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Tests of theories of Quantum Gravity

/ Quantum Gravity j\T)etC'

unification J Canonical Quantum General Relativity J

| v \

String Theory J Loop Quantum Gravity J l Wheeler-DeWitt approach J'

e we have several approaches to Quantum Gravity at hand

e inorderto decide which is the correct one, we need testable predictions
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e problem: quantum-gravitational effects are suppressed by -l
P

mp = 1/ % ~1.22 x 10! GeV/¢?

e Dbest chances to find sizeable QG effects = inflationary universe

m Can QG effects be observed in the Cosmic Microwave Background?



A conservative approach to Quantum Gravity

e Schrodinger equation is the quantum wave equation that leads to the
classical Hamilton-Jacobi equation in the semiclassical limit

9 )
hlov—fgv — g2 _y
o T

= What is the quantum wave equation that immediately gives Einstein’s
equations (in their Hamiltonian form) in the semiclassical limit?

) Wheeler-DeWitt equation:

H Ulhi(x), ¢(x)] =0
/

\ N
wave functional 3-metric matter field
1 1 0S 0S5 (3)
— = hishg — high; - VPR =0
N (2 JURL T Tk f’l) Shi; 6

B. S. DeWitt, Phys. Rev. 160, 113 (1967); J. A. Wheeler, in: Battelle rencontres, 242 (1968).



Derivation of the Wheeler-DeWitt equation

o reformulate General Relativity as a Hamiltonian theory by means of the
ADM formalism

» 3+1 decomposition by foliating spacetime (M, g)
into a set of three-dimensional space-like hypersurfaces >,
with an induced spatial metric h;;

b PT v — lapse function

L NeXxH dt

shift vector
C. Kiefer, Quantum geometrodynamics: whence, whither?, arXiv: 0812.0295



Derivation of the Wheeler-DeWitt equation

e canonical variables: h;; and its conjugate momentum p
e Hamiltonian: H® = / d*z (N HE + N'HE)
e dynamics classically given by constraints: H% ~0  H; ~ 0

= quantization: |:iLij(X),pkl(y>i| = 116000 6(x,y)

) ) .0
hit Ulhis| = hig Wlh;g) p* Wlhyj] = —1hm‘1’[hz’j]

» Hamiltonian constraint: H% W[h,,;(x)] =0

» diffeomorphism constraint: H:W[h;,;(x)] =0

m \Wheeler-DeWitt equation follows from Hamiltonian constraint:

52 h
— 167G h? Giji vh (( 'R — zA) + Homat [hij; @] | Olhij, @] = 0

_ / ohijohy ) 167G f ,\ ,\ f

DeWitt metric det(h;;)  3-dim.Ricciscalar cosmol.constant ~ matter field




Wheeler-DeWitt equation

5° h [
— 167G h2 Gz’jkl \/7 (( )R — 2 A) + Hmat [hz’ja ¢] \Ij[hija ¢] =0

_ / ohijohy ) 167G f \ \ f

DeWitt metric det(h;;) 3-dim.Ricciscalar cosmol.constant  matter field

e timeless (GR: dynamical time vs. QM: absolute time => QG: no time)

e intrinsic time can be recovered in the semiclassical limit -——---.
=> Born-Oppenheimer approximation with respect to mP x G~ 1 “

O(m3): Hamilton-Jacobi equation of General Relativity
;
O(mp): functional Schrédinger equation for matter field; WKB time

-> recovery of QFT in curved spacetime

O(mPQ) quantum-gravitational correction terms to Schrodinger eq.
details: Kiefer and Singh, Phys. Rev. D 44, 1067 (1991).

= WDW equation might not hold at the most fundamental level,
but can be used as an effective equation to study conceptual questions in QG



The road to Quantum Cosmology

e full Wheeler-DeWitt equation is mathematically difficult to handle

m quantization of a symmetry-reduced model of the universe

e consider a spatially flat homogeneous and isotropic universe
ds? = — dt* + a*(t) dQ3
with a minimally coupled scalar field ¢ with potential V(¢)
¢ infinitely many degrees of freedom of “superspace” are reduced to two:
-> scale factor a andscalar field ¢ = minisuperspace

m \Wheeler-DeWitt equation:

R (4nG 0O 0 1 92
2 <3a2 Oa (a %> a3 8¢2>Q(a7¢) Ve Had) =1

m How can one calculate QG effects in the CMB anisotropies from this?



Overview: The WDW eq. and its semiclassical approx.

e de Sitter universe with scale factor a, ds* = a*(n) (—dn* + dx°),

constant scalar field leading to constant Hubble parameter Hy,
with perturbations vy

1 110 O a4 — .
2190\ 0a +?@H0+2Hk (i) | ¥(a,vg) =0

2a mp "
e o ]
o m} = g2
) . . semiclassical
O(m3 ) : classical dynamics approximation
0 ( g O O(mp): QM/QFT
9 a”Hy o~ 9 9 ( ) (0) on curved spacetime
_9 ) * Kiefer and Singh, Phys. Rev. D 44, 1067 (1991).
O(mp~): QG corrections
1 i 2 1
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Background: The WDW eq. for an inflationary universe

¢ inflation modelled using a scalar field ¢ with potential V(¢)

= slowroll: ¢? < |V(¢)| = slow-roll parameters:

e for aflat Friedmann-Lemaitre universe
with minimally coupled scalar field

=1
m \Wheeler-DeWitt equation: o := In(a/ao)

1 — 2« _ 1 82 82 | (676 _
HO\I}(OK,Qb) — 56 m%) a2 a¢2 -2e V(gb) \Ij(aaqb) =0

1
e de Sitter background: neglect ¢-kinetic term and set V = 5 ma H

7 —2
e slow-roll background: rescale ¢ = mp

1 € 1 11e
V= 2H2(1——) > V= 1A O(2
2 P 3 (.H]3774(k77)2e ( 3 >+ (2)
at horizon crossing




Adding scalar and tensor perturbations

e origin of CMB anisotropies: quantum fluctuations “amplified” by inflation
» gauge-invariant scalar perturbations to the metric
ds* =a*(n) {— (1 — 24)Jd772 + 2 ((%B_)deidn + [(1 — 2@5@7‘ — 28i8jlz]deidxj}
combined with perturbations of the scalar field ¢
66\ (n,x) = 6¢ + ¢ (B — E)
e additionally: tensor perturbations = primordial gravitational waves

ds? = a,2(77) [— d772 + (055 + hij) dﬂdxj]

m gauge-invariant Mukhanov-Sasaki variable v adx(sg,,?J

m for each mode (for both scalars and tensors), we get a WDW equation

1 0
Ho + ;f Sy | Wi (0,0p) = 0 | STH, = 5{ 5z > Twi () vi}
S{T;k K




Semiclassical approximation

e Born-Oppenheimer approximation, WKB ansatz: ¥ (a,vi) = el S vk)

» expansionof S(a, fx): S=mpSo+mpS;+mp>Sa+...

» insert WKB ansatz into WDW eq. and equate terms of equal power of mp
» O(mp): Hamilton-Jacobi equation = Friedmann equation
» O(mp): define w (a o) = y(a) e S (k)

-> introduce WKB conf.time = Schrodinger equation

0 _2q 059 0 0 ©) _ 34,©
I o . — X
on ° Jda Oa 1877 o
) O(mPQ) . quantum-gravitationally corrected Schrodinger equation
1 P 2 I
{9 @ g S LGN 5 9 (k) 0
oy om2 | VP op\V )"




Derivation of the power spectra in the de Sitter case

e Gaussian ansatz zpff) (7, vk) = N,EO) (n)e”2 QL Schrédinger eq.

e we have to solve: iQ;f(O) (n) = (Q,(CO) (77))2 — 1wl (n)

2
k°n 1 =k — =
= solution: Q% (n) = - — :
k(1) i+ kn 7 Ui
e power spectrum for scalar perturbations can be obtained via
PéO)(k) _ GH(% k3772
e Ren®
0 k3n2
e superhorizon limit —kn — 0 = Re\” (n) = ep e k50
n
m power spectrum (O)(k) ~ GHg o PO%)
for scalar pert.: S e - = PO(k) 16e
=HHpa

 16GH§ k’n* 16GH§
T §Re§2,(€0) 2

= tensor perturb.: Péo)(k)




The uncorrected power spectra in the slow-roll case

e slow-roll parameters enter in all kinds of expressions

» conformal time: 1 = e (1+¢€) + O2)
2 4 6e — 30 2
» “frequencies”: Swi(n) = k? il 62 Twi(n) =k +23€
Y Y
v i=2€—90

m power spectrum for scalar perturbations:

G H /

P (k) 1—2e+v(4—2vg —21n(2))]

€

= power spectrum for tensor perturbations:

_ 16G H}

s

PO (k) 1— 26+ (4 — 295 — 2In(2))]

= tensor-to scalarratio: (%) = 16¢ + O(2)



Calculation of the guantum-gravitational corrections

D [(4,)2 )
AN NPYRRNC e )" o, 9 (M) o
O om2 | Vo h o op\V )T

e also assume Gaussianity for corrected Schrodinger equation:

2 (0, o) = NP () 3 2 )

e we have to solve: iﬂgl)(n) = (Q,il)(n)) — wi(ﬁ)

1
with &2 = w? QmZV{(gﬂg” —i(m vy (wf - (@)?) +ziwkw4
P

¢ imaginary terms appear = problem with unitarity

e additionally, numerical analysis of full equation with imaginary terms
reveals that the solution oscillates heavily for early times

= no way to implement initial conditions => neglect the imaginary terms

= justification: C. Kiefer and D. Wichmann, Gen. Rel. Grav. 50, 66 (2018).



The de Sitter case: QG corrections — numerics

e equation we have to solve after removal of imaginary terms:
Hin* k°(11 — k*n?)

. /(1) _ ((1))2 2
1Qk —(Qk ) — Wk 2m% (1+/<:2772)3

e numerical solution with Bunch-Davies initial conditions
=> oscillation with constant amplitude around mean value & -

Re Qx(n7)

Hy
4k m]%

(1) = modified initial conditions:
Jee())

R et T Q(l) (77) — _j Y\

i (0) TT=S k IR 1
0.8 - %eﬂk y’(f )(77)
ool ylil) x eiﬁkn

I e

i ~ k 0
0.4 _ Bk Ak m%
02

- Ho/mp=2/3 k=1

| —I6 "' —|4 D L




The de Sitter case: QG corrections - linearization

e find analytical solution at late times (superhorizon limit) —kn — 0

= linearization around Q\”: QM = ¥ 4 oY

e we have to solve: ifvl;fl) = 2 Qg))ﬁ;({l) (CNU]% - wl%)

m behavior of the solutionat —kn — 0

" (Re O ~ H2n? 9 (0, —2
oz (Re ) ReQM) ~ =07 %e(1+3e2r(o ) + 2L ] )>
: 4mP ¢

0.2

2t H2 2
N ~ —0.988 —]
i m2

o]
' -> agrees very well with

02} numerical solution

-0.3 |




The de Sitter case: QG corrections — power spectra

—1

e QG corrected (1) Ar G k3 ( ( ) (1)>
power spectrum: PS (k) a2 e A2 Fe + Re
) ~(1) 4
_ (O)(k) ! Jee(2, I 0([—[0 )
= we get for both S QRQQI(CO) m%

scalars and tensors: 2 _

H? 0.988 HA
1 7) O | |

3
map k

e QG corrections lead to an enhancement of power on large scales

e upperboundon HZ/m?2 from tensor-to-scalar ratio r < 0.11

—_— —

m]% m%) 0.01

= upper limit: (k) = Ps (k) <172 x 10710 (@)

H2 2 2r (1016
VoA (O Gev) < 1.74 % 10710

mp

k




The slow-roll case: Summary of the results

e QG corrected power spectra: 77( ) (k) = 77(0) (k){l + AS,T}

H2 [E\°
Ag = —E (—) (0.988 + 3.14 € — 2.56 6) (’ reference scale

m2 \ k _
° k =k, = 0.05 Mpc

HZ (k)"
Ap=—£ (E) (0.988 4 0.58 ¢)

mp QA Planck pivot scale

¢ QG corrected tensor-to-scalar ratio:
(1) 2 /T.\ O
r(b) = Pr (k) ~ 16¢ 1—|—256H <E> (6 —¢€)
PV (k) mp \ K
e upperboundon H:./mi from tensor-to-scalar ratio r < 0.11
H? 2) 27 (1016 GeV

inf

m% m%, 0.01

e ng ~ 0.968 & 0.006 implies ¢ < 0.007 and § ~ —0.002
Ar

m upper limits: |Ag 1| < 2 X 10_1OJ Bs .02  — ~ —4 x 10712
’ AT T(O)

4
) <1.7x 1010

mpe




Excited initial states

e What if the perturbations start their evolution in an excited state?

e use number eigenstate for harm. oscillator with time-dep. frequency

1 im o’ ()
g = (y|N) = 2 t
N (Y,t) = (y|N) =0 eXP( > o) ! >90N(y, )
—i(N+3)7(¢) 2
e 2 _ Y Y
t) = 202(t) H _Y

e excitation number Ny

m corrected power spectra for scalar and tensor perturbations:

GH? IN. +1 H? N even
SPY (k) = (2N, + 1) <1 I ZS ; 5Nk> k 7
i P B ~ { 0.9876
16G H? IN. +1 H?2 Ne ™ 0.104
Py (k) = (2Ng + 1) (1 S _ BNk>
T k b 5
Nk odd




CMB temperature anisotropies

Pr=

2
(i) _ dk i) 2 (0) 1 (Hy 1
o ()7 = — P37 (k)O7(k) = uncorr.: ~ —
e / Pl (k) O3 (k) o= o (B
-\ 3
QG correction: AC, ~ e ~ dk (H’“> <E> 72 (EMhor — Mrec))
472/, ke k
AC, . 3 Hk }lg(nhor o 77rec)|3
c© dre \mp ) (20 — 3)(20 — 1)(2¢0 4+ 1)(20 + 3)(2¢ + 5)

0.12X
0.10 }

0.08 |-

0.06 |-
0.04 |-

0.02 |

for (=2: 22 12 (H’“) F(thor = hec)|”

mp

C5Y

o AC, \/ 2
cosmic variance: — ->
Céo) 20 + 1

m for a measurable effect we would need

~ [0.05 Mpc~*(700 Mpc)|? ~ 5 x 10

ACS "
3

~ (.63

e > 102
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Comparison with other approaches

Fa(l)/ Palfo)

different method to realize the semiclassical approx. to the WDW eq,.
A. Kamenshchik, A. Tronconi, G. Venturi: 1305.6138 (PLB), 1403.2961 (PLB), 1501 .06404 (JCAP).

decomposition of the wave function into an infinite set of moments
D. Brizuela and U. Muniain, JCAP 04 (2019) 016

- de Sitter: same behavior o k™%, same sign, slightly diff. prefactor

Loop Quantum Cosmology
inverse-volume corrections:

M. Bojowald, G. Calcagni, and S. Tsujikawa,
Phys. Rev. Lett. 107, 211302 (2011),

JCAP 1111, 046 (2011).

m pre-inflationary dynamics:
l. Agulld, A. Ashtekar, and W. Nelson,
Phys. Rev. Lett. 109, 251301 (2012),
Phys. Rev. D 87, 043507 (2013),
Class. Quant. Grav. 30, 085014 (2013).
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Comparison with other approaches Il

e Loop Quantum Cosmology (cont.) 1200 T} st nion
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Class. Quant. Grav. 34, 014002 (2017). n
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m hybrid quantization:
L. Castellé6 Gomar, G. A. Mena Marugan,

D. Martin de Blas, and J. Olmedo,
Phys. Rev. D 96, 103528 (2017).
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Comparison with other approaches ll|
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Summary

» we calculated quantum-gravitational corrections
to the power spectra of scalar and tensor perturbations during inflation
by performing a semiclassical approximation to the Wheeler-DeWitt eq.

m specific enhancement of power on large scales,
too small to be measurable (with current bounds from observation)

» other QG approaches also lead to modification of power on large scales
1 H?
k3 m3

m | QC and other approaches can also incorporate a suppression

= behavior like universal feature for semiclassical approaches?

» Outlook: = non-Gaussianities
-> galaxy-galaxy correlations (no cosmic variance)

» D.Brizuela, C. Kiefer, M. K., 1511.05545 (de Sitter), 1611.02932 (slow-roll).
» D. Brizuela, C. Kiefer, M. K., S. Robles-Pérez, 1903.01234 (excited states).
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