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Conformal field theory and the Verlinde formula

The two building blocks of a conformal field theory (CFT)

I A vertex operator algebra (VOA) V.
I A physical category C of V-modules which is

I closed under conjugation C,
I closed under fusion ⊗,
I admits a modular invariant partition function.

Definition

A CFT is rational if C is semisimple with finitely many (isomorphism
classes of) simple V-modules.
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Conformal field theory and the Verlinde formula

Theorem [Zhu]

For rational CFTs, the span of characters carries a representation of the
modular group SL(2,Z) = 〈S,T|S4 = 1,(ST)3 = S2 = C〉.

Theorem [Verlinde, Moore-Seiberg, Huang]

For rational CFTs, ST = S, S† = S−1, S2 = C, and S diagonalises the
fusion coefficients through the Verlinde formula:

Li⊗Lj =
⊕

k

[
k

i j

]
Lk,

[
k

i j

]
= ∑

`

Si,`Sj,`Sk,`

S0,`
.
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Example: Yang-Lee minimal model
The central charge c =−22

5 minimal model with 2 simple modules.

I vacuum L0:

chL0(τ) = TrL0

(
qL0− c

24

)
= q

11
60 (1+q2 +q3 +q4 +q5 +2q6).

I conformal weight −1
5 -module L1:

chL1(τ) = q−
1
60 (1+q+q2 +q3 +2q4 +2q5 +3q6).

Modular transformations:

S◦ chL0(τ) = chL0

(
−1

τ

)
=
−
√

2√
5−
√

5
chL0(τ)+

√
3−
√

5√
5−
√

5
chL1(τ)

chL1

(
−1

τ

)
=

√
3−
√

5√
5−
√

5
chL0(τ)+

√
2√

5−
√

5
chL1(τ)
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Example: Yang-Lee minimal model

The Verlinde formula then yields the following fusion rules:

L0⊗L0 = L0,

L0⊗L1 = L1,

L1⊗L1 = L0⊕L1.
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Why go beyond rationality?

Rational CFTs describe:

I Strings on compact (Lie group) space times.

I Local observables for critical statistical models.

What about non-local observables (e.g. crossing probabilities) and
non-compact space times (e.g. M1,d or AdS)?

In these cases non-rational (infinitely many simple modules in C) or
logarithmic (C has indecomposable yet non-simple modules) CFTs are
required.

Open problem:

How does the formalism of rational CFT, especially Verlinde, generalise to
non-rational or logarithmic CFT?
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Why care about Verlinde?

The existence of a Verlinde formula is a highly non-trivial indicator that a
given theory is natural.

Given a VOA V, one proposes a module category C in which one can

I Check closure under conjugation. → easy

I Prove module classification theorems. → hard

I Determine character formulae. → a little bit hard

I Compute modular transformations. → mostly straight forward

I Check that Verlinde formula gives non-negative integer fusion
coefficients. → sigh with relief if true!

I Decompose fusion products into indecomposables. → very hard

I Compute correlation functions. → tedious

If the goal is computing fusion products, then a Verlinde formula is
immensely helpful.
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A semisimple but irrational example: The free boson

VOA= Heisenberg VOA generated by the free boson a(z).

a(z)a(w)∼ 1
(z−w)2 ⇐⇒ [am,an] = mδm+n,01.

T(z) = 1
2 : a(z)2 : ⇒ c = 1.

Fock modules:
Fp = C[a−1,a−2, . . . ] |p〉, p ∈ C, a0 |p〉= p |p〉, am |p〉= 0,n≥ 1.

L0 |p〉= p2

2 |p〉.
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A semisimple but irrational example: The free boson

Module category = (sums of) Fock modules with real weights.

I Simples are Fock modules Fp,p ∈ R.

I chFp = TrFp(z
a0qL0−1/24) =

zpqp2/2

η(q)
.

I S◦ chFp =
∫

∞

−∞
SpqchFq dq, where Spq = exp(−2πipq).

I

[
r

p q

]
=
∫

∞

−∞

SpsSqsS
∗
rs

S0s
ds = δ (p+q− r),

⇒ Fp⊗Fq =
∫

∞

−∞

[
r

p q

]
Fr dr = Fp+q.
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Logarithmic CFTs with finitely many simples

The modular framework does not immediately generalise to logarithmic
CFTs. For example, the simple W(1,p) triplet characters do not span a
representation of SL(2,Z) (τ-dependent coefficients) [Flohr].

Extending to torus amplitudes gives a representation of SL(2,Z)
[Miyamoto], but finding modular invariant partition functions is harder.

The character of an indecomposable module is equal to the character of
the sum of composition factors.
Example: Let M be an indecomposable module with submodule N, then

chM = chN + chM/N , but M 6= N⊕M/N.
⇒ There is no canonical basis of characters and the Verlinde formula can
at best only give the character of a fusion product.

(Simon Wood, ANU) Verlinde formula and log CFT 10 / 19



Irrational logarithmic CFTs and the standard module
formalism

In many examples, identify (indecomposable) standard modules. Partition
into simple (typical) and non-simple (atypical). Characters chm of standard
modules satisfy:

1. chm parametrised by measurable space (M,µ).

2. Atypical characters parametrised by A⊂M , with µ(A) = 0.

3. {chm} is a (topological) basis for Z-module of all characters.

4. Characters span an SL(2,Z)-module with S◦ chM =
∫

M SMnchndµ(n),
satisfying

I Symmetry: Smn = Snm,
I Unitarity:

∫
M SmpS∗pndµ(p) = δ (m−n),

I Conjugation: S2 is a permutation of order ≤ 2.
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Irrational logarithmic CFTs and the standard module
formalism

5. chM = ∑m amchm⇒ SMn = ∑m amSmn, which converges for all typical n
(n /∈ A).

6. The vacuum module Ω satisfies SΩ,n = 0, for all n /∈ A.

7. Define character fusion × by Verlinde formula:

chM× chN =
∫

M

[
p

M N

]
chpdµ(p),[

p
M N

]
=
∫

M

SMqSNqS∗pq

SΩq
dµ(q),

where

[
p

M N

]
∈ Z≥0 is the fusion coefficient.

“Trivial” example is a rational CFT:
I Standard = simple, so no atypicals (A = /0).
I M is finite and µ is counting measure.
I Character fusion = fusion.
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A logarithmic irrational example: The βψ ghosts

βγ ghost VOA is generated by 2 fields β (z),γ(z):

γ(z)β (w)∼ 1
z−w

⇐⇒ [γm,βn] = δm+n,01.

T(z) =− : β (z)∂γ(z) : ⇒ c = 2, hβ = 1, hγ = 0.
Lorentzian free boson:

J(z) = : β (z)γ(z) : ⇒ J(z)β (w)∼ β (w)
z−w

, J(z)γ(w)∼ −γ(w)
z−w .

Spectral flow automorphisms:
σ(βn) = βn−1, σ(γn) = γn+1
⇒ σ `(Jn) = Jn + `δn,01, σ(Ln) = Ln− `Jn− 1

2`(`−1)δn,01.
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A logarithmic irrational example: The βψ ghosts

The vacuum modle is the unique highest weight module
Ω = C[γ0,β−1,γ−1,β−2, . . . ]ω, L0ω = 0 = J0ω.

Additionally, there is a continuum of relaxed highest weigh modules
Wλ = C[γ0,β−1,γ−1,β−2, . . . ]uλ +C[β0,β−1,γ−1,β−2, . . . ]β0uλ ,
J0uλ = λuλ , L0uλ = 0, λ /∈ Z.

For λ −µ ∈ Z, Wλ
∼= Wµ .

For λ ∈ Z there exist two reducible indecomposable modules W±

characterised by non-split exact squences
0−→Ω−→W+ −→Ω∗ −→ 0
0−→Ω∗ −→W− −→Ω−→ 0

The characters of the relaxed highest weight modules are algebraic
distributions.

chWλ
= TrWλ

(zJ0qL0− 1
12 ) = zλ

η(q)2 ∑k∈Z zk = zλ

η(q)2 ∑k∈Z δ (ζ − k),
where z = exp(2πiζ ).
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A logarithmic irrational example: The βψ ghosts

We take the standard modules to be σ `(Wλ ), ` ∈ Z, λ ∈ R. For λ /∈ Z
they are typical, while σ `(W±) are atypical.

The Verlinde formula then predicts

ch
[
σ
`(Ω)

]
× ch [σm(Ω)] = ch

[
σ
`+m(Ω)

]
,

ch
[
σ
`(Ω)

]
× ch [σm(Wλ )] = ch

[
σ
`+m(Wλ )

]
,

ch
[
σ
`(Wλ )

]
× ch

[
σ

m(Wµ)
]
= ch

[
σ
`+m(Wλ+µ)

]
+ ch

[
σ
`+m−1(Wλ+µ)

]
.

As long as λ +µ /∈ Z, then σ `+m(Wλ+µ) and σ `+m−1(Wλ+µ) cannot
mutually extend to form an indecomposable because the J0 eigenvalues are
different.
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A logarithmic irrational example: The βψ ghosts

For λ +µ ∈ Z the fusion product needs to be computed explicitly.
⇒Wλ ⊗W−λ is logarithmic with rank 2 Jordan blocks for L0:

σ−1(Ω)

σ−2(Ω) Ω

σ−1(Ω)
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Back to rational logarithmic CFTs

In a rational logarithmic CFT there are only a finite number of simple
modules. The measure is therefore the counting measure and logarithmic
complications can therefore not be ignored.

All known examples of rational logarithmic CFTs admit an infinite order
orbifold that is compatible with the standard module formalism. The
rational parent theory can then be reconstructed through simple current
extension.

rational log rational log fusion

non-rational log non-rational log fusion

orbifold

Verlinde

simple current

direct?
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Standard module formalism has been succesfully applied to

1. ĝl(1|1), [Creutzig, Ridout]

2. ŝl(2) at admissible levels, [Creutzig, Ridout]

3. Triplet and singlet W(p,q) algebras, [Creutzig, Milas, Ridout, SW]

4. βγ ghosts, [Ridout, SW]

5. N = 1 Virasoro, [Canagasabey, Ridout]

A general proof should hopefully be feasable soon!
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The End

Thank you!
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