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Outline of the talk
n Observational evidence for cosmic magnetic fields

n Origin of cosmic magnetic fields - Primordial vs. Astrophysical
n Primordial magnetic fields from inflation

n Backreaction and strong coupling

n Deflationary magnetogenesis
n Anisotropic constraints 

n Non-gaussian cross-correlations with curvature perturbations

n A new magnetic consistency relation

n The squeezed limit and the flattened shape
n Conclusions
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Our universe is magnetized!
n Large scale magnetic fields are present everywhere in the universe e.g. 

in our solar system, in stars, in galaxies, in clusters, in galaxies at high 
redshifts and also in the intergalactic medium.

n Galaxies: B ∼ 1 − 10 µG with coherence length as large as 10 kpc. 

Clusters: B ∼ 0.1 − 1 µG, coherent on scales up to 100 kpc.

Filaments: B ∼ 10−7 − 10−8 G, coherent on scales up to 1 Mpc 
(Kronberg 2010).

Intergalactic medium: B > 10−16 G, coherent on Mpc scales, the lower 
bound arises due to the absence of extended secondary GeV emission 
around TeV blazars (Neronov & Vovk, 2010), or even more robust 
limits of B > 10−19G (Takahashi et al. 2011).



What is the origin 
of such fields?
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Various mechanisms 
n Primordial (early time)

n Inflation

n Phase transitions (QCD, EW)

n Second-order perturbation theory

n Astrophysical (late time)

n Structure formation

n Biermann battery

n Dynamo mechanism/MHD turbulence
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n Standard EM action is conformally invariant - the 
EM fluctuations do not grow in any conformally 
flat background like FRW - need to break it to 
generate magnetic fields. (Turner & Widrow, 1988)

n Various possible couplings:

n Kinetic coupling:

n Axial coupling:

n Mass term:

Primordial magnetic fields from 
inflation

�(�,R)Fµ�Fµ�

f(�,R)Fµ� F̃µ�

M2(�,R)AµAµ
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Primordial magnetic fields from 
inflation...

n Axial coupling: 

n strong constraints from backreaction, final field 
strength not enough (Durrer, Hollenstein, RKJ, 2011; 
Byrnes, Hollenstein, RKJ, Urban, 2012)

n Mass term: 

n negative mass-squared needed for generating 
relevant magnetic fields, breaks gauge invariance

Magnetic fields from inflation

F Standard EM action is conformally invariant and therefore, the EM fluctuations do
not grow in any conformally flat like FRW background.

F Need to break the conformal invariance to generate magnetic fields.

F Various possible ways to do so:

L � �1

4

I2(�,R)Fµ⌫F
µ⌫

+M2

(�,R)AµA
µ
+

1

4

f(�,R)Fµ⌫
eFµ⌫

where I,M and f are possible couplings of the EM field to the inflaton or any other
scalar field (Ratra, 1992) or the curvature invariants (Turner and Widrow, 1988).

F In such a situation, the evolution of the Fourier modes of EM quantum fluctuations
is modified which leads to the geneartion of magnetic fields.

Rajeev Kumar Jain CP3–Origins Cosmic magnetic fields from inflation

f(�,R)Fµ� F̃µ�
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Primordial magnetic fields from 
inflation...

n Gauge-invariant coupling: 

n For                        , the magnetic field spectrum 
is  

d⇢B
d lnk

(⌘, k) /
✓

k

aH

◆4+2�

The non-helical coupling to the inflaton

For the coupling I2(�)Fµ⌫F
µ⌫ , the mode equation is

¨

¯Ah +

"

k2 �
¨I

I

#

¯Ah = 0

Take, for example, I(⌘) / a↵ / t� where � = ↵(1 + �) and � = �2 for de Sitter
spacetime. For this choice, the mode equation can be solved exactly in terms of Bessel
functions. The magnetic field energy density at a given scale k can be computed as
(Martin and Yokoyama, 2008; Subramanian, 2010)

d⇢B
d ln k

(t, k) /
✓

k

aH

◆

4+2�

where � = � if �  1/2 and � = 1� � if � � 1/2.

The tilt of the spectrum is nB = 4 + 2� and nB = 0 for ↵ = 2 or � = �2. However,
nB = 0 also for � = 3 but then the electric field vary strongly and so not interesting.
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Various constraints
n Background

n Strong coupling

n Backreaction

n Perturbations

n Power spectrum

n Induced bispectrum

n Energy scale of inflation (from B-modes)
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Constraint from strong coupling
n Adding the EM coupling to the SM fermions

n The physical EM coupling now is

n Since              then for           , the physical coupling 
decreases by a large factor during inflation, and must 
have been very large at the beginning of inflation.

n QFT out of control initially. (Demozzi et.al, 2009)

n Solutions ?? Speculations...(Caldwell & Motta, 2012, Ferreira, 
RKJ & Sloth, 2013)

Pirsa: 12110040 Page 26/56

Pirsa: 12110040 Page 26/56

�
� � a� � > 0
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Constraint from backreaction
n The magnetic fields should not backreact on the 

background dynamics of the universe i.e. 

n In the non-strongly coupled regime (α<0)

�em < �inf

It is well known that for ↵ > 0, strongly coupled regimes during inflation are unavoidable [12, 14]

and therefore, ↵ < 0 is required to have a consistent theory. In this regime, the strength of magnetic

fields today can be written as [14]

Bk(↵, H) =
�(�↵� 1/2)

23/2+↵⇡3/2
H2

⇣
R⌦1/4

r

⌘�(1+↵)
✓
H

0

H

◆ 1

2

(5+↵)✓ k

a
0

H
0

◆
3+↵

, (3)

where ⌦r ⇠ 5.4 ⇥ 10�5 is the present radiation density parameter, H
0

⇠ 6 ⇥ 10�61Mp is the Hubble

constant today [25], H is the Hubble parameter during inflation and R is the reheating parameter.

Instantaneous reheating corresponds to R = 1. A naive look at eq. (3) would immediately indicate that

it is possible to generate su�ciently large magnetic fields in this model. However, a set of consistency

checks must be done before drawing such a conclusion.

2.1 Constraints from backreaction

The backreaction constraint comes from requiring that the energy density of the produced EM fields

does not backreact on the background inflationary dynamics. For ↵ < �2, a regime for which there are

no strongly coupled regimes and the magnetic field is e↵ectively excited, the EM energy density ⇢
em

is

mainly stored in the electric field and is maximal at the end of inflation yielding [14, 17]

⇢
em

' d↵H
4 e�(2↵+4)(N

tot

�N
b

), d↵ ⌘ � �2(1/2� ↵)

22↵+2 ⇡3(2↵+ 4)
(4)

where N
b

is the number of e-folds after the beginning of inflation at which the conformal coupling

is broken and we have used some useful identities for the Gamma function in order to simplify our

expression. We have also assumed that inflation lasts for N
tot

= N
min

+�N e-folds with

N
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= ln(R) +
1

2
ln
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+

1

4
ln(⌦r), (5)

the minimum amount of inflation required to solve the horizon problem [14, 22]. Therefore, in the case of

instantaneous reheating3 requiring that there is no backreaction translates into the condition ⇢
em

< ⇢
inf

which can be solved for H leading to
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H

H
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3In this paper we restrict ourselves to the case of instantaneous reheating. One possible extension of this scenario would
be to consider the existence of a prolongated reheating stage [14, 26, 27, 28] where the background has an equation of state
parameter w di↵erent than radiation i.e w 6= 1/3. Although [26, 27] did not consider the strong coupling problem but
approached the problem rather model independently.
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Nb - e-fold of conformal breaking
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Constraints from backreaction
n The backreaction constraint translates into the 

inequality:

n Backreaction + Strong coupling constraints at most 
lead to B ~10-32 G today. (Demozzi et.al, 2009)
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Disregarding the term in d↵, we can obtain an analytical inequality for ↵ as it was done in [14],
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By inserting this minimal allowed value of ↵ in eq. (3), we obtain the maximal value of the magnetic

field strength today, allowed by backreaction, as a function of H at a given length scale.

2.2 Anisotropy constraints

Another important feature of generating EM fields during inflation is that they lead to non-adiabatic

pressure perturbations which can source the adiabatic perturbations at super horizon scales. This ad-

ditional contribution leads to distinct features in the CMB both at the level of the power spectrum

and non-Gaussianities, which could be large enough for detection. In the presence of non-adiabatic

perturbations, the time evolution of the curvature perturbations in the super horizon regime is given by

[18, 29]

⇣̇ = � H

⇢t + pt
�p

nad

, (8)

where ⇢t is the total energy density, pt is the total pressure and �p
nad

⌘ �pt � ṗt
⇢̇t
�⇢t is the so-called non-

adiabatic pressure. During inflation pt ' (�1+2/3✏)⇢t, while in the presence of EM fields, �p
nad

' 4

3

�⇢
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and therefore, they contribute to the curvature perturbation ⇣ as

⇣
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(k, t0) = �2H
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Z t0

t
exit

dt �⇢
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(k, t) (9)

where ✏ is the slow-roll parameter and t
exit

is the time of horizon crossing of the mode. If the observed

perturbations are not sourced by the inflaton, the strongest requirement one should impose is that the

power spectrum generated by ⇣
em

at CMB scales is smaller than the total observed spectrum Pobs

⇣ '

2.2 ⇥ 10�9. In fact, ⇣
em

can contribute to the power spectrum in two di↵erent ways, through the

term P⇣
em

/ h⇣
em

⇣
em

i [17, 18], but also through the cross-correlations with the curvature perturbation

generated by the auxiliary field appearing in the coupling function4 PbNL
⇣
em

/ h⇣�⇣emi [18], at first order

in the in-in formalism. In this specific model, and for ↵ < �2, P⇣
em

is approximately given, at the end

4In the f2(�)Fµ⌫F
µ⌫ model, bNL = nB � 4 is determined, in the squeezed limit, by the magnetic consistency relation

[30, 31]. The bNL parameter can also be probed by the consistency relations for magnetic fields in large scale structure [32].

4

which implies
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Approaches to circumvent this 
result

n Non-monotonic coupling function

n A natural approach is to simply glue together 
the two scale invariant regimes with            and                      

n Minimize the redshift after inflation:

n Effects of reheating

n Lower the energy scale of inflation

� = 2
� = �3
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1 transition
2 transitions
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Non-monotonic coupling function 

No improvement greater than one order of magnitude!
Ferreira, RKJ & Sloth, 2013
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Deflationary magnetogenesis
n Flux conservation leads to adiabatic decay of magnetic 

fields after inflation.

n Problem with modifying the inflationary part to generate 
even larger field strength during inflation.

n Rather, modify the post-inflationary evolution of 
magnetic fields until today.

n Consider prolonged reheating rather than instantaneous 
reheating.

n Deflation after inflation.
Ferreira, RKJ & Sloth, 2013
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Deflationary magnetogenesis
n For radiation dominated universe immediately 

after inflation: 

n If the universe is instead dominated by a fluid with 
equation of state    until the end of reheating: 

n Define the reheating parameter R as

But due to flux conservation, the magnetic field always decays as a�2(t) after inflation. Thus, in
the standard scenario with almost instantaneous reheating, the magnetic fields gets washed out by
the subsequent expansion of the universe. As we have seen it is hard to compensate this late time
redshift by modifying the inflationary part to produce even larger magnetic fields, so one might instead
consider modifications of the post-inflationary evolution. Therefore, we consider the case of a non-
minimal reheating scenario, where the inflaton does not decay immediately into radiation, but the
universe is instead dominated by a sti↵ fluid for a short period just after the end of inflation (called
deflation [32]) as it happens in, for example, disformal [33] or quintessence inflation [34, 35].

If the universe is dominated by radiation immediately after the end of inflation, the energy
density will redshift like the energy density of radiation, and we will have ⇢I/⇢r = (a0/af )4, where
a0 and af are the value of the scale factor today and at the end of inflation, respectively, ⇢I is the
energy density at the end of inflation, and ⇢r is the energy density of radiation today. If the universe
is instead dominated, after the end of inflation, by a fluid with equation of state ! until the end of
reheating, where the scale factor is areh, and after dominated by radiation, we would have instead
⇢I/⇢r = (areh/af )3(1+!)(a0/areh)4. This last identity can also be written as

a0
af

=
1

R

✓
⇢I
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◆ 1
4

, (5.1)

where we defined the reheating parameter R5

log(R) =
�1 + 3!

4
log

✓
areh
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◆
, (5.2)

similarly to [36].
Thus, when one allows for a reheating stage dominated by a sti↵ fluid one is e↵ectively minimizing

the time a given mode spends on super horizon scales after the end of inflation. On the other hand,
we will see that R also has a non-trivial e↵ect on the time a mode spends on super horizon scales
during inflation, which goes in the other direction. Below we will show that the combined e↵ect leads
to higher values of the present magnetic field.

We start by derive a generic expression for the present magnetic field6, for a given mode, as a
function of the Hubble constant during inflation (HI), the reheating parameter (R) and the exponent
associated with the coupling function (↵). Then, by maximizing and minimizing, respectively, R and
↵ as a function of HI we derive an upper value on the magnetic field today as a function of HI .

5.1 Magnetic Field today

In order to solve the horizon problem the largest observable scale today �(t0) = H�1
0 should be inside

the horizon during inflation, �(ti) < H�1
I . This implies that

H�1
0

af
a0

ai
af

< H�1
I , (5.3)

where ai is the scale factor at the beginning of inflation. Inequality (5.3) can be translated into

Nt > ln

✓
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◆
+ ln

✓
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◆
, (5.4)

5Our definition of reheating parameter R coincides with the parameter R
rad

defined in [36]
6A less systematic study of related e↵ects has been done in [14, 36], and our results agree when comparison is possible.
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minimal reheating scenario, where the inflaton does not decay immediately into radiation, but the
universe is instead dominated by a sti↵ fluid for a short period just after the end of inflation (called
deflation [32]) as it happens in, for example, disformal [33] or quintessence inflation [34, 35].

If the universe is dominated by radiation immediately after the end of inflation, the energy
density will redshift like the energy density of radiation, and we will have ⇢I/⇢r = (a0/af )4, where
a0 and af are the value of the scale factor today and at the end of inflation, respectively, ⇢I is the
energy density at the end of inflation, and ⇢r is the energy density of radiation today. If the universe
is instead dominated, after the end of inflation, by a fluid with equation of state ! until the end of
reheating, where the scale factor is areh, and after dominated by radiation, we would have instead
⇢I/⇢r = (areh/af )3(1+!)(a0/areh)4. This last identity can also be written as
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similarly to [36].
Thus, when one allows for a reheating stage dominated by a sti↵ fluid one is e↵ectively minimizing

the time a given mode spends on super horizon scales after the end of inflation. On the other hand,
we will see that R also has a non-trivial e↵ect on the time a mode spends on super horizon scales
during inflation, which goes in the other direction. Below we will show that the combined e↵ect leads
to higher values of the present magnetic field.

We start by derive a generic expression for the present magnetic field6, for a given mode, as a
function of the Hubble constant during inflation (HI), the reheating parameter (R) and the exponent
associated with the coupling function (↵). Then, by maximizing and minimizing, respectively, R and
↵ as a function of HI we derive an upper value on the magnetic field today as a function of HI .

5.1 Magnetic Field today

In order to solve the horizon problem the largest observable scale today �(t0) = H�1
0 should be inside

the horizon during inflation, �(ti) < H�1
I . This implies that
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where ai is the scale factor at the beginning of inflation. Inequality (5.3) can be translated into
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n The magnetic field spectrum today is

n In terms of    , we get

n To get optimal values of the magnetic fields today, 
maximize in    and    .

where Nt is the total amount of e-folds during inflation. Now, we rewrite ⇢r = ⇢0⌦r, where ⇢0 =
3H2

0M
2
p is the critical energy density today and ⌦r is the present radiation density parameter. That

way, if we assume the minimum amount of inflation required and using Eq. (5.1) we can write

Nt = ln(R) +
1

2
ln

✓
HI

H0

◆
+

1

4
ln(⌦r), (5.5)

where we used ⇢I = 3H2
IM

2
p . For instantaneous reheating (R = 1), HI = 10�6Mp, and using the

present cosmological parameters, ⇢0 ⇠ 10�120M4
p , ⌦r ⇠ 2 · 10�5h�2 and h = 0.7, it corresponds to

Nt ⇠ 60 e-folds.
In order to compute the final magnetic spectrum we will assume the standard scenario of a

monotonic decreasing coupling function during inflation. As the conformality is restored in the EM
action after the end of inflation, the magnetic spectrum evolves after that point as d⇢B/d log k / a�4.
Using Eq.(2.15) and Eq.(5.1) we obtain the following expression for the magnetic spectrum at present
time,

d⇢B
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After rewriting Nh = Nt �N⇤ we can use Eq. (5.5) to get

d⇢B
d log k
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I e
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This equation gives the present magnetic field for a given mode as a function of HI , R and ↵ where we
have just assumed that inflation lasted the minimum amount of time possible. However, we are looking
for maximal values of the magnetic field. In order to maximize R we use an equivalent definition for
R,

logR =
1� 3w

12(1 + w)
log

✓
⇢reh
⇢I

◆
< � 1

12
log

✓
⇢reh
⇢I

◆
, (5.8)

where ⇢reh is the energy density at the end of reheating and �1/3 < w < 1 is the mean equation of
state parameter. But ⇢reh is also bounded by inflation from above and by nucleosynthesis from below,

3 · 10�82M4
p < ⇢nucl < ⇢reh < ⇢I < 10�10M4

p . (5.9)

This bounds can be translated into the reheating parameter as

logR < � 1
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HI

◆
, (5.10)

which implies an upper bound on the value of R as

R < 1041/6
✓
HI

Mp

◆1/6

. (5.11)
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It is well known that for ↵ > 0, strongly coupled regimes during inflation are unavoidable [12, 14]

and therefore, ↵ < 0 is required to have a consistent theory. In this regime, the strength of magnetic

fields today can be written as [14]

Bk(↵, H) =
�(�↵� 1/2)

23/2+↵⇡3/2
H2

⇣
R⌦1/4

r

⌘�(1+↵)
✓
H

0

H

◆ 1

2

(5+↵)✓ k

a
0

H
0

◆
3+↵

, (3)

where ⌦r ⇠ 5.4 ⇥ 10�5 is the present radiation density parameter, H
0

⇠ 6 ⇥ 10�61Mp is the Hubble

constant today [25], H is the Hubble parameter during inflation and R is the reheating parameter.

Instantaneous reheating corresponds to R = 1. A naive look at eq. (3) would immediately indicate that

it is possible to generate su�ciently large magnetic fields in this model. However, a set of consistency

checks must be done before drawing such a conclusion.

2.1 Constraints from backreaction

The backreaction constraint comes from requiring that the energy density of the produced EM fields

does not backreact on the background inflationary dynamics. For ↵ < �2, a regime for which there are

no strongly coupled regimes and the magnetic field is e↵ectively excited, the EM energy density ⇢
em

is

mainly stored in the electric field and is maximal at the end of inflation yielding [14, 17]

⇢
em

' d↵H
4 e�(2↵+4)(N

tot

�N
b

), d↵ ⌘ � �2(1/2� ↵)

22↵+2 ⇡3(2↵+ 4)
(4)

where N
b

is the number of e-folds after the beginning of inflation at which the conformal coupling

is broken and we have used some useful identities for the Gamma function in order to simplify our

expression. We have also assumed that inflation lasts for N
tot

= N
min

+�N e-folds with

N
min

= ln(R) +
1

2
ln

✓
H

H
0

◆
+

1

4
ln(⌦r), (5)

the minimum amount of inflation required to solve the horizon problem [14, 22]. Therefore, in the case of

instantaneous reheating3 requiring that there is no backreaction translates into the condition ⇢
em

< ⇢
inf

which can be solved for H leading to

✓
H

H
0

◆�↵

<
3⌦(↵/2+1)

r

d↵

✓
Mp

H
0

◆
2

e(2↵+4)(�N�N
b

). (6)

3In this paper we restrict ourselves to the case of instantaneous reheating. One possible extension of this scenario would
be to consider the existence of a prolongated reheating stage [14, 26, 27, 28] where the background has an equation of state
parameter w di↵erent than radiation i.e w 6= 1/3. Although [26, 27] did not consider the strong coupling problem but
approached the problem rather model independently.
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Figure 3. Maximal value of R as a function of the Hubble constant during inflation.

A similar optimization can be done in ↵. Using the expressions obtained for the backreaction7

in the case of interest, ↵ < �2, we can write the minimal value of ↵̃ allowed without backreaction as,

↵̃ =
1

Nt
ln

✓
HI

Mp

◆
� 2, (5.12)

which, using Eq. (5.4), can be rewritten as

↵̃ = �2 +
ln
⇣

H
I

M
p

⌘

1
4 ln

⇣
⌦r

H2
I

H2
0
R̃4

⌘ . (5.13)

A further optimization can be done if one considers that the conformal breaking occur not at the
beginning of inflation but later, although before the scale of interest leaves the horizon. In that case,
we would have, maximally, Nt �N⇤ instead of Nt in Eq. (5.12).

5.2 Backreaction after inflation

In all the previous sections we ensure that the electromagnetic fields were not backreacting in the
inflationary dynamics. Nevertheless, we also have to ensure that they do not a↵ect the subsequent
dynamics of the Universe. Given that in our optimal scenario the fluid which dominates the energy

7While the second version of this draft was written up the paper [47] appeared, where the authors also considered

the constraint on ↵ from non-Gaussianity. In the curvaton case with ⇢1/4
I

< 1014 GeV, these new constraints are not
any stronger than the backreaction constraint considered here, although in single field inflation the constraints derived
in [47] are very strong, even for low scale inflation. Since scenarios of low-scale inflation and prolonged preheating are
however naturally encompassed in the curvaton model, we consider it su�cient to consider the backreaction constraint
when deriving an upper bound on the magnetic fields created during inflation in models with ⇢1/4

I

< 1014 GeV.
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Figure 4. Minimal value of ↵ allowed by backreaction and assuming the maximum value for R (blue and black
line) or instantaneous reheating (red and green line). The di↵erent lines represent di↵erent times at which the
conformal coupling was broken labeled by the mode which exited the horizon at that moment.

content during the reheating stage has an energy density which decays as ⇢ / a�6 and knowing that
the energy in the EM fields decay as ⇢EM / a�4 the EM field could, in principle, become dominant
rapidly.

In the scenario studied here the energy of the EM field is mainly stored in the electric component
because ↵ < �2. If one assumes the existence of a preheating stage (see Ref. [14]) one can show
that the magnetic fields do not change in this period but on the other hand there is a production
of charged particles which increase the conductivity of the Universe abruptly and screen greatly all
the electric fields by transfer its energy to this plasma of charged particles. Nevertheless, although
the electric fields are screened the referred plasma also has to decay as fast as the background energy
density. That requires some extra assumption that we can have a plasma of charged particles behaving
as a sti↵ fluid. Although that is not a trivial assumption there is some motivation for this type of
behavior if one considers very heavy particles with a strongly repulsive self-interaction where in that
case the energy density is proportional to the number density squared, ⇢charge = n2

charge = a�6 (see
Refs. [54, 55]). In Section 5.3 we present the results assuming the validity of this possibility but we
also compare those results with the case where we have instantaneous-reheating and we just lower the
scale of inflation.

Regarding the possible backreaction of the magnetic fields after inflation we can do the analysis
by looking at our present sky. Since after the end of reheating the energy density of the photons and
our magnetic fields evolve in the same way we can write,

⇢B(treh)

⇢reh
=

⇢B(t0)

⇢r
< �, (5.14)

where for � ⌧ 1 in the last inequality implies that the magnetic fields have to be subdominant
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compared to the total radiation energy density today. Using the cosmological values above and taking
� = 1, we have ⇢r ⇠ 3.7 · 10�12G2 which tells us that the magnetic field today cannot be stronger
than 10�6G. As one can see in Fig. (6,7) the values obtained for the magnetic field are much lower
than this limit value, however, we are restricted to a given range of scales, hence, we should perform
a more general analysis. If we trace Eq. (5.14) back in time we get, for ↵ > �3 and using Eq. (3.14),

F(1 + ↵)

24⇡2(3 + ↵)
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◆2✓areh
af
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⇠ 1

100

✓
HI

Mp

◆2

R4 < �. (5.15)

This is a non-trivial constrain in our analysis which we have to take into account when defining the
maximal value of R. Instead, for ↵ < �3 we get
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r

!�(6+2↵)

eN⇤(6+2↵) < �.

(5.16)
which is trivially satisfied for any reasonable values of �.

The two non-trivial constrains on R, Eqs. (5.11, 5.15) can be combined into one single constraint,
which defines a maximal R as a function of HI , given by

R̃ ⇠
 

1

3�1/4

✓
HI

Mp

◆1/2

+ 10�41/6

✓
HI

Mp

◆�1/6
!�1

. (5.17)

In Fig. (3) we show the relation between R̃ and HI for � = 1. Using the definition of R̃ we plot,
in Fig. (4), the value of ↵̃ given by Eq. (5.13) and also the optimal value of ↵ allowed for instantaneous
reheating, both for di↵erent times of conformal breaking and � = 1. It is interesting to see that the
scale invariant scenario, ↵ = �3, is allowed for HI ⇠ 10�22Mp or even higher values of HI in the case
of a delayed conformal breaking. We also plot in Fig. (5) the corresponding total number of e-folds
during inflation as function of HI .

Finally, we note that in the case where the constraint in (5.15) is saturated, we would have to
worry about the magnetic field e↵ectively behaving similar to a curvaton [48–50], and possible large
non-Gaussian curvature perturbations being sourced by the non-adiabatic pressure of the magnetic
fluid. One can see from Fig. (4) that this only becomes relevant for ↵̃ > �2.5. On the other hand the
induced power spectrum of curvature perturbations will scale as (k/(afHI))12+4↵ in this regime [51],
and are therefore strongly suppressed on CMB scales. The constraint from black hole formation on
small scales does however still apply [52], and hence we need to have � ⌧ 10�2 in order to satisfy this
constraint. This will however not change our bound in (5.17) appreciably.

5.3 Results

After writing all the optimal parameters as a function of HI we can write the final expression for the
upper value of the magnetic field today, B0 = (d⇢B/d log k)1/2 as,

B0 =

✓
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2⇡2
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I e
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◆�1/2(5+↵̃) ⇣
R̃⌦1/4

r
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. (5.18)

In Fig. (6) we present the upper value for B0 as a function of the Hubble parameter during
inflation HI for the horizon and the Mpc scale and we compare those results with the upper value for
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where Nt is the total amount of e-folds during inflation. Now, we rewrite ⇢r = ⇢0⌦r, where ⇢0 =
3H2

0M
2
p is the critical energy density today and ⌦r is the present radiation density parameter. That

way, if we assume the minimum amount of inflation required and using Eq. (5.1) we can write
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where we used ⇢I = 3H2
IM

2
p . For instantaneous reheating (R = 1), HI = 10�6Mp, and using the

present cosmological parameters, ⇢0 ⇠ 10�120M4
p , ⌦r ⇠ 2 · 10�5h�2 and h = 0.7, it corresponds to

Nt ⇠ 60 e-folds.
In order to compute the final magnetic spectrum we will assume the standard scenario of a

monotonic decreasing coupling function during inflation. As the conformality is restored in the EM
action after the end of inflation, the magnetic spectrum evolves after that point as d⇢B/d log k / a�4.
Using Eq.(2.15) and Eq.(5.1) we obtain the following expression for the magnetic spectrum at present
time,
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After rewriting Nh = Nt �N⇤ we can use Eq. (5.5) to get
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This equation gives the present magnetic field for a given mode as a function of HI , R and ↵ where we
have just assumed that inflation lasted the minimum amount of time possible. However, we are looking
for maximal values of the magnetic field. In order to maximize R we use an equivalent definition for
R,
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where ⇢reh is the energy density at the end of reheating and �1/3 < w < 1 is the mean equation of
state parameter. But ⇢reh is also bounded by inflation from above and by nucleosynthesis from below,

3 · 10�82M4
p < ⇢nucl < ⇢reh < ⇢I < 10�10M4

p . (5.9)

This bounds can be translated into the reheating parameter as
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which implies an upper bound on the value of R as

R < 1041/6
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. (5.11)
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n The backreaction constraint (during inflation) leads 
to an optimal value of 

n The constraint                            and the backreaction 
(after inflation)

leads to a maximal value of R
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Constraints from perturbations
n Anisotropic constraints

n Amplitude of induced curvature perturbations due to 
the EM field must be smaller than the observed power 
spectrum:

n Non-gaussianity must be in agreement with Planck.

n B-modes

n The (?) detection of tensor modes fixes the energy 
scale of inflation 
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One can easily check that for a reasonable value of bNL, the former term P⇣
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constraint on the energy scale of inflation and therefore, we will not consider the constraint coming from
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where � = �N if the conformal breaking occurs before the CMB modes left the horizon and � = 0.1
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which can now be inserted in eq. (3) to find the maximal value of B in terms of the energy scale of

inflation. The same reasoning can be applied to the induced bispectrum. In that case the non-linearity
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5If one considers exactly the minimum amount of inflation the power spectrum is maximum not at the horizon scale but
about 0.1 e-folds later. We will, however, not consider this case. In the case where the conformal breaking occurs when
a mode smaller than the horizon scale becomes super horizon, the power spectrum is maximized again for a mode leaving
the horizon about 0.1 e-folds later.
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Constraint from power spectrum

n The induced power spectrum

n Requiring                    implies
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One can easily check that for a reasonable value of bNL, the former term P⇣
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(k) will give a much stronger
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which can now be inserted in eq. (3) to find the maximal value of B in terms of the energy scale of
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which can now be inserted in eq. (3) to find the maximal value of B in terms of the energy scale of

inflation. The same reasoning can be applied to the induced bispectrum. In that case the non-linearity

parameter f loc

NL generated by the correlator h⇣
em

⇣
em

⇣
em

i yields [17]

f em

NL = � 20

27 (2↵+ 4)

⇣
Pobs

⇣

⌘�2

✓
2d↵H2

3✏M2

p

◆
3 ⇣

e�(2↵+4)(N
min

�N
b

�N
k

) � 1
⌘
e�3(2↵+4)N

k . (14)

5If one considers exactly the minimum amount of inflation the power spectrum is maximum not at the horizon scale but
about 0.1 e-folds later. We will, however, not consider this case. In the case where the conformal breaking occurs when
a mode smaller than the horizon scale becomes super horizon, the power spectrum is maximized again for a mode leaving
the horizon about 0.1 e-folds later.

5

of inflation, by

P⇣em(k) ' � 16

3(2↵+ 4)

✓
H2d↵
3✏M2

p

◆
2 ⇣

e�(2↵+4)(N
tot

�N
b

�N
k

) � 1
⌘⇣

e�(2↵+4)N
k � 1

⌘
2

, (10)

where N
k

is the e-fold of horizon exit of the mode k counting from the end of inflation backwards in

time. For ↵ < �2 the other contribution, PbNL
⇣
em

, is approximately given by

PbNL
⇣em

(k) ' �
bNLP⇣(k)

(2↵+ 4)

✓
H2d↵
6✏M2

p

◆
e�(2↵+4)(N

tot

�N
b

). (11)

One can easily check that for a reasonable value of bNL, the former term P⇣
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which can now be inserted in eq. (3) to find the maximal value of B in terms of the energy scale of

inflation. The same reasoning can be applied to the induced bispectrum. In that case the non-linearity
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5If one considers exactly the minimum amount of inflation the power spectrum is maximum not at the horizon scale but
about 0.1 e-folds later. We will, however, not consider this case. In the case where the conformal breaking occurs when
a mode smaller than the horizon scale becomes super horizon, the power spectrum is maximized again for a mode leaving
the horizon about 0.1 e-folds later.

5

or

Fujita, Yokoyama, 2013, Ferreira, RKJ & Sloth, 2014 
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Constraint from induced bispectrum

n 3-point function in the squeezed limit

n Requiring                 , we find

Fujita, Yokoyama, 2013, Nurmi, Sloth, 
2013, Ferreira, RKJ & Sloth, 2014
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where � = �N if the conformal breaking occurs before the CMB modes left the horizon and � = 0.1
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which can now be inserted in eq. (3) to find the maximal value of B in terms of the energy scale of

inflation. The same reasoning can be applied to the induced bispectrum. In that case the non-linearity
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5If one considers exactly the minimum amount of inflation the power spectrum is maximum not at the horizon scale but
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a mode smaller than the horizon scale becomes super horizon, the power spectrum is maximized again for a mode leaving
the horizon about 0.1 e-folds later.
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Figure 1: Comparison between the constraints on the energy scale of inflation ⇢
1/4
inf

coming from backre-
action, power spectrum and bispectrum (left) and the associated maximal magnetic fields at the horizon
scale (right). The conformal coupling is broken since the beginning of inflation and we have assumed
that inflation lasts 1 e-folds more than the minimum required.

In [18] other possible contributions to the non-linearity parameter fNL associated with the correlators

h⇣⇣⇣
em

i and h⇣⇣
em

⇣
em

i were computed. However, we have verified that for ↵ < �2 these two contributions

are sub-dominant in the squeezed limit. From the recent Planck results [20], the constraint f loc

NL <

8.5 (68% CL)6 translates the above equation into the following inequality
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We can again proceed in the same way to arrive at an inequality for ↵ as
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The minimum value for ↵ gives the maximal magnetic field for a given H. Given that the bispectrum

leads to a stronger constraint than the power spectrum, it would be natural to proceed and compute the

trispectrum. However, we have verified that using the recent Planck results ⌧ locNL < 2800 (95%CL) the

trispectrum constraint is very similar to the one from the bispectrum.

2.3 Results

In the previous section, we derived constraints on H from backreaction, power spectrum and bispectrum

in eqs. (6), (12) and (15), respectively. We can now compare them and obtain the maximal strengths

6The results do not change significantly if one considers the constraint on f loc

NL at 95% CL instead.
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coming from backre-
action, power spectrum and bispectrum (left) and the associated maximal magnetic fields at the horizon
scale (right). The conformal coupling is broken since the beginning of inflation and we have assumed
that inflation lasts 1 e-folds more than the minimum required.
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are sub-dominant in the squeezed limit. From the recent Planck results [20], the constraint f loc

NL <

8.5 (68% CL)6 translates the above equation into the following inequality

✓
H

H
0

◆�3↵
<⇠ � 27

20
(2↵+ 4)f loc

NL

 
3M2

p ✏

2d↵H2

0

!
3 ⇣

Pobs

⇣

⌘
2

⌦3/2(↵+2)

r e�3(2↵+4)N
b

⇣
e�(2↵+4)� � 1

⌘�1

. (15)

We can again proceed in the same way to arrive at an inequality for ↵ as

↵ &
ln

✓
27

20

f loc

NL

⇣
Pobs

⇣

⌘
2

⇣
3M2

p ✏

2H2

0

⌘
3

◆
+ 3 ln (⌦r) + 4�� 12Nb

�3 ln
⇣

H
H

0

⌦1/2
r

⌘
� 2�+ 6Nb

. (16)

The minimum value for ↵ gives the maximal magnetic field for a given H. Given that the bispectrum

leads to a stronger constraint than the power spectrum, it would be natural to proceed and compute the

trispectrum. However, we have verified that using the recent Planck results ⌧ locNL < 2800 (95%CL) the

trispectrum constraint is very similar to the one from the bispectrum.

2.3 Results

In the previous section, we derived constraints on H from backreaction, power spectrum and bispectrum

in eqs. (6), (12) and (15), respectively. We can now compare them and obtain the maximal strengths

6The results do not change significantly if one considers the constraint on f loc

NL at 95% CL instead.

6

or

f em
NL < f loc

NL

from Planck
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Backreaction vs. Anisotropic 
constraints

n Long enough inflation -> 
backreaction is the 
strongest constraint.

n If inflation lasts closer to 
the minimum required, the 
hierarchy of constraints is 
reversed. 

Backreaction

Power spectrum

Bispectrum
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Model independent bound vs. 
kinetic coupling model

n Model independent bound (MIB) 

in agreement with the recent Planck observations [19, 20]. It was also concluded that the backreaction

constraint is generically stronger than the constraint from curvature perturbations when the duration of

inflation is much longer than the minimum required to solve the horizon problem. As we will see, the

role of the two constrains are interchanged when the duration of inflation is close to the minimal required

to solve the horizon problem. This should be compared with the conservative upper bound obtained for

the magnetic field strength today in [15]1

⇢
1/4
inf

< 29.3GeV

✓
k

1Mpc�1

◆
5/4✓ B

0

10�15G

◆�1

, k > 1Mpc�1, (2)

where ⇢
inf

is the energy density during inflation and B
0

is the present day magnetic field strength. This

upper bound was derived under the requirement of gauge invariance and non-strongly coupled regimes

and is valid in the region where the electric field energy dominates over the magnetic field.

In this paper, we shall review these constraints in the specific case of the coupling f2(�)Fµ⌫F
µ⌫ . We

discuss backreaction constraint as well as anisotropic constraints both from the induced power spectrum

and non-Gaussianities. We shall show that in the case where inflation lasts an amount of e-folds close

to the minimum required to solve the horizon problem, the magnetic field strength today is constrained

to be 10�15 G at 10 MeV which is approximately 3 orders of magnitude lower than the conservative

upper bound derived in [15]. Finally, in view of the recent observations of primordial tensor modes

through the B-mode polarization of the CMB [23], we update the resulting constraints on inflationary

magnetogenesis given that the referred observations, if correct, fix the energy scale of inflation to be

⇢
1/4
inf

' 1016 GeV which has strong consequences on the results discussed in the previous sections.

2 A simple model: f 2
(�)Fµ⌫F µ⌫

From a phenomenological point of view, we do not either need to specify the dynamical scalar field � nor

the underlying physics leading to the f(�) coupling in the Lagrangian in eq. (1). Instead, the coupling

function can be parametrized as f(�) / a↵ where a is the scale factor and the only requirement is to

recover the standard electromagnetism at the end of inflation2 i.e. f(a
end

) ! 1.

1The expression for the minimum amount of inflation appearing in the Planck paper [19], also used by the authors
of [15], carries a misprint [21]. The equation in [19] gives, for instantaneous reheating and neglecting slow-roll terms,
N

min

' 71.5 + 1/2 log(H/Mp) where Mp is the reduced Planck mass, defined as M2

p ⌘ 1/8⇡G. However, in [14] the same
quantity was computed yielding N

min

' 66.9 + 1/2 log(H/Mp) which is in agreement with [22].
2A model where this condition is relaxed and the coupling is also allowed to have non-trivial time-dependence after

inflation was very recently proposed in [24]. In this case it is suggested that appreciable magnetic fields can be produced
after inflation, but before reheating. In the present work we have however restricted ourselves to consider magnetic fields
generated during inflation.

2

Bmax-Conservative upper bound
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Constraint from B-modes
n B-modes fix the energy 

scale of inflation

n Void magnetic fields 
(>10-16 G) are possibly 
excluded.

n Seed magnetic fields still 
possible although at scales 
below Kpc but still allowed 
by the MIB. 

Bmax-Model independent bound

Bmax-f2F2 model
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an optimal scenario where the conformal coupling is only broken close to the time at which the Mpc

scale left the horizon. As also shown in [14], in this last case the constraints are significantly weaker.

One can verify that the magnetic fields at the Mpc scale increase as ⇢
inf

decreases and it can be as strong

as 10�15 G at ⇢1/4
inf

' 10�2 GeV in contrast to the standard scenario where a maximum for B in terms

of ⇢1/4
inf

appears in this window of energy at ⇢
1/4
inf

' 103 GeV and with strength ⇠ 10�27 G. For high

scale inflation, ⇢1/4
inf

' 1015 GeV, both cases lead to maximal magnetic fields of strength ⇠ 10�32 G. In

the same figure, we also compare the optimal scenario in this model with late breaking of the conformal

coupling to the constraint in eq. (2). The plot indicates that in this highly optimized scenario, the

constraint on the magnetic fields is nearly 3 orders of magnitude lower than the upper bound.

3 Constraints from B-modes

In the light of the very recent observation of tensor modes by BICEP2 [23] we will assume those results

as correct, and derive the respective constraints.

The BICEP2 experiment quotes a tensor to scalar ratio r = 0.2+0.07
�0.05. In the simplest models of infla-

tion where the graviton is the only component capable of generating the primordial tensor perturbations,

the squared amplitude of tensor perturbations (AT ) is proportional to the energy scale of inflation

A2

T =
8

M2

p

✓
H

2⇡

◆
2

. (17)

On the other hand r = A2

T /A
2

R where A2

R = 2.2⇥10�9 is the amplitude of scalar perturbations. Therefore,

it is straightforward to derive the energy scale of inflation to be,

H ' 1.1⇥ 1014GeV ) ⇢
1/4
inf

' 2.2⇥ 1016GeV. (18)

If the spectrum of gravitational waves is also nearly scale-invariant, as predicted, this result has

deep consequences for inflationary magnetogenesis. The minimal value of ↵ allowed for each constraint

in eqs. (7, 13, 16) approaches the non-backreacting case: ↵ = �2. For these values of H and ↵ eq.

(3) leads to a maximal magnetic field in f2(�)Fµ⌫F
µ⌫ models of strength Bk ' 8.1 ⇥ 10�35 (k/k

Mpc

)

G, which should be compared with the conservative upper bound, which is valid only for k > Mpc�1,

yielding Bk < 1.3⇥ 10�30 (k/k
Mpc

)5/4 G. As we can see in Fig. (3) the upper bound does not allow for

B & 10�30G at Mpc scale, although it does at smaller scales. In f2(�)Fµ⌫F
µ⌫ models that value of the

magnetic field is only allowed below the kpc scale.

8

Ferreira, RKJ & Sloth, 2014
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Magnetic non-Gaussianity 
n If magnetic fields are produced during inflation, 

they are likely to be correlated with the primordial 
curvature perturbations.

n Such cross-correlations are non-Gaussian in nature 
and it is very interesting to compute them in 
different models of inflationary magnetogenesis.

n We consider the following correlation here: 

Pirsa: 12110040 Page 28/56



Rajeev Kumar Jain                            Kavli IPMU                        Cosmic magnetic fields from inflation

(Ordinary) non-Gaussianity 
n The primordial perturbations are encoded in the 

two-point function or the power spectrum

n A non-vanishing three-point function                 is a 
signal of NG. 

n Introduce        as a measure of NG. 

Pirsa: 12110040 Page 29/56

fNL
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(semi)Classical estimate
(for squeezed limit)

n Consider                 in the squeezed limit i.e. 

n The long wavelength mode rescales the 
background for short wavelength modes 

n Taylor expand in the rescaled background

Pirsa: 12110040 Page 31/56

h⇣k1⇣k2⇣k3i ⇠ �(ns � 1) h⇣k1⇣k1i h⇣k2⇣k3i
(Maldacena, 

2002)

��k1�k2�k3�

3

where P
⇣

and P
B

are the power spectra of the comoving curvature perturbation and the

magnetic fields, respectively and are defined as

h⇣(⌧,k)⇣(⌧,k0)i = (2⇡)3�(3)(k+ k

0)P
⇣

(k), (2)

hB(⌧,k) ·B(⌧,k0)i = (2⇡)3�(3)(k+ k

0)P
B

(k). (3)

The conformal time ⌧ is defined by ad⌧ = dt where a(t) is the scale factor of the Friedmann-

Lemâıtre-Robertson-Walker metric ds2 = �dt2+a2(t)dx2 and ⌧
I

denotes the conformal time

at the end of inflation.

The time-dependent coupling of the electromagnetic field to the background, can be

parametrized by a coupling of the form �(�)F
µ⌫

F µ⌫ , where F
µ⌫

⌘ @
µ

A
⌫

� @
⌫

A
µ

is the

electromagnetic field strength and the time dependence of the coupling is parametrized by

its dependence on a slowly rolling background scalar field �, which we think of as being the

inflaton for simplicity. When b
NL

is momentum independent, it corresponds to a “local”

non-linearity which can be obtained from the relation

B = B

(G) +
1

2
blocal
NL

⇣(G)
B

(G) (4)

where B

(G) and ⇣(G) are the Gaussian fields. One can estimate the size of b
NL

by noting

that the interaction Lagrangian between the scalar field and the electromagnetic field is

L
⇣BB

/ �(�)F 2. By Taylor expanding the coupling in the inflaton fluctuations, �(�) =

�(�
c

)+@
�

�(�
c

)��, one obtains that the linear coupling between the inflaton fluctuation and

the electromagnetic field L
⇣BB

/ @
�

�(�)��F 2. It is useful to express the scalar perturbations

in terms of the comoving curvature perturbation ⇣ which can be considered as the scalar

perturbation of the metric

ds2 = �dt2 + a2(t) e2⇣(t,x)dx2 (5)

on large scales where the time derivate of ⇣ vanishes. The comoving curvature perturbation

is related to the inflation fluctuation by �� =
p
2✏ ⇣ where the slow-roll parameter ✏ is given

by
p
2✏ = ��̇/H. With these definitions, we have

@
�

��� =
d�

dt

dt

d�
�� = ��̇⇣/H (6)

which leads to L
⇣BB

/ ��̇(⇣/H)F 2. In analogy with the analysis of [14], we can compare

it with the quadratic term L
BB

. The ratio is L
⇣BB

/L
BB

/ �̇/(H�) · P 1/2
⇣

, and we would
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Non-gaussian cross-correlation
n Define the cross-correlation bispectrum of the 

curvature perturbation with magnetic fields as

n Introduce the magnetic non-linearity parameter

n Local resemblance between        and        

non-Gaussianity in a scenario of mixed inflation and vector curvaton perturbations [9]. Here
we will be agnostic about the detailed role of the gauge field, and leave further exploration of
possible applications of the model for future work. However, for the remaining of this paper,
we will for definiteness refer to the gauge field as if it is the electromagnetic field, which will
also make the comparison with the previous work in [10, 14] more direct.

It is not immediately obvious what is the most convenient way to parametrize the
results. If we define the cross-correlation bispectrum of the curvature perturbation with the
magnetic fields as1

h⇣(k1)B(k2) ·B(k3)i ⌘ (2⇡)3�(3)(k1 + k2 + k3)B⇣BB(k1,k2,k3) , (1.1)

then as we have previously proposed, it is convenient to define the magnetic non-linearity
parameter2 bNL, in terms of the cross-correlation function of the curvature perturbation with
the magnetic fields

B⇣BB(k1,k2,k3) ⌘ bNLP⇣(k1)PB(k2) , (1.2)

where P⇣ and PB are the power spectra of the comoving curvature perturbation and the
magnetic fields, defined respectively as

⌦
⇣(k)⇣(k0)

↵ ⌘ (2⇡)3�(3)(k+ k0)P⇣(k), (1.3)
⌦
B(k) ·B(k0)

↵ ⌘ (2⇡)3�(3)(k+ k0)PB(k). (1.4)

In the case where bNL is momentum independent, it takes a “local” form which can be
derived from the relation

B = B(G) +
1

2
blocalNL ⇣(G)B(G) (1.5)

withB(G) and ⇣(G) being the Gaussian fields. There is an interesting limit where the magnetic
non-linearity parameter takes the local form, which makes the comparison with the above
estimate particularly simple. We will show that in the squeezed limit, where the momentum
of the curvature perturbation vanishes, i.e., k1 ⌧ k2, k3 = k, we, in fact, recover

h⇣(k1)B(k2) ·B(k3)i = blocalNL (2⇡)3�(3)(k1 + k2 + k3)P⇣(k1)PB(k) , (1.6)

with blocalNL = nB � 4 where nB is the spectral index of the magnetic field power spectrum,
in agreement with the magnetic consistency relation, which was derived in [9] using simpler
semi-classical methods3. In the case of a scale invariant spectrum of magnetic fields, nB = 0,
we have blocalNL = �4.

Another interesting limit which maximizes the three-point cross-correlation function is
the flattened shape where k1/2 = k2 = k3. In this limit it turns out that the signal is
enhanced by a logarithmic factor in agreement with [10]. On the largest scales the logarithm
will give an enhancement by a factor 60. Thus, for a flat magnetic field power spectrum,

1
In certain physical applications, as when comparing to the induced fNL in the CMB, it may be convenient

to straightforwardly symmetrize this expression over k1, k2, and k3.
2
Note, a di↵erent dimensionless quantity B⇣BB(k1,k2,k3)/(

p
P⇣(k1)PB(k2)PB(k3)) was previously intro-

duced in [10, 14], which is di↵erent from our bNL. Expressing the non-linearities through bNL, rather than

through previously introduced quantities, makes the understanding of the induced non-Gaussianity in the

CMB and large scale structure more straightforward.

3
This approach is a non-trivial generalization of related semiclassical methods used in [57–63]. In the

appendix of [60], some of these approaches are reviewed.
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A new magnetic consistency relation
n Use the same semi-classical argument to derive the consistency 

relation.

n Consider                                              in the squeezed limit. 

n The effect of the long wavelength mode is to shift the background 
of the short wavelength mode.

n Since the vector field only feels the background through the 
coupling, all the effects of the long wavelength mode is indeed 
captured by

RKJ & Sloth, 2012

5

one finds that the spectral index, n
B

, of the magnetic field power spectrum is given by

n
B

= 4� 2n for n � 0.

We are therefore interested in computing a basic correlation function such as

h⇣(⌧
I

,k1)Ai

(⌧
I

,k2)Aj

(⌧
I

,k3)i in the squeezed limit k1 ⌧ k2, k3. Since ⇣ is frozen outside the

horizon, the e↵ect of ⇣
k1 in the squeezed limit is to locally rescale the background when com-

puting the correlation functions on shorter scales given by k2, k3 and one can write [15, 16]

lim
k1!0

h⇣(⌧
I

,k1)Ai

(⌧
I

,k2)Aj

(⌧
I

,k3i =
⌦
⇣(⌧

I

,k1) hAi

(⌧
I

,k2)Aj

(⌧
I

,k3i
B

↵
, (13)

where hA
i

(⌧
I

,k2)Aj

(⌧
I

,k3i
B

is the correlation function of the short wavelength modes due

to the variation in the background produced by the long wavelength mode of ⇣.

In the absence of the coupling function �, the conformal invariance of the gauge field

implies that it only feels the background expansion through � which subsequently depends

on the scale factor. Since A
i

(⌧,k) doesn’t feel the background for a trivial � and the only

e↵ect of ⇣(⌧,k) in the squeezed limit is to locally rescale the background as a ! a
B

= e⇣Ba,

we expect that the correlation function h⇣(⌧
I

,k1)Ai

(⌧
I

,k2)Aj

(⌧
I

,k3)i will vanish in this limit

to the leading order for a trivial �.

To compute the correlation function for a non-trivial �, we need to write A
i

(⌧,k) in

terms of the Gaussian one with a trivial �. If we expand �
B

= �(a
B

) around a homogenous

background value �0 = �(a), we get
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A new magnetic consistency relation

n Compute the two point function of the vector field 
in the modified background

n One finally finds
where                is the linear canonical vector field.vi =

p
�Ai

RKJ & Sloth, 2012

6

we have

hA
i

(⌧,x2)Aj

(⌧,x3)i
B

=

⌧
1

�
B

v
i

(⌧,x2)vj(⌧,x3)

�

' 1

�0
hv

i

(⌧,x2)vj(⌧,x3)i � 1

�2
0

d�

d ln a
⇣
B

hv
i

(⌧,x2)vj(⌧,x3)i

which leads to

hA
i

(⌧,x2)Aj

(⌧,x3)i
B

' hA
i

(⌧,x2)Aj

(⌧,x3)i0
� 1

�2
0

d�

d ln a
⇣
B

hA
i

(⌧,x2)Aj

(⌧,x3)i0 (16)

and a Fourier transformation gives

hA
i

(⌧,k2)Aj

(⌧,k3)i
B

' hA
i

(⌧,k2)Aj

(⌧,k3)i0
� 1

�0

d�

d ln a

Z
d3k

B

(2⇡)3
⇣(⌧,k

B

) hA
i

(⌧,k2)Aj

(⌧,k3)i0 (17)

Using d�/d ln a = �̇/H, we then find from (13) the squeezed limit consistency relation for
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in agreement with (8). With the parametrization in (12), we obtain the consistency relation

b
NL

= n
B

� 4.

In the squeezed limit, the consistency relation is quite general as an explicit form of

the coupling function has not been used. But as we argue below, the approximation used

to obtain this consistency relation might only be trusted for n > 1 in (12). To see this,

note that for a canonical massless scalar field in de Sitter space, the pump field in (15)

can be identified with the scale factor, and one would have S 00/S = a00/a with a / 1/⌧ .
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to obtain this consistency relation might only be trusted for n > 1 in (12). To see this,
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A new magnetic consistency relation
n In terms of magnetic fields, the correlation becomes

n With the coupling                            , we obtain 

n For scale-invariant magnetic field spectrum,         
and therefore, 

n Not so small......compared to  

nB = 0
bNL = �4

bNL ⇠ O(✏, ⌘)

RKJ & Sloth, 2012
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We will show later that in the squeezed limit, where the momentum of the curvature
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which agrees with the naive expectations.

Despite a basic di↵erence (which will be evident later), due to the conformal nature of

electromagnetism when the coupling � is trivial, the consistency relation shares some fa-

miliarity with other consistency relations, which have previously proven to be extremely

powerful in the literature. In [15, 16], a consistency relation of the bispectrum of the cur-

vature perturbation was obtained, and in [14], a new consistency check of the tree-level

exchange diagrams, where a scalar or a graviton is propagating between two pairs of ex-

ternal legs, was derived. Some of these consistency relations have been extended to higher

orders using arguments related to conformal symmetries in [17, 18]. Finally, the semiclas-

sical relation for loop diagrams in [19, 20] made it possible to clarify the nature of IR loop

e↵ects in de Sitter. Some of these approaches are reviewed in the appendix of [19].
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Since the magnetic field is a divergence free vector field, the two-point correlation function

of the magnetic field can be written as
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in agreement with (8). With the parametrization in (12), we obtain the consistency relation

b
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� 4.

In the squeezed limit, the consistency relation is quite general as an explicit form of

the coupling function has not been used. But as we argue below, the approximation used

to obtain this consistency relation might only be trusted for n > 1 in (12). To see this,

note that for a canonical massless scalar field in de Sitter space, the pump field in (15)

can be identified with the scale factor, and one would have S 00/S = a00/a with a / 1/⌧ .
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A new magnetic consistency relation

n In the squeezed limit                      , we obtain a 
new magnetic consistency relation

n Compare with Maldacena’s consistency relation

k1 ⌧ k2, k3 = k

Pirsa: 12110040 Page 35/56

with blocalNL = (nB � 4)
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with f local

NL = �(ns � 1)
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The full in-in calculation
n One has to cross-check the consistency relation by 

doing the full in-in calculation

n The result is 

where ⇣
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k (⌧I) and A
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k (⌧I) are the asymptotic super horizon values of the mode functions

and are given by
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and the integrals are
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Using d ln a = Hdt, one has �2n = �(@�I/@ ln a)/�I = ��̇I/(H�I), and in this way the
correlation function becomes
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This expression represents our most general result, where the gauge field indices have not
yet been contracted. The cross-correlation of the curvature perturbation with the magnetic
fields is now given by

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i = � 1

a40
(�ijk2 · k3 � k2,ik3,j) h⇣(⌧I ,k1)Ai(⌧I ,k2)Aj(⌧I ,k3)i

(4.14)

which leads to the final result
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⇥
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and with this substitution, the action agrees to leading order in slow-roll with the action in
the uniform curvature gauge given in equation (2.23) of [65] and with equation (30) of [10]
in the special case discussed there.

Note that this simple form of the action enables us to generalize our results, in a
straightforward manner, to the case where the scalar field � is not the inflaton but either
an isocurvature field or a curvaton, since the action will take the same simple form in these
cases.

4 The correlation of curvature perturbations with the magnetic fields

In order to compute the higher-order correlation function during inflation, we adopt a very
useful and powerful tool of the in-in formalism [57]. In this formalism, the expectation value
of an operator O at time ⌧I is given by

h⌦| O(⌧I) |⌦i = h0| T̄
⇣
ei

R ⌧I
�1 d⌧Hint

⌘
O(⌧I)T

⇣
e�i

R ⌧I
�1 d⌧Hint

⌘
|0i (4.1)

where |⌦i is the vacuum of the interacting theory, |0i is the vacuum of the free theory, T and
T̄ are time ordering and time anti-ordering operators, respectively, and Hint is the interaction
Hamiltonian for time ⌧ .

From the interaction Hamiltonian in (3.15) and using the rules of [66], we obtain the
cross-correlation of the curvature perturbation with the electromagnetic field

h⇣(⌧I ,k1)Ai(⌧I ,k2)Aj(⌧I ,k3)i = �(2⇡)3�(3)(k1 + k2 + k3)

⇥
✓

�il � k2,ik2,l
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◆✓
�lj � k3,lk3,j

k23

◆
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�
✓
�il � k2,ik2,l
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◆
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✓
�jm � k3,jk3,m

k23

◆
k2,m I2

�
(4.2)

with the integrals

I1 = 2 Im


⇣k1(⌧I)Ak2(⌧I)Ak3(⌧I)

Z
d⌧⌧�0(⌧)⇣⇤k1(⌧)@⌧

�
A⇤

k2(⌧)
�
@⌧

�
A⇤

k3(⌧)
��

(4.3)

and

I2 = 2 Im


⇣k1(⌧I)Ak2(⌧I)Ak3(⌧I)

Z
d⌧⌧�0(⌧)⇣⇤k1(⌧)A
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k2(⌧)A

⇤
k3(⌧)

�
(4.4)

where the mode function ⇣k(⌧) is given in (3.8) and the mode function Ak(⌧) is obtained
from (2.15) which is given by

Ak(⌧) =
1p
�I

p
⇡

2
ei⇡(1+n)/2

p�⌧

✓
⌧

⌧I

◆n

H
(1)
1
2+n

(�k⌧) . (4.5)

Inserting the expressions for the mode functions, and using the property of the Hankel func-
tions

@x

⇣
xnH(1,2)

n (x)
⌘
= xnH

(1,2)
n�1 (x) , (4.6)

we can rewrite the two integrals as

I1 = (�2n) |⇣(0)k1
(⌧I)|2|A(0)

k2
(⌧I)||A(0)

k3
(⌧I)| k2k3 Ĩ(1)

n (4.7)

I2 = (�2n) |⇣(0)k1
(⌧I)|2|A(0)

k2
(⌧I)||A(0)

k3
(⌧I)| Ĩ(2)

n (4.8)
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Cross-correlation with magnetic fields

n Using this relation

n The cross-correlation with magnetic fields is

n The two integrals can be solved exactly for different 
values of n.

where ⇣
(0)
k (⌧I) and A

(0)
k (⌧I) are the asymptotic super horizon values of the mode functions

and are given by

|⇣(0)k (⌧I)| = 1p
2✏

Hp
2k3

, (4.9)

|A(0)
k (⌧I)| = 1p

�I

�(n+ 1/2)

�(3/2)
2n�1 1p

2k
(�k⌧I)

�n , (4.10)

and the integrals are

Ĩ(1)
n =

⇡3

2
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
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�
, (4.11)

Ĩ(2)
n =
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
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n+1/2(�k3⌧)

�
. (4.12)

Using d ln a = Hdt, one has �2n = �(@�I/@ ln a)/�I = ��̇I/(H�I), and in this way the
correlation function becomes

h⇣(⌧I ,k1)Ai(⌧I ,k2)Aj(⌧I ,k3)i =
1

H

�̇I

�I
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⇥
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n

�
. (4.13)

This expression represents our most general result, where the gauge field indices have not
yet been contracted. The cross-correlation of the curvature perturbation with the magnetic
fields is now given by

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i = � 1

a40
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(4.14)

which leads to the final result
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Ĩ(1)
n =

⇡3

2

2�2n�1

�2(n+ 1/2)
(�k2⌧I)

n+1/2(�k3⌧I)
n+1/2

⇥ Im


(1 + ik1⌧I)e

�ik1⌧IH
(1)
n+1/2(�k2⌧I)H

(1)
n+1/2(�k3⌧I)

⇥
Z ⌧I

d⌧⌧(1� ik1⌧)e
ik1⌧H

(2)
n�1/2(�k2⌧)H

(2)
n�1/2(�k3⌧)

�
, (4.11)
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Using d ln a = Hdt, one has �2n = �(@�I/@ ln a)/�I = ��̇I/(H�I), and in this way the
correlation function becomes
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This expression represents our most general result, where the gauge field indices have not
yet been contracted. The cross-correlation of the curvature perturbation with the magnetic
fields is now given by

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i = � 1

a40
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n The two integrals are

where ⇣
(0)
k (⌧I) and A

(0)
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Using d ln a = Hdt, one has �2n = �(@�I/@ ln a)/�I = ��̇I/(H�I), and in this way the
correlation function becomes
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This expression represents our most general result, where the gauge field indices have not
yet been contracted. The cross-correlation of the curvature perturbation with the magnetic
fields is now given by
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and the integrals again...
n For n=2, we get

Note that the polarization factor multiplying the integrals is slightly di↵erent than in equation
(41) of [10], where it appears that part of the polarization tensor product was missed.

The solutions of the integrals for di↵erent values of n are listed in the appendix. How-
ever, for the most interesting case of n = 2, we find

Ĩ(1)
2 =

�1

(k2k3)3/2k2t
⇥ ⇥�k31 � 2k21(k2 + k3)� 2k1(k

2
2 + k2k3 + k23)� (k2 + k3)(k

2
2 + k2k3 + k23)

⇤
(4.16)

and

Ĩ(2)
2 =

�1

(k2k3)5/2k2t
⇥ ⇥

(k1 + k2)
2(�3k31 � 3k21k2 � k32) + (k1 + k2)(�9k31 � 6k21k2 � 2k32)k3

+ (�9k31 � 6k21k2 � 2k1k
2
2 � 2k32)k

2
3

� 2(2k21 + k1k2 + k22)k
3
3 � 2(k1 + k2)k

4
3 � k53 + 3k31k

2
t (� + ln(�kt⌧I))

⇤
(4.17)

where we have defined kt = k1 + k2 + k3 and � is the Euler gamma constant.

4.1 The flattened shape

It is interesting to note that the ln(�kt⌧I) term only appears in (4.17), and can therefore
not cancel out in general. This term will be most important when k1 is maximized in the
flattened shape with k1 = 2k2 = 2k3 as already observed in [10]. For length scales relevant
for CMB, the logarithm will give an enhancement by a factor 60, but on smaller scales it can
be even larger. Since the logarithm completely dominates the integral in the flattened limit,
it is easy to estimate the size of bNL in this limit. When the logarithmic term dominates, we
have

Ĩ(2)
2 ' � 3k31

(k2k3)5/2
ln(�kt⌧I) . (4.18)

The contribution of this term to the non-Gaussian cross-correlation function is

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i ' 6
1

H

�̇I

�I

k31
(k2k3)1/2

ln(�kt⌧I)|⇣(0)k1
(⌧I)|2|A(0)

k2
(⌧I)||A(0)

k3
(⌧I)| .
(4.19)

For n = 2, we have (�̇I/H�I) = 2n = 4, and using k1 = 2k2 = 2k3 in the flattened limit, we
have

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i ' 96 ln(�kt⌧I)P⇣(k1)PB(k2) . (4.20)

For the reasonable value of the logarithm, corresponding to the largest observable scale today,
ln(�kt⌧I) ⇠ �60, we then obtain in the flattened limit

���bflatNL

��� ⇠ 5760 . (4.21)

This is a quite significant contribution to the non-Gaussianity as compared to the a priori
expected level of order unity.
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The flattened shape
n In this limit,                    , the second integral 
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Note that the polarization factor multiplying the integrals is slightly di↵erent than in equation
(41) of [10], where it appears that part of the polarization tensor product was missed.

The solutions of the integrals for di↵erent values of n are listed in the appendix. How-
ever, for the most interesting case of n = 2, we find
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Ĩ(2)
2 =

�1

(k2k3)5/2k2t
⇥ ⇥

(k1 + k2)
2(�3k31 � 3k21k2 � k32) + (k1 + k2)(�9k31 � 6k21k2 � 2k32)k3

+ (�9k31 � 6k21k2 � 2k1k
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where we have defined kt = k1 + k2 + k3 and � is the Euler gamma constant.

4.1 The flattened shape

It is interesting to note that the ln(�kt⌧I) term only appears in (4.17), and can therefore
not cancel out in general. This term will be most important when k1 is maximized in the
flattened shape with k1 = 2k2 = 2k3 as already observed in [10]. For length scales relevant
for CMB, the logarithm will give an enhancement by a factor 60, but on smaller scales it can
be even larger. Since the logarithm completely dominates the integral in the flattened limit,
it is easy to estimate the size of bNL in this limit. When the logarithmic term dominates, we
have

Ĩ(2)
2 ' � 3k31

(k2k3)5/2
ln(�kt⌧I) . (4.18)

The contribution of this term to the non-Gaussian cross-correlation function is
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For n = 2, we have (�̇I/H�I) = 2n = 4, and using k1 = 2k2 = 2k3 in the flattened limit, we
have

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i ' 96 ln(�kt⌧I)P⇣(k1)PB(k2) . (4.20)

For the reasonable value of the logarithm, corresponding to the largest observable scale today,
ln(�kt⌧I) ⇠ �60, we then obtain in the flattened limit

���bflatNL

��� ⇠ 5760 . (4.21)

This is a quite significant contribution to the non-Gaussianity as compared to the a priori
expected level of order unity.
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Ĩ(2)
2 ' � 3k31

(k2k3)5/2
ln(�kt⌧I) . (4.18)

The contribution of this term to the non-Gaussian cross-correlation function is

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i ' 6
1

H

�̇I

�I

k31
(k2k3)1/2

ln(�kt⌧I)|⇣(0)k1
(⌧I)|2|A(0)

k2
(⌧I)||A(0)

k3
(⌧I)| .
(4.19)

For n = 2, we have (�̇I/H�I) = 2n = 4, and using k1 = 2k2 = 2k3 in the flattened limit, we
have

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i ' 96 ln(�kt⌧I)P⇣(k1)PB(k2) . (4.20)

For the reasonable value of the logarithm, corresponding to the largest observable scale today,
ln(�kt⌧I) ⇠ �60, we then obtain in the flattened limit

���bflatNL

��� ⇠ 5760 . (4.21)

This is a quite significant contribution to the non-Gaussianity as compared to the a priori
expected level of order unity.

– 10 –

Note that the polarization factor multiplying the integrals is slightly di↵erent than in equation
(41) of [10], where it appears that part of the polarization tensor product was missed.

The solutions of the integrals for di↵erent values of n are listed in the appendix. How-
ever, for the most interesting case of n = 2, we find
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The squeezed limit
n In this limit, the integrals are

n The cross-correlation now becomes

4.2 The squeezed limit

Now let us consider the special limit where the wavelength of the curvature perturbation is
much longer than the wavelength of the magnetic fields. In this limit we have k1 ! 0 and
k3 ! �k2 ⌘ �k. Using the asymptotic behavior for the real and imaginary parts of the

Hankel function Re[H(1)
n (x)] / xn and Im[H(1)

n (x)] / x�n for x ! 0, it is possible to verify,
that in the squeezed limit, the integrals reduce to

Ĩ(1)
n = ⇡

Z ⌧I

d⌧⌧Jn�1/2(�k⌧)Yn�1/2(�k⌧) (4.22)

and
Ĩ(2)
n = Ĩ(1)

n+1 . (4.23)

In the squeezed limit, the cross-correlation therefore reduces to

h⇣(⌧I ,k1)Ai(⌧I ,k2)Aj(⌧I ,k3)i =
1

H

�̇I

�I
(2⇡)3�(3)(k1 + k2 + k3)|⇣(0)k1

(⌧I)|2|A(0)
k (⌧I)|2

⇥
✓
�ij � kikj

k2

◆
k2

⇣
Ĩ(1)
n � Ĩ(1)

n+1

⌘
(4.24)

For integer values of n, it can be proven that the integral in (4.22) is

Ĩ(1)
n = (n� 1/2)/k2 (4.25)

which (in the k1 ! 0 limit) gives

h⇣(⌧I ,k1)Ai(⌧I ,k2)Aj(⌧I ,k3)i = � 1

H

�̇I

�I
(2⇡)3�(3)(k1 + k2 + k3)

⇥
✓
�ij � kikj

k2

◆
|⇣(0)k1

(⌧I)|2|A(0)
k (⌧I)|2

= � 1

H

�̇I

�I
h⇣(⌧I ,k1)⇣(⌧I ,�k1)i hAi(⌧I ,k2)Aj(⌧I ,k3)i .(4.26)

One can also verify numerically that (4.25) also holds for real non-integer values of n.
For the cross-correlation of the curvature perturbations with the magnetic fields, we

then obtain for n > 0

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i = � 1

H

�̇I

�I
(2⇡)3�(3)(k1 + k2 + k3)P⇣(k1)PB(k2) . (4.27)

This agrees with the squeezed limit result in equation (64) of [10], when using �̇⇣ = �@��H��
and inserting the specific form of the coupling �(�) = exp(2�/M) used there. This agreement
is however a coincidence because the di↵erence in the polarization sums noted after (4.15)
vanishes in the squeezed limit. In fact, if we had not taken the trace of BiBj in the correlation
function, the results would no longer agree, even in the squeezed limit. We also note that
both of these results disagree with [14] in the squeezed limit, which used an interaction
Hamiltonian where the leading order term in derivatives of � is a total derivative, which
complicates the calculations. This can be seen by comparing our eq.(3.15) with eq.(46) of
[14]. In eq.(46) of [14] the interaction Hamiltonian is proportional to �, while in our eq.(3.15),
we showed that the physical part of the interaction Hamiltonian is proportional only to the
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with                           in agreement with the 
magnetic consistency relation.

bNL = � 1

H

�̇I

�I
= nB � 4
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Conclusions
n Origin of cosmic magnetic fields is still poorly understood.

n Inflationary + deflationary magnetogenesis can produce the 
observed fields on large scales without the backreaction and 
strong coupling problem. 

n Low scale inflationary magnetogenesis is still a viable possibility. 

n Primordial non-Gaussianities induced by magnetic fields are 
very interesting.

n Violation of the consistency relation will rule out an important 
class of inflationary magnetogenesis models.

n The magnetic non-Gaussianity parameter is quite large in the 
flattened limit and can have non-trivial phenomenological 
consequences.
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