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Summary

• Radiation zeros and planar zeros

• Planar zeros and projective curves

• Scalar gauge amplitudes

• Planar gravitational scattering 
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There are many zeros of scattering amplitudes, but few of them are in the 
physical region… 
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TABLE I. Values of x= sin &@ and the related boson
masses considered in the numerical work. &g= Wein-
berg angle, Ms =Mzoos&s = {37.8/sinas} Gev/c .
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for project DUMAND (deep underwater muon and
neutrino detector), ' whose purpose is the study of
such very-high-energy neutrinos.
We remind the reader that we will use the

standard Weinberg-Salam model for all of our
numerical calculations. In Table I we give a
range of values for sin'~l =x embracing results
from neutrino physics and the recent polarized-
electron experiments, and the values of M~ and
M~ associated with each value of x. We should
point out, however, that the reaction v, e -8' y
involves no neutral-current couplings —we use x
here simply to fix M~ which can be independently
varied in this reaction. The same is not true, of
course, in, the case of v, e -8' Z', where the re-
lationships between M~, M~ and the neutral-cur-
rent couplings a' and b' are crucial to control the
high-energy behavior of the total cross section.
We plot the c.m. angular distributions and the

total cross sections as a function of v s for each
reaction. (Define 8 to be the angle between the
electron and the W .) In Fig. 3 we show (dv/
dcos8)(v, e -W Z ) at a c.m. energy v s =250 GeV.
Two forward-backward peaks are clearly present.
The asymmetry between the forward and back-

FIG. 4. Total cross sections for v~e -W Z . The
mass range is given in Table I.

ward hemispheres increases as we increase x
(and the difference between Ms and M~), while the
total cross section decreases (at this value of ~s.
This last feature, a consequence of the coupling
x dependence, is also seen in Fig. 4, where we
plot the total cross section as a function of Ws.
Numerical results for ve -S" y will be pre-

sented for the popular value of x=0.2 but for dif-
ferent v, remembering that v =-1 corresponds to the
gauge-theory em vertex used in I.
In Fig. 5 we plot dv/dcos8 for v, e —W y,

again at Ms=250 GeV. While the curves for K =-1
and v = 0 are similar, the .v = 1 curve is strikingly
different. This strong x dependence may be use-
ful in measuring a in PP(P) —W'yX, as discussed
in the next section. The I/u behavior seen in Fig.
5 for z =1 is evident also from Eq. (2.19) after
setting Q, =-1.
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FIG. 3. Differential cross section for v~e W Z .
Here 8 is the c.m. angle between e and W (or v~ and
Zp). The mass r'ange is given in Table I and Ws= 250
GeV.
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FIG. 5. Differential cross section for v~e -W p.
Here 0 is the c.rn. angle between e and W (or v~ and
y), Mg =84.5 GeV/c, andes=250 GeV. tI.' is the mag-
netic-moment parameter in the WWy vertex.
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FIG. 8. Angular distribution for gd R"y at Fs
=150 GeV. A common quark mass of 0.3 GeV/c is
assumed and 0 is the c.m. angle between I and 8'+ (or
cE and p3.
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FIG. 9. Invariant-mass distributions for W Z in pp
and pp collisions for x= 0.2. The two continuous curves
correspond to the Weinberg-Salam model and the broken
lines correspond to a nongauge theory result with no
trilinear boson coupling.

is the quark, -antiquark reaction of central impor-
tance. The c.m. angular distribution (do/dcos8)
x(ud-W'y), where 8 is the angle between d and W',
is plotted in Fig. 8 for Ms=150 GeV (correspond-
ing to v =0.077 if Ms=540 GeV). We see that unless
a =1, the 8'Wy vertex tends to dominate, flatten-
ing the angular distributions. As in the neutrino
reaction illustrated earlier in Fig. 5, isotropy
gives way to more and more forward-backward
peaking as the %einberg-Salam cancellation is
approached. Therefore we expect more large-
angle or large-transverse-momenta production,
particularly for PP, where the valence quark e.m.
frame is closer to the overall c.m. frame the
farther we are away from ~ =1.
More mention should be made of the comparison

of Figs. 5 and 8. The highly asymmetric distribu-
tion (do/dcos8){v, e -W y) is actually due to the
electron charge having Q, =-l [see Eq. (2. 19)].
For ud-W'y, Q, =-,'- and the symmetry is re-
stored. All of this is simply a reflection of the
fact that for v,e -W y the t-channel diagram
(corresponding to the second Feynman diagram
in Fig. 1 with Z replaced by y) is not present,
while for zd- W+y both t-channel and u-channel
diagrams contribute. The presence of both for-
ward and backward peaking depends upon the fer-
mion charges; whether any peaking is prominant
depends upon the & value.

The divergence of (dg/dv)(pp- W'yX) for very
smal]. y is the aforesaid reflection of the infrared
resonance region discussed in Sec. III. As we have
already indicated, we make a cut to leave out the
small r region (hard photons must be present) in
the final integrals needed to get the total cross
section. The cut corresponds to v =1.1M''/S.
The shapes of {do/dv)(PP- W'yX) are similar and
have not been plotted.
In Fig. 9 we plot (do/dv)(pp- W' Z'X) and

(do/dv)(PP- W'Z'X) for x=0.2. As an illustration
of how the gauge-theory cancellations work, we
exhibit in the same figure the result of dropping
the trilinear coupling, i.e., dropping the first
Feynman diagram in Fig. 1. The shape of the
curve does not change much but the whole curve is
elevated by a large factor, especially at larger
g values, and the resulting cross section is sub-
stantially increased. A similar example is dis-
cussed in I, where the effect is shown for a fer-
mion-antifermion cross section (e'e -W+W ).
In Figs. 10 and 11 we plot total production cross

sections for all of the boson-pair combinations of
I and this paper: W'~, g 'g", g'g', and g+y.
Though the actual numbers may vary if one uses
different quark distribution functions, the relative
magnitudes should remain the same to a very good
approximation. In the W y channel, recall that
there is a r cut made (r =1.1M~'/S), but the
rates are not too sensitive to this truncation. Of

⌫ee
� �! W��

(Brown, Sahdev & Mikaelian 1979)

From Phys. Rev. D20 (1979) 1164
From Phys. Rev. D20 (1979) 1164

Here,     is the W-boson “anomalous momentum” (i.e.,           ). The position of the 
zero provides a good test of gauge bosons trilinear couplings.

  = 1
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for project DUMAND (deep underwater muon and
neutrino detector), ' whose purpose is the study of
such very-high-energy neutrinos.
We remind the reader that we will use the

standard Weinberg-Salam model for all of our
numerical calculations. In Table I we give a
range of values for sin'~l =x embracing results
from neutrino physics and the recent polarized-
electron experiments, and the values of M~ and
M~ associated with each value of x. We should
point out, however, that the reaction v, e -8' y
involves no neutral-current couplings —we use x
here simply to fix M~ which can be independently
varied in this reaction. The same is not true, of
course, in, the case of v, e -8' Z', where the re-
lationships between M~, M~ and the neutral-cur-
rent couplings a' and b' are crucial to control the
high-energy behavior of the total cross section.
We plot the c.m. angular distributions and the

total cross sections as a function of v s for each
reaction. (Define 8 to be the angle between the
electron and the W .) In Fig. 3 we show (dv/
dcos8)(v, e -W Z ) at a c.m. energy v s =250 GeV.
Two forward-backward peaks are clearly present.
The asymmetry between the forward and back-

FIG. 4. Total cross sections for v~e -W Z . The
mass range is given in Table I.

ward hemispheres increases as we increase x
(and the difference between Ms and M~), while the
total cross section decreases (at this value of ~s.
This last feature, a consequence of the coupling
x dependence, is also seen in Fig. 4, where we
plot the total cross section as a function of Ws.
Numerical results for ve -S" y will be pre-

sented for the popular value of x=0.2 but for dif-
ferent v, remembering that v =-1 corresponds to the
gauge-theory em vertex used in I.
In Fig. 5 we plot dv/dcos8 for v, e —W y,

again at Ms=250 GeV. While the curves for K =-1
and v = 0 are similar, the .v = 1 curve is strikingly
different. This strong x dependence may be use-
ful in measuring a in PP(P) —W'yX, as discussed
in the next section. The I/u behavior seen in Fig.
5 for z =1 is evident also from Eq. (2.19) after
setting Q, =-1.
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FIG. 3. Differential cross section for v~e W Z .
Here 8 is the c.m. angle between e and W (or v~ and
Zp). The mass r'ange is given in Table I and Ws= 250
GeV.
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FIG. 5. Differential cross section for v~e -W p.
Here 0 is the c.rn. angle between e and W (or v~ and
y), Mg =84.5 GeV/c, andes=250 GeV. tI.' is the mag-
netic-moment parameter in the WWy vertex.
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FIG. 8. Angular distribution for gd R"y at Fs
=150 GeV. A common quark mass of 0.3 GeV/c is
assumed and 0 is the c.m. angle between I and 8'+ (or
cE and p3.
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FIG. 9. Invariant-mass distributions for W Z in pp
and pp collisions for x= 0.2. The two continuous curves
correspond to the Weinberg-Salam model and the broken
lines correspond to a nongauge theory result with no
trilinear boson coupling.

is the quark, -antiquark reaction of central impor-
tance. The c.m. angular distribution (do/dcos8)
x(ud-W'y), where 8 is the angle between d and W',
is plotted in Fig. 8 for Ms=150 GeV (correspond-
ing to v =0.077 if Ms=540 GeV). We see that unless
a =1, the 8'Wy vertex tends to dominate, flatten-
ing the angular distributions. As in the neutrino
reaction illustrated earlier in Fig. 5, isotropy
gives way to more and more forward-backward
peaking as the %einberg-Salam cancellation is
approached. Therefore we expect more large-
angle or large-transverse-momenta production,
particularly for PP, where the valence quark e.m.
frame is closer to the overall c.m. frame the
farther we are away from ~ =1.
More mention should be made of the comparison

of Figs. 5 and 8. The highly asymmetric distribu-
tion (do/dcos8){v, e -W y) is actually due to the
electron charge having Q, =-l [see Eq. (2. 19)].
For ud-W'y, Q, =-,'- and the symmetry is re-
stored. All of this is simply a reflection of the
fact that for v,e -W y the t-channel diagram
(corresponding to the second Feynman diagram
in Fig. 1 with Z replaced by y) is not present,
while for zd- W+y both t-channel and u-channel
diagrams contribute. The presence of both for-
ward and backward peaking depends upon the fer-
mion charges; whether any peaking is prominant
depends upon the & value.

The divergence of (dg/dv)(pp- W'yX) for very
smal]. y is the aforesaid reflection of the infrared
resonance region discussed in Sec. III. As we have
already indicated, we make a cut to leave out the
small r region (hard photons must be present) in
the final integrals needed to get the total cross
section. The cut corresponds to v =1.1M''/S.
The shapes of {do/dv)(PP- W'yX) are similar and
have not been plotted.
In Fig. 9 we plot (do/dv)(pp- W' Z'X) and

(do/dv)(PP- W'Z'X) for x=0.2. As an illustration
of how the gauge-theory cancellations work, we
exhibit in the same figure the result of dropping
the trilinear coupling, i.e., dropping the first
Feynman diagram in Fig. 1. The shape of the
curve does not change much but the whole curve is
elevated by a large factor, especially at larger
g values, and the resulting cross section is sub-
stantially increased. A similar example is dis-
cussed in I, where the effect is shown for a fer-
mion-antifermion cross section (e'e -W+W ).
In Figs. 10 and 11 we plot total production cross

sections for all of the boson-pair combinations of
I and this paper: W'~, g 'g", g'g', and g+y.
Though the actual numbers may vary if one uses
different quark distribution functions, the relative
magnitudes should remain the same to a very good
approximation. In the W y channel, recall that
there is a r cut made (r =1.1M~'/S), but the
rates are not too sensitive to this truncation. Of
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(Brown, Sahdev & Mikaelian 1979)

From Phys. Rev. D20 (1979) 1164
From Phys. Rev. D20 (1979) 1164

Here,     is the W-boson “anomalous momentum” (i.e.,           ). The position of the 
zero provides a good test of gauge bosons trilinear couplings.
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From Phys. Rev. D20 (1979) 1164

20 W'- Zo AND W+- y PAIR PRODUCTION IN ve, pp, AND pp. . . 1167

The total cross section is found by integrating over t with the limits given in E(l. (2.12}after setting M~
—0Q

o~ ~=(1+5&„)—,(G'~ „)' (v+1)'(s —M~')/12 —2sM~'/(s —M~')+, ~ Q, —Q~+jv~ s2 F -A
W

—(s—M~')[(I +tc)s/24M~' —~](e—1)—(Q, —Qq)()( —1)(s—M~')'/12M~'

+ @ ', [(1+~)(s—M~')'/2 —2sM ' I nL, ']

where

2

+(Q,'+Q,.')(s-M ')()nL' —1)+4Q,Qs lnl. 'I; (2.17}

(2.18)

(2.19)

in which mz =fermion mass. In contrast to I, we have had to keep certain fermion-mass dependence in the
total-cross-section integration, particularly in the exchange propagators. That is, t,„and u - 0 ass- ~. %e shall neglect the quark mass differences in the numerical estimates of Sec. IV.
As in Ref. 7, it is worth pointing out that the above expressions simplify considerably for the case z =1,

which is the gauge-theory value. In W y, Q~ =Q, +1 and the simplifications are
(-) 1 2

(~ =I) =(I + 5,„)—,(G,"„)' q, + — (u'+ f'+ 2sM ~')/ut

2s (s =l)=(1+ ils, ) —(6's „) I(RQ~(Q, +1) +1] (1 M /s)()nl, ' —1)+,lnl,
(2.20}

%e now turn to the two charge conjugate reac-
tions f~+f, -W'+Z (y). These are obtained from
the expressions for W Z' and W y production by
interchange of i and j and by reversing the sign
of the amplitude where the Z' or y couples to the
W (the first Feynman diagram in Fig. 1). There-
fore g(+) g(-) (2.22)

I

for 8" production is given by the same expres-
sion as for W production if we interpret t to be
the square of the 4-momentum transferred from
the antifennion to the W'. Clearly, the total cross
sections are equal,

(2.21)
t =(Ay- - Pgr )2

or, in other words, the differential cross section

W

-ie g~ (2k+q) -g~ (k+q+~q)p -gp (k—~q)~,

FIG. 2. The electromagnetic vertex for a charged
boson with arbitrary magnetic-moment parameter z.

III. WZ AND Wy PRODUCTION BYNEUTRINOS
%'e shall illustrate the size and the angular de-

pendence of the cross sections derived in the pre-
vious sections by considering the specific reac-
tions v, e -W Z' and v, e -W y. Again, every-
thing is electromagnetic in magnitude (comparable,
say, to e'e - p,'p ) when we get to weak-boson-
mass c.m. energies, and the features exhibited in
this section will be useful in understanding the sub-
sequent quark-antiquark annihilation study.
The actual possibility of detecting the reactions

v, e -W Z and W y is remote, because truly
enormous neutrino energies are required: E„
a 10" eV for a 100-GeV/c' boson mass. This
takes us into the realm of cosmic rays where such
high-energy neutrinos are indeed expected to be
found, albeit in small numbers. Our calculations
of the neutrino cross sections are in fact relevant
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for project DUMAND (deep underwater muon and
neutrino detector), ' whose purpose is the study of
such very-high-energy neutrinos.
We remind the reader that we will use the

standard Weinberg-Salam model for all of our
numerical calculations. In Table I we give a
range of values for sin'~l =x embracing results
from neutrino physics and the recent polarized-
electron experiments, and the values of M~ and
M~ associated with each value of x. We should
point out, however, that the reaction v, e -8' y
involves no neutral-current couplings —we use x
here simply to fix M~ which can be independently
varied in this reaction. The same is not true, of
course, in, the case of v, e -8' Z', where the re-
lationships between M~, M~ and the neutral-cur-
rent couplings a' and b' are crucial to control the
high-energy behavior of the total cross section.
We plot the c.m. angular distributions and the

total cross sections as a function of v s for each
reaction. (Define 8 to be the angle between the
electron and the W .) In Fig. 3 we show (dv/
dcos8)(v, e -W Z ) at a c.m. energy v s =250 GeV.
Two forward-backward peaks are clearly present.
The asymmetry between the forward and back-

FIG. 4. Total cross sections for v~e -W Z . The
mass range is given in Table I.

ward hemispheres increases as we increase x
(and the difference between Ms and M~), while the
total cross section decreases (at this value of ~s.
This last feature, a consequence of the coupling
x dependence, is also seen in Fig. 4, where we
plot the total cross section as a function of Ws.
Numerical results for ve -S" y will be pre-

sented for the popular value of x=0.2 but for dif-
ferent v, remembering that v =-1 corresponds to the
gauge-theory em vertex used in I.
In Fig. 5 we plot dv/dcos8 for v, e —W y,

again at Ms=250 GeV. While the curves for K =-1
and v = 0 are similar, the .v = 1 curve is strikingly
different. This strong x dependence may be use-
ful in measuring a in PP(P) —W'yX, as discussed
in the next section. The I/u behavior seen in Fig.
5 for z =1 is evident also from Eq. (2.19) after
setting Q, =-1.
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FIG. 3. Differential cross section for v~e W Z .
Here 8 is the c.m. angle between e and W (or v~ and
Zp). The mass r'ange is given in Table I and Ws= 250
GeV.
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y), Mg =84.5 GeV/c, andes=250 GeV. tI.' is the mag-
netic-moment parameter in the WWy vertex.
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FIG. 8. Angular distribution for gd R"y at Fs
=150 GeV. A common quark mass of 0.3 GeV/c is
assumed and 0 is the c.m. angle between I and 8'+ (or
cE and p3.
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FIG. 9. Invariant-mass distributions for W Z in pp
and pp collisions for x= 0.2. The two continuous curves
correspond to the Weinberg-Salam model and the broken
lines correspond to a nongauge theory result with no
trilinear boson coupling.

is the quark, -antiquark reaction of central impor-
tance. The c.m. angular distribution (do/dcos8)
x(ud-W'y), where 8 is the angle between d and W',
is plotted in Fig. 8 for Ms=150 GeV (correspond-
ing to v =0.077 if Ms=540 GeV). We see that unless
a =1, the 8'Wy vertex tends to dominate, flatten-
ing the angular distributions. As in the neutrino
reaction illustrated earlier in Fig. 5, isotropy
gives way to more and more forward-backward
peaking as the %einberg-Salam cancellation is
approached. Therefore we expect more large-
angle or large-transverse-momenta production,
particularly for PP, where the valence quark e.m.
frame is closer to the overall c.m. frame the
farther we are away from ~ =1.
More mention should be made of the comparison

of Figs. 5 and 8. The highly asymmetric distribu-
tion (do/dcos8){v, e -W y) is actually due to the
electron charge having Q, =-l [see Eq. (2. 19)].
For ud-W'y, Q, =-,'- and the symmetry is re-
stored. All of this is simply a reflection of the
fact that for v,e -W y the t-channel diagram
(corresponding to the second Feynman diagram
in Fig. 1 with Z replaced by y) is not present,
while for zd- W+y both t-channel and u-channel
diagrams contribute. The presence of both for-
ward and backward peaking depends upon the fer-
mion charges; whether any peaking is prominant
depends upon the & value.

The divergence of (dg/dv)(pp- W'yX) for very
smal]. y is the aforesaid reflection of the infrared
resonance region discussed in Sec. III. As we have
already indicated, we make a cut to leave out the
small r region (hard photons must be present) in
the final integrals needed to get the total cross
section. The cut corresponds to v =1.1M''/S.
The shapes of {do/dv)(PP- W'yX) are similar and
have not been plotted.
In Fig. 9 we plot (do/dv)(pp- W' Z'X) and

(do/dv)(PP- W'Z'X) for x=0.2. As an illustration
of how the gauge-theory cancellations work, we
exhibit in the same figure the result of dropping
the trilinear coupling, i.e., dropping the first
Feynman diagram in Fig. 1. The shape of the
curve does not change much but the whole curve is
elevated by a large factor, especially at larger
g values, and the resulting cross section is sub-
stantially increased. A similar example is dis-
cussed in I, where the effect is shown for a fer-
mion-antifermion cross section (e'e -W+W ).
In Figs. 10 and 11 we plot total production cross

sections for all of the boson-pair combinations of
I and this paper: W'~, g 'g", g'g', and g+y.
Though the actual numbers may vary if one uses
different quark distribution functions, the relative
magnitudes should remain the same to a very good
approximation. In the W y channel, recall that
there is a r cut made (r =1.1M~'/S), but the
rates are not too sensitive to this truncation. Of

⌫ee
� �! W��

(Brown, Sahdev & Mikaelian 1979)

From Phys. Rev. D20 (1979) 1164
From Phys. Rev. D20 (1979) 1164

Here,     is the W-boson “anomalous momentum” (i.e.,           ). The position of the 
zero provides a good test of gauge bosons trilinear couplings.

  = 1

ud �! W+�
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These zeros are not kinematical, but the result of destructive 
interference among different channels

Theorem: given an n-point, tree-level graph with the emission of a single 
photon, the amplitude vanishes at momenta satisfying

(Brown, Kowalski & Brodsky 1982)

Q1

p1 · k
= . . . =

Qn�1

pn�1 · k
= constant

p1

pi pj

pn�1

k

35

(0.390)

…

… …Pedestrian’s proof: take the limit in which the 
photon in soft

An =

"
n�1X

i=1

Qi
pi · ✏(k)
pi · k

#
An�1

An = constant

" 
n�1X

i=1

pi

!
· ✏(k)

#
An�1 = 0

=
�k
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photon in soft

A classical analog:

Take a number of particles with

Q1

m1
= . . . =

Qn

mn
= constant

In the absence of external forces, the 
dipolar moment of the system satisfies

and no dipolar radiation occurs!

¨d =

nX

i=1

Qi¨r = constant

nX

i=1

Fi = 0

P =
2d̈2

3c3
= 0

An =

"
n�1X

i=1

Qi
pi · ✏(k)
pi · k

#
An�1

An = constant

" 
n�1X

i=1

pi

!
· ✏(k)

#
An�1 = 0

=
�k
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Some properties of radiation zeros (a.k.a. Type-I zeros):

• They only occur when the charges of all particles involved have the same sign

• They follow from a general factorization of tree-level amplitudes with a 
radiated photon

in the physical region pi · k � 0 sign(Qi) = sign(Qj)

• They are corrected by loops and higher order emissions.  (zero        dip)

(Laursen, Samuel, Sen & Tupper 1983; Laursen, Samuel & Sen 1983;
Tupper 1985; Baur, Han & Ohnemus 1993; Ohnemus 1994))

Very sensitive to the form of the couplings!

(s  1)

A(k; p1, . . . , pn�1) =
n�1X

i<j

✓
Qi

pi · k
� Qj

pj · k

◆
Fij(k; p1, . . . , pn�1)
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It is instructive to see how the theorem works for the four-point function:

35

(0.390)

35

(0.390)

35

(0.390)

u

d W+

�

W+

W+�

�d

u u

d

s-channel t-channel u-channel

The amplitude takes the form

A =
csns

s
+

ctnt

t
+

cunu

u

cs = eg ct =
2

3
eg cu =

1

3
eg

These color factors satisfy the “Jacobi identity”

cs = ct + cu
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A =
csns

s
+

ctnt

t
+

cunu

u
cs = ct + cu

The numerators can be chosen satisfying

ns = nt + nu

Assuming high energies (i.e.,                        )

(“color-kinematics duality”)

s+ t+ u ⇡ 0

A =
(ct + cu)(nt + nu)

s
+

ctnt

t
+

cunu

u
= ct


nt

✓
1

s
+

1

t

◆
+

nu

s

�
+ cu


nu

✓
1

s
+

1

u

◆
+

nt

s

�

we write

A =
ctu

s

⇣
�nt

t
+

nu

u

⌘
+

cut

s

⇣nt

t
� nu

u

⌘

A = �ctu� cut

s

⇣nt

t
� nu

u

⌘
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Fig. 3. To perform a statistical test for the presence of a dip,
the distribution is divided into two bins whose edges are
determined by the Q‘ ! !! distribution generated in SM
Monte Carlo calculations. The bins are chosen to be ad-
jacent and of equal width such that one samples the ma-
jority of events in the dip and the other samples the smaller
of the local maxima (see the inset in Fig. 4). We define a
test statistic R to be the ratio of the integral number of
events in the dip bin to the integral number of events in the
maximum bin. This ratio will be at least one if there is no
dip (unimodal distribution), and less than one if there is a

dip. For the combined background-subtracted data Q‘ !
!!, this ratio test gives a value of 0.64.

We first compare this observed R value from the data to
an ensemble of 104 MC SM pseudoexperiments where all
statistical and systematic fluctuations are included. For the
SM, 28% of the experiments have a ratio of 0.64 or greater.
In order to evaluate the significance of the observed data R
value, we select an anomalous coupling value which pro-
vides a Q‘ !!! distribution that minimally exhibits no
dip—the minimal unimodal hypothesis (MUH). Minimal
specifically means a class of distributions on the boundary
of bimodal and unimodal distributions. The distribution
chosen here corresponds to "# " 0, $# " #1 (zero mag-
netic dipole moment of the W boson). Anomalous cou-
plings increase the event yield as well, but since we are
only concerned with the distribution shape, we normalize
this distribution to the number of events predicted by the
SM. For this MUH case, only 45 experiments out of 104

have an R value of 0.64 or smaller due to a random
fluctuation. These distributions are shown in Fig. 4. If
transformed into a Gaussian significance, this probability
corresponds to 2:6%. This result is the first study of the
Q‘ ! !! distribution and is indicative of the RAZ in W#
production.

In summary, we have studied W# production and set
95% C.L. limits on anomalous trilinear gauge couplings at
0:49< "# < 1:51 and #0:12< $# < 0:13. These limits
are the most stringent set at a hadron collider for this final
state. We also performed the first study of the radiation-
amplitude zero in the charge-signed rapidity difference
between the lepton and the photon. The probability that
this measurement would arise from a minimal unimodal
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FIG. 4. Distributions of the R-test statistic for the SM en-
semble (solid line) and the MUH ensemble (dashed line). The
vertical line indicates the measured value from the data. The
inset plot indicates the positions of the two bins used for the R
test as determined by a fit to the SM Q‘ !!! distribution (solid
line). For comparison, a fit to the MUH Q‘ !!! distribution is
shown as the dashed line.
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FIG. 3. The background-subtracted charge-signed rapidity dif-
ference for the combined electron and muon channels. The black
points and error bars represent background-subtracted data with
its associated uncertainties (statistical and from the subtraction
procedure), and the shaded areas are the systematic uncertainties
on the SM prediction (including on efficiencies and accep-
tances). The solid line is the distribution from the SM. A &2

test comparing the data and SM using the full covariance matrix
yields 17 for 12 degrees of freedom, indicating good agreement.
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Fig. 3. The background-subtracted charge-signed rapidity difference for the com-
bined electron and muon channels of Wγ production is shown for data (black
circles with error bars) and SM simulation (blue hatched region). The results of
the Kolmogorov–Smirnov test of the agreement between data and MC prediction is
57%, which indicates a reasonable agreement. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
Letter.)

The three tree-level Wγ production processes interfere with
each other, resulting in a radiation-amplitude zero (RAZ) in the an-
gular distribution of the photon [30–34]. The first evidence for RAZ
in Wγ production was observed by the D0 Collaboration [10] using
the charge-signed rapidity difference Q ℓ ×#η between the photon
candidate and the charged lepton candidate from the W boson de-
cay [35]. In the SM, the location of the dip minimum is located
at Q ℓ × #η = 0 for pp collisions. Anomalous Wγ production can
result in a flat distribution of the charge-signed rapidity difference.

In Fig. 3 we plot the charge-signed rapidity difference in
background-subtracted data with an additional requirement on the
transverse mass of the photon, lepton, and Emiss

T to exceed 90 GeV,
to reduce the contribution from FSR Wγ production. The agree-
ment between background-subtracted data and MC prediction is
reasonable, with a Kolmogorov–Smirnov test [36,37] result of 57%.

Events in the Zγ sample are selected by requiring a pair of elec-
trons or muons, each with transverse momentum pT > 20 GeV,
forming an invariant mass above 50 GeV. One of these leptons
must satisfy the trigger requirements. The events are further re-
quired to have a photon candidate passing the selection criteria
with transverse energy Eγ

T above 10 GeV. The photon must be
separated from any of the two charged leptons by #R(ℓ,γ ) >
0.7. After applying these selection criteria we observe 81 events
in the eeγ final state and 90 events in the µµγ final state.
No events are observed with more than one photon candidate.
The Z + jets background to these final states is estimated to be
20.5 ± 1.7(stat.) ± 1.9(syst.) and 27.3 ± 2.2(stat.) ± 2.3(syst.), re-
spectively. Other backgrounds from multijet QCD, γ + jets, tt̄, and
other diboson processes contribute less than one event in each of
the two channels and are therefore neglected in this analysis. The
ET distribution of the photon candidates in the selected Zγ candi-
date events is shown in Fig. 4. The distribution of the ℓℓγ mass as
a function of the dilepton mass is displayed in Fig. 5. We observe
good agreement between data and the SM prediction.

The measurement of the cross sections is based on the formula

σ = Ndata − Nbkg

AϵL
, (1)

where Ndata is the number of observed events, Nbkg is the number
of estimated background events, A is the fiducial and kinematic
acceptance of the selection criteria, ϵ is the selection efficiency
for events within the acceptance, and L is the integrated lumi-
nosity. The acceptance is determined relative to the phase space
defined by the cuts Eγ

T > 10 GeV and #R(ℓ,γ ) > 0.7, and in ad-

Fig. 4. The transverse energy distribution of photon candidates in the Zγ channel
in data is shown with black circles with error bars; the expected signal plus back-
ground is shown as a solid black histogram, while the contribution from misiden-
tified jets is given as a hatched blue histogram. A typical aTGC signal is given as a
red dot-and-line histogram. The last bin includes overflows. Entries in wider bins
are normalized to the ratio of 10 GeV and the bin width. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this Letter.)

Fig. 5. Distribution of the ℓℓγ invariant mass as a function of the dilepton invariant
mass for selected Zγ candidates in the electron (filled circles) and muon (open
circles) final states. The data accumulation at Mℓℓγ ≃ M Z corresponds to FSR events,
while the data at Mℓℓ ≃ M Z correspond to ISR events.

dition by Mℓℓ > 50 GeV for Zγ . We determine the product A · ϵ
from MC simulations and apply correction factors ρ to account for
differences in efficiencies between data and simulations. These cor-
rection factors come from efficiency ratios ρ = ϵ/ϵsim derived by
measuring ϵ and ϵsim in the same way on data and simulations,
respectively, following the procedure used in the inclusive W and
Z measurement [23].

Systematic uncertainties are grouped into three categories. In
the first group, we combine the uncertainties that affect the prod-
uct of the acceptance, reconstruction, and identification efficiencies
of final state objects, as determined from Monte Carlo simulation.
These include uncertainties on lepton and photon energy scales
and resolution, effects from pile-up interactions, and uncertainties
in the parton distribution functions (PDFs). Lepton energy scale
and resolution effects are estimated by studying the invariant mass
of Z → ℓℓ candidates, while the photon energy scale and resolu-
tion uncertainty comes from ECAL calibration studies which are
further cross-checked with the Zγ FSR study. The uncertainty due
to the PDFs is estimated following Ref. [38]. The second group
includes the systematic uncertainties affecting the data vs. simu-
lation correction factors ρ for the efficiencies of the trigger, re-
construction, and identification requirements. These include lepton
trigger, lepton and photon reconstruction and identification, and
Emiss

T efficiencies for the Wγ process. The lepton efficiencies are

Radiation zeros have been observed at both the Tevatron and the LHC
(D0 Collaboration 2008, CMS Collaboration 2011)

radiation zero

pp �! W� +X �! `⌫� +X pp �! W� +X �! `⌫� +X

   denotes the rapidity 
difference between the 
photon and the charged 
lepton

�⌘
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But there are also a second class of amplitude zeros (a.k.a. type-II zeros)
(Heyssler & Stirling 1997)

M. Heyssler, W.J. Stirling: Radiation zeros at HERA – more about nothing 291

q(p2)

q(p4)

e+(p1)

e+(p3)

γ(k)
φγ θγ

Θq

Fig. 1. Parametrisation of the kinematics for e

+(p1)q(p2) !
e

+(p3)q(p4)+ �(k) scattering in the e

+
q c.m.s. frame. The ori-

entation of the photon relative to the scattering plane is de-
noted by ✓� and ��

and
b
�� = ± arccos

 
tan(⇥q/2)

tan b✓�

!

. (16)

Thus for eu = +2/3 we find radiation zeros at b✓� ' 78.46�

and for e

¯d = +1/3 at b✓� = 60�. We present the positions
of the radiation zeros (b�� ,

b
✓�) for process (1) (e+

u scat-
tering) in Fig. 2a. Note that the requirement of a physical
solution for b�� places restrictions on ⇥q. There are two ra-
diation zeros in the (�� , ✓�) plane for ⇥q < 2b✓� ' 156.94�.
The cones around the incoming and outgoing quarks de-
fined by z

2

, z

4

= 1/5 have two lines of intersection along
which there is completely destructive interference of the
radiation. Note also that at ⇥q = 2b✓� = ⇥

crit

q the radia-
tion zeros degenerate to a single line (i.e. single point in
(�� , ✓�) space) located in the scattering plane (b�� = 0�).
There are no radiation zeros for ⇥q > 2b✓� ' 156.94�. Fi-
nally, for ⇥q = 0� there is an infinite number of radiation
zeros (‘null zone’) located on a cone around the beam line
with opening angle b✓� .

2.2 Type 2 radiation zeros

The processes (1,2) exhibit a second class of radiation
zeros, which we call Type 2, which do not satisfy the
‘single–photon theorem’. These zeros are located in the
scattering plane at b�� = 0� and b

�� = 180�. The corre-
sponding b✓� values may be calculated straightforwardly in
the soft–photon approximation as a function of the quark
charge eq and the quark scattering angle ⇥q. The result is

cos b✓� =
1
2

�
1 � e

2

q

�
(1 + cos ⇥q) ±p�� (eq, cos ⇥q)

(1 � eq)
2

,

(17)
with

�� (eq, cos ⇥q) =
⇥�

e

2

q � 1
�
(1 + cos ⇥q)

⇤
2

�4 (1 � eq)
2

�
e

2

q cos ⇥q + 2eq + cos ⇥q

�
.

(18)

Table 1. Ranges of the quark scattering angle ⇥q, for di↵erent
quark charges, for which radiation zeros exist. Note that for
eq < 0 there are always two radiation zeros in the scattering
plane for b�� = (0�

, 180�) with the b✓� value given by (17)

e

+
u eq = +2/3 cos ⇥q  ⇡ � arccos

�
23
25

�
⇥q

>⇠ 157�

e

+
d̄ eq = +1/3 cos ⇥q  � 1

2 ⇥q � 120�

e

+
d eq = �1/3 8 cos ⇥q 8 ⇥q

e

+
ū eq = �2/3 8 cos ⇥q 8 ⇥q

The condition �� (eq, cos ⇥q) � 0 constrains the range of
eq for which physical zeros exist. In terms of the polar
angle ⇥q we have

�1 < eq  cos ⇥q + 3 � 2
p

2(1 + cos ⇥q)
1 � cos ⇥q

 1, (19)

or

1  cos ⇥q + 3 + 2
p

2(1 + cos ⇥q)
1 � cos ⇥q

 eq < +1, (20)

the latter being actually redundant since Standard Model
quarks have |eq|  +2/3. From (19) we obtain constraints
on the quark scattering angle ⇥q for particular flavours
of quark. There are radiation zeros for all eq < 0 and for
positively charged quarks in a limited range of ⇥q. We
summarise the results in Table 1. Note that e

+

u scatter-
ing has both Type 1 and 2 zeros. However, the latter are
located very close to the beam direction, making their ob-
servation di�cult in practice. They also require very high
Q

2 (back–scattered quarks) and therefore have a small
event rate. The positions of the Type 2 zeros for e

+

d scat-
tering are shown in Fig. 2b as a function of ⇥q. Finally,
Table 2.2 lists the numerical values of the radiation zero
angles (b�� ,

b
✓�) for several values of ⇥q.

2.3 Radiation zeros for arbitrary photon energies

The analytic results obtained above use the soft–photon
approximation. However radiation zeros of both types ex-
ist for all photon energies and can be located using numer-
ical techniques2. We continue to work in the e

+

q c.m.s.
frame but now use exact 2 ! 3 kinematics. Without
any essential loss of generality, we can keep the direc-
tion (⇥q) and the energy (E0

q) of the outgoing quark fixed
and vary the direction and energy of the outgoing pho-
ton, constructing simultaneously the four–momentum of
the outgoing positron to conserve energy and momentum.

2 Note that we use massless quarks and leptons to calculate
the matrix elements. However both types of radiation zero are
also present for non–zero masses [19]

From Eur. Phys. J. C4  (1998) 289

e+q �! e+q�

The tree-level amplitude has “non type-I” 
zeros when the scattering is planar

�� = 0,⇡

whenever a (soft) photon is emitted with 
an angle

cos ✓� =

(1�Q2
q)(1 + cos⇥q)±

p
��

(1�Qq)
2

where

�� =

h
(Q2

q � 1)(1 + cos⇥q)

i2
� 4(1�Qq)

2
⇣
Q2

q cos⇥q + 2Qq + cos⇥q

⌘
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Let us study planar zeros in nonabelian gauge theories, beginning with the five-
gluon tree amplitude (Harland-Lang 2015)
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Let us study planar zeros in nonabelian gauge theories, beginning with the five-
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Let us study planar zeros in nonabelian gauge theories, beginning with the five-
gluon tree amplitude (Harland-Lang 2015)
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The amplitude takes the form

with
1

2

3

4

5

and

(i = 4)

Atree
5 = g3

15X

i=1

ciniQ
↵ si,↵

Y

↵

si,↵ = s45s23

sij = (pi + pj)
2

= 2pi · pj

c1 = fa1a2bf ba3cf ca4a5 ,

c2 = fa2a3bf ba4cf ca5a1 ,

c3 = fa3a4bf ba5cf ca1a2 ,

c4 = fa4a5bf ba1cf ca2a3 ,

c5 = fa5a1bf ba2cf ca3a4 ,

c6 = fa1a4bf ba3cf ca2a5 ,

c7 = fa3a2bf ba5cf ca1a4 ,

c8 = fa2a5bf ba1cf ca4a3 ,

c9 = fa1a3bf ba4cf ca2a5 ,

c10 = fa4a2bf ba5cf ca1a3 ,
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These Jacobi identities can be written diagrammatically as

However, the 15 color factors are not independent:

c3 � c5 + c8 = 0,

c4 � c1 + c15 = 0,

c5 � c2 + c11 = 0,

c8 � c6 + c9 = 0,

c10 � c11 + c13 = 0,

c3 � c1 + c12 = 0,

c4 � c2 + c7 = 0,

c7 � c6 + c14 = 0,

c10 � c9 + c15 = 0,

(c13 � c12 + c14 = 0)

fa1a2bfa3a4b + fa2a3bfa1a4b + fa3a1bfa2a4b = 0

1 2

34

1 2

34

1 2

3 4

� + = 0

so all topologies can be converted into muti-peripheral diagrams

Atree
n (k1, . . . , kn) =

X

�2Sn�2
1

…
n

�(2) �(3) �(4) �(n� 1)
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Atree
n (k1, . . . , kn) =

X

�2Sn�2
1

…
n

�(2) �(3) �(4) �(n� 1)

For the 5-gluon amplitude this means that it can be written in terms of 3! color 
ordered amplitudes

Atree
5 = g3

X

�2S3

c[1, 2,�(3, 4, 5)]A5[1, 2,�(3, 4, 5)]

where

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

where the subamplitudes are explictly given in terms of the numerators ni by

A5[1, 2, 3, 4, 5] =
n1

s12s45
− n2

s23s15
+

n3

s34s12
+

n4

s45s23
+

n5

s15s34
,

A5[1, 2, 3, 5, 4] = − n1

s12s45
− n13

s23s14
+

n12

s35s12
− n4

s45s23
+

n10

s14s35
,

A5[1, 2, 4, 3, 5] = − n12

s12s35
− n11

s24s15
− n3

s34s12
+

n9

s35s24
− n5

s15s34
, (2.8)

A5[1, 2, 4, 5, 3] =
n12

s12s35
− n8

s24s13
− n1

s45s12
− n9

s35s24
− n15

s13s45
,

A5[1, 2, 5, 3, 4] = − n3

s12s34
− n6

s25s14
− n12

s35s12
+

n14

s34s25
− n10

s14s35
,

A5[1, 2, 5, 4, 3] =
n3

s12s34
− n7

s25s13
+

n1

s12s45
− n14

s34s25
+

n15

s13s45
.

Going back to the expression for the color factors in eq. (2.4), these partial amplitudes are

respectively associated with the six color factors c7, c8, c6, c13, c11, and c2.

At this point we can exploit the generalized gauge freedom in the definition of the

numerators to implement color-kinematics duality, so the numerators ni mimic the Jacobi

identities (2.5). Solving the corresponding equations we can eliminate n7 to n15 finding

the following solution for the numerators in terms of the basis of color-ordered amplitudes

n1 = −n12 = n15 = s12s45A5[1, 2, 3, 4, 5],

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0,

n6 = n7 = n10 = s14s35A5[1, 2, 3, 5, 4] + s14(s35 + s45)A5[1, 2, 3, 4, 5], (2.9)

n8 = n9 = s14s35A5[1, 2, 3, 5, 4] + (s14s35 + s14s45 + s12s45)A5[1, 2, 3, 4, 5].

Color-kinematics duality is independent of the polarization of the gluons. Here we are going

to use the MHV formalism and assign negative helicity to the incoming gluons. Using the

Parke-Taylor formula [22] we have

A5[1
−, 2−,σ(3+, 4+, 5+)] = i

⟨12⟩4

⟨12⟩⟨2σ(3)⟩⟨σ(3)σ(4)⟩⟨σ(4)σ(5)⟩⟨σ(5)1⟩ , (2.10)

for any permutation σ ∈ S3 of the last three indices. Expressing in addition the kinematic

invariants in terms of spinors, sij = ⟨ij⟩[ji], we arrive at the following expressions for the

numerators

n1 = −n12 = n15 = i
⟨12⟩4[21][54]
⟨23⟩⟨34⟩⟨51⟩ ,

n6 = n7 = n10 = i
⟨12⟩4[14][52]
⟨23⟩⟨34⟩⟨51⟩ ,

n8 = n9 = i
⟨12⟩4[24][51]
⟨23⟩⟨34⟩⟨51⟩ , (2.11)

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0.

– 4 –
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To make things simpler, we implement color-kinematics duality

jA ⌘ ci + ci � ck = 0 n0
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A reminder of the spinor helicity notation

Since (½,½) = (½,0) ⊗ (0,½), we can write                                    . Moreover,

p2 = 0

The standard notation is to write                    and  

pµ �! paḃ = pµ�
µ

aḃ

det paḃ = 0 paḃ = �a
e�ḃ

�a ! |p]a e�ȧ = hp|ȧ
Introducing the ϵ-tensor 

[p|a = ✏ab|p]b, |piȧ = ✏ȧḃhp|ḃ
we have the products

hiji ⌘ hpi|ȧ|pjiȧ, [ij] = [i|a|j]a

satisfying hiji[ij] = 2pi · pj = sij
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To make things simpler, we implement color-kinematics duality

jA ⌘ ci + ci � ck = 0 n0
i + n0

j � n0
k = 0

and solve for the numerators

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

where the subamplitudes are explictly given in terms of the numerators ni by

A5[1, 2, 3, 4, 5] =
n1

s12s45
− n2

s23s15
+

n3

s34s12
+

n4

s45s23
+

n5

s15s34
,

A5[1, 2, 3, 5, 4] = − n1

s12s45
− n13

s23s14
+

n12

s35s12
− n4

s45s23
+

n10

s14s35
,

A5[1, 2, 4, 3, 5] = − n12

s12s35
− n11

s24s15
− n3

s34s12
+

n9

s35s24
− n5

s15s34
, (2.8)

A5[1, 2, 4, 5, 3] =
n12

s12s35
− n8

s24s13
− n1

s45s12
− n9

s35s24
− n15

s13s45
,

A5[1, 2, 5, 3, 4] = − n3

s12s34
− n6

s25s14
− n12

s35s12
+

n14

s34s25
− n10

s14s35
,

A5[1, 2, 5, 4, 3] =
n3

s12s34
− n7

s25s13
+

n1

s12s45
− n14

s34s25
+

n15

s13s45
.

Going back to the expression for the color factors in eq. (2.4), these partial amplitudes are

respectively associated with the six color factors c7, c8, c6, c13, c11, and c2.

At this point we can exploit the generalized gauge freedom in the definition of the

numerators to implement color-kinematics duality, so the numerators ni mimic the Jacobi

identities (2.5). Solving the corresponding equations we can eliminate n7 to n15 finding

the following solution for the numerators in terms of the basis of color-ordered amplitudes

n1 = −n12 = n15 = s12s45A5[1, 2, 3, 4, 5],

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0,

n6 = n7 = n10 = s14s35A5[1, 2, 3, 5, 4] + s14(s35 + s45)A5[1, 2, 3, 4, 5], (2.9)

n8 = n9 = s14s35A5[1, 2, 3, 5, 4] + (s14s35 + s14s45 + s12s45)A5[1, 2, 3, 4, 5].

Color-kinematics duality is independent of the polarization of the gluons. Here we are going

to use the MHV formalism and assign negative helicity to the incoming gluons. Using the

Parke-Taylor formula [22] we have

A5[1
−, 2−,σ(3+, 4+, 5+)] = i

⟨12⟩4

⟨12⟩⟨2σ(3)⟩⟨σ(3)σ(4)⟩⟨σ(4)σ(5)⟩⟨σ(5)1⟩ , (2.10)

for any permutation σ ∈ S3 of the last three indices. Expressing in addition the kinematic

invariants in terms of spinors, sij = ⟨ij⟩[ji], we arrive at the following expressions for the

numerators

n1 = −n12 = n15 = i
⟨12⟩4[21][54]
⟨23⟩⟨34⟩⟨51⟩ ,

n6 = n7 = n10 = i
⟨12⟩4[14][52]
⟨23⟩⟨34⟩⟨51⟩ ,

n8 = n9 = i
⟨12⟩4[24][51]
⟨23⟩⟨34⟩⟨51⟩ , (2.11)

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0.
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Going back to the expression for the color factors in eq. (2.4), these partial amplitudes are

respectively associated with the six color factors c7, c8, c6, c13, c11, and c2.
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– 4 –
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We get the solution
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respectively associated with the six color factors c7, c8, c6, c13, c11, and c2.
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n1 = −n12 = n15 = s12s45A5[1, 2, 3, 4, 5],

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0,

n6 = n7 = n10 = s14s35A5[1, 2, 3, 5, 4] + s14(s35 + s45)A5[1, 2, 3, 4, 5], (2.9)

n8 = n9 = s14s35A5[1, 2, 3, 5, 4] + (s14s35 + s14s45 + s12s45)A5[1, 2, 3, 4, 5].

Color-kinematics duality is independent of the polarization of the gluons. Here we are going

to use the MHV formalism and assign negative helicity to the incoming gluons. Using the

Parke-Taylor formula [22] we have

A5[1
−, 2−,σ(3+, 4+, 5+)] = i

⟨12⟩4

⟨12⟩⟨2σ(3)⟩⟨σ(3)σ(4)⟩⟨σ(4)σ(5)⟩⟨σ(5)1⟩ , (2.10)

for any permutation σ ∈ S3 of the last three indices. Expressing in addition the kinematic

invariants in terms of spinors, sij = ⟨ij⟩[ji], we arrive at the following expressions for the

numerators

n1 = −n12 = n15 = i
⟨12⟩4[21][54]
⟨23⟩⟨34⟩⟨51⟩ ,

n6 = n7 = n10 = i
⟨12⟩4[14][52]
⟨23⟩⟨34⟩⟨51⟩ ,

n8 = n9 = i
⟨12⟩4[24][51]
⟨23⟩⟨34⟩⟨51⟩ , (2.11)

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0.

– 4 –

and write the 5-gluon amplitude in terms of the 6 independent color structures c2, 
c6, c7, c8, c11, and c13 as

Atree
5 = �ig3h12i3

✓
c2

h23ih34ih45ih51i +
c6

h25ih53ih34ih41i +
c7

h25ih54ih43ih31i

+
c8

h24ih45ih53ih31i +
c11

h24ih43ih35ih51i +
c13

h23ih35ih54ih41i

◆
.
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We want to parametrize momenta using stereographic coordinates J
H
E
P
0
9
(
2
0
1
6
)
0
0
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With this result, the five-gluon amplitude can be written as

A5 = −ig3⟨12⟩3
(

c2
⟨23⟩⟨34⟩⟨45⟩⟨51⟩ +

c6
⟨25⟩⟨53⟩⟨34⟩⟨41⟩ +

c7
⟨25⟩⟨54⟩⟨43⟩⟨31⟩

+
c8

⟨24⟩⟨45⟩⟨53⟩⟨31⟩ +
c11

⟨24⟩⟨43⟩⟨35⟩⟨51⟩ +
c13

⟨23⟩⟨35⟩⟨54⟩⟨41⟩

)
. (2.12)

Alternatively, this expression can be obtained from eq. (2.7) by a direct application of the

Parke-Taylor formula.

The spinor products appearing in the five-gluon amplitude can now be recast in terms

of momenta. Working in the center-of-mass frame, the incoming momenta take the form

p1 =

√
s

2
(1, 0, 0, 1), p2 =

√
s

2
(1, 0, 0,−1). (2.13)

On the other hand, for the three outgoing gluons their spatial momenta are parametrized

using stereographic coordinates ζa ∈ C (with a = 3, 4, 5) according to

pa = −ωa

(
1,

ζa + ζa
1 + ζaζa

, i
ζa − ζa
1 + ζaζa

,
ζaζa − 1

1 + ζaζa

)
, (2.14)

where the global minus sign reflects that all momenta are taken entering the diagram. The

stereographic coordinates ζa are related to the rapidity ya and the azimuthal angle φa by

ζa = eya+iφa . (2.15)

3 Gauge planar zeros

We focus now on planar five-gluon scattering with general color quantum numbers. Since

the incoming particles travel along the z axis, without loss of generality we can take all

momenta lying on the xz-plane. This means that pya = 0 and therefore ζa has to be real

and the outgoing momenta read

pa = − ωa

1 + ζ2a
(1 + ζ2a , 2ζa, 0, ζ

2
a − 1). (3.1)

Alternatively, the planarity condition implies that all emitted particles have azimuthal

angles with either φa = 0 or φa = π.

Implementing momentum conservation p1+ . . .+p5 = 0 gives three independent equa-

tions that determine the gluon energies ωa in terms of the center-of-mass energy
√
s and

the flight directions of the outgoing gluons labelled by ζa,

ω3 =

√
s

2

(1 + ζ23 )(1 + ζ4ζ5)

(ζ3 − ζ4)(ζ3 − ζ5)
,

ω4 =

√
s

2

(1 + ζ24 )(1 + ζ3ζ5)

(ζ4 − ζ3)(ζ4 − ζ5)
, (3.2)

ω5 =

√
s

2

(1 + ζ25 )(1 + ζ3ζ4)

(ζ5 − ζ3)(ζ5 − ζ4)
.
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Using four-momentum conservation we solve for the energies
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Alternatively, this expression can be obtained from eq. (2.7) by a direct application of the

Parke-Taylor formula.

The spinor products appearing in the five-gluon amplitude can now be recast in terms

of momenta. Working in the center-of-mass frame, the incoming momenta take the form

p1 =

√
s

2
(1, 0, 0, 1), p2 =

√
s

2
(1, 0, 0,−1). (2.13)

On the other hand, for the three outgoing gluons their spatial momenta are parametrized

using stereographic coordinates ζa ∈ C (with a = 3, 4, 5) according to
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ζa + ζa
1 + ζaζa

, i
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,
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, (2.14)

where the global minus sign reflects that all momenta are taken entering the diagram. The

stereographic coordinates ζa are related to the rapidity ya and the azimuthal angle φa by

ζa = eya+iφa . (2.15)

3 Gauge planar zeros

We focus now on planar five-gluon scattering with general color quantum numbers. Since

the incoming particles travel along the z axis, without loss of generality we can take all

momenta lying on the xz-plane. This means that pya = 0 and therefore ζa has to be real

and the outgoing momenta read

pa = − ωa
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(1 + ζ2a , 2ζa, 0, ζ

2
a − 1). (3.1)

Alternatively, the planarity condition implies that all emitted particles have azimuthal

angles with either φa = 0 or φa = π.
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Furthermore, the finite positive energy condition 0 ≤ ωa < ∞ imposes constraints on the

possible values of ζa. In particular, let us remark that finite energy implies that ζa ̸= ζb
for 3 ≤ a < b ≤ 5.

Using this parametrization, the amplitude (2.12) takes the form
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previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.
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The loci of planar zeros defines an integer cubic curve in the projective 
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previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.

Taking projective coordinates

(ζ3, ζ4, ζ5) = λ(1, U, V ), λ, U, V ̸= 0 (3.5)

the planar zeros of the five-gluon amplitude are determined by the loci defined by the

following equation

c7U−c8V −c6U
2+c11V

2+(c2+c6−c7+c8−c11−c13)UV +c13U
2V −c2UV 2 = 0. (3.6)

Moreover, this equation is homogeneous in the color factors and therefore independent of

the normalization of the gauge group generators. Since there exists a normalization of the

generators that makes all structure constants integer numbers [23], the planar zeros are

determined by a cubic curve with integer coefficients.

In terms of the projective coordinates (3.5), the energies of the outgoing particles take

the form

ω3 =

√
s

2

(1 + λ2)(1 + λ2UV )

λ2(1− U)(1− V )
,

ω4 =

√
s

2

(1 + λ2U2)(1 + λ2V )

λ2(U − 1)(U − V )
, (3.7)

ω5 =

√
s

2

(1 + λ2V 2)(1 + λ2U)

λ2(V − 1)(V − U)
.

– 6 –0  !3 < 1

0  !4 < 1

0  !5 < 1

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

U

V

UV = − 1

λ2

U = − 1

λ2

V = − 1

λ2

U = 1

UV = − 1

λ2

V = 1

U = V

Figure 2. Physical regions in the UV plane for a given value of λ. The shadowed regions are
unphysical points where the energy is negative for at least one of the outgoing gluons. Dashed lines
correspond to the soft limits in which one or several energies tend to zero. Solid lines, including
the axes, represent also unphysical points.

We have seen already that in order to keep the amplitude finite we have to exclude U =

0 and V = 0 from the physical region. Now, energy finiteness further demands that

U ̸= 1, V ̸= 1, and U ̸= V . By requiring ωa ≥ 0 we find that, for example, the region

U > 0, V > 0 has to be considered unphysical as well. Indeed, if this is the case all three

numerators in (3.7) are positive whereas the three denominators cannot have the same sign

simultaneously. As a consequence, at least one of the energies has to be negative and the

configuration is excluded. Studying the values of U and V in which the three energies are

simultaneously positive for a given λ, we arrive at the physical regions shown in figure 2.

Notice that the plot is symmetric under the exchange U ↔ V .

The conformal structure of the equation defining the planar zeros indicates that each

solution of eq. (3.6) can be realized in infinitely many physical setups, depending on the

value of the parameter λ. Notice that the boundaries of the allowed regions depend on

λ as well, so they move as this parameter varies, while the position of the zeros, being a

projective invariant, remain fixed.

A particularly interesting regime is the soft limit, in which one or various of the emitted

gluon energies tend to zero. From eq. (3.7) we see that the points in the (U, V ) plane for

– 7 –
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What about soft limits?
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In order to find the zeros of the amplitude, we notice that the finite energy condition

implies that the prefactor can never vanish. As a consequence, we find the following

equation depending on the color factors

c2
ζ5 − ζ3

ζ3
+ c6

ζ4 − ζ5
ζ5

− c7
ζ3 − ζ5

ζ5

+c8
ζ3 − ζ4

ζ4
− c11

ζ5 − ζ4
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− c13
ζ4 − ζ3

ζ3
= 0. (3.4)

The planar zero condition just derived is a homogeneous equation of vanishing degree.

Since the amplitude (3.3) diverges whenever any of the ζa vanishes, we can multiply the

previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.

Taking projective coordinates

(ζ3, ζ4, ζ5) = λ(1, U, V ), λ, U, V ̸= 0 (3.5)

the planar zeros of the five-gluon amplitude are determined by the loci defined by the

following equation

c7U−c8V −c6U
2+c11V

2+(c2+c6−c7+c8−c11−c13)UV +c13U
2V −c2UV 2 = 0. (3.6)

Moreover, this equation is homogeneous in the color factors and therefore independent of

the normalization of the gauge group generators. Since there exists a normalization of the

generators that makes all structure constants integer numbers [23], the planar zeros are

determined by a cubic curve with integer coefficients.

In terms of the projective coordinates (3.5), the energies of the outgoing particles take

the form

ω3 =

√
s

2

(1 + λ2)(1 + λ2UV )

λ2(1− U)(1− V )
,

ω4 =

√
s

2

(1 + λ2U2)(1 + λ2V )

λ2(U − 1)(U − V )
, (3.7)

ω5 =

√
s

2

(1 + λ2V 2)(1 + λ2U)

λ2(V − 1)(V − U)
.
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Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.
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V

UV = − 1

λ2

U = − 1

λ2

V = − 1

λ2

U = 1

UV = − 1

λ2

V = 1

U = V

Figure 2. Physical regions in the UV plane for a given value of λ. The shadowed regions are
unphysical points where the energy is negative for at least one of the outgoing gluons. Dashed lines
correspond to the soft limits in which one or several energies tend to zero. Solid lines, including
the axes, represent also unphysical points.

We have seen already that in order to keep the amplitude finite we have to exclude U =

0 and V = 0 from the physical region. Now, energy finiteness further demands that

U ̸= 1, V ̸= 1, and U ̸= V . By requiring ωa ≥ 0 we find that, for example, the region

U > 0, V > 0 has to be considered unphysical as well. Indeed, if this is the case all three

numerators in (3.7) are positive whereas the three denominators cannot have the same sign

simultaneously. As a consequence, at least one of the energies has to be negative and the

configuration is excluded. Studying the values of U and V in which the three energies are

simultaneously positive for a given λ, we arrive at the physical regions shown in figure 2.

Notice that the plot is symmetric under the exchange U ↔ V .

The conformal structure of the equation defining the planar zeros indicates that each

solution of eq. (3.6) can be realized in infinitely many physical setups, depending on the

value of the parameter λ. Notice that the boundaries of the allowed regions depend on

λ as well, so they move as this parameter varies, while the position of the zeros, being a

projective invariant, remain fixed.

A particularly interesting regime is the soft limit, in which one or various of the emitted

gluon energies tend to zero. From eq. (3.7) we see that the points in the (U, V ) plane for
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Furthermore, the finite positive energy condition 0 ≤ ωa < ∞ imposes constraints on the

possible values of ζa. In particular, let us remark that finite energy implies that ζa ̸= ζb
for 3 ≤ a < b ≤ 5.

Using this parametrization, the amplitude (2.12) takes the form

A5 =
2ig3√

s

(ζ3 − ζ4)(ζ3 − ζ5)(ζ4 − ζ5)

(1 + ζ3ζ4)(1 + ζ3ζ5)(1 + ζ4ζ5)

[
−c2

ζ5 − ζ3
ζ3

− c6
ζ4 − ζ5

ζ5

+ c7
ζ3 − ζ5

ζ5
− c8

ζ3 − ζ4
ζ4

+ c11
ζ5 − ζ4

ζ4
+ c13

ζ4 − ζ3
ζ3

]
. (3.3)

In order to find the zeros of the amplitude, we notice that the finite energy condition

implies that the prefactor can never vanish. As a consequence, we find the following

equation depending on the color factors

c2
ζ5 − ζ3

ζ3
+ c6

ζ4 − ζ5
ζ5

− c7
ζ3 − ζ5

ζ5

+c8
ζ3 − ζ4

ζ4
− c11

ζ5 − ζ4
ζ4

− c13
ζ4 − ζ3

ζ3
= 0. (3.4)

The planar zero condition just derived is a homogeneous equation of vanishing degree.

Since the amplitude (3.3) diverges whenever any of the ζa vanishes, we can multiply the

previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.

Taking projective coordinates

(ζ3, ζ4, ζ5) = λ(1, U, V ), λ, U, V ̸= 0 (3.5)

the planar zeros of the five-gluon amplitude are determined by the loci defined by the

following equation

c7U−c8V −c6U
2+c11V

2+(c2+c6−c7+c8−c11−c13)UV +c13U
2V −c2UV 2 = 0. (3.6)

Moreover, this equation is homogeneous in the color factors and therefore independent of

the normalization of the gauge group generators. Since there exists a normalization of the

generators that makes all structure constants integer numbers [23], the planar zeros are

determined by a cubic curve with integer coefficients.

In terms of the projective coordinates (3.5), the energies of the outgoing particles take

the form

ω3 =

√
s

2

(1 + λ2)(1 + λ2UV )

λ2(1− U)(1− V )
,

ω4 =

√
s

2
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λ2(U − 1)(U − V )
, (3.7)

ω5 =

√
s

2

(1 + λ2V 2)(1 + λ2U)
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Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.

– 8 –

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.

– 8 –

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.
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We have seen already that in order to keep the amplitude finite we have to exclude U =

0 and V = 0 from the physical region. Now, energy finiteness further demands that

U ̸= 1, V ̸= 1, and U ̸= V . By requiring ωa ≥ 0 we find that, for example, the region

U > 0, V > 0 has to be considered unphysical as well. Indeed, if this is the case all three

numerators in (3.7) are positive whereas the three denominators cannot have the same sign

simultaneously. As a consequence, at least one of the energies has to be negative and the

configuration is excluded. Studying the values of U and V in which the three energies are

simultaneously positive for a given λ, we arrive at the physical regions shown in figure 2.

Notice that the plot is symmetric under the exchange U ↔ V .

The conformal structure of the equation defining the planar zeros indicates that each

solution of eq. (3.6) can be realized in infinitely many physical setups, depending on the

value of the parameter λ. Notice that the boundaries of the allowed regions depend on

λ as well, so they move as this parameter varies, while the position of the zeros, being a

projective invariant, remain fixed.

A particularly interesting regime is the soft limit, in which one or various of the emitted

gluon energies tend to zero. From eq. (3.7) we see that the points in the (U, V ) plane for
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Furthermore, the finite positive energy condition 0 ≤ ωa < ∞ imposes constraints on the

possible values of ζa. In particular, let us remark that finite energy implies that ζa ̸= ζb
for 3 ≤ a < b ≤ 5.

Using this parametrization, the amplitude (2.12) takes the form

A5 =
2ig3√

s

(ζ3 − ζ4)(ζ3 − ζ5)(ζ4 − ζ5)

(1 + ζ3ζ4)(1 + ζ3ζ5)(1 + ζ4ζ5)

[
−c2

ζ5 − ζ3
ζ3

− c6
ζ4 − ζ5

ζ5

+ c7
ζ3 − ζ5

ζ5
− c8

ζ3 − ζ4
ζ4

+ c11
ζ5 − ζ4

ζ4
+ c13

ζ4 − ζ3
ζ3

]
. (3.3)

In order to find the zeros of the amplitude, we notice that the finite energy condition

implies that the prefactor can never vanish. As a consequence, we find the following

equation depending on the color factors

c2
ζ5 − ζ3

ζ3
+ c6

ζ4 − ζ5
ζ5

− c7
ζ3 − ζ5

ζ5

+c8
ζ3 − ζ4

ζ4
− c11

ζ5 − ζ4
ζ4

− c13
ζ4 − ζ3

ζ3
= 0. (3.4)

The planar zero condition just derived is a homogeneous equation of vanishing degree.

Since the amplitude (3.3) diverges whenever any of the ζa vanishes, we can multiply the

previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.

Taking projective coordinates

(ζ3, ζ4, ζ5) = λ(1, U, V ), λ, U, V ̸= 0 (3.5)

the planar zeros of the five-gluon amplitude are determined by the loci defined by the

following equation

c7U−c8V −c6U
2+c11V

2+(c2+c6−c7+c8−c11−c13)UV +c13U
2V −c2UV 2 = 0. (3.6)

Moreover, this equation is homogeneous in the color factors and therefore independent of

the normalization of the gauge group generators. Since there exists a normalization of the

generators that makes all structure constants integer numbers [23], the planar zeros are

determined by a cubic curve with integer coefficients.

In terms of the projective coordinates (3.5), the energies of the outgoing particles take

the form

ω3 =

√
s

2

(1 + λ2)(1 + λ2UV )

λ2(1− U)(1− V )
,

ω4 =

√
s

2

(1 + λ2U2)(1 + λ2V )

λ2(U − 1)(U − V )
, (3.7)

ω5 =

√
s

2

(1 + λ2V 2)(1 + λ2U)

λ2(V − 1)(V − U)
.
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Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.
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Figure 2. Physical regions in the UV plane for a given value of λ. The shadowed regions are
unphysical points where the energy is negative for at least one of the outgoing gluons. Dashed lines
correspond to the soft limits in which one or several energies tend to zero. Solid lines, including
the axes, represent also unphysical points.

We have seen already that in order to keep the amplitude finite we have to exclude U =

0 and V = 0 from the physical region. Now, energy finiteness further demands that

U ̸= 1, V ̸= 1, and U ̸= V . By requiring ωa ≥ 0 we find that, for example, the region

U > 0, V > 0 has to be considered unphysical as well. Indeed, if this is the case all three

numerators in (3.7) are positive whereas the three denominators cannot have the same sign

simultaneously. As a consequence, at least one of the energies has to be negative and the

configuration is excluded. Studying the values of U and V in which the three energies are

simultaneously positive for a given λ, we arrive at the physical regions shown in figure 2.

Notice that the plot is symmetric under the exchange U ↔ V .

The conformal structure of the equation defining the planar zeros indicates that each

solution of eq. (3.6) can be realized in infinitely many physical setups, depending on the

value of the parameter λ. Notice that the boundaries of the allowed regions depend on

λ as well, so they move as this parameter varies, while the position of the zeros, being a

projective invariant, remain fixed.

A particularly interesting regime is the soft limit, in which one or various of the emitted

gluon energies tend to zero. From eq. (3.7) we see that the points in the (U, V ) plane for
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Furthermore, the finite positive energy condition 0 ≤ ωa < ∞ imposes constraints on the

possible values of ζa. In particular, let us remark that finite energy implies that ζa ̸= ζb
for 3 ≤ a < b ≤ 5.

Using this parametrization, the amplitude (2.12) takes the form

A5 =
2ig3√

s

(ζ3 − ζ4)(ζ3 − ζ5)(ζ4 − ζ5)

(1 + ζ3ζ4)(1 + ζ3ζ5)(1 + ζ4ζ5)

[
−c2

ζ5 − ζ3
ζ3

− c6
ζ4 − ζ5

ζ5

+ c7
ζ3 − ζ5

ζ5
− c8

ζ3 − ζ4
ζ4

+ c11
ζ5 − ζ4

ζ4
+ c13

ζ4 − ζ3
ζ3

]
. (3.3)

In order to find the zeros of the amplitude, we notice that the finite energy condition

implies that the prefactor can never vanish. As a consequence, we find the following

equation depending on the color factors

c2
ζ5 − ζ3

ζ3
+ c6

ζ4 − ζ5
ζ5

− c7
ζ3 − ζ5

ζ5

+c8
ζ3 − ζ4

ζ4
− c11

ζ5 − ζ4
ζ4

− c13
ζ4 − ζ3

ζ3
= 0. (3.4)

The planar zero condition just derived is a homogeneous equation of vanishing degree.

Since the amplitude (3.3) diverges whenever any of the ζa vanishes, we can multiply the

previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.

Taking projective coordinates

(ζ3, ζ4, ζ5) = λ(1, U, V ), λ, U, V ̸= 0 (3.5)

the planar zeros of the five-gluon amplitude are determined by the loci defined by the

following equation

c7U−c8V −c6U
2+c11V

2+(c2+c6−c7+c8−c11−c13)UV +c13U
2V −c2UV 2 = 0. (3.6)

Moreover, this equation is homogeneous in the color factors and therefore independent of

the normalization of the gauge group generators. Since there exists a normalization of the

generators that makes all structure constants integer numbers [23], the planar zeros are

determined by a cubic curve with integer coefficients.

In terms of the projective coordinates (3.5), the energies of the outgoing particles take

the form

ω3 =

√
s

2

(1 + λ2)(1 + λ2UV )

λ2(1− U)(1− V )
,

ω4 =

√
s

2

(1 + λ2U2)(1 + λ2V )

λ2(U − 1)(U − V )
, (3.7)

ω5 =

√
s

2

(1 + λ2V 2)(1 + λ2U)

λ2(V − 1)(V − U)
.
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Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.

– 8 –

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.

– 8 –

J
H
E
P
0
9
(
2
0
1
6
)
0
0
6

Figure 3. Algebraic curve associated with the planar zeros for incoming gluons in a singlet state,
eq. (3.10). The right panel shows a blowup of the region around (U, V ) = (0, 0).

which ωa vanish are given by

UV = − 1

λ2
(ω3 = 0),

V = − 1

λ2
(ω4 = 0), (3.8)

U = − 1

λ2
(ω5 = 0),

which are indicated by the dashed lines in figure 2. On general grounds, a planar zero

corresponding to a point of the cubic (3.6) can be physically captured in the soft limit

provided there is a value of λ for which this point collides against any of the “soft” lines

defining the boundaries of the physical region.

The first example to analyze is the case of incoming gluons in a singlet state for

arbitrary gauge group, already studied in [19]. Using the fact that fda3bf ba4cf ca5d ∼
fa3a4a5 , we find

c2 = c6 = −c7 = c8 = −c11 = −c13 = −fa3a4a5 . (3.9)

The cubic equation then reads

U + V + U2 + V 2 − 6UV + U2V + UV 2 = 0. (3.10)

The associated algebraic curve is represented in figure 3. Comparing with figure 2 we see

that for small enough λ there is indeed a large part of the curve lying on physically allowed

regions. In particular, for λ < 1 there are solutions with arbitrarily large |U | and |V |.

– 8 –

For appropriate λ, all planar zeros can be captured in a soft limit.



M.A. Vázquez-Mozo                                     Planar Zeros in Gauge Theories & Gravity                                カブリ数物連携宇宙研究機構

Planar zeros for “colourless” incoming gluons:

Tracing over incoming color indices, 

fda3bf ba4cf ca5d ⇠ fa3a4a5
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Furthermore, the finite positive energy condition 0 ≤ ωa < ∞ imposes constraints on the

possible values of ζa. In particular, let us remark that finite energy implies that ζa ̸= ζb
for 3 ≤ a < b ≤ 5.

Using this parametrization, the amplitude (2.12) takes the form

A5 =
2ig3√

s

(ζ3 − ζ4)(ζ3 − ζ5)(ζ4 − ζ5)

(1 + ζ3ζ4)(1 + ζ3ζ5)(1 + ζ4ζ5)

[
−c2

ζ5 − ζ3
ζ3

− c6
ζ4 − ζ5

ζ5

+ c7
ζ3 − ζ5

ζ5
− c8

ζ3 − ζ4
ζ4

+ c11
ζ5 − ζ4

ζ4
+ c13

ζ4 − ζ3
ζ3

]
. (3.3)

In order to find the zeros of the amplitude, we notice that the finite energy condition

implies that the prefactor can never vanish. As a consequence, we find the following

equation depending on the color factors

c2
ζ5 − ζ3

ζ3
+ c6

ζ4 − ζ5
ζ5

− c7
ζ3 − ζ5

ζ5

+c8
ζ3 − ζ4

ζ4
− c11

ζ5 − ζ4
ζ4

− c13
ζ4 − ζ3

ζ3
= 0. (3.4)

The planar zero condition just derived is a homogeneous equation of vanishing degree.

Since the amplitude (3.3) diverges whenever any of the ζa vanishes, we can multiply the

previous equation by ζ3ζ4ζ5 without generating spurious solutions in the physical region.

Taking projective coordinates

(ζ3, ζ4, ζ5) = λ(1, U, V ), λ, U, V ̸= 0 (3.5)

the planar zeros of the five-gluon amplitude are determined by the loci defined by the

following equation

c7U−c8V −c6U
2+c11V

2+(c2+c6−c7+c8−c11−c13)UV +c13U
2V −c2UV 2 = 0. (3.6)

Moreover, this equation is homogeneous in the color factors and therefore independent of

the normalization of the gauge group generators. Since there exists a normalization of the

generators that makes all structure constants integer numbers [23], the planar zeros are

determined by a cubic curve with integer coefficients.

In terms of the projective coordinates (3.5), the energies of the outgoing particles take

the form

ω3 =

√
s

2

(1 + λ2)(1 + λ2UV )

λ2(1− U)(1− V )
,

ω4 =

√
s

2

(1 + λ2U2)(1 + λ2V )

λ2(U − 1)(U − V )
, (3.7)

ω5 =

√
s

2

(1 + λ2V 2)(1 + λ2U)

λ2(V − 1)(V − U)
.

– 6 –There exist “physical” planar zeros.
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SU(2): the color factors take the form
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We study next the loci defined by eq. (3.6) for SU(N) gauge groups with different

ranks and various color configurations:

SU(2). In the case of SU(2) it is easy to write a closed expression for the color factors

c2 = δa3a4ϵa2a5a1 − δa2a4ϵa3a5a1 ,

c6 = δa5a3ϵa2a4a1 − δa2a3ϵa5a4a1 ,

c7 = δa1a4ϵa3a5a2 − δa3a4ϵa1a5a2 ,

c8 = δa2a5ϵa4a1a3 − δa4a5ϵa2a1a3 , (3.11)

c11 = δa4a3ϵa2a5a1 − δa2a3ϵa4a5a1 ,

c13 = δa4a5ϵa1a2a3 − δa1a5ϵa4a2a3 ,

where a convenient normalization of the gauge group generators has been chosen. In

principle, the color factors can only take the values 0,±1, and ±2, since each term on the

right-hand side of these equations is either 0 or ±1. However, the case ±2 is excluded.

The reason is that due to the structure of indices of the Levi-Civita tensor, sharing the last

two entries, they cannot have oposite signs. As a consequence, they cannot add up and we

conclude that for SU(2) the color factors satisfy ci = 0,±1.

An exploration of the possible external color numbers show that there are no solutions

containing physical points. We illustrate this with a few examples. Our first case has color

structure (a1, a2, a3, a4, a5) = (2, 3, 1, 1, 1), giving the same value for all color factors

c2 = c6 = c7 = c8 = c11 = c13 = 1. (3.12)

The resulting cubic equation completely factorizes as

(U − 1)(V − 1)(U − V ) = 0. (3.13)

We see that the three solutions lie outside the physical region and as a consequence there

are no planar zeros for this gauge configuration.

Next we try (a1, a2, a3, a4, a5) = (2, 2, 2, 1, 3), which corresponds to color factors

c2 = c7 = c8 = c13 = 0, c6 = −c11 = 1. (3.14)

In this case the equation for the zeros becomes quadratic and factorizes as

(U − V )2 = 0. (3.15)

The geometric loci of zeros coincide again with the unphysical region corresponding to two

particles in the final state with infinite energy.

As a last example, we take (a1, a2, a3, a4, a5) = (1, 2, 2, 2, 3), which gives

c2 = c8 = c11 = c13 = 0, c6 = c7 = 1. (3.16)

In this case the cubic again degenerates into a quadratic equation

U(U − 1) = 0, (3.17)

which has no physical solutions.
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Figure 4. Left panel: curve (3.19) giving the planar zeros for the SU(3) five-gluon amplitude
with (a1, a2, a3, a4, a5) = (7, 7, 6, 1, 5). Right panel: the same for (a1, a2, a3, a4, a5) = (1, 4, 1, 2, 6),
corresponding to eq. (3.21).

To summarize, a scan of possible values of the external color numbers show that the

only curves obtained in this case coincide with unphysical regions in the plot of figure 2,

U = 0, 1, V = 0, 1 or U = V . The only possibility for planar zeros in this case is to consider

external states without well-defined color numbers, such as the singlet case studied above.

SU(3). We work out a first example where we take color quantum numbers

(a1, a2, a3, a4, a5) = (7, 7, 6, 1, 5) and color factors

c2 = −c7 = c8 = −c13 = 2, c6 = −c11 = −1. (3.18)

The planar zeros are given by the factorized cubic

(U + V − 2)(U + V − 2UV ) = 0. (3.19)

This is a hyperbola together with its tangent at (U, V ) = (1, 1) (see the left panel of

figure 4). The loci has nonvanishing intersection with the physically allowed region in the

UV plane for appropriate values of λ.

A different hyperbola is obtained for (a1, a2, a3, a4, a5) = (1, 4, 1, 2, 6) with

c2 = −c11 = −1, c6 = −4, c7 = c8 = 0, c13 = −2. (3.20)

The equation determining the zeros also factorizes in this case, giving

(2U − V )(−2U + V + UV ) = 0. (3.21)

Again, we have a hyperbola and one of its tangents, this time at the origin. The curves

are shown in the r.h.s. panel of figure 4.
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figure 4). The loci has nonvanishing intersection with the physically allowed region in the

UV plane for appropriate values of λ.

A different hyperbola is obtained for (a1, a2, a3, a4, a5) = (1, 4, 1, 2, 6) with

c2 = −c11 = −1, c6 = −4, c7 = c8 = 0, c13 = −2. (3.20)

The equation determining the zeros also factorizes in this case, giving

(2U − V )(−2U + V + UV ) = 0. (3.21)

Again, we have a hyperbola and one of its tangents, this time at the origin. The curves

are shown in the r.h.s. panel of figure 4.
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Figure 7. Graphic representation of the kinematic configuration on the interaction plane for two
planar zeros. In both cases the gauge group is SU(3) with color configuration (7, 7, 6, 1, 5), so they
correspond to two points on the curve shown on the left panel of 4. The left panel represents the
solution (ζ3, ζ4, ζ5) = (−1.95, 0.4,−4.3), whereas in the right panel (ζ3, ζ4, ζ5) = (0.85, 2.5,−0.8). In
the projective coordinates (3.5), they correspond to λ = −1.95, U = −0.21, V = 2.21 and λ = 0.85,
U = 2.94, V = −0.94 respectively.

Without loss of generality we considered the situation in which the scattering takes

place in the y = 0 plane. Planar zeros on a different interaction plane can be obtained by

applying rotations to the solutions studied here. In particular, the Lorentz group acts on

the stereographic coordinates parametrizing the direction of the momenta through SL(2,C)
transformations [26]

ζ ′k =
aζk + b

cζk + d
, ad− bc = 1, (6.1)

where for the incoming particles we have ζ1 = ∞ and ζ2 = 0. Rotations can be spotted by

looking for transformations leaving invariant the energies (3.2), together with those of the

incoming particles. They are given by

(
a b

c d

)
=

(
ξ −

√
1− ξ2√

1− ξ2 ξ

)
. (6.2)

For real |ξ| ≤ 1, we parametrize ξ = cosφ. This corresponds to a rotation of the interaction

plane of angle 2φ with respect to the x-axis. Alternatively, for |ξ| > 1, setting |ξ| = coshχ

the transformation implements a rotation of angle sin φ′ = tanh 2χ around the y-axis.

With the results here presented we have shed some light on the origin of the planar

zeroes present in Yang-Mills scattering amplitudes. Our results can be generalized to an

arbitrary number of external legs at Born level. It will be worth further investigating the

effect of quantum corrections. We have also connected, via the BCJ duality, these zeroes to

the corresponding ones in gravity. We are currently studying how this picture is modified

when the scattering of open and closed strings is considered.
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Without loss of generality we considered the situation in which the scattering takes

place in the y = 0 plane. Planar zeros on a different interaction plane can be obtained by

applying rotations to the solutions studied here. In particular, the Lorentz group acts on

the stereographic coordinates parametrizing the direction of the momenta through SL(2,C)
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where for the incoming particles we have ζ1 = ∞ and ζ2 = 0. Rotations can be spotted by

looking for transformations leaving invariant the energies (3.2), together with those of the

incoming particles. They are given by

(
a b

c d

)
=

(
ξ −

√
1− ξ2√

1− ξ2 ξ

)
. (6.2)

For real |ξ| ≤ 1, we parametrize ξ = cosφ. This corresponds to a rotation of the interaction

plane of angle 2φ with respect to the x-axis. Alternatively, for |ξ| > 1, setting |ξ| = coshχ

the transformation implements a rotation of angle sin φ′ = tanh 2χ around the y-axis.

With the results here presented we have shed some light on the origin of the planar

zeroes present in Yang-Mills scattering amplitudes. Our results can be generalized to an

arbitrary number of external legs at Born level. It will be worth further investigating the

effect of quantum corrections. We have also connected, via the BCJ duality, these zeroes to

the corresponding ones in gravity. We are currently studying how this picture is modified

when the scattering of open and closed strings is considered.

– 17 –

JHEP09(2016)006

−
√
s/2

0

√
s/2

−
√
s/2 0

√
s/2

p1

p2

p4

p3 p5

❄

✻

⑥

❘

❑
pzi

pxi

ζ1∗

−
√
s/2

0

√
s/2

−
√
s/2 0

√
s/2

p1

p2

p3

p4

p5

❄

✻

❦

③
✠

pzi

pxi

ζ2∗

1

−
√
s/2

0

√
s/2

−
√
s/2 0

√
s/2

p1

p2

p3

p4

p5

❄

✻
③

✒

✾
pzi

pxi

ζ3∗

−
√
s/2

0

√
s/2

−
√
s/2 0

√
s/2

p1

p2

p3

p4

p5❄

✻

✼

✰

✿pzi

pxi

ζ4∗

2

Figure 7. Graphic representation of the kinematic configuration on the interaction plane for two
planar zeros. In both cases the gauge group is SU(3) with color configuration (7, 7, 6, 1, 5), so they
correspond to two points on the curve shown on the left panel of 4. The left panel represents the
solution (ζ3, ζ4, ζ5) = (−1.95, 0.4,−4.3), whereas in the right panel (ζ3, ζ4, ζ5) = (0.85, 2.5,−0.8). In
the projective coordinates (3.5), they correspond to λ = −1.95, U = −0.21, V = 2.21 and λ = 0.85,
U = 2.94, V = −0.94 respectively.

Without loss of generality we considered the situation in which the scattering takes

place in the y = 0 plane. Planar zeros on a different interaction plane can be obtained by

applying rotations to the solutions studied here. In particular, the Lorentz group acts on

the stereographic coordinates parametrizing the direction of the momenta through SL(2,C)
transformations [26]

ζ ′k =
aζk + b

cζk + d
, ad− bc = 1, (6.1)

where for the incoming particles we have ζ1 = ∞ and ζ2 = 0. Rotations can be spotted by

looking for transformations leaving invariant the energies (3.2), together with those of the

incoming particles. They are given by

(
a b

c d

)
=

(
ξ −

√
1− ξ2√

1− ξ2 ξ

)
. (6.2)

For real |ξ| ≤ 1, we parametrize ξ = cosφ. This corresponds to a rotation of the interaction

plane of angle 2φ with respect to the x-axis. Alternatively, for |ξ| > 1, setting |ξ| = coshχ

the transformation implements a rotation of angle sin φ′ = tanh 2χ around the y-axis.

With the results here presented we have shed some light on the origin of the planar

zeroes present in Yang-Mills scattering amplitudes. Our results can be generalized to an

arbitrary number of external legs at Born level. It will be worth further investigating the

effect of quantum corrections. We have also connected, via the BCJ duality, these zeroes to

the corresponding ones in gravity. We are currently studying how this picture is modified

when the scattering of open and closed strings is considered.

– 17 –



M.A. Vázquez-Mozo                                     Planar Zeros in Gauge Theories & Gravity                                カブリ数物連携宇宙研究機構

SU(5): in this case there are also non-factorizable curves. E.g.,
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Figure 5. Two examples of planar zero curves for the group SU(5): the hyperbola in the l.h.s. panel
corresponds to (a1, a2, a3, a4, a5) = (17, 19, 19, 18, 23), resulting in eq. (3.23). Equation (3.25) is
represented on the r.h.s. panel, corresponding to color indices (a1, a2, a3, a4, a5) = (19, 18, 23, 17, 19).

As in the SU(2) cases all examples explored for the gauge group SU(3) show factor-

ization of the cubic equation. In this latter case, however, not only the type of curves is

enlarged to include hyperbolas which were absent for SU(2), but the curves contain physical

points. In addition, considering quantum numbers in a SU(2) subgroup of SU(3) generates

the curves obtained for the former group.

SU(5). Enlarging the gauge group to SU(5) brings more general types of cubic algebraic

curves. This is for example the case taking (a1, a2, a3, a4, a5) = (17, 19, 19, 18, 23). The

resulting color factors are

c2 = c13 = 0, c6 = c8 = 2, c7 = c11 = 1. (3.22)

Since c2 and c13 vanish, it results in the following quadratic equation determining the

planar zeros

U − 2U2 − 2V + 2UV + V 2 = 0. (3.23)

Unlike the examples encountered for SU(2) and SU(3), this curve does not factorize and

corresponds to the hyperbola shown in the l.h.s. panel of figure 5.

A second interesting example is provided by (a1, a2, a3, a4, a5) = (19, 18, 23, 17, 19).

The corresponding color factors are

c2 = c11 = 0, c6 = c8 = 2, c7 = c13 = 1. (3.24)

The resulting equation for the zero

U − 2U2 − 2V + 2UV + U2V = 0 (3.25)

is the cubic curve shown in the r.h.s. panel of figure 5.
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Figure 6. Singular curve in eq. (3.27) corresponding to (a1, a2, a3, a4, a5) = (19, 19, 18, 23, 17). The
r.h.s. panel blows up the region around the origin.

As a last example we take (a1, a2, a3, a4, a5) = (19, 19, 18, 23, 17), with color factors

c2 = −c7 = −2, c6 = c8 = −c11 = −c13 = 1. (3.26)

We get the cubic curve

2U − U2 − V − U2V − V 2 + 2UV 2 = 0, (3.27)

which, as shown in figure 6, contains a singular point at (U, V ) = (1, 1).

We see how SU(5) provides more general types of curves than the ones found for

unitary groups of lower rank. We also have to take into account that SU(5) contains

SU(3) and SU(2) subgroups. Using the standard generators (see, for example, [24]) these

subgroups are respectively generated by {T 1, . . . , T 8} and {T 21, T 22, T 23}. Thus, setting

the external indices in the subsets (1, . . . , 8) or (21, 22, 23) we recover previous examples.

For instance, (a1, a2, a3, a4, a5) = (7, 7, 6, 1, 5) gives the curve shown in the l.h.s. panel of

figure 4, whereas (a1, a2, a3, a4, a5) = (22, 23, 21, 21, 21) reproduces eq. (3.13).

4 Planar zeros and color permutations

It is interesting to see how the zeros here investigated transform under permutations of the

color quantum numbers of the external particles. We begin considering those permutations

preserving the choice of amplitudes basis implied by eq. (2.7). These are elements of S3

permuting the color indices of the three outgoing gluons (see figure 1).

In order to find the action of these permutations on the geometric loci of planar zeros,

we can see how the color factors (2.4) transform under permutations of the (a3, a4, a5) color

indices. Here instead we use a more geometric approach and work with the homogenization

of the cubic equation (3.6)

c7Z
2U − c8Z

2V − c6ZU2 + c11ZV 2 + (c2 + c6 − c7 + c8 − c11 − c13)ZUV

+ c13U
2V − c2UV 2 = 0. (4.1)
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Figure 5. Two examples of planar zero curves for the group SU(5): the hyperbola in the l.h.s. panel
corresponds to (a1, a2, a3, a4, a5) = (17, 19, 19, 18, 23), resulting in eq. (3.23). Equation (3.25) is
represented on the r.h.s. panel, corresponding to color indices (a1, a2, a3, a4, a5) = (19, 18, 23, 17, 19).

As in the SU(2) cases all examples explored for the gauge group SU(3) show factor-

ization of the cubic equation. In this latter case, however, not only the type of curves is

enlarged to include hyperbolas which were absent for SU(2), but the curves contain physical

points. In addition, considering quantum numbers in a SU(2) subgroup of SU(3) generates

the curves obtained for the former group.

SU(5). Enlarging the gauge group to SU(5) brings more general types of cubic algebraic

curves. This is for example the case taking (a1, a2, a3, a4, a5) = (17, 19, 19, 18, 23). The

resulting color factors are

c2 = c13 = 0, c6 = c8 = 2, c7 = c11 = 1. (3.22)

Since c2 and c13 vanish, it results in the following quadratic equation determining the

planar zeros

U − 2U2 − 2V + 2UV + V 2 = 0. (3.23)

Unlike the examples encountered for SU(2) and SU(3), this curve does not factorize and

corresponds to the hyperbola shown in the l.h.s. panel of figure 5.

A second interesting example is provided by (a1, a2, a3, a4, a5) = (19, 18, 23, 17, 19).

The corresponding color factors are

c2 = c11 = 0, c6 = c8 = 2, c7 = c13 = 1. (3.24)

The resulting equation for the zero

U − 2U2 − 2V + 2UV + U2V = 0 (3.25)

is the cubic curve shown in the r.h.s. panel of figure 5.
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r.h.s. panel blows up the region around the origin.
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We can study the transformation of the curves under permutations of the 
color indices. The space of color structures is

TCS5 = Lie((5)) (Kol & Shir 2014)

First we look at S3 acting on the outgoing color indices

active

S3 : (a3, a4, a5) () S3 : (⇣3, ⇣4, ⇣5)
passive

The color factors transform in the six-dimensional, regular representation of S3 
acting on C = (c2,c6,c7,c8,c11,c13)T
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The group S3 acts passively by permutation of the coordinates (Z,U, V ). Let us discuss

the geometrical meaning of these transformations. Equation (4.1) is defined in the whole

projective plane, which is covered by the three affine patches centered at (1, 0, 0), (0, 1, 0),

and (0, 0, 1). The group S3 is generated by S2 transformations interchanging the two

coordinates within each patch, together with cyclic permutations of the three patches. This

defines a coset decomposition of S3 with respect to its cyclic subgroup generated by (123).

The physically allowed regions shown in figure 2 correspond to the patch centered

at (1, 0, 0). It has been already pointed out that it is invariant under the interchange of

the two coordinates U ↔ V . Moreover, the corresponding plots in the other two affine

coordinate patches are identical to this one. This is easy to see from eq. (3.2), where it is

glaring that cyclic permutations of the three patches only interchange the energies of the

three outgoing gluons. Thus, the positivity conditions remain algebraically the same in

any of the three affine patches. The final conclusion is that S3 only acts on the axes labels

of the plot in figure 2. This is a passive version of the fact that the energies of the outgoing

gluons are determined by momentum conservation alone and that the color structures play

no role in it.

Applying a permutations of S3 to eq. (4.1), we find that the color factors transform

under the (six-dimensional) regular representation of the group: in particular, if we write

C = (c2, c6, c7, c8, c11, c13)T the group S3 acts through the matrices

(1)(2)(3) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (123) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 1 0 0

1 0 0 0 0 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

,

(132) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 0 0 0 0 1

0 0 1 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (12)(3) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 1 0

0 0 1 0 0 0

0 1 0 0 0 0

0 0 0 0 0 1

1 0 0 0 0 0

0 0 0 1 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (4.2)

(13)(2) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0 0 0

0 0 0 0 0 1

1 0 0 0 0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 1 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (1)(23) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

Notice that the combination of color factors in the coefficient of the ZUV term itself

transforms with the one-dimensional parity representation,

σ(c2 + c6 − c7 + c8 − c11 − c13) = (−1)π(σ)(c2 + c6 − c7 + c8 − c11 − c13), (4.3)
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The group S3 acts passively by permutation of the coordinates (Z,U, V ). Let us discuss

the geometrical meaning of these transformations. Equation (4.1) is defined in the whole

projective plane, which is covered by the three affine patches centered at (1, 0, 0), (0, 1, 0),

and (0, 0, 1). The group S3 is generated by S2 transformations interchanging the two

coordinates within each patch, together with cyclic permutations of the three patches. This

defines a coset decomposition of S3 with respect to its cyclic subgroup generated by (123).

The physically allowed regions shown in figure 2 correspond to the patch centered

at (1, 0, 0). It has been already pointed out that it is invariant under the interchange of

the two coordinates U ↔ V . Moreover, the corresponding plots in the other two affine

coordinate patches are identical to this one. This is easy to see from eq. (3.2), where it is

glaring that cyclic permutations of the three patches only interchange the energies of the

three outgoing gluons. Thus, the positivity conditions remain algebraically the same in

any of the three affine patches. The final conclusion is that S3 only acts on the axes labels

of the plot in figure 2. This is a passive version of the fact that the energies of the outgoing

gluons are determined by momentum conservation alone and that the color structures play

no role in it.

Applying a permutations of S3 to eq. (4.1), we find that the color factors transform
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S3 can be decomposed into cosets of S2 

S3 = (1)(2)(3)S2 ] (123)S2 ] (132)S2

permutes the three 
affine patches

interchanges the two 
coordinates on each 
patch

General permutations acts on TCS5 as           of S5. For example,
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where π(σ) = 0, 1 for even and odd permutations respectively. This is a consequence of

the fact that ZUV is an invariant under the permutation group.

Applying the transformations given by the matrices (4.2) to the curve (3.10) obtained

in the case of the scattering of two gluons in a singlet state, C = (1, 1,−1, 1,−1,−1)T , we

find that it is invariant, since C transforms with the parity of the permutation, σ(C) =

(−1)π(σ)C. This means the curve shown in the plot in figure 3 describes the planar zeros in

all three coordinate patches. Incidentally, notice that the curve is invariant as well under

the interchange of the two coordinates in any of the three corresponding plots.

The curves presented in section 3 are expressed in the patch (1, 0, 0). Under permu-

tation of the two coordinates, some solutions remain invariant, such as eq. (3.19), or get

mapped into a different solution.

We can also consider the transformation of the curves with respect to general color per-

mutations. They form the group TCS5 which is identified with the cyclic Lie operad Lie((5)).

Its structure has been studied in ref. [21], where it was found that its action on the six

independent color structures is given by the following six-dimensional representation of S5

.

Unlike the transformations of S3 studied above, those in TCS5\S3 do not act on the ge-

ometric loci of planar zeros by permutation of the projective coodinates (Z,U, V ). The

most obvious example is provided by the interchange of the color indices of the incoming

gluons a1, a2. From eq. (2.4) we find that this transformation acts linearly on C through

the matrix

(12)(3)(4)(5) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 0 −1 0 0 0

0 0 0 0 −1 0

−1 0 0 0 0 0

0 0 0 0 0 −1

0 −1 0 0 0 0

0 0 0 −1 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (4.4)

where we have used the cycle notation for the elements of S5. It is interesting to point

out that this transformation leaves invariant the coefficient of the ZUV coefficient in (4.1).

This last property is not shared by other transformations in TCS5\S3. For example,

(134)(25) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 0 0 1

0 0 1 0 0 0

0 −1 1 0 0 0

−1 0 0 0 1 0

−1 0 0 0 0 0

0 0 1 −1 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (1245)(3) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 −1 0 0 0

0 1 0 0 0 0

0 0 0 0 0 1

−1 0 0 0 0 1

−1 0 −1 1 0 1

0 1 −1 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (4.5)

act on c2 + c6 − c7 + c8 − c11 − c13 respectively as

(134)(25)(c2 + c6 − c7 + c8 − c11 − c13) = c2 − c6 + c7 − c8 − c11 − c13,

(1245)(3)(c2 + c6 − c7 + c8 − c11 − c13) = c2 − c6 − c7 + c8 − c11 + c13. (4.6)
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(1245)(3)(c2 + c6 − c7 + c8 − c11 − c13) = c2 − c6 − c7 + c8 − c11 + c13. (4.6)

– 14 –

This can be used to generate the whole orbit from a given color configuration.
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What about scalars?

The diagrams to compute are

A ⌘

9 Scalar scattering with gluon bremsstrahlung

Given our failure in checking color-kinematic duality for fermions beyond the leading term in
the Regge limit, we proceed to compute the tree-level scattering of two distinguishable scalars
in the fundamental representation with the emission of a gluon in the final state (we use the
same notation as in Section 1)

ϕ(p, j) + ϕ′(q, n) −→ ϕ(p′, i) + ϕ′(q′, m) + g(k, a). (9.1)

The Feynman rules for this process can be found in Appendix C and are taken from Ref. [4]
(see page 700). One has to be careful, however, because in this reference the gauge group
generators are taken to be anti-Hermitian, so to agree with our conventions we have replaced
T a

jk → −iT a
jk in their Feynman rules. The Feynman diagrams contributing to the process under

study are:

M ≡

(q, n) (q′, m)

(p, j) (p′, i)
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(p, j) (p′, i)
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+
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(q, n) (q′, m)

(p, j) (p′, i)
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+

(q, n) (q′, m)

(p, j) (p′, i)

(k, a)

where we have represented the two scalar flavors by continuous and dashed lines respective.
The contributions of the previous five diagrams we write as

M = M1 + M2 + M3 + M4 + M5 + M6 + M7. (9.3)
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�(p, j) + �0(q, n) �! �(p0, i) + �0(q0,m) + g(k, a, ✏)
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The amplitude has the structure

momenta and color quantum numbers according to
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where "(p
5

) indicates the polarization vector of the gluon. Unlike in the conventions used in
[3], here we take all momenta incoming. The amplitude takes the form
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From here on we follow Diego’s notebook, with the changes in conventions already mentioned.
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C3, C5, C6, and C7.
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Using the same kinematic setup as for the gluon amplitude and

x

y
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To compute the numerators, we take the following gluon polarization vector in terms of

stereographic coordinates as
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In the following, we will work with the positive helicity vector, ✏ ⌘ ✏
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There is however an important di↵erence with respect to the pure gauge case. Now the cubic
polynomial factorizes and one of the factors is independent of the color factors of the particles.
Thus, the amplitude vanishes whenever we have a planar scattering satisfying
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� ⇣
4

= 0. (2.11)

Notice that this condition is independent of the direction of flight of the emitted gluon (i.e., it
does not depend on ⇣
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). In addition, there is a second color-dependent quadratic condition
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(⇣
3

, ⇣
4

, ⇣
5

) = �(U, V, 1), (2.13)

so the loci for the planar zeros are determined by
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Notice that his equation is homogeneous in the color factors. Since the generators can be always
chosen to be integers, we have the the loci determined by this equation is an integer curve.

The curve described by (2.14) is a straight line. In the case of the quadratic (2.15), we can
classify the curve using the three invariants (�, �, I) and the semiinvariant � (see, for example,
[4])
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As a crosscheck of our results, we can see that the amplitude satisfies the gauge Ward identity.
Putting together these expressions, we write the final result for the tree-level scattering

amplitude of distinct scalars with gluon emission
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Since �  0, no ellipses are possible. It is also impossible to have � = 0 with � 6= 0, so
parabolas are ruled out as well. Thus, the only possible type of curves are hyperbolas (� 6= 0,
� < 0), intersecting lines (� = 0, � < 0), or parallel lines (� = � = 0, � < 0). Notice that this
classification is valid for all gauge groups and all representations of the scalar fields.

2.1 Maxwell theory

Unlike for pure gauge scattering, we can study the Maxwell theory in this case. Taking the
following generators of U(1)

T 1

ij = e�ij, T
1

mn = e0�mn, (2.17)

we arrive at the following values for the color factors

C
1

= C
2

=
1

2
C

3

= e2e0, C
4

= C
5

=
1

2
C

6

= ee02, C
7

= 0. (2.18)

The projective curve determining the planar zeros is given by

ee02UV + ee0(e� e0)V � e2e0 = 0. (2.19)

In this case, since

� =
1

4
e4e05 6= 0, � = �1

4
e2e04 < 0, (2.20)

we only have hyperbolas with asymptotes along the coordinates axes and with center at the
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◆

. (2.21)

A particularly simple case arises when we consider that both scalar, though distinct, have
the same electric charge, e = e0. In this case the loci of planar zeros is specially simple

UV = 1. (2.22)
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The color-dependent zeros are fully captured in the soft gluon limit:

and in terms of stereographic coordinates

6 Remarks on soft limits

We turn now to the problem of whether planar zeros are fully captured in the soft limit. We
begin with the gauge case analyzing the simple example of two distinguishable scalars studied
in Section 2. In the limit in which the emitted positive (resp. negative) helicity gluon is soft,
p
5

! 0, the leading behavior of the amplitude takes the form [8]
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where A
4

is the four-scalar tree level amplitude and we have used the Jacobi identity C
5

=
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4

to express our amplitude in terms of the three independent color structures C
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, and C
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. We now take the planar limit
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while the polarization vector is given by (2.7). This result in the following expression for the
amplitude
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With this result, we find that the condition for the vanishing of the soft gauge theory
amplitude in the planar limit is given by
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which coincides with the nontrivial loci of planar zeros for the full tree level amplitude encoun-
tered in Eq. (2.12). We notice, however, that there we also found a trivial branch of planar
zeros given by the condition 2⇣
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4

= 0. We argue next that this loci cannot be captured in
the soft-gluon limit of the amplitude. Indeed, the limit !
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There is however an important di↵erence with respect to the pure gauge case. Now the cubic
polynomial factorizes and one of the factors is independent of the color factors of the particles.
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The “trivial” branch is far away from the soft gluon limit

6 Remarks on soft limits

We turn now to the problem of whether planar zeros are fully captured in the soft limit. We
begin with the gauge case analyzing the simple example of two distinguishable scalars studied
in Section 2. In the limit in which the emitted positive (resp. negative) helicity gluon is soft,
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! 0, the leading behavior of the amplitude takes the form [8]
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while the polarization vector is given by (2.7). This result in the following expression for the
amplitude
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With this result, we find that the condition for the vanishing of the soft gauge theory
amplitude in the planar limit is given by
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which coincides with the nontrivial loci of planar zeros for the full tree level amplitude encoun-
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Finally, we look at planar zeros in gravity studying the five-graviton tree-level 
amplitude.

To compute it we use the BCJ double copy prescription
(Bern, Carrasco & Johansson 2008)
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Exploiting our result for the five-gluon scattering J
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Through its transformations of the color factors, TCS5 acts on the curves determin-

ing the planar zeros. In fact, this action can be used to generate the whole orbit of

projective curves associated with the permutations of the color quantum numbers of the

interacting gluons.

5 Graviton planar zeros from color-kinematics duality

We turn now to the problem of planar zeros in the five-graviton tree level amplitude. The

gravitational amplitude can be constructed from its gluon counterpart (2.2) using the BCJ

prescription [2, 3],
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provided the numerators ni satisfy color-kinematics duality, with κ the gravitational cou-

pling. Taking the graviton polarizations (1−, 2−, 3+, 4+, 5+), we use our expression for the

MHV gauge amplitude given in eq. (2.12) to write
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Using the form of the gauge theory numerators in eq. (2.11), after a bit of algebra we arrive

at the simpler expression [25]
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We compute the numerators using stereographic coordinates and in the planar 
case (i.e.,             )
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Given our choice of reference frame, planarity implies that for any two outgoing mo-

menta their azimuthal angles must satisfy ∆φij = 0,π. In both cases we find from (5.6)

that the gravitational amplitude vanishes

− iM5

∣∣∣
planar

= 0. (5.7)

Unlike the gauge case where the cancellation condition depends on the color factors of

the incoming particles, the graviton amplitude automatically vanishes in the limit of

planar scattering.

We now show that this is a consequence of color kinematic duality. In gauge theories

we have seen that the vanishing of the amplitude in the planar case leads to a nontrivial

condition on the momenta of the outgoing particles given in eq. (3.4). In fact, the numera-

tors in eq. (2.11) have been chosen to satisfy color-kinematics duality, so we can obtain the

planar zero condition for gravity by replacing the color factors {c2, c6, c7, c8, c11, c13} in (3.4)

with the corresponding numerators {n2, n6, n7, n8, n11, n13}. In terms of the stereographic

coordinates, the latter are given by

n6 = n7 = is
3
2
(ζ3 − ζ5)ζ5
ζ3(1 + ζ4ζ5)

,

n8 = is
3
2
(ζ3 − ζ5)ζ4
ζ3(1 + ζ4ζ5)

, (5.8)

n2 = n11 = n13 = 0.

After this substitution, the condition for the existence of a zero in the amplitude is

identically satisfied

− n2
ζ5 − ζ3

ζ3
− n6

ζ4 − ζ5
ζ5

+ n7
ζ3 − ζ5

ζ5
− n8

ζ3 − ζ4
ζ4

+ n11
ζ5 − ζ4

ζ4
+ n13

ζ4 − ζ3
ζ3

= is
3
2

(ζ3 − ζ5)

ζ3(1 + ζ4ζ5)

(
− ζ4 + ζ5 + ζ3 − ζ5 − ζ3 + ζ4

)
= 0. (5.9)

This implies that, in the gravitational case, planarity is enough to make the amplitude van-

ish, without additional kinematic conditions to be satisfied by the stereographic coordinates

of the outgoing gravitons.

6 Closing remarks

We have studied the presence of planar zeros in both Yang-Mills theories and gravity. For

the case of gauge theories, we have represented in figure 7 the kinematics on the interaction

plane for two typical planar zeros within the same color configuration. By varying the value

of λ ≡ ζ3 while keeping U ≡ ζ4/ζ3 and V ≡ ζ5/ζ3 constant, these processes can be deformed

into a different one with the emission, for example, of one or more soft gluons while the total

amplitude remains equal to zero. This happens because planar zeros live in the projective

U -V plane and are therefore invariant under a simultaneous rescaling of the three outgoing

stereographic coordinates.
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Through its transformations of the color factors, TCS5 acts on the curves determin-

ing the planar zeros. In fact, this action can be used to generate the whole orbit of

projective curves associated with the permutations of the color quantum numbers of the

interacting gluons.

5 Graviton planar zeros from color-kinematics duality

We turn now to the problem of planar zeros in the five-graviton tree level amplitude. The

gravitational amplitude can be constructed from its gluon counterpart (2.2) using the BCJ

prescription [2, 3],
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Using the form of the gauge theory numerators in eq. (2.11), after a bit of algebra we arrive

at the simpler expression [25]
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(κ
2
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⟨12⟩⟨14⟩⟨23⟩⟨25⟩⟨34⟩⟨35⟩⟨45⟩
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1− ⟨14⟩⟨25⟩[42][51]

⟨15⟩⟨24⟩[41][52]

)
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The term inside the parenthesis can be further simplified taking into account the

relation sij = ⟨ij⟩[ji],

1− ⟨14⟩⟨25⟩[42][51]
⟨15⟩⟨24⟩[41][52] = 1−

(
⟨14⟩⟨25⟩
⟨15⟩⟨24⟩

)2(s15s24
s14s25

)
, (5.4)

which in turn can be written as a function of ∆φ45, the difference of azimuthal angles of

particles 4 and 5 (see the appendix of ref. [19]),

(
⟨14⟩⟨25⟩
⟨15⟩⟨24⟩

)2(s15s24
s14s25

)
= e2i∆φ45 . (5.5)

With this, the five-graviton tree level amplitude reads

−iM5 = −
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)3 ⟨12⟩7[41][52]
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)
. (5.6)
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where the subamplitudes are explictly given in terms of the numerators ni by

A5[1, 2, 3, 4, 5] =
n1

s12s45
− n2

s23s15
+

n3

s34s12
+

n4

s45s23
+

n5

s15s34
,

A5[1, 2, 3, 5, 4] = − n1

s12s45
− n13

s23s14
+

n12

s35s12
− n4

s45s23
+

n10

s14s35
,

A5[1, 2, 4, 3, 5] = − n12

s12s35
− n11

s24s15
− n3

s34s12
+

n9

s35s24
− n5

s15s34
, (2.8)

A5[1, 2, 4, 5, 3] =
n12

s12s35
− n8

s24s13
− n1

s45s12
− n9

s35s24
− n15

s13s45
,

A5[1, 2, 5, 3, 4] = − n3

s12s34
− n6

s25s14
− n12

s35s12
+

n14

s34s25
− n10

s14s35
,

A5[1, 2, 5, 4, 3] =
n3

s12s34
− n7

s25s13
+

n1

s12s45
− n14

s34s25
+

n15

s13s45
.

Going back to the expression for the color factors in eq. (2.4), these partial amplitudes are

respectively associated with the six color factors c7, c8, c6, c13, c11, and c2.

At this point we can exploit the generalized gauge freedom in the definition of the

numerators to implement color-kinematics duality, so the numerators ni mimic the Jacobi

identities (2.5). Solving the corresponding equations we can eliminate n7 to n15 finding

the following solution for the numerators in terms of the basis of color-ordered amplitudes

n1 = −n12 = n15 = s12s45A5[1, 2, 3, 4, 5],

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0,

n6 = n7 = n10 = s14s35A5[1, 2, 3, 5, 4] + s14(s35 + s45)A5[1, 2, 3, 4, 5], (2.9)

n8 = n9 = s14s35A5[1, 2, 3, 5, 4] + (s14s35 + s14s45 + s12s45)A5[1, 2, 3, 4, 5].

Color-kinematics duality is independent of the polarization of the gluons. Here we are going

to use the MHV formalism and assign negative helicity to the incoming gluons. Using the

Parke-Taylor formula [22] we have

A5[1
−, 2−,σ(3+, 4+, 5+)] = i

⟨12⟩4

⟨12⟩⟨2σ(3)⟩⟨σ(3)σ(4)⟩⟨σ(4)σ(5)⟩⟨σ(5)1⟩ , (2.10)

for any permutation σ ∈ S3 of the last three indices. Expressing in addition the kinematic

invariants in terms of spinors, sij = ⟨ij⟩[ji], we arrive at the following expressions for the

numerators

n1 = −n12 = n15 = i
⟨12⟩4[21][54]
⟨23⟩⟨34⟩⟨51⟩ ,

n6 = n7 = n10 = i
⟨12⟩4[14][52]
⟨23⟩⟨34⟩⟨51⟩ ,

n8 = n9 = i
⟨12⟩4[24][51]
⟨23⟩⟨34⟩⟨51⟩ , (2.11)

n2 = n3 = n4 = n5 = n11 = n13 = n14 = 0.
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Given our choice of reference frame, planarity implies that for any two outgoing mo-

menta their azimuthal angles must satisfy ∆φij = 0,π. In both cases we find from (5.6)

that the gravitational amplitude vanishes

− iM5

∣∣∣
planar

= 0. (5.7)

Unlike the gauge case where the cancellation condition depends on the color factors of

the incoming particles, the graviton amplitude automatically vanishes in the limit of

planar scattering.

We now show that this is a consequence of color kinematic duality. In gauge theories

we have seen that the vanishing of the amplitude in the planar case leads to a nontrivial

condition on the momenta of the outgoing particles given in eq. (3.4). In fact, the numera-

tors in eq. (2.11) have been chosen to satisfy color-kinematics duality, so we can obtain the

planar zero condition for gravity by replacing the color factors {c2, c6, c7, c8, c11, c13} in (3.4)

with the corresponding numerators {n2, n6, n7, n8, n11, n13}. In terms of the stereographic

coordinates, the latter are given by

n6 = n7 = is
3
2
(ζ3 − ζ5)ζ5
ζ3(1 + ζ4ζ5)

,

n8 = is
3
2
(ζ3 − ζ5)ζ4
ζ3(1 + ζ4ζ5)

, (5.8)

n2 = n11 = n13 = 0.

After this substitution, the condition for the existence of a zero in the amplitude is

identically satisfied

− n2
ζ5 − ζ3

ζ3
− n6

ζ4 − ζ5
ζ5

+ n7
ζ3 − ζ5

ζ5
− n8

ζ3 − ζ4
ζ4

+ n11
ζ5 − ζ4

ζ4
+ n13

ζ4 − ζ3
ζ3

= is
3
2

(ζ3 − ζ5)

ζ3(1 + ζ4ζ5)

(
− ζ4 + ζ5 + ζ3 − ζ5 − ζ3 + ζ4

)
= 0. (5.9)

This implies that, in the gravitational case, planarity is enough to make the amplitude van-

ish, without additional kinematic conditions to be satisfied by the stereographic coordinates

of the outgoing gravitons.

6 Closing remarks

We have studied the presence of planar zeros in both Yang-Mills theories and gravity. For

the case of gauge theories, we have represented in figure 7 the kinematics on the interaction

plane for two typical planar zeros within the same color configuration. By varying the value

of λ ≡ ζ3 while keeping U ≡ ζ4/ζ3 and V ≡ ζ5/ζ3 constant, these processes can be deformed

into a different one with the emission, for example, of one or more soft gluons while the total

amplitude remains equal to zero. This happens because planar zeros live in the projective

U -V plane and are therefore invariant under a simultaneous rescaling of the three outgoing

stereographic coordinates.
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Through its transformations of the color factors, TCS5 acts on the curves determin-

ing the planar zeros. In fact, this action can be used to generate the whole orbit of

projective curves associated with the permutations of the color quantum numbers of the

interacting gluons.

5 Graviton planar zeros from color-kinematics duality

We turn now to the problem of planar zeros in the five-graviton tree level amplitude. The

gravitational amplitude can be constructed from its gluon counterpart (2.2) using the BCJ

prescription [2, 3],

−iM5 =
(κ
2

)3( n2
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s12s45
+

n2
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s23s15
+

n2
3

s34s12
+

n2
4

s45s23
+

n2
5

s15s34
+

n2
6

s14s25
+

n2
7

s13s25
+

n2
8

s24s13

+
n2
9

s35s24
+

n2
10

s14s35
+

n2
11

s15s24
+

n2
12

s12s35
+

n2
13

s23s14
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n2
14

s25s34
+

n2
15

s13s45

)
, (5.1)

provided the numerators ni satisfy color-kinematics duality, with κ the gravitational cou-

pling. Taking the graviton polarizations (1−, 2−, 3+, 4+, 5+), we use our expression for the

MHV gauge amplitude given in eq. (2.12) to write

−iM5 = −i
(κ
2

)3
⟨12⟩3
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n2

⟨23⟩⟨34⟩⟨45⟩⟨51⟩ +
n6

⟨25⟩⟨53⟩⟨34⟩⟨41⟩ +
n7

⟨25⟩⟨53⟩⟨43⟩⟨31⟩

+
n8

⟨24⟩⟨45⟩⟨53⟩⟨31⟩ +
n11

⟨24⟩⟨43⟩⟨35⟩⟨51⟩ +
n13

⟨23⟩⟨35⟩⟨54⟩⟨41⟩

)
. (5.2)

Using the form of the gauge theory numerators in eq. (2.11), after a bit of algebra we arrive

at the simpler expression [25]
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We compute the numerators using stereographic coordinates and in the planar 
case (i.e.,             )
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Given our choice of reference frame, planarity implies that for any two outgoing mo-

menta their azimuthal angles must satisfy ∆φij = 0,π. In both cases we find from (5.6)

that the gravitational amplitude vanishes

− iM5

∣∣∣
planar

= 0. (5.7)

Unlike the gauge case where the cancellation condition depends on the color factors of

the incoming particles, the graviton amplitude automatically vanishes in the limit of

planar scattering.

We now show that this is a consequence of color kinematic duality. In gauge theories

we have seen that the vanishing of the amplitude in the planar case leads to a nontrivial

condition on the momenta of the outgoing particles given in eq. (3.4). In fact, the numera-

tors in eq. (2.11) have been chosen to satisfy color-kinematics duality, so we can obtain the

planar zero condition for gravity by replacing the color factors {c2, c6, c7, c8, c11, c13} in (3.4)

with the corresponding numerators {n2, n6, n7, n8, n11, n13}. In terms of the stereographic

coordinates, the latter are given by

n6 = n7 = is
3
2
(ζ3 − ζ5)ζ5
ζ3(1 + ζ4ζ5)

,

n8 = is
3
2
(ζ3 − ζ5)ζ4
ζ3(1 + ζ4ζ5)

, (5.8)

n2 = n11 = n13 = 0.

After this substitution, the condition for the existence of a zero in the amplitude is

identically satisfied

− n2
ζ5 − ζ3

ζ3
− n6

ζ4 − ζ5
ζ5

+ n7
ζ3 − ζ5

ζ5
− n8

ζ3 − ζ4
ζ4

+ n11
ζ5 − ζ4

ζ4
+ n13

ζ4 − ζ3
ζ3

= is
3
2

(ζ3 − ζ5)

ζ3(1 + ζ4ζ5)

(
− ζ4 + ζ5 + ζ3 − ζ5 − ζ3 + ζ4

)
= 0. (5.9)

This implies that, in the gravitational case, planarity is enough to make the amplitude van-

ish, without additional kinematic conditions to be satisfied by the stereographic coordinates

of the outgoing gravitons.

6 Closing remarks

We have studied the presence of planar zeros in both Yang-Mills theories and gravity. For

the case of gauge theories, we have represented in figure 7 the kinematics on the interaction

plane for two typical planar zeros within the same color configuration. By varying the value

of λ ≡ ζ3 while keeping U ≡ ζ4/ζ3 and V ≡ ζ5/ζ3 constant, these processes can be deformed

into a different one with the emission, for example, of one or more soft gluons while the total

amplitude remains equal to zero. This happens because planar zeros live in the projective

U -V plane and are therefore invariant under a simultaneous rescaling of the three outgoing

stereographic coordinates.
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, (5.8)

n2 = n11 = n13 = 0.
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The gravitational planar amplitude then gives

�iM5 =
2ip
s

⇣
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⌘2 (⇣3 � ⇣4)(⇣3 � ⇣5)(⇣4 � ⇣5)

(1 + ⇣3⇣4)(1 + ⇣3⇣5)(1 + ⇣4⇣5)

✓
�n2

⇣5 � ⇣3
⇣3

� n6
⇣4 � ⇣5

⇣5

+n7
⇣3 � ⇣5

⇣5
� n8

⇣3 � ⇣4
⇣4

+ n11
⇣5 � ⇣4

⇣4
+ n13

⇣4 � ⇣3
⇣3

◆

= �2s
⇣
2

⌘2 (⇣3 � ⇣4)(⇣3 � ⇣5)2(⇣4 � ⇣5)

⇣3(1 + ⇣3⇣4)(1 + ⇣3⇣5)(1 + ⇣4⇣5)2

⇣
� ⇣4 + ⇣5 + ⇣3 � ⇣5 � ⇣3 + ⇣4

⌘
= 0

M5

�����
planar

= 0

The five-gluon scattering amplitude is trivial in the planar limit.
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Something similar happens for scalar gravitational scattering

6 Comparing with the gravitational amplitude

Next we try to connect the results found above with the ones for the gravitational scattering
of two (distinct) massless scalars with emission of a graviton in the final state. To make
things simpler, we consider that the scalar have associated a quantum number that make them
distinguishable. With this proviso, at order κ3, the process involves the calculation of the
following seven tree-level diagrams

M ≡

q q′

p p′

(k, ϵ) +

q q′

p p′

(k, ϵ)

+

q q′

p p′

(k, ϵ) +

q q′

p p′

(k, ϵ) (6.1)

+

q q′

p p′

(k, ϵ) +

q q′

p p′

(k, ϵ)

+

q q′

p p′

(k, ϵ)

The Feynman rules to be used are listed in Appendix B. The contributions of the different
diagrams to the amplitude are codified in the following terms

M = M1 +M2 +M3 +M4 +M5 +M6 +M7, (6.2)

where the numbering of the terms corresponds to the order in which the diagrams appear in
Eq. (6.1). We employ the same notation for the kinematical invariants as used in the QCD
calculation

s = (p+ q)2, t = (p− p′)2, s′ = (p′ + q′)2, t′ = (q − q′)2. (6.3)
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⌘

.

Using these results, we can also explicitly check that the Ward identity is satisfied in the planar
configuration.

Substituting these expressions for the coe�cients into Eq. (3.15), together with the form of
the polarization tensor given in (3.17), we arrive at the result that the gravitational amplitude
vanishes for planar scattering

M
�

�

�

planar

= 0. (3.19)

3.3 Computing the gauge invariant subamplitudes

In Ref. [5] it was pointed out that the gravitational amplitude can be decomposed into two
subamplitudes, M = M"+M#, both of which are gauge invariant by themselves. This amounts
to writing the coe�cients Ai in (3.15) as

Ai = Ai" + Ai#. (3.20)

Their expressions are given by
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A
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(↵
1
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+ �
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, (3.21)
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�(p) + �0(q) �! �(p0) + �0(q0) +G(k, ")
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Outlook

• For gauge theories (and scalar gauge theories), planar zeros are 
determined by projective properties of the amplitude.

• Since planar zeros are captured in the soft limit, they might play a role for 
the asymptotic symmetries of gauge theories. 

For non-gauge scalar theories (e.g., massless φ3 theories) the planar zeros 
are not determined by homogeneous polynomials.

• Planar zeros are corrected by string αʹ-effects:

A5 =
i(⇣3 � ⇣4)(⇣3 � ⇣5)(⇣4 � ⇣5)p

s⇣3⇣4⇣5(1 + ⇣3⇣4)(1 + ⇣3⇣5)(1 + ⇣4⇣5)

⇥
"
A(0)

5 +
↵02⇣(2)s2A(2)

5

(⇣3 � ⇣4)(⇣3 � ⇣5)(⇣4 � ⇣5)
+

↵03⇣(3)s3A(3)
5

(⇣3 � ⇣4)2(⇣3 � ⇣5)2(⇣4 � ⇣5)2
+O(↵04)

#
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This result gives the following values for the 15 denominators of the amplitude (1.1)
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In terms of these stereographic variables, the total amplitude (1.1) takes the following form
in the planar limit
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