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ABSTRACT: By using overlap Majorana fermions, the A' = 1 chiral multiple can be formu-
lated so that the supersymmetry is manifest and the vacuum energy is cancelled in the free
limit, thanks to the bilinear nature of the free action. It is pointed out, however, that in this
formulation the reflection positivity is violated in the bosonic part of the action, although
it is satisfied in the fermionic part. It is found that the positivity of the spectral den-
sity of the bosonic two-point correlation function is ensured only for the spacial momenta
alpg] < 1.72 (k = 1,2,3). It is then argued that in formulating NV = 1 Wess-Zumino model
with the overlap Majorana fermion, one may adopt a simpler nearest-neighbor bosonic
action, discarding the free limit manifest supersymmetry. The model still preserves the
would-be U(1) symmetry and satisfies the reflection positivity.
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1. Introduction

The chiral multiplet of N' = 1 supersymmetry[I] can be formulated on the lattice so that the
supersymmetry is preserved and the vacuum energy is cancelled in the free limit, thanks
to the bilinear nature of the free action. By using overlap (Majorana) fermion [2 B []
for the fermionic component, species doublers[f] [6 [7] are successfully removed and U(1)g
symmetry can be maintained at the same time[8 [ [I0]. With this chiral multiplet, one
may formulate lattice N' = 1 Wess-Zumino model with exact U(1)g symmetry [T 12 3]
[[4 @5 I6]. A numerical study of this lattice N' = 1 Wess-Zumino model has recently been
reported in [I7T].

The purpose of this short article is, however, to show that in this formulation of the
chiral multiplet, the reflection positivity[I8] I9 20| 21l 2] is violated in the bosonic part
of the action, although it is satisfied in the fermionic part, as shown recently in [23]. We
will also examine the spectral density of the bosonic two-point correlation function (cf.
[24]). 1t is found that the positivity of the spectral density is ensured only for the momenta
alpk| < 1.72 (k = 1,2,3), and the mode with a negative density appears at the energy as
low as aF ~ 0.69 for the momenta ap = (,0,0), (0,7,0), (0,0, 7).

We will then argue that in formulating the lattice N/ = 1 Wess-Zumino model with the
overlap (Majorana) fermion, one may adopt the simpler nearest-neighbor bosonic action,
discarding the free limit manifest supersymmetry. The model so constructed still preserves
the U(1)g symmetry and satisfies the reflection positivity.



This paper is organized as follows. In section B we review briefly the A/ = 1 chiral
multiple on the lattice formulated with overlap Majorana fermion. In section Bl we show
that the reflection positivity is not fulfilled in the bosonic part of the action. The spectral
density of the bosonic two-point correlation function is also examined. In section [l we
show that it is possible to formulate lattice Wess-Zumino model which possesses both
the reflection positivity and the exact U(1)g symmetry, by adopting the simpler nearest-
neighbor bosonic action. Section [ is devoted to discussion.

2. N =1 chiral multiple with overlap Majorana fermion

The action of the free AV = 1 chiral multiplet is given by
1 * *
Sy = a4zx:{ S} CDix+ 6" Dig+ F°F
1
+5XCDyx + FD2 + F* Do 3 (2.1)

In this expression, we have used a decomposition of the overlap Dirac operator [2][3],
D = D{ 4 D5, where

1 N _ 1 1 5., _
D, = 5’)’#@% + 8u)(ATA) 12, Dy = 5{1 -1+ §a28uau)(ATA) 1/2}7 (2:2)
and
1 * >k
A=1-aDy, Dy= Q{W(au +8,) - a@u(")u}. (2.3)

Note that D; and Dy have different spin structures with respect to spinor space. In
particular, we have {75, D1} = 0 and [y5, D2] = 0. In terms of this decomposition, the
Ginsparg-Wilson relation v5D 4+ Dvs = aD~;D [B] is expressed as

2Dy = a(—D? + D3), (2.4)
and as a consequence, we have relations
1 1 1 1
~v5(1 — iaD)%(l - iaD) =1- iaDQ’ v5(1 — iaD)’yg,D =D;. (2.5)

It is also understood that the 4 x 4 identity matrix in operators D? and Ds is omitted
when these operators are acting on bosonic fields.

It is straightforward to see that the above free action Sy is invariant under “lattice
N =1 supersymmetry”:

Sex = —V2P(D1¢ + F)e — V2P_(D1¢" + F*)e,
0cp =V2e'CPLx, b9 = V2T CPy,
6 F =V2'CD1Pry,  8.F* =V2e'CDP-y, (2.6)



where € is a 4 component Grassmann parameter. We also note that the free action Sy
possesses three types of U(1) symmetry [I0]. The first is a rather trivial one acting only
on bosonic fields and is defined by the transformation:

dax =0,
5a¢ = ia¢7
5o F = —iaF, (2.7)

where « is an infinitesimal real parameter. The second one is nothing but the chiral
symmetry introduced by Liischer,

1
6&X = ia’%(l - iaD)X7 (28)

Thirdly, somewhat surprisingly, the bosonic sector of Sy possesses a U(1) symmetry anal-
ogous to eq. 23):

bud = +ia(1 - %aDQ)qﬁ - %aF*},

doaF = +ia{(1 — %CLDQ)F — %aD%qﬁ*} (2.9)

due to the Ginsparg-Wilson relation. The lattice action Sy is not invariant under a uniform
rotation of the complex phase of bosonic fields, ¢, F', due to the presence of terms F' D¢
and F*Dyg*. The above provides a lattice counterpart of this uniform phase rotation of
bosonic fields under which the free action Sy is invariant. Using a linear combination of
the above three U(1) symmetries, it is possible to define the U(1)g symmetry [I0] in the
interacting system.

1
daX = +i0¢’Y5(1 - §CLD)X,
1 1
dap = —3iagp +ia{(1 — iaDg)qb - iaF*},

1 1
0o = +3iaF +ia{(1 - SaDy)F — 5aD%¢>*}. (2.10)

3. Violation of the reflection positivity in the bosonic part

3.1 Reflection positivity condition

In this subsection, we will formulate the reflection positivity condition. It has been rigor-
ously shown that the lattice theory satisfying the reflection positivity condition corresponds
to the quantum theory with unitary time evolution [I8 [I9 20]. Here we consider the generic
case in which there are both a bosonic field ¢ and a fermionic field 1. Let us assume that
S(¢,1),) is the action of a lattice model' and its partition function Z is given by the path
integration

Z = / [D¢D*|[DYDy] e~ 5@V, (3.1)

n the following, we write the bosonic field argument of a function like S(¢) instead of S(¢, ¢*) for the
notational simplicity. This notation never means that S is an analytic function of ¢.



We set the lattice spacing a to be unity, and assume the finite volume hypercubic lattice
A={-L+1,-L+2,...,L—1,L}* c Z%. We impose the anti-periodic boundary condition
in the time direction for the fermionic field v, while the periodic boundary condition for
the bosonic field ¢. In the spacial directions, periodic boundary conditions are imposed for
both fields.

To formulate the reflection positivity condition, we first introduce the time reflection
operator 6 as follows. For each site x = (t,x) € A, we denote 6z = (—t + 1, x). This is the
time reflection with respect to the ¢ = 1/2 plane. We define the operation of  for bosonic
fields as

(09)(x) = ¢(0) (32)
and for functions of bosonic fields F(¢) as
(0F)(¢) = F*(09), (3.3)
where * means complex conjugation. For fermionic fields, the 6 reflection is defined as
(09)(z) = ~0t(0), (3.4)
(09)(z) = P(02)70. (3.5)

We extend this 6 operation to the whole field algebra A. We define the field algebra
A, the algebra of observables, as the Grassmann algebra generated by the fermionic fields
with the coefficients of the continuous functions of bosonic fields which are integrable with
respect to the bosonic Gaussian functional measure. For F,G € A, the 6 operation is
defined by the relations

0(FG) = 6(G)0(F), (3.6)
0(aF + BG) = a*0(F) + 5*0(G). (3.7)

For instance, if F has the form of

F(¢7 Y, &) = f(@i))l;al (xl) s "Ean (xn)wln (yl) s ¢bm (ym)a (3'8)

its 6 reflection should be

O(F)(d. 0, %) = f(00)(¥10)b,, (0Yim) - - - (¥70), (0y1) (Y0¥, (B3) - - . (Y0U)ay (01). (3.9)

Let Ay (resp. A_) be the set of lattice sites with positive (resp. non-positive) time
components, and AL be the subalgebras of A, which depends only upon fields on Ay. In
this notation, 6 is a map from A4 into As and from A4 into Ax.

Reflection positivity condition is defined through this  map. For a lattice theory with

the expectation functional (-) defined as
1

Fl=7 / (DD [DyDY] e SCU D F(,90,0),  F e A, (3.10)

we say the theory is reflection positive with respect to 6 if any function F, € A, fulfills
the inequality

(0(FL)FL) > 0. (3.11)



3.2 Reflection positivity of the free overlap boson

In this subsection, we investigate the reflection positivity of the bosonic sector of the free
chiral multiplet ([Z1]). It will be shown in the following that the bosonic sector does not
satisfy the reflection positivity condition. After integrating out the auxiliary field F', we
have the overlap boson system which is defined through the lattice action on A

=) ¢"(2)0ro(x (3.12)
TzEA
where we have defined
Oa(z,y) = Z O(z + 2nL,y), (3.13)
nez4
D'D=0-1, (3.14)

with 1 being the unit spinor matrix. This [ given above is the bosonic overlap operator
on Z% and O, is that on A with periodic boundary conditions. The field algebra A of
this overlap boson system is defined as the set of all continuous functions of bosonic field
configulations ¢ = {¢(x)}zen, which are integrable with respect to the bosonic Gaussian

measure
[Dg][Dg*] e *4(?). (3.15)

The expectation of this theory is defined by the bosonic path integration

1

Py = L / DY|[Dg* D F(p),  Fe A (3.16)

VA

The standard way of investigating the reflection positivity of lattice field theory is to
prove that the action can be written in the form of

—S(¢) = B(9) + 0(B)(¢) + > _0(C:)(9)Cs(¢), B, Cs € Ay, (3.17)

where in the third term Cs are elements of A parametrized by some discrete parameter s
Z0. To see that the equation ([BIT) indeed implies the reflection positivity I, we first
note that for an arbitrary F, € Ay,

OFDFsg = [DADSIOFDF

/qus )d* (x /qub )dg™ (z) 0(F4)(9)

rEA4 TEA_
2

/quﬁ )do* (x) Fu(p)| > 0. (3.18)

e



If the action is given in the form of (BI7), we obtain for all F € A4,

(e O(F4) Fr),
_ <eB+0(B)+ZS e(cs)cse(f+)f+>0

_ <0(eB) Y %(Z e(cs)cs)” 9(f+)]-“+>

n=0 0

-y % 3 Y (8(eP) P 0(Cs )T, - 0(C, )Cs, 0(FL)FL ),
n=0 " s1 Sn

_ f: % S (o(ePs, O ) Py, L O F)) (3.19)
n=0 S1

Sn

This last expression is clearly positive from (BI8). This immediately implies the reflection
positivity because

<eisb6(f+)f+>0

(e=%),

We note that the third term in (BI7) may be given by an integration over a continuous

<9(f+)f+> = >0, Fre Ay (320)

parameter s as

/dsH(Cs)(qﬁ)Cs(¢), Coc A, (3.21)

This type of the action appears in the case of overlap fermions. See Ref.[23] for detail.

Therefore, to prove the reflection positivity of the ‘overlap boson’ system reduces to
find the decomposition of the action ([BI2) into [BI7)). We first note that S, can be written
as

Sp=Y ¢" @0z, y)o(y) + D ¢ (@)0(x,y)d(y)

z,yEN 4 r,yeEA_
+2 Y ¢" @)z, y)o(y), (3.22)

$EA+7yEA,

where O(z, y) is the kernel of the operator J on A. To establish the decomposition ([BI7]),
we should find that (i) the second term is the # reflection of the first term, and that (ii)
the last term is written in the form of

- / 0(C,)C; ds (3.23)

for some Cs € Ay parametrized by some parameter s. Note that this second condition is
equivalent to say that

- Y S@RE ) = [ F98C)) Culo)ds (3.24)

rEAL ,yEA_



for some non-negative function f(s). In this bosonic system, while (i) holds true, the
property (ii) breaks down, as will be shown below.

To show this, we will derive the spectral representation of the kernel O(z,y). First,
the Fourier transformation O(p) is given by:

1— Z#(l — cospy)

p)=1-—
®) ZNSiHQPu"' [1 _Eu(l —cospﬂ)]2
_ b(p) — cospo
~t aln) B com 329
where
a(p) =1+ Z sin? pj+ b(p)2, (3.26)

b(p) =Y (1 —cosp;). (3.27)

J

From this formula we obtain the following representation of the kernel O(zx, y),

O(x,y)

—/ ’p P @Y (25 — o) (3.28)
T07#Yo (27r)3 7

where we have defined

dPo ine (wo— b(p) — cospo
I(zo— 1) = [ =2 eiro(zo—y0) . 3.29
(20 — o) /% e — (3.29)

Furthermore, by Cauchy’s integration theorem, I(x) defined above can be estimated as

I(z)

= / @ etPozo b(p) — cos po
2070 27 \/a(p) — 2b(p) cos po

_ /°° dE oI Elzo b(p) — cosh E (3.30)
B T \/2b(p) cosh & — a(p)’

where Fj is the positive solution of
2b(p) cosh By — a(p) = 0. (3.31)

Since the kernel of the operator on the finite lattice [p(x,y) is defined as [BI3), it is
straightforward to derive the following spectral representation of [y,

Oa(z,y) = 3 Zezp =) Z (xo + 2noL — 1)
Z0>Yo no€EZ
3Zzpm y)/ 771—6 1_c28L "
X {G_E(Io—yo) + e_E(QL_IO—i_yO)} o) - Cospo : (3.32)
\/a — 2b(p) cos py



The second term represents a finite volume effect.
Now we can see the property ([8.24) does not hold. From eq.(3.32)), we obtain

— > " (@)0a(x,m)8)

zeAL,yeA_
1 Z/OO dE 1 cosh E — b(p) y
2L)% p JEL T 1 — e 2EL v/2b(p) cosh E — a(p)

y Z {e—E(xO—yO)eip'(w_y)¢*($)¢(y) + e—QELe-l-E(xo—yo)eip'(w_y)¢*(J;)¢(y>}

rENL,yeA_
cosh £ — b(p)
2L3Z/ ™ 1—6 2EL /2b(p coshE—a(p)><
% {0(Cip)(9)(Crp) (0) + 0(e7PLC_p ) (8) (e PLC 1) (0) }, (3.33)
where we define
Cep(d) =Y e FePog*(z) € A, (3.34)
zEA4

In this case, (F,p) plays a role of the parameter s in ([B.24]). For the condition ([B.24])
to be satisfied, the coefficient factor cosh E — b(p) should be non-negative for any (F,p)
satisfying F1 < E, but this is not the case. In fact, cosh E — b(p) can become both positive
and negative in general, which prevents us from proving the reflection positivity.

3.3 Kallén-Lehmann representation of the free overlap boson propagator

Another way to see the violation of unitarity of the overlap boson system is to study
the Killén-Lehmann representation of the propagator, ((J)~!, which should carry all the
information of Hilbert space of state vectors and the spectrum of Hamiltonian [24]. It is
sufficient to consider the infinite volume propagator,

1

A+(3§‘, y) = E('rv y)
T0>Yo
dp 1
— Py _— 3.35
[ &5 (33
It is possible to evaluate this propagator explicitly to obtain the spectral representation
dE d3
Ay (z,y) / / —E(z0—yo) yip(z—y) p(E,p). (3.36)

The spectral density p(F, p) is given by

(cosh E — b(p))+/2b(p) cosh E — a(p)
cosh2 —a(p) + b(p)?

p(E,p) = (isolated poles) + 0(E—Ey). (3.37)

In the second term, there appears the factor cosh E — b(p) which is not positive definite
and this violates the positivity of p(E, p).



3.4 Estimation of the violation in the momentum space

From the explicit form of the spectral density ([B.37), we can find where in the Brillouin
zone the reflection positivity is violated. One notes that there is the region in the spacial
Brillouin zone where the spectral density p(FE,p) can not become negative. Let us call
this region §. The region § is characterized by the condition that the negative value of
cosh E — b(p) be avoided. The necessary and sufficient condition on spacial momenta p to
avoid negative cosh E' — b(p) is that

cosh £ — b(p) > 0, VE > Eq, (3.38)

which is equivalent to the condition

1 202 _ 1— 2
cosh By > b(p) e L 2uk S P = (L = cospi))” (3.39)

25, (1 — cos py)

By using the identity sin® pj, +cos? pp, = 1 and completing the square with respect to cos py,

the ‘safe’ region S is given by

1

d—
S = {p € [-m,m% Z(cospk — %)2 < dzl} , (3.40)
k

=1

where d is the spacetime dimension.

Now let us estimate the size of S to investigate whether we can ignore the violation
of the reflection positivity or not. In the case of d = 4, there are three spacial momentum
components. First, we consider the case in which p; = ps = p3 =: p. In this direction, the
safe momentum region has the extent

~1.72<p< 1.72. (3.41)

Second, we consider another direction p; = p, po = p3 = 0. In this case, in the safe region
S, p is restricted by 2

~1.95 < p < 1.95. (3.43)

These regions are a little bit lager than or the same as [—m/2, /2]%"1.

When the spacial momenta p does not belong to S, the spectral density p(E,p) has
to become negative on the energy interval £1 < E < E., where F] and E. are determined
by

a(p)
2b(p)’

cosh By = cosh E, = b(p), (3.44)

2This restriction value of spacial momenta p is exactly the same as for the two dimensional case. In the
case of d = 2, the spacial momenta has only one component and S is given as

S={-1.95<p<1.95}. (3.42)



since p(E,p) < 0 is equivalent to a(p)/2b(p) < coshE < b(p) when p ¢ S. We will
numerically estimate F; and E., the lower and upper bound of the energy interval on
which the spectral density become negative. For instance, if d = 4, these energy values are
computed as shown in the following table:

P b(p) | a(p) | a(p)/2b(p) | E1 = cosh™ta(p)/2b(p) | E. = cosh™! b(p)
(m,m,m) 6 37 37/12 1.79... 2.48...
(r,m0) | 4 | 17 17/8 1.39... 2.06. ..
(r,0,0) | 2 | 5 5/4 0.69... 1.32...

Whether these values are large enough or not should depend on the physics one wants to
see through the overlap boson.

4. Refletion positivity of lattice Wess-Zumino model

To remedy the violation of the reflection positivity, one may adopt the simpler nearest-
neighbor action for the boson fields, ¢ and F' as follows®:

1 * * *
Sl = a4Z{ — X CDX +¢"(=9,0.,)6 + F F} (4.1)
This action still possesses three types of U(1) symmetry, Eq. (Z7), [2.8)) and

5a¢ = JriOéqf),
5o F = +iaF, (4.2)

instead of Eq. (Z9).
In this formulation of the chiral multiplet, the action of the lattice N’ = 1 Wess-Zumino
model may be given as follows:

1 1
S = g Z{—§XTCDX +0"(~0.0,)0 + F'F + _X"TCX
~gX"COPyX — ¢ XTCHP-X + gF6* + g F'¢™ |, (43)

where X (x) is an auxiliary Majorana fermion field and x(z) = x(z) + X(z). Then one
may define the U(1)g symmetry as follows:

1

daX = +iays(1 — §aD)x,

0o = —2ia,

0o F = +4iaF (4.4)

3Here, we have changed the sign convention of the fermionic action by introducing new Majorana field
x' = ix. Of course this does not change any physical results. It is simply because this convention has been
used in the proof of the reflection positivity for the overlap fermions in our previous work [23].

~10 -



The reflection positivity is now satisfied in this formulation of the Wess-Zumino model.
The #-reflection is defined for the bosonic fields y, F' in the same way as in the generic case

B3),

0 (z) = ¢(0z) (4.5)
0F (z) = F(0x) 4.6

and for the fermionic fields y, X as in (B4,

(0X)(x) = v0x(0z),  (0x)(z) = X(6x)70, (4.7)

(0X)(z) =X (0z),  (0X)(z) = X(0z)0. (4.8)
Note that this definition of € reflection does not contradict to the Majorana conditions
Y = xI'C and X = XTC. Our field algebra A here is that of the polynomial algebra of
fermionic fields whose coefficients are the well-behaved functions of the bosonic fields. We
extend 0 operation to whole algebra A, by the relations ([B.6]) and (B.7]).

To prove the reflection positivity of the Wess-Zumino model, it is sufficient to show
that the action (£3]) can be rewritten in the form of ([BI7)

—S=B+0(B)+» 6(C;)Cs,  B,Cs€ Ay, (4.9)

23]. Let us first consider the free part of (Z3]). The first term in [@3]), the overlap Majorana
fermion, can be written in the form of (BI7) as is shown in ref [23]. On the other hand,
the second term can be written in the form of (@3], as is well-known. Furthermore, the
third and fourth terms in (L3 is € reflection of themselves and do not contain any ‘time
hopping terms’. Therefore, these terms can be written in the form of

4 * } T
a IEGA {F F+-X CX}
- 1 . 1
— ghj {F F+ 5XTCX} + 9[@4 EM {F F+ aXTCXH. (4.10)

The rest of the terms in (3] are interaction terms,
S = a* Y {~gx"COP, % — g XTCH P X+ gF$* + g Fr 6}, (411)
T

which are all strictly local. They are equal to theta-reflection of themselves again, and do
not contain any nonlocal ‘time hopping’ terms either. This means that Sjy can also be

written as
Sint = B+ 6(B) (4.12)
with

B=>" {—92T0¢P+>2 — T CH* P + gF§? + g F*¢*2, } (4.13)

(EGA+

which obviously belongs to A.. Therefore, one concludes that this lattice Wess-Zumino
model satisfies the reflection positivity condition.

- 11 -



5. Discussion

Preserving R symmetry exactly is a useful way in formulating supersymmetric field theories
on the lattice. This point has been emphasized by Elliot, Giedt and Moore [25] in their
formulation of four-dimensional N’ = 4 super Yang-Mills theory. The discrete R symmetry
in the two-dimensional N' = 2 Wess-Zumino model [26] has played an important role in
the numerical study of the correspondence to N' = 2 conformal field theories[2T].

In formulating the exact R symmetry on the lattice, however, there is a freedom in
the choice of the bosonic part of the action. When one can preserve some part of the
extended supersymmetries in the theories with AV > 2 26 28], it seems useful to adopt
the bosonic actions to preserve the supersymmetries, although one should take into care a
possible effect of the violation of the reflection positivity. But, for the theories of N' = 1, it
seems difficult to preserve the supersymmetry in general[29]. The free limit supersymmetry
may still help in the convergence to the supersymmetric limit in the interacting models.
Otherwise, the reflection positivity condition may give a possible guideline to choose a
bosonic action.

It would be interesting to examine further the inter-relation among the reflection pos-
itivity, the vacuum energy cancellation(the exact supersymmetry) and the exact U(1)g
symmetry of free chiral multiplet on the lattice. If one adopts the Majorana Wilson fermion
for the fermionic component of the chiral multiplet, one can show that the bosonic part
of the supersymmetric action now fulfills the reflection positivity condition. In this case,
the U(1)r symmetry is not manifest. But, through the block spin transformation, it is
recovered in the fixed point action [§. In this course of the renormalization group trans-
formatons, it seems possible to maintain the vacuum energy cancellation by adjusting the
parameters in the block-spin kernels and the normalization factors. Then, if the reflection
positivity could also be maintained through the block-spin transformation, all the three
conditions could be fulfills in the fixed point approach[30] BT B2 B3] B4].
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A. Spectral density p

In this appendix, we derive eq.([33T). Define a function f(z) as

£(2) = g0 = 2.p). (A1)

- 12 —



It is straightforward to find the explicit form

Va(p) — 2b(p) cos z(y/a(p) — 2b(p) cos z — (b(p) — cos z)) .

= A2
/) a(p) — b(p)? — cos? 2 (A.2)
f has a branch cut where inside the square root becomes negative,
1+ sin? p; + b(p)?
a(p) —2b(p)cosz < 0 <= cosz > alp) _ 2 p; +blp) . (A.3)

2b(p) 2b(p)

1+ 3 sin?p +0(p)® [,
> 1+ sin?p; > 1, A4

Equation a(p) — 2b(p) cos z = 0 has two pure imaginary solutions +iE; (E; > 0) :

Since

F) = cosh™! <;b((pp))> , E; > 0. (A.5)

f has isolated poles where the denominator vanishes,

cos’ z = a(p) — b(p)? =1+ Z sin? p; (A.6)
J

To solve this equation, put z = x + iy, =,y € R and it becomes

cos® x cosh? y + sin’ x sinh? y — 2i cos  cosh y sin z sinhy = a(p) — b(p)? > 1. (A.7)

Noting that the imaginary part must vanish, one finds that (A7) is equivalent to
cosz =0 sinx =0
or (A.8)
sinh? y = a(p) — b(p)* cosh?y = a(p) — b(p)*.

The solution of these equations are :
1
z=x+iy=krtiEy or z=z+iy= (§+Z)7T:|:iE2 (k,leZ), (A.9)

where Ey and Fj are defined as the unique positive solution of cosh Ey = a(p) — b(p)? and
sinh By = a(p) — b(p)? respectively.

From these observations, the analytic structure of the function f can be drawn in the
complex z-plane as in the figure below. The application of Cauchy’s integration theorem
to the contour drawn in the figure tells us that

T dpy *®idE
/ o e™P0(20=%0) £ (o) = 27i x (residue from poles) + / it (f+(GE) — f(iE)),
T 2 E1 21

(A.10)

where in f one chooses the branch in which v/—1 =4, in f_ the branch in which v/—1 = —1.

~13 -



It is not difficult to see that only the pole z = +iF; has a non-zero residue and therefore
contributes the first term of eq (AI0). The other poles are removable singularities. The
contributing residue coming from z = iE; can be computed to give the result

— 2b(p) cosh By (y/a(p) — 2b(p) cosh By — (b(p) — cosh Ey)) (p)
47i cosh F sinh Xs\p
(A.11)

Res(f,z =iF1) = Valp)

where xs is a characteristic function of S defined as

_J1 (pe9)
XS(p)—{O (pdS) (A.12)

The second term in [AI0) is also easily calculated as

*idE ) oy [T dE (coshE — b(p))+/2b(p) cosh E — a(p) B
/| e U4E) ~ 1) = = it e e — )

(A.13)

Substituting (A1) and (AI3) into (AIQ), we get the spectral density p

Va(p) — 2b(p) cosh E(+/a(p) — 2b(p) cosh E — (b(p) — cosh E))

p(E,p) = 2 cosh E sinh ¥ PO = E)
N (cosh E — bgp))\/Qb(p) cosh E' — a(p) 0(E — Ey). (A.14)
cosh” E — a(p) + b(p)?
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Figure 1: Integration contour of f. Only the z = iEy pole has non-vanishing residue.
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