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Introduction and motivation: conformal manifold

@ Conformal manifolds of CFTs:

For a given d-dimensional CFT &g, one may deform it by exactly
marginal operators O;'s

So —>SESO—|—)\i/ddx(’);.
Exactness of O; guarantees
A(O;))=d, B(\)=0.

= & is also conformal. It implies that the theory has moduli.

The moduli space M is parametrized by coordinates {\'}, called
conformal manifold of S.

Jin Chen (ITP, CAS) 2d extremal correlators / 44



Introduction and motivation: conformal manifold

@ Zamolodchikov metric g;; on M:

We can study the geometry on M. An important geometric data of
M is to measure the variation of the partition function Z of the
theory S along marginal parameters '

1 9%Z

2 P —
032 = Z ONOMN

SNON o (0;(0)0;(00)) AT SN

Compared to ds? = g;;(A\)d\'dNV on M, the Zamolodchikov metric is
defined as

gij(A) = (0i(0)0j(c0))

One of tasks: is to exactly compute the function gj;(\) in 2d
N = (2,2) SCFTs in this talk.
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Introduction and motivation: conformal manifold

@ What are the exactly marginal operators in 2d ' = (2,2) SCFTs?

In A" = (2,2) SCFTs, there are two R-symmetries, U(1)y x U(1)a,
corresponding to two types of marginal operators.

chiral primaries ¢; : twisted chiral primaries o, :
Def : [O, ¢:] =0 [Q+, 05] =[Q-, 02] =0
R charge : [qv, ¢i] = +2 ¢ l[qv, 0a] =0
[QA7 ¢I] =0 [qA7 Ua] =120,
1 1
BPS bound :A(¢;) = Eqv(gb,-) =1 A(o,) = EqA(Ja) =1
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Introduction and motivation: conformal manifold

The conformal manifold M of a N/ = (2,2) SCFT S is spanned by chiral
and twisted chiral primaries, and their hermitian conjugation,

S=8+ Ti/d2xd20 ®; + %a/d2xd2§ ¥, +he..
where ®; = (¢, ¢;, F;) and X, = (04, Aa, G,) are the supermultiplets of

chiral and twisted chiral primaries of ¢; and o,.

The conformal manifold S is factorized as (locally) direct product of two
Kahler manifolds,

M = M(7,7) x M7, 7).

because, by R-charge selection rule, the Zamolodchikov metric computed
through correlators are

ngT(T’%) - <¢’(0)$J(OO)>’ gaE(%ﬂ:—) = (04(0)7p(0c0)), etc.=0,
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Introduction and motivation: chiral ring

@ Chiral ring:

There are actually more operators saturating the BPS bound,

R= {¢/ Agr) = %qv(@)a qa(or) = 0}

BPS bound guarantees the non-singular OPE among elements in R
d1(x) - ¢4(0) = CH(7) o (0) + superdecendant

= R admits a ring structure under OPE modulo superdecedant,
called chiral ring. Its hermitian conjugation defines anti-chiral ring R.

One can as well as define (anti-)twisted chiral ring R (R)

7% = {O’A A(O’A) = %qA(oA), q\/(O'A) = 0}
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Introduction and motivation: chiral ring

@ Chiral ring bundle:

R &R, as vector space, can be “planted” on every point (7, 7) of
M, to form a vector bundle V over M, graded by U(1)y charge, or
conformal weight A,

V=P Vv=MoTMeo:
A/:O

o Chiral ring data:

The metric on bundle V is similarly determined by the correlator,

857, 7) = (61(0)p5(0)) = n,a; ($1(0)ps(2)) ,

called chiral ring data (CRD), a special type of extremal correlators.
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Introduction and motivation: chiral ring

@ Extremal correlators (ECs):
In general, one can consider the following correlation function,

_ (61(x0) - 8n(x7) Pu(o0))

b= yPA s fx — PR

<¢1(X1) T ¢n(Xn) Q_SJ()/)>

and (¢1(x]) - - ¢n(x}) d4(c0)) can be shown x/-independent by
superconformal Ward identities. Thus,

(610) -+~ dn(xp) D(00)) = (61(0)ps(c0)) = g 5(7. 7)
with ¢/(0) = ¢1(0) - -+ $a(0) = C{oCls - - Cf 8% (0).
Therefore computing CRD will determine extremal correlators exactly.

@ Miscellanies: One can analogously define twisted chiral ring bundle v,
twisted chiral ring data (tCRD) and extremal correlators of twisted
chiral primaries with one single twisted anti-chiral primary.
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Introduction and motivation: Calabi-Yau manifolds

@ Moduli spaces of Calabi-Yau manifolds:

For a given Calabi-Yau manifold Y with dim¢ = n, its moduli space
M(Y) is parametrized by deformations of complex and Kahler
structures, J and w, while keeping ¢1()) = 0. Hence (at least locally)
we have

M(Y) =~ Me x Mg
@ Metrics on M x Mg:

Both M and Mk are Kahler manifolds, their metric can be
determined by their Kahler potentials Kc(7,7) and Kk (7,7). In local
charts, the (Weil-Petersson) metric can be written as,

8= 0,10z Kc, 8.5 = 07a0z:K .
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Introduction and motivation: Calabi-Yau manifolds

We can consider more general vector bundles over Calabi-Yau moduli.
@ Hodge bundle H over M:

The Hodge bundle H is vector bundle over M ¢ with fibers
Hy = @ H(n—a, oz)(y)’
a=0

the horizontal cohomologies of )). The bundle H is thus graded
respect to the holomorphic degree « of differentials
n

H=PHo=McOTMc® -
a=0
@ Metrics on H:

One can therefore consider Hermitian metrics g(o-l) on H, graded by «

1J
too.
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Introduction and motivation: Calabi-Yau manifolds

o Vector bundle H over Mg
Similarly, we can construct vector bundle over M, corresponding to
the K-theory group K(Y), whose non-torsion part is isomorphic to the

vertical cohomologies,
n
H, = @ H(&’&)(y
=0

The bundle H is graded respect to «
H=PHs=MxdTMce -
&=0

o Metrics on 7:
Parallel to complex moduli, on H, we have Hermitian metrics g( &)

H, graded by .
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Introduction and motivation: Calabi-Yau manifolds

@ tt*-equations:

The metrics, e.g. gl(?)
system, tt*-equations,

, are constrained by the Hitchin type integrable

[Via VJ_j| :_[CHC__]] )
or on local chart,
(a) a)JK M ( +1) JK (o) a—1)JM K
07 (85081 ) = clf glyt) Oy glol K — g(0) O glo—n Mk,

where

C: HY x H(@) — plotl)

are holomorphic sections, called chiral OPE coefficients.

One can find similar tt*-equations for E(d)

B in terms of twisted chiral
OPE coefficients,

G AW  FE) 76+
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Introduction and motivation: CY-nfolds v.s. 2d SCFTs

e Calabi-Yau manifolds engineered by 2d N' = (2,2) SCFTs:

Interestingly, all ingredients in ) have corresponding elements in S,

Y S
Kahler manifold admit V' = (2,2) supersymmetries
a(Y) =0 p(S)=0

J-deformation

(anti-)chiral operators ¢; deformation

w-deformation

(anti-)twisted chiral operators o, deformation

moduli M¢ x Mg

moduli M¢ x M

H bundle (anti-)chiral ring, {¢/, ¢}

H bundle (anti-)twisted chiral ring, {oa, 75}
gjonH extremal correlators (¢;(0)¢,(c))
85 On H extremal correlators (c4(0)5g(o0))
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Computing ECs via localization: review on localization

@ Pestun's supersymmetric localization (general):

The partition function, Z(\, \), can be regarded as the generating
function of all ECs or metrics. Using supersymmetries Q, one can
evaluate it exactly,

Z(M A1) = /D(p o~ SleAX]+taVIe]

If 92 =0 up to total derivative,

%Z()\, A8 = 0= Z(\,X) = Z(\, X,0) = Z(\, X, )

So saddle-point approximation turns to be exact, and we localize the
infinitely dimensional integral onto finite loci, Ny = {©o|QV [¢o] = 0}

Z(Av )‘) - /NdSOO C_S[L’DOA’;\]ZI—IOOP[SOO] Zinst.[SOO]
0
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Computing ECs via localization: review on localization

@ Review of 2d supersymmetric localization:
[Benini & Cremonesi], [Doroud, Gomis, Le Floch & Lee]

For a given ' = (2,2) SCFT S with Lagrangian description (GLSM),
S=5;+5n+S,+ S
S, Sm — gauge and matter sectors
Sp = T’fd2x d?6 ®; + h.c. — superpotential encoding ECs
Sip = 74[d®x d20 ¥ 4 + h.c. — twisted superpotential encoding ECs
One can put the theory from R? to S? of radius R,
S — S[S?] =S+ O(1/R),

while preserving a subsuperalgebra su(2|1) of the full NV = (2,2)
superconformal algebra. However it contains only a single U(1)
R-symmetry. One thus has to choose breaking either U(1)y or U(1)a.

Jin Chen (ITP, CAS) 2d extremal correlators / 44



Computing ECs via localization: review on localization

@ Localization respect to su(2[1)a:

s5u(2|1)4 contains: isometries of S2, supercharges Q, and U(1)y.
Thanks to Q, S[S?] is Q-exact, except for S,

SalS?] = ---+%A/d2xd2§ E(x,0) LA+ h.c. + O(1/R)
SZ
Ap—1

= Q- )+ /Szd2x\/§ (GA(X) - UA(X)> +h.c.

Using the technique of localization, one can exactly compute the
deformed partition function on S?,

Zal)(74,7) = [Dpe A,

and the undeformed one [Jockers, Kumar, Lapan, Morrison & Romo],

ZAIS) (7, ) e,

- = ¢
FA=ZFA=0, Ay >2
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Computing ECs via localization: review on localization

@ Localization respect to su(2|1)g:

su(2|1)p contains: isometries of S?, supercharges Q, and U(1)4.
Thanks to Q, S[S?] is Q-exact, except for Sp.

Sg[s?] = -+ T’/ d?xd?0 E(x,0) d; +h.c. + O(1/R)
82
A

— Q(...)+TI/SQd2X\/g* (F,(x)— R_1¢/(X)> +h.c.

Using the technique of localization, one can exactly compute the
deformed partition function on S2,

Zel$?)(r',7') = [Dpe A,
and the undeformed one [Gomis & Lee|, [Doroud & Gomis,

Zg[s)(r',7) = 7.

TI=71=0, A;>2
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Computing ECs via localization: operators mixing on S?

@ Extremal correlators on S2: [Gerchkovitz, Gomis & Komargodsk],
[Gomis, Hsin, Komargodski, Schwimmer, Seiberg & Theise]
By supersymmetric Ward identity on S?, one can show two important
equations:

/Si2d2x\/§ (F,(x) _ A’R_ 1q5/(x)) — 27R &y (N) + Q(..)

, ) 1 )
/S2d2x\/§ (FJ(X) _ ¢J(x)> — 7R 3,(S)+ Q(.),
where “N”, “S” are the north and south poles of S?. So, for R =1,

(01 M)z = 5= Fz O 7157

rI=71=0,A;>2

<(5J (5)>S2 = 21 Z[]..S2] TJZ[Sz]

TI=71=0,A,>2
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Computing ECs via localization: operators mixing on S?

One can localize arbitrarily many ¢; (¢,) on north (south) pole to
compute their correlator on S?, for example,

1 1

o B 2
12 20 71

TI:’I_'J:O,A/JZ2

(01 (N)64(S)) =

However, it is non-trivial to map correlators on S? to those on R2,

<¢I (N) Q_SJ(S)>S2 — <¢I (0) QEJ(OO)>R2 s

even though S? can be conformally mapped to R?, and {N, S} ~ {0, oo}.

To understand how the correlator on S? is related to that on R2, one
needs to study the non-trivial operators mixing on SZ.
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Computing ECs via localization: operators mixing on S?

e Operators mixing on S?:
[Gerchkovitz, Gomis, Ishtiaque, Karasik, Komargodski & Pufu on S4]

On flat space,
(¢1(0))g2 =0

is required by conformal symmetrie, or say unwanted nonzero can be
offset by counter terms.

On the other hand, putting the theory S on S? respect to su(2|1)
superalgebra will lead conformal anomalies. Put in other words,

(@1(N))g2 o R™51 #0

cannot be removed by turning on counter terms at will meanwhile
simultaneously preserving su(2|1) superalgebra on S2
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Computing ECs via localization: operators mixing on S?

The counter terms,
1
Mot =5 / d?xd?0 E R F(7) + hec.,

added to regularize sphere partition function Z[S?], must respect to
su(2|1) superalgebra, where 2R is the su(2|1) supergravity multiplet of
dimension Ag = 1, with R|pet. ~ 1/R.

R will lead to mixing between a given chiral operator ® of dimension A
and all other operators of lower dimensions,

O — DA+ 94 1 (7, T A)RPA_1+, -+, +70(7, T3 A) R,

where ;'s, as conformal anomalies, are computable explicitly via
localization.
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Computing ECs via localization: operators mixing on S?

A closer look at marginal operators ¢; and gi_)j of dimension 1:

operators mixing : i = ¢i + (0i(N))s2 1

— if we define : bi = ¢i — (9i(N))g2 - 1
& = &) = 6; — (6(S))e - 1
= <<ZA5i(N)>S2 = <$j(5)>§2 =0 disentangled by definition

Thus we use disentangled operator gg,- and ggj to replace ¢; and qz_Sj in the
evaluation of correlators on S?,

g7, 7) = (Bi(N)3/(S5)) , = ~0id;log Z[s7]|

= K("7) " the result from localization!
rl=71=0, A;>2

—71=0,A;>2
-  Z[$?
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Computing ECs via localization: variation of Hodge

structure

@ Operators mixing v.s. Griffiths transversality:

For simplicity, consider chiral ring R = (¢) generated by a single
chiral primary ¢, corresponding to a CY-nfold, with all middle
cohomologies,

dim H" (Y ) =1, a=1,2,...,n

We can establish a 1 — 1 correspondence between states and
cohomologies,

¢ p(0)[1; 7)o = [¢%; 7, F)pe € HO=4 ()
N——

«

Then how states prepared on S? related to these cohomologies, say
for example |¢; 7, T)s2 = o(N)|1; 7)s2
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Computing ECs via localization: operators mixing on S?

@ PHYSICS SIDE: On S?, a state respect to chiral primary ¢,

61 7.7 = AN )2 = [ v (PO = S0t ) 18
= 0;|1; T)ge.
o MATH SIDE: |1; 7)g2 = |1, 7)s2 € H™0(),). However
0:[1, 7)s2 € H"O () @ HOBD ()
is called the Griffiths transversality,
= |6 7 T)s2 = O [1; T)g2 = |9 7, T)p2 + 0| 1; T)ge
Using (1, 7|1,7) = Z[S?], one projects out g as,
"0 = 0r log Z[S?] = (p(N))s2 -
We thus recover the disentangled formula in terms of states,
|0; 7, T)re = 93 7, T)s2 — (9(N))s2 |1 7)s2
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Computing ECs via localization: variation of Hodge

structure

One can proceed further, by Griffiths transversality,

67 7. F)ge = 0218 ) € B HOAA,),
=0

and find,

a—1
|¢a; T, 7_—>R2 = |¢a; T, 7__>Sz - Z’Yﬁwﬁ: 7—77_->R27
=0

with,

R2<_€5B; T, T|p%; 7',’7_'>Sz _ R2<(56;_ T, T|6% 7',7_'>Sz ' (g(ﬁ))_l
<¢f’; T, 7|9P; T,’7_'>R2 <11; T|1; T>R2

= (s (5)),, (¢
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Computing ECs via localization: general algorithm

Algorithm: Gram-Schmidt orthogonalization (induction by dimension Ag)
@ Step 1: For Ay = 0, only identity operator 1, need no disentangle,

g¥ = (1M1I(5)), =1
@ Step 2: For Ay < k — 1, assume we have disentangle all operators,
¢A>Ka and qASLa with aa < k—1.

and compute their ECs,

g(O) , g(l) e g(kfl)

@ Step 3: For Ay, = k, disentangle chiral primaries ¢, by defining,

=i -3 () (M) d1a(9)) B

a=0 g,

@ Step 4: Compute ECs of Ay, = k,
g7 = {on(N) &Jk(5)>s2

—Z > (s@) °‘<¢fk(N)¢La(s>> (kM) 34(9)).,

azo KOL 7[(1
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Example: Toda chain equations

@ Toda chain equations:

We focus on the case of chiral ring R generated by single chiral
primary ¢. The (normalized) extremal correlators are given as,

g(r,7) = CHL
(T11)g
We will establish general differential egs. that g(®)’s must satisfy.

First, we interpret operators mixing of higher dimensions as
connections on various vector bundles. It can be shown that,

|09 ) g2 = 02 Lo — Y 75107 )re = 0r16%) g2 — [ |6%) g2
B=0

_ —1
— ra = 87' IOg <¢a’ ¢O‘>R2 = _87 KC + <g(a)> &rg(a)

., is the connection defined on Ho ® H,,
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Example: Toda chain equations

Now computing g(@t1),
(at1) <¢a+1| ¢a+1> ¢ ’Qb >
o = S = (o)

Resolving 07, achieving closed Toda chian egs.

g(a) g(a+1)

8;87|ogg(°‘): +g(1), for 1<a<n-—1,

g(a_l) N g(a)

g

2 D) +gM, with g =1, gV =_5:0; log Z[S?].

9:0; log g(" =
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Examples: constraints on ECs

e Constraints on g(®:

There are additional constraints due to symmetry of horizontal
cohomologies, or charge conjugation from physics perspective, e.g.

|67 7, F)ge = C(M &K |T; F)ge € HOM (),

= C(n)(T) = (L 7[¢" T, T)ge = (P& D)rqpr

C(”)(T) turns out to be only holomorphically T7-dependent, and in fact
the chiral correlator determined by TQFT.

We further have

-1 _
6%)ge = € eKe (grme)) |G,

2
C(”)(T)’ for a«=1,2,...,n.

n—a) _ e2Ke

= constraints : g(“) g(
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Example: complete intersections in toric varieties

@ The sextic fourfold: Xg C P°
[Jockers, Kumar, Lapan, Morrison & Romo], [Honma & Manabe]

The sextic fourfold, defined by a degree six hypersurface in P°, can be
realized as a U(1) abelian N' = (2,2) GLSM at UV regime, with
following ingredients,

Field [ U(1) | UL)y | U(1)a
o, | +1 2q 0
P | =6 |[2—12q| o0
N 0 0 2

Table: The U(1) gauge charge, U(1)y and U(1)a R-charge of matter fields
P, ®; for i =1,2....6, and gauge field strength

We aim to compute its ECs, corresponding to the vertical
cohomologies.
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Example: complete intersections in toric varieties

The action, more explicitly, is given by

S =Sy + Su+S,+ S

1 _ _ _
with Sy = —— [d®xd*"0 X, S, = /d2xd49 djeVo; +Pe VP
&M

Sp = /d2x d?0 P Gg(®) + h.c.
Sip = %/dzx A’ T +he.
where W is a homogeneous polynomial of degree 6 to determine the

sextic fourfold, and the twisted potential X is the Fl-term, with marginal
coupling 7 = % +ir.
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Example: complete intersections in toric varieties

@ Twisted chiral ring and its ECs:

To compute tCRD, consider the twisted chiral ring
R = (0)/{c®> =0} = {1, 0, 62, 0>, 0*}.
There are thus five extremal correlators,
g(a) (%,;) = <o*o‘(0) 5*O‘(oo)>, for «=0,1,2,3,4,

with g(®) = 1 by normalization.
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Example: complete intersections in toric varieties

@ tt*-equations and constraints of extremal correlators:

070, log Za[S”] = —g,

() (a+1)
9:0; log g{®) = g _ & +gM ) for 1<a<3,
g(a 1) g(a)
(4)
0:0,logg® = £+ g with g® =1

g3

tt*-equations reduce to celebrated Toda chain equations.

o Additional constraints:

2

due to symmetries of Hodge structure.
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Example: complete intersections in toric varieties

To compute ECs, localize the theory respect to su(2|1)a,

ZAlSz] = Z e—i9m /+Oo §£8—4ﬂiro r(q — o — %m)6 F(l — 6C| + 6ic + 3m)
oo 2T

e F(1—q+ioc—im)®T(6q—6ic + 3m)

g(® can be computed either by the algorithm in Sec.2 or equivalently
using Z4[S?] to solve Toda chain egs..

We express g(a) in two phases:
Calabi-Yau phase: r >0

Landau-Ginzburg phase: r < 0
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Example: complete intersections in toric varieties

o Calabi-Yau phase:

In CY phase, Za[S?] can be simplified in large volume expansion, up
to l-instanton correction,
_ 1
ZpS)(t ) = €7t +840¢(3)¢7
+ 30248(§+q) (72 +2671) + 609638400 Gg + O(q?) + c.c.

with € = 1—, g =¢®™'*, and new coordinates

t =7 4 6264 > 4 67484340 *™7 4 1272752107200 ™7 . ..

in large volume limit.

There are both perturbative contribution and non-perturbative
instanton correction to Z[S?], as well as ECs.
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Example: complete intersections in toric varieties

ECs, up to l-instanton, are computed as

2

4€% (1 —1680¢(3) &%)

_ _ _ 3 4
g PR OT A CR) (& +o)
+12192768000 Gg (54 + O(§5)) +O(¢%) + c.c.,
@ _ 24¢* _ 4 5
¥ = TmsecEe T A90@ ) (¢ + o)
12438553600 gq (54 + 0(56)) +O(¢) +coc.,
® _ 144¢° _ 6 7
¥ = lemcmay T 20000+ a) (¢ +o0))
+58525286400G9 (£°+ O(¢) ) +O(¢°) + c.c.,
@ 576¢° _ 8 9
= ey T IeI20@+a) (& +0)

4234101145600 gGgq (58 + 0(59)) + O(q%) +c.c.,
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Example: complete intersections in toric varieties

All these ECs satisfies the constraints,
2
g = g1 g3 = (g(2)) , and g® =0, for a>5.
As a spinoff, from

GO~ (a0 0-0)rg] = (@5’

TQFT
— c¥W(q) = 6(1 + 20160 g + 689472000 g° + 24691154100480 ¢°

+ 903369974818590720 ¢* + O(q° )) :

chiral correlator computed from TQFT [Greene, Morrison & Plesser|, up
to 4-instanton, is recovered!
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Example: complete intersections in toric varieties

o Landau-Ginzburg phase:

In the limit r << 0, Z4[S?] is recast as

4
Zas?1 =3 200 2, 280 (2) 28D (2)

1—loop “vortex

6
Zop Dt T (562)
—loop 6 F(1+Oé)2 r(fVTOC)G
o 1+a l+a 24a  ~ 6+« 1
Z\Eor)tex(z):5F4 { 6 7 6 }; { 6 U g }; 66Z>

where z = 277,
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Example: complete intersections in toric varieties

The partition function Z4[S?] of X is exactly its mirror

6 6
ZZ,-6+7'HZ,':0}/Z6,
i=1

i=1

Xo = {{z,-} e C8

after blowing up singularities. Engineer a SCFT (LG-model) on Xe and
localize it respect to su(2|1)g, we have,

ZA[S?](Xs) = Z[S)(X6)

It is equivalent to compute the ECs of complex moduli in )~(6. Here a
closed formula is proposed for ECs in terms of the periods,

FlO(z)=2"% z (2),

vortex
of the complex moduli in Xg.
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Example: complete intersections in toric varieties

Rewrite .
Z5[S°)(X6) = ) ca F@ F) = 6O =2y,
a=0
with ¢, = Zl(‘i)loop. Further define,
2
D, = > Caprr Cay W(FED, L Fle)
0<ap<...<a,<4
with
Floo)  Fl) o Flan)
o, Fl) g Fle) g Flow)
W (F, . Fo) = g g g
gnFlen) gnpey  gnplen
the n-th Wronskian. One can show, by solving Toda chain egs.,
G D
(n) — () — (_1yn_=" —
" =co> G\ = (-1) . for n=1---4
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Summary: 2d v.s. 4d ECs

@ 2d chiral ring is nilpotent, and thus not freely generated.

=—> ECs satisfy many non-trivial constraints, need modified algorithm
from 4d case, and so forth...

@ There is a geometric interpretation of 2d operators mixings in
complex moduli. One may expect to find ones in 2d Kahler moduli
and 4d case.

@ 2d ECs of high dimensional operators can be fully computed exactly,
while the non-perturbative part of 4d ones are still missing...
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Summary: outlook

@ More detailed physical understanding on conformal anomalies of
operators mixing [in progress|

@ General closed form for ECs/twisted ECs in general non-abelian
GLSMs, (in)complete intersections in (non)toric varieties

e Computing ECs/twisted ECs of off-critical theories perturbed from
SCFTs, or say general Kdhler manifolds with ¢; > 0.

in progress
[ gress]

@ Applications to bootstraps, integrability, test of resurgence, and etc..
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THANK YOU!
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