd line contributes 83(M;]5<+1) + 82(MZ;(1’5) and the 3rd line contributes —%M;fz —
%M;{z’s. This is exactly the formula that we wanted to prove. O

We prove (52) by induction on the lexicographical order of the tripple (k,r,s). If k =r =5 =0, then
the identity is obvious. Let
1
Pl i= M+ M7, - 5 Mz3 + M.
Note that the operator
Poi= ) Pops(-1)97 7 (-1)°95°!
r,5=0

coincides with

= el Ao PPN
Z(Sl.”l,kazlaslslll\ 2m 1+A2m+1(51ﬂ1,k821831511) )+
m=0

(Szﬂz,k9§152_1951)2 (Ssﬂs,kaElss_lagl)

1 1

2 <« 2 3,<0
This formula implies that P = P,. Let us prove that Py = 0. If k = 0, then let us check that (52) holds
if r =0 or s = 0. In terms of the operator P, this statement is equivalent to res,,(F) = resy,(F) = 0.
We have

oo 11 oo _ le-19e
resa, (Po)co = 5105 ST A = AT = 235 (A= 1) 4 S5(A+ 1)1 5105,

where the rational expressions in A should be expanded in the powers of A~!. Recalling the conju-

gation formulas for S; and S;, we get
- -1 Lo - - -
(9= Q) (A=A = S(051 (A= 17+ H3 (05 4 99)35" ) =0

Since PO# = Dy, the residue satisfies (resaz(Po))# = —resy,(Fy). Therefore, resy,(Fy) = 0 as claimed. The
vanishing of the other residue is proved in a similar way. Suppose now that (g, sy) is a lexicographi-
cally minimal pair such that P, # 0. Then ry > 0 and sy > 0 by what we have just proved. Recalling

part a) of Lemma 18, we get

(A=1)Py 5, = I_—)IZ(PO,rofl,so) =0
and

(A+1)Pyy,s, = H3(Porysp-1) = 0.

The first identity implies that Py, s, = (X,,cz A™)a for some a € R, while the second one implies that

Poryso = (Lmez(=A)")b for some b € R. Comparing the coefficients in front of A% and A, we get
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respectively that a = b and a = —b. This is possible only if a = b = 0 — contradiction. Therefore, Py = 0,
that is (52) holds for k = 0 and for all r,s € Z-(. Recalling part b) of Lemma 18, we get that if (52)
holds for some k and for all r,s € Z, then it must hold for k+1 and for all r,s € Z . This completes

the inductive step, so formula (52) is proved.

5. COMMUTATIVITY OF FLOWS

The main goal in this section is to prove part b) of Theorem 4.
5.1. Evolution of the dressing operators.
Proposition 19. The projections of L satisfy the following differential equations:
9 k7p(L) = 704 ([Bi k, 1p(L£)]) = [105(Bi k), (L),
wherei=0,1,2,3,b=4,2,3 and k is odd when i = 2, 3.

Proof. First, let us compute the derivatives of the operator H;. Using the relation H; = %(82 —q7)-H3z—
%(83 —q3)-H,, we get d;  H, € %(82 —qp)-d; Hs - %(83 —q3)-0;xHy + EH = —H; B + EH. Therefore

al"kHl +HlBi,k € &H.

The identity 7t,([B; k, 70(£)]) = [75(B; k), 70 (L)] follows from the definition of the projection 7, and
part b) of Proposition 1.
By definition, the projection 7t,(£) = £ + Zis:l A;H;, where A; € £;). Recalling Theorem 4, we get

9, k15(L)

m

3
[Bix, L]— ZAiHiBi,k +E&pH
io1

[Bi,k’nb lk’ZAH ZAHB k+5 )

(70 (Bi k), 70, (£)] +5(b)

Therefore, 81;;(71;,([:) - [T(b(Bi,k) 1, (L)] € 5( N g(b)H = {0}. O

b)
Furthermore, recalling the definitions (4), we get the following corollary:
Corollary 20. The operators Ly and L, (a = 2,3) satisfy the following differential equations:

9i kL = mu([Bj, L7]) = [m+(Bix), LT],

dikLa = 104([Bj k, Ls]) = [14(Bj k), La],

where L := Ly and L] is defined by formula (40). 0
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We would like to extend the derivations d;; of R to derivations of R; (i = 1,2, 3), that is, the rings
that contain the coefficients of the dressing operators. Recall that the Lax operators can be expressed
in terms of the dressing operators as follows: S;-A-S;' = LT and S,-d,-S;! = L, (a = 2,3). Comparing
these formulas with the formulas for the derivatives of the Lax operators (see Corollary 20), we get
that a natural choice for the extension is given by the following formulas:

a) The derivation dy  (k > 1)

0151 = (—(L])* + By ) - Sy,
01,kS2 =12(By k)" S,

d1kS3 =13(By )+ Ss.
b) The derivation d, ;1 (a=2,3,1>0)

9a21+151 = 10 (Bgo141) - S1s

aa,21+1 Sa = (_L§l+1 + Ba,21+1) . Sai
9421415 = 05(Ba2141) - Sps
where b = {2,3}\ {a}.
c) The derivation dg (k > 1)
doxS1 = (A7 + 1, (Box)) - S1,
dokS2 = (A +12(Bok)) - S,
do,kS3 = (=Azx +13(Bo k) - S3.

Recall that the rings R; (i = 1,2, 3) are equipped with the derivations €d,, d,, d3 and the action of the

translation operator A = e%.

Proposition 21. The following commutators in R; (i = 1,2,3) vanish: [d;,€d,] = [dj, d2] = [dj . 93],

that is, the extended derivation d; ; commutes with €dy, d,, and Js.

Proof. The vanishing of the commutators [d;,dx] = [dj, 2] = [dj,d3] = 0in R, can be proved in
the same way as in Proposition 14, a). We only prove the vanishing of the commutators in R,. The
proof of the vanishing in R is similar.

Let us prove that [d),d>] = 0in R,. Put L, = ¥/ by;0i7 and S, = Z;:(’) gbljagj, where by =1,
by,1 = 0and 1, = 1. Applying d;; to the relation L,S, = S,d,, we get

+oo I 1=
SZ+ZZD( ool ok =ayut50-0:
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Here gb(;;) = d5(h,p)- Since d; (L, = [7'(2(3] k), Lz)] and d; 1 (S2) = nz(Ej,k)Sz, where

Bk, j#2and j=0;
Bj,k= —L’§+B]’,k, j=2andj=0;
—Ask+Box, =0,
we get
I 1-i 1—i (iep 11— . (I=i—p)
CURED B9 W PR T B 09 WY PRl A

i=0 p=0 i=0 p=
Formula (54) for | = 2 yields aj’k(l,b(z}l)) (9 k2, ). Arguing by induction on I we get 9 k02(h2) =
azaj,k(llbzll). Thus [aj’k, 82] =0in Rz.
Let us prove that [0, A] = 0 and [d;,d3] = 0 in R,. For brevity, put A, = (d, - 32)71 (92 + q2)
and Ay =A+A-H,, where A=—(d,—q,)"! € &(2)- Recalling Proposition 15 and using that [d; , d5] =
[A,dr] =0, we get

[0k, A(S2) :(aj,k(Az) + Ay - 10(Bj k) = 102(Bj i )[1] ‘Az) +S)
Therefore, we only need to prove that dj(A,) + A; - 705(Bjx) — 7(Bj¢)[1] - A, = 0. In fact, since
djxHy =—H;Bj +EH, we have
9 k(A2)+Az - 15(Bj i) = m2(Bjx)[1]- A,
=A-0Hy+ A -105(Bj i)+ A-Hy - 105(Bj k)
—10(Bj)[1]- A+ EH € EgH N EY, = {0},

The vanishing of [d; ;, d3] in R, is proved similarly. Finally, let us prove that [d; ;,€d,] = 0in R,. Put
¢ = S2-[9j 1, (€94)"](S3). Since [djr, A] = 0 in Ry, we have } ;' c,,/m! = 0. Using that [0} i, €d,] = 0

in R, we get the following recursion relations: ¢, = Crc + 615(2 + €dyCy,. The rest of the proof is

the same as the proof of [d,,ed,| = 0in R, (see Proposition 15). O

Remark 22. Proposition 21 is very important, because it implies that the Leibniz rule holds for
pseudo-differential-difference operators with coefficients in R;. In particular, the following formula
holds:

af,k(si CAM195295° 51'_1) = 0jk(Si)- AM 932957 - ST+ 5 A 932950 9 (S). O

We will use quite frequently the following dressing formula: L] = (Sf)#A’l((Sl‘)#)’l, where S7 :=
(A =A"HST a1 (A = A71)7L Using the formulas for the derivatives of S;, we get that the following

formulas for the derivatives of the dressing operator S;:
k(ST = (L) + Bug)-(S7)",

2141 (ST)* = (B pi1) - (ST,
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Ao (S7)* = (AT + _(Box)) - (S7)",

where k > 1 and a = 2, 3. The operator series A;—'l and A, (see Section 1.4) can be expressed in terms

of the dressing operators, which gives immediately the following corollary:

Corollary 23. The operator series Ai—"l and A, satisfy the following differential equations:

ai,kA;_ryl = ni([Bi,klAil]) = [ni(Bi,k)lAil]r

dikAa1 = Ta([Bik, Agi]) = [14(Bi k), Agy]. O

In the next two Lemmas we derive formulas for the operator series By ; and By, which will be

needed for the proof of Theorem 4, b).

Lemma 24. The following formula holds:

B = (s = 0y = (D0 - (0 )

A=1
Proof. Recall the definition of B; ; from Section 1.4. Note that
+00
(Biik),>1 = [(H)le ZA_MH] (A-ATYH
m=0 1,20 1,>1

Let us rewrite the term ((LT)II’ZI Feoy A2l )1,20 inthe form ( )—( );<o. Since (A1,<0 (A=A ))1 o=

0 for any operator A, we get (B x)1,>1 = (L;“)If’zl. Similarly, using the conjugation relation

((LT)k ;A‘zm_l)# _ ((Lf)k ;Azmﬂ)’

we get (B x)1,<-1 = _(LI)If,g—r Finally, since By x|, _, =0, we get (Lir)]f,zl - (LI)’l"S_1 +(B1,k)y 101 =
A=1 A=1 ,[0]

0. Solving for (Blyk)l,[o]' we get that By = (Byk)1,>1 + (Bl,k)l,[o] +(Bj k)1,<-1 coincides with the RHS of

the formula that we wanted to prove. O

Lemma 25. a) The following formula holds:

(55) Box = (A] 1,21 = (AL P1,<1 + (Agk)z,s1 +(As k)31 + (Bo)o)
where
(Bo,x)jo] =— ((Afkh,zl - (AI,k)l,S—l) . +(A2k)2 0]
=- ((Air,k)l,zl - (AI,k)l,sfl) ot (A3,1)3,0]-

b) The following formula holds:

Bok = Bia + (A2 k)2,50 + (A3 k)31 = B —a + (A2k)2,>1 + (A3 k)30,
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where

Bia =(A 151 — (AT p),<1 = ((AT,k)l,zl - (AI,k)l,S—l)

A=1

Bi-n =(AT 121~ (A7 e ~ (AT s~ Ao )|

c) The projections of By are given by the following formulas:

2(Bo,k)2,20 = (A2k)2,0, ﬂa(Bo,k’Aﬁ_A)&Zo = (A3k)3,20-

Proof. a) Recalling the definition of By, we get (B k)s>1 = (Azk)a>1 for a = 2,3. Using the identity
from Proposition 17 we get (Bgx)1,>1 = (A] .)1,>1 and (Bo)1,<-1 = —(A] ;)1,<-1, where both identities
are proved in the same ways as the corresponding identities for B; y were proved in Lemma 24. Note
that

Boxla=1 = (A2x)200  Boxla=—1 = (A3k)2,[0]-

The formula for (B x)[o] follows easily.
b) This is just a reformulation of a).

¢) Follows again from a) and the following relations:
1,(A) =1+ 0(95") + £ Ha,
n3(A)) =(-1) + O(5") + £3H;. O
Next proposition is the main result of this section
Proposition 26. The following Zakhalov-Shabat equations hold
(56) 94k B, = IpiBa + By, Bo] € AH,
where a,b€{0,1,2,3}, k (resp. 1) is odd when a = 2,3 (resp. b=2,3), A=Eifab#0, and A= & if ab=0.
5.2. Proof of the case a =1 and b = 1. In this case, we have to prove that
(57) d1kB1,1 = d1,1B1k +[B1,, Bik] = 0.

Let us substitute the formulas for By ; and B ; from Lemma 24 in the projection (LHS of (57)), 5, =
[Bua (Li“)l]1 1" [Bl,l: (LJf)k]1 gt [B1,1, B1k]1,>1- The result can be written as the sum of the following

three parts:

* [((LT)I)Lzl ’ ((LDk)l,zl]’

[}
AN
—
—
|
—
—_—
—_
=~
—+
~
ke
~—
—
\%
—
—_
=~
—+
—
—_—

- [(U‘Dl)l,zl ’ (LT)k]l,a
i [((LT)I)l,sfl ’ (LT)k]l,zl

(LT)Z)l,s—l’((LT)k 1,21]121 B [((LT)I)l,zl’((LT)k)Ls—JLZl’

k
(Bl,l)1,[0]'(LD ]1,21 +
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" [(Bl,l)l,[o] : ((H)k)l,a] - [((LDI)I,zl ,(Bllk)ll[o]] ,

Note that b;; =¢;; =0 and

ar = [((LT)k)l,zl’((LT)I)LSO] ,>1_[((LT)Z)1,21’(LT)I<]1,>1
[(Li)k’((l’ir)l)l,so]

1,>1

where we have used that [A; >, By >1] = [A121,B1,21]; 51 and [A},<0, B1,<0]; »; = 0 for any two opera-

tors A and B. Therefore (LHS of (57)) = 0. Similarly, one can show (LHS of (57)) = 0. Finally,

1,>1 1,<-1

for the zero-order term of (57), using Lemma 24, we get
(LHS of (57)), o = —((LHS of (57)), 5, + (LHS of (57)), ., )(1) =0,

where we have used the relation [By j, By k]i,j0 = —([B1,1, Bi,k]1,>1 + [B1,1, B1,k]1,<-1) (1), which is ob-

tained from [B; ;, By x](1) = 0. Summarize the the above results, we get (57).

5.3. Proof of the casea =1 and b = 2,3. Suppose thata =1 and b = 2. The case when b = 3 is similar.

We have to prove the following relation:
(58) d1kBai =92, Byk +[Ba, Bi k] € EH.
According to Corollary 20 and Lemma 24, we have

92,1(31,k) =10, ([Bo,i, Bixl) 515
1,21

a2,1(BU<) =1_([Bo,i, Bix)) <1
1,<-1

91xB21 =12 ([Bi ks B2ail)y s

where we used that 7, (I5A~) € (£° 1<0 n_(kAY) e (5(0_

o 1,20, and 765(95FAP) € (E))1,<0 for k1 2

0,p € Z. Moreover, using the relation Ad, = d, + oA + g, + H,, we can remove the terms involving
Ad, in [B,, By x| and obtain

(Ba,i, Bi k] =h+ 1, ([Byi, Bukl)y 51 + - ([Bois Bukl)y <y — 72 ([Bo,i, Bikl)y g + EHa,

where h is some function. Therefore, we only need to prove that d; (Blyk)l,[o] = h. In fact, note that

[B2,1, B klla—-A(1) = Hy|pa—,_A(1) = 0. Therefore, h = —(7?+([Bz,l;31,k])1,21 +T(—([BZ,erl,k])Lg_])(l)-

Recalling Lemma 24, we get d,; (Bl,k)l,[o] =h.
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5.4. Proof of the case a,b = 2 or 3. Firstly, in the case a = b = 2 or 3, one only needs to check
9akBa1 —941Buk + [Ba1 Bak] = 0. The proof is very standard just like the KP case [6].

Then in the case a = 2 and b = 3, the goal is to show
(59) d2kB31—03,By +[Bs1, Byl € EH

According to Corollary 20 and the relations 9%*! 8;1 € (E(Ob))b,<0 +EpH, k,1>0,a=b, we get dyBs; =
(02,kL5)3,21 = [13(Bok), Ly 13,51 = 03([Bok, Ly 1)3,21 = 73([Bok, B3, 1)3,51. Similarly, d3,B x = 75([B3 1, Box])2,1-
Furthermore, let us rewrite [B; |, By k] = X j»1 aija’é&é into h+105([Bs,1, Bok])2,51 + 703([B3,1, Bokl)s>1 +
EH by using the relation d,d; = H; —q;. We only need to prove that & = 0. On the other hand, recall-

ing part b) of Proposition 1 and part b) of Lemma 13, we get h = (5([B2 k. B3,11)), [ = (HZ([LIE’B&’]))
(L%, 705(B3,1)]2,[0) = —(93,ILI§)2,[0] =0.

200]

5.5. Proof of the case a = 0 and b = 2,3. Suppose that a =0 and b = 2. The case when b = 3 is similar.
We have to prove that

(60) doxBa,1 — 921Box + [Ba, Boxl € EH.

According to Corollary 23 and Lemma 25, 7, (LHS of (60)); 5 = —(82,1A;k)1 T ([BZI'BO,k])l,zl

1
s ([Bz,l;AT,k])LZl +704 ([Bz,ll(AT,k)l,ZI])l'Zl = 0. Here 71, ([By,>1,A1,<0]); 51 = 70+ ([B2,>1,Ap,200)1 1

0 for any operators A and B. Similarly, 7r_ (LHS of (60)), . ; = 0.

Using Lemma 25, we get that 7, (LHS of (60)), . can be written as a sum of the following three

parts:
a0 = [(Asp)250.Lhl250 = [Bo, Aoklas0 + [Bap (Ask)a 201250 = [Ask Ly ]a50 = 0,
boo = 7a([Bra,L5])2s0+ma([Bay Bral)aso =0,
cor = 10([(A3x)3,50-Ly])250 + 7a([Bap (Asx)3.50])2,50 = 0-
Therefore nz(LHS of (60)) = 0. As for the projection of 713, one can obtain 73 (LHS of (60));., =
2,50 >

—02,1(A3 k)31 + 703([Ba,1, Bokl)3,»1 = —73([Bo,1, Az k])3,21 + 703([Boi, (A3 k)3,211)3,51 = 0.

Note that by the relation Ad, = d,+q,-A+q,+H; and d,d3 = —q;+H;, one can obtain [B, j, By x] = h+
104 ([Bo,1, Bo 1,51+ 7—([Ba,1, Box)1,«-1 ++72([B2,1, Box])2,21+73([Bo,1, Bo k)31 +EH. Thus by the same
method as the one in Lemma 25, 705([By,1, Box])2,[0] = B+ 4. ([B2,1, Bok])1,51(1) + 7 ([B2,1, BoxD)1,<-1(1).

Therefore
(B2, Box]l = m([Ba1,Bokl)i,>1 +7—([Ba, Boxl)i,<-1

—(77+([32,I:Bo,k])1,21 + T(—([Bz,lfBO,k])l,s—l)(l)

+105([Ba,1 Box])2,50 + 703([Ba,i, Box))3 1 + EH.
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Finally, it remains only to check that —d, ; (B, a)1,[0] = (70+([B2,1, Bok])1,51 + 70—([Ba,1, Bok])1,<-1) (1) = 0,

which is correct thanks to Lemma 25.
5.6. Proof of the case a =0 and b = 1. The task is to prove
(61) dokB1,1—1,1Bok +[B11,Boxl € EH.

By Corollary 23, Lemmas 24 and 25, one can rewrite 7t, (LHS of (61)); ; as the sum of the following

terms:

agr = [(A] 120 (L) s = (DDA s + (D)1 (AT 1]
= (Al L) 21 =0,

bor = A Lt E) e + D e AT
—[((Lf)l)l,g—l:(AT,k)l,zl]1,21 - [((LT)Z)l,zl’(Af,k)l,s—l] =0,

cor = [Bea)jop L)) T151 = [(Bui)iop AL kl11
(B0 o (AT 1211121 + [(LD))1,21 Bra)o)] = 0,

di = 7 ([(Aop)az0 (L) Dzt + 7 (LD )151, (A2 k)2 501,51 = 0,

en = 1 ([(A30)30 (L) Dot + 7 (L) )151, (A K351 D151 = 0.

So 7z+(LHS of (61)) = 0. And similarly n_(LHS of (61)) = 0. In order to discuss 7, and 73,

1,>1 1,<-1
one has to know the structure of [By j, By x]. In fact, similar to the case of a=0and b =2,

[B1,,Box] = m([B1,1,Bokl),=1 +7—([B1,1, Boxl)1,<-1
_(T(+([Bl,leO,k])1,zl + T‘—([Bl,l:BO,k])l,s—l)(l)
+70([B1,1, Box])2,50 + 703([B1,1, Box))3,»1 + EH.

Thus 71, (LHS of (61)), 50 = —702([B1,1, A2k ])2,50+72([B1,1, (A2k)2,50])2,50 = 0. Similarly, 73 (LHS of (61)); 5, =
0.

Finally, dox(B1,1)1,[0] = 91,1(Bk,A)1,[01- (704 ([B1,1, Box 1,21 + 70-([B1,1, Boxk])1,<-1) (1) = 0 can be proved

by Lemmas 24 and 25. Summarize the above results completes the proof of (61).
5.7. Proof of the case a = 0 and b = 0. We have to prove that
(62) 90,cBo 1B +[Bo, Box] € EH.

Using Corollary 23 and Lemma 25, we can write 7, (LHS of (62)), ; as the sum of the following

terms:

agor = [(ATp)120A7 o1 = [(AT 151 AT st + (AT o1 (AT 1]

[Air,krAJf,l]l,zl =0,
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boor = —[(A]L<-1 AT I + (AT 1< AT 1s1

(AT D1<1 (AT D)1 = (AT P11 (AT )1,<1]1 =0,

coor = [(Bra)jopAl =1 —[(Bra)jo)p AT k151
+[(Br,A)1 01 (AT p)1,21]1,21 + [(AT 1,51, (Br,a) 0] = 0,
door = 1 ([(Apk)220A7 D1>1 — T ([(A21)2,50 AT (D151
+10, ([(A] D121, (A2 k)2,20])1,51 + T ([(A21)2,50, (AT 1,51 D1,51 = 0,
eoor = T([(A3p)35>1A7 D1zt~ ([(A31)3,51, AT (D151

+10 ([((AT D11 (A3 k)31 D11 + 0 ([(A31)3,510 (AT )1,51])1,51 = 0.

Similarly, _ (LHS of (62)); . ; = 0. Next, we have 7, (LHS of (62)), 5o = ago2 + boo2 + €oo2, where

ago2 = [(Azk)20 4211250 — [(A21)2,50,A2k]2,50 + [(A2,1)2,50, (A2k)2,20]2,20
= [AppAzil220=0,
booa = Ta([BiarAzi])2,50 — T2([BasAzk])2,20
+105([(A2,1)2,20- Bk, A D) 2,20 + T2 ([Br,as (A2k)2,200)2,20 = 0,
coo2 = T2([(A3k)350A2,1])2,50 = T2([(A31)350,A2k])2,50

+105([(A2,1)2,20, (A3,k)3,50]) 2,50 + 2([(A31)3,50, (A2,k)2,50])2,50 = 0.

Similarly, we have 7t3 (LHS of (62)); .; = 0. Just as in the case of a = 0 and b = 2, we have

[Bo,, Box]l = m([Boi,Boxl)i,>1 +7([Bo, Bokl)i,<1
— (10 ([Bo,1, Bo,k])1,>1 + 7 ([Bo,1, B k])1,<-1) (1)

+705([Bo,1, Bok])2,20 + 73([Bo,1, Bo k])3,>1 + EH.

Finally, do,x(B1,A)1,[0] = d0,1(Bk,a)1,j0] = (704 ([Bo,1, Bok])1,51 + 70— ([Bo,1, Box])1,<-1) (1) = 0 can be obtained
by Lemma 25 and the above results, which completes the proof of (62). This is the last possible case,

so the proof of Proposition 26 is completed.

5.8. Commutativity of d,; and dj,;. Proposition 26, part a) of Theorem 4, and Proposition 8, yield

the following corollary:
Corollary 27. Under projections .,
(63) ar/z,kT(c(Bb,l) - ab,lT(c(Br/z,k) + [T(c(Bb,l)f T(c(Ba,k)] =0.

Herea,b=0,1,2,3, c=4,2,3 and k (resp. 1) is odd when a = 2,3 (resp. b = 2,3).
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Proof. Put 7t¢(By,) = By + Y3 AcyjHj, 70e(Bak) = Bax+ Y3y AcajHj and 0k By — 9y, 1By + By, Boi] =
;’:1 AcjHj with Agyi, Acgj, Acj € Ay Then by using part a) of Theorem 4,

8az,kT(c(Bb,l) - ab,lT(c(Br/z,k) + [T(c(Bb,l)l T(C(Ba,k)]

3 3 3 3
€dg i By, + ZAcbj g Hj = dp1Bay - ZAcaj + 0y, Hj + By, + ZAcijj; Bk + ZAcajHj] +AH
j=1 j=1 j=1 =1

=04 kBp,1 = 9,1 Bai + [By,1, Bax] - ZAcbj “Hj By + ZAcaj “H;- By,
j=1 j=1

3 3
+ ZACb]' . H] . Ba,k - ZAC“j . H] . Bb,l + .A(C)H = A(C)H

j:] ]:1

Therefore 9, k7c(By,1) = 9,17 (Bak) + [10(By,1), e(By )] € ALy N A H = {0}, O
Now we can prove part b) of Theorem 4, that is, [8%;{,9;,,1] = 0 in R. We have to prove that
[Qa,k, ab’l]ﬁ =0and [aa,k,ab,l]HC = 0. Note that

3
du kL =[Bur, L ZAak]H] Iy £ =By, L]+ ZAble
=1

3
Qo He = —HBy i + ZA;ij]-, Oy He = —H By + ) AjH
j:l ]:1

for some Aakleblij;kj;Ai;lj € A. The second derivatives take the form

3
94,k(9p,1£) €[04k By,1, L]+ [By,1, [Ba, L£]] - Z(Aaijij,l + AblejBa,k) +AH,
=1

W

a,k(p,1Hc) € He(Bg i Bp,1 = 9ok By,1) Z AgyiHjByi + Ay HjBg ) + AH.
j=1

Therefore, according to Proposition 26 we have

[9akr Ob,11L € [0k By, — Ip,i1Baj + [By,1, Bal) L]+ AH = AH,

[9a,k,9b,l]Hc€—Hc'(9 kB, — 1 Baj + B, uk])+AH AH.

Furthermore, we have [d,,d;]L € .A?Jr) NAH = {0} and [d,k, 9y ]H, € A?Jr) N AH = {0}, because
[Pk Ip1]L € A?+) and [k, dp,]H, € A?+)

We claim that [d,x, d}]L, = 0. Let us prove only the case [d,,dp;]L1 = 0. The remaining two
cases are essentially the same. In fact, [d,k, dp1]L1 = [0y k704 (Bp,1)—9p, 1101 (B i)+ 704 (By1), 70 (Ba k)], L1,

which is zero according to Corollary 27.
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6. HIROTA BILINEAR EQUATIONS AND LAX OPERATORS

Let us recall the settings from Section 1.5. Our goal is to construct Lax operators £ and H, (1 <
a < 3) with coefficients in O,[[t]] and establish some of their properties, which will be needed for the

proof of Theorem 5.

6.1. Wave operators. The first step is to transform the Hirota Bilinear Equations into an equivalent

system of quadratic equations involving operator series. Let us introduce the wave operators

Wi (x,t,A) = ST (x,t, A)eS 0N SH(x,t,A) = Zl,bljxt
j=0

Wilst A) = SIS (LA), STt A= ) AT (ot
j=

t AR+t dy —
g ;( 1k Ok (6 n 2 kk')
and

Walirt,90) = Sulot, 20e 7, S,(x6,0,) = )7 (033
=0

_ > J2k

Ea(tt aa) = ;(taﬂk-%—lagk + tOkea 2kk')

Note that in the definition of &, compared to the definition of &, (a = 2, 3) the terms involving v, = t,,
are missing. The operator series W;" and W, (a = 2, 3) take values respectively in D (A Y)[[t]] and
De((97" D[] '

Given a pseudo-differential operator P(x,t,d,) = }; p]-(x,t)(?;] € D.((d7")[[t] then we define its

action on (y, —v,)° by the following rule

Ya-v) L ifj20,
0 ,if j <0,

92 (va—,)° =

In other words, P(x,t,d,) (v, —v,)° = Yisopj(xt) (y“;!y‘;)j.

Proposition 28. The Hirota Bilinear Equations are equivalent to the following system of quadratic equa-

tions for the operator series W™ and W, (a = 2,3):

. (n=-2)k-1 (n-2)k-1 #
- ’ + ) _
Wl (X,t,A)le (x,t ,A)+(Wl (X,t ,A)mwl (X,t,A)
1 aZk—l ’ # 7\0
= Y 5| (Want o)Wk e met, 000 )| @a-p)
mezZ V2=%2
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2k—1

(1) (Wit 95) S

Wy (x+ me,t', ds)" 95 )

, (}’3 _yé)O]Am’
Y3=Vs3

where k > 0 is an arbitrary non-negative integer.
The proof of Proposition 28 is based on the following two lemmas.

Lemma 29. Let A(x,A), B(x, A) be two operator series in De(A™1)). Then

Alx,A)- =) Res, 0—( % A)z +"/€)(B(x+j,A)(z“_L("/€+j)))#)Aj.
JEZ

Proof. Similar formula can be found in [1]. Put A=), Ar(x)A¥ and B = Y B;(x)Al, then the RHS of
the identity takes the form

_ N\ ‘
D Resao (A0 B+ o)D) AT = 3 Ay j(0ATB) = Al A) Bl A
kLj i

where we used that A/ f(x) = f(x + je)AJ. O

Lemma 30. Let A(y,d) = Y ;a;(v)d’' and B(y,d) = Y bj(y)aj, where d := a%, be two pseudo-differential

operators. Then we have
(A, 0)(B(3,0)"9) (v =) = Res.—odz( A, 9)(e)B(y’, (e ),
where d’ = % and for P(y,d) = Y s pr(v)d~ we define P(y,9)(y —v)° = L0 11 k() (v =) .
Proof. Let us recall the following formula
Res,_q dz(A(eVZ)B(e_VZ)) = Res, AB*,

where Res; P(y, d) denotes the coefficient in front of d~! in P(y, d). The proof is straightforward (see

also [6]). Using the Taylor’s expansion formula at y’ = y we get

Res,_¢dz d)(e**)B(y/, 3'))(673”))

(A
= Res,_ Odz( (,9)(e¥?) 9)(3_yz))

(o)
n=0

& n!y) ResaA(y,Q)B#(y,Q)(—l)”a;l

Mg

=
I}
o

v _n%)) ResaA(y,8)B#(y,8)8”

gk

=
I}
o

97" (y-v")° Resy A(y,d)B*(y, 9)d".

gk

=
Il
o
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Put A(y, d)B*(v,d) = ¥ ;o7 ¢;d" and notice that

Res; A(y, d)B" (v, 9)d" = Res, Zcia”” =C_p1-
i€Z
We get

Res,_ Od_( (v, d)(e¥?)B (y/’ar)(e_}"Z))

ic_n 107" =)’ =) qdl(y-y)°

n=0 kezZ
A(y,aw#(y,a)a)(y—y’)‘). 0

Proof of Proposition 28. Note that

—

W (x,t,2) = W (x, t,A)(z"/e_%) and W[ (x,t,2)" = W[ (x, t,A)#(z_X/e_%).

Using Lemma 29 we get

Z(n 2)k dz . ~ , m . (n—2)k-1 ~ ,
,;’ZReSZ v 2Kl 2 ((\I’ (x,t,2)[ (x+ me, t ,z))A =W (x,t,A)m Wi (x,t',A)
and
=2k 4, # (n=-2)k-1 #
ZResZ 0 VR ki 2 (‘I’l (x + me, t',2) ¥ (x,t, z)) A™ = (Wf(x,t’,A)mWf(x,t,A)

Similarly, for a = 2, 3, using that
WH(x,t,z) = Wy(x,t,0d,)e?* and W, (x,t,z) = W,(x,t,d,)e Y
and Lemma 30 we get

(\P+(x,t 2)W; (x +me, t',z) =

2k-1

8@ , # 7\0
(wa<x,t,aa>mwa<x+me,t,ag> o) Ga-w). O

Va=Ya

Proposition 31. a) The operators Si satisfy the following relation

ST, A)ATIST (1,8, A) = ZA—Zm—ll

m=0

b) The operators S,(x,t,d,) (a = 2,3) satisfy the following relations

Sa(x,t,0,)97 1 Sa(x,t,0,)" = 971

Proof. a) Let us substitute in the identity of Proposition 28 k = 0, t’ = t and compare the coefficients
in front of the negative powers of A. The identity that we want to prove follows.
b) Let us make the same substitution as in a) except for t/ ; =y, i.e., we keep y, # y,. Comparing

the coefficients in front of A? yields the identity that we want to prove. O
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For brevity put B = O.[[t]] and let us denote by € = B[A,A™!,d,, d3] the ring of differential differ-
ence operators. Note that the ring £ acts on W := (\P[, (‘I’l_)#,\lfz,‘l’3) by acting on each component.

Proposition 32. The annihilator Ann(W) ={P € £ | P(V) = 0} is a left ideal in £ generated by
Hy=0dy-d3+q1, Hy=(A-1)-dry—qr-(A+1), Hy=(A+1)-d5-q5-(A-1),

where q, = 20,05(log 1), g, = d,(log f) (a =2,3), where f := t(xt)

T(x+€,t)°

Proof. It is enough to prove that H; € Ann(W). Indeed, suppose that this is proved. Let P € Ann(WV)
be arbitrary. The operator P can be decomposed as a sum of an operator in the left ideal £(H;, H,, H3)
generated by H; and Q = P, + P, + P, where P, € B[A*!], P, € B[d,], and P; € B[d3]. If P, # 0 then let
a(x,t)d% be its highest order term. We get that Q(\¥,) = a(x,t)z" (1 + O(z71))et2(t2) can not be zero —
contradiction. Similar argument shows that P; = 0, and finally 0 = P(¥,") = (P, - Wf)(zx/e’l/z) implies
P-Wf=0=P =0.

Let us prove that H;(W) = 0. The argument in the remaining two cases is similar. Let us apply
the differential operator dy; dy;  to the identiy in Proposition 28 with k = 0, substitute t’ = t, and
compare the coefficients in front of the negative powers of A. We get

_ _ 1 m m
Sf(x,t,A)A 1828351 (x,t,A) = E ZA (8317[);1(9(,” - (—1) 82(7[);’1(}(,”).

m<0
Note that d31; | (x,t) = d1p3(x,t) = —q;. Recalling Proposition 31, a) we get d,d3S] = =S q; and
0,035} = —q1S;. These two relations are equivalent to H; (") = 0 and H;((W¥,)*) = 0. In order to
prove that H;(W;) = 0, we proceed as above except that we leave t, | arbitrary, set the remaining
components of t’ and t to be equal, and compare the coefficients in front of A°. We get (S, - d5' -
(95(S,))* - 8%)(3}2 —yé)o = q1(v}), where we suppressed the dependance of g;(x,t) on x and on the
remaining components of t. Taking the Taylor’s expansion of —¢q;(v;) at v, = v, and comparing the

coefficients in front of the powers of y; — v, we get

(o)

S2-95 +(95(S$2)* - 93 = ) (<1 (9 (x,0)9; = 95" a1 (x,1)- 9.
j=0
Recalling Proposition 31, b) we get (d35,)%d2 = S5q; = 9, (9352(x,t,0,)) = —q1S2(x,t,0,). This
identity is equivalent to H; (W) = 0. Finally, the argument for H; (W;) = 0 is completely analogus. [
To avoid cumbersome notation let us put Sy := S;". Proposition 32 is equivalent to a set of relations
involving the operators H; (1 <i < 3) and the wave operators S; (1 < j < 3). These relations take the

following form.

Corollary 33. a) The operator Hy and the wave operators satisfy the following relations:
(64) H1~Sl:82~Sl~93+83-51~92—51~82«93,

H1'82282'52'83,
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H;-S3=105-55-0,.

b) The operator H, and the wave operators satisfy the following relations:
Hy-S1=(A-1)-S1-9,,
Hy-Sy=(d2+492)-S2-(A-1),

(65) Hy-S3=(A-S3+S3-A)-dr—(dr+42)-S3- (A +1).

c) The operator Hy and the wave operators satisfy the following relations:
H3-S1=(A+1)-S;-7d5,

(66) H3-Sy=(A-S345,-A)- 95— (d3+q3)-Sp-(A-1),
H;3-S3=(d3+¢q3)-S3-(A+1). O

A straightforward computation yields that the complicated looking relations (64), (65), and (66)

can be replaced equvalently with the following simple relation

(67) g1 +q1[1]+ 249,93 =0,

where the functions gy, g,, and g3 are defined in Proposition 32 and for a pseudo-differential-difference

operator P we put P[m]:= A™(P)=A™-P-A™" for its translation by m, i.e., substituting x + x + me.

6.2. The Lax operator. Following Shiota’s construction in [21] we introduce the following rings of

pseudo-differential-difference operators:

Es) = B[d2,93](A™Y)), € =B[A,AT,95]((951),  Em =B[A AT, 9,]((d51))

£L) =BUATY), & =B((9;"), €% =B((d5"),

and the quotient rings A” = A’/ AH, for A= &, £4), &) or £3), where AH = AH, + AH, + AH3 is the
left ideal of A generated by H; (1 <i < 3) and

A ={PeA|HPeAHVi=1,2,3).

Let us introduce the following auxiliarly Lax operators

Li(5 6 A) = ST L A) - A-ST LA =tuf (o)A + ) uf (m AT,
j=1

-1 > .
Lyt A) = ST(0t A - AT (ST (06 A)F) T = ug (AT + Zuij(x,t)A]_l,

=1
La(x,t,0,) := Sa(x,t,0,)- 9,1 - Sy(x,t,0,) 7 =1 9, + Zua,j(x,t)agj (a=2,3).
=1
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To avoid cumbersome notation we put Ly (x,t,A) = LT(x, t,A)and upj= uI’j. Recalling Proposition 31
we get the following relations

-1

Lyt A)f = (A = A)-Li(xt,A)- 1n (AT =A)

Lo(x,t,3,)* = -0, -Ly(x,t,d,)- 9,1 (a=2,3),

where 15 denotes the operation that takes the Laurent series expansion at A = 0. Note that the

coefficient of L, in front of 9% must be Uz =0.
Lemma 34. The following formula holds

c,(x 1) = (La(x,t, aa)z/z)a o= 202(log T(x,t) (a=2,3).

Proof. By definition S, = 1+, 9,' + 7 ,9,% +--- with 17| = —29,(log 7). Put L7 = d; +2¢,+---. By

definition L,S, = S,d2. Comparing the coefficients in front of 90 we get

1/):;’2 + 28a(1p:{’1) +2¢, = l,b;,z.

Solving for ¢, we get ¢, = —d, () = 202 (log 7). O

Let us define the following differential-difference operator

(o)
+[ L ZA 2m— 1) _ ZA2m+1 (Ui‘)‘;z]
P
1,>0 1,<0

m=0 m=0
1 L1
+Z(C2_C3)(A+A )+§(C2+C3),

5 92
L = 2+

93 _A-l
D) (A=A")+

where ¢, (a = 2,3) are the same as in Lemma 34. Note that in both sums only finitely many terms
contribute and that the term involving ( ); <o is conjugated via the anti-involution # to the term

involving ( )1 >0-

Proposition 35. Let us introduce the following two rational difference operators
Q(xt,A):=(A=1)" g, t)- (A+1) and Qs(x,t,A):=(A+1)"L-g3(x,t)-(A-1)

Then the following formulas hold

(LT);J 2

) lA+1((92+Q2)(92—Q2) (33+Q3)(33—Q3))-

L=

Proof. Let us recall the Hirota quadratic equations from Proposition 28 with k =1 and t’ = t. We get

N

2
F5ams;t)  —(Bss-)"s5?) )
22(( A8 ) o T\ TSNS

meZ
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Using that

ZAm:W(A-n ~ia(A-1)"" and Z M= act(A+ 1) ip (A + 1)

mez mez

we write the above identity as

szt £ 1)t $oa -

1 L2 - - L - 3
E(l/\fl - lA)((7 S2(A-1) 1521)2,[0] " (73 SsA+1)7S5! )3,[0])'

Recalling the second identity from Corollary 33, b) we get
Sy (A-1)S;" = (92 +¢2) " H,
We will need the coefficients v; and v, from the expansion
SoA-1)718 = (A-1)" +v195 + 02057+,

where the coefficients v; on the RHS should be interpreted as rational difference operators. Since

H, = (A -1)d, —g2(A + 1) the above formula implies that

(A-1)dy —qa(A+1)-(A=1)""+v195" +v295° +++-) = 9y + 4.
Comparing the coefficients in front of 99 and 95! yields
(69) v =2Q (A=A, (1 +y(v1) = 2Q5 (A= ATH

Similar argument using the 3rd identity in Corollary 33, c) implies that the coefficients w; and w; in

the expansion
S3(A+ 1)1 = (A+ 1) v w95 +wpdz? + -
are gven by
(70) wy =2Q3 (A=A, (wy+dp(wy)) = 2Q5 (A-ATH!
Formulas (69) and (70) imply that

(F8200-17"53"), = ea(A=1)" +(2a(Qa) + QFJiA - AT
and

(Fos0a+ 783" =es(Ar 1)+ (25 + QFJiA- AT
The identity (68) takes the form
#

(o)

(71) [(L S ZA—Z’" 1] [L” ;) A

m=0
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(72) Slar =i {eal+ A7) es(1 = A7) (2(Q2) + Q3 +95(03) + B3

Let us proof the formula in the proposition for L. The other case is similar. By definition we have

oLt d5 93 1 o A-2m-1 c A2m+1 (LD
B =P 2 e
m=0 m=0 1,<0

1 1
HNA—A4»+ﬂQ—%xA+A4y+?Q+%L

(A-A"H+

+
0

1,<

where

Ln—2 0 _ _ 1
€ 5:‘[;11—2 ZA 2 1] =-le2-c3),
m=0

1,[0]
where the second equality in the above formula is proved by comparing the coefficients in front of

A% in (68). The identity (71) allows us to transform the above formula into

-2 7 93 1 1
L _ _
w2 = 72+73—ElA—l(az(Qz)‘FQ§+a3(Q3)+Q§)—5(C2(1+A H+es(1-A 1))"‘

L—
-1y, L -1y, L
+C1(A -A ) + Z(Cz - C3)(A +A ) + E(Cz + C3).
It remains only to check that the terms that involve ¢y, ¢, and c3 add up to 0 and to use that

(aa+Qa)(au_Qa):ag_aa(Qa)_Qg (LZ:Z,?)). 0

Proposition 36. The wave functions are eigenfunctions of L

LOW) = 25, L(9)F) =2

= -2

2

(\pl_)#’ L(VY,) = %Wa (a=2,3).

Proof. The first identity is a direct consequence from Propositon 35. Indeed, using that P (x,t,z) =
Sl(x,t,A)(eél(t'z)zx/e‘%) and that the expansions at A = 0 of (d, —Q,) = (A -1)"'H, and 93 - Q3 =
(A +1)"'H; anihilate W|" we get

T £1(t2) x/e— L 1 -2\ (6 (b fe-by _ 27
ﬁ(qﬁ):m@l -Sl)(e z 2)=n_2(51-A )(e z 2):

The formula for ,C((‘I’l‘)#) is proved in a similar way.

Let us prove the formula for £(\W,). The computation for £(\W;) is similar. Let us apply the operator
L(AM™',9,,d3) to the set of Hirota bilinear equations (HBEs) (10), where M acts on the set of HBEs
via the shift m — m + 1. Note that

LAM™,9,,95) (F(x,t,2) F(x + me, t', 2)) = (L(A, 94, d5)(F(x,1,2))) F(x + me, t, z),
and
LIAM™,0,,95)((-1)™F(x,t,2) F(x + me, t’,z)) = (L(—=A, 5, d3)(F(x,t,2))) F(x + me, t’, z).

In other words the action of L(AM™!,d,,d3) on the set of HBEs is equivalent to acting by L(A, d, d3)

(or L* := L(-A,dy,d3) whenever the sign factor (—1)" is present) only on the first factors of the
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bilinear identities. The LHS of (10) with k = 0 is transformed into the LHS of (10) with k = 1, because
W and (W])* are eigenfunctions of £ with elgenvalue Z—. Therefore using also (10) with k =1 we

get that the residue
Reszzoi—z ((E - %)(‘Iff(x, t,2)) Yy (x + me, t’,z) - (—1)m(£* - Z—;)(\If;(x, t,z)) Wy (x + me,t’,z))

is 0. Let us substitute now m = 0 and t’ = t, except for t; ,, i.e., we keep v} =t} , and y, = t, ; arbitrary.

Note that

x t ] EEZ(t!Z)’

Mg
N+

(£ )05 = (£053) + 02(53) - 0z Je20)
:1

where we used that £(1) + dy(¢5,) = ¢ + d2(h3 ;) = 0. Similarly,
(z:*— %)(\If;) = (z:*(s§>+ d3(53)- 0 ) &(t2)) Z (x,t)z7] e53(b2),
=1

where we used that £*(1) + 83(170;1) =c3+ 83(1/);1) = 0. Therefore the vanishing of the above residue
yields the following identity

Z{ResZ 0— 1,[)2] 771 e¥2 1)z Yy (x,t),2) - {b“;’] z7 3 (xt, z)) =0

The terms involving 13 do not contribute. Expanding the exponential in the powers of y, — v, we get
a sequence of vanishing residues. Since ¢, = 1+ O(z™!), a simple induction on j shows that 1?)’; j=0
for all j > 1. This is exactly what we had to prove. O

Let us point out that in the above proof we have established also the identities £(S7) = -d,(S5)-d
and £*(S3) = -d3(S3) - d5.

Proposition 37. The differential-difference operator L satisfies the following relations

a) £— L) ”eg(i)H.
b)[: Eg()
C),C Gg )

Proof. Parta)is a direct consequence of Proposition 35. For part b). First, note that £(S,) = —d»(S;)-d»
implies
3 1 1
(5 - 72)(52) =5(5 95-055;) = E(L%)zso 52,
where we used that (L3), - = d3. Using the above identity we get
[ 1. 1 -1
(73) z——L2:((z:—582)-52—(,5—592)(52)).52 .

2
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The operator £ — %8% is a sum of terms of the form a(x,t)A’ and 8%/2. We claim that each of these

terms contributes to (73) a term that belongs to £ H. Indeed, we have

(aAi .S, — aAi(Sz)) 551 = aS,[i[(A = 1)S;"
and

(93-52-93(52))S;" = (95(S2) + 5203) - 93+ S5

On the other hand, recalling Corollary 33 we get

(A-1)S3' =85y +q2) 'H, € EpH
and

d5-85'=851-97"-H, € EpH.

This completes the proof of part b). The proof of part c) is similar, except for the following point. It
2

is convenient to prove that £* - % € £3)yH" where * is the involution A — —A and £3)H" is the left

ideal of £3) generated by H; (1 <i < 3). The argument goes in the same way as in part b). The only

point worth mentioning is the identity
(A-1)S5! = —((A ; 1)53—1) =551 (ds+qs) \Hy € EgH. O
Corollary 38. The operator L has the following properties.

)Leg), and £= 107
a) Le&, and L= =15

in the quotient ring 8(’;).
b) Le 5(’2) and L = %2 in the quotient ring 5(’5).

c)Le 5('3) and L = L—E in the quotient ring E(’g).
Proof. We need only to check that L] € 5(;) and that L, € 5(’a) (a =2,3). This however is a straightfor-

ward computation using Corollary 33. O

7. Tue EvoLuTioN oF £, Hy, Hp, AND Hj3

Note that the operator £ has the form

n-3

i —i _ 1 1 1 _ 1

ﬁ:(;(aiAl_A lai))(A—A 1)+Ea%+§a§+Z(C2_C3)<A+A 1)+5(C2+C3)
1=

N

n-2

L, H,, and H3. They depend on the n+ 1 functions

and that the coefficient a,_3 = 15" for some a € O,[[t]]. Let us denote by M the set of operators

(74) Er={ai(xt)(1<i<n-4), a(xt), qj(xt)(j=23), alxt)(k=273)}

which will be viewed as coordinates on M. Let us point out that the operator H; = d,d; + ¢ is
uniquely determined from H, and Hj, because the relation gy + g;[1] + 2293 = 0 can be solved

uniquely for q; € O[[t]] in terms of g, and g3.
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We would like to prove that the operators £, Hy, H,, and Hj satisfy the Lax equations (9) of
the Extended D-Toda hierarchy. In other words, the Extended D-Toda hierarchy defines an infinite

sequence of commuting flows on the manifold M. Let us give an outline of our argument. Put
R :=C[d,9,5(E)(E €E, ij,k € Zsp),e*][[e]

for the ring of formal power series in € whose coefficients are polynomials in the partial derivatives
8i8£8§(€) where & is one of the functions in (74). We refer to the elements of R as differential
polynomials. For brevity, put d;; = % First, we are going to prove that P, ¢ := d; (&) € R for
all £ € E. Then we will argue that P, ; := d,(&) for a = 2,3 can be expressed in terms of the partial

derivatives of (74) with respect to x only. In other words the ring R is in fact equal to
ClO3(E)(& €8, i € Zxg) e ][[e]]

7.1. Projections.

Lemma 39. Let A be one of the rings E(y), £2), or &3). Then we have an orthogonal decomposition
A=A"@ AH.

Proof. Let us give the argument for the case A = £,). The remaining cases are similar. If P € £, then

it can be written as

ZA_j pj(d2,93),
J=Jo
where the coefficients p; are differential operators in d, and d3. Since Hy = (A —1)d; — q2(A + 1) we

have
2= 1a (A=1)"92(A +1) + (A=1) ' Hy).
Similarly
93 =171 ((A+ 1) q3(A - 1)+ (A+1)"H;).

Using these identities and that [d,, (A = 1)"'H,] € B[[A~!]] we get that each differential operator

pj(d2,d3) can be decomposed as p;o) +p;2)(A -1)7'H, +p;3)(A +1)"'H;, where p}o) € B[[A™']] and

p;z), p;.s) € B[d,,d;][[A~!]]. This proves that &, = 5(0+) +&)H. The sum must be direct because if

P(x,t,A) € 5(0+) anihilates the wave function W (x,t,z), then P(x,t,A)S;(x,t,A) = 0. However, the ring
50
(+)
Let us denot by 7, : &) — S(Oa) (a = 4,2,3) the projection defined via the orthogonal decompo-

does not have zero divisors and S; #0,so P = 0. O

sition from Lemma 39. Note that if we have an operator P =} ;| pj,k,l(x,t)A‘fagé?é € &(a), then the
projection 7, (P) is a pseudo-difference (if a = +) or a pseudo-differential (if & = 2,3) operator whose

coefficients are polynomials on the shifted derivatives 595 (pjkilal), where b,c€ Z,gand a€ Z.
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7.2. The t; -flows. Let us define

BT,k - [_[Lllc ZA—zm—l] ZA2m+1 (Lai#)k]
m=0 m=0

Note that B}, € B(A™Y) = —L'l‘ + By k is a pseudo-difference operator. We claim that the coefficients

(A-A"Y).

+
0

1,< 1,<0

of BT,k are differential polynomials in R. Indeed, it is sufficient to prove that the coefficients of L;
n—2
belong to R. Recalling Corollary 38 we get 7, (L) = I;IITZ The coefficients of 7, (L) belong to R. The

rest of the proof is the same as the proof of Lemma 11.
Lemma 40. The operator series Sy satisfies the differential equations
al’ksl :BIkSD kZl

Proof. Let us differentiate the HBEs in Proposition 28 with respect to d; x, substitute t’ = t, and

compare the coefficients in front of the negative powers of A. We get
Aeon k=1c- —\# A 1-k #
O1kSTATIST +(STARIST —(S)FATR(ST) )M = 0.
It remains only to recall Proposition 31, a). O

Proposition 41. We have

il = m(([BfpL))

1k H; —1 (H;By ), (1<i<3).
Proof. Recalling Corollary 33 we have Hy =(A—1)S;-d,- 51—1, H;=(A+1)S;-03- Sl_l, and
Hy =dy(A+1) Hy+ 9d5(A=1)""Hy = (A= 1) Hy(A + 1) H;.

The differential equations for H; follow from the above formulas and Lemma 40.

It remain only to prove the differential equation for £. Using that
1
L= m SlAn_zsl_l + A2H2 +A3H3

for some A, A3 € £,) we get that modulo ker(r, ) the derivative d; ;L is given by

1
n-2

[By 4, S1A" 2871~ AyHyBy i — A3H3By g,

where we used Lemma 40 and the differential equations for H; which we have established already.

The above expression coincides with [B; x, £] modulo terms in ker(7, ). g
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7.3. The t,,,1-flows. Let us introduce the pseudo-difference operators

1 e _
By =5int (S205(A-1) 1521)2[0](/\—/\ 1)
and
1
+ k -1¢-1 -1
Bii=in (S395(A+1)7"s3 )3'[0](/\—/\ )

We claim that B+k and BY 34 are formal Laurent series in A~ ! whose coefficients belong to R. Let us

prove this for B} . The argument for B, is similar. Using Corollary 33, b) we have
- _ L - q )
By =L H (9 +q) (A=A =I5 (1407 q2) (1= 97" ) A—1)  (A=ATH).

It is enough to prove that the coefficients of the pseudo-differential operator L, belong to R. On the
2
other hand, 7,(£) = % Solving for L, and using that the coefficients of 7,(£) belong to R, we get

that L, has coefficients in R (see the proof of Lemma 12 for more details).

Lemma 42. We have
aa,21+1(51) = B;’2[+1 Sl; > 0, a=273.

Proof. Again we give the argument only for a = 2the first differential equation when a = 2, because
the argument for the second one is identical. Let us differentiate the HBEs in Proposition 28 cor-
responding to k = 0 with respect to dp 41, set t’ = t, and compare the coefficients in front of the

negative powers of A. If [ > 0 then we get

1

D11 (SIS A1 (A= AT = 2 ) (5,05 A8, o )
m=1

This is equivalent to what we have to prove. If I = 0 we get
1o -
D(S1)ST ia1 (A=A =2 ) (925,878, ) o
m=1

It remains only to use that L, = $,9,S,! = d,+0(d;"), i.e., the coefficients in front of 99 of L,is 0. O

The same argument that we used to prove Proposition 41 yields the following Proposition.

Proposition 43. We have

8u,2l+1£ = ([B;rzlﬂrﬁ])r
aa,2l+lI_Ii = (H Ba 2[+1); (1 <i< 3),

where a =2, 3.
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7.4. The derivations d, and d3. Let & be one of the coordinate functions (74). We would like to
prove that the derivative d,(&) (a = 2, 3) is a formal power series in € whose coefficients are differential
polynomials involving only the derivative d,. To begin with let us point out that by comparing the

formulas for g, and ¢, (a = 2, 3) in terms of the tau-function it follows that

eax _1
(75) d2(q3) = 93(92) = (qzqa)
and that
(76) aa(qa) = % (1 - eeax)(ca)r a=2,3.

Let us check that the derivatives d,(a;) (1 <i < n—3) and d,(c,) (a = 2,3) can be expressed in terms
of d,-differential polynomials. The argument for d3(4;) and d3(c,) is identical. Let us recall the

differential equation
(77) 9>(L) = m,.([B3 1, £]).
We have B | = Q; and the operator £ has the form

1

n—4
Ay 3A" 2 +a, 4N+ Z Ap_1 — ags1)AF + ( a, + Z(Cz - c3))A +

k=2

(-611-611[-1]4—%(C2+C3))AO+"',

where the dots stand for terms involving only negative powers of A. Let us split [Q;, £] into sum of

two commutators [Q,, £ — %(85 + 8%)] and

1 1
E[sz 95+03] = —5(35 +03)(Q2) — 92(Q7)d5 — 93(Q,) 93

The first commutator is already in 5(0+) and it is a Laurent series in A~! whose coefficients are dif-
ferential polynomials involving only d,-derivatives. The projection 7, of the second commutator

is
1
—5(3% +03)(Q2) — 92(Q2)Q2 — 93(Q2) Q3.

A straightforward computation, using formulas (75) and (76), shows that the above expression has

leading order term of the type

1 11—e €% [e9% 1
( ( (9293) - q3 +

Z92(ca—co[-1]) =5 eoi 1

1
1 2 11 o0 —(Cs—C3[1])6]2)+

2
#3062 =Gl 1Dga1=1]+ 3¢5~ es[-1 s -1])A% + O(A ™)

Comparing the coefficients in front of A* in (77) for 1 < k < n—2 we get that d,(a;) (1 <i <n-3)and

d»(c, —c3) can be expressed as differential polynomials that involve only d,-derivatives. Comparing
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the coefficients in front of A? in (77) we get that

1 1 1 1
532(62 +c3) = Zaz(cz —c[-1]) = §(3 +e7%)d,(cy + ¢3) - g(l — 7%, (cy — c3)

can be expressed in terms of differential polynomials that involve only d,-derivatives. The operator

3+

d,-derivatives.

* is invertible, so the derivative d(c, + ¢3) is also a differential polynomial involving only

7.5. The extended flows. Let us define the following operator series

BY = (Bf 1+ By ,+Bg ) (A=A,

where
Aln-2)1 o0 o) Aln-2) #
+ —— _ -1 -2m-1 _ 2m+1 _ -1
B = | (G O ot LA A s (eS|
m=0 m=0 1,<0
I
B§,,:= llA 1 z_a% €0s 5!
01,2 *— - 1 _ »
2 20l A -1 2[0]
and
21
B+l «-— ll/\ 1 3 83 eax ?:1
0,,3 ™ - 1 .
2 20 A+1 3,0]

Note that Bg

efficients belong to R. Note that the coefficients are apriori differential operators in d, of order 1.

; = —A7 + 7 (Bo;). Next we will prove that Bal are Laurent series in A~! whose co-

However, recalling Proposition 28 with k =/ and t’ = t we see that the coefficients in front of d, is 0,
i.e., the coefficients of B}, viewed as a Laurent series in A~! are scalar functions. Since we already
know that the coefficients of L = SlASfl and L, = S,0,S;! (a=2,3) are in R it is enough to prove

the following Lemma.
Lemma 44. The coefficients of the operator series
01 :=€d(S1)S7Y, €= €04(S,)S; !t (a=2,3)
arein R.
The proof of Lemma 44 is the same as the proof of Proposition 14, b) and Proposition 15, b).
Lemma 45. The wave operator Sy satisfies the differential equations
do1(S1)=Bg;S1, €=1.

Proof. Let us differentiate the HBEs corresponding to k = 0 in Proposition 28 with respect to t;;, put
t’ = t, and compare the coefficients in front of the negative powers of A. We get exactly the identity
stated in the lemma. O

Just like before, this lemma alows us to prove the following proposition.
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Proposition 46. We have

do L = m([By; L)),

ao,lHi _T(+(HiBE)r,l)' (l > 1).

Let us point out that Bj ; = ¢;. Therefore, if we put dy o = €dy, then the equations in Proposition
46 will hold for I = 0 as well.
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8. APPENDIX

In this section, the examples of the projections and flows equations are given.

8.1. Example of projections. e The projection 7, of 8’5,

+00

7.(92) = gal-11+ ) (qal-1-1]+ga[-1DA",
=1

7,(93) = (92(92) + 43 )l =11+ (92211 + 42) + (@al 1]+ 22 =114~

(9202031 + 421-21) + (420=3] + 42l ~2D(242[-1] + 42l 2] + 2 [-3) }A 2+ O(A ™),
7.(99) = (93(42) + 305(2) 42 + 43 )11+ O(A ™),
7. (93) = (93(92) + 493(02)- 42 + 3(0202)° + 602(02)03 + g3 )I-1]+ O(A ™),

e The projection 7, of 5,

+00

7,(93) = q3[-11+ ) _(~1)(g3]-k = 1]+ gs[-k)A,
k=1

7.(93) = (93(03) + 43 )(-11 - (95(a[-11 + 43) + (43[-1)+ 4)° -1}~
+(92(851-31+ 452D + (5[-31 + 43 -2D(2g3[-1]+ gs[-2] + 433D JA 2 + O(A™2)
7.3 = (%3(35) + 395(03) 05 + 3 )I-11+ O(A ™),
7. (93) = (93(a5) + 493(03)- 45 + 3(0503)° + 603(43)a3 + g3 Jl-1]+ O(A ™),
e The projection 77, of A%k,

ma(A) = 1+24205' +2(q3 = 92(42))9° + 0(97°),

ma(AT1) = 1-205[-1]05" + 2(43 - 92(42))[-1]037 + O(93°),

12(A%) = 1+ 2002 + 42(1)95" +2((32 -+ 42[11) = (g2 + a[ 11|02 + 035),

7o(A7%) = 1= 2(g; + ol-1)[-11- 35"+ 2( (92 + 421-1D2 - 92(02 + 42[-1) )11 97 + O(05").
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e The projection 7, of 9%,
15(93) = =5 41,
15(93) = =93(41)9;" +(9293(41) +47)9;° + O(9;).

e The projection 713 of A%k,

13(A) = —1-2¢39;5" +2(d3(q3) - 43)95% + 0(35°),

m3(A71) = =1+ 245[-1]95" - 2(q5 + 95(q3))[-1195° + O(95°),

113(A2) = 1+ 2(g5 + 43[1)35" + 2( (g5 + a3[11)* ~ (a3 + (1)) )05 + 0(05”),

7o) = 1= 2003 + s [-1DI=1]-95" +2((q5 + 45[-11)° + 95(g5 + 45[-1])[-1]- 357 + 0105

e The projection 73 of 915,
13(d2) = =95 q1,
13(d3) = —92(‘11)9 +(d295(q1) +fh)9 +0(d5 ).
8.2. Examples of Lax operator. Take n = 4 as an example. The Lax operator will be
1 1 _ 5 1 1
L=aA’+ 4(C2 —c3) A+ 2(C2 +c3)—a—a[-1]+ Z(Cz —c35) A +a[-1]A2 + 583 + Eag,
where a = %e%. Then we will obtain
2 1 -1 -2 -3
T(+(£) =aA“ + Z(CZ_CS)A+V1,O+VI,1A +1/1,2A +O(A ),
1 _ _ _
(L) 2591'2 +¢+ 0,107 +v;297% + 0(7),

where

Vl,oZ%(C2+C3)+%(C2+C3)[1] a-al-1]+ - (‘124”13)[ 1],

3
+3 Y (@l-31+ al-2)Cal-11+ al-2] + g1-3))

vi1 =2a(q; +q;[1]) +

e = es)ai + il -1D) - 2a[-1)ai[-1]+ -2,

1) (ca—c3)(qf —aqil-1]°

—0i(q; — qi[-1]) + 2a[-1]((qi[-1] + q:[-2])* = i (qs[-1] + qi[-2])).
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The expressions of B; y are listed as follows

2
1
By =L-€dy— 5(“2,1 dy+as 03)+ Z b, A
=2

Bl:1 = eﬁ(A_A—l)’ B2,1 = 82; B3,1 = 93

1
Bl,Z = (ZQA + E(CZ — 63) - 2&[—1]/\_1) . (A _A_l)
82’3 = a% + 3C282l B3,3 = 9% + 3C383,

where

B= . (g)’ bo,2=—ﬂ(%+ﬂ1,o[2])x

1+ e€9
1 1
bo,1 = —Z(Cz - C3)(§ +ayo[1]) —aa;1[2],
1
bo,o = —(bo,2 + bo,—p) + €dyal-1]—ay o[1]-a[-1]—ay; — 5922

1
bo_1 =—bo,1 + Zeax(CZ -c3),

1
bo>=(5

2+mﬂp0-q—n+eawp4}

Here ay; comes from ¢; = €9,(S;) - Si‘1 withi=1,2,3,

61 =4ai0 + al,lA_l + O(A_z)
€2 = ﬂzllagl + 02,2852 + 0(853), €3 = (13'1851 + 03,2852 + 0(853),

where

€0y 1 €dy _ 2ed,
a0 = (B), a1 = —ef _ ((Cz —c3)e ’g); a1 = (gi),

1-— eeax 271 eZeax eeax -1
2€a +oo m+1 i—1 i1 ‘
aip = - j‘l(—ai(qi)—q? * ZZ( ; )(eax>f<ai,1><ea " Hag)) i=2,3.
m=0 i=1 j=0

8.3. Examples of flows of t; ; fori =1,2,3. Flows of t; ; are

di1(a) = i(eﬁ ez —c3)[1] - e (e —03)),
d1,1(92) = 6ﬁ[1](‘12+‘12[1])—€ﬁ(% +42[-1]),
91,1(q3) = € (g5 + g3[-1]) - 1) (q5 + g3[1)),
di(cr) =[] —ca[-1],  d11(c3) = c3[-1] - ¢[1].

Flows of t, ; are

eax_l

dy(a) =a(qr[-1]-q2[1]), 2(q2) = ! (Cz —c[1]), da(q3) =
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1
1+ e€%
+4a[-1](92[-2] - q2) + 4a[-2](92[-2] + 92[-3]) = q2[-1](c2[-1] = c2)
1 _e—eax
1+ e€9%

dr(c) = (— (c2—c3)q2 +(c2 —c3)[~1]-g2[-2] - 4a(gz + q2[1])

- 2q5[-1] (qzqs)),
1—e €%

92(e5) = (@ l-11(es - c3l-1) - 2431-11-—~ (4243)).

1 +e€% 1+ €9

And flows of t3 are given by
e€% _ 1

e 41

d3(a) =a(qs[-1]-qg3[1]), 93(‘13)=%(C3—C3[1])r d3(q3) (9293),

1— 6769,(

ds(cy) = - -
3( 2) 1+e€9x

(as0-11e2 = e2l-11) - 20 (-1 ==~ (4203)),

1 +e€%
1
1+ e €
+4a[-1](q3[-2] - g3) + 4a[-2](g3[-2] + q3[-3]) — g3[-1](c3[-1] — c3)

1—e €9

1 + e€%

93(¢5) = ((e2 = e5)as = (e2 = c3)[ -1 45[-2] - 4a(gs + gs[1)

- 2q,[-1] (‘h%))-

8.4. Examples of flows of t; ,, t; 3 and t5 ,. Flows of t; , are
1
d1,2(a) Zzﬂ((cz +¢3)[2] + (ca +¢3)[1] = (c2 +¢3) = (2 +¢3)[-1]
#2451 + 205[1 = 24501 - 243[-11° = 8a[1] + 8a[-1]),

91,2(92) =2a[1](q2[1] + q2[2]) + 2a(g2[-1] = g2[1]) — 2a[-1](g2[~1] + q2[-2])
- 302 =) @111+ 42) + 3 e = )11 (42 + 4al1]),
d1,2(93) =2a[1](q3[1] + q3[2]) + 2a(g3[-1] - q3[1]) — 2a[-1](q3[-1] + q3[-2])
1
2

e )@+ 3) = 2(ca—e5)[1]- (g3 + 4511,

N

010(e2) =~ 20(2(q2 + 42[1))7 + €2 = c2[2] )+ 20 1] 20qal 1] + 4221 + €3 - e2[-2]

(e2-¢5)(2021-11 - 263 + e2[-1] - 1]}

1,2(c5) =2a(2(g5 + a3[1)7 + c3[2] - ¢5 ) - 2a[-1)( 2qs[1] + 45[-21) + e3[-2] - 3

N = N =

+5(e2-c5)( 20311 - 23 + sl -1] - cs[1]).

The flows of t; 5 are given by
d23(a) Za(ag(fh[—l]—42[1])+332(Q2[—1])'Q2[—1]—392(42[1])'42[1]

+aal=1F = @l 436 420-1]- 30,(2]- a1]),
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02,3(c2) =95(¢2) +395(v2,1) +302(va,2) + 36295 (c2),

92,3(¢3) =0303(q1) + 393 (c21),

92,3(42) =93(92) + 342 - 95(q2) + 392(42) - 45 + 392(c2[1]192) + 3(92(42))°

92,3(q3) == (3¢2[1]+43) - (4293 + 41 [1]) + 393(c2[1])92 — 92(q2) - (392935 + 41 [1])
=205(q1[1])- 42 = 93(91[1]) - g3 - 93(q2)-

The flows of t3 5 are given by

93,2(a) =a 93(a5[-11 - 45[11) + 303(a5[-1)) - 45[-11 - 395(as (1) gs[1]
#4311 = gs[11 + 3¢5 - 5[-1] - 3¢5 (2] - gs111),

953(c2) =0(3(a1) + 3esan ),

d3,3(c3) =03(c3) + 393 (v31) + 393(v3 ) + 3c305(c3),

93,3(d2) == (3¢3[1]+43) - (925 + 41 [11) + 392(c3[11)43 ~ 93(q3) - (39295 + 1 [1])

-293(q1[1])- 95 - 93(91[1]) — 42 - 93(43),
93,3(93) =93(q3) + 393 - 93(q3) + 395(q3) - 45 + 393(c3[1]q3) + 3(93(q3))>.

8.5. Examples of flows of ;. Flows of f;; are

Here

do,1(a) =a-edyvyo[2] + 11—6(52 —c3)-€dy(cr—c3)[1]+v1,9-€dy(a) + boa(vi,0[2] - v1,0)
+ i(bo,l “(cp—c3)[1] = (ca —c3) - 51,0[1]) + a(bo,o —bo[2] - %(az,l “qa[-1]
bz 451+ (a0 (20aal1] + a5, (2] 45[1),

1 1 1
do,1(c2) =§€9x(9§(cz) +¢3+205(vy1) + Vz,z) - 502,192(02) - 53%(50,0,2) —dy(b,1,2)s

1 1 1
do,1(c3) =§€9x(9§(c3) +c3+20d3(v3 ;) + V3,2) - 503,193(03) - 595(50,0,3) —ds(bg,1,3),

1

1
d0,1(q2) =92(bo,0[1] ~bg,1 — 5421 [1]g2 - 5431 [1]‘13) + QZ(bo,z[l] ~bop+bo,[1]- 2bo,l)

+ fh[l](bo,z[l] —bgp+ 50,1[1])— €d, Ay,

1 1
do,1(q3) 293(50,0[1] +bo — 5421 [1]q2 - 5931 [1]‘?3) + ‘h(bo,z[l] +bop+bg[1]+ 2170,1)

+ 612[1](50,2[1] +boo + 50,1[1])— €d,Aj3.

1 1
bo,0,2 Zeax(ﬂ[—l] + Z(Cz - Cs))—ﬂl,o[l] ca[-1]-ay; - 5%
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1 1
bo,0,3 =€ax(a[—1] - Z(Cz - 03)) —ayo[l]-a[-1]-ay; - 5922

1

bo,1,2 =2bo,2(fh + fh[l]) +2bg1q2 + 2bo,_192[-1] - 250,—2(‘12[—1] + fh[—z]) + 543,191

1
bo,1,3 =2bo,2(% + %[1]) —2bo,193 — 2bo,—193[-1] - 2bo,-2(‘13[—1] + %[—2]) + 582191

1

Aj =92(%(C2 +c3)[1]—a—a[l]- i(cz —C3))+Q2(ﬂ[1] —a+ i(cz —c3)[1] - 5(62 -c3)

N =

92(42) + 93(45) + 43 +43) + aal1] - (al1] - a+ (e - o)1),

Az =d3 %(Cz +c3)[1]—a—a[l]- i(cz —03))+Q3(ﬂ[1] —a-— i(cz —c3)[1]+ %(Cz -c3)

(92(a2)+ 35(a5) + 43+ 43) )+ as[1] - (al1] —a = 7c2 — )11

—

+

N =
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