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Outline of the talk

Review of universal electron-nucleus coalescence behavior of atomic wave function
Brief introduction to EFT and OPE - modern tools of QFT

Non-relativistic Coulomb-Schrodinger EFT - Standard QFT for atomic physics
Rigorous proof of an OPE relation to all orders in perturbation theory

90-year puzzle about wave function at the origin for KG and Dirac hydrogen

Insight from Schrodinger perturbation theory in QM - UV div. and Renormalization
OPE and RGE in nonrelativistic EFT implementing relativistic corrections

Summary



PhIESH -—FELYEFHNEEENR
—REEZENAY 1920 F£X

= Golden age of physics, many young heroes in deve
ping quantum mechanics

= Non-relativistic wave mechanics, relativistic wave
echanics were invented in almost same time - fina
y give way to more fundamental framework: Quan
m Field Theory

QFT = Special Relativity + Quantum Mechanics

SCIFigure: Erwin Schrodinger (left), Paul

" Application of single-particle wave mechanics (Scty - i o
odinger, Klein-Gordon and Dirac equations ) to hy
drogen spectroscopy plays a vital role in shaping the
modern physics

Triumph of QM in early days



Schrodinger equation with Coulomb potentia
l: the standard theory for atomic physics and
i guantum chemistry s
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Standard Model of atomic physics




Orientation: electron-nucleus coaelesence be
havior [KG equation with a Coulomb potentia
|] (Schrédinger, 1926, unpublished note)
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For S-wave hydrogen atom. KG wave function at short-distance scales as
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Long-standing puzzle: why KG wave function at the origin
diverges? And so weakly (logarithmically)? 5



Orientation: electron-nucleus coaelesence be
havior: Dirac equation with a Coulomb potent
ial (Darwin and Gordon 1928)
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For n.Sy /o hydrogen taom, Dirac wave function at short-distance scales as
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Long-standing puzzle since 1928:
why Dirac wave function at the origin diverges? and so weakly
(logarithmically)? What is the physics behind? 6



Universal behavior of wave function near the
origin in Schrodinger hydrogen (S-wave)

Expand the radial wave function near the origin ( r<<a,)
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Universal behavior of wave function near the
origin in Klein-Gordon hydrogen (S-wave)

Non-universal




Universal behavior of wave function near the origin
in Dirac hydrogen (The nS, , state)
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Explicit forms of Schrodinger, KG and Dirac ra
dial wave functions for S-wave hydrogen

Sch1S -------- Dirac 1S [

Sch28 -------- Dirac 2S

BehRS msws § Dirac 38 |

R()
RS (0)

rl ao
Why various w.f. exhibit universal short-distance behavior for
a given orbital angular momentum [? What is the physics behind the

divergence, and the universality? 10



Thanks to X. D. Ji for very inspiring disc
ssions that lead to this study

One afternoon in fall of 2011 at Maryland, Xiangdonyg informed me that the
wave function near the origin in Dirac equation logarithmically diverges... And
likely to be related with renormalization effect...
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Peter Lepage’ s pedagogical 1997 Summer School lecture:
How to renormalize Schrodinger equation

-- Lots of inspiration from Lepage’ s 1997 Summer School lecture

12 Jun 1997

arXiv:nucl-th/9706029v 1

HOW TO RENORMALIZE THE SCHRODINGER EQUATION
Lectures at the VIII Jorge André Swieca Summer School (Brazil, Feb. 1997)

G. P. LEPAGE
Newman Laboratory of Nuclear Studies, Cornell University
ITthaca, NY 14853
E-mail: gpl@mail.Ins.cornell. edu

These lectures illustrate the key ideas of modern renormalization theory and effec-
tive field theories in the context of simple nonrelativistic quantum mechanics and
the Schrodinger equation. They also discuss problems in QED, QCD and nuclear
physics for which rigorous potential models ean be derived using renormalization
techniques. They end with an analysis of nucleon-nucleon scattering based effective
theory.

1 Renormalization Revisited

These lectures are about effective field theories— low-energy approximations
to arbitrary high-energy physics — and therefore they are about modern renor-
malization theory!

Despite the complexity of most textbook accounts, renormalization is
based upon a very familiar and simple idea: a probe of wavelength A is insensi-
tive to details of structure at distances much smaller than A. This means that
we can mimic the real short-distance structure of the target and probe by sim-
ple short-distance structure. For example, a complicated current source J(r, t)
of size d that generates radiation with wavelengths A > d is accurately mim-
icked by a sum of point-like multipole currents (E1, M1, etc). In thinking
about the long-wavelength radiation it is generally much easier to treat the
source as a sum of multipoles than to deal with the true current directly. This
is particularly true since usually only one or two multipoles are needed for
sufficient accuracy. The multipole expansion is a simple example of a renor-
malization analysis.

In a quantum field theory, QED for example, the quantum fluctuations
probe arbitrarily short distances. This is evident when one computes radiative
corrections in perturbation theory. Ultraviolet divergences, coming from loop
momenta k — oo (or wavelengths A — 0), result in infinite contributions —
radiative corrections seem infinitely sensitive to short distance behavior. Even
ignoring the infinities, this poses a serious conceptual problem since we don’t
really know what happens as & — oc. For example, there might be new su-
persymmetric interactions, or superstring properties might become important,
or electrons and muons might have internal structure. The situation is saved

.6 Operators and the Operator Product Expansion

So far we have used our effective theory to compute binding energies and phase
shifts. We now examine quantities that depend in detail on the wavefunctions.
Consider, for example, the matrix element (n|p*|n), which might be important
if we wished to include relativistic corrections in our potential model. In Ta-
ble 3 I list values of this matrix element for several S-states both for the true
theory, and for our corrected theory (with a=1). The values disagree by more
than a factor of two, even for very low-energy states, despite the fact that the
two theories agree on the corresponding binding energies to several digits.
The problem is that the operator in the effective theory that corresponds
to p? in the true theory is not p?. As is true of the hamiltonian, there are
local corrections to p* in the effective theory. Thus, for any S state, we expect

\ Y3, \ ,
(p!)true = Z (p*)ert + 3 (63(x))err +ma (V283 (x))err + O(a®) (15)
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Lots of efforts by two of my studentsin t
he past three years
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Part 1: Schrodinger wave function

EFT and OPE

14



Coalescence behavior of atomic
wave function

o electron-electron coalescence (Kato, 1957; Hofmann, et al., 2013)

o electron-nucleus coalescence (Lowdin, 1954; Kato, 1957; Hofmann, et al.,
2013)

o two-electron and nucleus coalescence (Fournais, et al., 2005)
o molecule coalescence (Kolos, 1960; Pack, 1966, ...)
e more. ..

o a general N-fermion coalescence analysis (Hoffmann-Ostenhof, et al., 1992)

15



i Electron-electron coalescence

®" Hamiltonian:

N
==Y -3 24 Y
f=1

Fij
j>i=1

" Kato’s Cusp condition (S-wave) (Kato, 1957):

oV
8!‘12

" Leads to:

—I—ZZmZam+ Z mafru ;—

I=1 i=1 I>j=1

=yW(r2 =0)

rn2 —D
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Beyond Kato™ s cusp conditi
on

" Arbitrary orbital angular momentum (LOowdin, 1954):

"d’ R, 1
Rni(x) = — T !( )[ —H—1—+O(x/a{])}

" Three-particle coalescence: (Fournais et al. 2005):

N n n
maxri 2 —
== —ZZmZam + Z > ? = Z Z m?Zo’ry - s Iog 2(r ))
I=1 i=1 i>j=1 =1 :::.;_/

Two electrons approach the nucleus for an arbitrary atom

p=e¢
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havior of wave function from QFT?

| How to understand this coalescence be

In the field-theoretical context, the Bethe-Salpeter wave function can be

viewed as the vacuum-to-atom matrix elements of two nonlocal field
operator!

‘"Pn!m(x} 2 {ﬂ |¢{1JNH]}| ”"m:} .

This suggests that the coalescence behavior can be inferred from OPE:
Wilson coefficients are universal!

OPE is operator relation, does not depend on external

states, thus applies to an arbitrary atom!
18



Principle of EFT

Identifying relevant degree of freedom
Symmetry as building guidance

Power counting

Long-range effects is insensitive about short range physics;

Short-range effects encoded by Wilson coefficients

Nonrenormalizable theory is renormalizable

19
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EFT for atoms (analogue of heavy-quark
ound states)

" Effective Lagrangian: NRQED (Caswell & Lepage, 1986)+HNET (similar to
HQET, E. Eichten, Hill & H. Georgi, 1990)

L = LMax + JICNRQED + LHNET + 0Lcontact

— LMax = — d’]eruF +1 - / ;

D2 D* [V E] (D x E — E xD)-o
R | ki el e
ENRQED = {ID{} + - -+ 83 —+ cpe am? + ¢ E‘ B —I— icse + ¢

Canver = NG,
dLcontact = FTJ)TTJ)N\%-

where 5. ou L ean
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i EFT for Schrodinger atoms

" Coulomb-Schrodinger EFT for atoms:

Field theoretical

- V? ' 1 2
E{"Icml—schr — "i,,-'T"T {fDU -+ — }L‘ -+ NTJ'DON —+ 5 (V’AD) _ realization of

m Schrodinger eq.

O Coulomb gauge (only retain instantaneous Coulomb poten
tial)
0 No dynamic photons (set A=0): so will not see Lamb shift

O No relativistic corrections included
39



i Feynman rules in NREFT

The nucleus propagator is defined as
I
T kO g

Dy (k) Nucleus HNET propagator

{

0 _ k2, ;7
k" 2m+z€

NRQED electron propagator De(k) =

The photon propagator in Coulomb gauge is defined as

Doo(k) =—, Instantaneous Coulomb photon

_J) i£0,740 Not needed

in this work!
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calculation

| Only ladder diagrams survives in NREFT

" All crossed ladder diagrams are zero due to the co
ntour integral.

k

k k—q / d*k i i i !
X _— -
(2m)* K2 |k —qf? po 4 k0 — LktBal® | ;e KO+ e

N oSy Vanish with single pole!
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son, 1969; Zimmermann, 1971)

i Operator Product Expansion (wil

OPE assumes the following form:

T¢(x)$(0) ~ Z Co(x™)[0(0

" Applied in various areas of particle physics
(light-cone expansion, Minkowski spacetime,
and Euclidean OPE)

Can be used to defined the renormalized composite lo

cal operators. -



ee Weinberg, QFT Vol. 2)

i Proof of OPE using path integrals (s

(T{Ay(x1), A2(x2), ... Bi(y1), Ba(y2) - -})o

=/ [deﬁz(z}] ay(xy) az(xz2) - bi(y1) ba(y2) - -explil [¢]),
/,z

B(R)
X %
R &
R
x@x % ¥
Locality of action
I = dz & dz #(z).
fzeB(R) = 2lz)+ 2¢B(R) 2 2) is crucial for existence
of OPE
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Proof of OPE (QFT, Weinberg)

(T{A1(x)), A2(x2), ... B1(31), Ba(v2) ...} )o
—f [ dqf’f(z)] bi(y1)ba(y2) ...exp (ifzeéB{R) E(Z))

z¢B(R), ¢
/ [ dgb{(z] ay(xp)axxz) ...exp (i/;EB(R) &”(z))

z€B(R). ¢

(T{A1(x1), Aa(x2), ... Bi(y1), B2(y2) .-.})o *’/[quﬁf(Z)]
£z

X bi(n)ba(y2) .. exp (,- / ﬁ(z))
X Z Ug"Az"" (x1 —x, x2—x, ...} o(x)

Z U’“ A (1 = x, X2 — X, ..) (T{O(x), Bi(31), Ba(y2) .. })o
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OPE: an important tool in high ener
gy physics

DIS: T ()T (0)] = 3 Ci (22, 12) 2y - - 20, O (),

3 : ] A 2 <=l
Twist expansion oLyt =2 ("';) s{ar b D" 4},

'

< [y

el 1 f”_l M2 I
Oih”=?($) s{ar* b D" psal

QCD (SVZ) Sum rule Shifman et al., 1978

OPE + dispersion relation: useful phenomenological model
to predict some hadronic nonperturbative quantities.
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The essential idea of OPE is factorization: momentum fl
ow of Green function: separate hard and soft (lucidly ex
ained by John Collins, text on Renormalization)

Hard momentum
Factorization property of Green function

46



Consider a ¢* theory
L =0¢*/2—m*$p*/2 — g¢*/24 + counterterms.

we may have OPE

A toy example! T'¢(x)¢(0) ~ ; Celx")[0(0)]

To derive the exact Wilson coefficient Cp, we consider Green function

(0| T p(x)p(0)d(p,)P(p,)|0).

At leading order we have disconnected diagrams

x 0 0 x

OPE can be obtained from

asymptotic behavior of Green function P1 / \\PI P:/><\P1 : p'//\pl
when large momentum injected 4

factorized form (a) (b)

which gives
1 1

2 3 nd
Py —m" p,—m

7 [exp(—ip,-x) +exp(—ipy'x)].



Expanding it at x =0

i i . 2 2
Pf—mng_mz[z i(py + p)'x —(py"x* + pyx7)/ ]

which is equivalent to

T $(x)p(0) = ¢*(0) + 5x*0,¢* + 3x*x"$3,0,¢ + -

However this is only the leading contribution. For next-to-leading contribution, we have the

q -Uv]+ Q— Q+UV
(5) (c)

q soft; local q hard; Wilson coef.

following 1-loop diagram

=
It

(a)

where the diagram |.h.s is

iZ : d‘q e—iq-x
P —m)pi—m) " |Cn) @ —m)[@—p, —pa) —m?]




The Wilson coefficient we actually care for is

T (x)p(0) ~ Ca(x)[ 4],
Cy: =1+ (g/167%)c,(x?).

}

which is extracted via 1-loop diagram (c)

1 —-lq
(pi—m?)(p3— m?)(2n)*
a e'v* — | )
X {J‘d q(qz _ mz)[(q = - P2)2 — mz] - UV dwergence}.

The contribution of order 1 from large q is

(x)__l_{ i d" (equ._l)+ 2 }

Qrp)* (@ d—4

while the rest are of order |x]|.



Using Schwinger parametrization

one could determine ¢; to be

1/(¢*)* = .[ dzze *(~ 9

0

¢,(x) =3[y + In(— n*p?*x?)].
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Previous application of OPE to atomic p
hysics

Braaten & Platter, PRL (2008)
To reproduce the famous Tan relation in cold atoms

eek endi
PRL 100, 205301 (2008) FRISICAL: ERVIEW LBELILIERY 23 MAY 2008

Exact Relations for a Strongly Interacting Fermi Gas from the Operator Product Expansion

Eric Braaten™ and Lucas Platter’
Department of Physics, The Ohio State University, Columbus, Ohio 43210, USA
(Received 12 March 2008; published 21 May 2008)

The momentum distribution in a Fermi gas with two spin states and a large scattering length has a tail
that falls off like 1/k* at large momentum &, as pointed out by Tan. He used novel methods to derive exact
relations between the coefficient of the tail in the momentum distribution and various other properties of
the system. We present simple derivations of these relations using the operator product expansion for
quantum fields. We identify the coefficient as the integral over space of the expectation value of a local
operator that measures the density of pairs.

DOL 10.1103/PhysRevLett.100.205301 PACS numbers: 67.85.Lm, 03.75.Nt, 31.15.—p, 34.50.—s
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OPE for electron Coulomb gas

Hofmann, Barth and Zwerger in 2013

PHYSICAL REVIEW B 87, 235125 (2013)

Short-distance properties of Coulomb systems

Johannes Hofmann,'"” Marcus Barth,”! and Wilhelm Zwerger’
| Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Centre for Mathematical Sciences,
Cambridge CB3 OWA, United Kingdom
*Technische Universitéit Miinchen, Physik Department, James-Franck-Strasse, 85748 Garching, Germany
(Received 15 April 2013; revised manuscript received 27 May 2013; published 20 June 2013)

We use the operator product expansion to derive exact results for the momentum distribution and the static
structure factor at high momentum for a jellium model of electrons in both two and three dimensions. It is
shown that independent of the precise state of the Coulomb system and for arbitrary temperatures, the asymptotic
behavior is a power law in the momentum, whose strength is determined by the contact value of the pair
distribution function g(0). The power-law tails are quantum effects which vanish in the classical limith — 0. A
leading-order virial expansion shows that the classical and the high-temperature limit do not agree.

DOI: 10.1103/PhysRevB.87.235125 PACS number(s): 71.10.Ca, 05.30.Fk, 31.15.—p
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* Why starting from HNET+NRQED?

" Necessary for manifesting the OPE operator
relation!!!

" With external Coulomb potential, it is impo
ssible to write down the OPE.

" Nucleus infinitely heavy. Electron moves sl
owly. Still local QFT
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i OPE relation for coalescence

® Naive Taylor expansion:
P(x)N(0) = [£N](0) + x - [ViN](0) + - --
This is incomplete!!!
" Correct expansion in coordinate space:
Y(x)N(0) = (1 — mZalx|) [P N](0) + (1 — mZalx|/2)x - [VEN](0) +

" And momentum space:

HQ)N(0) = f dPxe T 45(x)N(0)

BTTZ-:T."H 16I'TTZ-:T."TI
= [v¥N](0) —

q - [VN](0) +
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Determine Wilson coefficients

" First define 4-point connected Green functions

(@ p, E=p0+K°) = f dy d*z ¢~ P72 (0| T{(a)N(0)! (Y)NT(2)}10)amp,
rs(p, E) = / d*yd*z e~ =2 (0| T{[BN](0)4" (y)N'(2)}0)amp

" There’re only ladder diagrams
defined as r.h.s.

55



Momentum space: Asymptotic behavior of 4-point Green
unction as the injected momentum g->m gets hard

" Leading diagram is th
e tree diagram.

" Integrand is expanded
given g~m.

Figure: The tree-level amputated Green

function I,

q—+m 8mmZ a
i

4 Joonee ] (20)
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i Factorized form

" Define a n-ladder diagram

=1

The factorized form is seen.

" Diagrammatically, the 1% order

9

q?%\ /‘/L\\f/l,éi\
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Proof to all orders by method of ind
uction

Analyse the loop momentum 1,
Hard: 3SéftSoft: g—*
Keep leading region: Soft

Figure: Reexpressing the four-point Green function ("1 with n + 1 Coulomb ladders a one loop integral
involving the Green function containing n-ladder. H and S indicate whether the loop momentum is hard or soft.
The crossed dot marks composite operator [N].
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i OPE in coordinate space

" Coordinate space Green function (additional diagr
am abandoned in momentum space as disconnecte
d gives 1)

Mx(x; p, E) = [ d*y d*z e PV RZ0| T{y(x)N(0)¢T (y)NT(2)}0)amp

: . “d3q efax —1 1
" Given Fourier integral: ] e

" Coordinate Wilson coefficient:
Use (g p,6)= 3 e0qrs® 6y @S N=1, gives:

i=1
—mZa|x|.
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i P-wave hydrogen-like atom

® Similar to S-wave
" The only difference is the local operator [V¥N](0)

" Subtraction to get coordinate Wilson coefficient is
different: [
(

d3q e'9% —iq-x i

mE @ 0 32

i mZ cx|x|x .
gives :
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i Application to hydrogen-like atoms

® Matrix element definition of wave function
W im(x) = (0 [(x)N(0)| nim)
gives (a0 =1/mZa.)

Rno(x) = Rno(0) [1 — a_); + O (x/an]g]

Ru0(q)(27)~3/2 = 22R,(0) (2?? + O (L)E
a0q aoq

dR nl
dx

_ B dRn1(0) (27) 1 \2
Ru(q)(2m) %% = 2° dx( ) c(“:'uq5 O (E)

Rn1(x) = x —"%(0) [1 _ %aiﬂ i @(x/au}g}
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iCompa re with the old knowledge

® Our results agree with the old QM results:

Rur(x) = dIR”’( 0) [ - % X 1 0(x/a0) ] (Lowdin, 1954)

I 2
Rn(q) = > IR (0) (2?:)2 + 0O 1 (Bethe & Salpeter, 1957)
! d'x agq'tt 09
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Part 2: Klein-Gordon and Dirac

EFT and OPE
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2

i 2
(E + %) + R2PV? — ??12t4] U(r)=0. lpﬂ.f-m(r) — R?l.f(r)}/}m( ’

i,
L T—
[

_d2+22&2—3(l+1) ZZHE+EQ—mC4
dr? r? her h2c?

} PRo(r) =0,

Ru(r) = Nup' e 2 Fy(I' +1— X, 20' +2;p).

1 i 2 2ZaE,,
l'=—+4/ll+=| —Z2a2, [B=— 1 F2, =Br, A= =
5 o+ \/( -+ 2) Gy B ﬁ.c\/m c p = pr, hel
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Near-the origin behavior of S-wave hydr
i ogen KG wave function

72202 — (1 + 1)

T‘Q

R, =0.

2
Ry + ;R;ﬂ +

l

Substituting the ansatz Ry(r) oc ¥, one can solve I from the following quadratic equation:

I'('+1)=1(1+1) - Z**,

1 1\?
l'=—+4/[l+=] —Z2a2
2+\/(+2) =,
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n

| Expanding the wave function near origi

" Expanding (»)" gives

; LT L | 3¢ 72,2 3¢ . 2r
HEL{I}(T) o~ Rrsxtﬁh([})ﬂ'” a2 2 o R:uh([])p L8 H“;uh([}) (1 _ 7202In ﬁ s )

" Expanding the rest gives Schrodinger results

1 —amr”Z
® Sum up to

ffm’[r'} = ﬁ’mf'{{]}[ | — mZar) (I Z a” In S - )

ek
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S-wave Klein-Gordon wave functions ne
r the origin

0.‘6 ‘ ‘ ‘ 0.‘8 ‘ ‘ ‘ 1‘.0 ‘ ‘ ‘ 12
rlag 6 7



* Perturbation theory in QM

® Hamiltonian:
Hes = Ho+ AH = Hy + Hiin + Hparwin,

Ho — _VE B Ze?

o 2m  Anr’

v 2 ‘

H T U 3 H arwin — :

= 8m3c? = 32mAct [V |:4?r“r " ”

" Energy
Ziat n 3
AEWY| = n|nl) = —me? ..
mt kin (ﬂ”Hkmlnl!) o 2n4 (E +% "1)

AEWY = (nl|Hparwin|nl) = 0.
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i Wave function correction

" First-order QM perturbation

ARR(0) =Y RS 0) (

n>1

" Coutinuum spectrum gives UV divergence

n0|AH|10) _i_/mdk (kO|AH|10)
0 2T

— JEE= :
EH) B Eﬂ.l} . ) EH} i Ek'ﬂ .

" Coutinuum Coulomb wave function

k

S8amecsak & el o _ :
R (r) —\/ ¢ 1 Fy (1+ = ”,z;m-), Eio = 5,

1—e &

fd-r rP R (r) Ry (1) = 2w (k — K).

kiﬂ

2m
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,L Continuum matrix element

7k ; 2m?Z%a? cosh < Tmz“ exp (2"12“ tan™! mf“)
9 (1 B 2?11:21!) kl — m2£2ﬂfz

{kakmuo) = —QZ*Q‘J

k—oo 3 3 -kr o
—— —VmZaZ — 4+ —+ - 17:
maas o (mZuf o 2 s ) : L
_ VA nk & s
{k{]lHUamnllU) — 1 \/2(1 y E_2mzzu) (m2 + 2« )
B FE A i wk?® (24 + m)k(mZa) w(n? —24)(mZa)?
Y ...
— M 8m2 (mZ « ) 2 K 24 ¥ 48 * ’
(17b)

Must impose a UV cutoff, yields divergence

Zm’i E
a0, = rio) (2 ﬁmte)T

3 2 242 3.3
&ng([})‘ e R?ﬁh({]) (Z(J:A Z a” A ZPa’mA

finite | .
Darwin 24Tm?3 £ 16mm? i 24m i e)

70



Scalar QED+HNET and OPE:
an unsuccessful attempt!

+

® Lagrangian:
1
£ = (D) D"¢ —m*¢'¢ + N'iDoN — 2 F,., F*
D* = 8" + icA*; DYy, = 8" — iZeA*

" OPE relations defined as:

¢r(r)Ngr(0) = (1+C(r)) [#N]r(0) +---,

$r(qQ)Nr(0) = [ dre19% 3y (r) Np(0)

=C(q)[¢N]|r(0) + - -,
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i Renormalize Local Operators

" Definition:

[ON]Rr(0) = Zynd"N°(0) = Zyn/ZsZndrNr(0)
= Zs¢rNgr(0)

" Calculate the following diagrams in both Fe
ynman gauge and Coulomb gauge
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Renormalize Local Operators

" Relation for counterterms

) (SN
0s = Ogn + = + —
NT g T g
3 N ds 2
¥ G e’ Zet Ze® Ze? e’ Ze*
‘eynman Gauge —
- 5 4?r§r 4m2e Efz?rz 812¢ —— 8ﬂ2 JS?r?r
e e° e e
Coulomb G : 0 — —
ki i 412 ‘1?1’ € dn . 8¢

TABLE I: Counterterms in Feynman gauge and Coulomb gauge within M.S scheme.

" While s,y is gauge-invariant with Z=1, what’s rela
tedto OPEis . g,
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OPE (similar to point-splitting, smearng
* a local composite operator)

"  Define

T4(xzp, E=K"+9%) = by hg Gz

(2m)3 (2m)* (2m)4 e TPVt (QIT {@(r)N(U)wT(y}NT(z)}iQ)amm

FIG. 4: The OPE relation to order Z« in the momentum space.

r 0

p%-.\k — (/\ +UVCT ) + (/\ —/\ - UVCT )

)
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OPE in coordinate space (Fey

i nman gauge)

" In Feynman gauge, expanding ;" (a; p,#",7") gives

~ yAe"
(?F'ﬁyn(q) - ,
|al?

" Fourier transform to coordinate space

Z 1
CF':'”“(I'] — — 2—:(1{}g pur + 2 log me™®),
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OPE in coordinate space (Co
i ulomb gauge)

1 In Coulomb gauge, expanding %™ (a: p.£=+"+p")ve
$ives

= Fourier transform to coordinate space

= 1
C{‘J‘cm! (I‘) L s ; (Ing T + 5 lﬂg 'i'TE'TE-;)j

= Both gauges give legarithm at giderder

76



,_h NREFT

1 Scalar QED + HNET wen’t work!
= Drop A°
£ = (Dog)' D% — V¢! - Vg — m*gl + NUDON + -(V Ao)?

= Non-relativistic approximation

2 1 y o : 2
e (Do + Trsr:2)¢, =g :

(—iDy + mc?)o

= Use with EOM, the tollewing cenditions are ebtained

iD : _ V2 }
S (P +9). iDop = 5—(¢ +9).

P = — -
2rn.c2
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* NREFT: our working basis

® NREFT Lagrangian:

i A L N |
.f.lr — T .f) vJT A ?VZ 2.1 NTI)B_N
o ¥ [E ot 2m s &m3 e 16mm° F 32?{1,4[ 4o 11+ @+ Ny

1
+2(VA) gl NN + -
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Matching of contact interaction

X

FIG. 7: One-loop diagrams for e N — eN on-shell amplitude from both sSQED+HNET and NREFT.
The cross represents the p? relativistic correction, and the solid square represents the ¢4 electron-
nucleus contact interaction.

40

sQED + HNET NREFT

" Matching gives ¢, = O(Z%a?)
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i OPE result

" Coordinate space

e(r)N(0) = (I —mZalr| — Z%a* (Ing (mZalr|) + é log Awe® ‘) i ) [¢N]r(0) +--- .

® Momentum space

HQNO) = [ dre ()N

8mmZa 2n?Z%a? + ---
I leN]r(0) +
q q?

® (Crossea muiupicauon

I-l(n} q! ]_3', Z C;{ } F{n :]( E)
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i Renormalize local operators

" No need include wave function correction, the ren
ormalization only involves vertex correction:

[P N]r(0) = ZspN(0)
" Define
d'y

d'z ip-y ik-z ~ A
F®.5)= [ 557 [ G e QT {oN O3 0)N () 12y
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i Renormalize local operators

" (alculate diagram b and d won’t give logarithmic divergence.

" Diagram a and c are finite.

" (Calculate diagram e gives logarithmic divergence 7%’ (% + log ,u,) .
® Diagram f is higher order contribution.

Power UV diver
)

AAAAARR

c) d

Logarithm UV div
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i Renormalize local operators

" With MS scheme in dimensional regularization

7202

O
* 2¢

+ O(a?),

" The anomalous dimension

dlog Zs _ 2,2

=g log i
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i Momentum space Wilson coefficient

" Define

FlapE=k+p) = [ 2L [ 22 weqr g ot (y)NT(2)} 192
(Q? p‘l — +p ) T (2?]')4 (2'}1‘)’1{ c ( | {(fg(q) ) (g }l } amp:

® Scales in the problem:

" Hard: mv << g <m, v =Z0<<1

" Soft: p~mv, E~mv/\2
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Leading scaling behavior of diagrams: d
ouble-layer form of OPE

q+ EEEEEE EEEEEN EEEEEE
rl b R I A I A »

a)q- b) g2 c)q d) g2 e) |q|~*
f) ™! 9)q° h) q|™1 i)q? i) lal™?

FIG. 8: Leading g-scaling behavior of numerous higher-order diagrams for the momentum-space
Green function I'. The thick lines are meant to carry the hard momentum of order q, in order to
contribute to the specified leading region. The cross, heavy dot, solid square refer to the p* kinetic

term, Darwin term and contact interaction resnectivelv
e g—rm 1 1

I'(q; p, ) — — and —,
q’ q/?
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OPE relation (momentum spac

FIG. 9: The factorization of momentum-space four-point function into hard and soft parts through
order Z%a?.
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i OPE relation (coordinate space)

])’%:?\*"'A T (’;é — )‘|—
/\ A (@A)

ro ro

/\ (A+U\(T) (’& _A)Jr (f/@ - A—U\fczT)+
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i Wilson coefficient

® Momentum space

2127202

@) =R

® Coordinate space

1
CA(r) =— 2" (lug plr| + 3 log 4mfm—‘) :
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Renormalization Group Equation: Resu
m the leading logarithm:

RGE for local composite S-wave operator:

(A ) =0y

[oN]r(1) = [pN]z(uo) ( " )zzﬂz

1o

RGE for S-wave Wilson coefficient of OPE:

@ ! ) (n# — r4)C(ur) = 0. Define r = ror,
C(rok)y

C(r) = C(ro)s2°** = C(ro) (i) -~ Choosing 70 = a¢ as the Bohr radius

IrEI

?ﬁ?@r@p}r[oc[uce the near-the origin anomalous scaling RKS(r) ~ RS%h(0) pVi—2%—5 o RS (0)p= 77
of KG w r



2
(—iﬁca .V 4 fmec® — ‘Z—E) U =EU,
47r

Z2a? 7't n 3
— el _ _ i
E,.; =mc [1 7 5ol (j T3
Fo(r)/ 2 &m
U, 1, (1) =
Em 3 .
Gn(r)y/ 420 - Tém

Fu(r) = R (0) (

iy

ﬁ Dirac wave function of hydrogen

We focus on the large component
of Dirac wave functions for the
j=1/2, positive parity hydrogen

where ag = h/(mecZa) is the Bohr radius, and R3°"(0)
represents the radial Schrodinger wave function at the
origin for the nS hydrogen state. We have also taken the
nonrelativistic approximation /1 — Z2%a® =~ 1 — Z%a?/2
in the exponent. The singularity has noticeable effect
only when r £ 252 exp(—2/Z%a?) ~ %‘110_15300532 [14],
which 1s even many orders shorter than the length scale
related to the QED Landau pole!
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i Dirac wave function

" Wave function origin behavior of large component

-2 9
Ml

D i
Fa(r) = R,*(0) (2—”') ~

Ty

" Expand the large component spinor:

: _ Z? 2
1111}] Fu(r) = R3™(0) (1—r/ao) (1 - ; Inr+-- ) :

" Divergence can be reproduced by perturbative QM

" Kinetic correction + Darwin term+ spin orbit o1



Dirac wave function

R(r)

RSch (0) 05 i

Ay
)
1.0 3

0.0

l I f\ T T I T T T I T T T \\:
| E Sch1S -------- Dirac 1S
H
I : Sch2S -------- Dirac 2S
Schi88 =ss: = 2as Dirac 3S

------
....
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Correct OPE formulated in NRQED+HNET

2 v4 El

LNREFT —U{zDDJr%Jr_, (r) \/—5’-’“ = (0ftp(r)N {ﬂ)|n51;9 m),

+ NTiD°N LT = ’I«Jrh NN + - (\7' 4“) : ) A\ A
l]_]'ﬂ “L ( ?\, (0 — L [',-+1 ] D} 4. {18} j‘f‘\lﬁi\ f‘\{:\
i

2.2

C(r)=1—-mZar —

/-is?(qm-’(m = f dr e~ p(r)N (0)

(In pr + const) + O(Z%a*).

N

— C(q)[N]r(0) + - . (19)
5 8mmZa+0(Z3%)  w2Z%*+ O(Z%a?)
C(g) = i — e :




* Summary

EFT combined with OPE offers new insights for deeper understanding coalesc
ence behavior of atomic wave functions.

~ It can be extended to study multi-particle coalescence behaviors.

" Applied in relativistic Klein-Gordon and Dirac equations, solving long-standin
g puzzle about the anomalous scaling behavior of the hydrogen wave function
s near the origin

" Leading logarithms are resummed with the aid of RGE

" Lesson: To succeed, one must start from NREFT, not the UV-completed relati
vistic QED+HNET

" KG and Dirac equation as r<1/m becomes untrustworthy... why? g4



+

Thanks for your attention!
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