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Introduction

In supersymmetric field theories and string theories:
class of terms in Wilsonian effective action that play a special role:
F-terms.
Example: Type Il superstring theory on My x CY3
N=2 supersymmetry in four dimensions.

For every integer g > 0: 3 F-term at precisely g-loop order in string
perturbation theory, schematically

/ dxd* S FO(YY) (WR)9

g>0

Y!:  conical affine special K&hler manifold M, Y/ = XY/ XecC*
I=0,...,n=h""(or h>7)
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Introduction

Special Kahler geometry. de Wit, van Proeyen
FO)(Y) determines Kahler metric Njy = 2Im (02F(© /oY'oYY).
Projective special Kahler manifold M = M/C*  (t/ = Y/ Y0).

Assemble coupling functions F9)(Y) into F(Y,T):
F(Y,T)=FOY)+w(Y,T), w(Y,T)= ZFQ) , TecC

Wilsonian action encoded in symplectic vector
(Sp(2(n+ 1), R)-transformations)

AF(Y,T)

/ _
(YaF/) ) F/_ 8Y’

, 1=0,....,n
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Introduction

Special significance of F-terms:
@ determine entropy of half-BPS black holes oSV, 2004
o F(9) topological string amplitudes.
Actually, the F(9) are not quite holomorphic (g > 1):

holomorphic anomaly equation (recursive relation, g > 2)
Bershadsky, Cecotti, Ooguri, Vafa, 1993
Q1: what is the precise relation between TST and the LEEA?

Q2: Consistent extension of special geometry for incorporating
non-holomorphic corrections encoded in F(9) g > 1?
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Deformed special geometry

@ Q2: deformed special geometry, based on
F(Y,Y)=FO(Y)+2iQ(Y,V,T,T), Q real

Symplectic vector (Sp(2(n+ 1), R)-transformations)

OF(Y,Y)
| _ )
(Y7F/) ) F/_ 8Yl

LEEA. When Q harmonic: Wilsonian limit

, 1=0,...,n

QY,V, ", T) = w(Y,T) + w(¥,T)

Natural deformation leads to perturbative topological string.
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Deformed special geometry

@ Q1: Generalized Hesse potential H(¢, x) Freed 1997
o'=Y'+¥ xi=F+F

Obtained by Legendre transform with respect to Y/ — Y-

H(é,x) = 4[ImFOY) + (Y, ¥, 7, T)| +ixi (Y - V)’

Significance:

» H’Hamiltonian’ (Legendre transform of LEEA), symplectic function
— Q transforms in prescribed, non-trivially way.

» Want to understand the structure of the Hesse potential:

a unique subsector captures perturbative topological string.
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Evaluating the Hesse potential

F(Y,Y) = FO@)+2iQ(Y,Y,T,T)
H(p,x) = —i (V’ F—Y! F,) +2 (29 —Y'Q, - \7797)

Q1: New variables:

@ = 2Re (F,(;I V)) —2ke <F,<°3>)(Iy>)

Relation between )’ and (¢, x) only involves F(©).

Y': sugra variables Y': new (stringy) variables

Y= vYlyayYlQ , Q#0
yo= v a=o.
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Evaluating the Hesse potential

Evaluate H in terms of )/ = expansion of AY'in powers of Q(), ).

The Hesse potential transforms as a function under symplectic
transformations: H(¢,7) = H(¢, 7).
@ H as series of symplectic functions, H = 33> o HK/(,))
o HO = —i[Y'FOV) —cc]
@ H( is the only one that contains Q(),))
(the other H(¥) contain derivatives thereof)

HY = 4Q — 4NV (Q/Q, + 07) + 0(Q3)
Ny = —i (F,(j’) — /1'7{.5’)>
o NV (N—iz)V

O, 9) = —i(2Yq, - 2V 00;) + 0(Q%)
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The holomorphic anomaly equation

Wilsonian set-up: _ _
QY. Y) =w(Y) +w(d)

Preserved by symplectic transformations:

Qb

) = w(P) + w(D)

L

Now add non-holomorphic term whose variation is harmonic:

QYY) =wQ)+ W)+ alndetNy +0(?) , acR
Indet N = Indet N — IndetS(Y) — IndetS())

Transformation law of Q requires further modifications:
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The holomorphic anomaly equation

QYY) = w()+ W)+ alndet Ny + [2a N wy
(R RN N e
Double expansion:  w(Y) =302y w9())p9 , =1
Expanding H(") in powers of (a, 5):
HY = [ FO(, 3) + (F(z) o, y)+hc)
+((FO@,9) +he.) +4a DF NN N DFD)
+0(a%)]

Expansion in terms of symplectic functions F(9).
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The holomorphic anomaly equation

FOY,Y) = wDQ)+ @) +aIndetNy , real
FO,9) = w®Q)+2aNw)
—jo2 NWNKL ,_—I(Jo’gL + % a2 N NKP NLQ FI(I(()L) Fﬁg)o
N (W — iaNRFR) (WS — iaNPOFS)

FO,Y) = 41 terms

F@O((,¥), g>2:  polynomialsin N¥, degree 3g — 3.
Non-holomorphicity entirely through ~ Ny = —i (F,(f) - /‘-'_(9)).

F@):  Grimm+Klemm+Marifio+Weiss, hep-th/0702187

F®): new.
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The holomorphic anomaly equation

By explicit calculation, verify that the F(9 (), )) (g > 2)
satisfy the holomorphic anomaly equation of topological string theory

in big moduli space:

g—1
F(9) = i 5L NPINOK <2a Dok FO= + 3" aJF(f)aKF<9f))

r=1

OF (Y, y
where 9;F(@ = 22500 etc,

Bershadsky, Cecotti, Ooguri, Vafa, hep-th/9309140

Consequence of symplectic covariance.
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Hessian structure

Seta = 0: geometric interpretation? In supergravity variables:
H(@.x) = 4[ImFOY) + (Y. V. T.T)] + i (Y = V),

QY,Y, T, T)=w(Y, ")+ w(Y,T) , w(Y,T)= i F@y)r9
g=1

e M=MxC

@ Coordinates g2 = (¢/, x;, T, T) on M.

@ M: equipped with flat, torsion-free connection V.

@ Hessian metric: g ~ 9°H/0q%0q"

@ Hessian structure (g7, V): S = Vg' totally symm. rank
3-tensor — Sy = Syyr — @nomaly equation with o = 0.

@ Deformed affine special Kahler manifold: Vw # 0, dyJ # 0.

@ Extends to a # 0.

Holomorphic anomaly < existence of a Hessian structure.
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@ Described a consistent deformation of special geometry:
» framework for incorporating non-holomorphic corrections into LEEA
» F(Y, Y) F(© (Y) +2iQ(Y, Y)

@ Discussed structure of the associated Hesse potential H, by

expanding it in new variables ).

@ Identified a unique subsector of H that captures the topological
string free energies F(9(,y): H()

@ Taking as non-holomorphic deformation
QY,Y) =w()+w()+aIndetNy + ...

and expanding H(") in powers of (w, o), obtained expansion
functions F(9)(),)) that satisfy the holomorphic anomaly
equation of TST. Diagrammatic expansion.
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Going beyond a perturbative expansion

In projective coordinates ()°, t' = Y'/)0):
FO(Y,Y) ~ (V°)21-9 FO)(¢,7)

— H(") is series expansion in powers of ~ ()0)~2
Non-perturbative completion: e*yo, In)° effects ?

Resort to models with exact duality symmetries:

STU-model (x =0) Sen and Vafa, hep-th/9508064
In supergravity variables Y':
F=FO(y)+2iQ(,Y,T,T)=i(Y°?STU + 2iQ

S-, T-, U duality symmetry: r2) c SL(2,7)
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STU-model

Symplectic vector (Y/, F)).

Under S-duality: T2=T.U , Ag=1icS+d
aS—ib _, a ic ap 09
ics+d’ | T T agyer” a76

Invariance under S-duality: GLC + de Wit + Mahapatra, 0808.2627

oY 0Q
aTa), — oTa
o\ 00 D) [ 1,000  ic 6Qnab6§2
a5)s ° 88 S | 2 9Y0 4Ag(Y0)R2 aTa' 9Th

o\ oQ ic 00 L 00
0 082 _ 0 ab
<Y 8Y0>5 Yovo t as(vor ata’ a7

S —

YO 5 Ag YO .

Non-linear in €. Similarly for T and U duality.
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STU-model

Ansatz for Q: perturbative expansion in (Y?)~2
Q=> (Y9)?200l9(S,T,U,8T,0)
g=1
with non-holomorphic input Q()(S, T, U, S, T, D).

— Obtain results for Q(9) consistent with perturbative TST.

0(9) non-holomorphic.

Different ansatz for 2: Q=w(Y)+w(Y) harmonic

w(Y) =7 In Y0+ 3 (Y022 win)(S T, U) .
n=1

Presence of In Y°-term makes this possible.

Not perturbative TST.
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STU-mode

Imposing S-, T-, U- duality invariance we obtain (to appear):

w()(S, T, V)
w® (S, T, U)

w® (S, T, V)

= w(S)+ w(T) + w(U),
2 ow( aw™ gw(")
v 88 T oaU
2 | 2w 2wl g2w(M)
y ly 882 aT2 LR

2w 92w [ aw®\?
to712 a0z | oS

2w 2w oW\
t 552 a2 | aUu

2w 92w [ aw®\?
tTour ase | ot :
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Duality invariance fixes v =2.

Term ~ In Y9 affects BPS BH entropy:
~ = 2 yields correct value for the logarithmic correction to BPS entropy

Ashoke Sen, arXiv:1108.3842
Non-perturbative effects e~ Yo 9

Interpretation on TST side?

Thanks!
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