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@ How to distinguish metal and insulator?

Electric conductivity

J = o X E
( current = conductivity X voltage )
o = 0 : insulator, o # 0 : metal J
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@ 2 dimensions
e o0 : conductivity matrix

() =Co o) (5 )~ (o 2)(%)
Jy Oyz  Oyy E, —0H O, E,
® Oupp = Oyy = 0L, Ozy= —Oyz = OH

o1, = 0 : insulator, or, # 0 : metal )

o What's the role of o?
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Hall effect

B

/@/—"> \\\/I

(Classical) Hall conductivity: o ~ B J

o cf. resistivity matrix: B, = p,,J"
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( PL PH)E( oL UH) _ 1 <UL _O'H>
—pH  PL —opy oL ol +o% \on oL
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@ Longitudinal and transverse resistivity

e Longitudinal mode
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Magnetic Field (T)

Quantum Hall effect

@ Hall conductivity is quantized with high-precision

@ o1, =0, but oy # 0: insulator with non-trivial response
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@ What's a field theory for QHE?
Qd=2+1
@ Parity-broken (due to B)

Chern—=Simons theory

k
SCSZ—/Ad.A, kel
47

@ Electric current
k

5SCS k v v=t v __ v
JI’/ = W = %fﬂypa AP — %G#VE = O-,u,l/E
k k e e2
LN =
e 2T - h h’ oL =90
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@ Chern-Simons is topological:

e non-dynamical in the bulk

e unless the boundary — CFT on the boundary

© Edge current  cf. [Wen]

L 2
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http://dx.doi.org/10.1103/PhysRevB.43.11025

@ Bulk wavefunction  [Moore-Read]

t FR— —
— ko)

bulk wavefunction = conformal block
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http://inspirehep.net/record/320939

@ Ex.: Laughlin wavefunction

N

oL ({z:}) = [[(zi = )™

1<j
o Vertex operator: V(z) = e!*¥(*) with o = /m

P, ({z}) = <V(21)V(Z2) T V(ZN)>

@ Bulk wavefunction = conformal block

o Particle statistics «— CFT fusion rule (monodromy)
o Non-Abelian & ¢-deformed CFT
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Summary

@ Quantum Hall effect

o quantized Hall conductivity o = ve?/h

e insulator with non-trivial response (o1, = 0 but oy # 0)

@ Chern-Simons effective theory

o level quantization = quantization of oy

e non-dynamical bulk & CFT on the boundary

@ edge state

@ bulk wavefunction
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0 Overview: FQH/CFT

© Characterization of FQH state
© Non-Abelian state

@ Spin-singlet FQH state

e Summary
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© Characterization of FQH state
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@ Quantum mechanics in magnetic field (d = 2)

TR (ﬁ— ,AI)Z — e <aTa—|—;>

e cyclotron freq.: w. ~ B

DOS
: : p DOS =) Nyi(E-Ey)
Ww_/ n
degeneracy of Landau level
1
E Ngy=— / d*z B
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@ Lowest Landau level (LLL)

e annihilation op.: a = 05 + é
. h
e magnetic length: /g =/ —
eB

o LLL state is labeled by angular momentnum index:

m=0,1,---, Ny—1

@ Many-body wavefunction in LLL
N

(=) = o({=) [[e 5

=1
o (anti-)symmetric polynomial: ®({z;}) = 2" --- 2y~ + - --
o Highest power in ®({z;}) is Ny — 1
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@ How to read op from ®({z;})?

e Filling fraction:

#particles N
UV = e —
#magnetic fluxes Ny

o Hall conductivity:

(99}

O = V—
h
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@ Ex. 1: Slater determinant

D({z;}) = det <zg_1) = H (zi — 25)

e Highest power:
O({zi)) = 2N e > Ny =N

e Occupation number representation:

“Fermi sea”

@) =[111---11100---)
——+— angular mom.

01

2 Ny
N
e Filling fraction: v = m =1
v =1 integer QH state J
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@ Ex. 2: Laughlin state
N

oL ({z}) = [J(z—2)"

1<j

o Highest power:
Pr({m}) = AT o Ny —T=m(V =)

e Occupation number representation:

“Fermi sea”
|®L) =[10010---001100--)
———— —+—+—+—> angular mom.
01234 Ny
N o 1
o Filling fraction: v = VD1 N=e —

v = 1/m fractional QH state

Kavli IPMU, March 2014

Taro Kimura (CEA Saclay/RIKEN)

17 /38



o Excitation state: quasi-hole state

N N
or,({ziHw) = [J(zi = z)" [ [ (z — w)
1<J =1

o Py, has zeros at z; = w

quasi-hole

densityI 1

/N

w
@ Multi-quasi-hole state
N N M M
o ({zi}{wi}) = [J(z — 2" [T 11z = wi) [ [ (wi = wi)*/™
i<j i=1j=1 i<j

Taro Kimura (CEA Saclay/RIKEN) Kavli IPMU, March 2014 18 / 38



@ Connection to CFT
o Electron operator: V,(z) = eiVme(z)

@u({zi}) = (Velo)Velz2) - Velon))

e U(1) free boson: ¢(z)p(w) = —log(z — w)

@ Quasi-hole state

o Quasi-hole operator: V() = e'V/me()

D1 ({z}{wi}) = (Ve(1) - Ve(en) Van(wn) -+ Ve (wn))
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Summary

@ LLL many-body wavefunction
TNl
U({zi}) = 2({=}) H “B
o (anti-)symmetric polynomial: ®({z;}) = 2" --- 2y~ + - --

#£particles N

e Filling fraction: v = = —
e on- v #magnetic fluxes Ny

@ Conformal block as a wavefunction

@({z}) = (Ve(z1)Velzn) -~ Velew))
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© Non-Abelian state
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@ Electron operator

o Laughlin: U(1) free boson
N

Ve(z) = Ve — oy ({z:}) = [J(zi — )™

1<j

o Moore-Read: SU(2)i—2 (Ising; Majorana)  [Moore—Read]
N

Valz) = 9(2) €9 —» <1>MR<{zi}>—Pf( ! ) TGz

TR

o Read-Rezayi: SU(2); (Z-parafermion)  [Read—Rezayi]

Ve(z) = 9 (z) e'VHHeD

Non-Abelian particle statistics (NA anyon) |
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http://inspirehep.net/record/320939
http://arxiv.org/abs/cond-mat/9809384

@ Moore—Read state

Bar({2}) = PE (z 1 ) lj‘v[(zz- _ )

.
by

o Filling fraction: v =1/2 (even denominator!)
e Ising CFT: SU(2),—2/U(1)
o Electron & quasi-hole operators

V:?(Z) = ’l[)(Z) eiap(z) 5 th(w) = a'(fw) ei&p(w)/2

o Quasi-hole state

Sur({zi}{wiy) ~ (V1) - vlzn)o(wn) - olwy) )

vxyp=1 Yyxo=0 ocxo=1+7
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@ Bosonic Moore—Read state

Pynir({zi}) = Pf ( ! ) ﬂ(zi - 2j)

T A

o Filling fraction: ¥ =1 (odd denominator!)

e Occupation number rep.:

|PyvR) =12020---020---)

@ Bosonic Read—Rezayi state: SU(2)j
|Pre,) =k 0kO0---0k0--)
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@ More generic NA state:

Jack state [Bernevig-Haldane]

o({z}) = J({z})

@ l-parameter generalization of Schur polynomial

@ Laplace—Beltrami op. (Calogero—Sutherland model)

N o 2
L1 = Z (Zzg) +

i=1

1%21'—}—23' 0 0
= DA, =
« % — *0z; Jazj
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http://arxiv.org/abs/0707.3637

E+1

o (k,r)-admissible state at o = ]
’," —_—

[Feigin et al.]

|(I>(k,r)>:|k 00---0k0---)
r—1

@ Examples:

Laughlin = (1,7), Moore-Read = (2,2), Read-Rezayi = (k,?2)

@ Underlying CFT: WA,_1(k+ 1,k 4+ r) [Bernevig-Gurarie-Simon]
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http://arxiv.org/abs/math/0112127
http://arxiv.org/abs/0903.0635

Summary

@ Non-Abelian FQH state

({zi}{wi}) = (Velz1) - Velzn)Van(wn) - Van (war) )

o Electron & quasi-hole operators
Ve(2) = 9(2) €7 Van(w) = o(w) )72
e Fusion rules — NA statistics

vxy=1 Yvxo=0 oxo=1+7

. . k+1
o (k,r)-admissible state: Jack polynomial at o = — 1
r—
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e Spin-singlet FQH state
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o Spinful FQH state [Halperin]

Halperin state

NT NY N
ou({zi}, {wi}) = [J (2 — )" [ [ (wi — wy)" T] (2i — wy)*
i=1 i=1 ij

z;. up-spin particle, w;: down-spin particle

@ Spin operator

NT — N+

Sj:wi—>zN¢+1, Stz —> Wiy, L = 5
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http://dx.doi.org/10.5169/seals-115362

@ Spin-singlet condition: SU(2) invariance

Sty =0, S,y =0 — r=s+1, Nl=N+=N

SU(2) spin-singlet Halperin state

Pu({zi}, {wi}) = H(Zi —z)" H(W —wj)" H (20 —w;)" "

e SU(M) generalization: E, ¢y =0, F, oy =0, H,dg =0

SU(M )-singlet Halperin state

) @y TT TT (0 _ 0
{=")) = HH D T TG =

u=11i=1 u<v i,j=1
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@ Non-Abelian spin-singlet state

o Generalized parafermion: SU(3);/U(1)? [Ardonne-Schoutens]

o Jack state
e non-symmetric Jack [Ardonne-Regnault] [Estienne-Bernevig]

e Uglov polynomial [TK]

@ Non-symmetric Jack: spin Laplace—Beltrami operator

1 ZiZj
Lap=Lip—— Y (1-Kj)—2+
a (zi — 2)

o K;;: particle exchange operator ~ S - §j

e Spectrum degeneracy due to the spin symmetry
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http://arxiv.org/abs/cond-mat/9811352
http://arxiv.org/abs/1107.2232
http://arxiv.org/abs/1107.2534
http://arxiv.org/abs/1201.1903

@ Uglov polynomial is [Uglov]
e Yangian basis for spin Calogero—Sutherland model

e given by the root of unity limit of Macdonald polynomial

Macdonald _

t:ql/a,q—>1‘/ \‘q—>ev

Jack qg=t Uglov

=1\

Schur

Let’s consider ¢-CFT, and then take the limit ¢ — et
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http://arxiv.org/abs/hep-th/9702020

@ Ex.: ¢g-Laughlin state

e g-boson with ¢ = ¢" [Shiraishi-Kubo—Awata—Odake]
1— ¢l 1

n+m,0 » [ana Q] = - 6n,0

[amam] =n 1 — ¢ln] r

e OPE at the root of unity limit

ee)p(u) ~ —log | D ]

— —log [(zM - wM)(r_l)/M (z — w)]

o Z=M W=uM - z:ijZl/M, wzwﬁ“Wl/M

—log(Z — W)(T_l)/M (ns # nw)

—1lo . (r—1)/M+1 . — T
w(Z)w(W)N{ e e J
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http://arxiv.org/abs/q-alg/9507034

@ Conformal block at the root of unity of ¢-CFT

LG -) " T )
u—l 1<J u<v 1,J

This is the SU(M) spin-singlet Halperin state!

z—w"zZl/M

//

Z =M
W ><Z/ <):|'> X ; M - 4

_~

X
on 1/M
wfwl\/}”W

Branch of Z = 2™ distinguishes the particle state
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Summary

@ Spin-singlet FQH states:

e Halperin state
SU(3)% SU(M + 1)
U(1)? UM

e Generalized parafermion state:

@ Spin-singlet Jack state

e Non-symmetric Jack

o Uglov polynomial (Macdonald at the root of unity limit)
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e Summary
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Summary

@ Conformal block = FQH wavefunction

o Laughlin: U(1)

o Moore-Read: SU(2),—2/U(1)
o Read-Rezayi: SU(2);/U(1)

o NA spin-singlet: SU(3);/U(1)?

o FQH wavefunction is characterized by symmetric polynomial

o Generically described by Jack polynomial
N

(=) = o({=) [[e 5

i=1

@ Spin-singlet Jack state

e Uglov polynomial obtained from Macdonald polynomial
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Discussion

e FQH/q-CFT
o Refined Chern—Simons theory [Aganagic—Shakirov]

@ Holography of the non-Abelian FQH state
e Minimal model holography [Gaberdiel-Gopakumar]

e ¢-CFT and gauge theory at ¢ — e

e Instanton counting on C2?/Zy; [TK] [ltoyama—Oota—Yoshioka]
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