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INTRODUCTION



Gauge/gravity duality in a 
nutshell

Mathematical equivalence of certain quantum gravity theories 
and certain quantum field theories.



Standard dictionary
Correlators in field theory are dual to “gravity solutions” with 

modified boundary conditions.
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This can be expressed in terms of a generating series for 
correlation functions of local operators.



Best understood cases

(Super) Conformal Field Theory are dual to (super) gravity 
theory on (Asymptotically) AdS spaces

Known as AdS/CFT correspondence
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Conformal field theory two point functions are simple and 
 take the following form

This is the Zamolodchikov metric. 
Sometimes it is orthnormalized, but not necessarily.
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Three point functions are really simple as well

The C are structure constants.
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Also written as

And this is called the OPE expansion. 

The C are then also called the OPE coefficients.



Consider
AdS5 ⇥X

Freund-Rubin compactification of IIB string theory.

What do we know about the dual field theory?

How do we go beyond SUGRA?



Some dual CFT’s have been classified (Toric Sasaki-Einstein, 
Orbifolds of N=4 SYM) (Hanany et al.)

a-maximization (Intrilligator-Wecht)

Permits calculating R-charges of fields

Matter content + superpotential



We can compute the chiral ring

Cohomology of D

@�W = 0

Gauge invariant operators, modulo relations generated by

List of some states with their energy (R-charge)



however…

Don’t even know the (Zamolodchikov) norm of states. 
This is equivalent to knowing the Kahler potential



What else

• We can compute in free field theories 

• We can do perturbation theory 

• Most field theories of interest do not have a free 
field limit (they have non-trivial anomalous 
dimensions).



Goal

Tell you a conjecture about the norms of  
a special set of those states for a special subset of 

superconformal  field theories.



Outline
• Rep. Theory of SC group. 

• Half BPS states in N=4 SYM 

• Generalization to orbifolds 

• Going further: Extremal chiral ring states 

• Establishing the main conjecture 

• Free fermions



REP. THEORY OF SCFT

{QI↵̇, SJ�̇} / �IJM↵̇�̇ + �IJ✏↵̇�̇�+ ✏↵̇�̇R
I
J

Lowest state representations are annihilated by S, 
descendants are produced by acting with Q.



S = Q†

When working on cylinder geometry

S3 ⇥ R

The operator      is the energy (Hermitian)�

And unitarity of Hilbert space symmetries requires that



� � R+ Spin

Unitarity condition leads to

Saturation implies that some Q act by 0 on l.w.s.

States where some Q act as zero on l.w.s are called BPS 
or short representations.

A particular subset is the chiral ring (cohomology of Q).



Operator-state 
correspondence

Weyl equivalence of cylinder and plane establishes a 1-1 
correspondence between local operator insertions and states 

for the conformal field theory on cylinder.

We can talk about states and operators interchangeably
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Correspondence requires that Hamiltonian is scaling dimension



Half BPS states in N=4 SYM

Preserve SO(4) rotation group (scalar)

They also preserve an SO(4) R-symmetry group (remember 
that there R-symmetry group is SO(6)~SU(4)).

� = R

They satisfy



States that do this can be constructed in free limit by  
studying Fock space of states of N=4 SYM.
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Only states built from  Z can be half-BPS  

Z†
00 ' Z



They also need to be Gauge invariant. 
This is accomplished by taking traces.

Aj1...jm
i1,...im

Zi1
j1
. . . Zim

jm

The A need to be built out of U(N) invariant tensors. 
Upper indices need to be contracted with lower indices.

Aj1...jm
i1,...im

' �[i][j]
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Tr(Zs)Ns

States are of the form

Built out of only one matrix.

They belong to the chiral ring.



Technical note:

O1(0)O2(x) ' O1O2(0) +
X

x
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Elements of chiral ring have non-singular OPE

The OPE coefficients are ‘trivial’ due to factorization.

The only thing that is non-trivial is the Zamolodchikov metric.



Another characterization
V ' N rep. of U(N)

g 2 SU(N)

This induces an action on tensor products



g(v1 ⌦ v2 · · ·⌦ vs) = gv1 ⌦ gv2 . . . gvs

g : V ⌦s ! V ⌦s

Which preserves the induced norm

Decomposing this tensor product into irreps of U(N) 
gives an induced action on each such irrep.



Decomposition is done by summing over permutations of 
 the factors.

The character of g in each such irrep.is Gauge invariant.

V ⌦s = �RU(N) ⌦RSs

These are characterized by Young diagrams.



this can be extended to 

g 2 GL(N,C)

g 2 MatN (C)

The result is invariant under conjugation (this is, Gauge 
invariant)

It is also polynomial in entries, of degree s.



�R(Z)

These are called Schur functions

they are in one to one correspondence with  
sum of multi-trace states

the R are represented by Young tableaux

These are orthogonal in the Zamolodchikov metric 
 (Corley, Jevicki, Ramgoolam- hep-th/0111222)



moving to the right, and subtracting one when moving down. As an example consider a

Young tableaux with three rows of sizes 3, 3, 1 as shown in (5). .

N N + 1 N + 2

N � 1 N N + 1

N � 2

(5)

The norm of the corresponding state in the orbifold theory will be given by multiplying

the labels on all the boxes and raising it to the k-th power.

������

������

2

= [N(N + 1)(N + 2)(N � 1)N(N + 1)(N � 2)]k (6)

For simplicity we are abusing notation and describing the states themselves by the cor-

responding Young Tableaux without any additional information. Complex linear com-

binations of the states are allowed, and multiplication in the chiral ring ends up being

handled by the Littlewood-Richardson coe�cients (exactly as in [3]), using the Young

Tableaux as the basis of states. This procedure can be generalized easily to the case when

the gauge groups have di↵erent rank [23], by multiplying the results of these products

of numbers when we decorate the Young tableaux with the ranks for each gauge group

in the chain instead of a common one N. We will not need these for what we will do

in tis paper. Dibaryons in general will modify the Young tableaux between the di↵erent

gauge groups by adding extra columns of length N that distinguish Young tableaux for

the di↵erent letters building up Z̃`. The reason we do not consider them in this paper is

because we don’t yet have a nice formula that describes the norm as in equation (6). One

can conjecture that we obtain such an answer by multiplying the corresponding norms of

the tableaux for each letter, but this needs to be checked.

From here, it is possible to compute the norm of trace states by using expressions of

the kind

TrZ̃3
` = � + (7)

as well as the overlaps between various trace combinations. As is obvious from taking

the leading powers of N, we find that a young diagram with s boxes has norm Nsk plus

8

|Y |2 =

Y
( Labels of boxes)



Product of Young tableaux is governed by Littlewood-
Richardson coefficients.



| Tr(Zs)|2 ' sNs(1 +O(1/N2))

hTr(Zs1)Tr(Zs2)|Tr(Zs3)i =
p
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N
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And



Lee, Minwalla, Rangamani, Seiberg, hep-th/9806074 

Result for 3pt functions in N=4 SYM is identical in free field 
theory and gravity dual.

All half BPS states are described by free fermion droplets in  
2d flat phase space
D.B. hep-th/0403110

All half BPS non-singular geometries are parametrized by 
pictures of an incompressible fluid in a flat 2D plane

Lin, Lunin, Maldacena hep-th/0409174



Goal

Generalize this story to other setups.

May lead to a new way to think about calculations, 
even in theories that do not have a perturbative free 

 field limit.



Problem

This only seems to work if we have an analog of Z.

Lets start with an example that does: orbifolds.



Orbifold group should map states made out of Z to 
themselves.

� ⇢ SU(2)⇥ U(1) ⇢ SU(3)

this means it has at least one additional U(1) symmetry.

Start with abelian



Z

XY

get a quiver diagram 

W = Tr(XY Z � ZY X)

Tr(Zs) '
X

i

Tr(Zi,i+1Zi+1,i+2 . . . )



The operators made only out of Z do not mix with other 
operators in the F-term relations.

Closed loop implies that s is a multiple of the length of  
closed path in torus.

They maximize the U(1) charge that counts Z relative to the R-
charge of operator (extremal)



Easy to show that gauge invariance implies that everything 
can be written as multitraces of 

Z̃` = Z`,`+1 . . . Z`�1,`

And that origin in a loop does not matter.

IF we want orbifold non-singular, then quiver has only  
one row.



Tautologically, states can be defined in terms of Young 
tableaux

�R(Z̃`)

Multiplication is trivial in same sense as before.



Orthogonality
Young tableaux is formed from a projector in symmetric group.

Projector Sums with weights over upper indices in

(Z̃`)
[i]
[j]

but this is same as sum over upper indices of

(Z`,`+1)
[i]
[j0]

Projects in Fock space to a unique irrep. of U(N) under 
which this field is in fundamental.

Different irreps are orthogonal.



|Y |2 =

Y
(Labels of boxes)

k

Bose symmetry of labels forces Young tableaux of upper 
indices to be same Young tableaus as lower indices.

Dey, arXiv:1105.0218  

Generalization of k=2 case by



Extremal chiral ring states
Any case that is “almost like orbifolds”

Want extra U(1) charge, maximize U(1) charge relative to R-
charge, want this to lead to unique Z, no relations, states are 

multi-traces.
Toric field theories.



In dual SUGRA, want the extra U(1) to lead to a unique circle 
in Sasaki-Einstein geometry

In type IIB compactifications, we have a string coupling 
constant that we can vary and take to zero.

Formally, this makes the gauge coupling constants in quiver 
go to zero, keeping anomalous dimensions of fields fixed.



Can argue for orthogonality of Young tableaux.

Consider for example the flow from N=2 SYM SU(N) x SU(N) 
to the Klebanov Witten theory.

g1YM ' 0

Then theory has a superpotential of the form

W ' m�2
2 + �2(Q1Q̃1 � Q̃2Q2)



Has global U(2N) flavor symmetry.

Q2Q1 ' (

¯N,N) of SU(N)⇥ SU(N)

Even though it has some terms that don’t 
belong to KW super potential, can deform to 

only terms that do belong keeping SU(N)x SU(N) symmetry 
(also, h-deformation = 0).

Some point in conformal manifold with enhanced global 
symmetry, which is weakly gauged to diagonal.



Main conjecture

Young tableaux states are orthogonal.



(after all, there are no relations between them, and the chiral ring multiplication is like

ordinary multiplication, but they do not have canonical dimension), then the di↵erent

Young tableaux states should be orthogonal. As we will see, this conjecture can have very

important consequences essentially determining the leading 1/N corrections to various

quantities when combined with large N counting arguments. In this sense, this makes

unambiguous prediction for a wide range of supergravity dual theories. The spirit of the

conjecture should be thought of as a list of tests for the conjecture. If a test is passed, then

the conjecture holds for the corresponding field theory. If a test is not passed, then the

Young tableaux states are not orthogonal.

The idea of large N counting is that di↵erent traces act as single particle raising op-

erators of an approximate Fock space, and 1/N corrections can be written in terms of

generalized Feynman diagrams [18] (the general counting is well explained also in [35],

see also [36] for a discussion of what it means to be an approximate Fock space). Let us

label

ts = Tr(Z̃s
`) (8)

With this definition, we have that

|
Y

tni
i |2 =

Y
ni!|ti|2ni(1 +O(1/N2)) (9)

The leading term is the free Fock space result and is represented by free propagation of

strings between the in state and the out state. Other overlaps between di↵erent states are

zero to leading order, but can have 1/N corrections in general. The O(1/N) corrections are

organized diagrammatically from basic tree diagrams that respect addition of R-charge

(these are like 1PI graphs with the ti as external legs). For example, we expect that

hts|tatbi ' N�1|ts||ta||tb|�s,a+bAs;a,b (10)

where A is a tree amplitude with three legs and numerically is of order 1. Similarly, one

expects that

hts|tatbtci ' N�2|ts||ta||tb||tc|�s,a+b+cAs;a,b,c (11)

A more interesting example is to consider

htstu|tatbi ' |ts||tu||ta||tb|(�sa�ub + �sb�ua +N�2�s+u,a+bAs,u;a,b) (12)

11

Let

At large N we are supposed to get an approximate Fock 
space with the t as generators.
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which receives corrections both from disconnected diagrams (these are the contributions

with �) and from connected diagrams with four legs, represented by As,u;a,b. The A them-

selves are generically functions of the t’Hooft coupling g2
YMN and have a 1/N expansion

themselves. The A[↵],[�], where [↵], [�] are are multi-indices are symmetric A[↵],[�] = A⇤[�],[↵],

and they vanish unless
P

i �i =
P

j ↵ j which encodes R-charge conservation.

Let us now use the orthogonality of Young tableaux states to determine the relations

between the ti, relative to t1. We will do this for i = 2, 3, 4. Let us start with

t1 = (13)

and call |t1|2 = T. Now, we get that

t2
1 = + (14)

Using orthogonality of the two Young tableaux, plus our approximate Fock space de-

scription, we find that

|t2
1|2 = | |2 + | |2 ' 2T2(1 +O(1/N2)) (15)

Now, we also find that since

t2 = � (16)

Then it follows that to leading order in N

|t2|2 = | |2 + | |2 ' 2T2 (17)

This is, the norm of t2 is completely determined from knowledge of the norm of |t1|2,

which we have called T. Furthermore, we find that

ht2|t2
1i = | |2 � | |2 ' N�1

p
2|T|2A2;1,1 (18)

So that adding equations (15) and (18), we find that

| |2 = T2(1 + ⌘/N +O(1/N2)) (19)

| |2 = T2(1 � ⌘/N +O(1/N2)) (20)

for some ⌘. Here, it is better to write
p

2A2;1,1 = 2⌘, rather than the other way around.

Our goal is to compute the norm of all the Young tableaux to leading order in 1/N.

12

|t1|2 = T

Define
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for some ⌘. Here, it is better to write
p

2A2;1,1 = 2⌘, rather than the other way around.

Our goal is to compute the norm of all the Young tableaux to leading order in 1/N.
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And we expect that
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From here it follows that 



At the next stage we have that

t3
1 = (t2

1)t1 = ( + ) = + 2 + (21)

and the other two states are

t2t1 = ( � ) = � (22)

t3 = � + (23)

Using |t1|3 ' 6T3 and |t2t1|2 ' 2T3 plus order 1/N2 corrections and orthogonality of the

Young diagrams we find that

| |2 = T3(1 +O(1/N2)) (24)

If we now use the A2;1,1 vertex and the corresponding Feynman graph counting, we get

that

ht3
1|t2t1i = | |2 �

������

������

2

= N�13|t1|4|t2|A2;1,1 +O(1/N3) =
3
N

T3(2⌘) +O(1/N3) (25)

from which it follows that

| |2 = T3(1 + 3⌘/N +O(1/N2)) (26)

| |2 = T3(1 � 3⌘/N +O(1/N2)) (27)

One then directly computes that

|t3|3 = | |2 + | |2 + | |2 = 3(T3)(1 +O(1/N2)) (28)

so that again, one finds that to leading order t3 is completely determined by the norm of

t1, and that corrections begin at order 1/N2. Another interesting fact is that

ht3|t2t1i = ht3
1|t2t1i ' N�1|t3||t2||t1|A3;2,1 =

3 ⇥ 2
N

T3⌘ (29)

so that the leading order term in A3;2,1 is not an independent quantity! Moreover, one

finds that there is a consistency check with 1/N counting. We find that ht3|t3
1i ' O(1/N2) as

expected. In general, one is starting to see an interesting pattern forming, with consistency

conditions that are rather stringent.
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Best way to organize it?

Explicit way to write it in terms of multi-traces, using characters 
of the symmetric group.

�R(Z) '
X

�

�R(�)tr(Z̃`)
[i]
[�(i)]



There is only one new trace at each order. 

There are finitely many new 3 point functions

Am;m�n,n/N



Then use the exact orthogonality between different objects  
on the left hand side: one gets linear relations on the right 

hand side order by order in powers of 1/N. 

One expects this procedure to have a new finite number of 
unknowns order by order in 1/N



After a bit of pattern 
recognition

These relations alone are su�cient to show that

|t4|2 = 4T4 (40)

Now, as a consistency check, we have that

|t3t1|2 = | |2 + | |2 +

��������

��������

2

= 3T4 +O(1/N2) = |t3|2|t1|2(1 +O(1/N2)) (41)

Consider that

ht3t1|t2t2
1i =

2
N
|t1|3|t3||t2|A3;2,1 +O(1/N3) = | |2 �

��������

��������

2

' 2
3 ⇥ 2

N
T4⌘ (42)

Which gets us to

| |2 = T4

1 +
⌘
N

(0 + 1 + 2 + 3) +O(1/N2)
�

(43)
��������

��������

2

= T4

1 +

a
N

(0 � 1 � 2 � 3) +O(1/N2)
�

(44)

Similarly, the overlap

ht2
2|t2t2

1i =
2
N
|t2|3|t1|2A2;1,1 +O(1/N3) (45)

together with previous results can be used to show that

| |2 = T4

1 +
⌘
N

(0 + 1 + 2 � 1) +O(1/N2)
�

(46)
������

������

2

= T4

1 +
⌘
N

(0 + 1 � 2 � 1) +O(1/N2)
�

(47)

The pattern is now becoming obvious when we compare with the prescription that leads

to (6). If we decorate the same tableaux as in (6) by omitting the factors of N, we find

0 +1 +2

�1 0 +1

�2

(48)

and then the norm of a tableaux seems to be given to leading and subleading order by

the formula

|Y|2 = T# boxes of Y

0
BBBBBB@1 +

⌘
N

X

boxes
(label of box )

1
CCCCCCA (49)
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k ! ⌘

The integer k for orbifolds can in principle be exchanged 
by a positive real number

’



This can be used to show that

|tn|2 = nTn(1 +O(1/N2)) (50)

and that

htn|titji = �n,i+ j
⌘
N
|tn||ti||tj|

p
(n)(i)( j) (51)

of which equation (29) is a special example. It is obvious that imposing some of the

relations that are due to planar counting at higher orders will produce also relations for

some terms of order 1/Ns for all integer s. The precise study of these is beyond the scope

of the present paper.

Incidentally, for ⌘ = 1 this reproduces exactly the set of extremal correlators in N = 4

SYM [37]. When we look at the orbifold examples of the previous section, ⌘ is replaced by

k and the normalization of T is T = Nk. As is well known, extremal correlators give rise to

expressions of the form 0/0, as discussed in detail in [38]. The results of this paper would

suggest that such extremal correlation functions are universal for E�RS and depend only

on one parameter ⌘. In the orbifolds of the previous section, this is measured by ⌘ = k, the

R-charge of the word Z̃` (here we normalize a free field to have charge 1). We conjecture

this behavior for all such cases. This is, we conjecture that

|Y|2 =
Y

boxes
(labels of boxes)RZ̃` (52)

In general, this R-charge can be determined by a-maximization [39], so one has now

a full conjecture about extremal correlators for a large class of Conformal Field Theories

that can be tested.

Such a conjecture gives a result that is invariant under toric duality, which in general is

a form of Seiberg duality where the ranks of the gauge groups don’t change [40, 41] (See

also [32]).

A prototype for a function that measures the norm of any Young tableaux is to take

the result for the norm of a Tableaux in N = 4 SYM and to raise it to the power a. This

is a much stronger conjecture than just orthogonality of the Young tableaux states would

require. I will now present evidence for this stronger conjecture.

The first claim that I will make about such norms, is that they describe a set of N free

fermions on a generalized oscillator algebra. The generalized oscillator is described in

16

From there it follows that

Extremal correlators are the same as N=4 SYM, except for a 
constant!
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Full conjecture:



This represents free 
fermions for generalized 

oscillator.



list of the following commutator relations holds

[N̂, a†] = a† (A1)

[N̂, a] = �a (A2)

It is easy to show that N̂ commutes with a†a, that both are self-adjoint and therefore that

they can be diagonalized simultaneously. We assume that N̂ or a†a can be expressed

as functions of one another and that there is a unique irreducible representation of the

algebra. This generalizes the harmonic oscillator algebra where N̂ = a†a exactly. The

setup here is more general than that in [52].

Let |↵i be an eigenstate of N̂ with eigenvalue ↵. Then it is easy to check that

N̂a|↵i = aN̂|↵i � a|↵i = (↵ � 1)a|↵i / |↵ � 1i (A3)

This is, acting with a lowers the eigenvalue of N̂. Eventually we reach a lowest eigenvalue

of N̂, below which |↵�kiwould have an eigenvalue for N̂ which is below the bound. This

state must identically vanish. This means, that the representation theory of the algebra

has a (unique by assumption) lowest weight state irreducible representation.

We can always choose the lowest weight state to have eigenvalue zero (noticing that

shifting N̂ by a constant does not a↵ect the commutation relations). Once we have this

lowest weight state |0i, we can construct the representation by acting with copies of a†.

Obviously |0i is an eigenstate of a†a with eigenvalue zero, and acting with a† various times

increases the eigenvalue of N̂ by integer units.

Consider an orthonormal set of states |ni. Then it follows that

a†|ni = fn+1|n + 1i (A4)

where the fn+1 can be chosen to be real and positive by rephasing |n+ 1i. In a similar way,

we find that

a|ni = fn|n � 1i (A5)

It trivially follows that

Gk = |(a†)k|0i| =
kY

i=1

| fk|2 (A6)

and we will call this quantity Gk. G0 = 1 by convention. We will now define coherent

states for the algebra as follows. A coherent state |�i is an eigenstate of a. This is, we have
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wave functions are Slater determinants

the appendix. The set of states of the oscillator is labeled by integers, and a complete

collection of free fermion states on such a Hilbert space are in one to one correspondence

with choosing N di↵erent number occupation states inH and writing a Slater determinant

wave function. If we use the total number operator

N̂tot =
X

i

N̂i (53)

as a Hamiltonian, the ground state is defined by N̂tot,0 =
PN�1

i=0 i = N(N � 1)/2

Given a set of the Ni, we construct a Young tableaux by first ordering the Ni in decreasing

order. This does not change the state (except for perhaps a sign). We associate to this

object a Young tableaux with rows of size Ni � (N � i). The norm of the Young tableaux

states will be given by Y

boxes
| flabel of box |2 (54)

These are Slater determinants of the form

Y = N0
1p
N!

det

0
BBBBBBBBBBBBBBBBBBB@

(a†1)N1 (a†1)N2 . . . (a†1)NN )

(a†2)N1 (a†2)N2 . . . (a†2)NN )
...

...
. . .

...

(a†N)N1 (a†N)N2 . . . (a†N)NN )

1
CCCCCCCCCCCCCCCCCCCA

(|0i)⌦N (55)

where N�1
0 =

Q
i<N G1/2

k , with the ground state |0i defined by

|0i ' N0
1p
N!

det

0
BBBBBBBBBBBBBBBBBBB@

(a†1)N�1 (a†1)N�2 . . . 1

(a†2)N�1 (a†2)N�2 . . . 1
...

...
. . .
...

(a†N)N�1 (a†N)N�2 . . . 1

1
CCCCCCCCCCCCCCCCCCCA

(|0i)⌦N (56)

The set of norms, like those in equation (6) are a special case of this construction with

fs = sk/2. Also, one can show that this is consistent with taking

Tr(Z̃s
`) '
X

iN

(a†i )s (57)

A simple example to understand the pattern is the following

Tr(Z̃2
`)|0i = ((a†1)2 + 2a†1a2 + (a†2)2 + . . . )|0i (58)

=
⇣
+ 2 �

⌘
|0i (59)
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N1 > N2 . . .

Where the Young tableaux has rows of sizes

Ni � (N � i)



Norm becomes

the appendix. The set of states of the oscillator is labeled by integers, and a complete

collection of free fermion states on such a Hilbert space are in one to one correspondence

with choosing N di↵erent number occupation states inH and writing a Slater determinant

wave function. If we use the total number operator

N̂tot =
X

i

N̂i (53)

as a Hamiltonian, the ground state is defined by N̂tot,0 =
PN�1

i=0 i = N(N � 1)/2

Given a set of the Ni, we construct a Young tableaux by first ordering the Ni in decreasing

order. This does not change the state (except for perhaps a sign). We associate to this

object a Young tableaux with rows of size Ni � (N � i). The norm of the Young tableaux

states will be given by Y

boxes
| flabel of box |2 (54)

These are Slater determinants of the form

Y = N0
1p
N!

det

0
BBBBBBBBBBBBBBBBBBB@

(a†1)N1 (a†1)N2 . . . (a†1)NN )

(a†2)N1 (a†2)N2 . . . (a†2)NN )
...

...
. . .

...

(a†N)N1 (a†N)N2 . . . (a†N)NN )

1
CCCCCCCCCCCCCCCCCCCA

(|0i)⌦N (55)

where N�1
0 =

Q
i<N G1/2

k , with the ground state |0i defined by

|0i ' N0
1p
N!

det

0
BBBBBBBBBBBBBBBBBBB@

(a†1)N�1 (a†1)N�2 . . . 1

(a†2)N�1 (a†2)N�2 . . . 1
...

...
. . .
...

(a†N)N�1 (a†N)N�2 . . . 1

1
CCCCCCCCCCCCCCCCCCCA

(|0i)⌦N (56)

The set of norms, like those in equation (6) are a special case of this construction with

fs = sk/2. Also, one can show that this is consistent with taking

Tr(Z̃s
`) '
X

iN

(a†i )s (57)

A simple example to understand the pattern is the following

Tr(Z̃2
`)|0i = ((a†1)2 + 2a†1a2 + (a†2)2 + . . . )|0i (58)

=
⇣
+ 2 �

⌘
|0i (59)

17



Nice large N limit requires

=
⇣
+
⌘
|0i (60)

The term (a†1)2 on the fist factor of the Slater determinant takes (N1)0 = N� 1 to (N� 1)+ 2.

The second one takes the same leading terms to (N1)0 ! (N1)0 + 1 and (N2)0 ! (N2)0 + 1.

The third term acts on the second column by taking (N2)0 ! (N2)0 + 2. Here we see that

this term is not in descending order, and can be converted to standard form by flipping

the fist two columns. This results in a minus sign from Fermi statistics, which is the third

term on the second line. Indeed, this is how one generally derives identities like those

that lead to equation (35) as an alternating sum of hooks.

This shows that the norm we proposed is describing the norm on a system of free

fermions for a generalized oscillator. Existence of a large N limit (independent of coupling

constants, as we are e↵ectively at zero coupling) requires in general that the oscillator

algebra has a nice large N limit for the ratio

fN+1

fN
= 1 +

⌘
N
+ . . . (61)

so that
fN+2

fN
=

fN+1

fN

fN+2

fN+1
= (1 +

⌘
N
+ . . . )(1 +

⌘
N + 1

+ . . . ) ' (1 +
2⌘
N
+ . . . ) (62)

and so on. Now, in general, taking the telescoping product
Q

i = NN+k fi+1/ fi we find that

fN+k

fN
' exp(

kX

i=0

⌘
N + i

) (63)

' exp(⌘ log(N + k) � ⌘ log(N) + convergent) (64)

' (N + k)⌘N�⌘ exp
h
b1/(N + k) � b1/N +O(1/(N + k)2)

i
(65)

So that fN+k asymptotes to a power of N+k in the large N limit. The simplest such function

is a power of N + k itself. For such a power law, we find that the number operator for the

generalized oscillator algebra of the appendix satisfies

N̂ = (a†a)1/⌘ (66)

The Hamiltonian of the field theory on S3 is proportional to N̂. If we choose the ground

state to have energy 0, we get exactly that the energy of a Young tableaux state is propor-

tional to the number of boxes.

To understand why the power that appears in equation (52) should be the R-charge, we

need to consider D-brane states. There are two classes of such states. Giant gravitons [42]
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fN+k ' (N + k)⌘

This can be used to show that asymptotically



Can define coherent states

that

a|�i = �|�i (A7)

The general form of such a state is of the following form

|�i =
X

i

ai(�)|ii (A8)

and it can be shown easily that

|�i = N�
X �k

p
Gk
|ki (A9)

where N� is a normalization factor. The state is normalizable if and only if
X

k

|�|2k

Gk
< 1 (A10)

and that in turn requires that Gk , 0 for all k, so the representation is infinite-dimensional.

If we assume that the series converges for some value of �, it will converge also for all

|�0|  |�|, so the domain of convergence is a disk in the complex plane.
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and dual giant gravitons [43, 44]. It is this second class of states that we are interested in.

In the case ofN = 4 SYM, the dual giant graviton states are described by Young tableaux

that have only a single row [3]. The study of coherent states of such states along the lines

of [12] (see also the earlier work for studying giant gravitons [11]) show that they can be

understood in terms of the Coulomb branch of the theory where we take one eigenvalue

and separate it from the origin to a finite distance. We need the same interpretation here,

but now we want to study instead coherent states along the lines of those in the appendix.

This is, we want eigenstates of the lowering operator appearing in Slater determinants.

It is easy to see that such states with one dual giant graviton will be given by

|�i / N0
1p
N!

det

0
BBBBBBBBBBBBBBBBBBB@

|�i1 (a†1)N�2 . . . 1

|�i2 (a†2)N�2 . . . 1
...

...
. . .
...

|�iN (a†N)N�2 . . . 1

1
CCCCCCCCCCCCCCCCCCCA

(|0i)⌦N (67)

One can easily check that these states are eigenstate of the following elements of the

operator algebra

Tr(a`)|�i = �`|�i (68)

In general, one can write multi-coherent states as follows

|�1,�2, . . . i / N0
1p
N!

det

0
BBBBBBBBBBBBBBBBBBB@

|�1i1 |�2i1 . . . 1

|�1i2 |�2i2 . . . 1
...

...
. . .
...

|�1iN |�2i2 . . . 1

1
CCCCCCCCCCCCCCCCCCCA

(|0i)⌦N (69)

which are eigenstates of the single trace operators

Tr(a`)|�1,�2, . . . i =
X

i

�`i |�1,�2, . . . i (70)

These would be interpreted as vacuum expectation values in the Coulomb branch of the

theory, similarly to how one does it in half BPS solutions in supergravity [45].

The state |�i in the one oscillator Hilbert space is itself of the form

|�i =
X �n

(n!)⌘/2
|ni (71)
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on Fermion system.



hTr(Zs
` )i =

X
�̄s
i

These are states in the Coulomb branch of the theory.

as in equation (A9). Notice that so long as ⌘ > 0, the state is normalizable for all �. When

put into the Slater determinants, it gets truncated to the large n tail

|�iT =
X

n�N�1

�n

(n!)⌘/2
|ni (72)

For large enough �,

||�iT|2 ' ||�i|2 (73)

and the fluctuations on the e↵ective number operator N̂e f f = N̂� (N�1) are small relative

to N̂e f f itself. This means that the coherent states can be thought of as a classical solution

in supergravity with a fixed energy. The classical energy is given by

R[Z̃`](|�|2)⌘
�1 � R[Z̃`](N � 1) (74)

plus small quantum fluctuations.

Now, to the extent that the state |�i is a classical state in the Coulomb branch with a

large vev, the vacuum expectation values of (68) are very large. Even at weak coupling,

we expect that being in the Coulomb branch can generate a mass gap for o↵-diagonal

fluctuations that is much much larger than the size of the sphere (we are studying the

field theory on S3 ⇥ R after all. In this limit, being in flat sphere or being on an S3 does

not matter. The only scale in the system at such large vaccum expectation values is

that vacuum expectation value itself. The energy per unit volume on the sphere is then

determined by dimensional analysis.

This must be proportional to the curvature of the sphere times the appropriate quantity

that makes sense in dimensional analysis. The reason for the proportionality to the

curvature is that in flat space the energy of such a state must vanish because it corresponds

to a vacuum state of the conformal field theory with spontaneously broken conformal

symmetry. Thus, the energy per unit volume must scale as

E = E/Vol(S3) = O(1)|�|2/R[Z̃`] (75)

Comparing equations (74) and (75) tells us that the only possible way this will work is if

⌘ = R[Z̃`] (as we stated in the conjecture). At this point, this is another consistency test of

the conjecture.

Notice that equation (75) can also be understood as computing the KM̈ahler potential

on the moduli space of a single brane. This is from understanding the e↵ective classical
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in equations
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Comparing
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and the fluctuations on the e↵ective number operator N̂e f f = N̂� (N�1) are small relative

to N̂e f f itself. This means that the coherent states can be thought of as a classical solution

in supergravity with a fixed energy. The classical energy is given by

R[Z̃`](|�|2)⌘
�1 � R[Z̃`](N � 1) (74)

plus small quantum fluctuations.

Now, to the extent that the state |�i is a classical state in the Coulomb branch with a

large vev, the vacuum expectation values of (68) are very large. Even at weak coupling,

we expect that being in the Coulomb branch can generate a mass gap for o↵-diagonal

fluctuations that is much much larger than the size of the sphere (we are studying the

field theory on S3 ⇥ R after all. In this limit, being in flat sphere or being on an S3 does

not matter. The only scale in the system at such large vaccum expectation values is

that vacuum expectation value itself. The energy per unit volume on the sphere is then

determined by dimensional analysis.

This must be proportional to the curvature of the sphere times the appropriate quantity

that makes sense in dimensional analysis. The reason for the proportionality to the

curvature is that in flat space the energy of such a state must vanish because it corresponds

to a vacuum state of the conformal field theory with spontaneously broken conformal

symmetry. Thus, the energy per unit volume must scale as

E = E/Vol(S3) = O(1)|�|2/R[Z̃`] (75)

Comparing equations (74) and (75) tells us that the only possible way this will work is if

⌘ = R[Z̃`] (as we stated in the conjecture). At this point, this is another consistency test of

the conjecture.

Notice that equation (75) can also be understood as computing the KM̈ahler potential

on the moduli space of a single brane. This is from understanding the e↵ective classical
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More precisely, the curvature coupling must be  
of the form 

E = RK(�, �̄)

So one can compute the Kahler potential for branes.



properties
• Invariant under toric dualities. 

• Makes universal SUGRA predictions  

• Contains D-branes 

• Can derive Kahler potential for single brane: a 2D 
cone geometry. 

• Consistent with plane wave limit (universality 
manifest in limit).


