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Causality and Hyperbolicity of
Lovelock Theories

* Lovelock Theories
= General Relativity + (higher-curvature corrections)

» EoM up to 2"%-order derivatives = Avoids ghost instability
» From string theory?

* GR: Gravitons propagate at the speed of light
QLoveIock: Faster/slower propagation than light

{ Causality in Lovelock theories?
'Does EoM remain hyperbolic?
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Causality and Hyperbolicity of
Lovelock Theories

e Causality in Lovelock theories?
— Can we define causality in this theory?
— Can graviton escape from black hole interior?

* Does EoM remain hyperbolic?
— Hyperbolic EoM = Wave equation
— Determined by principal part of EoM
» GR: EoM guaranteed to be hyperbolic
» Lovelock: ?
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Introduction: Lovelock theories

* Lovelock theories in d dimensions (p <(d-1)/2)

E — R o 2A o Z 2kp6§1322 RCI C2 dl d2 e RCZP—ICZP dzp_ldzp
p=>2
= R — 2A—8ko (R2 — 4RabRab + Rabed _Ra'b‘:d) + ...

(5;11 = nldg ..5;;1)

* EoM = Einstein eq. + correction
0= A% =G% + Ad“, + BY,

where

E aci...c2p dyds dop_1da
b — k 5bd]_ RCICE . oo RCZP—ICQP P P

dap
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Introduction: Characteristics

* Propagation of gravitational signals
Propagate on characteristic surface

EoM of y: 0= E(y, v, 8%¢)
8E

— 021” 8t?fba ﬂ)
5 ?*)QE #0 : 071/ uniquely determined
- a9 - usual time evolution
OF

* S0 0 : 077 non-unique
W : ..
- b - t = const. surface is characteristic




Introduction: Characteristics

. _9F _ 0: 071 non-unique

2, ) .
A0Fy) — t = const. surface is characteristic

v'Characteristic surface is a possible wave front

' =0
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Introduction: Characteristics

* Characteristics in Lovelock theories 257 "
Ew =R 22 e+ B LB gu = 0
ab = Llgp d — 2,9{1!) ab d—9 cab —
oK oF
P, €)=~ OB ¢ .
g 5(61?.9,06) 5(@365995) ’

' =0
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Introduction: Characteristics

* Characteristics in Lovelock theories 257 "

EF,,=R 20 + B - B¢ = ()
ab = Ilgp d — 2ga,b ab d—9 cdab —
oE,., OF

5(61:2990) 6(9a0089p0)

v’ Characteristic< detP =0

v (P - t)ﬂ,b — (P(_;R *f)a.b + (R : t)a_b (t,,: symmetric)

P(ﬂ:r g)ﬁvpg

1 1
2
(Par - t)ap = =58 tap + £ (ath)e — 5Eabpt"e
(R . t)a-b = — Z 2pk‘p5§;§11 ;zz 601 §d1 te, da Rc3c4d3d4 o RC2p—182p dap_1dap
p=>2

1
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a eci...cap di, ds dzdy dap_1da
O E kap5ed1 ,,,d2p501f tey 2 Regey cee R02p—102p P P
p=>2
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Introduction: Characteristics

e Characteristics in GR

1
detP=0= (Por - t)ab = —552%5 + fcf(a,tb)c - %fafbtcc =0

v Gauge modes: (P-t) invariant under

tab = tab + (aXp)  forany X, .

> If & is not null, tap = §(aXp) for some X, = Pure gauge modes x d
1
» If is null, §°E (atb)e — 5&;5@% =0

1
> Pty — §§atcc =0 = Constraints x d

1 1
.. Physical modes with null &, §d(d +1)—d—d= §d(d — 3) modes



Introduction: Characteristics

* Characteristics in Lovelock theories 257 "

detP=0= (P t)ap = (Por - t)ap + (R -t)ap=0
» If & is not null, ty,, = (non-gauge part) + (gauge part)
ta = fap + € Xy st € — i =0
= S =R(r,0)-i

> If &is null, solve in null coordinates &g =0 =§&;, & =1

—

1 1
§t(}(} + (R -t)o1 =0 5% +(R-t)1; =0

1
(R-t)i'j =0 —§tﬂ'+(R't)11 = ( 12




Introduction: Hyperbolicity

* Hyperbolicity
= “Initial value problem is well-posed”
= “Unique solution exists locally for good initial data”
“Solution depends on initial data continuously”
=X (d—1)-dim. initial surface
“Any (d—2)-dim. surface Sin X has
d(d—3) physical characteristic surfaces from S ”

{d(dB)/Z ingoing
d(d—3)/2 outgoing
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2. Questions
— Can graviton escape from black hole interior?
— Propagation on plane wave solutions
— Propagation around black holes
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Questions

1. Can graviton escape from black hole interior?

‘2. Propagation on plane wave solutions

‘3. Propagation around black holes

e Does it obey causality?
* |s hyperbolicity maintained?
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Summary

&€ Characteristics in Lovelock theories

1. Can graviton escape from black hole interior?
- No: Killing horizon is characteristic surface

2. Propagation on Ricci-flat type N spacetimes
v’ Characteristics = Null w.r.t. effective metrics
v’ Causality w.r.t. the largest cone

3. Propagation around black holes
v’ Characteristics = Null w.r.t. effective metrics
v’ Hyperbolicity violation near small BH horizons

?: Does hyperbutitity occur in generic time evolution?

?: Propagation of discontinuity in this theory
- Shock formation due to nonlinearity?

17



1. “Can graviton escape from black hole interior?”

<> “Is an event horizon characteristic for any mode?”

0

“Is a Killing horizon characteristic for any mode?”

v' GR: All characteristics are null
-2 Killing horizon is a characteristic

v' GR + Gauss-Bonnet correction:

Killing horizon shown to be a characteristic
[lzumi ‘14]

v Lovelock: ?
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1. “Can graviton escape from black hole interior?”

<> “Is an event horizon characteristic for any mode?”

0

“Is a Killing horizon characteristic for any mode?”

e Killing horizon = ROin = ROijk = 0 in null coordinates

e Assuming null &, count the number of solutions of

1 1
5t00 + (R-t)o1 =0 5toi + (R-t)1; =0
) 1
] (R'i)ij =0 —§tﬂ'+(R't)11 =0
1 .
v Assume tyg = t5;=0 = Only —5ti + (R )1 = 0 remains
1 1
5d(d+1) —d—-—(14+d—-2)-1= §d(d—3) modes

A Killing horizon is characteristic for any mode. 19



2. Propagation on plane wave solutions

More generally, we consider

Ricci-flat type N spacetimes
as backgrounds.

* Null basis  + (eg)* = ¢“ Sl l=0=n-n
(el)ﬂ, na L-n=1

(e)* =m® 7

* Ricci-flat type N spacetimes:
Only non-vanishing component of Riemann tensor is

Rlilj = QU symmetric traceless
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2. Propagation on plane wave solutions

* Ricci-flat type N spacetimes:
Only non-vanishing component of Riemann tensor is

Rlilj = Qin\symmetric traceless

v’ Solution of Lovelock theories if A =0

v’ Example: Plane wave solution [Boulware-Deser ‘85]

ds* = a;;(u)z' 2’ du® + 2dudy + 8;;da da?

,J(u) Symmetric traceless

(€0)® = (* = (8/0w)" /




2. Propagation on plane wave solutions

* Ricci-flat type N spacetimes:
Only non-vanishing component of Riemann tensor is

Rlilj = Qin\symmetric traceless

v’ Solution of Lovelock theories if A =0

v’ Example: Plane wave solution [Boulware-Deser ‘85]

ds* = a;;(u)z' 2’ du® + 2dudv + §;;dz" da’

» Assume aij to be constant for simplicity

— Rlilj oC aij
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2. Propagation on Ricci-flat type N spacetimes

Proposition:
Characteristic surfaces are null w.r.t. “effective metrics”:

G = g™ fwpt® (I=1,...,d(d—3)/2)

v" | : Functions of Qij

v { :null w.rt. G
—> Characteristic cones tangent to ¢
v'Nested characteristic cones

v’ Causality w.r.t. the largest cone
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2. Propagation on Ricci-flat type N spacetimes

Proposition:
Characteristic surfaces are null w.r.t. “effective metrics”:

G = g™ fwpt® (I=1,...,d(d—3)/2)
Key points:
* (R -t)*, simplifies:

. 1 ) .
17 o o k 12 o o
(R-1)",, = 16ks (—55§iﬁinjfplf Yo 7 i + =500 00, 05056 €7 s 2%)

| RPN .
* Non-null characteristics satisfies §§2t = R(z,&) -t

— Eigenvalue eq. R(z, &) - t=T%¢, &t gives

0=¢ —T%.& = (9% — T%) &b
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2. Propagation on Ricci-flat type N spacetimes

* Eigenvalue eq. for R(z, &) -t

» Gauge modes: tab = §(aXb)
» Zero eigenvalue modes: Tab = {(aXb)

tij = E,ij —+ CE{Sij? oy = 0= A
» Non-zero eigenvalue modes:

tab = 2to1€(anp) + Lijmiamip (tii = 0)

- 16ko(d —4) (1 " ¥
o (R t)or = 2( 5 ) (gtmftfj +§§t”) i

(R - t)i; = 16ky &3 O(t);;

—

July 8th, 2014 [O(t)ij = i + 560 —
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2. Propagation on Ricci-flat type N spacetimes

* Eigenvalue eq. for R(x, &) - ¢
4 . I
Oy =viti; = (R-thiyj=—5& wi ti

(I=1,...,d(d—3)/2) (wr = —32kovy)
- /

» Non-zero eigenvalue modes:

tab = 2to1€(anp) + Lijmiamip (tii = 0)

- 6kg(d—4) (1, . .
. — _t ted t?‘j Q’l
N (R - t)o1 5 (2 015§ + &) j
(R -1)ij = 16ky & O(1);
July 8th, 2014 [O(t)ij = i + 560 — . thﬂmfﬁjj %



2. Propagation on Ricci-flat type N spacetimes

| BPN N
* Non-null characteristics satisfies §§2t = R(x,§) -t

1
¢ (R . t)-ij = —563 wr t?;j

= 0=¢&"+wi§y = (9" +wit" )68
= G¢,&, (I=1,...,d(d—3)/2)
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3. Propagation around black holes

*Static, maximally symmetric black holes

ds® = —f(r)dt* + f(r)"'dr® 4+ r°d%?
» 2. : (d=2)-dim space with constant curvature x = +1, 0, -1

> f(r) =k — ?"2?;’)(?“)
»y(r) satisfies an algebraic equation

Wyl=->" {zﬁlkp (i‘[ (d—2— k)) P

k=1

2A 7

I R
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3. Propagation around black holes
*Static, maximally symmetric black holes
ds* = —f(r)dt* + f(r)”"'dr® + r*dx?
» Orthonormal basis < ¢y = — f1/2¢
ey = f12dr

e; = (Orthonormal in %)

—

o
Rrjkr = Ri(r) MrxnsL — ninnik) My: 2 dim Minkowsk

Rrig; = Ra(r) nrsdi;




3. Propagation around black holes

Proposition:
Characteristic surfaces are null w.r.t. “effective metrics”:

2
Giydatdz” = —f(r)dt* + f(r)”dr* + ¥’
ca(r)

v' A : Tensor, Vector, Scalar modes
v’ c,(r): (Propagation speed)? in T directions

0 = det P(x,&) = (ng(m)ﬁaé'b)ps (GCd( )ﬁcﬁd)m ( ( )feff)
ps +pv +pr =d(d —3)/2
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3. Propagation around black holes

Proposition:

Characteristic surfaces are null w.r.t. “effective metrics”:

2

d>?
ca(r)

Giydatdz” = —f(r)dt* + f(r)”dr* +

v' A : Tensor, Vector, Scalar modes
v’ c,(r): (Propagation speed)? in T directions

v’ Read out from perturbation equations
5E .,

0=
5(‘9@85990)

0a080gps + -+ =

)gozgﬁ — P(':Eaé-)
o

/

9? 0>
((,%2 + 92 — VE(T‘)) \Ijg(t,?“) =0 E>

[Dotti-Gleiser ‘05]
[Konoplya-Zhidenko ‘08]
[Takahashi-Soda '09, “10]

92 9% | f(r)ea(r)D? v
<5t2+8r,§+ r2 )‘I} Hr)Gy 0u 0,

31



3. Propagation around black holes

2

o d>.

Giydatdr” = —f(r)dt* + f(r) " tdr* +

/ \¢
)



3. Propagation around black holes

2

ca(r)

Gwd:c‘“’d:c (r)dt* 4 f(r)~tdr* + dx?

/

-



3. Propagation around black holes

r‘\,,.2

Giydatdz” = —f(r)dt* + f(r)”'dr® + ¥’

@ r = 4ry,

/ (d=7, ky=—1/4, r,=1)

: Photon cone
.................. :Tensor mOdeS
——— . - : Vector modes




/ Vers(r) = f(?gf;(r) for d=7, ky=—1/4, r,=1 \

: Photon cone
.................. : Tensor mOdeS
——— . - : Vector modes




For d=5: For d=6:
SCa|ar(r)<0 near horizon C(I)<0 near horizon

| 0.05-
0.08" i
I 0.04"
0.06/ [
? 0.03-
0.04+ ;
i 0.02-
0.02" :
[ 0.01;
000 8 10 }
[ 0.00/
~0.02- i

: Photon cone

: Tensor modes
: Vector modes
: Scalar modes




3. Propagat

e Small BH limit

ion around black holes
(r, =0, k,, fixed)

P: Highest order of Lovelock term (d > 2P+1)

d=2P+1 o +

d£2P+1 o -

_—

cr(ro) = 2P3 5+ O(rg)

cv(ro) = O(rg) <0

cs(ro) = _2P3— T+ o(rg) <

fCT(Th) = d(di4)?;P +0(riy) <0 ford < 1+3P
vim) = gy +O0H)
es(ra) = =g + O0) .

July 8th, 2014
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3. Propagation around black holes

* C, <0 = Violation of hyperbolicity

?,.2

cal(r)
L BE f(r)ca(r)D? B v
<> (—atg toat > ) U= f(r)Gy 0.0, ¥
Up2e )

* Interpretations
1. o?=—0?l> = Instability oc exp(alt)
2. Initial value problem is not well-posed
8Guu(t, Ty x) ~ e~ Viealt — Tet=0 = 6g,0"6g =0

July 8th, 2014 W|th [ — o0 ol > 0 = 59 — OO .

—

Giydatdz” = —f(r)dt* + f(r)”'dr* + .’




Introduction: Hyperbolicity

* Hyperbolicity
= “Initial value problem is well-posed”
= “Unique solution exists locally for good initial data”
“Solution depends on initial data continuously”
=X (d—1)-dim. initial surface
“Any (d—2)-dim. surface Sin X has
d(d—3) physical characteristic surfaces from S ”

{d(dB)/Z ingoing
d(d—3)/2 outgoing
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Summary

&€ Characteristics in Lovelock theories

1. Can graviton escape from black hole interior?
- No: Killing horizon is characteristic surface

2. Propagation on Ricci-flat type N spacetimes
v’ Characteristics = Null w.r.t. effective metrics
v’ Causality w.r.t. the largest cone

3. Propagation around black holes
v’ Characteristics = Null w.r.t. effective metrics
v’ Hyperbolicity violation near small BH horizons

?: Does hyperbutitity occur in generic time evolution?

?: Propagation of discontinuity in this theory
- Shock formation due to nonlinearity?
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f(r)ea(r)

Vos(r) = for d=5, k,=—1/80, r,=1, k=0, AdS with ¢ = 1

272

0.6

0.41

0.0
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