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Abstract

Motivated by applications to perverse sheaves, we study combinatorics of two cell
decompositions of the symmetric product of the complex line, refining the complex
stratification by multiplicities. Contingency matrices, appearing in classical statistics,
parametrize the cells of one such decomposition, which has the property of being quasi-
regular. The other, more economical, decomposition, goes back to the work of Fox-
Neuwirth and Fuchs on the cohomology of braid groups. We give a criterion for a sheaf
constructible with respect to the “contingency decomposition” to be constructble with
respect to the complex stratification. We also introduce a polyhedral ball called the
stochastihedron whose cells are labelled by contingency matrices.

The Appendix by P. Etingof studies enumerative aspects of contingency matrices.
In particular, it is proved that the “meta-matrix” formed by the numbers of contingency
matrices of various sizes, is totally positive.
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Introduction
The nth symmetric product Sym™(C) can be seen as the space of monic polynomials
flx) = 2" +a 2"t +---+a, aeC.

It has a natural stratification Sc by the multiplicities of the roots of f. The topology of the
stratified spaces (Sym"(C), Sc) is of great importance in many areas, ranging from algebraic
functions, braid groups, and Galois theory [6, 7, 5]), to representation theory and Kac-Moody
algebras [1]. In particular, we showed in [13] that factorizing systems of perverse sheaves on
the (Sym"™(C), Sc) correspond to braided Hopf algebras of a certain kind. However, despite
apparent simplicity of the stratification S¢, direct study of perverse sheaves on it is not easy
and one has to “break the symmetry” by using various finer stratifications.

In this note we study the combinatorics of two such refinements, which are both cell
decompositions. The finest one, S which we call the contingency cell decomposition,
has cells parametrized by contingency tables figuring in the title. It is obtained by taking
into account possible coincidences of both the real and imaginary parts of the roots. The
notion of a contingency table has been introduced by the great statistician Karl Pearson
in 1904, see [17]. The advantage of S is that it is a quasi-regular cell decomposition (a
higher-dimensional cell can approach a lower dimensional one “from one side only”), so a
constructible sheaf on it is essentially the same as a representation of the poset of cells.

The other cell decomposition STNF | intermediate between Sc and S, consists of what
we call Foz-Neuwirth-Fuchs (FNF) cells which generalize the cells decomposing the open
stratum in Sc (the configuration space, i.e., the classifying space of the braid group) used by
Fox-Neuwirth [6] and Fuchs [7]. It is more economical than S but it is not quasi-regular.
It is defined in a non-symmetric way, by looking at coincidences of the imaginary parts first
and then looking at the positions of the real parts. So proceeding in the other order, we get
a different cell decompostion iS*NF. We prove that

(01) SFNF A ZSFNF _ ‘Scont7 SFNF v ZSFNF _ SC-

The first of these equalities means that S is the coarsest common refinement of S*™™F and
iSYNF that has connected strata. The second one means that uniting cells of S which lie
in the same cells of STNF and iS™F gives the strata of Sc. In other words, it means that a
sheaf (or complex) constructible with respect to S is constructible w.r.t. Sc if and only
if it is constructible w.r.t. both S*NF and iS*NF. This criterion will be important for our
study (in progress) of perverse sheaves on (Sym"(C), Sc).

Contingency tables (or contingency matrices, as we call them in the main body of the
paper) give rise to a lot of interesting combinatorics [3, 18]. We introduce a cellular ball
called the stochastihedron St,, whose cells are labelled by contingency matrices with entries
summing up to n. It has an interesting structure of a “Hodge cell complex”, so that m-cells
are subdivided into cells of type (r,s), r + s = m and the face inclusions are subdivided into
horizintal and vertical ones, much like the de Rham differential d on a Kéahler manifold is



decomposed into the sum of the Dolbeault differentials ¢ and 0. In a paper in preparation
we use this structure for the study of perverse sheaves, which give “mixed sheaves” on such
complexes, that is, sheaves in the horizontal direction and cosheaves in the vertical one.

An interesting combinatorial object is the contingency metamatriz M(n). It is the n x n
matrix with

M(n)p, = #{Contingency matrices of size p x ¢ and sum of elements equal to n},

so it describes the statistics of the ensemble of contingency matrices themselves. This matrix
has a number of remarkable properties established by P. Etingof in the Appendix to this
paper. Probably the most striking among them is total positivity: all minors of 2t(n) of all
sizes are positive.

We are happy to dedicate this paper to Dmitry Borisovich Fuchs. Among several won-
derful things he has done in mathematics, he is one of the pioneers in the study of cellular
decompositions for symmetric products.

We are grateful to Pavel Etingof for valuable discussions and for agreeing to include his
work as an appendix to our paper. V.S. is grateful to the organizers of a conference in Ziirich
in August 2019 where he had a chance to meet P.E. The research of M.K. was supported by
World Premier International Research Center Initiative (WPI Initiative), MEXT, Japan.

1 Contingency matrices and their contractions

A. Ordered partitions. Let Set be the category of sets. For a set I, we denote by
Sub([7) the set of subsets of I. For m,n € Z>g, m < n, we write [m,n| = {m,m +1,--- n}
and [n] = [1,n]. We denote 2" := Sub([n]).

An ordered partition of n is a sequence of positive integers summing up to n,
p
a=(ay,...,q,) €2, Zaz—n

The number p is called the length of the ordered partition o and denoted ¢(«).

The set of all ordered partitions of n will be denoted by OP,, and the subset of ordered
partitions of length p by OP,(p). We note that OP,, is in bijection with 2"~!: given «, we
write

n=01+...+1)+...+(1+...+1)

the first paretheses contain a; ones, etc. The plus signs between parentheses form a subset

I =I(a) c [n—1] = the set of all pluses.

or, )l = (17 1).

Thus



B. Semisimplicial sets. Recall, for future reference, that an augmented semisimplicial
set is a diagram

0o
b 5
Y, = {Y1<—a° YO<_<—Y1<_al Yo=—--- }
o1 T -~
consisting of sets Y,, r = —1 and maps ¢; : Y, —» Y,_1, i =0,--- ,r, satisfying the relations
(11) 818] = ﬁj_lﬁi, 1<,

A semisimplicial set is a similar diagram but consisting only of Y., » > 0 (i.e., Y_; not
present). Elements of Y, are referred to as r-simplices of Y. We make the following notations:

) A;j: the category of finite, possibly empty ordinals (i.e., well ordered sets) and mono-

tone injective maps.

o A, the full subcategory formed by nonempty ordinals.

A semisimpliciial set (resp. augmented semisimplicial set) is the same as a contravariant
functor Y : Ayy; — Set (resp. Y : Al — Set). The set Y, is found as the value of Y on the

inj
ordinal [0,7] (understood as ¢J for r = —1). See, e.g., [4], §1.2 for discussion and further
references.

Returning to ordered partitiona, we have the contraction maps
0;: OP,(p) — OP,(p—1), 1=0,---,p—2,
di(aug, -+ ,Oép) = (o1, Qg1+ Qigo, aap)'

These maps satisfy the simplicial identities (1.1) and so give an augmented semisimplicial
set

0o
o <~
OP, (e +2) = { OP,(1) L OP,(2) <_<T OP,(3) Lopn(ﬁl) a——— }’
1 <8_2 -~

whose set of r-simplices is OP,,(r + 2). This is nothing but the set of all geometric faces of
the (n — 2)-dimensional simplex, including the empty face.

A more standard concept is that of a simplicial set, see, e.g., [8, 10|, where we have both
face maps 0; : Y, — Y,_; and degeneracy maps s;;Y, — Y,,1. In this paper we assume
familiarity with this concept. It is easy to realize OP, (e + 2) as the set of nondegenerate
simplices of an appropriate augmented simplicial set (by allowing (ay, - - , a,) with some of
the intermediate «; being 0). The same holds for more complicated examples below, and we
wil not mention it explicitly.



C. Contingency matrices and their bi-semisimplicial structure. We now intro-
duce the “two-dimensional analog” of the trivial considerations above.

Let us call a contingency matriz a rectangular matrix M = Hm”Hf;lg of non-negative
integers such that each row and each column contain at least one non-zero entry. The weight
of M is defined as

M = Y my; € Zoo.
irj
The horizontal and vertical margins of M are ordered partitions oyo (M), Oyer (M) of n = XM
defined by

Thor(M); = me Uver(M)j = Zmij'
j i

We make the following notations:

e CM,,: the set of all contingency matrices of weight n.

CM(p, q): the set of all contingency matrices of size p x g.

CM,,(p, q) := CM,, n CM(p, q).

CM(a, ) the set of all contingency matrices with horizontal margin o and vertical
margin 3. Here «, f € OP,, for some n.

e S, the symmetric group of order n.

Remark 1.2. The original setting for contingency tables given by Pearson [17] was (in mod-
ern terminology) this. We have two random variables z, y taking values in abstract sets I, .J
of cardinalities p, g respectively. Pearson emphasizes that in many cases fixing an embedding
of I or J into R or even choosing an order on them, is unnatural. The contingency matrix
M = ||my; |’} is the (un-normalized) approximation to the joint probability distribution of z
and y, taken from a sample of n trials. Thus, independence of x and y means that M is close
to the product matrix: m;; ~ z;y;. In general, various invariants of M measure deviation

from independence (“contingency”).

Example 1.3. The set CM,,(n,n) consists of n! permutation matrices

M, o€S,, (M) = {1’ iy =od),
0, otherwise.

By a bi-semisimplicial set (resp, an augmented bi-semisimplicial set we will mean a con-
travariant functor Y : Ay x Ay — Set (resp. Y : A;{lj X A;;j — Set). the datum of such
a functor is equivalent to the datum of the sets Y,  for r,s > 0 (resp. r,s = —1) and two
kinds of face maps: the horizontal ones

/ .
ai :}/7',(1 K*l,m 2207"' , T,



and the vertical ones
a;‘/:y;,s—>yr,s—1a j=0,---,s,

so that each group (the J; as well as the 07) satisfies the relations (1.1) and the horizontal
maps commute with the vertical ones. Elements of Y;., are called the (r, s)-bisimplices of Y.

In our particular case of contingency matrices, we have the horizontal and vertical con-
tractions

which add up the (i + 1)st and the (¢ + 2)nd column (resp. (j + 1)st and (j + 2)nd row).
The following is clear.

Proposition 1.4. the maps 0;, 0] define an augmented bi-semisimplicial set CM,(o+2, e +2)
whose (r, s)-bisimplices are elements of CM,,(r + 2, s + 2). O

D. Contingency matrices as a (bi-)poset. We make CM,, into a poset by putting
M < N, if N can be obtained from M by a series of contractions (of both kinds). Thus, the
1 x 1 matrix (n) is the maximal element of CM,,, while the minimal elements are precisely the
monomial matrices M,, o € S,,. It is convenient to arrange the poset CM,, into a “contingency
square” to indicate the order and the contractions. This square is itself an n x n “matrix”
M,, where, in the position (p, ¢), we put all the elements of the set CM,(p, q).

In fact, the partial order < can be split into two partial orders: the horizontal one <’
and and the vertical one <”. That is, M <’ N, if N can be obtained from M by a series of
horizontal contractions ¢; and M <" N, if N can be obtained from M by a series of horizontal
contractions 0. So (CM,, <', <") becomes a bi-poset (a set with two partial orders), and <
is the order generated by (<’, <”).

It is convenient to arrange the bi-poset CM,, into a “contingency meta-square” to indicate
the orders and the contractions. This square is itself an n x n “matrix” M(n) where, in the
position (p, q), we put all the elements of the set CM,,(p, q).

Example 1.5. The 2 x 2 contingency meta-square M(2) has the form

(1) = 60
(é) — (1i1)

The arrows denote the contraction operations.



Example 1.6. The 3 x 3 contingency meta-square M(3) has the form
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O = = O

l | |

B)——(2 1) (1 2

E. Relation to the symmetric groups. Higher-dimensional analogs. Let a =
(aq,- -+ ,p) € OP,. We have then the parabolic subgroup in the symmetric group

So = Say X -+ xSy, © Sy
Proposition 1.7. For any «, f € OP,, we have a bijection
CMa(a, B) = Sa\Sn/Ss.

This is shown in [3], Lemma 3.3. For convenience of the reader we give a proof in the
form that will be used later.
First of all, recall that for any group GG and subgroups H, K < G we have an identification

(1.8) G\((G/H) x (G/K)) — K\G/H, G(giH,g:K)— Kgy'g:H.
So we will construct a bijection

(1.9) S\ ((Sn/Sa) X (Su/Ss)) —> CM,(a, B).



Definition 1.10. (a) A colored ordered partition of [n] is a vector A = (A, -+, A,) formed
by nonempty subsets A; < [n] which make a disjoint decomposition of [n]. The number p is
called the length of A and denoted ¢(A).

(b) A colored contingency matriz of weight n is a matrix K = |K;| formed by subsets
K;; < [n] which make a disjoint decomposition of [n] and are such that each row and each
column contains at least one nonempty subset.

A colored ordered patition A (resp. colored contingency matrix K') gives a usual ordered
partition a (resp. a usual contingency matrix M) with a; = |A4;| (resp. my; = |Kijl).
We denote CM,,(av, B) the set of colored contingency matrices K fo weight n for which the

corresponding M lies in CM,,(a, ). The identification (1.9) would follow from the next
claim.

Proposition 1.11. (a) We have an identification
(Su/Sa) % (Su/S5) ~ CMy(a, B).
(b) We further have an identification
CM,(a, B) ~ S,\CM,(a, B).

Proof: (a) Note that S,,/S, can be seen as the set of colored ordered partitions (Ay,--- , A,)
of [n] such that |A;| = ;. Similarly, if 8 = (61, -, f,), then S,,/S3 can be seen as the set of
colored ordered partitiona (B, - -, B,) such that |B;| = ;. Now, the bijection as claimed
in (a), is obtained by sending

((Al)"' 7Ap>7(Blv'” 7Bq)) = K; Kz] = AZ M B]

(b) This is obvious: to lift a given contingency matrix M = |m;;| to a colored one K, we
need tyo replace each entry m;; by a set of m;; elements of [n], in a disjoint way. The group
Sy acts on the set of such lifts simply transitively. O]

Remark 1.12. One can continue the pattern
(ordered partitions, contingency matrices, - - )

by considering, for any d > 1, d-valent contingency tensors M = |m;, ... ;,| of some format

p1 X -+ X pg. Such an M has a weight n = Zil iy iy iy and d margins o,(M) € OP,,
v =1,---,d, obtained by summation in all directions other than some given . The set of
contingency tensors with given margins oV, ---  a(¥ is identifed with

Sn\((Sn/Sa(l)) X X (Sn/Sa(cn)).

As in Remark 1.2, d-valent contingency tensors describe joint distributions of d-tuples of
discrete random variables. In this paper we focus on the case d = 2 which presents special
nice features absent for d > 2.



2 The stochastihedron

A. The stochastihedron and its properties. Let (T,<) be a poset. For t € T we
denote

T<! ={t'eT:t<t}, TS ={t'eT: t' <t}
the strict and non-strict lower intervals bounded by ¢.

We also denote by Nerv,(S) the nerve of T, i.e., the simplicial set whose r-simplices
correspond to chains t5 < t; < -+ < t, of inequalities in 7. Nondegenerate simplices
correspond to chains of strict inequalities. We denote by N(.S) the geometric realization of
the simplicial set Nerv,(7T), i.e., the topological space obtained by gluing the above simplices
together, see (8, 10]. The dimension of N(T), if finite, is equal to the maximal length of a
chain of strict inequalities. Sometimes we will, by abuse of terminology, refer to N(7T') as the
nerve of 7.

We apply this to T' = (CM,,, <). The space N(CM,,) will be called the nth stochastihedron
and denote St,,. We have dim St,, = 2n — 2.

We next show that St, has a cellular structure of a particular kind, similar to the de-
composition of a convex polytope given by its faces. Let us fix the following terminology.

e An m-cell is a topological space homeomorphic to the open m-ball BY, = {z € R" :
|z <1}

e A closed m-cell is a topological space homeomorphic to the closed m-ball B, = {z €
R™: |z|| < 1}.

o A cell decomposition of a topological space X is a filtration

XOCXICCX:UXM

m=0
by closed subspaces such that each X,,\X,,_1 is a disjoint union of m-cells.

e A cell decomposition is called regular, if for each cell (connected component) o <
X\ X1 the closure 7 is a closed m-cell whose boundary is a union of cells.

o A (regular) cellular space is a space with a (regular) cell decomposition.

e For future use, a cell decomposition of X is called quasi-regular, if X can be represented
as Y\Z, where Y is a regular cellular space and Z < Y a closed cellular subspace.

e For a quasi-regular cellular space X we denote (Cy, <) the poset formed by its cells
with the order given by inclusion of the closures.

The following is classical.



Proposition 2.1. Let X be a regular cellular space. Then N(Cx) is homeomorphic to X,
being the baricentric subdivision of X. Further, for each m-cell o € Cx the nerve N(C37) is
homeomorphic to @, i.e., is a closed m-cell, and N(C3%) is homeomorphic to the boundary
of 7, i.e., is, topologically, S™!. O

We return to the poset CM,, and show that it can be realized as Cx for an appropriate
regular cellular space X. By the above X must be homeomorphic to St,,, so the question
is to construct an appropriate cell decomposition of St, or, rather, to prove that certain
simplicial subcomplexes in St,, are closed cells.

For any M € CM,, denote by F'(M) = N(CM:™) and F(M) = N(CMsM). They are
closed subspaces of St,. Let also F°(M) = F(M)\F'(M), a locally closed subspace of

St,,. For example since the 1 x 1 matrix ||n| is the maximal element of CM,,, we have that
F(||n|) = St,, is the full stochastihedron, and it is the cone over F’(|n|).

Theorem 2.2. Fach F(M), M € CM,(p,q), is a closed cell of dimension 2n — (p + q),
and F'(M) is homeomorphic to the sphere S*"~(P+0=1 " Therefore St, has a regular cell
decomposition into the cells F°(M), and CM,, is the poset of these cells with order given by
inclusion of the closures.

An analog of this result for contingency tensors of valency d > 2, see Remark 1.12, does
not hold.

B. The stochastihedron and the permutohedron Here we prove Theorem 2.2. We
recall that the nth permutohedron P, is the convex polytope in R™ defined as the convex hull
of the n! points

[s] = (s(1),---,s(n)), s€ S,.
By construction, the symmetric group S,, acts by automorphisms of P,. The following is
well known.
Proposition 2.3. (a) dim(P,) = n — 1 and each [s] is in fact a vertex of P,.

(b) Faces of P, are in bijection with colored ordered partitions A = (Ay,---,A,) of n,
see Definition 1.10(a). The face corresponding to A is denoted [A]. It is the convex hull of
the points [s] corresponding to permutations s obtained by all possible ways of ordering the
elements inside each A;. Thus

p
[A] =~ [[ P4, dim[A]=n—p. O
=1

Consider now the product P, x P,. with the diagonal action of S,,. Theorem 2.2 will
follow (in virtue of Proposition 2.1) from the next claim.
Proposition 2.4. The quotient S,\(P, x P,), stratified by the images of the open faces, is

a reqular cellular space with the poset of cells isomorphic to CM,,.

10



Proof: The (closed) faces of P, x P, are the products [A|B] := [A] x [B] for all pairs A =
(A,---,A,), B = (By,---,B,) of colored ordered partitions of n. Therefore Proposition
1.11 implies that the poset formed by the images of closed faces and their inclusions, is
identified with CM,,.

It remains to show that each image of a closed face [A|B] of P, x P, is a closed cell, i.e., is
homeomorphic to a closed ball. This image is the quotient Sy 5)\[A|B], where Spap < S, is
the subgroup preserving [A|B] as a set.. For a set I let us denote S; = Aut([/) the symmetric
group of automorpisms of /. Then it is immediate that

p q
Stalp] = H SanB; S Sn
=1

i 7=1

Further, let us denote, for a finite set 1

Ré = {(xk)ke] eR’: Zxk. = 0}

and write R = R([)"]. Thus, P, is parallel to R} and each face [A] is parallel to [ Rs".
Let [A|B]° be the interior of the face [A|B]. By the above, it is a translation of an open

set in
(HRS‘i) X (HR?) c R" x R",

a translation, moreover, by a vector invariant with respect to Sj4ip). So to prove that each
[A|B] is a closed cell (and each [A|B]° is an open cell), it suffices to establish the following.

Lemma 2.5. For each A, B as above, the quotient
[Tsun\ (TTRE) = TR
ij i i

is homeomorphic to the Euclidean space (of dimension 2n —p — q).

Proof of the lemma: Denote the quotient in question by (). Consider first the bigger space

Q = HSAmB]—\((H RAZ') X (n RBJ')>
i i i
which contains () as a closed subset. We note that

Q = HSAmBj\(Rn x R") = HSAmBj\(Rz)" = H(SAmBj\(R2)AmBj).

1/7j

Now, for any finite set I, the quotient

SI\(RZ)I = SI\CI = Symm(C) ~ cHl

11



is the |I|th symmetric product of C and so is identified (as an algebraic variety and hence
as a topological space) with C/l. The coordinates in this new C!'! are the elementary sym-
metric functions of the coordinates zj,% € I, in the original C!/. In particular, one of these
coordinates is 01,7 = >, Tk, the sum of the original coordinates.

Applying this remark to I = A; n B, for all ¢, j, we see, first of all, that

Q/ ~ Hc|AimB]~\ ~ C".
i,J

Second, to identify ) inside @), we need to express the effect, on the quotient, of replacing
each R4 by RS‘” and each R/ by Rg 7 i.e., of imposing the zero-sum conditions throughout.
Let us view the first R® = [, R4 as the real part and the second R" = ]_[j RBi as the

imaginary part of C". Then the zero-sum condition on an element of R4 is expressed by
vanishing of ;01 4,~p; applied to the real part of a point of ]_L.j Sym!4°Bil(C). Similarly,

the zero sum condition on an element of R%/ is expressed by vanishing of >}, o1 4, B; applied

to the imaginary part a point of HZJ Sym‘AmBﬂ(C). So (@ is specified, inside ' ~ C", by
vanishing of a collection of R-linear functions and so is homeomorphic to a real Euclidean
space as claimed.

This finishes the proof of Lemma 2.5, Proposition 2.4 and Theorem 2.2.

C. Examples and pictures. We illustrate the above concepts in low dimensions.

Example 2.6. The 2nd stochastihedron St, is a bigon:

(1,1)

(1 o) (6 7)

1
1
Example 2.7. The 3rd stochastihedron St3 is a 4-dimensional cellular complex with 33 cells,

corresponding to the matrices in the “contingency square” Az of Example 1.6:

e 6 vertices; they correspond to 3 x 3 permutation matrices in the upper right corner;
e 12 edges; they correspond to 2 x 3 and 3 x 2 matrices;

e 10 2-faces, more precisely:

12



— 4 bigons corresponding to 2 x 2 matrices M which contain an entry 2
— 4 squares corresponding to 2 x 2 matrices M which cosists of 0’s and 1’s only.

— 2 hexagons Pj, corresponding to 1 x 3 and 3 x 1 matrices;

e 4 3-faces, of the shape we call hangars, see Fig. 1 below. They correspond to 2 x 1
and 1 x 2 matrices;

e one 4-cell corresponding to the matrix (3).

Remark 2.8. Note that the boundaries of the cells of St,, come from decontractions (acting to
the right and upwards in the contingency meta-square M(3), in the above example) and not
contractions. Therefore St,, is not the realization of the bi-semisimplicial set CM,,(e+2, e+2)
but, rather, the Poincaré dual cell complex to it. Because of this, Theorem 2.2 is non-trivial.
For the nature of the realization itself (which is a cellular space by its very construction),
see Remark 3.5(a) below.

Example 2.9.Here we describe one hangar corresponding to the matrix (2,1)" = ?
(the other hangars look similarly). This particular hangar is a cellular 3-ball, whose cells
correspond to elements of the lower interval CM§(2’1)t, which has the form
0 1 10 100 010
1 0 0 1 010 1 00
10 0 1 0 0 1 0 0 1
1 10 01 010 100
1]=— |0 1 1 0]=— 10 0 1 0 01
1 10 0 1 100 100
10 0 1 0 01 0 01
1 0 0 1 010 1 00
0 1 10 100 010

11 11 0
2 0 1 10 1
1 20 0 2

0 1 10
The boundary (2-dimensional) cells are as follows:

1
e one hexagon corresponding to | 1 |;
1

o dne o (L 1) (1LY,
squares corresponding to o 1)°\1 o)

13
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e and 2 bigons corresponding to ((2) (1)) , (0 2).

10

Figure 1: A hangar having 2 bigons, 2 (curved) squares and a hexagon in the boundary.

3 The stochastihedron and symmetric products

A. The symmetric product and its complex stratification Sc. Let P, be the set
of (unordered) partitions a = (a; = -+ > ), > a; = n of n. For any ordered partition
€ OP, let B € P, be the corresponding unordered partition (we put the parts of 4 in the
non-increasing order).

We consider the symmetric product Sym"(C) = S,,\C" with the natural projection
(3.1) 7 :C" — Sym"(C).

It is classical that Sym"(C) ~ C", the isomorphism given by the elementary symmetric
functions. We can view points z of Sym"(C) in either of two ways:

o As effective divisors z = Y| . o, - z with a, € Z5, of degree n, that is, > a, = n.
e As unordered collections z = {z,- -, 2,} of n points in C, possibly with repetitions.

Viewing z as a divisor, we have an ordered partition Mult(z) = (a; = -+ = «,), called
the multiplicity partition of z, which is obtained by arranging the «, in a non-increasing way.
For a given a € P, the complex stratum XC is formed by all z with Mult(z) = a. These
strata are smooth complex varieties forming the complez stratification Sc of Sym"™(C).

Our eventual interest is in constructible sheaves and perverse sheaves on Sym"(C) which
are smooth with respect to the stratification Sc. We now review various refinements of the
stratification Sc obtained by taking into account the real and imaginary parts of the points
z, € C forming a point z € Sym"(C).
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B. The contingency cell decomposition. Let z = {z;,---,z,} € Sym™(C). Among
the numbers Re(z), - ,Re(z,) there may be some coincidences. Let z; < --- < z,, be all
the values of Re(z,) in the increasing order (ignoring possible repetitions). Similarly for the
imaginary parts: let y; < --- < y, be all the values of Im(z,) in the increasing order, see
Fig. 2. We get a contingency matrix

wlz) = |nij(@)720075 € CMa(p,a),  pij(z) = [{v: Re(z,) = 2; and In(z,) = y,}].

Yo b--of9 L oHra

Yo Lot SH22 w2

Y1 k,,#'u,l,l,,,: ,,,,, *H’Zl,,,
I To Tp

Figure 2: The contingency matrix p(z) associated to z € Sym"(C).

For a contingency matrix M € CM,, let X9 < Sym"(C) be the set of z with u(z) = M.

To describe the nature of X§™ and of its closure X§™, we start with some elementary
remarks. For r > 0 let e, - - - , e, be the standard basis of R"*'. The standard r-simplex A"
is the set

A" = Conv{eg, -+ ,e.} = {(xg,"' ,x,) € Rz =0, Zmz = 1}.
The codimension 1 faces of A" are
;A" = Conv{ej, j #1} = A" n{z; =0}
Note that we have the identification
(3.2) A"~ {0<t; < <t, <1}, xo=t,x1=103—11, -, 2. =1—1,.
We denote .
AT = AN [ aAT, AL = ANGAT
i=0

the open r-simplex and the m-simplex with just the rth face removed. In other words, A
is a cone over A" but with the foundation of the cone removed. Note that under (3.2)

o

(3.3) A"~ {0<t;---<t, <1}, AL ~{0<t;---<t. <1}

Fori=0,---,r — 1 we can speak about the ith face ;A" which is homeomorphic to A1
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Proposition 3.4. (a) Each X9, M € CM,(p,q) is a cell of dimension p + q. More
precisely, X{™ ~ C x AP~1 x A1,

(b) The closure X" is homeomorphic to C x AP"" x AT and the cells lying there are
given by the faces of A”" x AL'. That is, codimension 1 closed cells lying in X" are

Xt ~ Cx AL x AT i=0,---p—2,

Xg??} ~ Cx A]i—l X @-A‘i—l, j: qu_2
In particular, the collection of the X 9™ forms a quasi-regqular cell decomposition of Sym"(C)
refining the stratification Sc.

We denote the collection of the X9 the contingency cell decomposition of Sym™(C) and
denote S¢™. The X9 themselves will be called the contingency cells.

Remarks 3.5.(a) It is useful to compare the above with the concept of the geometric
realization of a bi-semisimplicial set. That is, given a bi-semisimplicial set Y, ., its geometric

realization is
|Yee| = (|_| Y},SXATXAS)/N
r,s=0

where ~ is the equivalence relation which, for y € Y,,, matches 0y with ;A" x A® and
dly with A” x d;A®. This is completely analogous to the classical concept of the geometric
realization of a simplicial set [8, 10].

In our case we have an augmented bi-semisimplicial set Y,, with Y, ; = CM,,(r + 2, s + 2),
so the standard concept of realization is not applicable (as we cannot attach a product
containing A™! = (). Instead, Proposition 3.4 says that

Sym"(C) ~ Cx < |_| Yo x AT x Ai“) /N

r.s=—1

so we replace each r-simplex by the cone over it, which for » = —1 is taken to be just the
point.

(b) Proposition 3.4 also shows that the stochastihedron St,, is simply the cell complex
Poincaré dual to the quasi-regular cell decomposition §™ of Sym"(C). The fact that it is
indeed a cellular ball (Theorem 2.2) reflects the property that Sym"(C) is smooth (homeo-
morphic to a Euclidean space). This also shows that contingency tensors of valency d > 2
(see Remark 1.12) do not lead to a cellular complex analogous to St,,, since Sym”(R?) is
singular for d > 2.

Proof of Proposition 3.4: (a) If the matrix M = pu(z), i.e., the integers p;;(z), are fixed,
then the only data parametrizing z are the real numbers z; < --- 2, and y1 < -+ < yq.
Subtracting the first elements of these sequences we get

{ry <<z} ~Rx{0<al<---<a}, =z — .
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But the interval [0, o) is identified, in a monotone way, with [0, 1), so

Rx{0<ah< - <al} >Rx{0<ay< <z, <1} ~ Rx AP

and similarly
{y1 < - <y, ~ Rx AT

(b) The closure X" is obtained by adding all the limit points of X§"*. Such points
are obtained when some of the z; or the y; merge together, and in view of the second
identification in (3.3), such mergers correspond to the faces of AZ"' x AL, O

C. Imaginary strata and Fox-Neuwirth-Fuchs cells. We recall some constructions
from [13]. Consider the symmetric product Sym"(R), viewed either as the space of effective
divisors y = Y.n, - 4, ¥, € R, of degree n or as unordered collections y = {y1, -+, yn}
possibly with repetitions. It has a quasi-regular cell decomposition into cells Kz, 8 € OP,,.
Explicitly, if 8 = (01, - ,0,), then Kz consists of divisors fy---y1 + -+ + 5, - y, with
< <Yq

Next, the imaginary part map Im : C — R gives a map J : Sym"(C) — Sym"(R). The
preimages X3 = J7'(Kp) will be called the imaginary strata of Sym™(C). They are not
necessarily cells: for instance, for § = (n) we have that K,y = Sym"(R) x iR is the set of
y = {y1, - ,yn} with Im(y;) = --- = Im(y,). In general, to say that z = {z1, -+, z,} lies
in K3 means that there are exacty ¢ distinct values of the Im(z,), and if we denote these
values among y; < --- < y,, then y; is achieved exactly 3; times. Geometrically, we require
that the z, lie on ¢ horizontal lines, see Fig. 3, but we do not prescribe the nature of the
coincidences that happen on these lines.

M Yo Vpq
Yy & ----@ - ---——--- o---o
Y2 F---- .- ----- o - —----

2 2
Sl
1 Fr--®--—--@----- ®-----
1 1 1
D

Figure 3: A point z in a Fox-Neuwirth-Fuchs cell.

To subdivide Xg further, we specify such coincidences. That is, fix a sequence of ordered
partitions 7 = (v, -+ (@) with () € OPg,. Let X[s.,) consist of z € X3 such that, for

any 7 = 1,---,q, the points of z lying of the jth horizotnal line Im_l(yj) ~ R belong to
K. = Sym” (R). See Fig. 3.
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In other words, we prescribe the number of the z, with given imaginary parts, as well as
coincidences within each value of the imaginary part. But, unlike in forming the contingency
cells, we do not pay attention to possible concidences of the real parts of points with different
imaginary parts. Therefore our construction is not symmetric: the imaginary part has
priority over the real part.

Given 8 = (B1,---, ;) € OP,(q), a datum of a sequence (7!, .. @) ~U) e OPyg,, is
equivalent to a single ordered partition ~ refining (3, i.e., 8 < 7. Indeed, such a partition ~
is obtained by writing all the parts of all the ¥U) lexicographically: first the parts of (1,
then the parts of Y etc. So we will consider such pair 3 < 7 as a label for X(g:4]-

We call the X[g.y) the Fox-Neuwirth-Fuchs (FNF) cells. The name “cells” is justified by
the following fact, proved in [13|, Prop. 2.2.5.

Proposition 3.6. (a) Each Xs. is a cell of dimension ((3) + (7).

(b) The collection of the Xg., B < v, forms a cell decomposition S~ of Sym"(C)
refining the complex stratification Sc. More precisely, let A\ € P,, be an unordered partition

of n. Then
X)? = |_|X[ﬁ:7]'

By
F=X

(c) We have X1 € Xipy of and only if 3 < 5 and v <+ in OP,,.
Examples 3.7.(a) Let n = 2 and let SymZ(C) = Sym?(C) be the subvariety formed by
{21, 20} with z; + 25 = 0. The function {z;, 2} > w = 2? identifies SymZ(C) with C. The
cell decomposition S¥NF induces the decomposition of this C into the following three cells:

X[(Q):(g)] M Symg(C) = {O}, X[(Z):(l,l)] M Sym%(C) = R>0, X[(l,l):(l,l)] M Symg(C) = C\R;O.

(b) The cells X{g,.. 1y form the cell decomposition of the open complex stratum X(Cl,...,l)
used by Fox-Neuwirth [6] and Fuchs [7] for the study of the cohomology of the braid group
7T1<X(Cl7m71)).

Let r = (ry,---,1p) € Z%, be a vector with non-negative (possibly zero) integer com-

ponents and p = > 7;. We denote by op(r) € OP, the ordered partition of p obtained by
“compressing” r, i.e., removing the zero components. For example

(3.8) op(2,0,1,3,0,0) =,(2,1,3).

We complement Proposition 3.6 by:

Proposition 3.9. The cell decomposition S refines SN,
Imy;|| € CMy(p,q). Then X5™ < X(g.4), where:

o (3= 0y(M) is the vertical margin of M.

More precisely, let M =

o 7, viewed as a sequence of ordered partitions (y,7@), ¥) € OPy,, has
/Y(V) = Op(mo,u)a Mey = (mLW T ’mp7”)'

The proof is obvious and left to the reader. O
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4 From contingency cells to complex strata

A. Four stratifications. Equivalences of contingency cells. The stratifications
of Sym"(C) that we constructed, can be represented by the following picture, with arrows
indicating refinement:

(4.1) S€

Here iS™F is the “dual Fox-Neuwirth-Fuchs” cell decomposition, obtained from S™NF by
applying either of the two the automomorphism of Sym"(C) (they give the same stratification
up to relabeling):

e The holomorphic automorphism induced by i : C — C (multiplication by 7).
e The non-holomorphic automorphism induced by ¢ : C — C, x + iy — y + ix.

Remark 4.2. Any real hyperplane arrangement H < R™ gives three stratifications S, S0
and 8@ of C", see [12] §2. For example, S(*) consists of generic parts of the complex flats of
H and S® consists of “product cells” C' +iD where C, D are faces of H Taking for # the root
arrangement in R™, i.e., the system of hyperplanes {z; = z,}, we obtain our stratifications
Sc, S"™NF and S as the images of S, 8™ and S® under the projection 7 of (3.1).

We are interested in the way the complex strata (from Sc) are assembled out of the cells
of 8  Recall that the partial order < on CM,, is the “envelope” of two partial orders
<’ and <" given by the horizontal and vertical contractions J;, J}, so that J;M <" M and
a//M <// M

J = )

Definition 4.3. We say that an inclusion N < M in CM,, is an equivalence, if X§™ and
X" lie in the same complex stratum. Similarly, we say that N <’ M, resp. N <" M
is a horizontal equivalence, resp. a vertical equivalence, if X" and X 9™ lie in the same
complex stratum.

It is enough to describe “elementary” horizontal and vertical equvialences. That is, we
call the contraction 0, anodyne for M, if 0!M <" M is a horizontal equvialence. Similarly, the
vertical contraction @7 is called anodyne for M, if 07M <" M is a vertical equivalence. Thus
arbitrary horizontal (resp. vertical) equivalences are given by chains of anodyne horizontal
(resp. vertical) contractions.

Given two integer vectors r = (r1,--- ,74),5 = (s1,---84) € ZL, we say that they are
disjoint, if rjs; = 0 for each j = 1,--- ¢, i.e., in each position at least one of the components
of r and s is zero.
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Proposition 4.4. Let M € CM,(p, q) be given.

(a) 0. is anodyne for M if and only if the (i + 1)st and the (i + 2)nd columns of M (that
are added together under 0})are disjoint.

(b) Similarly, 0 is anodyne for M, if and only if the (j + 1) st and (j + 2)nd rows of M
are dosjoint.

Proof: This is clear, as, say, columns being disjoint means precisely that the multiplicities
(considered as an unordered collection) do not change after adding the columns. [
i SFNF

B. The upper and lower bound of S™ and The relation between the four

stratifications in (4.1) can be expressed as follows.

Proposition 4.5. (a) We have
SFNF A ’LSFNF _ Scont.

More precisely, S is the coarsest stratification with connected strata that refines both SFNF
and iSTNF,

(b) We also have
SFNF v ZSFNF _ SC-

More precisely, Sc is the finest stratification of which both S*NY and iS*™F are refinements.

We first prove part (b) of the proposition. Let W, resp. W’ resp. W” < CM,, x CM,, be
the set of pairs (N, M) such that N < M and the inclusion is an equivalence, resp. N <’ M
and the inclusion is a horizontal equivalence, resp. N <” M and the inclusion is a vertical
equivalence. Let R, R', R” be the equivalence relations generated by W, W’ W”. Since the
strata of Sc are connected, we have, first of all:

Lemma 4.6. N ~p M if and only if X™ and X™ lie in the same complex stratum. [
Proposition 4.5(b) will follow from this lemma and the next statement.

Proposition 4.7. (a) N ~r M if and only if X" and X9 lie in the same cell of STNF.
(b) N ~pn M if and only if X" and X9 lie in the same cell of iSTNY.

Proof: 1t is enough to show (a), since (b) is similar. We first prove the “only if” part, that is,

cont

whenever 0] is anodyne for M, the cells X3 and X59™ lie in the same Fox-Neuwirth-Fuchs
cell. But this is obvious from comparing Fiéures 2 and 3: if the (i+1)st and (i+2)nd columns
of M are disjoint, then the multiplicity structure on each horizontal line is unchanged after
a generation resulting in adding these columns.

Let us now prove the “if” part. Since each FNF cell is connected (being a cell), it suffices
to prove the following: whenever X ﬁloerl’fM and X9 lie in the same FNF cell, the contraction
0! is anodyne for M. But this is againz obvious, since a non-anodyne contraction will change
the multiplicity structure on some horizontal line. Propositions 4.7 and 4.5(b) are proved.
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We now prove part (a) of 4.5. Let M € CM,,(p, q). By Proposition 3.9,
X3 < Xipe) 0 i X[a);

where a = oy (M) and f = 0y (M) are the margins of M and +, resp.d is obtained by
compressing, cf. (3.8), the rows, resp. columns of M. In particular, the size p x g of M is
determined as p = {(«a), ¢ = ¢() from the unique cells X[g.,] and iX[4.5) containing X57™.
Note that dim X§™ = p 4+ ¢. This means the following: given any two cells X{.4) € SFNE
and 1 X[a.5) € iS™F, all contingency cells contained in their intersection, have the same
dimension. Since, the union of such cells is the intersection Xg.,; N 1 X[q.5, we conclude
that by taking the connected components of all the X{g.,] N iX |45, We get precisely all the
contingency cells. O

C. Corollaries for constructible sheaves. Fix a base field k. For a stratified space
(X,S) we denote by Sh(X,S) the category formed by sheaves F of k-vector spaces which
are constructible with respect to S, i.e., such that restriction of F to each stratum is locally
constant. The following is standard, see, e.g., [12], Prop. 1.8.

Proposition 4.8. Suppose that (X,S) be a quasi-reqular cellular space with the poset (C, <)
of cells. Then Sh(X,S) is identified with Rep(C), the category of representations of (C, <)
wmn k-vector spaces. [

We recall that a representation of (C, <) is a datum, consisting of:
(0) k-vector spaces F,, given for any o € C.

(1) Linear maps v, : F, = F, given for any o < ¢’ and satisfying

(2) Yoo =1d, and Yy or = Vo1 o7 © Vo.0r for any o < o’ < 0”.

For F € Sh(X,S), the corresponding representation has F, = I'(o, F|,), the space of
sections of F on o (or, what is canonically the same, the stalk at any point of o). The map
Voo 18 the generalization map of F, see [12] §1D and references therein.

Corollary 4.9. (a) The category Sh(Sym"™(C),S°™) is equivalent to Rep(CM,,, <).

(a) The category Sh(Sym"(C),Sc) is equivalent to the full subcategory formed by repre-
sentations (Fyr, (Ynm)n<ar), such that yaarar, resp. Yorns,m is an isomorphism whenever
the contraction 0, resp. 05 is anodyne. H

Proposition 4.5 implies the following.

Corollary 4.10. An 8" -constructible sheaf on Sym"(C) is Sc-constructible, if and only if
it is constructible for both S*NY and iSTNY, 0
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A Counting contingency matrices. Appendix by Pavel
Etingof

Definition A.1. A generalized contingency matriz is a rectangular matrix M whose entries
m;; are nonnegative integers. The weight of a generalized contingency matrix is >, m;.

Thus, a contingency matrix is a generalized contingency matrix without zero rows or
columns. The following is obvious.

Lemma A.2. The number of generalized contingency matrices of size p x q and of weight n
is (711 0

n

Let m,,(n) be the number of contingency matrices of this size and weight and M(n) =
Mg (1) [pig=1, -

Lemma A.3. We have

P\ (4 (n+pg—1
> S ma(n) = i :
1<p,g<q J

Proof: Every generalized contingency matrix M of weight n defines subsets S < [1,p], T <
[1,¢] (corresponding to zero rows and zero columns of A) and a contingency matrix M, of
size (p —|S|) x (¢ — |T'|) and weight n obtained by deleting the zero rows and columns from
A. Clearly, the assignment M — (S, T, M, ) is a bijection. This implies the statement. [J

Let P(n) be the unipotent lower triangular matrix such that P(n),; = (?). The following
corollary of Lemma A.3 is immediate.

Corollary A.4. We have P(n)M(n)P(n)t = B(n), where B(n)yq = ("*77"). Thus M(n) =

n

P(n)7'B(n)(P(n)™Y)t. In particular, det M(n) = det B(n). O
Note also that
(P = 10 (7).
Indeed, denote the matrix in the RHS by P (n). Then
Semro - X o (1) ()= (1) T o (027) b
p>i>j p>izj
Thus we get

Corollary A.5.
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Recall [19] that the (unsigned) Stirling numbers of the first kind c(n, k) are defined by
the generating function

zz+1D)(z+2).(r+n-1) = Z c(n, k)",
k=1

Proposition A.6. We have

B@»:%vmy&%@mgyﬂdmmyvmy

where V(n) is the (modified) Vandermonde matrixz, V (n)g, = i*. Hence

mmn:%mem%@mﬂp”dmmy@mﬁ

where Q(n) := P(n)~'V(n).

Proof: We have 1
B(n)p, = — > c(n, k) i* 5,

|
n.k

which implies the first statement. The second statement follows from the first one and
Corollary A.4. O

Proposition A.7. We have

T e(n i)
[T ()

In particular, the fraction in the RHS is an integer.

d, = detM(n) =

Proof: We have det V(n) = n![], ;_;.,(i — j) (the Vandermonde determinant). This, to-
gether with Proposition A.6, implies the statement after simplifications (using that ¢(n,n) =
1). O

Example A.8. We have dy = 1,dy = 4,d, = 99.
Thus by summing over p, g we get:
Corollary A.9.
= ofn+1\/n+1\[n+ij—1
_ _1 1+ .
2t =2 (L) () ()

Proposition A.10. The matriz Q(n) is upper triangular, and its entries are p!S(k, p), where
S(k,p) are the Stirling numbers of the second kind [19]. In particular, the diagonal entries

of Q(n) are k.
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Proof: We have Q(n) = P(n)~'V(n). Thus

]

Q= X177 (1) = sk,

the last equality being the definition of S(k,p). It is well known that S(k,p) = 0 if p > k,
which implies the statement. O

Corollary A.11. The Gauss decomposition of V(n) is given by
V(n) = P(n)diag(1!,2!,...,n))&(n),

where S(n) is the unipotent upper triangular matriz whose entries are S(n)y = S(k,p) for
k,p<n.

Proof: This follows from Proposition A.10 since Q(n) = diag(1!,2!,...,n!)S(n). O
Corollary A.12. The (opposite) Gauss decomposition of M(n) is

M(n) = %S*(n) -diag((11)%c(n, 1), - - -, (n)2c(n,n)) - Sx(n)".

where Sy (n)px := p!S(k,p)/kL
Proof: This follows from Proposition A.6. O

Corollary A.13. The matriz 9M(n) is totally positive, i.e., all of its determinants of all
sizes are positive.

Proof: Let G = GL,(R). Let Ut,U~ < G be the subgroups of unipotent upper and lower
triangular matrices, and 7" be the torus of diagonal matrices. Let also G.g < G be the set of
totally positive matrices. For distinct ¢, € {1,--- ,n} and a € R let ¢;;(a) be the elementary
matrix which has 1’s on the diagonal, a in the position (4, j) and 0 elsewhere. Recall [15, 16]
that

Gso = U:0T>0U;o = U;0T>0U:07

where:
e 1.y < T is the subset of diagonal matrices with all the diagonal entries positive.

e Ul, = U* is the subset of matrices of the form [T];_; e;;(a;;) where all a;; > 0 and the
product is taken in the order of a reduced decomposition of the maximal element in
Sn. Alternatively. UZ, can be defined as the interior of the closed subset in U" formed
by matrices with all minors non-negative.

o U_, is defined similarly using e;;(a;;) with ¢ > j and a;; > 0 or, equivalently, as the
interior of the subset in U~ formed by matrices with all minors non-negative.
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It is well known [9] that the matrix V'(n) is totally positive (it follows from the fact that the
Schur polynomials have positive coefficients). Thus it follows from Corollary A.11 that S(n)
is totally positive. But then by Corollary A.12 we get that 2Mt(n) is totally positive. O

We also obtain:
Corollary A.14. We have

> mpg(n) = % > eln, k) p! S(k,p) ! S(k, q).

p,q,k

Since >, plS(k,p) = F(k), the Fubini numbers (=ordered Bell numbers [19]), we get
Corollary A.15. We have

m(n) i= 3 () = — 3 e(n, k)F(R)E. O

n.k

Example A.16.The Fubini numbers are 1,3, 13, .., and ¢(3,7) are 2,3,1,0, ..., so m(3) =
(2-12+3-3>+1-13%)/6 = 33. This is the total number of faces in the stochastihedron Sts,
see Example 2.7.
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