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A Review of 4d Chern-Simons theory

A Review of 4d Chern-Simons theory

e 4d Chern-Simons theory has the action

s=1 C/\Tr(A/\d/H—zA/\A/\A), (1.1)
hJyxx 3

where A is a complex-valued gauge field, Y is a 2-manifold,
and X is a Riemann surface endowed with a holomorphic
one-form C = C(z)dz.

e Topological along Y, but depends on the complex structure of
3.

e It has a complex gauge group, denoted G.

Meer Ashwinkumar Some Results on 4d Chern-Simons theory



A Review of 4d Chern-Simons theory

e Initially derived from deformed, twisted /' = 1 SUSY gauge
theory by Costello.*

e Subsequently studied in depth by Costello, Witten and
Yamazaki.t

e Describes integrable lattice models of clasical statistical
mechanics, such as the six-vertex and eight-vertex model.

x. K. Costello, Supersymmetric gauge theory and the Yangian, arXiv:1303.2632
t. K. Costello, E. Witten, M. Yamazaki, Gauge Theory and Integrability, I, I,
arXiv:1709.09993, 1802.01579
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A Review of 4d Chern-Simons theory

e Theory is unrenormalizable by power counting, as & has
dimensions of inverse mass.

e But theory can be quantized in perturbation theory - all
conceivable counterterms vanish via EOM.

e Moreover, BV quantization was used by Costello to show that
the theory has a well-defined perturbation expansion.
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A Review of 4d Chern-Simons theory

The action involves only the ratio C/h - naively, a zero of C
corresponds to a point at which A — oo.

But the theory is only defined perturbatively, so C cannot
have zeros, though it may have poles.

This restricts ¥ to one of the following possibilities:

¥ =C, C =dz, (rational),

d
Yy=C*=C/z, c=% , (trigonometric) , (1.2)
z

Y=E=C/(Z+7Z), C=dz, (elliptic).

As shown, the three choices of ¥ lead to rational,
trigonometric and elliptic integrable lattice models.
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A Review of 4d Chern-Simons theory

e Costello, Witten and Yamazaki explicitly showed how to
derive the quasi-classical R-matrix from correlation
functions of crossed Wilson lines.

e E.g., the rational R-matrix for Wilson lines on Y = R?:

hepp

=TI+ +0(h?)

Z 21 — 22

2

e Here the Wilson lines at z; and z are respectively in
representations p and p’, with ¢, y =3, T5,® T, .
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A Review of 4d Chern-Simons theory

e Such an R-matrix, denoted R,,(z1, 22), is a solution of the
Yang-Baxter equation with spectral parameter, i.e.,

Ri2(z1, 22) Ri3(z1, 23) Ro3(22, 23) = Ra3(22, z3) Ri3(z1, z3) Ri2(21, 22)

e The YBE underlies the integrability of the integrable lattice
models, as it leads to commuting transfer matrices.
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A Review of 4d Chern-Simons theory

e Can be realized in 4d CS theory due to the topological
symmetry along Y.

Z,  z Z z z, 4

e No singular behaviour arises in moving a Wilson line, as long
as z1, z» and zz are distinct.

Meer Ashwinkumar Some Results on 4d Chern-Simons theory



A Review of 4d Chern-Simons theory

e Outside of perturbation theory, 4d CS is not well-understood -
path integral is exponentially divergent.

e Question: What is the nonperturbative definition of 4d CS
theory?

e Suggestiont - Nonperturbative definition comes from the
D4-NS5 system of string theory, similar to how the D3-NSb5
system realizes the nonperturbative 3d analytically-continued
Chern-Simons theory.$

e Also, unlike 3d CS theory, much work on 4d CS theory has
not involved canonical quantization, current algebras, and
boundary theories.

Question: Is there a boundary WZW theory for 4d CS theory?

1. E. Witten, Integrable Lattice Models From Gauge Theory, arXiv:1611.00592
§. E. Witten, Fivebranes and Knots, Quantum Topology 3 (1) (2012) 1-137
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A Review of 4d Chern-Simons theory

We shall attempt to answer these questions in today's talk. This
talk is based on

e M. Ashwinkumar, K.-S. Png, M.-C. Tan, in progress

e M. Ashwinkumar, Boundary Dynamics of 4d Chern-Simons
Theory, in progress
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

Summary of results : 4d CS from partial twist of D4-NS5

system
1%
—_—
Y R > NVCT*V
—_— A — —
1 2 3 4 5 6 7 8 9 10
D4 X X X X X
NS5 x x X X X X

e We begin with this brane configuration in type IlA string
theory, where we have a stack of N D4-branes.

e Here, the D4-brane worldvolume is Y x R} x X, with
boundary conditions determined by an NS5-brane.
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e Moreover, the worldvolume theory is partially twisted along
Y x R+.

e This twisting gives us 4 supercharges that are scalar along V.
We take a linear combination of 2 of them, denoted
Q =kQ+ AQ' (for k, A € C), to define our theory.
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e These 2 supercharges are distinguished since they lead to
desirable Q-invariant localization equations.

e In particular, for A = &, they can be written as a gradient
flow equation, i.e.,

dx’ -OW
o i 21
" g (2.1)
for
jef2r 2
w =" / dz/\Tr<A/\dA—|—A/\A/\A>. (2.2)
85 Jyxz 3

e Such a gradient flow equation defines an integration cycle for
the path integral over W that ensures its convergence.
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e We can define a O-invariant action

$={Q,V}

w—w iV

dz, N Tr (AW A d.AW + %AW VAN -AW A Aw) s
(23)

4 21 Jom

that is Q-exact up to a 4d Chern-Simons action.

e This action is equivalent to a 1d gauged A-model, with target
space the space of all possible A, fields, and the 4d
Chern-Simons action as superpotential.
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e This 1d A-model was shown by Witten¥ to reduce exactly to a
path integral over the boundary superpotential, with
integration cycle, I, determined by localization equations.

e In this way, we end up with

™ JoM

/DAexpG" dz/\Tr(A/\dA+§A/\A/\A>>,
i

(2.4)
which for ¥ = % is the (convergent) path integral for 4d

Chern-Simons theory for all A.

€. A New Look at the Path Integral of Quantum Mechanics, arXiv:1009.6032



Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

Summary of results : 4d CS with boundary and a 3d WZW
model

e Consider 4d CS on D x ¥, where D is a disk, with classical
action

s=1 dzATr(AAdA+§AAAAA>. (2.5)

h Jpoxs

Here, A = A,dr + A,dyp + A3dZz, where (r, ) are polar
coordinates on D and (z,Z) are complex coordinates on X.

e To ensure locality of EOM, and gauge invariance, we require
the boundary condition Az = 0.
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e Using this boundary condition, we can show that 4d CS
reduces to a boundary theory, i.e.,

/Dg e 5, (2.6)

where g is a map g : 9D x ¥ — G, and where
1

S(g) == do A dz A dz Tr(0,8¢8 10:g8 ")
hJsixs
] (2.7)
B dz A'Tr (dgg ™t A dgg™ A dgg™?).
3h Jpxs

e This is a 3d analogue of the 2d chiral WZW model.
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Summary of results

4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e The classical action is invariant under the G x G symmetry

g(p,z.2) — Q(¢, 2)89(z, 2), (2.8)

where Q and  give rise to the conserved currents
J, = —%&pgg_l and J; = —%g_lﬁgg respectively.

e We find a current algebra for J, by computing Poisson
brackets and canonically quantizing:

[TrAJy(p, ), TeBJ, (¢, 2')] =id(o — ¢')d(z — 2')Tx[A, BlJy(¢, 2)

- i%&'(gp —¢")o(z — Z)TrAB.

e This is an "analytically-continued" toroidal Lie algebra.
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Summary of results

4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e A Wilson line in representation R can be described in terms of
local operators of the boundary theory:

Peft:fA — gEl(tf)gR(t,'). (29)

e Correlation functions of Wilson lines in 4d CS can therefore be
computed from the boundary theory.

e For crossed, perpendicular Wilson lines, we have

0,21,21 /2,29, z2

<7Def7r,zl,21 Ar Ry ® Pefﬂ'/2 23,2y R2>
=(gr, (0,21, 21)gr, (7, 21, 21) © 8, (T/2, 22, 22)8R, (37/2, 22, 22)).
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

y 22, Z2)

INTE

-1
&R, (

gRl(ﬂ-;Zlvil) gl;ll(07zl721)

gR2(377r7 2, 22)

Perpendicular Wilson lines on D.
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Summary of results 4d CS from partial twist of D4-NS5 system

4d CS with boundary and a 3d WZW model

e We can compute the 4-pt. function via perturbation theory
around g = 1:

g=e"T" =1 +¢,T7+...
e Using the free-field propagator for ¢, we arrive at
(87,0, 21,21)8R, (T, 21, 21) ® 8r) (/2. 22, 22)8R, (37 /2, 22, 22))

h
14— O(h?
oL mRt (7%,

which is precisely Costello, Witten and Yamazaki's result for
the R-matrix to leading nontrivial order.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

4d Chern-Simons theory from partial twist of D4-NS5 system
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

D4-brane worldvolume theory with NS5 boundary
conditions

The low energy worldvolume theory of N coincident D4-branes on
a flat manifold, M, involves fields which transform as reps. of
SOMm(5) x SOg(5):

AM : (5, 1)
o (1.5) (3.)
Pu: (4,4)

with the classical action of 5d A" =2 SYM:
1 1 1 v 1 YRR
s=—2 /. d*x Tr (G FunFM™ + 2 Duo DM + o5, ogllo™, o]
+ipA (M) aBDup gz + p* (™M) Blog pagl)-
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D4 brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system By carfitams /AT

Localization to 4d Chern-Simons theory

It is invariant under the SUSY transformations

5AM =2C"A(Tm)a P g
5¢M - I2CAA(FM)ZB

PaB .
60,3 =(M)a P Duo™(T )55 = 5T B(ro)azlo™, oMca ©
5F N(rMN)ABCBz-

(3.2)
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

The stack of D4-branes shall be taken to end on an NS5-brane in
the following type IIA brane configuration in flat Euclidean space

1 2 3 4 5 6 7 8 9 10
D4 X X X X X
NS5 x x X X X X

where, e.g., an empty entry under ‘3’ indicates that the brane is

located at x3 = 0. The scalar fields {67, &5, b3, 97, P} are
understood to parametrize the {6,7,8,9,10} directions,
respectively.

The NS5-brane provides boundary conditions for the D4-brane
worldvolume theory.
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

Partial twist

4d Chern-Simons theory on Y x ¥ is topological-holomorphic:

e |t has diffeomorphism invariance along the 2-manifold
denoted Y.

e |t has holomorphic dependence on the Riemann surface, X.

To obtain it from the D4-NS5 system, we ought to perform a
partial twist that leads to the above properties.

To this end, we shall take M =Y x R4 x X, and we wish to twist
the D4-brane worldvolume theory along Y X R,.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

This amounts to redefining the SOy/(3) rotation group of
V =Y x Ry to be the diagonal subgroup

50\/(3), C 50\/(3) X SOR(3),

where SOg(3) C SOg(5) rotates {¢7, ¢3, #3}-
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D4-brane worldvolume theory with NS5 boundary conditions
4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

Specifically, we are studying the following type IlA configuration:

Y

Y R X NVCTV

1 2 3 4 5 6 7 8 9 10
D4 x x x x X
NS5 x x X X X X

The twist arises in this configuration because V C V=Yx R,
where V is the zero section of the cotangent bundle T*V/, and
‘coordinates’ normal to V in T*V must be components of
one-forms, as we shall obtain via twisting.

|l. M. Bershadsky, C. Vafa, V. Sadov, D-branes and topological field theories, Nu-
clear Physics B 463 (2-3) (1996) 420-434
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

Let us now implement the partial twist. Having performed the
reductions SOp(5) — SOv(3) x SOx(2) and
SOg(5) — SORr(3) x SOg(2), we denote the relevant indices as

SOy (3) SOr(3) 505(2) S
Vector | o, B3,7,... | &,3,9,... | m,n,p,...
&,B,3,... | mA,B,...

o
X
)

®
N

)

ThH |

P

SN
S|

Spinor | &, 3,7, ...

P

Partial twisting amounts to setting the hatted SOg(3) indices to
unhatted indices.

As a result, the scalar fields {¢7, ¢3, #3} now transform as the
components {¢1, ¢, ¢3} of a one-form on Y x R.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

In addition, the spinor fields p = = p
twisting as

__~~ can be expanded after
amom

ampm = a3mm T (7)ap¥ama (3.3)

Here we have used the antisymmetric matrix €55 and the
symmetric matrix (0%)ay = (O’a)&BEB,—W where ¢ is the Levi-Civita

symbol and o are the Pauli matrices.

Likewise, we can expand the SUSY transformation parameters

CAR = Camam 2

C&ﬁmﬁ"% = €53Cmm T (Ua)a/é(amn%' (3-4)
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

Substituting these expansions into the SUSY transformations, we
can obtain the partially twisted SUSY transformations.

However, we wish to pick a supercharge, O, that is scalar along
V, w.r.t. which we shall eventually localize the theory.

We shall choose only (11 and (21 to be nonzero, and take a linear
combination of the corresponding supercharges to be Q.

This choice leads to localization equations that define an

integration cycle for 4d Chern-Simons theory such that its path
integral is convergent.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

To see this, let (11 = k and (o1 = A, where kK, A € C. The
supercharge, Q, generates the SUSY transformations

6Aaq = —2irthaz + 2iNbata  Smi = ir (F45 + [qﬁ«; dws\] +Dg ¢B)

S¢a = 2ka2 + 27\ ar2 sma = —iX(Ds — iD5) (@nti )

5Aq = 2ikmia + 2iATn Smo1 = —iA (F45 - [4»4« o] + Dﬁqbﬁ)

8As = —2km12 4 2AN22 82 = —ik (Dg + iDs) (¢‘:‘\ )

5%\: 2KmM21 + 2AN11 0Pa12 = K (|:¢Ou p~+ Id>'\] (4:\-%— 145'5\))
6= 2inmar + 20 6oz = ([#ar ont ion] + Do (6t o) )

i i
Sall = Keapy (j‘“ -5 [6%,07] - D%”) A (Fat — iFos + i (Dg — iDs) 6)
i
a1 = K (—Faas — iFas + i (Dg + iDs) po) + Aeapy ( FAY — > [dﬁﬁ, df’] + DB¢’*)

Let us consider the equations 09,11 = 0 and dy,01 = 0.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

For A =k, and kK = |/~$|ei”, these equations are equivalent, and are
given by .
I __
]:af = _Ze 'Zpsagv]:ﬁ’y. (3.5)

Here, we have defined the complex coordinates z = x* + ix® and

Z = x* — ix®, the complex gauge fields

Aa - Aa + i¢a7 -AE = %(A4 + iA5)7 (36)

whereby we have the covariant derivatives D, = J, + [A4, - | and
> = 0z + [Az,- |, and the field strengths Fg, = [Dg, D,],

-FCME = [DOMDE]-
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

The equation (3.5) is equivalent to

o ~_ P
3’,‘Y' = —le I2p2€'§a]:gz7 ]:32 = _Ze I2p€6ﬁ/]:ﬁfy'a (37)
where a, Bﬁ = 1,2. They can be written in the gauge A3 =0
(with x3 = 7) as

' OW
& _ g2 (38)
dr OxJ
for
iel2P 2
W= — dz ATr( ANdA+ZANANA (3.9)
& Jyxs
and the field-space metric
. ~  ~
£=—53 / d?zd?x Tr(8AY @ A~ + 5AY @ A~ + 45A; ® 5A, + 45A, ® 5Az), (3.10)
5 Jyxs ¢ «

i.e., gradient flow equations!
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

We perform the following convenient redefinitions:

1 ) _ 1 .
U:ﬁ(gbg—/gi)Z), a:ﬁ(qbg—klgbz), (3.11)
1-1 (=1-1) ~ (=1-1) 1-19
Xa = W a1l + TU’@ZM Xa = 2577/%111 + Wﬁbazl
@+ (a-i ~ (=1+1) (=1—1)
n= WﬂllJrW’nlv n= W”hlﬁLWnZl 12)
1+1) (=1+41) ~ (=1+41) (1+14) '
Yo = aa Yar2 + WwQZZ» o= T Vet Ya22
D) (1414 F_(1-0 (=1+19)
= 3 112 Wﬁzzv = n12 + 234 722,
1

u= [(1+ N+ (1 —=0A], v= (=14 )+ (-1-1i)A].

(3.13)

o1/4 o1/4
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

The supersymmetry transformations are then (upon rescaling 0)

Siha = ia +itde  8en =t (Fas+ Dad™) + 15, 0]
Scba = itba — e 8en=— (Fis+Dad®) +t[5,0]
6eAq = iT + it Stha = Dao + t[da, o] (3.14)
5tAs = itT — iT Stta = tDao — [ba, o]
6toc =0 6tT = Dyo + tDso
8¢ = in + it”; 5,? = tDyo — Dso

1 1 1
Sexa = 5 [FM + Dséa + sapy (F77 = [67.07] )] + 5t [Fas = Daa + capy D707

Sixe = %t {FM + Doy — %Eflﬁv (Fﬂw _ [¢67¢v])} _ [FO(S ~ Dyt 75aﬁ_yDB¢w]

1
2
so we now have Q = Q| + tQg, t = v/u. Henceforth, we write
IXa = Va(t) and 0Xo = tVa(t).

Meer Ashwinkumar Some Results on 4d Chern-Simons theory



D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

The transformations now take a form very similar to those of
GL-twisted N' = 4 SYM, as considered by Kapustin and Witten.

In fact, taking ¥ = C*, whereby the x® direction is S, we can
dimensionally reduce along the latter to obtain precisely the
transformations of Kapustin and Witten via As — ¢4, xa — X;Ql,
Xa = Xoar Y4 —= T, s = T.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

To construct an action suitable for localization, we require that it
is Q-exact up to some metric-independent term.

To this end we require that the rescaled supersymmetry variation

is nilpotent up to gauge transformations. This is achieved by

introducing auxiliary fields (Hg, Hy, P) that modify the SUSY
variations to

StXa = Ha 86 = in + it.*;']v
StXa = Ha on =tP + [, 0]
) ~ (3.16)
5tHa:7i(1+t)[o',Xa] on=—P+t[a,o]
5;’://@ = —i (1+t2) [o‘,;a] §P = —itlo,n] + i I:o',;jl

We shall require that our action gives the original transformations
on-shell.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

As a result, for any field ®, we have the SUSY algebra
620 = —i(1+ t3) L, (P), (3.17)

where L,(®) is the change in ® due to a gauge transformation
generated by o, to first order.

We shall define the Q-exact part of our action to be d; V, where
V=V + W.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system

Boundary conditions/action
Localization to 4d Chern-Simons theory

- 1 _
Vo = —2(51_ — t(SR)Vzl

2 1
Vo=— d5X Tr <—277"7 — i5 (Fa5 + Dag® ))
g5°
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

The O-exact action, upon integrating out auxiliary fields, takes the
form (suppressing fermions)

S1=—5 d5T< VeV, + 2V, ) — (Fas + Dag®)?
1= x Tl 17 ( + ) (Fas + Da9™)

2D pED" + [5, 012 — 2ba, o|[67, 5] + 20a(5D%0) + . . )
The first line is just

1 1
- = / dx Tr(Fame‘m + FasF® 4 ~FapFP 4 DngaD"9% + DadpD 0"
85

1
+ S [ba 05ll0% 6%1+ 0a (670507 ) — 0y (650°67) + wa(awa)) +5¢
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system FETHE] it

Boundary conditions/action
Localization to 4d Chern-Simons theory

Apart from the t-dependent term S; and total derivative terms, we
have the standard terms of 5d N' =2 SYM (partially twisted).

S; takes the form

1 5 afy t—¢ ! 1 1
St = g?/ x0T (2 (g ) ( 5FasFon + 50 (¢5D4¢,Y) + 0 (Fﬁ_r,m)
M
4 1 1
- (ﬁ) (gFaSFBw + 5% (‘i’ﬂwa) + 9« (FB4¢’7))
(3.18)

We choose to cancel this term by adding —S; to the action.
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

Boundary conditions/action

We may obtain the explicit NS5 boundary data at the origin of R
(x3 = 0) by lifting them from GL-twisted 4d N = 4 SYM. Firstly,
we obtain the Dirichlet boundary conditions

¢3=0lom, o =0[om, T =0laa, (3.19)

whereby the total derivative terms in the Q-exact action are just
zero.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

The fields {¢1, ¢2} and {A1, A2, Ay} obey generalized Neumann
boundary conditions, which imply a Dirichlet boundary condition
on A3.

These conditions are implied by including the boundary action

1 " 1 1 ap t4+t ! ik 2
Som =3 dx Tr (t+ t ) 5e¥Dsva0s )+ (g ) M (AgAcr JAmAC) )
5 oM

where &, =1,2 and i,j, k= 1,2,4.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

In addition, the boundary conditions on the fermionic fields are
projection conditions.

Finally, the 4d boundary conditions were shown to imply that
5(Ai + wo;) =0 for w = i The lift of this to 5d gives

5(As + wog) = 0

and
(5(A4 + WA5) =0.
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D4-brane worldvolume theory with NS5 boundary conditions
Partial twist

Boundary conditions/action

Localization to 4d Chern-Simons theory

4d CS from partial twist of D4-NS5 system

Localization to 4d Chern-Simons theory

Our total action now takes the form

S=26:V — 5+ Sy (3.20)
In fact,
—wiv 2
S+ Som = LT WIE [ gy AT (AW AdAw + SAw A Ay A AW>
4 27 Jom 3
where

\U—47Ti t—t 1 t4t!
Cog2 \t+t b -t
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system Partial twist

Boundary conditions/action
Localization to 4d Chern-Simons theory

Here, we have defined the complex coordinates z,,, z,, with
corresponding derivatives

1
0,, = 5(84 + W0s)
1 (3.21)
&Zw = 5(84 + W85)a
and the complexified gauge fields
Awa = As + wos (3.22)
(for @ =1,2) and
1
Awz, = 5 (Ag + wAs) (3.23)

that are Q-invariant along the boundary. Hence, the non-Q-exact
4d CS term is O-invariant, and we have a O-invariant 5d
topological-holomorphic theory.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

In what follows we shall consider t # +i, as this implies that the
theory is completely independent of t.

Now, we localize by adding the Q-exact term

1 -

SO [T (b RV V)

LM o (3.24)

_ 7/ Tr (VaV® + VaV® + VoV +...),
€ Jm

where Vo = Fas + Dad®, and {Q, Xa} = Va(t), {Q, X0} = Va(t),
and {Q, 7} = V.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system

ary conditions/action
Localization to 4d Chern-Simons theory

Then, for t € R, we have the localization configurations

~— ~—

Va(t) =0
Va(t) =0 (3.25)
0.

S
I

In fact for t € R, we retrieve the gradient flow equations from
Va(t) =0 and V,(t) = 0.

This choice of t allowed - for any finite, fixed W there is always a
convenient choice of t € R, and we have freedom to choose t.

The remaining localization equations (for o) are trivial.
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

The 5d partially twisted theory can be interpreted as a 1d gauged
A-model, with target space 2, the space of all A, fields, and
gauge group H, the space of maps from Y x X to U(N).
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

For example, with the metric
. ~ ~
e=-— / d?2d?x Tr(8A® @ A~+ SA% @ A~ + 45A; @ 5A; + 45A, ® 5Az),
YXXT

moment map
1 ~
1= ——(D50" + Fas),
85
and superpotential
el 2
W= ——2/ dz/\Tr(A/\dA+A/\A/\A),
g5 Jyxxz 3

the standard terms 1|dW/|? + |u|? are equal to

1 1 -5 < 5 1~ 5 < -
o <5F”f*F&5 +D%0 Dag s + <197, 67 1[0a, 951 + 4F 3 Faz + 4D:65 D0 — 4FﬁFzz)-
5
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system 7 ISt

Boundary conditions/action
Localization to 4d Chern-Simons theory

I**

Such a 1d model localizes to its boundary superpotentia

Hence, our 5d theory is equivalent to

/D.Aexp 41 dz/\Tr(A/\de—;A/\A/\A)
i

™ JOM

Here, we have assumed that there is no fermion number anomaly,
and used the path integral's independence of w to set w = i.

We also require boundary conditions A € Crit W and p =0 at
infinity on R.

k., E. Witten, A New Look at the Path Integral of Quantum Mechanics,
arXiv:1009.6032
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from partial twist of D4-NS5 system e Gl

Boundary conditions/action
Localization to 4d Chern-Simons theory

For % = 7;“’, this is the path integral for 4d Chern-Simons theory,

defined beyond perturbation theory with integration cycle I'.

To obtain lattice, we use F-strings ending on D4-brane boundary
to realize Wilson lines.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

4d Chern-Simons theory with boundary and a 3d WZW
model
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization
4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

The 3d Chiral WZW Model

4d Chern-Simons theory defined on D x ¥, where D is a disk, is
1 2
s=3 [ dz/\Tr(A/\dA—i—A/\A/\A), (4.1)
h Jpoxs 3
where A is the partial connection A = A,dr + A,dp + Azdz.
Varying S gives

dS 1 dzATr(éA/\]-‘Jr d(M/\A)). (4.2)

h Jpoxs

To have EOM free from boundary corrections, we impose
Az = 0lop.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Observe that

S= ! zTr<F/\F)+1 ZTI'(.A/\d.A+2.A/\.A/\.A),
Dx¥ h Jopxs 3

h
(4.3)
where A has been extended to a full connection over D x ¥, i.e.,
A=A dr+ A,dp + Aydz + Azdz.

The boundary term on the RHS of (4.3) vanishes using A; = 0|sp
as well as A, = 0|sp.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

The remaining term is gauge invariant under large gauge
transformations

A— VAU —duu™. (4.4)

However, we ought to restrict U such that the boundary conditions
Az = A, = 0|sp are preserved. We shall achieve this by insisting
that U tends to the identity element of G at the boundary.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Using Az = 0|sp, we find

S = ;Li/dz AdrANdp Adz Tr (2A2fr<p - .ArazA@ + A@az.Ar> .

(4.5)
Varying A; gives F,, = 0. Solved by

AI’ = _al‘gg_la A@ = — Lpgg_la (46)

where g : D x ¥ — G.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Then, substituting into S, we find

S(g) _1 dp A dz A dz Tr(d,88 0:88 1)
h Jsixx (4.7)

— dz AN'Tr (dgg*1 A dggi1 A dggfl)-
3h Jpxsx

Also, no Jacobian appears when transforming the measure, i.e.,

1
Vol . / DADA, §(Fr) = — = / Dg. (4.8)
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Now, A — UAU™! — dUU™! amounts to g — Ug, so we may
change the value of g in the interior without changing its boundary
value.

Hence, the action only depends on the value of g on the boundary,
so we can divide out vol G to obtain

/Dg eS8, (4.9)

where g is now a map g: 9D x ¥ — G. This is a 3d "chiral"
WZW model.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

This model has a local G x G symmetry under

g(#,2,2) = Q(p, 2)g92, 2). (4.10)
2 and Q correspond, respectively, to the conserved currents
J, = —%&pgg_l and J; = —%g_l(?;g, that obey 0,/ = 0 and
0zJ, = 0.

We can use J, to derive a current algebra.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization
4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Current Algebra via Canonical Quantization

To compute Poisson brackets of Jy, we shall first take z to be the
time direction.

In general, for an action first order in time with variables ¢',

1= [ arer(s d¢’ (4.11)
we have )
5l = / dt w,-jaqs"%, (4.12)

where wj; = 8%,-42%]- — B%JJZZ,- is the symplectic structure on the
classical phase space.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

The Poisson bracket of any two functions X and Y on the phase
space is then defined by

70X 0¥
99" O’

[X, Y]pB = w (4.13)

where wkwy = 61,.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Since
0S = —% / do Adz Adz Tr (g 10g0,(g 10:8)), (4.14)

we have (—2) o
=10 ——®1,,
® W Op ®

where 14 acts on the Lie algebra index, %% acts on the ¢
coordinate, and 1, acts on the z coordinate

Its inverse is
5ab( )0(90 ©)o(z — ). (4.15)
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Let X = Tr Ag—ig_l(cp, z)and Y =Tr Bgf,g_l(go’,z’), where

A Beg.

We compute the Poisson brackets [X, Y]pg, and canonically
quantize such that [X, Y]pg — —i[X, Y] . In this manner, we
arrive at the current algebra

[TrAJ,(p,z), TeBI (¢, 2')] =id(o — ¢")o(z — 2')Tx[A, Bldo(p, 2)

- i%é'((p —¢)o(z — Z)TrAB.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Expanding currents in Fourier modes along S* = 9D,

1 .- n in
Jo(en2) = o= 3 Ji(2)e, (4.16)

n=—oo

gives
[TrAJY(2), TrBIZ(Z)| =iTe[A, BIUZ™(2)d(z — 2)
- (27Ti)%(in5m+,,70)5(z — Z')TrAB,

a g Kac-Moody algebra with holomorphic generators. But note
that there is no quantization condition on A.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Now let z = et + if, and compactify the @ direction to be valued
in [0,27], and take € — 0. Expanding as

J2(6) = Z Jnei™®, (4.17)

we find
TrAJS", TeBJT ™| =iTe[A, BlJSHm

2 (4.18)
— (2’/TI) % n5m+n,06ﬁ,+;‘,70TI'AB.

This is a two-toroidal Lie algebra. So our original algebra is an is
an "analytically-continued" toroidal Lie algebra.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization
4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

R-matrix from Local Boundary Operators

Consider Wilson lines along D ending on dD. These can be
expressed in terms of local boundary operators since A|p is pure

gauge.

E.g., for a Wilson line in representation R,

o

A g,;l(tf)Peffi gr(ti) (4.19)

tf
Peffi
where A = gA'g™! — dgg™!. Setting A’ =0, we find that

tr —d —1 o
Peld CEET _ o1 gr( ). (4.20)
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

We can thus compute correlation functions of Wilson lines via
correlators of such boundary operators.

Let us try to retrieve the R-matrix, using

0,z1,21 7/2,2p,2p

<7)ef7r,zl,21 Rl @ Pelsr/zznz AR2>
:<g§11(0, 21,21)gr (7, 21,21) ® gf;zl(ﬂ./27 22, 22)8R,(37/2, 22, 22))-
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization
4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

gRl(ﬂ-;Zlvil) gl;ll(07zl721)

gR2(377r7 2, 22)

Perpendicular Wilson lines on D.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Bulk R-matrix computation (to order /) used perturbation theory
around A = 0 and free field propagators.

So we consider perturbation theory around g = 1:
g=e"T" =1+ ¢, T+ ...

whereby the 3d WZW kinetic term is

1
1 dy A dz A dZTr(0,88 0:88 ")
h Jsixs (4 21)

1
=— = dpNdz Ndz ¢?0,03¢a+ . ...
h Jsixs
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

We construct the generating functional

| nge_% Jo1 o5 dPNdZNZ(—$?0p 0362+ Jag?)

Zo[J] = Z(=o7
| D Jets AoNIENGE=070,020) (4.22)

- exp< - Z / d3x / dPyda(x)A%(x — y)Jb(y)),

where x = (¢,2,2), y = (¢, 2/, Z'), and A% is the propagator
which obeys
0,0: 0P (x) = §2P5(x). (4.23)
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

It is given explicitly by

1 1~
AP (x) = 6P — A, 4.24
(x) = %5~ A, (4.24)
where,
k=1 k=—00
defined with a branch cut. The two point function for ¢ is
h
(67()8°(¥) = =5 A%(x — y). (4.26)
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Now ) .
(g, (0,21, 21)gRy (7, 21, 21) ® g (/2. 22, 22)gR, (37/2, 22, 22))

=1+ (6a(0, 21)$c(7/2, 22)) Ty ® Tg, — (ba(m, 21)c(7/2, 2)) TR, @ Tg,
—(ba(2m, 21)c(37/2, 22)) TR, ® Th, + ($a(m, 21)bc(37/2, 22)) Tp, @ Tg, +

Finally, using the 2 pt. function for ¢ we have

<g,§11(0, 71,71)8R, (7, 21,71) ® g,§21(7r/2, 22,22)8R,(37/2, 22, 22))
1 h
=1 — T3 T
t o 27w z1 — 2o R @ TaR, +
If we use the conventions of CWY, we find precise agreement with
their computation.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

gl%l(% - 67 22)

gr,(m, 1) 8r, (0, 21)

gRg(% - 57 22)

Non-perpendicular Wilson lines on D.
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The 3d Chiral WZW Model
Current Algebra via Canonical Quantization

4d CS with boundary and a 3d WZW model R-matrix from Local Boundary Operators

Here, the four-point function is

<g,‘;11(07 Zl)gR1 (ﬂ-v Zl) ® gl;;(ﬂ-/z -9, 22)gR2(37T/2 — 0, 22)>
R | (1 N 4 i sin( 4 )cos(kd)

— = T2 @ Tar,.
27['[21—222 ™ k ) R1® ake

k=1

The sum is 0-independent and equal to 7/4, so once again we
have agreement with CWY.
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Conclusion and Future Directions

Conclusion and Future Directions

e We have made use of string theory to derive an integration
cycle that allows us to define 4d CS theory nonperturbatively.

e We have also found a new 3d WZW model dual to 4d CS
theory, governed by a novel toroidal Lie algebra. This WZW
model could be used to learn more about 4d CS.
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Conclusion and Future Directions

e Future work involves including D2-branes in the D4-NS5
system to realize surface defects in the 4d CS theory, which
then allows us to study integrable field theories.

e D5-NS5, D6-NS5 systems can be studied to realize higher dim.
Chern-Simons theories, e.g., 5d CS and affine Yangian, etc.

e For the 3d WZW model, future work involves computing
R-matrix to higher order in &, framing anomaly, OPEs, etc.
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Conclusion and Future Directions

Thank you for your
attention!
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