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•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: 

Recombination

Big Bang Nucleosynthesis
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Recombination

Big Bang Nucleosynthesis

Inflation

Vinf

Inflaton

Radiation
Relativistic particles

Decay

Reheating

•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.
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Recombination

Big Bang Nucleosynthesis

Inflation

Vinf

Radiation

Relativistic particlesDecay

Reheating Temperature:
Reheating

Radiation 
Dominant

TR

•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.
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Recombination

Inflation

Reheating

Radiation 
Dominant

TR

•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.

Our Universe was in thermal equilibrium

Planck Distribution w/ T = 2.725 K



Kyohei Mukaida - Univ. of Tokyo

Big Bang Nucleosynthesis

Introduction
Inflationary Cosmology

7

Recombination

Inflation

Reheating

Radiation 
Dominant

TR

•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.
23. Big-Bang nucleosynthesis 3

Figure 23.1: The abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis — the bands show the 95% CL range. Boxes
indicate the observed light element abundances. The narrow vertical band indicates
the CMB measure of the cosmic baryon density, while the wider band indicates the
BBN concordance range (both at 95% CL).

August 21, 2014 13:17
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‣ proton-neutron conversion

� ⇠ �nth ⇠ G2
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‣ Freeze-out of (n/p):

‣ Abundance of 4He

Y =
M(4He)

M(p) +M(n)
'

4mpnn/2

mpnp +mnnn
'

2nn/np

1+ nn/np

(nn/np) = exp(��m/T
F

)' 1/6! 1/7

Our Universe was in thermal equilibrium

[PDG `14]

� ⇠ H$ TF ⇠ 0.8 MeV
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T ⇠MeV

T ⇠ eV

Big Bang Nucleosynthesis

Recombination

Inflation

Reheating

Radiation 
Dominant

TR

Thermal Equilibrium

Far From Thermal Equilibrium

•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.

Inflationary Cosmology

• May strongly depend on details of reheating 
dynamics.

• Simply characterized by the temperature.

• Does not depend on details of reheating.

• More predictable.
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•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.

Inflationary Cosmology

DM Production

DM
Thermal  
plasma
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mDM/T ⇠ 20

Freeze-out DM production

[Planck 2013]
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•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.

Inflationary Cosmology

DM Production

Leptogenesis

Baryon Asymmetry of Universe
‣ Baryon-to-photon ratio: ⌘ ⌘ nB/n�

⌘(CMB)' 6.0⇥ 10�10, 5.7⇥ 10�10 < ⌘(BBN)< 6.7⇥ 10�10

‣ Leptogenesis via asymmetric decay of right-handed neutrino

z = M1/T

log10(N)

|NB−L|

NN1

N eq
N1

Figure 2: The evolution of the N1 abundance and the B − L asymmetry for a typical

choice of parameters, M1 = 1010 GeV, ε1 = 10−6, m̃1 = 10−3 eV and m = 0.05 eV.

From [67].

cosmological baryon asymmetry via Leptogenesis as a process close to thermal equilib-

rium. Ideally, ∆L = 1 and ∆L = 2 processes should be strong enough at temperatures

above M1 to keep the heavy neutrinos in thermal equilibrium and weak enough to allow

the generation of an asymmetry at temperatures below M1.

In general, the generated baryon asymmetry is the result of a competition between

production processes and washout processes that tend to erase any generated asymmetry.

Unless the heavy Majorana neutrinos are partially degenerate, M2,3 − M1 ≪ M1, the

dominant processes are decays and inverse decays of N1 and the usual off-shell ∆L = 1

and ∆L = 2 scatterings [65, 66].

The Boltzmann equations for Leptogenesis are12

dNN1

dz
= −(D + S) (NN1

− N eq
N1

) , (62)

dNB−L

dz
= −ε1 D (NN1

− N eq
N1

) − W NB−L , (63)

where z = M1/T . The number density NN1
and the amount of B − L asymmetry,

NB−L, are calculated in a portion of comoving volume that contains one photon at the

onset of Leptogenesis, so that the relativistic equilibrium N1 number density is given by

N eq
N1

(z ≪ 1) = 3/4. Alternatively, one may normalize the number density to the entropy

density s and consider YX = nX/s. If entropy is conserved, both normalizations are

related by a constant.
12We use the conventions of [67]. We have also summed over the three lepton flavours neglecting the

dependence on the lepton Yukawa couplings [68].

22

� (N ! l + H) 6= � (N ! l̄ + H⇤)

‣ Sphaleron breaks B+L

[Fukugita, Yanagida]

�L!�B

[Buchmuller, Peccei, Yanagida]
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•Inflation is caused by a potential energy of a scalar field, i.e. inflaton.

•Inflaton should convert its energy into radiation: “Reheating”.

DM Production

Leptogenesis
Thermal Equilibrium

Far From Thermal Equilibrium

• May strongly depend on details of reheating 
dynamics.

• Simply characterized by the temperature.

• Does not depend on details of reheating.

• More predictable.
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Main Theme of This Talk

T ⇠MeV

T ⇠ eV

Big Bang Nucleosynthesis

Recombination

Inflation

Reheating

Radiation 
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TR

•Thermalization of radiation: When and How?
• Implications on Heavy particle production and Symmetry restoration.

DM Production

Leptogenesis
Thermal Equilibrium

Far From Thermal Equilibrium

• May strongly depend on details of reheating 
dynamics.

• Simply characterized by the temperature.

• Does not depend on details of reheating.

• More predictable.

?
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Reheating
There are several paths to produce radiation. 

Depend on interactions between inflaton and radiation.
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Far From Thermal Equilibrium
• Homogeneous condensation of inflaton

Thermal Equilibrium

• Fluid of thermal plasma

Non-perturbative 
Production

Non-thermal 
Fixed-point

• Turbulence

Instant 
Preheating 

+ 
Thermal 

Dissipation

Perturbative 
Production

Large

Small [KM, Nakayama;…]

[Micha, Tkachev; 
Berges, Rothkopf, Schmidt; 
…]

Planck-suppressed operator

c
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Far From Thermal Equilibrium
• Homogeneous condensation of inflaton

Thermal Equilibrium

• Fluid of thermal plasma

Non-perturbative 
Production

Non-thermal 
Fixed-point

• Turbulence

Instant 
Preheating 

+ 
Thermal 

Dissipation

Perturbative 
Production

?

Large

Small [KM, Nakayama;…]

[Micha, Tkachev; 
Berges, Rothkopf, Schmidt; 
…]

Planck-suppressed operator

There are several paths to produce radiation. 

Depend on interactions between inflaton and radiation.
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Necessary ingredients to study thermalization after inflation. 

Three parameters: 
‣ Mass of inflaton: mI 
‣ Decay rate of inflaton: ΓI 
‣ Dominant coupling of decay products: α
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Necessary ingredients to study thermalization after inflation. 

Three parameters: 
‣ Mass of inflaton: mI 
‣ Decay rate of inflaton: ΓI 
‣ Dominant coupling of decay products: α

Initial

f�(p)
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m3
I /M

2
pl

Rescaled prm:

m4
I f�(mI )⇠ ⇢rad ⇠ ⇢I |dec ⇠ M2

pl�
2
I
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•See what happens at ΓI ~ H as an illustration.
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Necessary ingredients to study thermalization after inflation. 

Three parameters: 
‣ Mass of inflaton: mI 
‣ Decay rate of inflaton: ΓI 
‣ Dominant coupling of decay products: α

Initial

mI

�̃I ⌘
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m3
I /M

2
pl

Rescaled prm:

f�(p) Thermal
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•See what happens at ΓI ~ H as an illustration.
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Necessary ingredients to study thermalization after inflation. 

Three parameters: 
‣ Mass of inflaton: mI 
‣ Decay rate of inflaton: ΓI 
‣ Dominant coupling of decay products: α
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Thermal Initial
‣ Small energy:

‣ Large #:

‣ Large energy:

‣ Small #:v.s.

1

mI

•See what happens at ΓI ~ H as an illustration.
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Necessary ingredients to study thermalization after inflation. 

Three parameters: 
‣ Mass of inflaton: mI 
‣ Decay rate of inflaton: ΓI 
‣ Dominant coupling of decay products: α

•See what happens at ΓI ~ H as an illustration.
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2
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Rescaled prm:

f�(p)

1�

�
Thermalization after Reheating via Small Decay Rate

•Number violating process plays crucial roles!

➡ Time scale of #-violating process v.s. Hubble parameter, H

‣ Depends on α
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➡ Delayed thermalization ???

•Apparently, #-violating “hard” process seems to efficiently increase # and 
reduce energy per one-particle…

[Ellis et al.,1987; McDonald, ’00; Allahverdi, ’00; …]

mI
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➡ Delayed thermalization ???

⌧ 1

•Apparently, #-violating “hard” process seems to efficiently increase # and 
reduce energy per one-particle…

[Ellis et al.,1987; McDonald, ’00; Allahverdi, ’00; …]
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➡ Delayed thermalization ???

⌧ 1

•Apparently, #-violating “hard” process seems to efficiently increase # and 
reduce energy per one-particle…

[Ellis et al.,1987; McDonald, ’00; Allahverdi, ’00; …]

mI
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WRONG…
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•t-channel enhancement of “soft” processes

ç

soft particle

� 1

➡ Rapid production of soft particles

•This process alone cannot efficiently reduce the energy of hard primaries.

•This is because the energy loss per event is too small.

mI

mI

⇠ mI

⇠ mI
⇠ ms⌧ mI

w/ m2
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Z

p

f�(p)
p

�
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⇠ 1
�I

↵3

m2
s

f (mI )m3
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I

Å
↵

Mpl
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ã2

[Davidson, Sarkar, ‘00]
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Thermalization
Thermalization of under-occupied primaries

•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Initial
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Thermalization
•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]

Thermalization of under-occupied primaries

Initial
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•Assumption: weak coupling, perturbative occupancy and modes w/ p ≫ ms.

↵⌧ 1 ↵ f (p)⌧ 1 m2
s ⇠ ↵
Z

p

f (p)
p

•Kinetic Equations: dynamics of quasi-particles

2

of the initial condition. The equilibration of the unde-
roccupied system proceeds via ”bottom-up” thermaliza-
tion [13] (see in the case on expanding background [5]):
the initial hard particles radiate soft radiation, which
forms a thermal background through which the hard
particles propagate. Interaction with the thermal back-
ground eventually causes the hard particles to undergo
a radiational breakup releasing their energy to the ther-
mal bath. Parametrically, the breakup takes place in
the same timescale that it takes for a jet of momentum
Q to be quenched in a thermal bath of temperature T ,
τeq ∼ 1/λ2T (Q/T )1/2. The dominant interaction is be-
tween the hard particles and the thermal bath, not among
the hard particles themselves [5, 13], and therefore the
equilibration depends only on a few averaged features of
the initial condition. We find that the creation of the
soft thermal bath is mainly sensitive to the number of
particles in the initial condition nH =

∫

p
f(p), whereas

the final thermalization time

tunder occ.
eq ≈

34.+ 21. ln(Q/T )

1 + 0.037 logλ−1

(

Q

T

)1/2 1

λ2T
(3)

shows sensitivity to the initial momentum scale Q.

EFFECTIVE KINETIC THEORY

In the weak coupling limit λ → 0, the evolution of
modes with perturbative occupancies λf(p) → 0 and
whose momenta are larger the screening scale p2 ≫ m2 ≡
2λ

∫

p
f(p)/|p| can be described to leading order in λf by

an effective kinetic equation for the color averaged gauge
boson distribution function [15]

∂tf(p, t) = −C2↔2[f ](p)− C1↔2[f ](p). (4)

with1

C2↔2[f ](p) =
1

2

∫

k,p′,k′

|M(m)|2(2π)4δ(4)(p+ k − p′ − k′)

2k 2k′ 2p 2p′

× {fpfk[1 + fp′ ][1 + fk′ ]− fp′fk′ [1 + fp][1 + fk′ ]}

C1↔2[f ](p) =
(2π)3

2|p|2

∫

∞

0
dp′dk′ γp

p′,k′(m,T∗)

× {fp[1 + fp′ ][1 + fk′ ]− fp′fk′ [1 + fp]}δ(p− p′ − k′)

+
(2π)3

|p|2

∫

∞

0
dp′dk γp′

p,k(m,T∗) δ(p+ k − p′) (5)

× {fpfk[1 + fp′ ]− fp′ [1 + fp][1 + fk]}.

The effective matrix elements corresponding to elastic
scattering (|M|2) and collinear splitting (γ) have been

1 Our matrix element is related to that of [15] by |M|2 =
∑

bcd |Mab
cd|

2/ν, f = fa, and γ = γg
gg/ν.

∫
p
≡

∫ d3p
(2π)3

FIG. 1: Evolution of f(p) towards the equilibrium distribution
with overoccupied initial conditions. The system starts from
the scaling form of Eq. 7 at time t0 ≪ ttherm. and relaxes to-
wards the equilibrium distribution denoted by the black line.
Even at late times the ultraviolet tail of the distribution de-
viates from the thermal form. The full quantum evolution is
compared to the f ≫ 1 classical approximation well described
by Eq. 7 (dotted lines, y-axis is λf).

discussed in detail in refs. [12, 15, 16]. The elastic col-
lision term includes effects of screening appearing in the
leading order by consistently regulating the Coulombic
divergence in t and u channels at the screening scale
m. The splitting kernel includes the effects of Landau-
Pomeranchuk-Migdal (LPM) suppression [17] which reg-
ulates collinear divergences and depends on m and an
effective temperature

T∗ =
1

2

∫

p

f(p)(1 + f(p))

/

∫

p

f(p)

|p|
(6)

that is selfconsistently solved (along with m) during the
simulation. The effective theory contains no free param-
eters besides the coupling constant λ. Our numerical
implementation is the discrete-p method of [12].

OVER-OCCUPIED INITIAL CONDITIONS

In [12], the form of the fixed point solution of the
overoccupied system at times τinit ≪ t ≪ τtherm has
been parametrized as f(p) = (Qt)−4/7λ−1f̃(p̃) with p̃ =
(p/Q)(Qt)1/7, and

f̃(p̃) =
1

p̃

(

0.22e−13.3p̃ + 2.0e−0.92p̃2
)

. (7)

This scaling form is expected to be valid as long as the
typical momentum scale is small compared to the ther-
mal scale ⟨|p|⟩ ≪ T , corresponding to f(pmax) ≫ 1 and
t ≪ τtherm.. If Q ≪ T , then τinit and τtherm. are paramet-
rically separated, and therefore the system will reside in
the fixed point for a parametrically long time. Therefore,

[Arnold, Moore and Yaffe, hep-ph/0209353]

at leading order in αf
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•Assumption: weak coupling, perturbative occupancy and modes w/ p ≫ ms.

↵⌧ 1 ↵ f (p)⌧ 1 m2
s ⇠ ↵
Z

p

f (p)
p

•Kinetic Equations: dynamics of quasi-particles

2

of the initial condition. The equilibration of the unde-
roccupied system proceeds via ”bottom-up” thermaliza-
tion [13] (see in the case on expanding background [5]):
the initial hard particles radiate soft radiation, which
forms a thermal background through which the hard
particles propagate. Interaction with the thermal back-
ground eventually causes the hard particles to undergo
a radiational breakup releasing their energy to the ther-
mal bath. Parametrically, the breakup takes place in
the same timescale that it takes for a jet of momentum
Q to be quenched in a thermal bath of temperature T ,
τeq ∼ 1/λ2T (Q/T )1/2. The dominant interaction is be-
tween the hard particles and the thermal bath, not among
the hard particles themselves [5, 13], and therefore the
equilibration depends only on a few averaged features of
the initial condition. We find that the creation of the
soft thermal bath is mainly sensitive to the number of
particles in the initial condition nH =

∫

p
f(p), whereas

the final thermalization time

tunder occ.
eq ≈

34.+ 21. ln(Q/T )

1 + 0.037 logλ−1

(

Q

T

)1/2 1

λ2T
(3)

shows sensitivity to the initial momentum scale Q.
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In the weak coupling limit λ → 0, the evolution of
modes with perturbative occupancies λf(p) → 0 and
whose momenta are larger the screening scale p2 ≫ m2 ≡
2λ

∫

p
f(p)/|p| can be described to leading order in λf by

an effective kinetic equation for the color averaged gauge
boson distribution function [15]

∂tf(p, t) = −C2↔2[f ](p)− C1↔2[f ](p). (4)

with1

C2↔2[f ](p) =
1

2

∫

k,p′,k′

|M(m)|2(2π)4δ(4)(p+ k − p′ − k′)

2k 2k′ 2p 2p′

× {fpfk[1 + fp′ ][1 + fk′ ]− fp′fk′ [1 + fp][1 + fk′ ]}

C1↔2[f ](p) =
(2π)3

2|p|2

∫

∞

0
dp′dk′ γp

p′,k′(m,T∗)

× {fp[1 + fp′ ][1 + fk′ ]− fp′fk′ [1 + fp]}δ(p− p′ − k′)

+
(2π)3

|p|2

∫

∞

0
dp′dk γp′

p,k(m,T∗) δ(p+ k − p′) (5)

× {fpfk[1 + fp′ ]− fp′ [1 + fp][1 + fk]}.

The effective matrix elements corresponding to elastic
scattering (|M|2) and collinear splitting (γ) have been

1 Our matrix element is related to that of [15] by |M|2 =
∑

bcd |Mab
cd|

2/ν, f = fa, and γ = γg
gg/ν.

∫
p
≡

∫ d3p
(2π)3

FIG. 1: Evolution of f(p) towards the equilibrium distribution
with overoccupied initial conditions. The system starts from
the scaling form of Eq. 7 at time t0 ≪ ttherm. and relaxes to-
wards the equilibrium distribution denoted by the black line.
Even at late times the ultraviolet tail of the distribution de-
viates from the thermal form. The full quantum evolution is
compared to the f ≫ 1 classical approximation well described
by Eq. 7 (dotted lines, y-axis is λf).

discussed in detail in refs. [12, 15, 16]. The elastic col-
lision term includes effects of screening appearing in the
leading order by consistently regulating the Coulombic
divergence in t and u channels at the screening scale
m. The splitting kernel includes the effects of Landau-
Pomeranchuk-Migdal (LPM) suppression [17] which reg-
ulates collinear divergences and depends on m and an
effective temperature

T∗ =
1

2

∫

p

f(p)(1 + f(p))

/

∫

p

f(p)

|p|
(6)

that is selfconsistently solved (along with m) during the
simulation. The effective theory contains no free param-
eters besides the coupling constant λ. Our numerical
implementation is the discrete-p method of [12].

OVER-OCCUPIED INITIAL CONDITIONS

In [12], the form of the fixed point solution of the
overoccupied system at times τinit ≪ t ≪ τtherm has
been parametrized as f(p) = (Qt)−4/7λ−1f̃(p̃) with p̃ =
(p/Q)(Qt)1/7, and

f̃(p̃) =
1

p̃

(

0.22e−13.3p̃ + 2.0e−0.92p̃2
)

. (7)

This scaling form is expected to be valid as long as the
typical momentum scale is small compared to the ther-
mal scale ⟨|p|⟩ ≪ T , corresponding to f(pmax) ≫ 1 and
t ≪ τtherm.. If Q ≪ T , then τinit and τtherm. are paramet-
rically separated, and therefore the system will reside in
the fixed point for a parametrically long time. Therefore,

[Arnold, Moore and Yaffe, hep-ph/0209353]

at leading order in αf

‣Diffusion via t-channel enhancement
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Effective Kinetic Equations

31

•Assumption: weak coupling, perturbative occupancy and modes w/ p ≫ ms.

↵⌧ 1 ↵ f (p)⌧ 1 m2
s ⇠ ↵
Z

p

f (p)
p

•Kinetic Equations: dynamics of quasi-particles

2

of the initial condition. The equilibration of the unde-
roccupied system proceeds via ”bottom-up” thermaliza-
tion [13] (see in the case on expanding background [5]):
the initial hard particles radiate soft radiation, which
forms a thermal background through which the hard
particles propagate. Interaction with the thermal back-
ground eventually causes the hard particles to undergo
a radiational breakup releasing their energy to the ther-
mal bath. Parametrically, the breakup takes place in
the same timescale that it takes for a jet of momentum
Q to be quenched in a thermal bath of temperature T ,
τeq ∼ 1/λ2T (Q/T )1/2. The dominant interaction is be-
tween the hard particles and the thermal bath, not among
the hard particles themselves [5, 13], and therefore the
equilibration depends only on a few averaged features of
the initial condition. We find that the creation of the
soft thermal bath is mainly sensitive to the number of
particles in the initial condition nH =

∫

p
f(p), whereas

the final thermalization time

tunder occ.
eq ≈

34.+ 21. ln(Q/T )

1 + 0.037 logλ−1

(

Q

T

)1/2 1

λ2T
(3)

shows sensitivity to the initial momentum scale Q.

EFFECTIVE KINETIC THEORY

In the weak coupling limit λ → 0, the evolution of
modes with perturbative occupancies λf(p) → 0 and
whose momenta are larger the screening scale p2 ≫ m2 ≡
2λ

∫

p
f(p)/|p| can be described to leading order in λf by

an effective kinetic equation for the color averaged gauge
boson distribution function [15]

∂tf(p, t) = −C2↔2[f ](p)− C1↔2[f ](p). (4)

with1

C2↔2[f ](p) =
1

2

∫

k,p′,k′

|M(m)|2(2π)4δ(4)(p+ k − p′ − k′)

2k 2k′ 2p 2p′

× {fpfk[1 + fp′ ][1 + fk′ ]− fp′fk′ [1 + fp][1 + fk′ ]}

C1↔2[f ](p) =
(2π)3

2|p|2

∫

∞

0
dp′dk′ γp

p′,k′(m,T∗)

× {fp[1 + fp′ ][1 + fk′ ]− fp′fk′ [1 + fp]}δ(p− p′ − k′)

+
(2π)3

|p|2

∫

∞

0
dp′dk γp′

p,k(m,T∗) δ(p+ k − p′) (5)

× {fpfk[1 + fp′ ]− fp′ [1 + fp][1 + fk]}.

The effective matrix elements corresponding to elastic
scattering (|M|2) and collinear splitting (γ) have been

1 Our matrix element is related to that of [15] by |M|2 =
∑

bcd |Mab
cd|

2/ν, f = fa, and γ = γg
gg/ν.

∫
p
≡

∫ d3p
(2π)3

FIG. 1: Evolution of f(p) towards the equilibrium distribution
with overoccupied initial conditions. The system starts from
the scaling form of Eq. 7 at time t0 ≪ ttherm. and relaxes to-
wards the equilibrium distribution denoted by the black line.
Even at late times the ultraviolet tail of the distribution de-
viates from the thermal form. The full quantum evolution is
compared to the f ≫ 1 classical approximation well described
by Eq. 7 (dotted lines, y-axis is λf).

discussed in detail in refs. [12, 15, 16]. The elastic col-
lision term includes effects of screening appearing in the
leading order by consistently regulating the Coulombic
divergence in t and u channels at the screening scale
m. The splitting kernel includes the effects of Landau-
Pomeranchuk-Migdal (LPM) suppression [17] which reg-
ulates collinear divergences and depends on m and an
effective temperature

T∗ =
1

2

∫

p

f(p)(1 + f(p))

/

∫

p

f(p)

|p|
(6)

that is selfconsistently solved (along with m) during the
simulation. The effective theory contains no free param-
eters besides the coupling constant λ. Our numerical
implementation is the discrete-p method of [12].

OVER-OCCUPIED INITIAL CONDITIONS

In [12], the form of the fixed point solution of the
overoccupied system at times τinit ≪ t ≪ τtherm has
been parametrized as f(p) = (Qt)−4/7λ−1f̃(p̃) with p̃ =
(p/Q)(Qt)1/7, and

f̃(p̃) =
1

p̃

(

0.22e−13.3p̃ + 2.0e−0.92p̃2
)

. (7)

This scaling form is expected to be valid as long as the
typical momentum scale is small compared to the ther-
mal scale ⟨|p|⟩ ≪ T , corresponding to f(pmax) ≫ 1 and
t ≪ τtherm.. If Q ≪ T , then τinit and τtherm. are paramet-
rically separated, and therefore the system will reside in
the fixed point for a parametrically long time. Therefore,

[Arnold, Moore and Yaffe, hep-ph/0209353]

at leading order in αf

-

‣Splitting via t-channel enhancement (effective “1 to 2” process)
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Thermalization

32

•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]

�̃I ⌘
�I

m3
I /M

2
pl

t̃ ⌘ mI t,

Rescaled prms:

ç
Hard primaries

‣ Produced via inflaton decay

‣ Dominate energy & number

[KM, K.Harigaya]
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Figure 2: Distribution of χ-particles for t̃ini < t̃ < t̃soft. Soft: k < α−1/4Γ̃−3/8
I kmax( t̃/ t̃ini)1/4. Hard:

α−1/4Γ̃−3/8
I kmax( t̃/ t̃ini)1/4 < k.

One can show that it is the same as the threshold momentum of LPM suppression, i.e.,
kmax ∼ kLPM. The effective temperature for bosonic soft modes Ts can be estimated from the
energy conservation. The energy of soft modes below the scale kmax is given as7

kmaxΓsplit(kmax)tnh ∼ ρs ∼ kmaxns ∼ Tsk
3
max, (29)

where Γsplit is given by Eq. (21). Thus, the effective temperature for the soft modes Ts is
given as

Ts ∼ α−1/2Γ̃ 1/4
I t̃−1/2mI , (30)

from Eq. (29) together with Eqs. (21) and (28). Here, we have used Γsplit ∼ α
!

q̂el/k be-
cause the relevant energy scale kmax is so large that such a soft mode are produced by LPM
suppressed interactions.

We illustrate the distribution of χ-particles in Fig. 2, where we include the hard sector as
well as the soft one. The distribution of smaller wavenumber modes than kmax is a thermal-
like one given by Eq. (27), while that of larger wavenumber modes in the soft sector is
determined by the LPM effect as Eq. (26). The distribution of hard sector is given by Eq. (5).
The distributions of soft and hard sectors coincide with each other at a certain wavenumber,
α−1/4Γ̃−3/8

I kmax( t̃/ t̃ini)1/4, shown in Fig. 2. For clarity, we call the distribution of χ-particles
above/below this momentum as the hard/soft sector.

At this regime, the effective temperature T∗ is dominated by the contribution from the
soft sector

T 2
∗ ∼
∫

k

fs

k
∼ Tskmax ∼ α1/2Γ̃ 3/4

I t̃−1/2m2
I , (31)

>

∫

k

fh

k
∼ Γ̃I t̃−1m2

I . (32)

7 One might wonder if the energy conservation within the soft modes (that is, Eq. (29)) is violated due to
the scatterings between hard primaries and soft modes. However, this does not change our order estimations.
The energy for soft modes is dominated by that for the modes around kmax, and the scatterings between hard
primaries and such soft modes are inefficient to change the energy-conservation relation of Eq. (29).
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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ç
Soft daughters

‣ Produced via splittings of hard primaries

‣ Dominate energy & number
k
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I

[KM, K.Harigaya]
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Figure 2: Distribution of χ-particles for t̃ini < t̃ < t̃soft. Soft: k < α−1/4Γ̃−3/8
I kmax( t̃/ t̃ini)1/4. Hard:

α−1/4Γ̃−3/8
I kmax( t̃/ t̃ini)1/4 < k.

One can show that it is the same as the threshold momentum of LPM suppression, i.e.,
kmax ∼ kLPM. The effective temperature for bosonic soft modes Ts can be estimated from the
energy conservation. The energy of soft modes below the scale kmax is given as7

kmaxΓsplit(kmax)tnh ∼ ρs ∼ kmaxns ∼ Tsk
3
max, (29)

where Γsplit is given by Eq. (21). Thus, the effective temperature for the soft modes Ts is
given as

Ts ∼ α−1/2Γ̃ 1/4
I t̃−1/2mI , (30)

from Eq. (29) together with Eqs. (21) and (28). Here, we have used Γsplit ∼ α
!

q̂el/k be-
cause the relevant energy scale kmax is so large that such a soft mode are produced by LPM
suppressed interactions.

We illustrate the distribution of χ-particles in Fig. 2, where we include the hard sector as
well as the soft one. The distribution of smaller wavenumber modes than kmax is a thermal-
like one given by Eq. (27), while that of larger wavenumber modes in the soft sector is
determined by the LPM effect as Eq. (26). The distribution of hard sector is given by Eq. (5).
The distributions of soft and hard sectors coincide with each other at a certain wavenumber,
α−1/4Γ̃−3/8

I kmax( t̃/ t̃ini)1/4, shown in Fig. 2. For clarity, we call the distribution of χ-particles
above/below this momentum as the hard/soft sector.

At this regime, the effective temperature T∗ is dominated by the contribution from the
soft sector

T 2
∗ ∼
∫

k

fs

k
∼ Tskmax ∼ α1/2Γ̃ 3/4

I t̃−1/2m2
I , (31)

>

∫

k

fh

k
∼ Γ̃I t̃−1m2

I . (32)

7 One might wonder if the energy conservation within the soft modes (that is, Eq. (29)) is violated due to
the scatterings between hard primaries and soft modes. However, this does not change our order estimations.
The energy for soft modes is dominated by that for the modes around kmax, and the scatterings between hard
primaries and such soft modes are inefficient to change the energy-conservation relation of Eq. (29).
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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Figure 8: Distribution of χ-particles for t̃soft < t̃ < t̃max. Soft: k < mI(t̃/t̃max)5/4. Hard:
mI(t̃/t̃max)5/4 < k.

Note that the distribution function for soft χ-particles after t̃ > t̃soft is given by

fs(t, k) ∼

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ts

k
for k ! Ts

(
t̃soft

t̃

)2(
Ts

k

)7/2

for Ts ! k

. (59)

Also note that the “hard” interactions among soft particles with the momentum exchange
of Ts is faster than the cosmic expansion:

α2ns/T 2
s

H
∼
(

t̃

t̃soft

)2

> 1. (60)

Hence, the soft sector is thermalized separately.
We illustrate the distribution of χ-particles in Fig. 8, where we include the hard sector

as well as the soft one. The distribution of the soft sector is given by Eq. (59), while that
of the hard sector is given by Eq. (5). The distributions of soft and hard sectors coincide
with each other at the wavenumber of k ∼ mI(t̃/t̃max)5/4.

Production of χφ-particles

If the effective mass term, |gφφ|, is smaller than the temperature of the soft sector, |gφφ| <
Ts, then the dominant contribution to the distribution function of χφ-particles is given by

fχφ
(t, k) ∼ Ts

k
for k < Ts, (61)

which yields

T 2
∗,χφ

∣∣∣
indir

∼ T 2
s , (62)
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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Figure 9: Distribution of χ-particles for t̃max < t̃ < t̃RH.

– For the large field value regime, |gφφ| > α−1Ts, we find that the effect on the
effective potential from χφ-particles is always subdominant compared with the
thermal log potential of Eq. (13).

– For the small field value regime, |gφφ| < Ts, the distribution of χφ-particles
and its effective temperature are given by Eqs. (61) and (62). In this case, the
effective potential of φ is given by the usual thermal mass term of Eq. (11).

• Direct χφ-production (produced from inflaton decay):

– For the large field value regime, |gφφ| > α−1Ts, the effective potential is deter-
mined by the competition between the contribution from the running coupling
constant and the direct decay of inflaton. The latter yields

T 2
∗,χφ

∣∣∣
dir

∼
(
αΓ̃1/2

I

)8/5
(

t̃max

t̃

)9/8

T 2
∗ Min

[
1,
(
αΓ̃1/2

I

)2/5 (α

ϵ2

)( T∗

gφφ

)(
t̃max

t̃

)1/8
]

.

(72)

This contribution dominates the effective potential for

mI > |gφφ| > αmI

(
t̃

t̃max

)5/16

Max

[
1,
(
αΓ̃1/2

I

)−6/5

ϵ2

(
t̃

t̃max

)11/16

.

]
(73)

– For the small field value regime, |gφφ| < Ts, the effective potential of φ is
governed by the usual thermal mass term of Eq. (11).

3.4 t̃RH < t̃

When Γφ ∼ H(t) is satisfied, the energy density of radiation becomes to dominate that
of the Universe. This is when the reheating is completed:

t̃RH ∼ Γ̃−1
I

M2
pl

m2
I

. (74)
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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Rescaled prms:

Inflaton decays completely:

ç
Thermal Plasma

‣ Thermalized by their own interactions

‣Dominate number/energy
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[KM, K.Harigaya]



Kyohei Mukaida - Univ. of Tokyo

Thermalization

38

•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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•Splitting of remaining hard primaries
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Figure 8: Distribution of χ-particles for t̃soft < t̃ < t̃max. Soft: k < mI(t̃/t̃max)5/4. Hard:
mI(t̃/t̃max)5/4 < k.

Note that the distribution function for soft χ-particles after t̃ > t̃soft is given by

fs(t, k) ∼
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Also note that the “hard” interactions among soft particles with the momentum exchange
of Ts is faster than the cosmic expansion:

α2ns/T 2
s

H
∼
(

t̃

t̃soft

)2

> 1. (60)

Hence, the soft sector is thermalized separately.
We illustrate the distribution of χ-particles in Fig. 8, where we include the hard sector

as well as the soft one. The distribution of the soft sector is given by Eq. (59), while that
of the hard sector is given by Eq. (5). The distributions of soft and hard sectors coincide
with each other at the wavenumber of k ∼ mI(t̃/t̃max)5/4.

Production of χφ-particles

If the effective mass term, |gφφ|, is smaller than the temperature of the soft sector, |gφφ| <
Ts, then the dominant contribution to the distribution function of χφ-particles is given by

fχφ
(t, k) ∼ Ts

k
for k < Ts, (61)

which yields

T 2
∗,χφ

∣∣∣
indir

∼ T 2
s , (62)
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•Splitting of remaining hard primaries
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•Splitting of remaining hard primaries

T

Soft

T
T
T

T
T

T
T

Soft Soft

So
ft

Soft

Soft

Soft

[Kurkela, Moore, ’11; Kurkela, Lu, ’14; Baier et al., ‘00]

Bottleneck Process determines tmax

/ k�1

/ k�7/2

/ k�3/2

k

f�

mI

�̃I t̃�1

1

T⇤

Å
˜t

soft

˜t

ã
2

mI

Å
˜t

˜t
max

ã
5/4

Figure 8: Distribution of χ-particles for t̃soft < t̃ < t̃max. Soft: k < mI(t̃/t̃max)5/4. Hard:
mI(t̃/t̃max)5/4 < k.

Note that the distribution function for soft χ-particles after t̃ > t̃soft is given by

fs(t, k) ∼

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ts

k
for k ! Ts

(
t̃soft

t̃

)2(
Ts

k

)7/2

for Ts ! k

. (59)

Also note that the “hard” interactions among soft particles with the momentum exchange
of Ts is faster than the cosmic expansion:

α2ns/T 2
s

H
∼
(

t̃

t̃soft

)2

> 1. (60)

Hence, the soft sector is thermalized separately.
We illustrate the distribution of χ-particles in Fig. 8, where we include the hard sector

as well as the soft one. The distribution of the soft sector is given by Eq. (59), while that
of the hard sector is given by Eq. (5). The distributions of soft and hard sectors coincide
with each other at the wavenumber of k ∼ mI(t̃/t̃max)5/4.

Production of χφ-particles

If the effective mass term, |gφφ|, is smaller than the temperature of the soft sector, |gφφ| <
Ts, then the dominant contribution to the distribution function of χφ-particles is given by

fχφ
(t, k) ∼ Ts

k
for k < Ts, (61)

which yields

T 2
∗,χφ

∣∣∣
indir

∼ T 2
s , (62)

17

Hard



Kyohei Mukaida - Univ. of Tokyo

Thermalization

43

•Splitting of remaining hard primaries
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•Isotropic and under-occupied distribution of hard primaries: f(p) ≪ 1.

•Hard primaries are charged under non-Abelian (SM) gauge group.

Thermalization of under-occupied primaries

➡ Thermalization proceeds from the soft sector. [Kurkela, Moore, ’11; Kurkela, Lu, ’14; 
Baier et al., ‘00]
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Figure 9: Distribution of χ-particles for t̃max < t̃ < t̃RH.

– For the large field value regime, |gφφ| > α−1Ts, we find that the effect on the
effective potential from χφ-particles is always subdominant compared with the
thermal log potential of Eq. (13).

– For the small field value regime, |gφφ| < Ts, the distribution of χφ-particles
and its effective temperature are given by Eqs. (61) and (62). In this case, the
effective potential of φ is given by the usual thermal mass term of Eq. (11).

• Direct χφ-production (produced from inflaton decay):

– For the large field value regime, |gφφ| > α−1Ts, the effective potential is deter-
mined by the competition between the contribution from the running coupling
constant and the direct decay of inflaton. The latter yields
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This contribution dominates the effective potential for
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(73)

– For the small field value regime, |gφφ| < Ts, the effective potential of φ is
governed by the usual thermal mass term of Eq. (11).

3.4 t̃RH < t̃

When Γφ ∼ H(t) is satisfied, the energy density of radiation becomes to dominate that
of the Universe. This is when the reheating is completed:

t̃RH ∼ Γ̃−1
I

M2
pl

m2
I

. (74)
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Heavy Particle
Particle Production Processes w/
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•Production from direct inflaton decay

•Production from background plasma
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Figure 6: Same as Fig. 5, but we take Γ̃I = 10−10, which corresponds to the case of Γ̃I < α3.

“instantaneous thermalization” approximation by the following factor:

T (inst)
max

T∗|(this work)
max

∼ α−4/5Γ̃−3/20
I

!
HI

mI

"1/4
, (81)

where we assume Γ̃I ! α3. This implies that the instantaneous thermalization approximation
results in an overestimation by about four order of magnitude for the case of α = 1/10,
Γ̃I = 10−24, and HI = mI , for example.

Now we obtain the evolution of the thermal effects on the potential of φ. If χφ-particles
are not directly produced from inflaton decay, the thermal potential of φ is roughly given
by

Veff(φ)∼

⎧
⎪⎨
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αφT 2
∗φ

2 for |gφφ|≪ T∗

α2T 4
∗ log
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φ2

T 2
∗

(
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(82)

for the case of Γ̃I ! α6. Here, we neglect the complicated parameter dependence of the
effective temperature T∗,χφ for αT∗ ! φ ! α−1T∗, and roughly evaluate it as T∗,χφ ∼ T∗.
Even in the case of Γ̃I " α6, the deviation of the above formula is very limitted, so that
one can still use it for a rough estimation. On the other hand, if χφ-particles are directly
produced from inflaton decay, it may affect the thermal potential of φ. In particular, for the
large field value regime, |gφφ| " α−1T∗, the effective potential is given by the competition
of two contributions; the thermal log potential from χ-particles and thermal mass from χφ-
particles. The latter contribution is given Eqs. (49), (63) and (70). If we can neglect the
decay of χφ-particles, T∗,χφ evolves as green dashed lines in Figs. 5 and 6.

4 Applications

Suppose that φ has a tachyonic mass at zero-temperature and is a field responsible for the
SSB of some symmetry. When it acquires a thermal mass larger than its zero-termperatrue

21

Symmetry Restoration
Effective potential of scalar field

47

•Consider a scalar Φ, which is an order parameter and couples with radiation.

•Φ receives finite density corrections from background plasma.

‣Near Φ ~ 0:

•Evolution of T*
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Summary
A small decay rate of inflaton (e.g., Planck-suppressed one) 
results in a small number density of decay products, which 
apparently delays the thermalization after reheating. 

Contrary to the naive expectation, we found the condition 
for instantaneous thermalization after TR, which is satisfied 
in most cases: 

Heavy particles with m ≫ TR can be produced scatterings 
between the hard primaries and the thermal plasma. 

The evolution of effective temperature is different from that 
obtained under instantaneous thermalization assumption.
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