ON MIURA MAPS FOR W-SUPERALGEBRAS

SHIGENORI NAKATSUKA

ABSTRACT. We prove the injectivity of the Miura maps for W-superalgberas
and the isomorphisms between the Poisson vertex superalgebras obtained as
the associated graded of the W-superalgebras in terms of the Li’s filtration
and the level 0 Poisson vertex superalgebras associated with the arc spaces of
the corresponding Slodowy slices in full generality.

INTRODUCTION

Let g be a basic classical (simple) Lie superalgebra over the field of complex num-
bers C, k € C a complex number, a non-zero even nilpotent element f of g, and
I':g= EBje%Z g; a good grading for f. Then a vertex superalgebra W¥(g, f;T),
called the (affine) W-superalgebra, is defined as the quantum Drinfeld-Sokolov re-
duction of the universal affine vertex superalgebra V*(g) of g at level k& [KRW].
The principal W-algebras W¥(g) associated with simply-laced simple Lie algebras
and principal nilpotent elements are known to have the triality (T):

(T1) (Feigin-Frenkel duality) W¥(g) ~ W' (Lg),
(T2) (GKO construction) W¥(g) ~ Com (V’“/H(g), VF (g) ® Ll(g)> .

Here Lg is the Langlands dual Lie algebra of g, L;(g) is the simple quotient of
V1(g), Com(W, V) denotes the coset vertex superalgebra of V by W, and the levels
(k, Lk, k') satisfy certain relations, see [FF, ACL] for details.

Recently, Gaiotto-Rapcédk [GR| and Prochézka-Rapcak [PR] proposed a gener-
alization of the triality for W-superalgebras and their cosets by affine vertex sub-
algebras in terms of 4 dimensional A" = 4 topologically twisted super Yang-Mills
theories. Since the Kazama-Suzuki coset construction of the N/ = 2 superacon-
formal algebra appears as a very special case, these isomorphisms are expected to
be efficient for the study of the representation theory of vertex superalgebras, see
[CGN, CL] for a mathematical approach.

In the proofs of the triality (T), a vertex superalgebra homomorphism, called
the Miura map [Al, FBZ, G1]

s W (g, £3T) = V7 (50) © D(g3) (0.1

plays a fundamental role and its injectivity is very important. (See Section 2 for
details.) The situation is expected to be the same for the generalized triality in the
sense of [GR, PR]. The injectivity of p is proved in [F, A2] when g is non-super and
f is principal, whose proof also applies for an arbitrary f and is proved in [G1] when
g and f are arbitrary but the level k is generic. Unfortunately, it is not enough for
the application to the representation theory of vertex superalgebras based on the
triality since the representation theory is rich only for special levels out of generic
levels. The main theme of the paper is to improve the situation and, especially, to
prove the injectivity in full generality.

In Section 1, we extend some results on unipotent algebraic groups to the super
settings for the application to the study of W-superalgebras. We explain the cor-
respondence between formal supergroups and finite dimensional Lie superalgebras
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[Mal, Se] by using the Campbell-Hausdorff formal supergroups. This correspon-
dence gives the one between unipotent algebraic supergroups and finite dimensional
nilpotent Lie superalgebras [MO]. This implies that every unipotent algebraic su-
pergroup is an affine superspace (i.e., Crla for some p,q € Z>q) as is well-known
in the non-super cases, cf [Mil]. Let G be an unipotent algebraic supergroup with
Lie superalgebra g. Then we have a left g-module structure on the coordinate ring
C|G]. We prove that under a certain condition, the Lie superalgebra cohomology
H"(g; C[G]) is isomorphic to d,, oC. The proof is very standard: we use a filtration
on the complex, which gives a spectral sequence Ey ~ H3 (G) = H*(g; C[G]) and
then use Poincaré lemma H (G) ~ 6,0 since G is an affine superspace.

In Section 2, after we review the definition of W-superalgebras and the construc-
tion of the Miura maps (0.1), we extend some results of principal W-algebras to the
super cases, following [A1]. We first consider the Li’s filtrations [L] on W¥(g, f;T)
and V™ (go) @ ®(g 1 ), respectively. The associated graded vector superspaces admit
a natural structure of Poisson vertex superalgebras (PVAs) and p induces a PVA
homomorphism

fi: gre WH(g, f;T) — grp (VTk (g0) ® ‘I’(g%)) .

The injectivity of u reduces to that of i (Lemma 2.2). Let {e,h, f} C g be an
slo-triple in the even subsalgebra of g containing the nilpotent element f. We write
g>_1/2 = Dj>_1/205, 9+ = D;>00;, and denote by G the unipotent algebraic
supergroup whose Lie superalgebra is g. Then the affine subspace f + g>_1/2
is stable under the Adjoint action of G4 and, moreover, admits a G -equivalent
isomorphism of affine supervarieties

SpxGy~f+gs_1/2 (X,9)—g 'Xg,

where Sy = f 4 g° C g, called the Slodowy slice of f (Proposition 2.5). This is
a generalization to the super setting of [A2, eq.(4)] and [GG, Lemma 2.1]. We
have a Poisson structure on C[f + g>_1/2] (see Section 2.4), which restricts to
C[Sf] = C[f 4+ g5_1/2]9+. If I is a Z-grading, then the Poisson supervariety Sy is
also obtained as the Hamiltonian reduction of g equipped with the Kostant-Kirillov
Poisson structure with respect to G4 and character x = (f|-). It turns out that we
have an isomorphism grp W*(g, f;T') ~ C[JS;] as PVAs (Proposition 2.8) where
JS; is the arc space of Sy (see Section 1.6) and C[JSy] is inherited with the level 0
PVA structure induced by the Poisson structure on C[S¢]. On the other hand, we

identify grp (Vm (g0) ® @(g%)) ~ C[J(f + (g9-1/2 © go)] and thus

f: ClJSs] = CLI(f + (8-1/2 ® 80)]-
This map is induced by its finite dimensional analogue

fiein: C[Sy] = C[f + 21271/2]6;+ = C[f + (9-1/2 © 80)],

which is just the restriction map. We prove the injectivity of fig, (Proposition 2.9),
which immediately implies the injectivity of zi and thus of the original Miura map
i (Theorem 2.1).
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1. UNIPOTENT ALGEBRAIC SUPERGROUP

1.1. Formal supergroups. We review the contravariant equivalence between for-
mal supergroups and Lie superalgebras, following [Se, Mal]. The results in Section
1.1-1.4 are proved in much more generality in [Mal]. Given a commutative C-
superalgebra A, we denote by A = Ay @ Aj the parity decomposition and by a
the parity of a € A. In particular, given a basis {z4}, of A, the parity Z, is also
denoted by @. The multiplication m: A x A — A is also denoted by ab = m(a,b).

Let {4 }acs be a set equipped with parity, i.e., S = SgUS7 and T, = &. The ring
of (commutative) superpolynomials in the variables {x,}aes is the commutative
C-superalgebra

Clza | @ € 8] :=Clza | a € Sg]® N\ 4,,8e50),

which is the tensor product of the polynomial ring generated by the variables
{Za}aes; and the exterior algebra generated by the variables {z4 }aes;-
We denote by R,|, a formal power series ring

Rplq =Cllz1, - ,zp]| ® /\ b1, 4 bg

with p even variables and ¢ odd variables, and by m = (z1, - ,2Zp, P1, -, Pq) C
]:Bp‘q its unique maximal ideal. It is complete in the linear topology whose basis
of open neighborhoods around 0 is {m"}52,. Let m: Rp‘q Rp‘q — Rp|q denote
the product and u: C — qu the unit morphism. We denote by Rp|q®Rp|q the
completed tensor product Rp‘qéé]:?mq = l'&nn’m qu/ﬁl” ® qu/ﬁlm. Then we have

a natural isomorphism
Rpjg®Ryiq = C H% a2l 7x1(02)” DN o

A formal supergroup is a super bialgebra ( plg> A, €) with continuous homomor-
phisms

e coproduct A: ]:me — Rp‘q@)f%mq,

e counit e: R,, — C.

It has an unique continuous homomorphism S: R,, — R, such that

plq

mo(S®1l)ocA=ecou=mo(l®S)oA,

plg

called the antipode. Thus formal supergroups are Hopf superalgebras, see [CCF].

Remark 1.1. Let G be an algebraic supergroup with the identity e. Then the germ
of the structure sheaf O¢ at e, which we denote by Og,c, is a local ring. Let mg
denote its unique maximal ideal. Then the completion

OG,e = T&l@g,e/m’éve
has a natural structure of formal supergroup.

A morphism of formal supegroups (R,,, A, €) and (R A’ ¢') is a morphism

of Hopf superalgebras

plg> P'lq">

F:R,, — R,

plg p'|q’

which is continuous in the linear topology. We denote by FG the category of formal
supergroups.
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1.2. Point distributions of formal supergroups. Let F' = (R,|4, A, €) be a for-
mal supergroup and m C ﬁp|q its maximal ideal. A point distribution is a continuous
linear map

51 qu — C

where C is inherited with the discrete topology. Let Up := Homg (R4, C) denote
the vector superspace of point distributions. Since any point distribution factors

Rplq - Rp\q/ﬁle —-C

for some ¢ € Zxo, we have Up = lim, Homc(ﬁp‘q/rﬁz,((:). It has an associative
algebra structure by the dual maps

A" Upr - Up®Up, €:C—Up

of A and e, respectively. Note that these maps are well-defined since A and € are

continuous. Moreover, Ur has a Hopf superalgebra structure FV = (UF’ m*, u*, S*)
_ Let us describe F vV more explicitly. The elements X = zi' -+ 2,7 1" ... ¢3" €
Ry, (= (i1, - ,ip,j1, " ,Jq) €S = Zgo x {0,1}7), form a topological basis of
& We denote by &, (a € S), its dual basis of Ur, i.e., &, satisfies £, (X?) = 84,5

Rylq-
Then &, ® &3, (o, B € §), form a basis of Up ® Up. Here &, ® &g satisfies

o ®E5(XY © XP) = (1) e, (XY)es(X7).

In the following, we also use the symbols X® € Ry, (a € S = Z2; x Z%,),
standing for 0 if @ ¢ S and the notation a = (a1,as), |ay| = SP_, i, where
ar = (i1, ,ip) € Z%, and |as| = D", 45 where an = (ju1,- -+ ,Jq) € Z%,. We
define a degree on Ur by deg(&,) = |a| := |ay| + |agl. -

Then we have

e: C — Up, uw: Up — C (1.1)
1 = §0a 6(){ = 6@,0- '
The product F*: Urp x Ur — Up satisfies
§a"Ep = (—1)5‘5 (al o 51>£a+g + lower degree terms, (1.2)
a1

where

(Iq)) ‘ﬁ@ p= (D1, pe)s 4= (a1, q0)

and that the lower degree terms do not the contain constant term C&y. In particular,
it follows that the elements &, with |a] = 1 generate Ur as a superalgebra. The
coproduct m* is the unique superalgebra homomorphism such that

m*(fa) =a @1 +1®&, (1.3)
for @ € S such that |a| = 1.
Lemma 1.2 ([Mal, Lemma 4.1]). The bilinear map
[ ]: Ur x Up = Up, (a,b) — ab— (—1)%ba
defines a Lie superalgebra structure on the subspace UI% = B|a|=1C¢a-

Proof. Since Up is an associative superalgebra, it suffices to prove that [-,-] pre-
serves the subspace UL. But it follows from (1.2). O
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Let U(U}) denote the universal enveloping superalgebra of the Lie superalgebra
U}. Recall that it admits a Hopf superalgebra structure with coproduct

UUL) - UUL) QUUE), X—»X@1+10X, (XecU}),
counit
U(Up) - UUE)/(Up) ~C,
and antipode
UUE) —»UUE), X —-X, (XeUp).
Here (U}) C U(U) denotes the left ideal generated by the subspace Uf-.

Proposition 1.3 ([Mal, Proposition 4.8]). The Lie superalgebra homomorphism
UL < Up induces a C-superalgebra homomorphism U(UL) — Up. It is an isomor-
phism of Hopf superalgebras.

Proof. 1t is obvious that we have a C-superalgebra homomorphism U(UL) — Up.
Let ¢ denote this map. Then it follows from (1.1) and (1.3) that ¢ is a super
bialgebra homomorphism. Since an antipode on a super bialgebra is unique if it
exists, ¢ intertwines the antipodes of U(U}) and Up. Thus ¢ is a homomorphism of
Hopf superalgebras. Since the elements £,with o € S such that || = 1 generate
Ur as a C-superalgebra, ¢ is surjective. Now the PBW type theorem for U(U%)
implies that ¢ is an isomorphism. O

1.3. Equivalence between Formal supergroups and Lie superalgebras. Let
LA denote the category of finite dimensional Lie superalgebras. Taking the univer-
sal enveloping superalgebra g — U(g) for a Lie superalgebra g defines a functor

U: LA — BA

from LA to the category of super bialgebras BA. The functor U is fully faithful
and its quasi-inverse is given by taking the primitive elements:

P:BA— LA, (R,Ae)—PR)={aeR|Aa)=a®1+1®a}.

The Lie superalgebra structure is given by (a,b) — ab — (—1)agba for a,b € P(R)
Thus LA is regarded as a full subcategory of BA. By Proposition 1.3, the association
F — FVY for a formal supergroup F' gives a contravariant functor (-)¥: FG — LA.

Theorem 1.4 ([Mal, Theorem 4.4]). The functor (-)¥: FG — LA gives a con-
travariant equivalence of categories.

A quasi-inverse is given again by taking the dual vector superspace
(-)Y: LA — FG, U(g)~ Homc(U(g),C), (1.4)

where g is an arbitrary finite dimensional Lie superalgebra. The super coalgebra
(algebra) structure on Homge(U(g), C) is induced by the super algebra (coalgebra)
structure on Homc (U (g),C). In the purely even setting, the equivalence between
the categories of formal groups and of finite dimensional Lie algebras is a special
case of Cartier duality between the category of linearly compact commutative Hopf
algebras and the category of cocommutative Hopf algebras, see [D] for details.

The quasi-inverse (1.4) is known naturally isomorphic to the functor of taking
the Campbell-Hausdorff formal supergroup. Let g denote a finite dimensional Lie
superalgebra over C. By viewing g as an affine superscheme, we denote by C[g]
its coordinate ring. We identify C[g] with the symmetric superalgebra S(g*) of
the dual vector superspace g* of g. Then the Lie superbracket [-,-] on g induces a
superalgebra homomorphism

D: S(g") — S(g") ® S(g"), (1.5)
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called the co(super)bracket of g. Consider the completion S(g*) = lim S(g*)/z™
where 7 is the argumentation ideal and the completed tensor product

S(g")®S(g") = lim S(g")/T" @ S(g™)/T™

Then the vector superspace Home(g*, S(g*)@5(g*)) admits a Lie superalgebra
structure by

f.9) =mo(f@g)oD, fgeHome(s°,56)25(")  (16)

where m denotes the multiplication of S(g*) ® $(g*). Define a superalgebra homo-
morphism A: S(g*) — S(g*)®S(g*) by
(71)n+1 Pp1

o0 [Ll vbgla"‘ ,Lzl)",L2"KX)
n=1 " (pi,q:)>0 > (pi + @) [1pila:!

i=1,---,n

where the summation (p;,¢;) is over Z2,\{(0,0)}, ¢; denotes the natural inclusion

gt 5 g ®CaCeg* C S(gH)RS(gY),

fori=1,2 and
[Lfl’bgl"" vleon’Lgn]
[le"' 7[L1a[['2a"' a[LQ"'[Lla"' a[Lla[L27"' a[L27L2]a (qn # 0)7
_ p1 q1 Pn qn—1
o1y [y ooy oo s ez e feny oo [, s (gn =0).
P1 q1 pn—1

Then by [Mal, Proposition 4.11], (S(g*), A, €) defines a formal supergroup where
e: S(g*) — C is the obvious counit. Moreover, by the proof of [Mal, Theorem 4.4],
the functor

CH:LA - FG, g~ (5(g%),A, ¢

is a quasi-inverse of (-)V: FG — LA.

1.4. Unipotent algebraic supergroup and Nilpotent Lie superalgebra. An
affine algebraic supergroup G is called unipotent if the following equivalent condi-
tions hold:
e The coordinate ring C[G] is irreducible as a coalgebra, i.e., C[G] has a
unique simple subcoalgebra, which is C,
e The isomorphism classes of simple rational G-supermodules are trivial mod-
ules {C'10, COI'},
see [Ma2, Definition 2.9]. Let Unip-AG denote the full subcategory of the category
of affine algebraic supergroup consisting of unipotent affine algebraic supergroups.
Then we have a functor

O..: Unip-AG - FG, G~ Oq.,
by Remark 1.1 and
T.-: Unip-AG - LA, G+~ T.G.

The latter one is just taking the Lie superalgebra on the tangent space at the
identity e, see [CCF] for details. By construction, we have a natural isomorphism

(-)Y 0 0., ~T-.: Unip-AG — LA. (1.8)
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A finite dimensional Lie superalgebra g is called nilpotent if the descending cen-
tral series
¢’=9, ¢"=lg.¢g"""], (n>0), (1.9)
vanishes, i.e., g" = 0 for some n. Let Nil-LA C LA denote the full subcategory
consisting of (finite dimensional) nilpotent Lie superalgebras.

Proposition 1.5 ([MO]). The functor T,-: Unip-AG — Nil-LA gives an equiva-
lence of categories.

Let g be a finite dimensional Lie superalgebra and D: g* — g* ® g* denote the

cobracket. Then g is nilpotent if and only if the map D™ defined by

D"=D®1®---®@1)oD" ' n>1,
—_——
n—1

vanishes, i.e., D™ = 0 fore some n > 0. Thus the coproduct (1.7) of the correspond-

ing formal group C'H(g) stabilize the supersymmetric algebra S(g*):
A:S(g") = S(g%) ® S(g%). (1.10)

Equivalently, Spec(S(g*)) has a structure of affine algebraic supergroup. By Propo-
sition 1.5 and (1.8), Spec(S(g*)) is an unipotent affine algebraic supergroup and,
conversely, any unipotent affine algebraic supergroup is obtained in this way. Since
Spec(S(g*)) is an affine superspace, we obtain the following assertion.

Corollary 1.6. Any unipotent affine algebraic supergroup is an affine superspace
CPla for some p,q € Z>g.

1.5. Lie superalgebra cohomology. Let G be an affine algebraic supergroup
with Lie superalgebra g = T.G. For any commutative superalgebra A and an
A-point g € G(A), we have a right multiplication
Ry,: G(A) - G(A), hw hg.
This induces a left g-module structure on the coordinate ring
R: g — Endc(C[G)). (1.11)
We call G positively graded if g is Z~-graded:
g= @Qm [Qm gm] C gn+m-
n>0
In this case, g* is naturally Zo-graded wt: g* = @, <0g; where g = Homc(g_n,C)
for n < 0. We extend the grading on g* to S(g*) multiplicatively: wt(ab) =
wt(a) 4+ wt(b). Then the cobracket D in (1.5) preserves the grading and so does the
coproduct A: C[G] — C[G] & C[G] by (1.7).
Proposition 1.7. For a positively graded unipotent affine algebraic supergroup G,
H"(g; C[G]) =~ 01,0C.

Proof. Although the assertion is well-known, we include a proof for the complete-
ness of the paper. Since g is nilpotent, we have

029,09/ D9, (9,92 - Dg"=0

for some m € Z>o. We write N = dim g and take a basis {v, }\_; of g such that the
first dim g/[g, g] elements gives a basis of g/[g, g], and the next dim [g, g]/[g.[g, ¢]]
elements gives a basis of (g, g]/[g, [9, g]] etc. Let ¢, 5 denote the structure constants
of g, i.e., [va,vs] = 3 ¢ 40, Note that ¢4 is non-zero only if v > a, 5. The
Chevalley-Eilenberg complex of g with coefficients in C[G] is

C*(g; C[G]) = C[G] © S(Ig"),
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d=3 () R(a) ® % — = 3 ()Tl oy 0P (1.12)

a a, By

Here IIg* denotes the parity-reversed superspace of g*, spanned by {p® gzl with
parity ¢ = @+ 1 € Zs. The symbols ¢ in the differential d is the multiplication
by ¢ and ¢, is the contracting operator for ¢, i.e., o (¢?) = 84,5, which has the
same parity as ¢, (see e.g. [DK]). By (1.10), we may take Clg] as the coordinate
ring C[G] of G. Let {z,})_; denote the linear coordinates of g corresponding to

the basis {vq}2_;. Then Clg] = C[z4 | @ = 1,---, N]. By (1.7), (1.11) is expressed

as
0 0

_ E (2) —

filee) = B (6 893&2)A(x6)> Oz’

0 0
6(2) axl(f) A(Z’fj) = Zxﬁ(l)e (axawﬁ(g))

and A(wg) = ) xg(1) ® Tg(2)- Thus the map R preserves the grading. Extend the
grading on C[G] to C*(g; C|G]) by wt(p®) = wt(z,). Then we have the grading
decomposition

where

C*(;C[G)) = P Cr(s: C[G)) (1.13)

n<0

and d preserves the grading. Define a degree for each monomial by

deg(zq) =1 =deg(p®), deg(ab) = deg(a)+ deg(b)
and FPC*(g; C[G]) by the subspace spanned by all the monomials of degree greater
than or equal to p. Then (1.12) implies d: FPC*(g;C[G]) — FPT1C*(g; C[G)).
Hence, there is a spectral sequence E, = H*(g; C[G]) such that

Ey = H (grp C*(g; C[G]); gr d) -
The filtration gives a filtration on each Cp2(g; C[G]) by
FPCL(g; ClG]) = Ch(e; CIG)) N FPCL(g; CIG]).

It is of finite length and satisfies Cn(g; C[G]) = Up,FPCp(g; C[G]). Therefore, the
spectral sequence E, converges. Since the differential on gr, C*(g; C[G]) is

o )
grd = Z(—l)aﬁ ® %,

a=1

the complex (gry C*(g; C[G]),grd) is the (algebraic) de Rham complex of G. By
Corollary 1.6,

H"(grp C*(g; C[G]), grd) ~ Hifp (C719)

for some p,q € Z>o. Then by Poincaré lemma below, we have HQR(CPW) >~ 6, 0C.
It follows that the spectral sequence collapses at r = 1:

grp H"(g; C[G]) ~ ET ~ 0,,0C.
This completes the proof. O

The following assertion is proved by Kostant in the analytic setting [Ko, Theorem
4.6] and is also well-known in the algebraic setting.

Lemma 1.8 (Poincaré lemma). HSLR((CPM) >~ 60,0C.
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Proof. The algebraic de Rham complex of CPI? is
Cd-R((Cp\q) — (C[Cp\q] ® S(H(Cp‘q).

We write C[CPI9] = Clay, - - - ,Zp, 01, -+ ,0,] where x;, (resp. 0;), are even, (resp.
odd), variables, and S(IIC?17) = C[dzy, - - - dzp,dbs,- - ,db,) where dx;, (resp. db;),
are odd, (resp. even), variables. Then the differential is

d*p 0 d 0 do

Thus by Kiinneth formula, H3 (CPI7) ~ (H(;R(C”O))@p ® (H&R(COU))@q. There-
fore, it suffices to show the assertion in the cases C'19 and CO' respectively. The
first one is the usual Poincaré lemma. For the second one, note that the d-closed
forms are linear combinations of 1 ® df™, (n > 0), which are exact if and only if for
n > 0 since

d(—0 @ dor~1) =1 @ d®.
This completes the proof. O
1.6. Superscheme of formal arcs. Let SSch denote the category of superschemes
over C. An object

D := Spec(C[[t]]),

of SSch is called the formal disc.

Proposition 1.9 ([KV, Proposition 4.2.1]). Let X be a superscheme over C. The
contravariant functor

SSch — Set, Y + Homgg., (Y XD, X)

is represented by a superscheme JX, that is,
Homw(YQD,X) ~ Homgg (Y, JX)

for any object Y of SSch. Here Y XD is the completion of Y x D with respect to
the subsuperscheme Y x{0}.

The superscheme JX in the above proposition is called the superscheme of formal
arcs in X or the arc space of X. The association X — JX gives a functor:

J-: SSch — SSch. (1.14)

The arc space JX of X has a canonical projection mx : JX — X satisfying the fol-
lowing functoriality: for any morphism f: X — Y of supersshemes, the morphism
Jf: JX — JY makes the following diagram commutative:

Jx gy
l‘n’x lﬂ'y
f
X——=Y.
If X is an affine superscheme with

(C[X] :C[J"l"” ’xN]/(fla"' 7fM)

where Clz1, -+ ,xy] is the ring of superpolynomials in the variables x1, - - - , zy and
fisoo s fm € Clag, -+ ,xn], then JX is again an affine superscheme with

CIX] = Clz1,tm), s TN,m) | 7 <O/ (fr,(n)> > far,m) | 1 <0).
D fimz = fi(a(2), - e (2))

n<0
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with 2;(2) = >, ¢ xi(n)z_"_l. In this case, the canonical projection wx is given
by
Later, we use the following properties of the functor (1.14).

Lemma 1.10 (cf. [Al]). For superschemes X andY, the following holds:
(1) X ~Y implies JX ~ JY.
(2) J(XXxY)~JX x JY.

Let G be an algebraic supergroup with Lie superalgebra g = T.G. The arc space
JG of G has a structure of group superscheme. The Lie superalgebra on the tangent
space T,JG is Jg := g[[t]]. The following proposition can be proved in the same
way as Proposition 1.7.

Proposition 1.11. For a positively graded unipotent affine algebraic supergroup
G,
H"(Jg;C[JG]) ~ d,,0C.

2. W-SUPERALGEBRAS AND MIURA MAPS

2.1. W-superalgebras. We review here the definition of (affine) W-superalgebras
introduced by Kac, Roan and Wakimoto [KRW]. Given a vertex superalgebra V,
(see [Ka2] for details) we denote by Y (A,2) = A(2) = >,z Amyz "' the field
corresponding to an element A € V and set [ A(z) dz = A(p). Given A,B € V,
we denote by : A(z)B(z) : the normally ordered product and by A(z)B(w) ~
Y >0 % the operator product expansion (OPE) of A(z) and B(z).

Let g be a basic classical simple Lie superalgebra (over C) and g = g5 P g1
the parity decomposition. The Lie superalgebra g admits a non-degenerate even
invariant bilinear form k. Since such forms are all proportional, we may write
k = krg for some k € C where kg = (-,-) is the one satisfying xo(0,6) = 2 for the
highest root 6 of gg, see [Kal, Mu]. Let f € g5 be a non-zero nilpotent element. A
good grading of g with respect to f is a %Z-grading on g

Iig= EB 9j
JELZ
such that f € g_; and the adjoint action ad; of f is injective g; — g,;_1 for j > 1/2
and surjective g; — g;_1 for j < 1/2, (see [EK, H] for the classification). We fix a
basis x4, (e € I ={1,--- ,dimg}) of g such that each z; is of homogeneous parity
and I'-grading. Then we have I = L;I; where I; = {a | 24 € g;}. Let ¢ 5 denote
the structure constants, i.e., [zq,zg] = N Cl,ng-
Let V*(g) denote the universal affine vertex superalgebra of g at level k, which
is generated X (z), (X € g), satisfying the OPEs

X.Y](2) | k(X.Y)

X(2)Y(z) ~ X,Y eg.
@)~ T B XY e
We define a conformal grading on V*(g) by A(u) =1 — j for u € g;. Let Fon(g+)
be the charged fermion vertex superalgebra associated with g := ®@;>0g;. It is

generated by fields o (2), 9*(2), (o € Iy = Ujsol;) of parity reversed to zq,
satisfying the OPEs

da
Pa(z)@’ (w) ~ ﬁ, Pa(2)pp(w) ~ 0~ ()¢ (W), «,B€ly.

We define a conformal grading on Fey,(g+) by A(pe) = 1—j, A(e®) = j for a € I,
and a degree on Fu,(g4) = D,,cz Fi4, by

deg(¢p(2)) = 1 = —deg(pa(2)), ac€ly,
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deg(0A(z)) = deg(A(z)), deg(: A(2)B(z) :) = deg(A(z)) + deg(B(z)).

Let ®(gq/2) be the neutral Fermion vertex superalgebra associated with g; /o, which
is generated by fields ®,(z), (a € I /o) satisfying the OPEs

@ (2)05 ) ~ 2T g ey,

where x(z) = (f,z) for x € g. We define a conformal grading on ®(g;/2) by
A(®,) = 1/2 for all a € I /5. Define a Z-graded vertex superalgebra by

Cr(g, ;1) = V¥(g) ® D(g1) ® Fi(g+),

with cohomological grading given by the degree on Fu,(gy) and a differential d(g)
by

d(z) = Y (-1)%2a(2)+Pa(z) + X(2a))p* () :

acly

where ®, = 0 for o ¢ I /5. Then (Cp(g, f;T'),d()) forms a cochain complex,
called the BRST complex. The vertex superalgebra obtained as the cohomology
H(Cy(g, f;T'),d()) is called the (affine) W-superalgebra associated with (g, f, k,T)
and denoted by W¥(g, f;T'). By [KW1, Theorem 4.1], we have

Since dgy preserves the conformal grading on Cf (g, f;T') induced by those on each
component V¥(g), ®(g1/2) and F5,(g+), W*(g, f;T) has an induced conformal grad-
ing, which is a %Zzo—grading.

2.2. Miura map. Define a field
JU(z) = u(z) + Z (_1)%3’6 : @a(z)apﬂ(z), u € g.
a,Bel

Let C1 C Cp(g, f;T') denote the vertex subalgebra generated by J"(z), (u € g4),
and ¢ (2), (o € 1), and C_ C (Cp(g, f;T') denote the one generated by J"(z),
(u € g<o = Bj<08)), Pal2), (@ € I1)2), and p*(2), (o € I1). By [KW1, KW2],
Cs C Cp(g, f;T) are subcomplexes and give a decomposition

Cr(g, f;T)~CeC".
Moreover, we have H"(C?,d () ~ d,,0C. Thus we have an isomorphism

Since C_ is Zso-graded as a complex, it follows that W¥(g, f;T') is a vertex subal-
gebra of CY. By [KRW, Theorem 2.4, (c)], we have

[u,v]
Ju(Z)Jv(X) ~ J (w) Tk(uav)Q, u,v € g<o,

(z—w) (z—w)
where
(0, 0) = K1, 0) + 3 (g1, 0) — gy (1,0)
and kg, (resp. Kg,) denotes the Killing form of g, (resp. go). It follows that
C2 = V™ (g<o) © ©(gy)-
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Since V™ (g<0) ® ®(g1/2) C V™ (g<0) ® ®(g
have a natural surjection

V™ (g<0)@@(ay) — (V™ (920) @ (ay)) / (V™ (5<0) @ B(g1/2)) = V™ (30) 2D ().
The restriction to the subalgebra W¥(g, f;T') is called the Miura map [FBZ, A1, G1]

s WH(g, £iT) = V™ (g0) @ B(g) ). (2.1)
Note that V™ (gg) ® ®(g 1 ) has a conformal grading defined by

1) is a (vertex superalgebra) ideal, we

1
A(J* (=) =1, (u€go), A(Ral2)) =5, (a€ly),
and that p preserves the conformal grading A.
Theorem 2.1. The Miura map p s injective.

The above theorem is proved in [F, Al] when g is purely even and f is principal.
But their proofs apply for an arbitrary nilpotent element. Is is also proved in [G1]
when the level k is generic. Our proof is a slight generalization of the one in [Al]
together with necessary supergeometry.

2.3. Li’s filtration. By [L], given a vertex superalgebra V', the subspaces FPV,
(p € Z), spanned by

Uy )y 1) U, 1) |0)

with a',a?,--- ,a” €V, n; >0, n1 +no+---+n, > p, form a descending filtration
F*V of V satisfying the following propertires:

o [PV, F'1V C FPra=n=1V (p,q € Z>o, n € Z),

o FPV, FIV C FP*97"V (p,q € Z>o, n > 0).
Let

grp V= @pez it V, grhV = FPV/FPHY

denote the associated graded vector superspace and o,,: FPV —» grz V the canonical
projection. By [L], grp V has a Poisson vertex superalgebra structure by

30p(a) = Jp+1(3a), Up(a)aq(b) = Up+q(a(—1)b)a
{op(a)aoe(b)} = Z %Up-l-q—n(a(n)b))‘n-
n>0

(see e.g. [FBZ, L] for the definition of Poisson vertex superalgebras and e.g. [BDK,
Su] in terms of A-brackets). It is obvious that any homomorphism 7n: V. — W of
vertex superalgebras induces a homomorphism of Poisson vertex superalgebras

0 grpV —grp W, oy(a) = op(n(a)).
Lemma 2.2. Let V and W be vertex superalgebras equipped with conformal %Zzo-
gradings and n: V. — W be a homomorphism of vertex superalgebras preserving the
conformal gradings. Then n is injective if 7 is injective.
Proof. Let V = ®ac1z.,Va, (resp. W = @ac1z.,Wa) denote the conformal grad-
ing on V, (resp W). It is immediate from the definition that the Li’s filtration F*V
defines a filtration on each VA by setting

FPVA = VA NFPV.

Moreover, it is of finite length, i.e., VA N FPV = 0 for p >> 0. Since 7 preserves
the conformal gradings, gryn is restricted to

grpn: grpVa = grpWa, A>0.
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It is straightforward to show the injectivity of F' on Va inductively from that of grz n
on gry Va starting with the subspace gr¥ Va such that grs Va =0 forn > N. O

By [Al, Section 3], the Poisson vertex superalgebra grp V7™ (go) ® ®(gy/2) is
isomorphic to the algebra of differential superpolynomials

S (go@g%> =C [3”:% | ae]ol_llé,nZO}
with A\-brackets
{xa)\xﬁ} = [‘Ta,xﬁ], aaﬁ € IO»

{J)a,\l‘g} = X([$a,$ﬁ]), Oé,ﬂ S I%;
{zarzp} =0, aecly, fel,.

Thus the Miura map g in (2.1) induces a homomorphism of Poisson vertex super-
algebras

ji: grpWh(g, f,1) = 57 (90 ® g%) : (2:2)
Lemma 2.2 implies the following.
Corollary 2.3. The injectivity of i implies that of .

2.4. Arc space of Slodowy slice. Consider the Li’s filtration F*C*® on the com-
plex C*. The associated graded vector superspace C* = grp C* is again a complex
with differential d(p). Note that grp C* is algebra of differential superpolynomials

grp O =~ 5%(g<p @ 91) © S°(Tg}),
equipped with the A-brackets
{UAU} = [U’UL (U‘?v € QSO),
fusv} = x(fu. ), (w0 € gy),

{Qﬁiu} = Z Cg,ﬂwav (Oé € I+7U' € g§0)7
Bely

{’LL)\U} =0= {QP()D\QP/B}v (U S g<o, Vv S g%v O‘»ﬂ S IJr)

where {¢“}acr, C g% is the dual basis of {4 }acr, of g4 with reversed parity.
The differential Q = &(0) is given by

> e (1) %zp,ul<o — (1™ ([2a, ul1j2 + X([Ta, u]1))),  (u € g<0),

o= Q:Z?xaxa,u])w, (€ 01)2).

(2.3)
Qe =-3 S (DT’ ac, (24)
Q00) = 2Q(0), . Qab) = Q-+ (~1aQ(D (25)

Here we have used the projections
0= 0<0D 012D O>1, u (u<o, U1z, uz1).

We will interpret the complex (grp C*, Q) geometically. To this end, let us first
consider the finite analogue: the the quotient graded superspace

grin C® .= gr. C* /(ad(b) | a,b € grp. C*).
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It is easy to check that for a vector superspace A,
S9(4)/(ad(b) | a,b € A) = S(A),
where S(A) is the symmetric superalgebra of A. Thus we have
gr C_ ~ S(g<o ® g1/2) ® S(Ilg? ).

Let grp C— — gri®C_, (a — [a]), denote the canonical projection. It is naturally
a Poisson superalgebra by

[a][b] = [ab], {[a], [b]} = [{axb}|r=0]-
The Poisson superalgebra grfi® C* is called the Zhu's Ca-algebra of grp C*. By
(2.5), the differential Q induces a differential Q™ on grfi® C* | which is determined
by the formulas (2.3)-(2.5) with u replaced by [u], e.g.,

Q") =5 3 (DTN, ac.
Byyely

Then the complex (gri® C*, Qfi*) is identified with the Chevalley-Eilenberg complex
of g4 with coefficients in S(g<o®g;/2) since differential Q" defines a left g, -module
structure on S(g>o © g1/2) by

o= JED s d<o = (1) ([wa; ulij2 + x([2a, u]>1)) s (u € g<0),
X([xa’u])v (’LL € 91/2)7
for a € I.. Let G4 be the unipotent algebraic supergroup whose Lie superalgebra
is g+. The right G -action
(f+05-172) X Gy = (f+a5-102), (f+X,9)— g '(f+X)g,

induces a left g,-module structure on the coordinate ring C[f + g>_1/2]. Then the
isomorphism of C-superalgebras

S(g<0®g1/2) = C[f + 9>_1/2],
L [AE0R), e o,
(ul?), U € g1/2,
is a g4-homomorphism. Thus we have proved the following.

Lemma 2.4. The complex (grii* C* Q%) is quasi-isomorphic to the Chevalley-
Eilenberg complex of g with coefficients in C[f 4 g>_1 /2].

By Jaconson-Morozov theorem, there exits an slo-triple {e, h, f} C gy containing
f. Set g¢ = {X € g | [e, X] = 0}. The subvariety Sy = f + g° C g is called the
Slodowy slice of g associated with f.

Proposition 2.5. We have an isomorphism
£:8x G~ fros_1, (X,9)—g 'Xg (2.6)
of affine supervarieties.

Proof. 1t suffices to show that & gives an isomorphism of all the A-valued points for
an arbitrary commutative C-superalgebra A. Let f+X € f+g°(A) and g € G4 (4).
Let Y € g4 (A) denote the element corresponding to g by the isomorphism g, ~ G.
It satisfies

Z=g(f+X)g =3 [ + X Y] Y] Y],

n>0
n
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For u € g, decompose it as u = Zp u, by the grading I'. Then we have

Oa (p < -1 )
ZP: f7 (pzi]-
X, + . Y11l + Ry, (p>—1%

assertion follows from the decomposition

gp:g;@[fvgp-ﬁ—l}v pZ 71/25
which is an immediate consequence of the definition of the good grading I O
Note that the Poisson superalgeba structure on S(g<o @ g1/2) =~ C[f + g>_1/2]
restricts to C[Sf] ~ C[f+g>_1/2]9*+. Thus Sy is a Poisson supervariety. We remark
that if I is a Z-grading, then Sy is the Poisson supervariety obtained as the Hamil-

tonian reduction of g with respect to the Adjoint Gy-action and an infinitesimal
character x = (f]-) : g+ — C.

Corollary 2.6.
(1) H™(grfi" C*, Q) = 0 for n # 0.
(2) HO(grfir C*, Qfin) ~ C[Sy] as Poisson superalgebras.

Proof. By Lemma 2.4 and Proposition 2.5, we have
H"(grf O, Q™) ~ H™(g1; C[f + g>_1,2]) =~ H"(g+; C[G4]) ® C[Sy].
Since G is a positively graded unipotent algebraic supergroup, the assertion follows

from Proposition 1.7. O

Next, we consider the complex (grp C*,Q). Recall that the arc space JG of
G is an group superscheme whose Lie superalgebra is Jg = g4[[t]]. It follows
from Lemma 2.4 that (grp C*, Q) is quasi-isomorphic to the Chevalley-Eilenberg
complex of Jg with coefficients in C[f + Jg>_1 /2] with left Jg,-module structure
induced by the right JG -action

JFtass) < JGr 5 J(ft o s), (F4X0) g (f+X)g (@)
The following is a generalization of [A1l, Theorem 5.7].

Lemma 2.7.
(1) H"(grp C*,Q) =0 for n # 0.
(2) H(grp C*,Q) ~ C[JSy] as Poisson vertex superalgebras.

Proof. By Lemma 1.10 and Proposition 2.5, we have an isomorphism
JSf X JG+ ~ J(f + 92_1/2).
Therefore, by using Proposition 1.11, we have
~ H"(Jg4+;ClJGL]) ® C[JSf]
~ 5n,0C[JSf]

The following is a generalization of [A1l, Theorem 5.8].

Proposition 2.8.
ngWk(g7 f7 F) = (C[JSA

as Poisson vertex superalgebras.
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Proof. The filtration F*C*® induces a filtration on H (C:, d) by
F'H (C*,d) =Im (Ker(d) N F"C* — H(C*,d))
and thus a spectral sequence £y = H(grp C*,Q) = H(C*,Q). Recall that C*
is $Z>o-graded C* = Paciz.,C2 A and that F*C? induces a filtration on each
C;A by
FPC2 A =FPC2NC2 4.
Since it is of finite length, the spectral sequence F, converges. By Lemma 2.7, E,
collapses at r = 1:
grrH*(C®,d) ~ E} = H*(grp C*,Q) ~ 6,,0C[Sy].
Therefore, it suffices to show grpW¥(g, f;T') ~ grH°(C*®,d). Since we have a
map F"W¥(g, f;T) — F"H°(C*®,d) by construction, we obtain a homomorphism
of Poisson vertex superalgebras
gr W (g, f;T) — grzH°(C®,d) ~ C[JSy].
By [KW1, Theorem 4.1], W¥(g, f;T') is strongly generated by a basis of g¢ =~
f+ 9° =Sy, we have a surjection of Poisson vertex superalgebras
C[ISs] = grpW:(g, f; 1),

by [A1, Theorem 10]. Since the composition of the above two homomorphisms is
the identity of C[JSy], we obtain the assertion. O

2.5. Injectivity of Miura map. It follows from Proposition 2.8 and the proof of
Corollary 2.6 that the map [ in (2.2) is identified with the composition

ClJSy] = ClJSs] @ ClJG ] = CLI(f + g>-1/2)] = CLJ(f + gini)],
where gini = g_1/2 © go- Note that it is the image of the functor J- in (1.14) of its

finite analogue
fitin: C[S¢] = C[Sf] @ C[G4] = C[f + g5 _1] = C[f + gini- (2.8)

3
Since the injectivity of fig, implies that of fi, the proof of Theorem 2.1 is reduced
to the following by Corollary 2.3.

Proposition 2.9. The map [igy is injective.

Proof. Recall we have a functor from the category of affine supervarieties to the
category of affine varieties of taking the reduced variety:
X = Spec(C[X]) — Xieq := Spec (C[X]/(C[X]1))
where (C[X]7) C C[X] denotes the ideal generated by the odd subspace of C[X], see
[CCF]. Applying this functor to fig,, we obtain the Miura map for the reductive
Lie algebra gz with the same nilpotent element f. By [G2, Lemma 5.12], it is
injective. Note that the map fig, preserves the parity. Then it suffices to show that
the images of the linear coordinates of the odd part S; 1 are linearly independent.
Therefore, it suffices to show that the image of the map

GioX (f+ i) = f+8>-1/2 > Sp1 (2.9)
is dense in the Zariski topology. Here the last projection is the composition
O>-1/2=0>_-1/20DO>_1/21
= 0> 1/21 =05 _1/21 D (851721 NIm (ady))
- 962—1/271-
Since the restriction of (2.9) to

{exp(e)} X (f + Gini,1) — Sy1
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is an isomorphism as affine varieties, we obtain the assertion. O
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