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1. Introduction

Asymptotic analysis of the knot invariants is studied actively in the
knot theory.

Volume Conjecture [ashaev|[Murakami?]

Asymptotic expansion of the colored Jones polynomial for knot K
=> The geometric invariants of the knot complement S3\K.

Recent years the asymptotic expansion is studied to higher orders.
Sk(u): Perturbative invariants, q = €2 [Dimofte Gukov-Lenells Zagier]

1 6 >
Jo(K;q) = exp | =So(u) + - logh+ > h*Sip1(u) | , u = 2hn — 2mi.
h 2 —
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Topological Open String
Topological B-model on the local Calabi-Yau XV

XY = {(Z’ w,eP,e¥) € C? x C* x C*|H(e?, &) = zw}.

D-brane partition function Zp(u;)

Calab-Yau manifold X

Disk Wor Id-sheet

Labrangian
submanifold

Embedding = D-brane

Ending on
Lag. submfd

Holomorphic disk




’ Topological Recursion ‘ [Eynard-Orantin]
Eynard and Orantin proposed a spectral invariants for the spectral
curve C

¢ = {(xy) € (C*)*|H(y,x) = 0}.

e Symplectic structure of the spectral curve C,
® Riemann surface g, = World-sheet.
= Spectral invariant F&" (uy, ... u,) uj:open string moduli

Eynard-Orantin’s topological recursion is applicable.

2ght1 2o 1,h42 Tkl Xgph—k
Spectral invariant = D-brane free energy in top. string (sxup]
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Correspondences

Heuristically we discuss a relation between the perturbative
invariants Sy(u) and the free energies F&M (ug, .-+, up)

a la BKMP.

[Dijkgraaf-F.]

3D Geometry

Topological Open String

Character variety
{(¢,m) € C* x C*|Ak(¢, m) = 0}
u = log m: Holonomy
Neumann-Zagier fn. H(u)/2
Reidemeister Torsion 7 (M; u)
q = e

Spectral curve
{(eh,e") € € x C°[H(e, &%) = 0}
u: Open string moduli
Disk Free Energy F(%1)(u)
Annulus Free Energy ]‘_-(0,2)(u)
q =e®

In this talk we will explore the following relation:

Sk(u) — Fi(u) = 2k2

1 _
— £(g:h)
E hl}- (u).

2g+h=k+1, h>0
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Motivation of Qur Research
@ Realization of 3D quantum gravity in top. string
@ Dual description of quantum CS theory as free boson on
character variety
@ Large n duality not for rank but for level

=> Novel class of duality

Large N
Transition
= 2 non-cpt
N T » D-branes
T*LGk. 1)
p=3 for fig.8
Level-rank? mirror symmetry
SU(2)cs Top. B-mode |
AcH
>
spin j—oo
n=2j+1 Our Proposal

Hiroyuki FUJI Volume Conjecture and Topological Recursion



CONTENTS

1. Introduction

2. Volume Conjecture and Perturbative Invariants
3. Topological Recursion on Character Variety

4. Summary, Discussions and Future Directions

Hiroyuki FUJI Volume Conjecture and Topological Recursion



2. Volume Conjecture and Perturbative Invariants

V0|ume Conjecture [Kashaev][Murakami?]
In 1997 Kashaev proposed a striking conjecture on the asymptotic
expansion of the colored Jones polynomial J,(K; q).

. log [Jn(K; ez”i/")|
27 lim

n—oco n

= Vol(S3\K).

Knot complement = S3\N(K)
N(K): Tubular neighborhood of a knot K.

The hyperbolic knot complement admits a hyperbolic structure.
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Generalized Volume Conjecture
In 2003, Gukov generalized the volume conjecture to 1-parameter
version.

log J.(K; e(t+270)/n)

n

(u + 2mi) nl;n;o =H(u), uveC.

H(u): Neumann-Zagier's potential function
AH(u)
Ou
u and v satisfies an algebraic equation.
Ak(f,m) =0, £=¢€", m=2¢e".

Ak (£, m): A-polynomial for a knot K.
=> Up to linear term of u and v, the Neumann-Zagier potential
H(u) yields to

= v + 2mi.

u+-27i
H(u) = / du v(u) + linear terms.
2

i
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AJ conjecture and higher order terms
In 2003 Garoufalidis proposed a conjecture on g-difference equation
for the colored Jones polynomial. (Quantum Riemann Surface)

AK(éa m; q)Jn(K;q) =0, Ak(4,m;q=1) = (£ — 1)Ak(£, m).
&(n) =f(n+1), mf(n) =q"%f(n), m=q'/%ml.

‘ gitude

[ meridian
Commutation relation of the Chern-Simons gauge theory

p(p) = Pexp MA] » p(v) =Pexp [}{A} ,

27
{A%L(x), A3(¥)} = Téabea@z(x —y)-
Meridian p and longitude v intersect at one point.
. 1247 o 27
i =q/*ml = [0,0] = ~ (0 =vdu, w =do.)
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g-difference Equation for Fig.8 Knot

Example: Figure 8 knot 41| [caroufalidis)

Aq, (€, i q)
P (—dd + @)
(a? + a*?)(—a® + qbrint)
(@ — Pi?)(aB — 2q%%2 + a2 — %® + ql0m® — qllm® + q10md — 2q!1mb + q12m8)2
qSi?(q + g3m?)(q5 — qOrm?)
Llzat i) (a* + ¢®m? — 2¢m2 — g’ + ¢®m? — ?m® — 2¢'0m0 + o'lmd + qlzm*’)é2
q*m? (a2 + a3m?)(—q + qfiin?)

g’ (—1+ ¢*m?) 5
(a + g>m?)(q — qh?)

’AJ conjecture for Wilson Ioop‘

Wi (K; q) := Ja(K; q)Wa(Us q), Ak (4, m; q)Wa(K; q) = 0.
g-difference equation is factorized.
A4, (€1 q) = (q'/28 — 1)Aq, (4, ii; q),
qr? _ (=1+ad?)(1 — ai? — (a+@*)i? — ¢’@® + ¢*'if)
(1 + ai?)(—1 + qrn*) q1/2im?(—1 + qin?)(—1 + ¢3i?)
Q22 2
(1 + am?)(—1 + g*m?)

A41 (és ; q) =

+
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Perturbative Invariants
WKB expansion of the Wilson loop expectation value:

1
W, (K;q) = exp So(u) + - Iog h+ Z RIS (w)]
qg:=¢e?", q"=m=¢e"

Applying this expansion into q-difference equation, one finds a
hierarchy of differential equations :

d oo
Ax(e,miq) =Y Orkaj(m).

k=0 k=0

d .ot
Z e'SOaJ-,o =0, <+ A — polynomial

d
. 1
> e {a,-,l +aj0 (Eiz 0 +Jsi)} =0,
=0
d

i/ 1 11 1
> % (a4 aya (G55 4181 ) + aj0 (GGISY +IS0)? + IS + st +385) | = 0,
=0
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Computational Results
Solving q-difference equation, one obtains the expansion of the
expectation value of the Wilson loop around a non-trivial flat

connection.
e Figure eight knot: pciz

1—2m?2 —2m* —mf 4+ m8 + (1 — m*)/1 — 2m2 + m* — 2mb + mé®
2m4

£(m) =
S4(u) = log £(m),
l:v aO(m):| , oo(m):=m~* —2m~2 4+ 1 —2m? + m?,

’

S1(u) = — > log

2 2
-1
Sa(u) = W(l —m? —2m* 4+ 15m® — 2m® — m!0 4+ m1?),
2
S3(u) = W(l —m? —2m® 4+ 5m® — 2m® — m1® 4+ m!?),

S1(u) coincides with the Reidemeiser torsion.  (pori

13
T(M;u) = exp [_2 Z n(—1)"log det’Af- | .

n=0

E,: flat line bdle, AE”: Laplacian on n-forms.
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3. Topological Recursion on Character Variety

BKMP’s Free Energy
Topological B-model amplitudes are computed in the similar way
as the matrix models.

The general structure of the amplitudes is capctured by the
symplectic structure of the spectural curve C.

C = {(x,y) € C* x C*|H(y, x) = 0}.

e Free energies for closed world-sheet:
Symplectic invariants F(&:0)
e Free energies for world-sheet with boundaries:
Spectral invariants F&M (ug, .-+ ,uy), u;: open string moduli
These free energies are integrals of the meromorphic forms W,(]g).
[Bouchard-Klemm-Marino-Pasquetti]

ell ~e'h
:F(g,h)(ul’ ceeyup) = /u* dxg--- /u* dxp Wl(]g)(xla <ot 4 Xp).
e

el h
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D-brane Partition Function
The D-brane partition function is defined by

Zp(&1s--- 56n) = ZZRTI'RV
R

(o oo o]
1
ogZo =3 5" N LD T,

g=0 h=1 wi,--- ,wp

V = diag(&i, - - &n)
& (i=1,---n) are location of non-compact D-brane in X.

non-compact

D-branes
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BKMP’s Free Energy and D-brane Partition Function
D-brane partition function is related with BKMP's free energies

F(g?h)(ul, e, uh)' [Marino]

TeVY ... TeVWe o XY

1 Wh — Ui
ceexy"y, xp=e'l

Identification of the free energy:

1
FE(uy,-u) = Y ngﬁ),...th‘{"---Xﬁ"‘-

Wi1,°e yWh
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Topological Recursion

Eynard-Orantin’s topological recursion ‘ (2g 4+ h > 3):

W}Ezl(xv X1y* " 5 Xn)

dEq(x
B Zl}qu y(q) _(y)(q) [ I(Ei-zl (QaCIa X1y ,Xh)

) ¢ _
+ Z > WL (@ POWi 4 (@ "H\J)] '
£=0JCH

q, ﬁ: points x = q on the 1st sheet and 2nd sheet of the spectral curve
: End points of cuts in the double covering of C.

qu(x): Meromorphic 1-form w/ properties.
e Simple pole at x = g with residue +1
® Zero A-period on the spectral curve C.
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7

The initial condition for Wgo)(x):
w{?(x) = 0.

The top. string free energy is determined independently. [aganagic vafa]

FOD(w) = [ dlogx logy(x), H(y,x) =0, u:=logx.

U

| Annulus invariant | z Yy
The initial condition for Wgo)(x):

W (x,y) = B(x,y).

B(x,y): Bergmann kernel on the spectral curve

wy _dxdy ' 1 [
N (x _ y)z’ -7{A. B(Xa Y) =0, 5 '/q B(x, p) — qu(p).

The top. string free energy is regularized.  [Marino][F-Mizoguchi]

0,2 e 1 ;
'7:( ’ )(u17u2) = / / |:B(X,y) 2:| s Xj = e
Jxy X3 (X Y)

B(x,y) '~
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Topological Recursion in Lower Orders

B

3
-

W;iO) (xl ) 7333) .

§
Q

Wlm (z1) :

zl’ Ty, T ay

@@Jr@@ “
@+“+“

B(X2a q)B(X3a a)

(0 .
W’l ) (.1?1 »L23L3 5Ty ).

@

zy 1:‘

1

W (@)

(0) dEq(x1)
W; 7 (x1,Xx2,X3) = E Res—————
3 (11,22, 3) G O y(a) — y(a)

W) = 3 Res— 9230 _p(q g,

palC L y(q) — y(@)
O o xaa) — _dEq(a)
W, (1 x2, X3, Xa) %:l;%?y(q)—ﬂﬁ)

dE(x _ _
WEo1,50) = 3 Bep FOL (W20 + 2 (@B(r2, )

(B(Xb El)W:(«SO) (X3, X4, CI) + perm(xz, X3, X4)) )
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2-cut Solutions

1
W1, x2,x3) = 2 S M x( () ()™ (xa),s
i

a 1 2 1 G ol @
wile = qzix( 0+, pY (: ~ a7 ) X

)5 e ) )x P xa)

1 2
0 2
W (x1, xa, X3, xa) = i S {3Mi (G+ go'i” + 30/ "

[
2f(a;, q5)

o= ayz) 0 exV e a)x (ca) + ez, 33, x0)
i — 4

BB (G +
j#A

wamZa! (x ) o ca)x ) + permtsa, 2,53, 30)) |

WO (1, x3) = 1 Z{{ﬁ B (20(' _ 1lm{)G o sel” 1s'm  5M{7 3m7?
2 32 4~ lo? 3012 olM; 12¢/2 180/ 60! M; 2M; m?
M; [ olof 2, M 2f(a;, qj) ] } ) )
+ —— |-+ (4G — -0, —0; — ) (G+ — 2 (x1)x: (x2)
; Mio/2 L 3(ai — g;)? ( 3 I )( (ai — Qj)Z) ' '
4 2f(ai> g5) \2_ (1) o) 126 of"  2mf o) @)
+§ Ua""j’ (G + m) X; (XI)XJ- (x2) + (07 - Q + Vu) (Xi (x1)x;7 (x2) + (x1 <> X2))
i

#ax 0P s2) + 5 (3P ) + (1 5 ) |-

Notations:

o(xiag)=o(X)/(x—a), of =oc(@ia) o =20"@a), of :=30"(aia),
™0 = Res dEq(x) 1 > o Mea
X0 =g <y(q) V@ (@ gy ) =M@
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Our Set-up: 1

Character variety as spectral curve‘

We choose the character variety as the spectral curve.
character variety of knot K.

C = {(¢,m) € C* x C*|Ak(¢,m) =0}, Ax(£, m?) := Ak(¢, m).

i.e. H(y,x) = Ak(y,x).

| Location of D-brane |
On the information of D-brane we identify

V = diag(é1,£2) < p(p) = diag(m,m™'), m=e".
Actually this choice of D-brane locus is computed as

ﬁ(g,h)(u) = Z .’F(g’h)(:I:u, sy, :l:U)-

All signs

Hiroyuki FUJI Volume Conjecture and Topological Recursion



Our Set-up: 2
’ Expansion Parameters‘
We identify the expansion parameters

2h > gs.

Therefore we compare the free energies with a fixed Euler number.
Fixed Euler Number‘
We discuss the following correspondence:

1 -
Sk(u) = Fy(u):=2"2 )" —FEN()
2g+h=k+1
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Computational Results
In the following, we summarize the spectral invariants on the
character variety for the figure eight knot.

@ Disk invariant:

u
Fo(u)=/ dlogx logy, Ak(y,x)=0.
U

This satisfies the Neumann-Zagier's relation up to constant
shift.

OFg(u)/0u =logy = v, = H(u) = Fy(u) + (linear terms).

Essential u-dependence is consistent with the perturbative
invariant Sg(u).
@ Annulus invariant:

1
FOA(x) =lo
a7 (x) = log ——— 0
o(x) =x> —2x—1—-2x"14+x72, x=m
Comparing with F1(u) = F(2)(u)/2, we recover the
subleading term of the perturbative invariant S1(u).
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@ 2nd order term: > _
The spectral invariants F(©3) and F1:1) are

1 _ 12w? — 12w + 7 x + x~1
L 2030 = —
° 3!.7: (x) = 120 (x)?/2 , W 5
o FUD(x) = _8(1 +6G)w* — 4(11 + 21G)w? + 30w + 87 + 276
1800 (x)3/2

G: Constant in the Bergmann kernel on 2-cut curve

_ (91 + a2)(a3 + a4) — 2(a192 + q3q4)  E(k)
B 12 K(k)

(a1 — a2)(as — qa).

The function F3 yields to

192 + 27G — 150w + 136w? — 84Gw? + 8w? + 48Gw?®
1800 (x)3/2 '

F, =
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@ 3rd order term: _ _
The spectral invariants FO8 and F(1:2) 3re

25 — 67w + 44w? + 24w3 — 32w? + 16w’

1 .-
F0,8) () —
‘a () =

120(x)3 ’
o L 2.0y — 1280w — 0088w® + 13136 + 2176w’ — 17928w” — 26352w + 23193
2! 64800 (x)3
+G 64w* — 232w3 4 156w? 4 378w — 243 G2 (4w — 3)? .
10800 (x)2 36000

Summing these contributions, we find Fj.

1280w% — 448w® — 4144w* + 35136w3 + 5832w? — 62532w + 36693
64800 (x)3

F3=2

64w* — 232w 4 156w? 4 378w — 243 G2 (4w — 3)2
10800 (x)2 36000

+G
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Change of G"
Unfortunately both of the contributions does not coincide because
of the constant G € C in the Bergmann kernel.

_ (a1 +a2)(as +as) — 2(a192 + azqs) _ E(k)

G — — qa)-
12 K (k) (91 — a2)(a3 — q4)
But the coincidence is found by the following small changes.
@ Change 1:
We discard the red part which consists of the elliptic functions.
G — (91 + 92)(a3 + 92) — 2(9192 + 93qa)
reg 12 '
@ Change 2:

We regularize G2 independent of G.
G? — G2, = (6{,)* — (1 — k) (a1 — a3)’(a2 — aa)?,

(Conecure)
By changing G" independently we will find

G"— G, = Sg(u) =F®(u).

reg?
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Comparing Results

1—2x—2x2—x3+x4+(1—x2)\/1—2x+x2—2x3+x4

y(x) = 22
Fo = /dlogx log y(x),
E 1 o 1 x4+ x~1
= -log —— w =

T2 V=3 + 4w + 4w?’ 2
plres) _ _ 192+ 27G\Y), — 150w + 136w? — 84G{, w2 + 8w3 + 48G L w3

2T 1800 (x)3/2 :
plreg) _ 1280w5 — 448w> — 4144w* + 35136w3 + 5832w? — 62532w + 36693

T 64800 (x)3

+GW 64w* — 232w 4 156w? 4 378w — 243 + G2 (4w — 3)2
res 10800 (x)2 "% 36000
We find

So = Fgp + linear, S; =F;, S; = Fgreg), S3 = Fgreg).

We also checked this coincidence for SnapPea census manifold
mO009 under the same assumption.
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Conclusions & Discussions:

@ On hyperbolic 3-manifold side, we have shown the systematic
computation of the WKB expansion of the Jones polynomial.

@ On topological string side, we have computed the free energies
on the basis of Eynard-Orantin’s topological recursion.

@ We compared Sk and Fy explicitly for figure eight knot case.

@ For disk (NZ function) and annulus (Reidemeister torsion), we
find the exact correspondence under our set-up.

@ We expect that coincidence is found, if the regularizations for
constant G" is assumed.
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Future Direcrtions

@ The higher order terms in topological recursion. [sini
@ Stokes phenomenon with higher order terms (Exact WKB)
[Witten],[F-Manabe-Murakami-Terashima]

@ Abelian branch:
There is another expansion point with trivial holonomy
representation at £ = 1. = Different expansion is found:

1
AK(m) ’

Jn(Kiq) = exp |ST*V(u) + D rsE )|, sEPV(u) =
k=1

Ak(m): Alexander polynomial
@ Investigations on the arithmeticity conjecture [pciz)

s(eeom)(0) € K = Q(trT).
e.g. Fig.8 case = K = Q(v/-3).

@ Toward the free fermion realization of SU(2) Chern-Simons
gauge theory.
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Back-ups
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On Hyperbolic Geometry

Hiroyuki FUJI Volume Conjecture and Topological Recursion



Non-Euclidean Geometry
Hyperbolic Geometry: One of non-Euclidean Geometry

Gauss, Boyai, and Lobachevsky found in 19th century.
= The parallel postulate of Euclidean geometry is not imposed.
| Poincaré’s disk model |

horocircle

= unit circle\k‘

@ The line is an arc of a circle orthogonal to the horocircle.
@ If two lines are not intersecting, they are called parallel.
@ The area A of triangle is determined by three inner angles.

A=n—a—0—17.
Vertices are located at horocircle = ideal triangle (A = )
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Hyperbolic 3-manifold

@ The hyperbolic 3-manifold admits a complete hyperbolic
metric Rij = _zgij-
@ Volume w.r.t. the hyperbolic metric is finite.

@ The hyperbolic 3-manifold is simplicially decomposed into the
ideal tetrahedra .

Conformal ball model

Upper half space model

|
The ideal tetrahedron is specified by the dihedral angles «, 3, ~.

They are toggled into a shape parameter z € C.
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Simplicial Decomposition
Simplicial decomposition of the knot complement [vokots]

@ Assign octahedron on each crossing of a knot

A551gn
Octahedron

@ Reduce the number of ideal tetrahedra by Pachner 2-3 moves

%40
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Example: Figure Eight Knot Complement:
For figure eight knot one can assign 4 octahedron for each
crossings.

»

Octahedron

Reducing the number of ideal tetrahedra, one finds that the
complement is decomposed into 2 ideal tetrahedra.

1K
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Hyperbolic Volume
The volume of each ideal tetrahedra is determined w.r.t.
hyperbolic metric on H3,

(X’ Y) S Rza rAS R+

dx? + dy? 4 dz?
ds, = x+y+z.

22

After some elementary computations, one obtains [mino]
Vol(Tapy) = AMa) + A(B) + A(7)

N(x): Lobachevsky's function
Dihedral angles for each ideal tetrahedra = hyperbolic volume
’ Mostow's rigidity theorem ‘

All topological informations are determined by 71 (M)

=> Dihedral angles are determined uniquely, if we solve
gluing conditions .

= Unique hyperbolic volume.
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Gluing Conditions

There are two kinds of gluing conditions for ideal tetrahedra.
e Gluing conditions (bulk):

21273

Gluing Condition

Z1Z " Zk-1
e Gluing conditions (boundary &M ~ T?):
Boundary is realized by chopping off small tetrahedra.
= Each triangles are glued together completely.
d ,

c

Cut around ideal points by horospheres
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Volume of Fig.8 Knot Complement
Solving two conditions — Hyperbolic volume

Gluing condition along edge

Red edge : zwZ=i¥=1l,y =1
z w
1 1 z—1w-1

11
1-z1-w z w 1—z1l—w —
= (22 —z)(Ww? —w) =1.

Blue edge :

Completeness condition
Meridian p: w(l —2z) =1
Longitude v: (22 —2)2 =1
Solution:

ai=/6i=’7i=7r/37 i=1,2,
Vol(S3\41) = 6/A(w/3) = 2,0298832....



Incomplete Structure

Neumann and Zagier discussed the deformation of the hyperbolic

structure by changing the gluing condition of the boundary.
(Edge condition z(z — 1)w(w — 1) = 1 is not deformed.)

® Meridian p: w(l — z) = m?

e Longitude v: (z/w)? = ¢?

Dehn surgery = M, has non-trivial SL(2; C) holonomy.

o= (5 ) e =g S0 )-

Ay(mf)=m*—m?—2—m24m*—r—r¢1=0.
Ak(m, £): A-polynomial for knot K
{(£,m) € C* x C*|Ak(¢, m) = 0}: Character variety for knot K.
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Complete Structure
Developing map of the boundary torus:
M

o Completeness condition:
Z pi =0, Z pi = 0.
icp icv

: Meridian cycle, v: Longitude cycle
e Deformation of the completeness condition:

Zpi=2u, Zpi=v-

icp iev
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Explicit Gluing Processes

http://web. archive. org/web/20070713165857/nttp: / /w1 ken. ne. jp/Cli ittoo/ ; E ;

Hiroyuki FUJI Volume Conjecture and Topological Recursion

e /kmttKD string /
[4] gt® K ] T @
( g S ?




A A hittp://neb. archive. org/web/20070713165857/htto://wwl. ken. ne. jp/Dl1 ittoo

Knot is localized at the tip of ideal tetrahedra.
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Knot Invariants
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Colored Jones Polynomial
SU(2) Chern-Simons gauge theory:

k 2
Scs[Al = / Tr(AdA + A AAAA).

The Wilson loop operator with spin j (n = 2j + 1) representation:

W, (K; S3) = tr, [P exp <}1{< Aﬂ .

The colored Jones polynomial J,(K; q) is related with the Wilson
loop expectation value.

Jo(K: q = e4mi/(<+2)y — <Wn(K;S3)>/<Wn(U;S3)>,

<Wn(U;S3)> = %, U: unknot.
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Examples of Colored Jones Polynomial
Trefoil 31 and figure eight knot 44

n—1 k

Ja(3159) = Z H(_l)qu(k+3)/2(q("—J)/2 _ q—("—J)/Z)(q("H)/Z _ q—("‘H')/Z),
k=0 j=1
n—1 k

Jn(41;q) = Z 1_[(,;‘(nﬂ')/2 — q*(nfj)/2)(q(n+j)/2 — qf(n+j)/2)_
k=0 j=1

Hyperbolic Knots : Vol(S*\K)# Non-hyperbolic Knots : Vol(S*\K)=
Figure eight knot Borromean Ring Trefoil (3,2)-torus knot Solomon’ s Seal knot (5,2)-torus k
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Colored Jones Polynomial J,(K; q)

Q Assignipb=0,---,a— 1 for each segments in K.
@ Assign R-matrix for each crossings: (a)q := q*/2 — q~2/2

? J ? J
- < R < =,
k l k l
i+ j= k+1 i+j= k+l
lzi, k=j =i, kzj
. min(n—1—i,j) (E) '(n _1_ k) |
Ry, = 80,itmOkjm e i
K ,;, TR (i)g (m)g!(n — 1 — j)q!
x q(—(=1/2)(—(n=1)/2)—m(m+1)/4
. min(n—1—i,j) (k) |(n —1— E) |
R_1 1] — 5 - 6 . q-* q-*
(Re= 2 dermndiiin Gy o) o — 1 — )

% (—1)mq— (= (=1)/2)(=(—1)/2)=m(i=3)/2+m(m+1)/4,

© Sum all possible iy's
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Surgery and holonomy
In the topological field theory, the partition function is computed
via the surgery procedure. [atyah]

Zos(M) = /Da Z(My; 2)Z(My; a).
a: Gauge field on the boundary &M; = dM,.

M M,

Wi > ZMy.m) ZMz:2)=6 (log m-42) )
The holonomy p(p) on &M is related with the SL(2; C)

4rj\/—1
k42 . [Murayama)

holomony around Wilson loop: mg = exp (

<W,,(K; s3)> = DA Z,(n; S* x D?)[A] - Zk(S*\N(K))[A]
Mom

= [aus ( - %N—_l) Z(M)[u] = Zu(M)[uq].
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Computation of Volume Conjecture [Kashaev] [Murakami?]

2ren/—1
li |0g|Jn(K7q =e€e )|
m

n— oo n

= %Vol(s3\N(K)).

Jn(K; q): n-colored Jones Polynomial
Example: Figure 8 knot

n—1 k
Jn(41,0) = > [[(a® /2 — g~ H)/2)(q(n=D)/2 _ g=(=D/2),
k=0 j=1

Specialize to q = €27V —1/n

n—1 -
2my/—1/ny _ 2 — L(qk+l/2; q) S%(F — )
bl : kz=l:) H@nl (e L@/%a) S (m — 2mk/n)

eP*

S, (p) := exp [% 1= W} Faddeev integral of g-dilog.
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Asymptotic behavior n — oo (v = T — 0)

1
S,(p) ~ exp [2\/__17Li2(—e‘/__1")} ,

v=1
- Jn(41;e2”"_l)N/dzeXP[ 5 .
™

(Lia(z) — Liz(z—l))]

k
z:=q
The saddle point of log |Jn(41, €™V =1/n)| = zg = e™V~1/3

Asymptotic value of Jones polynomial

. log|Jn(41;q = 2™V 1/m))
27 lim
n—oo

n

2Im][Liz(z)] = 2,02988 - - - = Vol(S*\N(K))
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Fundamental Group and A-polynomial

A-polynomial is determined by the fundamental group 7r1(S3\K).

m(E\K) = {xylw = oy .

— yy— 1yl —
wg, =Xy Xy, w3, i=Xy.

- gitude

| meridian
The meridian and longitude holonomies are identified as

H =X,
-1 —2,,—2 —-1,—-1 2.,,—4
Vg, = Xy ~Xyx "yxX "yxy ‘X -, V3 =yxXyx -,

Holonomy rep. of hyperbolic mfd. p € PSL(2; C) /T, I': discrete subgp.

m * £ x
= _ V)= _ .
p(w) ( 0 m-! ) ,  pv) ( 0 ¢! )
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Examples of A-polynomial
Applying these holonomy representations, one finds the constraint
eqnation on (£, m).

Ap(b,m) =L+ 4 (m*—m? -2 —m 24+ m %) =0,
Az (,m) =2+ mf =0.
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Wirtinger Presentation of Knot Group
The fundamental group for the knot complement is computed via
Wirtinger presentation. The algorithm is briefly summarized as
follows:

@ For each intervals, non-commuting operators are assigned.

@ Assign non-commuting operators X, y, z, w,... for each line

segments. )

x
A A

© Eliminate extra operators except for x and y by crossing rule.
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Meridian and Longitude in Wirtinger Algorithm

Y T y IA

A A

w
@ The meridian is identified with the operator at the base point

on the knot. © = x.

@ The longitude v is identified with the ordered product of x;'s
which are assigned for the transversal interval at each

crossings.
€
v = H X"y
irunder crossings

Vg, = wx_lyz_l, v3, = yxzx_3.
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Properties of A-polynomial [CCGLS]

@ Reciprocal Ak(m, £) = £Ak(1/m,1/¥¢)
@ Under the change of 71 (9M) basis (Ym, Ye)

>

Y.
ab a b
(2)-(:3)(%): (28)esee
= Ak(m, £) — Ax(m?£=¢, m~Ped)

@ Tempered
Face of Newton polygon define cyclotomic polynomial in
1-variable
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Logarithmic Mahler Measure
The logarithmic Mahler measure for the polynomial P(z1,- -+ ,z,)
are defined as follows:

1 d21 dz
m(P) = /| /| nl0g|P(zl,--- »Zn)|-

27i)" Jiz =1 21 za|=1 Zn

’Jensen’s formula ‘
Let P(z) be a 1-parameter polynomial with complex coefficients.

1

2mi

dz
/ — log |P(z)| = log |ao| + log™ |aj],
lzl=1 Z

d
P(Z) = q H(Z — ai),

i=1
where
log* x = logx for |x| >1,
0 for |x| <1.

Applying the Jensen's formula for each variable z;, one can
evaluate the logarithmic Mahler measure.
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Logarithmic Mahler Measure for A-polynomial
A-polynomial is a reciprocal polynomial with 2-variable
A(£71,m™1) = mPA(£, m). This property simplifies the
logarithmic Mahler measure m(A)

4 o
am(A) =3 /0 log™ [£x(e2™V =14} |du,
i=1

d
AL, m) = £2m? [ (£ — &(m)).
i=1

Examples: Logarithmic Mahler measure [soy)

1
wm(Ag,) = 2nwd3, 7TmM(Amooo) = Eﬂ'd7.
where
b 1
df = L,(X—fa _1), L(X—f& S) = Zx—f(n);-

n=1
X —f: real odd primitive character for the discrimiant —f.
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Bianchi manifold M¢: Mg = H3/I', = PSL(2; OQ(\/—_f))

fvE

VOle = —
24

L(X—fa 2)'
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Once Punctured Torus Bundle over S!
Once punctured torus bundle over S! is classified by the holonomy

group.

M(e) = (T\{0})/(x,0) ~ (#(x),1).

The holonomy ¢ has two distinct eigenvalue = M(y) admit
hyperbolic structure.

@ = LSRULZRZ ... L%R", s, t; €N
11 10
=(31) m=(12).

e o = LR = M(LR) = S3\4;.
e © = L2R = M(L2R) =SnapPea census manifold m009.
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3D Gravity
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Physical meaning of the volume conjecture
Einstein-Hilbert action for 3D Euclidean gravity

Ien([gi] = _4171- /M d3x/g(R — 2NA).

Normalizing the cosmological constant to A = 1, the Einstein
equation yields to

Rij = —2gj. = (Hyperbolic 3 — manifold)

The same equation is also derived from the equation of motion of
the following action. (1st order formulation)

1 7 1
lgravle, w] = Y- /M Tr <e A R(w) — ge AeA e),

e:dreibein, wi:spin connection (a,i=1,---,3)

3 3 :
gij = Ze?ej?, Rw):=dw4+wAw, e= Z e?TaSU(z)adjdx'.
a=1

a,i=1
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There is a topological term which gives rise to the same equation
of motion.

1 "
Icsle,w] = 4ﬂ_/MTr<w/\dw—e/\de

2
+§w/\w/\w—2w/\e/\e).

In general, the 1st order action yields to

IgCS = klcs + V _lo'lgrav-

Let A, A and t, T be the linear combinations
A:=w++/—1le, A:=w—+/—1le, t:=k+o0, t:=k—o.
3D grav.w/ neg. c.c. < SL(2;C) Chern-Simons gauge theory

t 2
lecs = /’I‘r{A/\dA+A/\A/\A}
87 Jm 3

t - - 2_ -
+/ Tr{A/\dA+3A/\A/\A}.
M

8 .
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Under on-shell condition, the value of the action yields to
lgravie, w] ~ / Tre A e A e = Vol(M).
M

|Cs[e, w] ~ CS(M).

= Leading terms of log Zcs grav. in the WKB expansion
gives rise to the volume and Chern-Simons invariants .
Classical solution of SL(2; C) Chern-Simons gauge theory

The classical solution F = 0 = F is given by the holonomy
representation p. p: m (M) —> SL(2;C)
) )

C — p=Pexp[%A}.
C

Moduli space L of the solution for F = F = 0 on M = S3\N(K):

L = Hom@(ﬂ'l(S3\N(K));SL(2;(C))/Gauge equiv.
2
= {(m,ﬂ)e (CX) |AK(m,£)=0}.



The partition function for SL(2; C) Chern-Simons gauge theory on
M is expanded perturbatively as

Zscs(M; m) = exp(y/—1S)/Tk(M; m) + O(1/k,1/0).
e Geometric quantization on L = Leading term S [cukoy]
o [
S = \/—1; / (— log |¢|d(argm) + log |m|d(argt)),
Jy
k d
+~ [ (tog mld(iog [m]) + arged(argm)),
~

~: 1-dimensional cycle in L
In the case of k = o, the leading term simplifies.

k
S=— / log ¢(m)d(log m)
T Jy
® One loop term Tk (M; m) is the Reidemeister torsion of the

hyperbolic manifold.



On Hikami's Invariant
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State Integral Model

Hikami proposed a state integral model which gives a topological
invariant for hyperbolic 3-manifold. This model can be seen as the
SL(2; C) analogue of Turaev-Viro model.

e=+1 e=1
Py ‘% py sy

For each ideal tetrahedra the following factors are assigned.

4 (pi_) +py ) — pg”)

e, 5 s1pi, ) o (ps") —py ) +im + )

\/4rh/i
(=) () _ (=), imh _ w2—n?
xe% {pl (P37 =Py )+T'L—T] 2= op$—p{ )
~ B 8 pg_) _ p§+) _ pg+) 1
i p5 157 et ") ( )

VArh/i on(ps ) — plP) —im — 1)

_ . 252
A [ oo™ et

(=) _ ()
xXe , z=¢€P2 TP2,
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Quantum Dilogarithm
The function ®5(p) is called quantum dilogarithm

o ( ) 1/ exz/(7ri) dx
—e _ -
MPI= PG o, sinhxsinh fix/(xi) x

This function satisfies the pentagon relation

©5(p)®r(6) = ®r(a)Pr(p + §)®r(p), [a, ] = 2.

The perturbative expansion:

> 1 n—1
®(po +p) = exp [Z B} + P Lip o(—em) 20 ]
n=0
Lik(z) = Zﬁio :T::, Bn(X) = ZE=0 nckbkxn—k

Hiroyuki FUJI Volume Conjecture and Topological Recursion



Hikami’s Invariant
The partition function for the simplicially decomposed hyperbolic
3-manifold is defined by

N
Z;(M;u) = ﬁ/dpéc(p: U)5G(p)H(pgi__)ppgi_)lse‘lpgf_)pPgr)%
i=1

d6(p) Gluing condition along edges. (zj = eei(pg)_pgi_)))
dc(p; u): Gluing condition around meridian and longitude.

Z pi = 2u, u = 0= Complete

icp
This partition function is invariant under 2-3 Pachner moves by
pentagon relation.

D00
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Saddle Point of Hikami’s Invariant
Now we discuss i — 0 limit of the partition function of the state

integral model. The leading term O(1/h) is found by the steepest
descent method.

V(pi) 1 .
2Mi0) ~ [ [Lane™. ou(p) ~ exp [ FLin(—e)] .

oV(pi)
Op; B

Example: Figure eight knot complement

eu+27riu/h () p+ it 4+ h
Z,(S\43;u) = p at )
V2mh ®p(—p — 2u — 7 — h)
u+27miu/h
76' dp e_ﬁV(P)’
V2mh

V(p) = [Liz(e?) — Liz(e™"~2") — 4u(u + p)] .
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Saddle Point Value of Figure Eight Knot Complement
The solution of the saddle point 8V(p;u)/0p = 0 is

1—m2—m*++/1—2m2 — m* — 2mb + m® u
P , m:=e".

po(u) = log {

’ Complete case: ‘

For u = 0, the saddle point value yields to pg = €™/3. Plugging
this value into the above V(p), one finds

V(po) = Liz(e™3) — Lip(e™™/%) = 2,02988.. = Vol(S*\4;).

’ Incomplete case: ‘
The saddle point value of the potential V(pg, u) satisfies the
Neumann-Zagier's relation.

Vi OV (po(u))
) Ju
Ap(b,m)y=L4+ L tm* 4+ m?+14m24+mt =0,

Hiroyuki FUJI Volume Conjecture and Topological Recursion

—_— \"
9 ’e_e7



Perturbative Expansion of Hikami’s Invariant [pimofte et al]
Utilizing the expansion of the quantum dilogarithm function, one
can expand the partition function Z5(M; u) w.r.t. A.

Z;‘,,(M; u) — e%-%u / dp eT(ﬁ,P:u)
mh .
1 ' b2 2
= e"tV(po)/n / dp e 27P" ex T _1p + T i
T | dp P Z i,—1p! 120; kp’
co oo 2
T(hypo + piu) = Z Z Tik(Pos u)pjhka b(p,u) := 8 2V(pv u).

j=0 k=-—1

Neglecting ©(e~°°"$t/") = Gaussian integral [ dp pre— 2P’

Z;(M;u) = exp

1
V(po) — = Iog b+ u+ Z hkSk+1] .
k=1

Hiroyuki FUJI Volume Conjecture and Topological Recursion



Computational Results

1—2m2—2m4—m6+m8+(1—m4)\/1—2m2+m4—2m6+m8

£(m) = i )
Sh(u) = V/(po(u)) = log £(m), oo(m) :=m~* —2m=2 4+ 1 — 2m? + m*,
1 1 Voo(m
Si(u) = —3 log b(p, u) = ~3 log [;()] , u=logm
-1
Sa(u) = W(l —m? — 2m* + 15m® — 2m® — m!® 4+ m!?),
2
S3(u) = W(l —m? —2m?* + 5m® — 2m® — m!0 4 m!?),
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Topological Recursion for 2-cut
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Bergmann Kernel for 2-cut Curve
For the curve y? = o(x) with 2-cuts, the Bergmann kernel is given

eXp|iCit|y. [Akemann][BKMP][Manabe]

B(Xl,X2) B dx; dxo O'(Xl)O'(Xz) + f(Xl,Xz) n E
dx1dxa  \/o(x1)o(x2) 2(x1 — x2)2 4)’

1
f(p,q) := p’a> — pa(p + q) — g(p2 +4pq+9’)— (p+a)+1.
G: Constant that makes B(x1, x2) zero A-period.

= % — E((t;(ql — q2)(a3 — qa),

_ (a1 + a2)(a3 + aa) — 2(a192 + q3q4) K= (91 — 92)(a3 — qa4)

e3 = .
12 ’ (a1 — 93)(a2 — qa)
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From curve on C to C*
One has to change variables from C to C* to discuss the mirror

Curve. [Marino]
_a(x) £ o (x) = _
19 = T, o) =[x,

e Change of variables:
a(x) + /o (x)
c(x) '
The branching structure of v is captured by the following identity:

1 2
atveo =§Ioga a+tanh_1<ﬁ>.

y—>v:=|ogy=|0g[

log 5
C C a

The effective curve is given by

y(x) = )l(tanh_:l [ : a(x)] =: M(x)\/o(x),

a(x)
! tanh ! { o)
/o) a(x)

Hiroyuki FUJI Volume Conjecture and Topological Recursion
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Results for m009
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Once Punctured Torus Bundle over S [jogensen]
Once punctured torus bundle over S! is classified by the holonomy

group.

M(e) = (T\{0})/(x,0) ~ (#(x),1).

The holonomy ¢ has two distinct eigenvalue
= M(¢p) admit hyperbolic structure.

@ = LIRULZR%...L¥RY s, t; € N
11 10
=(31) = (1Y).

Examples:
e ¢ = LR = M(LR) = S3\4,.
e ¢ = L2R = M(L2R) =SnapPea census manifold m009.
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Examples of Simplicial Decomposition
The simplicial decomposition of the once punctured torus bundle
over circle is performed explicitly.

@ o = LR case:

Hiroyuki FUJI



Gluing Conditions for m009

@ Gluing condition for edges
Z123

Gluing Condition

k
HZ\:]

2122 Zk-1

e Gluing conditions (boundary &M ~ T?):
Boundary is realized by chopping off small tetrahedra.
= Each triangles are glued together completely.

< 1 </
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Complete Structure
Developing map of the boundary torus:

ut

Wy, Wy

o Completeness condition:
Z pi =0, Z pi = 0.
icp icv

: Meridian cycle, v: Longitude cycle
e Deformation of the completeness condition:

Zpi=2u, Zpi=v-

icp iev
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Example: SnapPea Census Manifold m009
Z;,(m009; u)

6
= /H dpidc(p; u)(p1, Ps|S ™ |Ps, P3) (P6; Pa|S ™ |P2, P5) (P3, P2[S|Pa, P1)
i=1

V2rh

_ 1 /dpldpze—%[u(u+p1+pz)+%(p1+pz/2)2—’{—;—%—%h]—u

" ®r(—p1 — 2u+im + h)
¢h(_Pl —p2—2u—Twi— h)¢h(2p1 +p2+4+2u—7i— fL)

Shape parameters & Meridian holonomy:
71 =ePlP2 g = ePITPs \, — ePs P4,

P3 — Pa — p1 + p2 = 2u.
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Saddle Point of Hikami’s Invariant
Now we discuss i — 0 limit of the partition function of the state

integral model. The leading term O(1/h) is found by the steepest
descent method.

V(pi) 1 .
2i0) ~ [ [ane™. on(p) ~ exp [ Lin(—e)] .

Example: SnapPea census manifold m009

Z;(m009; u) ~ /dpldp2 e—ﬁv(Pl,Pz:u)’

V(p1, pz) — Liz(e_Pl_zu) _ Liz(e_"l—zpz—z”) _ Liz(e2p1+2pz+2U)

2

™
—4u(u + p1 + 2p2) — 2(p1 + p2)* + %

A solution of the saddle point OV (pj;u)/Ip; = 0 is

10 _ —14+m24+m?+/1—-2m2 — 5m? — 2mb + m?
P ,

0
1+ mzepg )

0

0 1
p§ )(U) =3 log ——— &
m2(1 4+ m2)e®P1

m:=e".
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Saddle Point Value of m009
’ Complete case: ‘

For u = 0 the saddle point is (eng), 2"(0)) (7+i‘ﬁ, _l%ﬁ)
Plugging these values into V(p1 » Py )) one finds

v(el?,p) = i[2,66674... — i2x? - 0,02083...]
= i[Vol(m009) + 27%iCS(m009)].

’ Incomplete case: ‘
The saddle point value of the potential V(pg, u) satisfies the
Neumann-Zagier's relation.

_ 9V(po(u), p1(u))
ou ’
Anooo(£, m) = m?2 4 m* — 14 2m? 4+ 2m* —m® = 0.

Vv
£L=e",

Remark [Boyd-Rodriguez-Villegas]
The volume is also given by the logarithmic Mahler measure
Vol(m009) = 7wm(Amop9) = d7/2.
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Perturbative Expansion of Hikami’s Invariant
Utilizing the expansion of the quantum dilogarithm function, one
can expand the partition function Z5(M; u) w.r.t. A.

. ( 000 ) eu+% (Pgo),pp) /d d by1p3+boop3+2b12p1 P2
(MO0 u) = ————— pidp2 e 2n
2V2rmh .
X exp Z T; ,J,—1P1P2 + Z Z plpjzh )
'+J 3 i,j=0 k=0

2
b;; = — Vv .
|J(p1a P2) 3pi<9pj (pl’ p2)

Neglecting O (e—c°nst/h)
. . b __ bijpip
= Gaussian integrals [ dpidp, pipye™ 2z .

Z;(M; u) = exp V(pl(o)(u)) Iog detb + Z *Sky1(u) | -
k=1
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Computational Results

—14+m?24+m?+/1—-2m2 —5m? — 2mb + m8
2m3
Sp(u) = V/(p{” (u), pV (u) = log £(m), op(m) == m™* —2m~2 — 5 — 2m? + m*,

Si(u) = —% log det b(p, u) = _% log l:@

£(m) =

:|, u = logm

Sa(u) = W(s — 11m? + 22m* + 105m% + 22m® — 11m!0 4 5m!?).
og(m m
S3(u) = ﬁm"(l —m? 4+ m*)(1 + 9m? + 4m* — 9m® + 4m® + om!® + m1?)
oo(m)°m

S1(u) coincides with the Reidemeister torsion.  [porj
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Computational Results for m009 in top. string
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@ 2nd order term: _ B
The spectral invariants F(%:3) and F(1:1) are

1 - 8w? + 36w? + 6w + 19 x4+ x—1
2 FO3) () = — =
TR 485 (x)3/2 P WE T
o FOD () = (40 — 72G)w? + (—12 + 156G)w? + (—210 + 42G)w — 217 — 147G
- 3360 (x)3/2 )

G: Constant in the Bergmann kernel on 2-cut curve

(a1 + a2)(as + aa) — 2(a1a2 + a3a4)  E(k)

C= 12 K(k)

(a1 — a2)(as — qa).

The function F3 yields to

(16 + 72G)w? + (264 — 156G)w? + (252 — 42G)w + 350 + 147G

F, =
? 3360 (x)3/2
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@ 3rd order term: _ _
The spectral invariants FO8 and F1:2) 3re

64w® + 832w® — 144w* 4 3168w3 4 1532w? — 2060w + 1257

1 -
a FON(x) =

7680 (x)3 ’
1 202 (x) = 7862w® — 116544w5 + 341968w* + 841120w3 — 443884w? — 350644w + 556003
2! 1128960 (x)3
G 144w* — 816w3 + 952w? + 1988w — 931 . (6w — 7)2 '
47040 (x)2 125440 (x)

Summing these contributions, we find Fj.

370391 — 326732w — 109340w? + 653408w> + 160400w* + 2880w> + 8635w°
- 564480 (x)3
G 144w* — 816w3 + 952w? + 1988w — 931 g2 (6w — 7)?
47040 (x)?2 125440 (x)

3
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Comparing Results

l—2x—2x2—x?’+(l—x)\/1—2x—5x2—2x3+x4

y(x) = 22
Fo = /dlogx log y(x),
E 1 o 1 x+ x~1
= — _— w =
tT2 g\/—7—4w+4w2’ 2’
preg) _ _ (16 + 72G{0; )w? + (264 — 156GLJ;)w? + (252 — 42G{oy)w + 350 + 147Gy,
2 3360 (x)3/2
p(reg) _ 370391 — 326732w — 109340w” + 653408w” + 160400w* + 2880w® + 8635w
T 564480 (x)3
+G) 144w* — 816w> + 952w? + 1988w — 931 +c@ (6w — 7)?
es 47040 (x)2 "8 125440 (x)
We find

So = Fo + linear, S; =F;, Sy = Fgreg), S; = Fgreg).

We also checked this coincidence for fig.8 knot complement under
the same assumption.
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Level-Rank Large n Duality

’Topological Vertex/CS computation ‘

Zp(x1,- e+ yxn) = Y ZrTrpV, V = diag(xy,« -+ ,Xp)-
R

osZo =) > Y eI LTV T
g=0 h=1 wy,:-- ,w

We have identified
V = diag(x1,x2) < p(p) = diag(m,m™1) € SL(2;C), m =e".

;

2 non-cp
D-branes

Level-rank? mirror symetry ‘

SU@)CS

>
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Motivation of Qur Research

@ Realization of 3D quantum gravity in top. string
Non-perturbative completion (e.g. Witten's ECFT)
Integrability (D-module structure) of knot invariants
Large n duality not for rank but for level
= Novel class of duality

2 nonfcpt“;

D-brane:
Large N
Transition
=y 2 non-cpt
~____—~ 7 D-branes
T*L®, 1
p=3 for fig.8
Level-rank? mirror symmetry
SU()cs Top. B-mode

At

>
Our Proposal w

spin j—oo
n=2j+1
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D-module structure in top. string
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Large N transition ‘ [Gopakumar-Vafa],[Ooguri-Vafa]

One of the famous open/closed duality in topological string is large
N transition .

0(-1)+0(-1)—P' T*83

Large N

<>

Transition

N compact D-branes

On N D-branes, U(N) Chern-Simons gauge theory is realized.

Zopen (O(~1) ® O(—1) = Piu) = Y e R (We(Os0)) -
R

274/ —1 . i
e 8 = q = e kN : string coupling,
t = gsN: volume of P!, u: Area of disk.
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Example: O(—=1) ® O(—1) — P!

u‘Area of Disk

Z(t? U) = exp[z ng 2+h]:Ah(t l.l)] - chosed(e y q) ° Zopen(e_u; q)

L(e™"q)
L(Qe~¥;q)

q:=e &, g:string coupling

= M(qu) *

M(x;q) := H LT ) : McMahon function

L(x;iq) := H(l—xq"_l/z) : Quantum Dilogarithm

n=1
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Mirror Symmetry | [Candelas et.al.],[Hosono et.al ]

A-model on X ~ B-model on XV

HUL(X) ~ H2(XY), HZY(X) ~ HDY(XY).

The bi-rational map between A-model and B-model is so-called
mirror map .

B B\ classical A A\ quantum
<Ol U on >B—m0del - <Ol e on >A—m0del

Mirror CY of conifold

XY = {(z,w,x,y) € C? x (C*)?|zw = H(x,y)},
H(x,y) =1 — Qx —y + xy,
T :={(x,y) € C* x C* | H(x,y) = 0}
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Z,pen is given by a one-point function ( BA-function ) of a free
fremion on X inside mirror CY. [apkmy]

Zopen(x; u) = <¢(e_u)>z‘

’ Schrodinger equation ‘ (conjecture):

Ri=u—g/2, Pi=—g0u [%D] =g e %P =qePe "
Actually the open string partition function for conifold satisfies

[1 —e &% _ Qe "qY? + (e7Vq!/?)(e &%) | Zopen(u) = 0.
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