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Summary

* Radiation zeros and planar zeros

* Planar zeros and projective curves

* Scalar gauge amplitudes

* Planar gravitational scattering

e Outlook
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There are many zeros of scattering amplitudes, but few of them are in the
physmal region... (Brown, Sahdev & Mikaelian 1979)

hys. f | From Phys. Rev. D20 (1979) | |64
From Phys. Rev. D20 (1979) | 164 10 rom Phys. Rev. D20 (1979)
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Here, Kk is the W-boson “anomalous momentum” (i.e., x = 1 ). The position of the
zero provides a good test of gauge bosons trilinear couplings.
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There are many zeros of scattering amplitudes, but few of them are in the
physical region...
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Here, Kk is the W-boson “anomalous momentum” (i.e., x = 1 ). The position of the
zero provides a good test of gauge bosons trilinear couplings.
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These zeros are not kinematical, but the result of destructive
interference among different channels

Theorem: given an n-point, tree-level graph with the emission of a single

photon, the amplitude vanishes at momenta satisfying
(Brown, Kowalski & Brodsky 1982)

Ql Qn—l

= ... = — constant
P1 k Pn—1 - k

-

Pedestrian’s proof. take the limit in which the
photon in soft

Di . P
Y g
Pl/ )\'\ Pn—1

k

An—l \Q

/
4

- /n—1
A, = constant Zpi (k)| A1 =0
L \i=1
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These zeros are not kinematical ~"
interference among different channels § A classical analog:

Take a number of particles with

Theorem: given an n-point, tree-level § Qn
| . = —— = constant

photon, the amplitude vanishes at mory mi My

In the absence of external forces, the §
dipolar moment of the system satisfies

Ql Qn—l

=...= — constant '
p1 - k Pn—1 " k "

mn mn
d = Z ();r = constant Z F,=0
i=1 i=1

and no dipolar radiation occurs!

Pedestrian’s proof: take the limit i
photon in soft t

An — An—l
A
4
- /n—1 ]
A, = constant Zpi (k)| A1 =0
L \=1 _
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Some properties of radiation zeros (a.k.a. Type-l zeros):

* They follow from a general factorization of tree-level amplitudes with a
radiated photon (s < 1)

n_l Q. Q'
A(k;p1, .. Pne1) = ( Dt "k> Eij(k;p1, ..., Pn—1)
i< Pi Pj

Very sensitive to the form of the couplings!

* They only occur when the charges of all particles involved have the same sign

sign(Q);) = sign(Q;)

in the physical region p; - £ > 0

* They are corrected by loops and higher order emissions. (zero ~3 dip)

(Laursen, Samuel, Sen & Tupper 1983; Laursen, Samuel & Sen 1983;
Tupper 1985; Baur, Han & Ohnemus 1993; Ohnemus 1994))
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It is instructive to see how the theorem works for the four-point function:

d W
¢’,"'
u gl
s-channel t-channel
The amplitude takes the form
A L CsTg CtT¢ CuTly
S t  w
2 1

These color factors satisfy the “|acobi identity”
Cs = Ct T+ Cy
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S t U

The numerators can be chosen satisfying

Ng = Nt 1 Ny, (“color-kinematics duality™)
we write
ct + ¢, )(ng + ny, i Cu Ty, 1 1 Ny, 1 1 n
A=t tng  om =c | —+- )+ |4 |nu(-+-)+—=
S t U S t S S u S

Assuming high energies (ie., s+¢t+u~0)

C+U n Ny, cul /M Ny,
Ao () S (-2

S t U
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S t U

The numerators can be chosen satisfying

Ng = Nt 1 Ny, (“color-kinematics duality™)
we write
ct + ¢, )(ng + ny, i Cu Ty, 1 1 Ny, 1 1 n
A=t tng  om :ct[nt(——l——)—l-—]—I—cu[nu(——l——>+—t]
S t U S t S S u S

Assuming high energies (ie., s+¢t+u~0)

C+U n Ny, cul /M Ny,
Ao () S (-2

S

t U

radiation zero

t Ct

U Cy
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Radiation zeros have been observed at both the Tevatron and the LHC

(DO Collaboration 2008, CMS Collaboration 201 1)

pp — W+ X —lvy+ X

50

pp — Wy + X — lvy+ X
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But there are also a second class of amplitude zeros (a.k.a. type-=Il zeros)
(Heyssler & Stirling 1997)

eTq — et qy

The tree-level amplitude has “non type-I”
zeros when the scattering is planar

oy =0, m

whenever a (soft) photon is emitted with
an angle

From Eur. Phys.]. C4 (1998) 289

(1-Q7)(1+cosO,) + /A,
(1 R Qq)2

COS (97 =

where
A, = {(Q?] —1)(1 + cos @q)} ‘_ 41 — Qg)? (Q(Q] cos O, + 2Q), + cos @q)
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Let us study planar zeros in nonabelian gauge theories, beginning with the five-

gluon tree amplitude (Harland-Lang 2015)
3 A 3 1
1 4 1 9 3 1 4 2
Agree — \ / _|_ \ / _|_ \ / _|_ \ /
SONL LN TN TNy
2 3 4 5
1 3 1 2 1 2 1 2
+ >—\—< -+ >—\—< + >—\—< + >—\—<
5 4 4 5 3 5 3 4
3
T | PO T
+ >—\—< -+ >—\—< + >—\—< + >—\—<
5 1 2
1 3 5 3 1 4
+ >—\—< + >J—< + >—\—<
4 2 9 4 3 5
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Let us study planar Zeros in nonabelian gauge theories, beginning with the five-

gluon tree amp U ————

tree
A0 =

N
4
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Let us study planar zeros in nonabelian gauge theories, beginning with the five-

gluon tree amplitude (Harland-Lang 2015)
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The amplitude takes the form

Atree _ 93 E : CiTly

with
1
4 N |7
H Si, a0 — S45523
5 / \ 3 o
(i =4)
and
Cl — fa1a2bfba30fca4a5, C6 — fa1a4bfba36fca2a5, Cll — fa5a1bfba/30fca,4a,27
Co = fa2agbfba46fca5a1’ cr = fagagbfba5c]cca,1a4 Cl1o = falaQbfba4Cfca3a5,
C3 = fa3a4bfba56fca1a27 ] = fa2a5bfbalcfca4a3 C13 = fa3a5bfbalcfca2a4’
Ch = fa4a5bfbalcfcagag7 Co = falagbfba4c]cca2a5 Cl14 = fa,1az;bfbagc]pca,ga57
Cr, = fa,5a1bfba,2c]eca3a4 Clo = fa4a2bfba5cfcala3 C15 = falagbfba26f0a4a,5’
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However, the |5 color factors are not independent:

c3 —c5 +cg =0, cs — Cg + cg = 0, cy —C2 +c7 =0,
cy —c1 +c15 =0, c1g — c11 +c13 =0, cr —cg +c14 = 0,
65—024—011:07 C3—Cl-l—612207 C1o—09+615207

(c13 — c12 + c14 = 0)
These Jacobi identities can be written diagrammatically as

falagbfa3a4b + fagagbfa1a4b + fagalbfa2a4b —0
4 3 4 3 3 4

1Y2—1“2—|—1‘

so all topologies can be converted into muti-peripheral diagrams

d(2) 0(3) 0(4) o(n—1)

ATy, k) = Y N N B

oc€ES,, _9 1 n
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&Cs—C1+ci5 =03 §

cl = fal azbfba30fca4a5 _ _fagagbfalcbfca4a5 o fagalbfagcbfca4a5

_ _fagagbfbalcfca4a5 o fa3a1bfba26fca4a5 =4+ C1s

These Jacobi identities can be written diagrammatically as

falagbfa3a4b + fagagbfa1a4b + fagalbfa2a4b —0
4 3 4 3 3 4

1Y2—1“2—|—1‘

so all topologies can be converted into muti-peripheral diagrams

d(2) 0(3) 0(4) o(n—1)

A (ko k) = ‘ ‘ ‘ ‘
2. .

oc€ESn_2
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AL ks,

. kn)

2

For the 5-gluon amplitude this means that it can be written in terms of 3! color
ordered amplitudes

where

M.A.Vazquez-Mozo

Atree _ 93 Z

1,2,3,4, 5]
1,2,3,5,4]
1,2,4,3,5)
1,2,4,5,3]
1,2,5,3,4

1,2,5,4,3]

oES3

ni

$12545

ni

S$12545

$12535

$25514

12534
n3

$12534
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1,2,0(3,4,5)|A5(1,2,0(3,4,5)]

$23515 534512 545523

$23514 $35512 S$45523

S$35524

524513 $45512 S$35524

$35512 S$34525

525513 512545 534525

9
5155834
10

)
514535
ns

)
S$15534

Y
S$13545
110

)
514535
n15

$13545
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To make things simpler, we implement color-kinematics duality

/ / ;.

JA=c;+ci—cp =0
and solve for the numerators

—n12 = N15 = S12545A45(1, 2, 3,4, 5],

=
—
|

n3 = mng =ns =ni1 = ni13 = ni4 = 0,
ne = Ny = N9 = S14535A45(1,2,3,5,4] + s14(s35 + s45)A45|1, 2, 3,4, 5],
ng = N9 = 514583545|1,2,3,5,4] + (514535 + S14545 + S12545)A5|1, 2, 3,4, 5].

S
N
|

We further consider MHV amplitudes and use the Parke=-Taylor formula:

(12)°
(12)(20(3)){0(3)a(4)){c(4)a(5)){c(5)1)

A5[1_7 2_7 U(3+7 4+7 5+)] =1
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To make th¥ A reminder of the spinor helicity notation

Since (Y2,72) = (2,0) ® (0,%2), we can write P, — D j = p“UZl} . Moreover,

¢ p?=0 =3 detp,; =0 = p,; = A ]
and solve }

The standard notation is to write A\, — |p|, and Xa = (pla

n Introducing the e-tensor ‘

ng [p|® = €*pls, p)* =€ (pl;

ei we have the products

n (i5) = (il ®lps)as  [i3]) = [i]°]j]e

{ satisfying (25)23] = 2p;i - pj = 844

We furthery Aa:

R

(12)°

A1, 27, 030 40 5 = o 3 (o (3)0 () (0 () ()} o B)T)
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We get the solution

124 R1Be
nyp = —N12 = N15 = 1 <23> <34> <51>7
o (12)*14][52]

M6 T T 0 T o3y 34 (51)
o (12)*[24][51]
"8 T T o3 34y (51)

No =MNg = Ng = N5 = N11 = N13 = Nnig = 0

and write the 5-gluon amplitude in terms of the 6 independent color structures c»,
Cs, C7, C8, C11,and c13 as

AT = —ig>(12)° ((23><34>?45><51> " <25><53>?34><41> " <25><54>Z43><31>

T 24)(45)(53)(31) | (24)(43)(35)(51) ' (23)(35)(54) <41>) |
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We want to parametrize momenta using stereographic coordinates | P2
V'S v{ ""/—p5
- 1 O O 1 p— Y L
P1 = 9 (1, ) (¢1 = 00) /
e SRECare SETMEERELIES J
p= 210,041 (G =0) s
o <
- Ca—l_Ca - C _CCL CaCa_ 1 P1:
Pa = ~Wa { 1, F ot = D4
1+ CaCa 1+ Gl 1+ G,
and consider processes taking place on the plane y =0 Z
P2
o —Ds
Ca =G
a a v_\m Y/
............. O
/’ 4
Wa 2 2
pa:_1_|_<-2(1+<a72<a707<a_1)' X /
a — P4 P1
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Wa

Vs V'S
= — (1 1 :—1,0,0,—1 = —
pl 2 ( 70707 ) p2 2 ( ) pCL 1+CC2L

(1 T 4372Ca707Cc2L o 1)'

Using four-momentum conservation we solve for the energies

oy — Vs (1+¢5)(1 + GuGs)

2 (G —Ca)(G—GC)

— Vs (LA + GG)
p1+p2+p3+ps+ps =0 S N TR T our A
s — Vs (1+¢5)(1 + G3G)

2 (G —¢3)(Gs—Ga)

Thus, the amplitude reads

tree _ 2ig° (3 — C4)(G3 — C5)(Ca — C5) <_C G5 — 63 Ga—Gs
TV IHGWAHGEI GG N T G G
G3—GC G —Ga s — G4 G4 — G3
e G5 ST e Ga s G3 )
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plz\/_(l()()l) p2=§(100—1) Do = —

1+C2(1+<a72<a70 C _1)

Using four-momentum conservation we solve for the energies

s = Vs (1+¢5) (1 + GaGs)

2 (C3—C)(G—G)

ot pa Dy e = 0 y _ Vs (14 + GG)
P1 P2 TP3 T P41 P5 = 1= (Co— C3)(Ca—C5)
s — \/5(1+C52)(1+C3C4).

2 (¢5 — C3)(¢5 — Ca)

Thus, the amplitude reads
planar zeros

Atree _ 2293 (<3 — C4)(<3 — <5)(C4 — <5) , C5 <3 B C4 . <.5 _:a.
5 | \f (1 + C3C4)(1 + C3C5)(1 + i)} Cs s Y,
‘ CB_Q) | €3_C4 i C5—C4 C4—C3)

4 +C7 — + C1 + C13

N

7
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C2C5 — G C6C4 — G C7C3 — G5
G3 G5 &
+08<=3 — G4 C11C5 — G4 Cl3C4 — 3
G4 G4 G3

=0

This is homogeneous equation of degree zero. Multiplying by (3(4(5 we get

c7(5Cs — c8(5C5 — c6C3Cq + c11(3¢8

+(ca 4+ cg — 7 + cg — c11 — €13)(3CuCs + 13¢5 (5 — c2uCs =0

The loci of planar zeros defines an integer cubic curve in the projective
plane.Working in the patch centered at (1,0,0)

((3,C4,C5) = A(1,U, V), MNUV #£0

the cubic is

C7U—08V_CGU2—|—C11V2—|—(CQ+C6—C7—|—CS—011—Clg)UV—I—ClgUQV—CQUVQ = 0.
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C7U—CgV—CGU2—|—CHV2—|-(CQ—|—66—C7—|—Cg—611—Clg)Uv+613U2V—CQUV2 = 0.

Let us revisit the energies... v
U=1
oy — V5 (1422 (14 M2UV)
2 X(1-U)(1-V) g
V=1
oy V3 (LEXNT)(1+27V)
2 NU-1)U-V)
— U
e — Vs (14 X2V2)(1 + )\2U). UV__%

2 XMV -1)(V-0U)

The physical region is determined
by requiring

0 <wsg <o

0 <wy <o

0 <ws < o0

M.A.Vazquez-Mozo Planar Zeros in Gauge Theories & Gravity
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What about soft limits!

VsS4 A7) (1 + 22UV
BT TRA ) —V)

Vs (L NUH(1+ AY)
AT TN -—)U V)

V5 (1 4+ X2V2)(1 4 N\20)

.,

TRV o)V =U) |

1
UV_—E (W3:O),

1
V_—ﬁ (CU4—O>,

1
U__ﬁ ((U5—0),

M.A.Vazquez-Mozo Planar Zeros in Gauge Theories & Gravity
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What about soft limits!

V5 (L4 A2)(1+ A2UV)

RCERS S VI o T R Vo

VS (1 XUH A+ AV
T TR ) —v)
e = V3 NVE)(1+A°0)

2 NV _1)(V_U)

v
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What about soft limits!

V5 (L4 A2)(1+ A2UV)

RCERS S VI o T R Vo

VS (1 XUH A+ AV
T TR ) —v)
e = V3 NVE)(1+A°0)

2 NV _1)(V_U)

v
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What about soft limits!

V5 (14 A2)(1+ \2UV)

RCERS S VI o T R Vo

VS (1 XUH A+ AV
T TR ) —v)
e = V3 NVE)(1+A°0)

2 NV _1)(V_U)

For appropriate A, all planar zeros can be captured in a soft limit.
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C7U—68V—C6U2—|—611V2—|—(CQ—|—06—07—|—(38—(311—Clg)UV—I—C13U2V—CQUV2 = 0.

Planar zeros for “colourless” incoming gluons:

Tracing over incoming color indices,

fdaSbfb%CfC%deagmas 20_‘| - \] T

10

Co —Cg — —C7 —C8g — —C11 — —(C13 — _fa3a4a5
0 — U
The resulting cubic curve is
-10L
U+V+U?*+V2-6UV +U*V+UV*=0
—20; llllllllll T
-20 -10 0 10 20

There exist “physical” planar zeros.
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SU(2): the color factors take the form

— 5a3a4€a2a5a1 _ 5&2&4 azasail

C2 € ,
ce = Ha5a3 a2a4a1 5a2a3€a5a4a17

c7 = (010430502 _ 50304 010502
C; — O, +1

azajla
6213,

53205 040103 __ £0405

C]g — €

5&4&3 azasai 50,2&3 aqasai

Cl1 = € € ,

aqas _aijaaa aijas _aqazaa
613:5456123_5156423,

There are no physical planar zeros.

E. . y U2, U3, U4, =(2,3,1,1,1
5 S | (U —1)(V = 1)U - V) =0

Co=cg=cr=cg=c11=c13=1

(a17a27 as, a4, CL5) — (27 27 27 ]-7 3) (U L V)2 — 0
02:(37:(38:013:0, 66:—011:1
(a17a27a37a47a5) — (172727273) U(U . 1) — 0

6220826112013:0, C6:C7:1
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SU(3): for all color configurations, the cubic equation factorizes.E.g,,

(ala az, a3, a4, CL5) — (77 7,6,1, 5)

U4V -2)(U+V —-2U0V)=0.

Co = —C7 =g = —C13 = 2, cg = —c11 = —1

(ala az, asz, a4, CL5) — (1747 17 27 6)

6726820, 6132—2
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There are physical planar zeros. E.g.,

(ala az, az, a4, CL5) — (77 77 67 17 5)

Vs/2 ¢ P2 7 VS/2 F P2 -
P4
pi Op - pi  Of " -
4 D3
D5
—V/'s/2 | | P1 ] —/s/2 F P1 -
—V/s/2 0 V's/2 —\/5/2 0 V5/2
P Py
(¢3,C4,C5) = (—1.95,0.4, —4.3) (¢3,¢4,¢5) = (0.85,2.5, —0.8)
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SU(5): in this case there are also non-factorizable curves. E.g.,

(al, as,as, aq4, CL5) — (19, 18, 23, 17, 19)

62261120, 66208:2,

U—2U? -2V +2UV + U’V =0

cr=ci3 =1

(al, as, az, a4, CL5) = (19, 19, 18, 23, 17)
W —U? -V -U?V-V?420V?=0

02 p— —C7 p— —2’
v 1%
10F T T T T Ty T T 2F — ¢ T, T
5 B 10
0 } v 0 —~ U
-5 —10L
_10* wwwwwwwwwwwwwwwwwwww ] —20* ““““““““““““““ ]
-10 -5 0 5 10 -20 -10 0 10 20
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We can study the transformation of the curves under permutations of the
color indices. The space of color structures is

TCS. = Lie((5)) (Kol & Shir 2014)

First we look at 53 acting on the outgoing color indices
active passive

S3: (as,aq,a5) <= S3:((3,C4,(5)

The color factors transform in the six-dimensional, regular representation of $3
acting on C = (¢2,c6,¢7,¢8,¢11,C13) "

/100000 (000100 (010000 (000010)
010000 100000 000100 001000
001000 000001 000010 010000
1)(2)(3) = = 132) = , 12)(3) = 7
WG =1 000100 ={g10000]" PP~ |100000 123 =1 000001
000010 001000 000001 100000
\000001)/ \ 000010/ \001000) \ 000100/
(001000\ (000001\
000001 000010
100000 000100
1= g90010| YT 001000
000100 010000
\010000) \100000/
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S35 can be decomposed into cosets of >

interchanges the two

coordinates on each
/ o

S3 = 3)S2 W (123).55 W (132)S,
\ b permutes the three
e ffine patches

General permutations acts on TCSsas || of Ss. For example,
(0 0-1 0 0 0 (~1 00 001 (~11-1000)
0 0 0 0-1 0 0 01 000 01 0000
1.0 0 0 0 0 0-11 000 00 0001

_ 134)(25) = 1245)(3) =

12)BHE) 0 0 0 0-1 WHE =1t 1 g0 010 | I =L 10 9001
1.0 0 0 0 ~1 00 000 ~10-1101
\ 0 0 0-1 0 0/ \ 0 01-100/ \ 011000/

This can be used to generate the whole orbit from a given color configuration.
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What about scalars!

O(p,j)+ D'(q,n) — @(p',4) + @' (¢',m) + g(k, a,e€)

The diagrams to compute are

(p, J)

M.A.Vazquez-Mozo

(p',4) () w',1)
§ (QQQQ, (k,a)  + 4%%%? (. a)
"""""" (¢,m)  (@n)  (¢m

Planar Zeros in Gauge Theories & Gravity
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The amplitude has the structure

A:g?’<cml +

524535 524515
where
a b_b
Cl _ ikaijn7
q 7=b
02 — fZ—lil;cjjkjijn7
a b_b b a_b
Cs = TuT5T , + T LT

Con Can
ALt L

S94

CLH14

C5n5 1 C6n6

513525 513

C-n
+ +77>
513524

513545

—a —==b

T T, .

13 mk

—b —=—=a

irzl?j kaTkn7

07 _ ifabcEl}T;n

b

—a —b _

—a
1] kan7

The color factors satisfy the Jacobi identities

Ci —Cy+C7; = 0,
Ci+Cy—Cs5 = 0,
Cy,—Cs —C7 = 0,
Cy+C5—Cs = 0.

M.A.Vazquez-Mozo
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(s, Cs, Co, and (.
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P2
— D5
Using the same kinematic setup as for the gluon amplitude and v—\PB '/'
TSI s
€+ = j:\/i <Oa 1_|_<§7:F7’7 1_|_<-52 ,"x A
the planar amplitude reads —ps . P1
iv29° (2G5 — Ca) 2
A = C, —Cy+C — (Ch - C + (Cy = C —C
e G L€ = Cot GG~ (O = )G + (G = GG — o

There are two branches of zeros:
203 — G4 =0

(Cy — Co+ Ca)G38 — (Cr — C2)G3Gs + (Co — Cu)Culs — Calz =0
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(Ch — Co+ Ca) 38 — (Cr — C2)G3Gs + (Co — C)Culs — Cale =0

Choosing the patch around ((3, (4, C5) = (0,0,1)

(<37 <47 CE’)) — )\(U7 V7 1)
the two loci of zeros are

2U —V =0, —3p physical!

(C) — Cy + CHUV — (Cy — C)U + (Cy — C)V — Cy = 0.
Analyzing the invariants of the quadratic curve

1
A = 101C4(01—CQ—|—C4), o = (01—02—|—04)2, I = O,

1
4

O p—

1 1
—7(C1 = C5)" = 2(Co = Cu)”

the only possibilities for all gauge groups and representations are a

hyperbola (A # 0,4 < 0), two parallel lines (A = 0,5 < 0), and two intersecting lines
(A=0=0,0<0).
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The color-dependent zeros are fully captured in the soft gluon limit:

‘€ - € - € - €
At = 29 (Clps i_02p1 i_|_04p4 i_05p2 i)A4

S35 S15 S45 525
- € - € - € - € - € - €
— 2g [01 <p3 + P2 i>+02 <p2 + P i>_|_C4 (p4 + P2 i)] A,
S35 S25 S25 S15 S45 525

and in terms of stereographic coordinates

gVv'2

Aot " V5Gs(1+ G3G4)

(C1 = G+ Cu)Gala = (Cr = Ca)GaGs + O = Cu)uGs — CacE| Ay

(Ch — Co+ C1)Gl — (Cr — C2)G3Gs + (Co — Cy)Culs — Cole =0

The “trivial” branch is far away from the soft gluon limit ws — 0

2
2C3 — (4 >2<3+1750

1 —|—C3C4 — 0
(3
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Finally, we look at planar zeros in gravity studying the five-graviton tree-level
amplitude.

To compute it we use the BC) double copy prescription
(Bern, Carrasco & Johansson 2008)

/

A RS Mtree L Z (E) n—2 Z nzni
el HO‘ 5i,a | 2 : Ha Sa,i

Ci—I—Cj—C]{:O

Exploiting our result for the five-gluon scattering

2 2 2 2 2 2 2 2

K\ 3 n n n n n n n n

: 1 2 3 A 5 6 7 8
— My = (—) ( -+ -+ + + -+ -+ -+

2 512545 523515 5834512 S45523 S$15834 5145925 513525 524513

+ + + + + + +

2 2 2 2 2 2 2
Ng n7o niy ni9 nis nig nis )
S35524  S14S35  S15524  S12S835  S23S14  S25S534  S13545
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2 2 2 2 2 2 2 2
K\ 9 n n n n n n n n
. 1 2 4
—iMs = (—) ( - +—2— 4 +——+ 0 4 T 4
2 512545 523515 534512 $45523 515534 514525 513525 524513

+ + + + + + +

2 2 2 2 2 2 2
Ng N0 niq USP) nis nia nis )
S35524  S14S35  S15524  S12S835  S23S14  S25S534  S13545

Substituting the computed humerators

K (%) ne nr

. . 3
-iMs = =i (5) 12" (<23><34><45><51> "G ENEL (258 (43) (31

T A (45)(53)(31)  (24)(43)(35)(51) | (23)(35) (54) (41)

ng nii nis )

We compute the numerators using stereographic coordinates and in the planar
case (i.e.,, (, € R)

3 (¢3—G5)Cs -3 (C3—C5)C

ng = Ny = 18 ng = 152 ng = ni; = ni3 = 0.

Ga(1 + Cas) Ca3(1+ CaGs)’
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2 2 2 2 2 2 2 2
K\ 3 n n n n n n n
. 1 2 4
—iMs = (—) ( - +—2— 4 +——+ 04+ T 4
2 512545 §$23515 534512 $45523 $15534 514525 §$13525 524513

+ + + + 12 e

$35524  S14835  S15824  S12ff

(12)#[21][54]
np = —Ni2 = N5 =1

Substituting the computed hume \{ <12<>24?E§])’?5>2<]51>7
vl ml ~ ) EOGI)
“iMy=—i(3) (12 (<23><34><4 ng = ng = i 42 24051
i )(34)(51)°
4 "8 4 i Ng =N3 =Mng =nN5 =n11 = N13 = N4 = 0

(24)(45)(53)(31) ~ (24)(43)§

We compute the numerators using stereographic coordinates and in the planar
case (i.e.,, (, € R)

3 (¢3—G5)Cs -3 (C3—C5)C

ng = Ny = 18 ng = 152 ng = ni; = ni3 = 0.

Ga(1 + Cas) Ca3(1+ CaGs)’
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2 2 2 2 2 2 2 2
K\ 9 n n n n n n n n
. 1 2 4
—iMs = (—) ( - +—2— 4 +——+ 0 4 T 4
2 512545 523515 534512 $45523 515534 514525 513525 524513

+ + + + + + +

2 2 2 2 2 2 2
Ng N0 niq USP) nis nia nis )
S35524  S14S35  S15524  S12S835  S23S14  S25S534  S13545

Substituting the computed humerators

K (%) ne nr

. . 3
-iMs = =i (5) 12" (<23><34><45><51> "G ENEL (258 (43) (31

T A (45)(53)(31)  (24)(43)(35)(51) | (23)(35) (54) (41)

ng nii nis )

We compute the numerators using stereographic coordinates and in the planar
case (i.e.,, (, € R)

3 (¢3—G5)Cs -3 (C3—C5)C

ng = Ny = 18 ng = 152 ng = ni; = ni3 = 0.

Ga(1 + Cas) Ca3(1+ CaGs)’
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3 (CS — C5)C4

ng = 182

G3(1 + Cals)’ G3(1 + Cals)’

8 (G3—¢5)¢s

ng = Ny = 182

no — Ni11 — N13 :O.

The gravitational planar amplitude then gives

20 RN (G = Ca)(Gs — G5)(Ca — G5) (_ G5 —C3  Ga—Cp
tMs = NE (2) (1+ (3Ca)(1+ (3¢5)(1 + CaC5) " C3 e Cs
G3—GC (3 —Ga Gs — G4 G4 — G3
o Cs e Ca T Ca s C3 )

(—G+G+G—G—G+a) =0

_ 9, (’;)2 §3((C3 — C4)(C3 — (5)7(Ca — C5)

2 1+ G3Ca) (1 + G3Gs) (1 + Cals)?

M =0

planar

The five-gluon scattering amplitude is trivial in the planar limit.
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Something similar happens for scalar gravitational scattering

®(p) + @'(q) — (p") + 2'(¢) + G(k,¢)

D _ P P . p
M = % \\:\\.\\\ (k,e) + \’g\\’%\'\\\ (k,€)
qg q qg q
p “”\—\,\_\ 4 p 4 p 4
+ (k,e) + (k,e) + (k,€)
______ gx\ %ﬁ g
q q q q q q
p p p 4
+ (k,e) + (k,€)
mf%ﬁ - iﬁ“ |
q q

M =0

planar
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Outlook

* For gauge theories (and scalar gauge theories), planar zeros are
determined by projective properties of the amplitude.

For non-gauge scalar theories (e.g., massless ¢° theories) the planar zeros
are hot determined by homogeneous polynomials.

* Since planar zeros are captured in the soft limit, they might play a role for
the asymptotic symmetries of gauge theories.

* Planar zeros are corrected by string a’-effects:

i(Cs3 — C4)(C3 — (5)(Ca — C5)

T GGG T+ GG+ GG+ Gd)
a0, ar@sA? @9 (3)5° AL ot
A (€3 —Ca)(¢3 — C5)(Ca — G5) " (€3 = €a)?(G3 — G5)?(Ca — G5)° Hot
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Outlook

+For f ProlGa, G, Gs) = GGG — COCEGE + (868 — CBCiGs — GBIt + ¢3¢

dete} ~ GGG - GGG - GG - GGG + GE - GG
FACKCIE — GG - GIGE — GGG+ AGGE +1GGE
;; — GGG — GGG — GG+ GGG — GGG + GG
« Sincd - GGG - GG - GO - GAE - Ga - 4
the 4 + GGG - Gad + GQ - G - dGE - GG
 pand FAGCE +4GAE - QA - GG - 3ae
FAGGE — GGG+ GUE — GEGE — GGE — GGG
A — GGG+ GGG — GGG — GG + GE - GG+ G
O 02((2)s2 ALY 03¢ (3)s° ALY "
T GG -GG =G T GG - GrG -G T O )
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Outlook

* For gauge theories (and scalar gauge theories), planar zeros are
determined by projective properties of the amplitude.

For non-gauge scalar theories (e.g., massless ¢° theories) the planar zeros
are hot determined by homogeneous polynomials.

* Since planar zeros are captured in the soft limit, they might play a role for
the asymptotic symmetries of gauge theories.

* Planar zeros are corrected by string a’-effects:

i(Cs3 — C4)(C3 — (5)(Ca — C5)

T GGG T+ GG+ GG+ Gd)
a0, ar@sA? @9 (3)5° AL ot
A (€3 —Ca)(¢3 — C5)(Ca — G5) " (€3 = €a)?(G3 — G5)?(Ca — G5)° Hot
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Thank you
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