
Response theory of 
relativistic quantum Hall: 
a new topological current

Matthew M. Roberts 
Kadanoff Center for Theoretical Physics & Enrico Fermi Institute, 

University of Chicago 
!

arXiv:1403.4279 [cond-mat.mes-hall] and arXiv:1404.???? [hep-th] 
with Siavash Golkar and Dam Thanh Son 

IPMU April 8, 2014



Outline
• Part I: 

• What is the QHE? 
• Response theory 
• Shift & Hall transports 

• Part II: 
• Response theory pt. 2 
• A 2+1 topological current 
• Shift and Hall transports 
• Simplifications at the “LLL” 
• Conformal QH systems

© 2005 Nature Publishing Group 

 

To explain the half-integer QHE qualitatively, we invoke
the formal expression2,14–17 for the energy of massless relativistic
fermions in quantized fields, EN ¼ [2e!hc*

2B(N þ 1/2 ^ 1/2)]1/2.
In quantum electrodynamics, the sign^ describes two spins, whereas
in graphene it refers to ‘pseudospins’. The latter have nothing to do
with the real spin but are ‘built in’ to the Dirac-like spectrum of
graphene; their origin can be traced to the presence of two carbon
sublattices. The above formula shows that the lowest LL (N ¼ 0)
appears at E ¼ 0 (in agreement with the index theorem) and
accommodates fermions with only one (minus) projection of the
pseudospin. All other levels N $ 1 are occupied by fermions with
both (^) pseudospins. This implies that for N ¼ 0 the degeneracy is
half of that for any otherN. Alternatively, one can say that all LLs have
the same ‘compound’ degeneracy but the zero-energy LL is shared
equally by electrons and holes. As a result the first Hall plateau occurs
at half the normal filling and, oddly, both n ¼ 21/2 and þ1/2
correspond to the same LL (N ¼ 0). All other levels have normal
degeneracy 4B/f0 and therefore remain shifted by the same 1/2 from
the standard sequence. This explains the QHE at n ¼ N þ 1/2 and, at
the same time, the ‘odd’ phase of SdHO (minima in rxx correspond to
plateaux in rxy and therefore occur at half-integer n; see Figs 2 and 4),
in agreement with theory14–17. Note, however, that from another
perspective the phase shift can be viewed as the direct manifestation
of Berry’s phase acquired by Dirac fermions moving in magnetic
field20,21.
Finally, we return to zero-field behaviour and discuss another

feature related to graphene’s relativistic-like spectrum. The spectrum
implies vanishing concentrations of both carriers near the Dirac
point E ¼ 0 (Fig. 3e), which suggests that low-T resistivity of the

zero-gap semiconductor should diverge at Vg < 0. However, neither
of our devices showed such behaviour. On the contrary, in the
transition region between holes and electrons graphene’s conduc-
tivity never falls below a well-defined value, practically independent
of T between 4K and 100 K. Figure 1c plots values of the maximum
resistivity rmax found in 15 different devices at zero B, which
within an experimental error of ,15% all exhibit rmax < 6.5 kQ
independently of their mobility, which varies by a factor of 10. Given
the quadruple degeneracy f, it is obvious to associate rmax with
h/fe2 ¼ 6.45 kQ, where h/e2 is the resistance quantum.We emphasize
that it is the resistivity (or conductivity) rather than the resistance (or
conductance) that is quantized in graphene (that is, resistance R
measured experimentally scaled in the usual manner as R ¼ rL/w
with changing length L andwidthw of our devices). Thus, the effect is
completely different from the conductance quantization observed
previously in quantum transport experiments.
However surprising it may be, the minimum conductivity is an

intrinsic property of electronic systems described by the Dirac
equation22–25. It is due to the fact that, in the presence of disorder,
localization effects in such systems are strongly suppressed and
emerge only at exponentially large length scales. Assuming the
absence of localization, the observed minimum conductivity can be
explained qualitatively by invoking Mott’s argument26 that the mean
free path l of charge carriers in ametal can never be shorter than their
wavelength lF. Then, j ¼ nem can be rewritten as j ¼ (e2/h)kFl, so j
cannot be smaller than,e2/h for each type of carrier. This argument
is known to have failed for 2D systems with a parabolic spectrum in
which disorder leads to localization and eventually to insulating
behaviour22,23. For 2DDirac fermions, no localization is expected22–25

and, accordingly, Mott’s argument can be used. Although there is a
broad theoretical consensus15,16,23–28 that a 2D gas of Dirac fermions
should exhibit a minimum conductivity of about e2/h, this quantiza-
tion was not expected to be accurate and most theories suggest a
value of ,e2/ph, in disagreement with the experiment.
Thus, graphene exhibits electronic properties that are distinctive

for a 2D gas of particles described by the Dirac equation rather than
the Schrödinger equation. The work shows a possibility of studying

Figure 4 | QHE for massless Dirac fermions. Hall conductivity jxy and
longitudinal resistivity rxx of graphene as a function of their concentration
at B ¼ 14 T and T ¼ 4K. jxy ; (4e2/h)n is calculated from the measured
dependences of rxy(Vg) and rxx(Vg) as jxy ¼ rxy/(rxy

2 þ rxx
2 ). The

behaviour of 1/rxy is similar but exhibits a discontinuity at Vg < 0, which is
avoided by plotting jxy. Inset: jxy in ‘two-layer graphene’ where the
quantization sequence is normal and occurs at integer n. The latter shows
that the half-integer QHE is exclusive to ‘ideal’ graphene.

Figure 3 | Dirac fermions of graphene. a, Dependence of BF on carrier
concentration n (positive n corresponds to electrons; negative to holes).
b, Examples of fan diagrams used in our analysis7 to findBF.N is the number
associated with different minima of oscillations. The lower and upper curves
are for graphene (sample of Fig. 2a) and a 5-nm-thick film of graphite with a
similar value of BF, respectively. Note that the curves extrapolate to different
origins, namely to N ¼ 1/2 and N ¼ 0. In graphene, curves for all n
extrapolate toN ¼ 1/2 (compare ref. 7). This indicates a phase shift ofpwith
respect to the conventional Landau quantization in metals. The shift is due
to Berry’s phase14,20. c, Examples of the behaviour of SdHO amplitude Dj
(symbols) as a function of T for m c < 0.069 and 0.023m0 (see the
dependences showing the rapid and slower decay with increasing T,
respectively); solid curves are best fits. d, Cyclotronmassm c of electrons and
holes as a function of their concentration. Symbols are experimental data,
solid curves the best fit to theory. e, Electronic spectrum of graphene, as
inferred experimentally and in agreement with theory. This is the spectrum
of a zero-gap 2D semiconductor that describes massless Dirac fermions with
c* 1/300 the speed of light.
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lmfp < L/2 and the conductivity s!n1=2
s , as expected for ballistic

transport (Fig. 1b, c). Furthermore the lowest carrier density, typi-
cally ns0 < (2–10) 3 109 cm22, is more than an order of magnitude
below that achieved in non-suspended samples, attesting to a much
smaller density inhomogeneity10. For non-ballistic samples (gra-
phene as well as 2DES in semiconductors), the sample quality is
usually characterized by the carrier mobility. In ballistic graphene
samples however, the value of mobility is meaningful only when it
is associated with the carrier density at which it is measured. For the
sample studied here, the Drude mobility, mD~s=nse, at ns < 1010 cm22

is 260,000 cm2 V21 s21, and exhibits the !ns
{1=2 dependence on

carrier density expected for ballistic devices (the field effect mobility
at the same density is mfe~

1
e

ds
dns

<200,000 cm2V{1s{1).

We studied the two-terminal magneto-transport in suspended
graphene samples at temperatures ranging from 1.2 K to 80 K and
fields up to 12 T. The relation between magneto-resistance oscilla-
tions and the quantum Hall effect measured in two-terminal devices
is now well understood. It has been shown theoretically21 that, for
clean samples and low temperatures, the two-terminal conductance
displays plateaus at values G~n e2

h that are precisely the same as the
quantum Hall effect plateaus in the Hall conductance. In between
the plateaus the conductance is non-monotonic, depending on the
sample aspect ratio, W/L. In our devices where W . L, the conduc-
tance is expected to overshoot between plateaus, as is indeed
observed (Fig. 1d). Our two-terminal measurements reveal well-
defined plateaus associated with the anomalous quantum Hall effect
that appear already in fields below 1 T. Above 2 T additional plateaus
develop at n 5 21 and at n 5 3, reflecting interaction-induced lifting
of the spin and valley degeneracy (Figs 2a and 3c). At low tempera-
tures and above 2 T, we observe a FQHE plateau at n 5 21/3 which
becomes better defined with increasing field (Fig. 2a). When plotting
G versus n, the curves for all values of B collapse together (Fig. 2b),
and the plateaus at n 5 21/3, 21 and 22 show accurate values of the
quantum Hall conductance.

The FQHE in semiconductor based 2DES reflects the formation of
an incompressible condensate, which can be described by a Laughlin
wavefunction22. In the composite-fermion generalization of the
FQHE4,23, a strongly correlated electron liquid in a magnetic field
can minimize its energy when the filling factor belongs to the series
n~ p

2sp+1 (with s and p integers) by forming weakly interacting com-
posite particles consisting of an electron and an even number of
captured magnetic flux lines. In this picture, the FQHE with
n 5 1/3 corresponds to the integer quantum Hall effect with n 5 1
for the composite particles consisting of one electron and two flux
lines. Excitations out of this state would produce fractionally charged
quasiparticles q* 5 e/3, at an energy cost of the excitation gap, D1/3,
which provides a measure of the state’s robustness. It is not obvious a
priori that the correlated state leading to the FQHE for the relativistic
charge carriers in graphene is the same as that for the 2DES in semi-
conductors. In fact, several competing mechanisms have been dis-
cussed in the theoretical literature4–9, involving states that break
SU(4) symmetry as well as possible compressible, composite fermion
Fermi sea states7. Interestingly, despite the qualitative difference in
Landau level spectra between Dirac fermions in graphene and the
non-relativistic electrons in semiconductors, the n 5 1/3 state is
formally expected to be the same in both cases4,5 but with the pseu-
dospin in graphene playing the role of the traditional electron spin in
the non-relativistic case. In order to distinguish experimentally
between the various mechanisms, it is useful to study the quasipar-
ticle excitation energy. In multi-lead transport measurements, such
as the Hall bar configuration, this can be obtained from the temper-
ature dependence of the longitudinal conductance. However, in a two-
terminal measurement it is not possible to separate the longitudinal
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Figure 1 | Characteristics of the suspended graphene devices. a, False-
colour scanning electron microscopy image of a typical suspended graphene
device. The two centre pads are used for both current and voltage leads, while
the outer pads are for structural support. The lead separation is L 5 0.7mm,
and the typical graphene width is 1.5–3 mm. b, Carrier density dependence of
the resistivity of a suspended graphene device in zero field. The sharp gate
control of resistivity near the Dirac point indicates a low level of
perturbation from random potentials. c, Carrier density dependence of the
mean free path, lmfp~

s h
2e2(pns)1=2, of the sample in b. Note that on the hole

branch, lmfp < L/2, as expected for ballistic junctions. d, Conductance of the
suspended graphene sample as a function of filling factor n for B 5 1 T and
T 5 1.2 K. The plateaus seen at integer filling factors correspond to the
quantum Hall effect, as discussed in the text. The maxima in between the
plateaus agree with the theoretical expectations21 for a two-terminal
graphene junction with the geometry of our sample, W/L . 1. The quantum
Hall plateaus are better defined and narrower for the hole branch (negative
filling factors), indicating less scattering of hole carriers, consistent with the
lower resistance and longer mean free path on the hole branch, as shown in
b and c.
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Figure 2 | FQHE in suspended graphene. a, Gate voltage dependence of
resistance for the sample in Fig. 1, at indicated magnetic fields and T 5 1.2 K.
Already at 2 T we note the appearance of quantum Hall plateaus outside the
non-interacting sequence, with R~ 1

v
h

e2 ,v~1,1=3. b, Hole conductance as a
function of filling factors for B 5 6T, 8T, 10T and 12T at T 5 1.2 K, showing

that the data collapse together. Quantum Hall plateaus with conductance
values G~v e2

h ,v~1,1=3, appear at the correct filling factors of n5 21, 21/
3. c, Temperature dependence of the quantum Hall plateau features. The
plateaus at n 5 21/3, 21 become smeared out with increasing T and
disappear for T . 20 K.
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Quantum Hall Effect
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• Integer Quantum Hall Effect: Schrödinger w/ Bz 
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• Integer Quantum Hall Effect: Schrödinger w/ Bz 
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• Relativistic IQHE: Dirac w/ Bz: (Dirac)2 = Schr. 
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To explain the half-integer QHE qualitatively, we invoke
the formal expression2,14–17 for the energy of massless relativistic
fermions in quantized fields, EN ¼ [2e!hc*

2B(N þ 1/2 ^ 1/2)]1/2.
In quantum electrodynamics, the sign^ describes two spins, whereas
in graphene it refers to ‘pseudospins’. The latter have nothing to do
with the real spin but are ‘built in’ to the Dirac-like spectrum of
graphene; their origin can be traced to the presence of two carbon
sublattices. The above formula shows that the lowest LL (N ¼ 0)
appears at E ¼ 0 (in agreement with the index theorem) and
accommodates fermions with only one (minus) projection of the
pseudospin. All other levels N $ 1 are occupied by fermions with
both (^) pseudospins. This implies that for N ¼ 0 the degeneracy is
half of that for any otherN. Alternatively, one can say that all LLs have
the same ‘compound’ degeneracy but the zero-energy LL is shared
equally by electrons and holes. As a result the first Hall plateau occurs
at half the normal filling and, oddly, both n ¼ 21/2 and þ1/2
correspond to the same LL (N ¼ 0). All other levels have normal
degeneracy 4B/f0 and therefore remain shifted by the same 1/2 from
the standard sequence. This explains the QHE at n ¼ N þ 1/2 and, at
the same time, the ‘odd’ phase of SdHO (minima in rxx correspond to
plateaux in rxy and therefore occur at half-integer n; see Figs 2 and 4),
in agreement with theory14–17. Note, however, that from another
perspective the phase shift can be viewed as the direct manifestation
of Berry’s phase acquired by Dirac fermions moving in magnetic
field20,21.
Finally, we return to zero-field behaviour and discuss another

feature related to graphene’s relativistic-like spectrum. The spectrum
implies vanishing concentrations of both carriers near the Dirac
point E ¼ 0 (Fig. 3e), which suggests that low-T resistivity of the

zero-gap semiconductor should diverge at Vg < 0. However, neither
of our devices showed such behaviour. On the contrary, in the
transition region between holes and electrons graphene’s conduc-
tivity never falls below a well-defined value, practically independent
of T between 4K and 100 K. Figure 1c plots values of the maximum
resistivity rmax found in 15 different devices at zero B, which
within an experimental error of ,15% all exhibit rmax < 6.5 kQ
independently of their mobility, which varies by a factor of 10. Given
the quadruple degeneracy f, it is obvious to associate rmax with
h/fe2 ¼ 6.45 kQ, where h/e2 is the resistance quantum.We emphasize
that it is the resistivity (or conductivity) rather than the resistance (or
conductance) that is quantized in graphene (that is, resistance R
measured experimentally scaled in the usual manner as R ¼ rL/w
with changing length L andwidthw of our devices). Thus, the effect is
completely different from the conductance quantization observed
previously in quantum transport experiments.
However surprising it may be, the minimum conductivity is an

intrinsic property of electronic systems described by the Dirac
equation22–25. It is due to the fact that, in the presence of disorder,
localization effects in such systems are strongly suppressed and
emerge only at exponentially large length scales. Assuming the
absence of localization, the observed minimum conductivity can be
explained qualitatively by invoking Mott’s argument26 that the mean
free path l of charge carriers in ametal can never be shorter than their
wavelength lF. Then, j ¼ nem can be rewritten as j ¼ (e2/h)kFl, so j
cannot be smaller than,e2/h for each type of carrier. This argument
is known to have failed for 2D systems with a parabolic spectrum in
which disorder leads to localization and eventually to insulating
behaviour22,23. For 2DDirac fermions, no localization is expected22–25

and, accordingly, Mott’s argument can be used. Although there is a
broad theoretical consensus15,16,23–28 that a 2D gas of Dirac fermions
should exhibit a minimum conductivity of about e2/h, this quantiza-
tion was not expected to be accurate and most theories suggest a
value of ,e2/ph, in disagreement with the experiment.
Thus, graphene exhibits electronic properties that are distinctive

for a 2D gas of particles described by the Dirac equation rather than
the Schrödinger equation. The work shows a possibility of studying

Figure 4 | QHE for massless Dirac fermions. Hall conductivity jxy and
longitudinal resistivity rxx of graphene as a function of their concentration
at B ¼ 14 T and T ¼ 4K. jxy ; (4e2/h)n is calculated from the measured
dependences of rxy(Vg) and rxx(Vg) as jxy ¼ rxy/(rxy

2 þ rxx
2 ). The

behaviour of 1/rxy is similar but exhibits a discontinuity at Vg < 0, which is
avoided by plotting jxy. Inset: jxy in ‘two-layer graphene’ where the
quantization sequence is normal and occurs at integer n. The latter shows
that the half-integer QHE is exclusive to ‘ideal’ graphene.

Figure 3 | Dirac fermions of graphene. a, Dependence of BF on carrier
concentration n (positive n corresponds to electrons; negative to holes).
b, Examples of fan diagrams used in our analysis7 to findBF.N is the number
associated with different minima of oscillations. The lower and upper curves
are for graphene (sample of Fig. 2a) and a 5-nm-thick film of graphite with a
similar value of BF, respectively. Note that the curves extrapolate to different
origins, namely to N ¼ 1/2 and N ¼ 0. In graphene, curves for all n
extrapolate toN ¼ 1/2 (compare ref. 7). This indicates a phase shift ofpwith
respect to the conventional Landau quantization in metals. The shift is due
to Berry’s phase14,20. c, Examples of the behaviour of SdHO amplitude Dj
(symbols) as a function of T for m c < 0.069 and 0.023m0 (see the
dependences showing the rapid and slower decay with increasing T,
respectively); solid curves are best fits. d, Cyclotronmassm c of electrons and
holes as a function of their concentration. Symbols are experimental data,
solid curves the best fit to theory. e, Electronic spectrum of graphene, as
inferred experimentally and in agreement with theory. This is the spectrum
of a zero-gap 2D semiconductor that describes massless Dirac fermions with
c* 1/300 the speed of light.
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fields up to 30 T and at temperatures down to 20 m
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equilibrium etween e1 b b t the 2D electrons and the crystal lat-
tice. Since large changes in resistivity were observed
upon cooling of the crystal lattice from 40 to 25 mK (as
measured with a nearby carbon resistance thermometer)
a gross electron-lattice disequilibrium seems unlikely.
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lmfp < L/2 and the conductivity s!n1=2
s , as expected for ballistic

transport (Fig. 1b, c). Furthermore the lowest carrier density, typi-
cally ns0 < (2–10) 3 109 cm22, is more than an order of magnitude
below that achieved in non-suspended samples, attesting to a much
smaller density inhomogeneity10. For non-ballistic samples (gra-
phene as well as 2DES in semiconductors), the sample quality is
usually characterized by the carrier mobility. In ballistic graphene
samples however, the value of mobility is meaningful only when it
is associated with the carrier density at which it is measured. For the
sample studied here, the Drude mobility, mD~s=nse, at ns < 1010 cm22

is 260,000 cm2 V21 s21, and exhibits the !ns
{1=2 dependence on

carrier density expected for ballistic devices (the field effect mobility
at the same density is mfe~

1
e

ds
dns

<200,000 cm2V{1s{1).

We studied the two-terminal magneto-transport in suspended
graphene samples at temperatures ranging from 1.2 K to 80 K and
fields up to 12 T. The relation between magneto-resistance oscilla-
tions and the quantum Hall effect measured in two-terminal devices
is now well understood. It has been shown theoretically21 that, for
clean samples and low temperatures, the two-terminal conductance
displays plateaus at values G~n e2

h that are precisely the same as the
quantum Hall effect plateaus in the Hall conductance. In between
the plateaus the conductance is non-monotonic, depending on the
sample aspect ratio, W/L. In our devices where W . L, the conduc-
tance is expected to overshoot between plateaus, as is indeed
observed (Fig. 1d). Our two-terminal measurements reveal well-
defined plateaus associated with the anomalous quantum Hall effect
that appear already in fields below 1 T. Above 2 T additional plateaus
develop at n 5 21 and at n 5 3, reflecting interaction-induced lifting
of the spin and valley degeneracy (Figs 2a and 3c). At low tempera-
tures and above 2 T, we observe a FQHE plateau at n 5 21/3 which
becomes better defined with increasing field (Fig. 2a). When plotting
G versus n, the curves for all values of B collapse together (Fig. 2b),
and the plateaus at n 5 21/3, 21 and 22 show accurate values of the
quantum Hall conductance.

The FQHE in semiconductor based 2DES reflects the formation of
an incompressible condensate, which can be described by a Laughlin
wavefunction22. In the composite-fermion generalization of the
FQHE4,23, a strongly correlated electron liquid in a magnetic field
can minimize its energy when the filling factor belongs to the series
n~ p

2sp+1 (with s and p integers) by forming weakly interacting com-
posite particles consisting of an electron and an even number of
captured magnetic flux lines. In this picture, the FQHE with
n 5 1/3 corresponds to the integer quantum Hall effect with n 5 1
for the composite particles consisting of one electron and two flux
lines. Excitations out of this state would produce fractionally charged
quasiparticles q* 5 e/3, at an energy cost of the excitation gap, D1/3,
which provides a measure of the state’s robustness. It is not obvious a
priori that the correlated state leading to the FQHE for the relativistic
charge carriers in graphene is the same as that for the 2DES in semi-
conductors. In fact, several competing mechanisms have been dis-
cussed in the theoretical literature4–9, involving states that break
SU(4) symmetry as well as possible compressible, composite fermion
Fermi sea states7. Interestingly, despite the qualitative difference in
Landau level spectra between Dirac fermions in graphene and the
non-relativistic electrons in semiconductors, the n 5 1/3 state is
formally expected to be the same in both cases4,5 but with the pseu-
dospin in graphene playing the role of the traditional electron spin in
the non-relativistic case. In order to distinguish experimentally
between the various mechanisms, it is useful to study the quasipar-
ticle excitation energy. In multi-lead transport measurements, such
as the Hall bar configuration, this can be obtained from the temper-
ature dependence of the longitudinal conductance. However, in a two-
terminal measurement it is not possible to separate the longitudinal
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Figure 1 | Characteristics of the suspended graphene devices. a, False-
colour scanning electron microscopy image of a typical suspended graphene
device. The two centre pads are used for both current and voltage leads, while
the outer pads are for structural support. The lead separation is L 5 0.7mm,
and the typical graphene width is 1.5–3 mm. b, Carrier density dependence of
the resistivity of a suspended graphene device in zero field. The sharp gate
control of resistivity near the Dirac point indicates a low level of
perturbation from random potentials. c, Carrier density dependence of the
mean free path, lmfp~

s h
2e2(pns)1=2, of the sample in b. Note that on the hole

branch, lmfp < L/2, as expected for ballistic junctions. d, Conductance of the
suspended graphene sample as a function of filling factor n for B 5 1 T and
T 5 1.2 K. The plateaus seen at integer filling factors correspond to the
quantum Hall effect, as discussed in the text. The maxima in between the
plateaus agree with the theoretical expectations21 for a two-terminal
graphene junction with the geometry of our sample, W/L . 1. The quantum
Hall plateaus are better defined and narrower for the hole branch (negative
filling factors), indicating less scattering of hole carriers, consistent with the
lower resistance and longer mean free path on the hole branch, as shown in
b and c.
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Figure 2 | FQHE in suspended graphene. a, Gate voltage dependence of
resistance for the sample in Fig. 1, at indicated magnetic fields and T 5 1.2 K.
Already at 2 T we note the appearance of quantum Hall plateaus outside the
non-interacting sequence, with R~ 1

v
h

e2 ,v~1,1=3. b, Hole conductance as a
function of filling factors for B 5 6T, 8T, 10T and 12T at T 5 1.2 K, showing

that the data collapse together. Quantum Hall plateaus with conductance
values G~v e2

h ,v~1,1=3, appear at the correct filling factors of n5 21, 21/
3. c, Temperature dependence of the quantum Hall plateau features. The
plateaus at n 5 21/3, 21 become smeared out with increasing T and
disappear for T . 20 K.
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• Fractional Quantum Hall Effect: 

• Naive: partial filled LL has huge degeneracy 

!

• How do interactions lift degen. & gap system? 

• How do we describe the system? Response physics?



Response Theory

• Chern-Simons: does it give all “universal” response? 

!

!

!

!

• Is there more?

S[AEM ] =
⌫
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Shift & Wen-Zee
• QH on plane: Q = νNɸ (def’n of filling fraction!) 

• IQH on sphere: ν=1 w/ filled 1st LL 

• Q = ν(Nɸ +1) 

• IQH on sphere: ν=1 w/ filled 2nd LL 

• Q = ν(Nɸ +3) 

• Topological parameter in EFT: Shift! 

• Q = ν(Nɸ +S χ)



• In NR case, we can add a term that looks like 

• ΔS =# ηH ∫A∧dω (ω: U(1) connection for 2D) 

• ΔQ ∝ ηH χ 

• We can write in NR case due to 2+1 break 

• This term gives a non-dissipative transport 

• <Txx(ω) Txy(ω)> = 2iω ηH (Hall viscosity) 

• How do we get this in Lorentz Inv’t EFT?



• A new 3D topological current: 

• With B>>E everywhere, F2>0, 

!

!

!

!

• CS + this: 
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Outline of Part II

• Response theory in gapped systems (generalities) 

• What is that 3D current? 

• Shift and Hall transports 

• Simplifications at the “LLL” 

• Conformal QH systems



~ 5 minute break ~



Response theory
• Free massive scalar, Z[J] = 

!

• When studying |k| ≪ m resp., 

!

!

• For QHE, if |k| ≪ mLL ∝ eB, CS+… resp. thy. works
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• Power counting: background of ~ const. B, so 

• F = O(p0), A = O(p-1). gab = O(p0), Riem. = O(p2). 

• A∧F = O(p-1). 

• This gives Hall cond. and filling fraction 

• We will work out all gauge inv’t terms to O(p1) 

• (where the Hall visc. & shift live)



• Recall 

!

!

• Bianchi identity gives conserved Hall fluid current 

• gauge invariant and O(p0) by our counting. We will 
work with these in what follows.
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• O(p0) term:   

• Depends on metric, gives stress tensor 

!

!

• Ideal fluid with velocity from B field 

• EOS comes from ε(b)

T ab = ("+ P )uaub + Pgab, P = b"0(b)� "(b)

S0 =

Z
"(b)



• O(p1) terms: 

• But if  

• Total derivative! So we only need this first term 

!

• This isn’t quite it - as advertised, there is another term 

• New term, like A∧F, is topological

f1(b)✏
abcua@buc, f2(b)u

a@ab

f2 = bf 0
3, f2(b)u

a@ab = ra(bu
af3(b))



Topological current

• Consider the following current: 

!

!

• This current is locally conserved when u2=-1 

• Proof: (apologies for the next slide!)

Ja =
1

8⇡
✏abc✏defud

✓
rbuercuf � 1

2
Rbcef

◆
,



8⇡rµJ
µ

="µ⌫⇢"↵��rµu↵r⌫u�r⇢u� + 2"µ⌫⇢"↵��u↵rµr⌫u�r⇢u�

1

2
"µ⌫⇢"↵��rµu↵R⌫⇢�� � 1

2
"µ⌫⇢"↵��u↵rµR⌫⇢��

="µ⌫⇢"↵��r⇢u�

✓
Rµ⌫��u

�u↵ +
1

2
Rµ⌫�↵

◆

="µ⌫⇢"↵��r⇢u�

⇣
�Rµ⌫��(Pk

�
�
+ P?

�
�)Pk

�
↵

+
1

2
Rµ⌫��(Pk

�
�
+ P?

�
�)(Pk

�
↵
+ P?

�
↵)

◆

=+
1

2
"µ⌫⇢"↵��r⇢u�Rµ⌫��P?

�
�P?

�
↵ = 0.



• What is this current? 

• Consider M3 = (Time) ⨉ (Riemann Surface), u = ∂t  

!

• Since J is conserved & locally defined by u, 
interpolate between metric & u factorization, 

!

•  Q = (1-g) for any (smooth) ua, gab!

ua = (@t)
a +O(t3),

ds2 = �dt2 + ds⌃ +O(t3)

J0 =
(2)R
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2
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• We may now add a new term,  

• Our final action, to O(p1), is
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Relativistic Shift

• From that previous action, one can quickly check
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Hall viscosity
• Linear response to strain: 

!

• For rot. inv’t d+1, 

!

• P (or Lorentz Inv’t T) broken 
2+1:
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• Shearing a system:

Hall viscosity in picture

Hall shear stress

Avron, Seiler, Zograf

�Txy = �⌘shu̇xy,

�Txx = ��Tyy = ⌘H u̇xy



• Only contribution from  

!

!

• Shift and Hall viscosity are simply related!
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Response to static E

• Rewrite in fluid language: drift vel., shear rate 

!

• Stress is
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• A few other transport results: 

• Corrections to Hall conductance: 

!

!

• Thermal Hall: 

!

• (Gen’l                          responses calculable…)
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Time permitting…

• Simplifications at the zeroth Landau level 

• Conformal quantum Hall 

• Boundary terms 

• 2+1 superfluid couplings 

• General odd dimensions



Simplifications at “LLL”

• Relativistic system: zeroth level = Dirac zero modes 

• With a representation ɣ0 = σ3, ɣ1 = iσ2, ɣ2 = -iσ1,  

!

!

• zeroth level:
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• Calculating the momentum density, 

!

• From our response theory, we have 

!

• Therefore partially filled zeroth LL
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Conformal QH

• We said J was “topological” 

• Define                         , charge density 2-form  

• Weyl trans. 

!

• So charge density is Weyl invariant!
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• A.J is therefore also Weyl invariant: 

!

• Integrating by parts, 

!

• This vanishes,
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• Can we make the entire EFT Weyl invariant? 

!

!

• Chosing                 this cancels! 

• From O(p0) stress tensor:
T a
" a = 2P � " = 2b"0 � 3" : " / b3/2, T a
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b ! e�2⌦b, �⌦

�p
�g"

�
/ e3⌦"(e�2⌦b)� "(b)

" / b3/2



•               term: 

!

• With                  entire action is Weyl invariant 

• Response theory for CFT deformed to QH state!

f(b) / b,

u ^ du
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Boundary term

• On manifold w/ bdy., Euler dens. has bdy. term. 

• bdy. current 

!

!

• Careful treatment requires study of edge modes…
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2+1 superfluids

• for 2+1 superfluids, dualize phase to gauge field 

!

• Fluid conservation is Bianchi, so  

• Away from vortices, f2>0: define u, b…
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f = da

S = . . .+ 

Z
a · J, ⌘H =

n0

16⇡
, . . .



Higher dimensions
• When d odd, iterate:
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• Consider again when u is normal to hypersurface Σ: 

!

!

!

• This motivates the odd-dimensionality of our current. 

• In even dimensions, we get 
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Conclusions
• Found analog of Wen-Zee term for relativistic QH 

• New current of topological nature 

• Reproduces shift without breaking Lorentz 

• Relates shift and ηH 

!

• New interesting current to couple to odd-d fluids 

• Lots more to investigate in this current!


