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Introduction/Summary

Introduction/Summary

e The AGT correspondence relates four-dimensional N = 2
gauge theory and two-dimensional Toda theory on a Riemann
surface, ¥.

e Among other approaches, it is known that the AGT
correspondence can be understood in terms of the relationship
between Hitchin's moduli space, M(G, %), and W-algebra
representations.’

1. nekrasov2010omega.
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Introduction/Summary

e In this work, we present an analogous relationship, i.e.,
between the moduli space of solutions to the Bogomolny
equations, and representations of a novel W-algebra arising
from a three-dimensional analogue of Toda theory.

— This 3d Toda theory is a boundary dual of 4d
Chern-Simons theory.

— By embedding 4d CS in partially-twisted five-dimensional
N =2 SYM on a manifold with corners, we shall show that
3d Toda theory is dual to an open topological sigma
model on the Bogomolny moduli space.
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Introduction/Summary
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Introduction/Summary

— The equivalence of the Q-cohomology of physical states, will
be shown to imply that modules of 3d W-algebras defined
on R x X are modules for the quantized algebra of certain
holomorphic functions on Mg (G,R x X).
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Introduction/Summary

This talk is based on

e M. Ashwinkumar, K.-S. Png, M.-C. Tan, 4d Chern-Simons
Theory as a 3d Toda Theory, and a 3d-2d Correspondence, To
appear
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

Topological-Holomorphic “GL”-twist of 5d Maximally
Supersymmetric Yang-Mills Theory
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Topological-Holomorphic “GL"-twist of 5d MSYM Partial Twist

Boundary conditions
Localization to 4d Chern-Simons theory

Partial Twist

Five dimensional maximally supersymmetric Yang-Mills involves
fields which transform as reps. of SOr((5) x SOr(5):

AM : (5, 1)
ok (1,5) (2.2)
Piat (4,4)

with the classical action:
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We shall choose G = SU(N) as our gauge group in what follows.



Topological-Holomorphic “GL"-twist of 5d MSYM Partial Twist

Boundary conditions

Localization to 4d Chern-Simons theory

We shall take the 5d worldvolume to be M =V x ¥, whereby we
wish to realize a topological twist of the D4-brane worldvolume
theory along V.

This amounts to redefining the SOy (3) rotation group to be the
diagonal subgroup

SOV(3)/ C SOV(3) X SOR(3),
where SOg(3) C SOg(5) rotates {7, ¥5, ¥3}-

As a result, the scalar fields {7, 5, ¢3} now transform as the
components {p1, ¥2, @3} of a one- form on V.
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

The twist results in four supercharges that are scalar along V. We
wish to pick a supercharge, O, that is scalar along V/, w.r.t.
which we shall eventually localize the theory.

We shall choose a certain linear combination of two supercharges
to be Q.
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

The twisted supersymmetry transformations generated by O are

5iAq = it + itha  Sen =t (F45 + Dawo‘) 4[5, 0]
Sepa = itha —iba 61 = — (Fas +Dag®) +1t15,0]
StAg = iT + itT Stthe = Dao + t[pa, o] 2.3)
SeAs = itT — iT Stta = tDac — [pa, o]
Sio =0 5¢T = Dyo + tDsor
6t = in + it:; 6;’? = tDyo — Dso

1 1 1
bexo = 3 {FM + Dspor + SEapy (F7 = [¢”. W])} tot [Fas = Dava +cap, D77
-~ _1 L B~ B v L 87
StXa = St Foa + Dspo — SCapy (F - [sﬂ P ]) -3 [FaS — Dspa —eapy D" ]

i.e., we have Q = Q; + tQg, t € CPL.2

2. ashwinkumar2019unifying.
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

Such a twist has also been discussed conceptually by Elliot and
Pestun.3

The transformations take a form very similar to those of
GL-twisted N' = 4 SYM, as considered by Kapustin and Witten.*

In fact, taking ¥ = R x S or T2, whereby the x° direction is S?,
we can dimensionally reduce along the latter to obtain precisely the
transformations of KaBustinWand Witten via As — @4, Xo — X;,
Xo = Xaar T = %4, T — g,

3. elliott2019multiplicative.
4. kapustin2006electric.
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

In what follows, we shall be interested in V =/ xR x R} and
¥ = CP!, C*, or C/(Z+ 7Z). This is a manifold with two corners.

The action of 5d “GL"-twisted theory can then be written as

~ \
sz{Q,V}+—/ ZATH(FAF).  (24)
AT JIxRxRyxT
Here, VU is a real parameter (as we have selected t = —1 for our

purpose).
F is the curvature of the complex connection involving

Aoy = Aq + i (where « =1,2,3), and Az = %(A4 + iAs), where
z (i.e., x* 4+ ix) and Z are local complex coordinates on ¥.
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Topological-Holomorphic “GL"-twist of 5d MSYM Partial Twist

Boundary conditions
Localization to 4d Chern-Simons theory

Boundary conditions

At the origin of R, (x3 = 0), we pick NS5-type boundary
conditions to maintain supersymmetry, where we require that

Q(A+) =0, (2.5)

(where @ =1,2) and
Q(Az) =0, (2.6)

where A~ and Az obey Neumann boundary conditions.
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

At infinity along R, the boundary conditions are taken to be
x3—independent Q-invariant configurations that involve AE and As.

At the boundaries of /, we can have Nahm pole-type boundary
conditions, defined in terms of the complex gauge fields, where the
latter are Q-invariant.

With x2 = 7 parametrizing R, we first define the convenient
coordinates

xt =714z, (2.7)

and

Ag = % (A; Fids). (2.8)
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

With x! = o parametrizing | = [0, 7], the Nahm pole-type
boundary conditions are defined as follows. As ¢ — 0,

A— —H+ —T,. (2.9)
o o
Here, a homomorphism p : su(2) — su(N) has been chosen such

that the image, T, of the raising operator of su(2) is a maximal
length Jordan block, i.e.,

o O
.OE
"I o
o O

To=il: = @ - : . (2.10)

o O
o O
o O -
=
°F
-
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
Boundary conditions
Localization to 4d Chern-Simons theory

Analogously, as 0 — T,

” .
Ao 2T gy &7 (2.11)
g —T g —T
where
0 0 -~ 0 O
vi 0 0 0
T_.=—i|0 » -~ 0 O0f, (2.12)
0 0 vn_1 O
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Topological-Holomorphic “GL"-twist of 5d MSYM Partial Twist

Boundary conditions
Localization to 4d Chern-Simons theory

Localization to 4d Chern-Simons theory

The path integral of this theory localizes to solutions of
Q-invariant configurations, whereby it reduces to the path
integral of 4d Chern-Simons theory, i.e.,

/DAexp dz/\Tr(A/\dA—l—zA/\A/\A) ,
21h Jixrxs 3

N (2.13)
where [ is the integration cycle defined by the Q-invariant
localization equations, and 711 = %

This integration cycle is a Lefschetz thimble that ensures the
convergence of the path integral.
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Topological-Holomorphic “GL"-twist of 5d MSYM

Partial Twist
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Localization to 4d Chern-Simons theory
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Topological-Holomorphic “GL"-twist of 5d MSYM Partial Twist

Boundary conditions

Localization to 4d Chern-Simons theory

Three-dimensional Toda Theory
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons
3d W-algebras

3d Toda Theory from 4d Chern-Simons

A 3d analogue of WZW theory dual to 4d CS theory can be
obtained when the the topological directions have a boundary.®

Something similar can be done in our current set up, where there
are now two boundaries on the ends of /.

Let us focus on the boundary at o — 0, since similar ar-
guments can be applied to the other end of the interval (i.e. o — 7).

5. ashwinkumar20203dwzw.
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

Via the boundary condition A_ = 0, the action for ¢ — 0 is that
of a 3d analogue of the 2d chiral WZW model

lim Saq cs [A] = S3q WZW[g]
o—0

1

- - + - -1 -1

= 277 Jons dz AdxT ANdx™ Tr (6+gg 0o_gg )
1

S dzATr (dgg *Adgg ' Adgg?!
677 ey r(gg sg sg )

(3.2)
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

The ensuing conserved currents then take the form

Jy=glo.g (3-3a)
J=0_ggt (3.3b)

Similarly, at the boundary where ¢ — m, one finds the currents

Jo=—-gl0.g (3.42)
J=-0_ggt, (3.4b)
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

We project the currents onto Cartan directions, as well as positive
and negative roots of the (complex) Lie algebra

J=J"R i+ JRy; + JYRy;, (3.5)
where i =1,--- N — 1. Then, the rest of the Nahm pole-type
boundary conditions result in current constraints

ij =p, J¥=0 (3.6a)
ST =~y JO =0 (3.6b)
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

Next, we use a Gauss decomposition
g = Xk IRl VIR (3.7)
which allows the current constraints to be rewritten as
01 0_ ¢ + 2uivieSi? =0 (3.8)

The corresponding action that gives these constraints as an EOM
takes the form of a 3d analogue of 2d analytically-continued Toda
theory

1

53d Toda[@b] 27Th Rxs
X

dz dxTdx~ (C,J8+¢ o_¢ — 4Zu,y, i )
(3.9)
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons
3d W-algebras

3d W-algebras

Writing >_; C,-Jfl = 7;, the 3d Toda theory is invariant under the
infinitesimal coordinate transformation x™ — x* + &(x™)
together with the transformation of ¢; as

bi(z,xT,x7) = ¢i(z,xt,x7) — €0y i — yiOye. (3.10)
The corresponding Noether current takes the form

1 ; .2 . .

where 9_© = 0.
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

We focus on the simplest case where G = SL(2,C), and [Cjj] = 2.
Take x~ to be the temporal direction, and write x™ = £.

We use an equivalent gauged 3d WZW model, where © takes the
form

O(z,£) = T(z,£) — 0:J(z, ), (3.13)
where T(z,£) = —Ja(2,£)J%(z,€).

Using the symplectic form on phase space, we compute the PB to
obtain a 3d analogue of the classical Virasoro algebra

[o' €. 0( )] (as@(z, 5(€ - €') + 200z, 5'(€ ~ &) — 25" (€ - s/)) 5z — 7).

(3.14)

PB
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

Via Moyal quantization®, we then expect (3.14) to be corrected to

[6(«,¢),8(z,¢)] = (359(275)5(5 = &) +20(2,6)d(€ - ¢)

(k=) 0= )R- €)) otz - 2)

(3.15)
where k € R describes the quantum deformation of the Poisson
bracket expression. This is a 3d analogue of the quantum
Virasoro algebra.

6. jorjadze2001poisson.
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3d Toda Theory 3d Toda Theory from 4d Chern-Simons

3d W-algebras

Analogous results for higher spin currents in higher-rank 3d Toda
theory can be obtained via a generalized Sugawara construction of
W-algebra currents.

We will then obtain 3d W-algebras similar to their 2d counterparts,
but with generators having holomorphic dependence on ¥, and

d(z — Z') appearing as an overall factor on the RHS.

Choosing x~ instead of x* to be the temporal direction leads to
another copy of the W-algebra, which is x~-dependent.
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3d Toda Theory

3d Toda Theory from 4d Chern-Simons

3d W-algebras
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2d A-model from 5d “GL"-twisted Theory
Branes
Physical States

Open Topological Sigma Model on Bogomolny Moduli Space

Open Topological Sigma Model on Bogomolny Moduli Space

Meng-Chwan Tan 4d CS as 3d Toda, and a 3d-2d Correspondence



2d A-model from 5d “GL”-twisted Theory
Branes

Open Topological Sigma Model on Bogomolny Moduli Space Physical States

2d A-model from 5d “GL"-twisted Theory

Using the topological-holomorphic symmetry of the 5d
“GL"-twisted theory on / x R x Ry X X, we can scale down the
three-manifold R x ¥ while simultaneously blowing up / x R...

To ensure the action remains finite, one requires

FTE_"DZQOTZO

. i (4.1)
D;p" — 2iF,z =0,

which are the Bogomolny equations on R x .
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2d A-model from 5d “GL”-twisted Theory
Branes
Physical States

Open Topological Sigma Model on Bogomolny Moduli Space

This results in a sigma model on / x R, with target the moduli
space, Mg (G,R x ¥), of solutions to these equations, with metric

~ 1
G:72
&5

/ @3x Tr (0AP @ 6A, + 807 @ bpr) | (4.2)
RxX
where A, is the gauge field defined along R x 3.

To be precise, we obtain an A-model in symplectic structure

w,% x s d3x Tr(der A 0As — 6As A 0A;) (4.3)
X

(the pullback of w?( to I x Ry arises from non-Q-exact terms in
the 5d action).
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2d A-model from 5d “GL"-twisted Theory
Branes

Open Topological Sigma Model on Bogomolny Moduli Space Physical States

Branes

The NS5-type boundary condition (b.c.) (of the 5d gauge theory)
gives rise to a space-filling coisotropic A-brane, B, in

Mg (G,R x ¥). Defining complex/symplectic structures
analogous to those on Hitchin moduli space, this is a (B, A, A)
brane.

The Nahm pole-type b.c. of the 5d gauge theory give rise to
Lagrangian branes Bo, and B’Op in Mg (G,R x ¥). These are
analogues of branes of opers in Hitchin moduli space, and are both
(A, B, A) branes.
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2d A-model from 5d “GL"-twisted Theory
Branes

Open Topological Sigma Model on Bogomolny Moduli Space Physical States

Physical States

To compute physical states of the A-model we perform the
following topological deformation

B
Be [ [

!
B
Op Bb » w
BOp /Op
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2d A-model from 5d “GL"-twisted Theory
Branes
Physical States

Open Topological Sigma Model on Bogomolny Moduli Space

If we were to compute the physical states of (Bop, Bbp) strings, we
will only find one state, as B, and B’Op only intersect at one point
in Mg (G,R x X).

To find more states, we have to consider the (Bc, Bop) and
(Bc, Bp,,) strings that arise from the corners on / x Ry.. Their
physical states can be computed to be the following spaces of
J-holomorphic sections:

1/2
H(Be,5op) = H°(Bop, Kg2)

1/2
Hs.5) = H(Bop: )

/
Op

(4.4)

Meng-Chwan Tan 4d CS as 3d Toda, and a 3d-2d Correspondence



2d A-model from 5d “GL"-twisted Theory
Branes
Physical States

Open Topological Sigma Model on Bogomolny Moduli Space

Moreover, the algebra of (B, B.) strings acts on the space of
states of (B¢, Bop) and (Bc, Bp,,) strings, by attaching to the
appropriate ends of the latter.

This is just the quantized algebra of J-holomorphic functions
on Mg (G,R x X).

Therefore the space of states of the (B¢, Bop) and (B, Bg,,)
strings are modules for the quantized algebra of J-holomorphic
functions on Mg (G,R x X).
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3d-2d Correspondence

3d-2d Correspondence

Meng-Chwan Tan 4d CS as 3d a, and a 3d-2d Correspondence




3d-2d Correspondence

3d-2d Correspondence

The 5d “GL"-twisted gauge theory on / x R x Ry X X has given
rise to two effective descriptions.

The O-cohomology of states of the 5d theory ought to remain
invariant in reducing to these effective descriptions. This implies a
duality between the two theories:

2d A-model
3d Toda theory
on
on &
| x R+
R x X ]
with target Mg (G,R x X)
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3d-2d Correspondence

3d-2d Correspondence

Mathematically, this implies that

Modules of 3d W-algebras
defined on & H°(Boy, Kééi) ® H°(Boy, Kilgéz)
p
RxX

Moreover, we find that

Modules of 3d W-algebras defined on R x ¥ are
modaules for the quantized algebra of J-holomorphic functions
on Mg (G,R x X).
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Conclusion and Future Directions

Conclusion and Future Directions

e We have shown that 3d Toda theory and a 2d A-model on
Bogomolny moduli space are dual to each other.

e We have found that modules of 3d W-algebras are modules
for quantized algebras of holomorphic functions on the
Bogomolny moduli space.

e The crucial ingredient is the fact that the 5d N’ =2 SYM
theory admits a partial twist that is topological-holomorphic,
and analogous to the GL-twist of 4d N’ = 4 SYM.
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Conclusion and Future Directions

e Future work involves defining a GL-type partial twist (in two
directions) for maximally supersymmetric Yang-Mills theory in
6d, whereby one expects to relate 4d W-algebras with the
quantized algebra of holomorphic functions on the moduli
space of instantons.
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Conclusion and Future Directions

Thank you for your
attention!
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