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Abstract

We present constraints on the tensor-to-scalar ratio r using Planck data. We use the latest release of Planck maps (PR4), processed
with the NPIPE code, which produces calibrated frequency maps in temperature and polarization for all Planck channels from 30 GHz
to 857 GHz using the same pipeline. We compute constraints on r using the BB angular power spectrum, and also discuss constraints
coming from the TT spectrum. Given Planck’s noise level, the TT spectrum gives constraints on r that are cosmic-variance limited
(with �r = 0.093), but we show that the marginalized posterior peaks toward negative values of r at about the 1.2� level. We derive
Planck constraints using the BB power spectrum at both large angular scales (the “reionization bump”) and intermediate angular
scales (the “recombination bump”) from ` = 2 to 150, and find a stronger constraint than that from TT , with �r = 0.069. The Planck

BB spectrum shows no systematic bias, and is compatible with zero, given both the statistical noise and the systematic uncertainties.
The likelihood analysis using B modes yields the constraint r < 0.158 at 95 % confidence using more than 50 % of the sky. This upper
limit tightens to r < 0.069 when Planck EE, BB, and EB power spectra are combined consistently, and tightens further to r < 0.056
when the Planck TT power spectrum is included in the combination. Finally, combining Planck with BICEP2/Keck 2015 data yields
an upper limit of r < 0.044.

Key words. cosmology: observations – cosmic background radiation – cosmological parameters – gravitational waves – methods:
data analysis

1. Introduction

Gravitational waves entering the horizon between the epoch of
recombination and the present day generate a tensor contribu-
tion to the large-scale cosmic microwave background (CMB)
anisotropy. Hence, primordial tensor fluctuations contribute to
the CMB anisotropies, both in temperature (T ) and in polariza-
tion (E and B modes).

As described in Planck Collaboration VI (2020) and
Planck Collaboration X (2020), the comoving wavenumbers of
tensor modes probed by the CMB temperature anisotropy power
spectrum have k <⇠ 0.008 Mpc�1, with very little sensitivity to
higher wavenumbers because gravitational waves decay on sub-
horizon scales. The corresponding multipoles in the harmonic
domain are ` <⇠ 100, for which, in temperature, the scalar per-
turbations dominate with respect to tensor modes. The tensor
component can be fitted together with the scalar one, and the
precision of the Planck constraint is limited by the cosmic vari-
ance of the large-scale anisotropies.

In polarization, the EE and T E spectra also contain a tensor
signal coming from the last-scattering and reionization epochs.

However, the addition of Planck polarization constraints at ` >⇠
30 does not significantly change the results coming from temper-
ature and low-` polarization data (see Planck Collaboration XIII
2016). BB power spectra are treated di↵erently in determin-
ing the tensor contribution, since the model does not predict
any primordial scalar fluctuations in BB. As a consequence,
a primordial B-mode signal would be a direct signature of
tensor modes. However, depending on the amplitude of the
tensor-to-scalar ratio, such a signal may be masked by E-mode
power transformed to B-mode power through lensing by grav-
itational potentials along the line of sight (so-called “BB lens-
ing”). BB lensing has been measured with high accuracy by
Planck in both harmonic (Planck Collaboration VIII 2020) and
map (Planck Collaboration Int. XLI 2016) domains. But a pri-
mordial BB tensor signal has not yet been detected.

The scalar and tensor CMB angular power spectra are plotted
in Fig. 1 for the Planck 2018 cosmology and for two values of
the tensor-to-scalar ratio, namely r = 0.1 and r = 0.01. For fur-
ther discussion of the tensor-to-scalar ratio and its implications
for inflationary models, see Planck Collaboration XXII (2014),
Planck Collaboration XX (2016), and Planck Collaboration X
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Fig. 2. Planck 2018 T E (top) and EE (bottom) power spectra. At multipoles ` � 30 we show the coadded frequency spectra
computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectra estimates from the SimAll likelihood
(though only the EE spectrum is used in the baseline parameter analysis at `  29). The best-fit base-⇤CDM theoretical spectrum fit
to the Planck TT,TE,EE+lowE+lensing likelihood is plotted in light blue in the upper panels. Residuals with respect to this model
are shown in the lower panels. The error bars show Gaussian ±1� diagonal uncertainties including cosmic variance. Note that the
vertical scale changes at ` = 30, where the horizontal axis switches from logarithmic to linear.
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Fig. 2. Planck 2018 T E (top) and EE (bottom) power spectra. At multipoles ` � 30 we show the coadded frequency spectra
computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectra estimates from the SimAll likelihood
(though only the EE spectrum is used in the baseline parameter analysis at `  29). The best-fit base-⇤CDM theoretical spectrum fit
to the Planck TT,TE,EE+lowE+lensing likelihood is plotted in light blue in the upper panels. Residuals with respect to this model
are shown in the lower panels. The error bars show Gaussian ±1� diagonal uncertainties including cosmic variance. Note that the
vertical scale changes at ` = 30, where the horizontal axis switches from logarithmic to linear.
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Fig. 3. CMB lensing-potential power spectrum, as measured by
Planck (see PL2018 for a detailed description of this measure-
ment). Orange points show the full range of scales reconstructed
with a logarithmic binning, while grey bands show the error and
multipole range of the conservative band powers used for the
likelihood, with black points showing the average multipole of
the band weight. The solid line shows the best ⇤CDM fit to the
conservative points alone, and the dot-dashed line shows the pre-
diction from the best fit to the Planck CMB power spectra alone.
The dashed line shows the prediction from the best fit to the
CMB power spectra when the lensing amplitude AL is also var-
ied (AL = 1.19 for the best-fit model; see Sect. 6.2 for a detailed
discussion of AL).

sibly also systematic di↵erences between individual frequencies
that we were unable to resolve. Multipoles at L < 8 are very
sensitive to the large mean-field correction on these scales, and
hence are sensitive to the fidelity of the simulations used to esti-
mate the mean field. As described above, our baseline cosmolog-
ical results therefore conservatively use only the multipole range
8  L  400.

The Planck measurements of C
��
L

are plotted in Fig. 3, where
they are compared to the predicted spectrum from the best-fitting
base-⇤CDM model of Sect. 3, and Fig. 4 shows the correspond-
ing broad redshift ranges that contribute to the lensing band pow-
ers in the ⇤CDM model. Fig. 3 shows that the lensing data are in
excellent agreement with the predictions inferred from the CMB
power spectra in the base-⇤CDM model (�2

e↵ = 8.9 for 9 binned
conservative band-power measurements, �2

e↵ = 14.0 for 14 bins
over the full multipole range; we discuss agreement in exten-
sions to the ⇤CDM model in more detail below). The lensing
data prefer lensing power spectra that are slightly tilted towards
less power on small scales compared to the best fit to the CMB
power spectra. This small tilt pulls joint constraints a small frac-
tion of an error bar towards parameters that give a lower lensing
amplitude on small scales. Parameter results from the full mul-
tipole range would be a little tighter and largely consistent with
the conservative band powers, although preferring slightly lower
fluctuation amplitudes (see PL2018).

As described in detail in PL2018, the lensing likelihood (in
combination with some weak priors) can alone provide ⇤CDM

Fig. 4. Contributions to the conservative CMB lensing band
powers (see text and Fig. 3) as a function of redshift in
the base-⇤CDM model (evaluated here, and only here, using
the Limber approximation (LoVerde & Afshordi 2008) on all
scales). Multipole ranges of the corresponding band powers are
shown in the legend.

parameter constraints that are competitive with current galaxy
lensing and clustering, measuring

�8⌦
0.25
m = 0.589 ± 0.020 (68 %, Planck lensing). (5)

Combined with BAO (see Sect. 5.1 below) and a baryon density
prior to break the main degeneracy between H0,⌦m, and �8 (de-
scribed in PL2015), individual parameters H0, ⌦m, and �8 can
also separately be constrained to a precision of a few percent. We
use ⌦bh

2 = 0.0222 ± 0.0005 (motivated by the primordial deu-
terium abundance measurements of Cooke et al. 2018, see also
Sect. 7.6), which gives

H0 = 67.9+1.2
�1.3 km s�1Mpc�1,

�8 = 0.811 ± 0.019,

⌦m = 0.303+0.016
�0.018,

9>>>>=
>>>>;

68 %, lensing+BAO. (6)

The constraints of Eq. (5) and (6) in are in very good agreement
with the estimates derived from the Planck power spectra and are
independent of how the Planck power spectra depend on the cos-
mological model at high multipoles. This is a strong test of the
internal consistency of the Planck data. The Planck lensing con-
straints in Eqs. (5) and (6), and the consistency of these results
with the Planck power spectrum likelihoods, should be borne in
mind when comparing Planck results with other astrophysical
data (e.g., direct measurements of H0 and galaxy shear surveys,
see Sect. 5).

In this paper we focus on joint constraints with the main
Planck power spectrum results, where the lensing power spec-
trum tightens measurements of the fluctuation amplitude and im-
proves constraints on extended models, especially when allow-
ing for spatial curvature.

A peculiar feature of the Planck TT likelihood, reported in
PCP13 and PCP15, is the favouring of high values for the lens-
ing consistency parameter AL (at about 2.5�). This result is dis-
cussed in detail in Sect. 6.2. It is clear from Fig. 3, however, that
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-
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- 3 neutrinos 
- standard neutrinos with low mass
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Fig. 5. Constraints on parameters of the base-⇤CDM model from the separate Planck EE, T E, and TT high-` spectra combined
with low-` polarization (lowE), and, in the case of EE also with BAO (described in Sect. 5.1), compared to the joint result using
Planck TT,TE,EE+lowE. Parameters on the bottom axis are our sampled MCMC parameters with flat priors, and parameters on the
left axis are derived parameters (with H0 in km s�1Mpc�1). Contours contain 68 % and 95 % of the probability.

Table 1. Base-⇤CDM cosmological parameters from Planck TT,TE,EE+lowE+lensing. Results for the parameter best fits,
marginalized means and 68 % errors from our default analysis using the Plik likelihood are given in the first two numerical
columns. The CamSpec likelihood results give some idea of the remaining modelling uncertainty in the high-` polarization, though
parts of the small shifts are due to slightly di↵erent sky areas in polarization. The “Combined” column give the average of the
Plik and CamSpec results, assuming equal weight. The combined errors are from the equal-weighted probabilities, hence including
some uncertainty from the systematic di↵erence between them; however, the di↵erences between the high-` likelihoods are so small
that they have little e↵ect on the 1� errors. The errors do not include modelling uncertainties in the lensing and low-` likelihoods
or other modelling errors (such as temperature foregrounds) common to both high-` likelihoods. A total systematic uncertainty of
around 0.5� may be more realistic, and values should not be overinterpreted beyond this level. The best-fit values give a represen-
tative model that is an excellent fit to the baseline likelihood, though models nearby in the parameter space may have very similar
likelihoods. The first six parameters here are the ones on which we impose flat priors and use as sampling parameters; the remaining
parameters are derived from the first six. Note that ⌦m includes the contribution from one neutrino with a mass of 0.06 eV. The
quantity ✓MC is an approximation to the acoustic scale angle, while ✓⇤ is the full numerical result.

Parameter Plik best fit Plik [1] CamSpec [2] ([2] � [1])/�1 Combined

⌦bh
2 . . . . . . . . . . . . . 0.022383 0.02237 ± 0.00015 0.02229 ± 0.00015 �0.5 0.02233 ± 0.00015

⌦ch
2 . . . . . . . . . . . . . 0.12011 0.1200 ± 0.0012 0.1197 ± 0.0012 �0.3 0.1198 ± 0.0012

100✓MC . . . . . . . . . . . 1.040909 1.04092 ± 0.00031 1.04087 ± 0.00031 �0.2 1.04089 ± 0.00031
⌧ . . . . . . . . . . . . . . . . 0.0543 0.0544 ± 0.0073 0.0536+0.0069

�0.0077 �0.1 0.0540 ± 0.0074
ln(1010

As) . . . . . . . . . 3.0448 3.044 ± 0.014 3.041 ± 0.015 �0.3 3.043 ± 0.014
ns . . . . . . . . . . . . . . . 0.96605 0.9649 ± 0.0042 0.9656 ± 0.0042 +0.2 0.9652 ± 0.0042

⌦mh
2 . . . . . . . . . . . . 0.14314 0.1430 ± 0.0011 0.1426 ± 0.0011 �0.3 0.1428 ± 0.0011

H0 [ km s�1Mpc�1] . . . 67.32 67.36 ± 0.54 67.39 ± 0.54 +0.1 67.37 ± 0.54
⌦m . . . . . . . . . . . . . . 0.3158 0.3153 ± 0.0073 0.3142 ± 0.0074 �0.2 0.3147 ± 0.0074
Age [Gyr] . . . . . . . . . 13.7971 13.797 ± 0.023 13.805 ± 0.023 +0.4 13.801 ± 0.024
�8 . . . . . . . . . . . . . . . 0.8120 0.8111 ± 0.0060 0.8091 ± 0.0060 �0.3 0.8101 ± 0.0061
S 8 ⌘ �8(⌦m/0.3)0.5 . . 0.8331 0.832 ± 0.013 0.828 ± 0.013 �0.3 0.830 ± 0.013
zre . . . . . . . . . . . . . . . 7.68 7.67 ± 0.73 7.61 ± 0.75 �0.1 7.64 ± 0.74
100✓⇤ . . . . . . . . . . . . 1.041085 1.04110 ± 0.00031 1.04106 ± 0.00031 �0.1 1.04108 ± 0.00031
rdrag [Mpc] . . . . . . . . . 147.049 147.09 ± 0.26 147.26 ± 0.28 +0.6 147.18 ± 0.29
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polarization spectra TE and EE are generally 
highly consistent with TT spectrum

[Planck 2018 results. VI]

with spectra



WMAP Planck 2013 Planck 2015 Planck 2018

Ωbh2 0.02264 ± 0.00050 0.02205 ± 0.00028 0.02225 ± 0.00016 0.02236 ± 0.00015

Ωch2 0.1138 ± 0.0045 0.1199 ± 0.0027 0.1198 ± 0.0015 0.1202 ± 0.0014

H0 70.0 ± 2.2 67.3 ± 1.2 67.27 ± 0.66 67.27 ± 0.60

ns 0.972 ± 0.013 0.960 ± 0.007 0.964 ± 0.005 0.965 ± 0.004

109 As 2.189 ± 0.090 2.196 ± 0.060 2.207 ± 0.074 2.101 ± 0.033

τ 0.089 ± 0.014 0.089 ± 0.014 0.079 ± 0.017 0.054 ± 0.007

ΩΛ 0.721 ± 0.025 0.685 ± 0.018 0.684 ± 0.009 0.685 ± 0.007

Ωm 0.279 ± 0.023 0.315 ± 0.018 0.316 ± 0.009 0.315 ± 0.007

ΛCDM results
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• Very stable with time 
• Precision cosmology (below 1% error bar for most of them)

with time



ΛCDM

• Consistency 
The CMB anisotropies in temperature and polarisation (TT, 
TE, EE), CMB lensing ΦΦ, as well as BAO, BBN, and SNIa 
measurements are all consistent, among themselves and 
across experiments, within ΛCDM  

• Robustness  
These probes allow many different checks of the robustness 
for the ΛCDM model and some of its extensions, including 
flatness, sum of neutrinos masses and effective number, 
DM annihilation limits, dark energy equation of state w(z), 
details of the recombination history (A2s⇾1, T0, and also 
fundamental constants variation, or any energy input...) 

• Precision  
This network of consistency tests is passed with per cent level 
precision but for relative tensions (including AL, H0, S8) 

M. Tristram Planck constraints on the tensor-to-scalar ratio 

0.7% 

1.0% 

0.03% 

13% 

0.5% 
0.4%

Planck Collaboration: Cosmological parameters

Table 2. Parameter 68 % intervals for the base-⇤CDM model from Planck CMB power spectra, in combination with CMB lensing
reconstruction and BAO. The top group of six rows are the base parameters, which are sampled in the MCMC analysis with flat
priors. The middle group lists derived parameters. The bottom three rows show the temperature foreground amplitudes f

TT

`=2000 for
the corresponding frequency spectra (expressed as the contribution to D

TT

`=2000 in units of (µK)2). In all cases the helium mass fraction
used is predicted by BBN (posterior mean YP ⇡ 0.2454, with theoretical uncertainties in the BBN predictions dominating over the
Planck error on ⌦bh

2). The reionization redshift mid-point zre and optical depth ⌧ here assumes a simple tanh model (as discussed
in the text) for the reionization of hydrogen and simultaneous first reionization of helium. Our baseline results are based on Planck

TT,TE,EE+lowE+lensing (as also given in Table 1).

TT+lowE TE+lowE EE+lowE TT,TE,EE+lowE TT,TE,EE+lowE+lensing TT,TE,EE+lowE+lensing+BAO
Parameter 68% limits 68% limits 68% limits 68% limits 68% limits 68% limits

⌦bh
2 . . . . . . . . . . 0.02212 ± 0.00022 0.02249 ± 0.00025 0.0240 ± 0.0012 0.02236 ± 0.00015 0.02237 ± 0.00015 0.02242 ± 0.00014

⌦ch
2 . . . . . . . . . . 0.1206 ± 0.0021 0.1177 ± 0.0020 0.1158 ± 0.0046 0.1202 ± 0.0014 0.1200 ± 0.0012 0.11933 ± 0.00091

100✓MC . . . . . . . . 1.04077 ± 0.00047 1.04139 ± 0.00049 1.03999 ± 0.00089 1.04090 ± 0.00031 1.04092 ± 0.00031 1.04101 ± 0.00029

⌧ . . . . . . . . . . . . 0.0522 ± 0.0080 0.0496 ± 0.0085 0.0527 ± 0.0090 0.0544+0.0070
�0.0081 0.0544 ± 0.0073 0.0561 ± 0.0071

ln(1010
As) . . . . . . . 3.040 ± 0.016 3.018+0.020

�0.018 3.052 ± 0.022 3.045 ± 0.016 3.044 ± 0.014 3.047 ± 0.014

ns . . . . . . . . . . . 0.9626 ± 0.0057 0.967 ± 0.011 0.980 ± 0.015 0.9649 ± 0.0044 0.9649 ± 0.0042 0.9665 ± 0.0038

H0 [km s�1 Mpc�1] . . 66.88 ± 0.92 68.44 ± 0.91 69.9 ± 2.7 67.27 ± 0.60 67.36 ± 0.54 67.66 ± 0.42

⌦⇤ . . . . . . . . . . . 0.679 ± 0.013 0.699 ± 0.012 0.711+0.033
�0.026 0.6834 ± 0.0084 0.6847 ± 0.0073 0.6889 ± 0.0056

⌦m . . . . . . . . . . . 0.321 ± 0.013 0.301 ± 0.012 0.289+0.026
�0.033 0.3166 ± 0.0084 0.3153 ± 0.0073 0.3111 ± 0.0056

⌦mh
2 . . . . . . . . . 0.1434 ± 0.0020 0.1408 ± 0.0019 0.1404+0.0034

�0.0039 0.1432 ± 0.0013 0.1430 ± 0.0011 0.14240 ± 0.00087

⌦mh
3 . . . . . . . . . 0.09589 ± 0.00046 0.09635 ± 0.00051 0.0981+0.0016

�0.0018 0.09633 ± 0.00029 0.09633 ± 0.00030 0.09635 ± 0.00030

�8 . . . . . . . . . . . 0.8118 ± 0.0089 0.793 ± 0.011 0.796 ± 0.018 0.8120 ± 0.0073 0.8111 ± 0.0060 0.8102 ± 0.0060

S 8 ⌘ �8(⌦m/0.3)0.5 . 0.840 ± 0.024 0.794 ± 0.024 0.781+0.052
�0.060 0.834 ± 0.016 0.832 ± 0.013 0.825 ± 0.011

�8⌦
0.25
m . . . . . . . . 0.611 ± 0.012 0.587 ± 0.012 0.583 ± 0.027 0.6090 ± 0.0081 0.6078 ± 0.0064 0.6051 ± 0.0058

zre . . . . . . . . . . . 7.50 ± 0.82 7.11+0.91
�0.75 7.10+0.87

�0.73 7.68 ± 0.79 7.67 ± 0.73 7.82 ± 0.71

109
As . . . . . . . . . 2.092 ± 0.034 2.045 ± 0.041 2.116 ± 0.047 2.101+0.031

�0.034 2.100 ± 0.030 2.105 ± 0.030

109
Ase
�2⌧ . . . . . . . 1.884 ± 0.014 1.851 ± 0.018 1.904 ± 0.024 1.884 ± 0.012 1.883 ± 0.011 1.881 ± 0.010

Age [Gyr] . . . . . . . 13.830 ± 0.037 13.761 ± 0.038 13.64+0.16
�0.14 13.800 ± 0.024 13.797 ± 0.023 13.787 ± 0.020

z⇤ . . . . . . . . . . . 1090.30 ± 0.41 1089.57 ± 0.42 1087.8+1.6
�1.7 1089.95 ± 0.27 1089.92 ± 0.25 1089.80 ± 0.21

r⇤ [Mpc] . . . . . . . . 144.46 ± 0.48 144.95 ± 0.48 144.29 ± 0.64 144.39 ± 0.30 144.43 ± 0.26 144.57 ± 0.22

100✓⇤ . . . . . . . . . 1.04097 ± 0.00046 1.04156 ± 0.00049 1.04001 ± 0.00086 1.04109 ± 0.00030 1.04110 ± 0.00031 1.04119 ± 0.00029

zdrag . . . . . . . . . . 1059.39 ± 0.46 1060.03 ± 0.54 1063.2 ± 2.4 1059.93 ± 0.30 1059.94 ± 0.30 1060.01 ± 0.29

rdrag [Mpc] . . . . . . 147.21 ± 0.48 147.59 ± 0.49 146.46 ± 0.70 147.05 ± 0.30 147.09 ± 0.26 147.21 ± 0.23

kD [Mpc�1] . . . . . . 0.14054 ± 0.00052 0.14043 ± 0.00057 0.1426 ± 0.0012 0.14090 ± 0.00032 0.14087 ± 0.00030 0.14078 ± 0.00028

zeq . . . . . . . . . . . 3411 ± 48 3349 ± 46 3340+81
�92 3407 ± 31 3402 ± 26 3387 ± 21

keq [Mpc�1] . . . . . . 0.01041 ± 0.00014 0.01022 ± 0.00014 0.01019+0.00025
�0.00028 0.010398 ± 0.000094 0.010384 ± 0.000081 0.010339 ± 0.000063

100✓s,eq . . . . . . . . 0.4483 ± 0.0046 0.4547 ± 0.0045 0.4562 ± 0.0092 0.4490 ± 0.0030 0.4494 ± 0.0026 0.4509 ± 0.0020

f
143
2000 . . . . . . . . . . 31.2 ± 3.0 29.5 ± 2.7 29.6 ± 2.8 29.4 ± 2.7

f
143⇥217
2000 . . . . . . . . 33.6 ± 2.0 32.2 ± 1.9 32.3 ± 1.9 32.1 ± 1.9

f
217
2000 . . . . . . . . . . 108.2 ± 1.9 107.0 ± 1.8 107.1 ± 1.8 106.9 ± 1.8

3.2. Hubble constant and dark-energy density

The degeneracy between ⌦m and H0 is not exact, but the con-
straint on these parameters individually is substantially less pre-
cise than Eq. (12), giving

H0 = (67.27 ± 0.60) km s�1Mpc�1,

⌦m = 0.3166 ± 0.0084,

)
68 %, TT,TE,EE
+lowE. (13)

It is important to emphasize that the values given in Eq. (13) as-
sume the base-⇤CDM cosmology with minimal neutrino mass.

These estimates are highly model dependent and this needs to
be borne in mind when comparing with other measurements, for
example the direct measurements of H0 discussed in Sect. 5.4.
The values in Eq. (13) are in very good agreement with the inde-
pendent constraints of Eq. (6) from Planck CMB lensing+BAO.
Including CMB lensing sharpens the determination of H0 to a
0.8 % constraint:

H0 = (67.36 ± 0.54) km s�1Mpc�1 (68 %, TT,TE,EE
+lowE+lensing). (14)
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B-Modes

Opportunity to probe the Cosmic Inflation but also to 
shed light on GUT-scale physics

Observational test of quantum gravity

Inflation

quantum fluctuations of 
spacetime

primordial gravitational waves

imprints on the CMB  
(B-modes: "vortex" in polarization)



Inflation

• dynamics of an homogeneous scalar field in a FRW geometry is given by 

• inflation happen when potential dominates over kinetic energy (slow-roll)

M. Tristram Planck constraints on the tensor-to-scalar ratio 

reality, inflation ends at some finite time, and the approximation (60) although valid at early times,

breaks down near the end of inflation. So the surface ⌧ = 0 is not the Big Bang, but the end of

inflation. The initial singularity has been pushed back arbitrarily far in conformal time ⌧ ⌧ 0, and

light cones can extend through the apparent Big Bang so that apparently disconnected points are

in causal contact. In other words, because of inflation, ‘there was more (conformal) time before

recombination than we thought’. This is summarized in the conformal diagram in Figure 9.

6 The Physics of Inflation

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the universe grew

exponential at an accelerating rate. In Einstein gravity this requires a negative pressure source or

equivalently a nearly constant energy density. In this section we describe the physical conditions

under which this can arise.

6.1 Scalar Field Dynamics

reheating

Figure 10: Example of an inflaton potential. Acceleration occurs when the potential energy of

the field, V (�), dominates over its kinetic energy, 1

2
�̇
2. Inflation ends at �end when the

kinetic energy has grown to become comparable to the potential energy, 1

2
�̇
2 ⇡ V . CMB

fluctuations are created by quantum fluctuations �� about 60 e-folds before the end of

inflation. At reheating, the energy density of the inflaton is converted into radiation.

The simplest models of inflation involve a single scalar field �, the inflaton. Here, we don’t

specify the physical nature of the field �, but simply use it as an order parameter (or clock) to

parameterize the time-evolution of the inflationary energy density. The dynamics of a scalar field

(minimally) coupled to gravity is governed by the action

S =

Z
d4

x
p

�g


1

2
R +

1

2
g
µ⌫

@µ� @⌫� � V (�)

�
= SEH + S� . (61)

The action (61) is the sum of the gravitational Einstein-Hilbert action, SEH, and the action of a

scalar field with canonical kinetic term, S�. The potential V (�) describes the self-interactions of the
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scalar field. The energy-momentum tensor for the scalar field is

T
(�)

µ⌫ ⌘ � 2p
�g

�S�

�gµ⌫
= @µ�@⌫� � gµ⌫

✓
1

2
@
�
�@�� + V (�)

◆
. (62)

The field equation of motion is

�S�

��
=

1p
�g

@µ(
p

�g@
µ
�) + V,� = 0 , (63)

where V,� = dV

d�
. Assuming the FRW metric (1) for gµ⌫ and restricting to the case of a homogeneous

field �(t,x) ⌘ �(t), the scalar energy-momentum tensor takes the form of a perfect fluid (20) with

⇢� =
1

2
�̇
2 + V (�) , (64)

p� =
1

2
�̇
2 � V (�) . (65)

The resulting equation of state

w� ⌘
p�

⇢�
=

1

2
�̇
2 � V

1

2
�̇2 + V

, (66)

shows that a scalar field can lead to negative pressure (w� < 0) and accelerated expansion (w� <

�1/3) if the potential energy V dominates over the kinetic energy 1

2
�̇
2. The dynamics of the

(homogeneous) scalar field and the FRW geometry is determined by

�̈ + 3H�̇ + V,� = 0 and H
2 =

1

3

✓
1

2
�̇
2 + V (�)

◆
. (67)

For large values of the potential, the field experiences significant Hubble friction from the term H�̇.

6.2 Slow-Roll Inflation

The acceleration equation for a universe dominated by a homogeneous scalar field can be written as

follows
ä

a
= �1

6
(⇢� + 3p�) = H

2(1 � ") , (68)

where

" ⌘ 3

2
(w� + 1) =

1

2

�̇
2

H2
. (69)

The so-called slow-roll parameter " may be related to the evolution of the Hubble parameter

" = � Ḣ

H2
= �d ln H

dN
, (70)

where dN = Hdt. Accelerated expansion occurs if " < 1. The de Sitter limit, p� ! �⇢�, corresponds

to " ! 0. In this case, the potential energy dominates over the kinetic energy

�̇
2 ⌧ V (�) . (71)
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inflation ɸ

- where did V(Φ) comes from ?

- why did the field start in slow-roll ?
- why is the potential so flat ?

- how do we convert the field energy into particules ?



• According to single field, slow-roll inflationary scenario, quantum vacuum 
fluctuations excite cosmological scalar and tensor perturbations 

• with the definition of the tensor-to-scalar ratio “r” 

Inflation
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M. Tristram Planck constraints on the tensor-to-scalar ratio 

• According to single field, slow-roll inflationary scenario, quantum vacuum 
fluctuations excite cosmological scalar and tensor perturbations 

• with the definition of the tensor-to-scalar ratio “r” 
 

which characterises the amplitude of GW and gives direct constraints on 
the shape of the potential 

- energy scale of inflation 

- inflaton field excursion 

- derivative of the potential
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8 2 SCIENTIFIC POTENTIAL OF CMB MEASUREMENTS

Detecting tensor perturbations would also give us a measurement of the inflaton field excursion since

��

MPl
' Ne

✓ r
8

◆1/2
. (3)

In this generic formula (known as the Lyth bound), MPl is the reduced Planck mass and Ne is the number of
e-folds probed in the observational window (in practice, Ne ' 7). This implies that the field excursion during
inflation can easily be of the order of, or even larger than the Planck mass depending on r. In fact, this leads
to a “natural” value of r, namely r ' 10�3, corresponding to a field excursion of the order of the Planck mass.
From an e↵ective field theory point of view this means that the higher order operators that are the “remnants”
of quantum gravity at the inflationary scale can become crucial and can a↵ect the shape of the inflationary
potential. This inflationary Ultra-Violet (UV) sensitivity can be turned to our advantage and used to probe
quantum gravity if one can reach the limit r ' 10�3.

Another consequence of a detection would be a measurement of the first derivative of the inflaton potential.
Indeed, the tensor-to-scalar ratio can be written as

r = 8M2
Pl

 
V�
V

!2

, (4)

and, hence, a detection of the B-polarization would allow us to infer the first derivative of the inflaton poten-
tial, V�. This is important because, today, we only have a measurement of the second derivative, V��, and no
significant constraint of the higher derivatives. The constraint on V�� is derived from the measurement of the
scalar spectral index

nS � 1 ⌘
d lnP⇣
d ln k

' �3M2
Pl

 
V�
V

!2

+ 2M2
Pl

V��
V
. (5)

Planck has shown for the first time at the 5� level that nS , 1 (a crucial prediction of inflation) and has obtained
nS ' 0.96. Further improving the precision of the determination of nS , and possibly a detection of its variation
(the so-called running index), is of key interest for constraining models of inflation. Next generation can extend
the lever arm for nS , particularly in the polarization spectrum (EE-modes). It may indeed be possible to extend
the primary E-mode spectrum to multipoles of a few thousands because of the very low level of polarized
foregrounds at high ` (see § 3). It allows a direct determination of the primary metric fluctuation spectrum of
wave-modes of about k = 0.35 h/Mpc for an ` of about 5000 (the maximum values of ` and k are proportional).

A measurement of r would also significantly impact model building and model selection outlook since
precise observations of nS and r can bring constraints on specific models of inflation. In other words, with a
detection of B-polarization, our understanding of the shape of the potential would drastically improve, opening
the possibility to learn about the physical nature of the inflaton field. Of particular interest, the minimal Higgs
inflation (HI) model introduced before predicts r ' 10�3, see Fig. 4, a target already encountered before. As
a consequence, checking observationally whether the inflaton field is the Higgs field is within reach of – and
therefore an exciting goal for – future CMB experiments.

Of course, many other models than HI can also be constrained. This is also illustrated in Fig. 4 where
the predictions of a small field model, SFI4, have been displayed [The corresponding potential is given by
V(�) = M4[1 � (�/µ)p] where µ and p are two free parameters]. In fact preliminary studies on model selection
indicate that the next experiments should be able to exclude more than 4/5 of the vanilla scenarios (Martin et al.
2014c), as opposed to 1/3 for Planck which gives an idea of the constraining power of those observational
projects. It is very important to stress that this conclusion is true if a detection of B-modes is achieved but also
in the situation where only an upper bound on r is obtained.

Finally, the next generation of experiments will allow us to significantly improve our knowledge of reheat-
ing (the phase that concludes inflation). Again, this is illustrated in Fig. 4. For a given potential and for fixed
values of the free parameters characterizing the shape of the potential, di↵erent reheating histories lead to dif-
ferent points in the (nS , r) space. Those points can be inside or outside the experimental contours thus opening
the possibility to probe the reheating phase. We have already seen that Planck has obtained model-dependent
constraints corresponding to prior-to-posterior reduction of about 40%. Preliminary studies show that an ex-
periment such as CORE could raise this number to 90% (Martin et al. 2014c). Again, this conclusion is true
even if only an upper bound on r is obtained. In any case, obtaining relevant constraints on the reheating epoch
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e-folds probed in the observational window (in practice, Ne ' 7). This implies that the field excursion during
inflation can easily be of the order of, or even larger than the Planck mass depending on r. In fact, this leads
to a “natural” value of r, namely r ' 10�3, corresponding to a field excursion of the order of the Planck mass.
From an e↵ective field theory point of view this means that the higher order operators that are the “remnants”
of quantum gravity at the inflationary scale can become crucial and can a↵ect the shape of the inflationary
potential. This inflationary Ultra-Violet (UV) sensitivity can be turned to our advantage and used to probe
quantum gravity if one can reach the limit r ' 10�3.

Another consequence of a detection would be a measurement of the first derivative of the inflaton potential.
Indeed, the tensor-to-scalar ratio can be written as

r = 8M2
Pl

 
V�
V

!2

, (4)

and, hence, a detection of the B-polarization would allow us to infer the first derivative of the inflaton poten-
tial, V�. This is important because, today, we only have a measurement of the second derivative, V��, and no
significant constraint of the higher derivatives. The constraint on V�� is derived from the measurement of the
scalar spectral index

nS � 1 ⌘
d lnP⇣
d ln k

' �3M2
Pl

 
V�
V

!2

+ 2M2
Pl

V��
V
. (5)

Planck has shown for the first time at the 5� level that nS , 1 (a crucial prediction of inflation) and has obtained
nS ' 0.96. Further improving the precision of the determination of nS , and possibly a detection of its variation
(the so-called running index), is of key interest for constraining models of inflation. Next generation can extend
the lever arm for nS , particularly in the polarization spectrum (EE-modes). It may indeed be possible to extend
the primary E-mode spectrum to multipoles of a few thousands because of the very low level of polarized
foregrounds at high ` (see § 3). It allows a direct determination of the primary metric fluctuation spectrum of
wave-modes of about k = 0.35 h/Mpc for an ` of about 5000 (the maximum values of ` and k are proportional).

A measurement of r would also significantly impact model building and model selection outlook since
precise observations of nS and r can bring constraints on specific models of inflation. In other words, with a
detection of B-polarization, our understanding of the shape of the potential would drastically improve, opening
the possibility to learn about the physical nature of the inflaton field. Of particular interest, the minimal Higgs
inflation (HI) model introduced before predicts r ' 10�3, see Fig. 4, a target already encountered before. As
a consequence, checking observationally whether the inflaton field is the Higgs field is within reach of – and
therefore an exciting goal for – future CMB experiments.

Of course, many other models than HI can also be constrained. This is also illustrated in Fig. 4 where
the predictions of a small field model, SFI4, have been displayed [The corresponding potential is given by
V(�) = M4[1 � (�/µ)p] where µ and p are two free parameters]. In fact preliminary studies on model selection
indicate that the next experiments should be able to exclude more than 4/5 of the vanilla scenarios (Martin et al.
2014c), as opposed to 1/3 for Planck which gives an idea of the constraining power of those observational
projects. It is very important to stress that this conclusion is true if a detection of B-modes is achieved but also
in the situation where only an upper bound on r is obtained.

Finally, the next generation of experiments will allow us to significantly improve our knowledge of reheat-
ing (the phase that concludes inflation). Again, this is illustrated in Fig. 4. For a given potential and for fixed
values of the free parameters characterizing the shape of the potential, di↵erent reheating histories lead to dif-
ferent points in the (nS , r) space. Those points can be inside or outside the experimental contours thus opening
the possibility to probe the reheating phase. We have already seen that Planck has obtained model-dependent
constraints corresponding to prior-to-posterior reduction of about 40%. Preliminary studies show that an ex-
periment such as CORE could raise this number to 90% (Martin et al. 2014c). Again, this conclusion is true
even if only an upper bound on r is obtained. In any case, obtaining relevant constraints on the reheating epoch
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2.1 The early universe 7

Figure 2: Existing and expected constraints on nS and r. The orange and yellow contours show the 68% and
95% confidence regions expected from the baseline configuration of COrE+. The possibility to improve the error
bars by delensing is not included in this forecast. The fiducial model is the Starobinsky R2 model [7]. The blue and
cyan contours show the Planck 2013 constraints, while the gray contours show the WMAP 9-year constraints. The
symbols show predictions of a few other well known inflationary models. The violet, yellow, and red regions show
vacuum-dominated convex potentials (V �� > 0), convex potentials vanishing at their minimum, and concave potentials
(V �� < 0; hilltop or plateau inflation), respectively.

parity ‘E mode’ and an odd parity ‘B mode’ [9, 10]. The scalar fluctuations produce only E modes, whereas
the tensor fluctuations produce both E and B modes. Thus B mode polarization o�ers a sensitive and highly
model-independent probe of tensor fluctuations.

Detection of the long wavelength, nearly scale-invariant tensor fluctuations is considered as an observa-
tional tell-tale sign that inflation occurred at energies a trillion times higher than the ones achieved by the
Large Hadron Collider (LHC) at CERN. At such high energies we may also see hints of quantum gravity.
Consequently, the main science goal of COrE+ will give us a powerful clue concerning how the Universe
began and the precise character of the fundamental laws of nature (i.e., how gravity and the other forces in
nature are unified).

Inflation is thought to be powered by a single energy component called ‘inflaton’. The precise physical
nature of the inflaton is unknown but it is often assumed to be a scalar field, just like the Higgs field recently
discovered by the LHC [11, 12]. The simplest models of inflation are based on a single scalar field � with
a potential energy density V (�). We can easily generalize to models involving more fields. The potential
energy drives the scale factor of the Universe to evolve as a(t) � exp(Ht) where H2 � (8�G/3)V (�). As a
result, the Universe is quickly driven to a spatially flat, Euclidean geometry, and any memory of the initial
state of the observable Universe is e�ectively erased, since a patch of space that undergoes inflation becomes
exponentially stretched and smoothed.

According to inflation, the large patch of the Universe that we live in originated from a tiny region in
space that was stretched to a large size by inflation. The original region was so tiny that quantum mechanics
played an important role. Namely, the energy density stored in the inflaton field � varied from place to
place according to the laws of quantum mechanics. This scalar quantum fluctuation is the seed for all the
structures that we see in the Universe today [6]. This is a remarkable prediction of inflation, which agrees
with all the observational data we have collected so far [8]. The only missing piece is the existence of tensor
quantum fluctuations, which would appear as long-wavelength gravitational waves propagating through our
Universe [7]. We wish to detect this using the B mode polarization of CMB.

An important prediction of inflation is that the scalar and tensor fluctuations are nearly, but not exactly,
scale-invariant—namely that the variance of fluctuations depends only weakly on the spatial length scale.
More specifically, the variance of fluctuations decreases slowly toward smaller length scales [6]. This behavior
in the scalar fluctuations has now been convincingly detected by WMAP [13, 14] and Planck [8]. While
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Figure 4: Existing and expected constraints on nS and r. The orange and yellow contours show the 68% and 95% confi-
dence regions expected from the baseline configuration of a typical next generation medium size CMB space experiment
(specifically CORE+, as was proposed at ESA for the M4 call). The possibility to improve the error bars by delensing is
not included in this forecast. The fiducial model is the Higgs inflation model (or equivalently Starobinsky R + R2 model,
see text). The blue and cyan contours show the Planck 2013 constraints, while the grey contours show the WMAP 9-year
constraints. The symbols show predictions of a few other well known inflationary models. The purple, yellow, and red
regions show vacuum-dominated convex potentials (V�� > 0), convex potentials vanishing at their minimum, and concave
potentials (V�� < 0; hilltop or plateau inflation), respectively. Taken from Martin et al. (2014b).

of a quantum gravitational wave, clearly a breakthrough for quantum gravity (moreover, the amplitude of these
primordial gravitational waves cannot be seen by experiments such as LIGO or VIRGO, even by eLISA). In
fact, inflation is probably the only case in physics where an e↵ect based on general relativity and quantum me-
chanics leads to predictions that, given our present day technological capabilities, can be tested experimentally.
As a consequence, if any experimental signatures of quantum gravity is ever obtained, it is very likely that this
will be through the study of inflation and its cosmological predictions. Probing B-polarization precisely exem-
plifies the idea of using inflation as a tool towards a better understanding of the theoretical and observational
aspects of quantum gravity. In other words, our ability to see through the inflationary window has turned the
early universe into a laboratory for ultra-high energy physics at energies entirely inaccessible to conventional
experimentation.

Another crucial aspect related to a detection of the B-modes is that this would lead to a determination of the
energy scale of inflation which is, as recalled above, still presently unknown. More precisely the energy scale
of inflation is

V1/4(�) ' 1016 GeV
✓ r
0.01

◆1/4
, (2)

where V(�) is the potential of the inflaton field �. This determination of the energy scale is the primary goal
of any CMB missions. Determining the value r would undoubtedly be a major discovery, re-enforcing the
inflationary paradigm and it would set the stage for any subsequent theoretical attempts to build global models
of inflation. We would know how far from the Planck or string scale inflation proceeded.
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Scalar v.s. Tensor fluctuations

M. Tristram Planck constraints on the tensor-to-scalar ratio 
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• Cosmological Parameters 

- consistency with LCDM model fitted on TT 

- break degenereacies with EE spectrum 

- add sensitivity with TE spectrum 

• Reionization history 

- Planck measured reionization optical depth accurately (or zre given a simple model) 

- but also go beyond and give constraints on ionization fraction evolution models  

• Foregrounds 

- essential for large scale measurements 

- at low frequency : Synchrotron 

- at high frequency : Dust

Planck polarization

M. Tristram Planck constraints on the tensor-to-scalar ratio 

Planck provides full sky measurements of the polarized sky 
in 7 bands from 30 to 353GHz

[Planck intermediate results. XLVII (2016)]

[Planck 2018 results. V. (2020)]

[Planck 2015 results. X. (2016)] 
[Planck 2015 results. XXV. (2016)] 

[Planck Intermediate results. XXX (2016)] 
…
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• Tensor modes 

- Constraints from TT power spectrum 

- Polarisation sensitivity is not at the level of ground-based measurements 

- But Planck is able to give constraints on tensor modes in BB spectrum both  

- at the reionization bump (ℓ =2-30) 

- at the recombination bump (ℓ =50-150) 

- reduce the upper limit on tensor-to-scalar ratio using EE-BB-EB spectra

Planck polarization

M. Tristram Planck constraints on the tensor-to-scalar ratio 

Planck provides full sky measurements of the polarized sky 
in 7 bands from 30 to 353GHz

[Planck 2018 results. X. (2020)]
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Status of PLANCK polarization data

• Planck detectors are sensitive to one polarization direction 

• Planck scanning strategy do not allow for polarization reconstruction for each detector 
independently  

➡ need to combine detectors with different polarization orientation 

• Any flux mismatch between detectors will create spurious polarization signal through 
well known I-to-P leakage. 
In particular : ADC non-linearity, bandpass mismatch, calibration mismatch, … 

• We performed a lot of consistency checks in order to assess the impact on 
cosmological parameters 

- the radiometer from LFI have shown negligible residuals with respect to noise 
- the bolometer from HFI are more sensitive but show some residuals at the level 

of the noise

M. Tristram Planck constraints on the tensor-to-scalar ratio 

this is the major systematic in polarization at large scales
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Planck Releases

M. Tristram Planck constraints on the tensor-to-scalar ratio 

PR1 
2013 

PR2 
2015 

PR3 
2018 

PR4 
2020 

"NPIPE" 

[Planck Collaboration Int. LVII (2020)]



Planck Release 4

• Processing applied consistently over the whole 9 Planck frequencies  
(from 30 GHz to 857 GHz) 

• NPIPE map-making includes templates for  

- systematic effects  
(time transfer-function, ADC non-linearities, Far Side Lobes, bandpass-mismatch) 

- sky-asynchronous signals (orbital dipole, zodiacal light) 

• Provide frequency maps 
- cleaner: less residuals (compared to PR3) 
- more accurate: less noise (compared to PR3) 
- no residuals from template resolution mismatch (as visible in PR3) 

• Provide independent split-maps  
- PR3: time-split (half-mission or half-ring) ➡ correlated 
- PR4: detector-split (detset) ➡ independent  

• Provide low-resolution maps with pixel-pixel noise covariance  
estimates across all Planck frequencies

M. Tristram Planck constraints on the tensor-to-scalar ratio 

NPIPE processing

NEW

NEW

NEW



Planck Release 4

• hybrid calibration scheme for the CMB frequencies (44-217 GHz) to subtract 
an approximation of the polarized sky 

➡ breaks degeneracies with systematic templates 

➡ non-zero transfer function at large scale 

• 8% more data (repointing manoeuvre) 

➡ less noise 

• new algorithm for pointing reconstruction (better accuracy) 

➡ reduce pointing mismatch 

• update algorithm for glitch detection, removal, and flag 

➡ less small-scale noise and lower noise correlations between half-rings

M. Tristram Planck constraints on the tensor-to-scalar ratio 

difference wrt PR3

NEW



Planck Release 4

M. Tristram Planck constraints on the tensor-to-scalar ratio 

Commander CMB Q and U maps  
(large scale, 5º smoothing)

CMB polarized maps
Planck Collaboration: NPIPE processing

QComm2015 UComm

QComm2018 UComm

Fig. 59. Comparison of large-scale CMB Q and U maps from, top to bottom: Commander Planck 2015; Commander Planck 2018;
SEVEM Planck 2018; Commander NPIPE; and SEVEM NPIPE. Note that the large-scale Planck 2015 CMB map in the top row was
never publicly released, due to the high level of residual systematic e↵ects. The grey region corresponds to the Planck 2018 common
component-separation mask (Planck Collaboration IV 2019). All maps are smoothed to a common angular resolution of 5� FWHM.

65

Planck Collaboration: NPIPE processing

QCommNPIPE UComm

Fig. 59. Comparison of large-scale CMB Q and U maps from, top to bottom: Commander Planck 2015; Commander Planck 2018;
SEVEM Planck 2018; Commander NPIPE; and SEVEM NPIPE. Note that the large-scale Planck 2015 CMB map in the top row was
never publicly released, due to the high level of residual systematic e↵ects. The grey region corresponds to the Planck 2018 common
component-separation mask (Planck Collaboration IV 2019). All maps are smoothed to a common angular resolution of 5� FWHM.

65



Planck Release 4

M. Tristram Planck constraints on the tensor-to-scalar ratio 

Polarization amplitudes of the detector-set difference null maps 

Planck Collaboration: NPIPE processing

Fig. 39. Polarization amplitudes of the detector-set di↵erence null maps. The angular power spectra of PR3 and NPIPE maps are
shown in Fig. 40. Independent processing of the two detector-sets means that these maps reflect the level of total residuals in the
frequency maps.

EE power at large angular scales, while at small scales all three
maps appear broadly consistent.

The observed di↵erences between Planck polarization maps
illustrated in Figs. 48 and 49 may reflect elements specific to
the NPIPE data processing. As discussed in Sect. 4.3.1, polar-
ized Galactic emission is not a↵ected by the same transfer func-
tion at low multipoles as the CMB, because polarization tem-
plates are part of the data model in Eq. 9. However, this ap-
proach introduces an interdependence between the NPIPE fre-
quency maps, which may impact studies of Galactic polarization
(See Appendix H). Notably, this is an issue to have in mind when
using the NPIPE frequency maps to characterize the frequency
correlation of dust polarization (Planck Collaboration XI 2019),
an essential question in the search for primordial CMB B-modes.

The bandpass mismatch template used in NPIPE is based on
the same sky model as the simulated sky signal, and (as dis-
cussed in Sect. 5.2) we do not simulate errors in the template
itself. The net e↵ect is that the uncertainty in the polarized emis-
sion by foreground Galactic dust is underestimated in the sim-
ulations, by the amount that errors in the sky model a↵ect the

bandpass mismatch correction. Since the magnitude of this un-
certainty is unknown, it may be misleading to rely on simulations
alone to assess uncertainties in polarized Galactic emission on
large scales, or to investigate how Galactic polarization decor-
relates with frequency. NPIPE is not unique in its approach of
not fully sampling the space of template errors. Issues related
to bandpass mismatch are a generic feature in Planck polarized
mapmaking, and caution should be exercised when analysing
other Planck releases as well.

6.3.2. External consistency

Planck is calibrated without reference to WMAP (Bennett et al.
2013) polarization, although in NPIPE, WMAP temperature
data do contribute to the sky model used to derive bandpass-
mismatch templates. It is informative to compare the two ex-
periments for agreement in synchrotron polarization. The com-
parison is particularly interesting due to di↵erences in the two
experiments. WMAP’s di↵erencing-assembly design allows for
gain and bandpass mismatch to be separated into special spuri-

45

NPIPE null maps



Planck Release 4
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EE and BB detector-set difference power spectra

Planck Collaboration: NPIPE processing
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Fig. 40. EE and BB detector-set di↵erence power spectra. The first two columns show PR3 (blue), raw NPIPE (green), and transfer-
function-corrected NPIPE (orange) null-map power spectra. Note that PR3 detector sets are not the same as were di↵erenced for
figure 14 in Planck Collaboration III (2019), but rather ones that were destriped independently. The third column of panels shows
the transfer-function-corrected NPIPE/2018 EE and BB ratios in blue and orange, respectively. NPIPE has notably less power at all
angular scales. The grey band in the third column indicates a 10–20 % improvement in power. These spectra are computed over
50.4 % of the sky, corrected for the sky fraction and binned into 300 logarithmically-spaced bins. The polarization amplitudes of
2015, 2018, and NPIPE detector-set di↵erence maps are shown in Fig. 39.

ous maps, while Planck requires an estimate of the foreground
intensity to correct for bandpass mismatch.

We measure the agreement by smoothing the Planck and
WMAP K-band (23 GHz) maps with a 5� Gaussian beam and
then regressing the WMAP K-band and Planck 353-GHz maps
from the Planck-LFI maps. The residuals for 30 GHz are shown
in Fig. 50, and for 44 GHz in Fig. 51. These figures show that

improvements in the LFI calibration procedure between the 2015
and 2018 releases significantly improved the agreement between
Planck and WMAP. They also show that the NPIPE large-scale
polarization is more compatible with WMAP than is that of PR3.
The fitting was carried out on the 30 % of the sky that has the
highest polarization amplitude in the smoothed K-band map, and
we masked out a further 5 % of the sky with the highest fore-
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Planck Collaboration: NPIPE processing
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Fig. 40. EE and BB detector-set di↵erence power spectra. The first two columns show PR3 (blue), raw NPIPE (green), and transfer-
function-corrected NPIPE (orange) null-map power spectra. Note that PR3 detector sets are not the same as were di↵erenced for
figure 14 in Planck Collaboration III (2019), but rather ones that were destriped independently. The third column of panels shows
the transfer-function-corrected NPIPE/2018 EE and BB ratios in blue and orange, respectively. NPIPE has notably less power at all
angular scales. The grey band in the third column indicates a 10–20 % improvement in power. These spectra are computed over
50.4 % of the sky, corrected for the sky fraction and binned into 300 logarithmically-spaced bins. The polarization amplitudes of
2015, 2018, and NPIPE detector-set di↵erence maps are shown in Fig. 39.

ous maps, while Planck requires an estimate of the foreground
intensity to correct for bandpass mismatch.

We measure the agreement by smoothing the Planck and
WMAP K-band (23 GHz) maps with a 5� Gaussian beam and
then regressing the WMAP K-band and Planck 353-GHz maps
from the Planck-LFI maps. The residuals for 30 GHz are shown
in Fig. 50, and for 44 GHz in Fig. 51. These figures show that

improvements in the LFI calibration procedure between the 2015
and 2018 releases significantly improved the agreement between
Planck and WMAP. They also show that the NPIPE large-scale
polarization is more compatible with WMAP than is that of PR3.
The fitting was carried out on the 30 % of the sky that has the
highest polarization amplitude in the smoothed K-band map, and
we masked out a further 5 % of the sky with the highest fore-
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Planck Release 4

• 600 consistent simulations (frequency and split maps) 

• Inputs 
- including instrumental noise (consistent with data-split differences) 
- including models for systematics (ADC non-linearity) 
- random CMB with 4pi beam convolution 
- foreground sky model based on Commander Planck solution 

• Allow for 
1. accurate effective description of the noise and covariance of the maps 

(including noise, instrumental systematics, foreground residuals) 

2. estimation of the transfer function from NPIPE processing

M. Tristram Planck constraints on the tensor-to-scalar ratio 

NPIPE simulations

NEW

a realistic simulation set is essential to properly assess 
polarization uncertainties especially at large angular scales



NPIPE simulations

M. Tristram Planck constraints on the tensor-to-scalar ratio 

processing transfer function

Simulations allow to characterize accurately the processing 
transfer-function for each frequency 

- stable with frequency (less for LFI with fewer systematic templates) 

- stable with sky-fraction
Planck Collaboration: NPIPE processing
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Fig. 20. NPIPE E-mode transfer functions measured by comparing simulated CMB input and foreground-cleaned output maps. Left:
CMB frequencies and component-separated Commander maps (Sect. 7) over 60 % of the sky. The apparent mismatch between the
LFI and HFI transfer functions results from the quantity and structure of the template corrections; templates that are specific to
HFI, especially the ADC distortion, provide more degrees of freedom to suppress the CMB power. The 44-GHz transfer function
is closer to unity because the 30-GHz template shields about 22 % of the CMB polarization. The error bars reflect the statistical
uncertainty of the measured transfer function, not the total Monte Carlo scatter. Tabulated values of the transfer functions are listed
in Table G.1. Right: E-mode transfer function for 100 GHz over multiple sky fractions. The error bars at `� 10 were suppressed to
show more structure.

Fig. 21. NPIPE E-mode transfer functions, measured by compar-
ing simulated CMB input and foreground-cleaned output maps
over 60 % of the sky. The 30 and 353 GHz frequencies are not
expected to have a measurable transfer function because they are
not calibrated with a polarization prior. These two transfer func-
tions are merely of diagnostic value (to demonstrate the absence
of signal suppression) and are not applied in any analysis. The
error bars reflect the statistical uncertainty of the measured trans-
fer function, not the total Monte Carlo scatter. Tabulated values
of the transfer functions are listed in Table G.1.

To gain insight into the magnitude of the e↵ect, we take a
simulated CMB sky with a realistic amount of large-scale polar-
ization power, and apply the 143-GHz anisotropic transfer func-

tion from Fig. 24 to it. The input, output, and di↵erence maps
are shown in Fig. 25.

We provide the measured E-mode transfer functions for all
frequency auto-spectra, frequency cross-spectra, and detector-
set cross-spectra. The format of the files is exactly the same
as the QuickPol beam-window-function files used in Planck
Collaboration V (2019). In these files, the transfer function is
unity everywhere except for the `< 42 E modes. These trans-
fer functions were measured with the 60 % sky mask. It is im-
possible to anticipate all sky masks and map combinations that
a user may require, so we also provide software that enables
measurement of the transfer function for arbitrary sky masks.
To ensure fidelity of the science results, any statistic that em-
ploys large-scale (`< 10) CMB polarization should be corrected
for the transfer function or otherwise calibrated with the simula-
tions. This is the baseline for all NPIPE products.

4.3.1. Non-CMB transfer function

There is no algebraic reason to expect that the suppression of
large-scale CMB polarization would extend to Galactic or ex-
tragalactic foregrounds. Indeed, measurement of these signals is
driven by the 30- and 353-GHz channels, neither of which is sub-
ject to the polarization prior in the calibration. Furthermore, the
presence of polarized foregrounds is accounted for in the calibra-
tion process by marginalizing over the polarization templates.

Foreground experts may object to the use of foreground tem-
plates to model the polarized foregrounds in the calibration pro-
cess. Such templates are inherently incapable of supporting spa-
tial variation of the spectral index of the foregrounds. When
these templates make up the polarization prior, the calibration
process does have the potential to suppress true spatial variation
of the spectral index. We are confident that the limitations of our
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NPIPE simulations

• Cosmic Variance 
driven by the cosmology. Easy to simulate and propagate using a fiducial model (valid 
given our current level of sensitivity on power spectra and the range allowed for 
parameters) 

• Statistical Noise 
more complicated to estimate from the data. Current Planck PR4 noise simulations 
match the data jack-knives (no a-priori rescaling as in PR3). 

• Systematic effects 
should include foreground models uncertainty + instrumental parameter uncertainties. 
not only important for potential bias but also for their effect on increasing the 
variance. Very hard but no other way than realistic Monte Carlo.

error budget

cosmic 
variance

statistical  
noise

systematic  
effects
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NPIPE simulations
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noise estimation



Data analysis
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Planck Collaboration: NPIPE processing

QCommNPIPE

Fig. 59. Comparison of large-scale CMB Q and U maps from, top to bottom: Commander Planck 2015; Commander Planck 2018;
SEVEM Planck 2018; Commander NPIPE; and SEVEM NPIPE. Note that the large-scale Planck 2015 CMB map in the top row was
never publicly released, due to the high level of residual systematic e↵ects. The grey region corresponds to the Planck 2018 common
component-separation mask (Planck Collaboration IV 2019). All maps are smoothed to a common angular resolution of 5� FWHM.
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Planck Collaboration: NPIPE processing

UComm

Fig. 59. Comparison of large-scale CMB Q and U maps from, top to bottom: Commander Planck 2015; Commander Planck 2018;
SEVEM Planck 2018; Commander NPIPE; and SEVEM NPIPE. Note that the large-scale Planck 2015 CMB map in the top row was
never publicly released, due to the high level of residual systematic e↵ects. The grey region corresponds to the Planck 2018 common
component-separation mask (Planck Collaboration IV 2019). All maps are smoothed to a common angular resolution of 5� FWHM.
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- from the pixel-pixel correlation matrix M 

- can be sampled directly or approximated (QML) 

- near optimal variance i.e. E/B mixing minimal  
ꔄ variance leakage minimal  

- computationally expensive requiring 
 time 

 memory

"(N3
pix)

"(N2
pix)

- direct estimation of pseudo-spectra from data 

- debiasing from beam effect  and cut-sky  

- E/B mixing can be important  
ꔄ use pure algorithm & appropriate apodization  
(but for noise-dominated maps, pCl are enough) 

- very fast, requiring  
 time

Bℓ Mℓℓ′�

"(N3/2
pix )

power spectra estimators
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maximum likelihood quadratic estimator or pseudo-Cℓ

[Bond et al. 1998, Tegmark 1997,  
Borrill 1999, Vanneste et al. 2018]

[Peebles & Hauser 1974, Wandelt et al. 2001,  
Hivon et al. 2002, Tristram et al. 2005, Grain et al. 2009]

low ℓ high ℓ

xQML (https://gitlab.in2p3.fr/xQML) Xpol (https://gitlab.in2p3.fr/tristram/Xpol)

https://gitlab.in2p3.fr/xQML
https://gitlab.in2p3.fr/tristram/Xpol
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Planck Polarized Power Spectra
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Simulations power spectra

M. Tristram Planck constraints on the tensor-to-scalar ratio 

• Test the bias due to foreground residuals 

• sky fractions ranging from 30% to 70%  
➥ no bias for less than 50% sky fraction

400 simulations of CMB reconstructed independently by Commander on 
each set of simulated frequency maps



BB

Simulations power spectra
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400 simulations of CMB reconstructed independently by Commander on 
each set of simulated frequency maps

• used to derive the spectra 
covariance matrix 

• feed the likelihood with effective 
covariance including systematics 
(instrumental and astrophysical)



Planck Polarized Power Spectra
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sky fraction 50%



Likelihoods

• LowT  
Commander likelihood from Planck 2018 (PR3) 

• Hillipop TT  
high-l Gaussian likelihood for cross-spectra Planck 2020 (PR4) 

• Lollipop E-B 
low-l polarized approximated likelihood Planck 2020 (PR4) 

• BK15 
Bicep2/Keck likelihood from 2015 data [BICEP2 Collaboration (2018)]
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lollipop

• Hamimeche&Lewis approximation modified for cross-spectra 

• change of variable Cℓ ⇾ Xℓ so that statistics is Gaussian in Xℓ  
 

 

 

 

 

 is the measured spectrum 
 is the model to test 

 is the offset given by the level of noise  

• then the likelihood approximation simply reads  
 
 
 
with the matrix  being the covariance from the 

C̃ℓ

Cℓ

Oℓ ΔCℓ ≡ 2
2ℓ + 1 Oℓ

Mℓℓ′� Cℓ
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Lollipop & Hillipop Teams: reanalysis of the tensor-to-scalar constraints from Planck

Although a Quadratic Maximum Likelihood estimator for
the cross-C` could provide with slightly lower error bars, it
is much more sensitive to the uncertainty in the pixel-pixel
covariance matrix. For the low-` Planck analysis, we rely on
MonteCarlo simulations to propagate the systematic residuals
that remains in the data up to the power spectra and parame-
ters. The limited number of End-to-End simulations avalaible
(Ns = 280) do not allow to accurately estimate the covariance
between Npix = 3 ⇤ 768 = 2304 pixels, and the bias induced on
the precision matrix (the inverse of the covariance matrix) is too
large to make the QML estimator reliable.

Figure 6. BB angular cross-power spectrum 100x143 compared
to theoretical prediction for primordial Bmodes.

At low multipoles and for incomplete sky coverage, the
C`s are not Gaussian distributed and are correlated between
multipoles. As already used in Planck Collaboration Int. XLVII
(2016) to derive ⌧ constraints on E-modes power spectrum, we
use the LoLLiPoP (LOw-` LIkelihood on POlarized Power-
spectra) function to derive constraints on the amplitude of B-
modes at very low multipoles.
LoLLiPoP is based on cross-power spectra for which

the bias is null when noise is uncorrelated between maps
and systematics are considerably reduced in cross-correlation
compared to auto-correlation. It uses the approximation pre-
sented in Hamimeche & Lewis (2008), modified as described in
Mangilli et al. (2015) to apply to cross-power spectra. The idea
is to apply a change of variable C` ! X` so that the new vari-
able X` is Gaussian. Similarly to Hamimeche & Lewis (2008),
we define

X` =
q

Cf
` + O` g

0
BBBB@
eC` + O`
C` + O`

1
CCCCA
q

Cf
` + O`, (6)

where g(x) =
p

2(x � ln(x) � 1), eC` are the measured cross-
power spectra, C` are the power-spectra of the model to evaluate,
Cf
` is a fiducial model, and O` are the o↵sets needed in the case

of cross-spectra. For multi-dimensional CMB modes (i.e., T , E,
and B), C` is a 3 ⇥ 3 matrix of power-spectra:

C` =

0
BBBBBBB@

CTT CT E CT B

CET CEE CEB

CBT CBE CBB

1
CCCCCCCA
`

, (7)

and the g function is applied to the eigenvalues of C�1/2
`
eC`C�1/2

` .

In the case of auto-spectra, the o↵sets are replaced by the
noise bias e↵ectively present in the measured power-spectra. For
cross-power spectra, the noise bias is null and here we use the
e↵ective o↵sets defined from the C` noise variance:

�C` ⌘

r
2

2` + 1
O`. (8)

The distribution of the new variable X can be approximated
as Gaussian, with a covariance given by the covariance of the
C`s. The likelihood function of the C` given the data eC` is then

� 2 ln P(C` |eC`) =
X

``0

XT
` M�1
``0X`0 , (9)

where the C` covariance matrix M``0 is estimated via Monte
Carlo simulations.

This likelihood has been tested on Monte Carlo simulations
including signal (CMB and foregrounds), realistic noise, and
systematic e↵ects. The simulated maps are then foreground-
subtracted, using the same procedure as for the data. We con-
structed the C` covariance matrix M``0 using those simulations.
Figure 7 shows the distribution of the recovered r values based
on LoLLiPoP using 50% of the sky. It shows no bias with re-
spect to the input model with r = 0 and ⌧ = 0.06, fixing all other
cosmological parameters to the Planck 2015 best-fit values (in-
cluding Ase�2⌧).

Figure 7. Distribution of the peak value of the posterior distribu-
tion for r on end-to-end simulations including noise, systematic
e↵ects, Galactic dust signal, and a CMB model with r = 0 (and
⌧ = 0.06).

Although this likelihood has been validated on a large range
of multipoles, in this paper, we restrict ourselves to the very low-
`s. Indeed, to properly take into account the residual systemat-
ics in Planck data, we use MonteCarlo simulations based on the
RD12ll data (Planck Collaboration Int. XLVI 2016) to derive the
covariance matrix. Given the limited number of simulation avail-
able (Ns = 280), we cannot use more than ND = Ns multipoles.
Moreover, we need to correct for the bias of the precision matrix
(M�1
``0 ) which scales like (NS � 1)/(NS �ND � 2) (as described in

Taylor et al. 2013). The correction gets larger with the number

5

Lollipop & Hillipop Teams: reanalysis of the tensor-to-scalar constraints from Planck

Although a Quadratic Maximum Likelihood estimator for
the cross-C` could provide with slightly lower error bars, it
is much more sensitive to the uncertainty in the pixel-pixel
covariance matrix. For the low-` Planck analysis, we rely on
MonteCarlo simulations to propagate the systematic residuals
that remains in the data up to the power spectra and parame-
ters. The limited number of End-to-End simulations avalaible
(Ns = 280) do not allow to accurately estimate the covariance
between Npix = 3 ⇤ 768 = 2304 pixels, and the bias induced on
the precision matrix (the inverse of the covariance matrix) is too
large to make the QML estimator reliable.

Figure 6. BB angular cross-power spectrum 100x143 compared
to theoretical prediction for primordial Bmodes.

At low multipoles and for incomplete sky coverage, the
C`s are not Gaussian distributed and are correlated between
multipoles. As already used in Planck Collaboration Int. XLVII
(2016) to derive ⌧ constraints on E-modes power spectrum, we
use the LoLLiPoP (LOw-` LIkelihood on POlarized Power-
spectra) function to derive constraints on the amplitude of B-
modes at very low multipoles.
LoLLiPoP is based on cross-power spectra for which

the bias is null when noise is uncorrelated between maps
and systematics are considerably reduced in cross-correlation
compared to auto-correlation. It uses the approximation pre-
sented in Hamimeche & Lewis (2008), modified as described in
Mangilli et al. (2015) to apply to cross-power spectra. The idea
is to apply a change of variable C` ! X` so that the new vari-
able X` is Gaussian. Similarly to Hamimeche & Lewis (2008),
we define

X` =
q

Cf
` + O` g

0
BBBB@
eC` + O`
C` + O`

1
CCCCA
q

Cf
` + O`, (6)

where g(x) =
p

2(x � ln(x) � 1), eC` are the measured cross-
power spectra, C` are the power-spectra of the model to evaluate,
Cf
` is a fiducial model, and O` are the o↵sets needed in the case

of cross-spectra. For multi-dimensional CMB modes (i.e., T , E,
and B), C` is a 3 ⇥ 3 matrix of power-spectra:

C` =

0
BBBBBBB@

CTT CT E CT B

CET CEE CEB

CBT CBE CBB

1
CCCCCCCA
`

, (7)

and the g function is applied to the eigenvalues of C�1/2
`
eC`C�1/2

` .

In the case of auto-spectra, the o↵sets are replaced by the
noise bias e↵ectively present in the measured power-spectra. For
cross-power spectra, the noise bias is null and here we use the
e↵ective o↵sets defined from the C` noise variance:

�C` ⌘

r
2

2` + 1
O`. (8)

The distribution of the new variable X can be approximated
as Gaussian, with a covariance given by the covariance of the
C`s. The likelihood function of the C` given the data eC` is then

� 2 ln P(C` |eC`) =
X

``0

XT
` M�1
``0X`0 , (9)

where the C` covariance matrix M``0 is estimated via Monte
Carlo simulations.

This likelihood has been tested on Monte Carlo simulations
including signal (CMB and foregrounds), realistic noise, and
systematic e↵ects. The simulated maps are then foreground-
subtracted, using the same procedure as for the data. We con-
structed the C` covariance matrix M``0 using those simulations.
Figure 7 shows the distribution of the recovered r values based
on LoLLiPoP using 50% of the sky. It shows no bias with re-
spect to the input model with r = 0 and ⌧ = 0.06, fixing all other
cosmological parameters to the Planck 2015 best-fit values (in-
cluding Ase�2⌧).

Figure 7. Distribution of the peak value of the posterior distribu-
tion for r on end-to-end simulations including noise, systematic
e↵ects, Galactic dust signal, and a CMB model with r = 0 (and
⌧ = 0.06).

Although this likelihood has been validated on a large range
of multipoles, in this paper, we restrict ourselves to the very low-
`s. Indeed, to properly take into account the residual systemat-
ics in Planck data, we use MonteCarlo simulations based on the
RD12ll data (Planck Collaboration Int. XLVI 2016) to derive the
covariance matrix. Given the limited number of simulation avail-
able (Ns = 280), we cannot use more than ND = Ns multipoles.
Moreover, we need to correct for the bias of the precision matrix
(M�1
``0 ) which scales like (NS � 1)/(NS �ND � 2) (as described in

Taylor et al. 2013). The correction gets larger with the number

5

Lollipop & Hillipop Teams: reanalysis of the tensor-to-scalar constraints from Planck

Although a Quadratic Maximum Likelihood estimator for
the cross-C` could provide with slightly lower error bars, it
is much more sensitive to the uncertainty in the pixel-pixel
covariance matrix. For the low-` Planck analysis, we rely on
MonteCarlo simulations to propagate the systematic residuals
that remains in the data up to the power spectra and parame-
ters. The limited number of End-to-End simulations avalaible
(Ns = 280) do not allow to accurately estimate the covariance
between Npix = 3 ⇤ 768 = 2304 pixels, and the bias induced on
the precision matrix (the inverse of the covariance matrix) is too
large to make the QML estimator reliable.

Figure 6. BB angular cross-power spectrum 100x143 compared
to theoretical prediction for primordial Bmodes.

At low multipoles and for incomplete sky coverage, the
C`s are not Gaussian distributed and are correlated between
multipoles. As already used in Planck Collaboration Int. XLVII
(2016) to derive ⌧ constraints on E-modes power spectrum, we
use the LoLLiPoP (LOw-` LIkelihood on POlarized Power-
spectra) function to derive constraints on the amplitude of B-
modes at very low multipoles.
LoLLiPoP is based on cross-power spectra for which

the bias is null when noise is uncorrelated between maps
and systematics are considerably reduced in cross-correlation
compared to auto-correlation. It uses the approximation pre-
sented in Hamimeche & Lewis (2008), modified as described in
Mangilli et al. (2015) to apply to cross-power spectra. The idea
is to apply a change of variable C` ! X` so that the new vari-
able X` is Gaussian. Similarly to Hamimeche & Lewis (2008),
we define

X` =
q

Cf
` + O` g

0
BBBB@
eC` + O`
C` + O`

1
CCCCA
q

Cf
` + O`, (6)

where g(x) =
p

2(x � ln(x) � 1), eC` are the measured cross-
power spectra, C` are the power-spectra of the model to evaluate,
Cf
` is a fiducial model, and O` are the o↵sets needed in the case

of cross-spectra. For multi-dimensional CMB modes (i.e., T , E,
and B), C` is a 3 ⇥ 3 matrix of power-spectra:

C` =

0
BBBBBBB@

CTT CT E CT B

CET CEE CEB

CBT CBE CBB

1
CCCCCCCA
`

, (7)

and the g function is applied to the eigenvalues of C�1/2
`
eC`C�1/2

` .

In the case of auto-spectra, the o↵sets are replaced by the
noise bias e↵ectively present in the measured power-spectra. For
cross-power spectra, the noise bias is null and here we use the
e↵ective o↵sets defined from the C` noise variance:

�C` ⌘

r
2

2` + 1
O`. (8)

The distribution of the new variable X can be approximated
as Gaussian, with a covariance given by the covariance of the
C`s. The likelihood function of the C` given the data eC` is then

� 2 ln P(C` |eC`) =
X

``0

XT
` M�1
``0X`0 , (9)

where the C` covariance matrix M``0 is estimated via Monte
Carlo simulations.

This likelihood has been tested on Monte Carlo simulations
including signal (CMB and foregrounds), realistic noise, and
systematic e↵ects. The simulated maps are then foreground-
subtracted, using the same procedure as for the data. We con-
structed the C` covariance matrix M``0 using those simulations.
Figure 7 shows the distribution of the recovered r values based
on LoLLiPoP using 50% of the sky. It shows no bias with re-
spect to the input model with r = 0 and ⌧ = 0.06, fixing all other
cosmological parameters to the Planck 2015 best-fit values (in-
cluding Ase�2⌧).

Figure 7. Distribution of the peak value of the posterior distribu-
tion for r on end-to-end simulations including noise, systematic
e↵ects, Galactic dust signal, and a CMB model with r = 0 (and
⌧ = 0.06).

Although this likelihood has been validated on a large range
of multipoles, in this paper, we restrict ourselves to the very low-
`s. Indeed, to properly take into account the residual systemat-
ics in Planck data, we use MonteCarlo simulations based on the
RD12ll data (Planck Collaboration Int. XLVI 2016) to derive the
covariance matrix. Given the limited number of simulation avail-
able (Ns = 280), we cannot use more than ND = Ns multipoles.
Moreover, we need to correct for the bias of the precision matrix
(M�1
``0 ) which scales like (NS � 1)/(NS �ND � 2) (as described in

Taylor et al. 2013). The correction gets larger with the number

5

[Hamimeche & Lewis (2008)] 
[Mangilli et al. (2015)]



• 7 parameters 

-3 for the primordial matter spectra 

    

-1 expansion rate            (in practice sound horizon      ) 

-2 parameters for densities 

- reionization 

• hypothesis

&s(k) = As ( k
k0 )

ns−1

&t(k) = At ( k
k0 )

nt

Cosmological model: ΛCDMr
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- 3 neutrinos  
- standard neutrinos with low mass 

 

Neff = 3.046

∑ mν = 0.06 eV

H0

�bh2 �ch2

�

- flat Universe  
- No running  
- Inflation 

Ωk = 0
dns/dln k = 0
nt = −r/8

θs

r = At /As



Constraints from Planck TT
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r0.05 < 0.25 (95%CL, hlpTT+τ-prior)
r0.05 < 0.13 (95%CL, hlpTT+lowT)
r0.05 < 0.12 (95%CL, hlpTT+lowT+τ-prior)



Constraints from Planck BB
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reionization bump   
recombination bump  

ℓ = [2 −35]
ℓ = [50 −150]

arbitrarily

fixed ɅCDM



Constraints from Planck polarised spectra

M. Tristram Planck constraints on the tensor-to-scalar ratio 

r0.05 = 0.033 ± 0.069 (lowlB),
r0.05 = −0.031 ± 0.046 (lowlEB) .

fixed ɅCDM

M. Tristram et al.: Planck constraints on the tensor-to-scalar ratio

on r. In order to test the e↵ects of potential foreground resid-
uals, we calculate the posterior distributions of r using various
Galactic masks, as described in Sect. 3.2. While large sky frac-
tions ( fsky > 60 %) show deviations from r = 0, the posteriors for
40, 50, and 60 % of the sky are consistent with zero (Fig. E.1).
As a robustness test, we also calculate the posterior distribution
when changing the range of multipoles (Fig. E.2) and find con-
sistent results, with posteriors compatible with r = 0. Multipoles
above ` ' 150 do not contribute to the result, since the noise in
BB is too high. For the rest of this paper, unless otherwise noted,
we use a sky fraction of 50%, and compute the likelihood over
the range of multipoles from ` = 2 to ` = 150.

For the reionization and recombination bumps we find
r0.05 = �0.014+0.108

�0.111 (lowlB, reionization bump), (9)
r0.05 = 0.069+0.114

�0.113 (lowlB, recombination bump). (10)
Both results are obtained over 50 % of the sky, with multipoles
in the range ` = [2, 35] for the former and ` = [50, 150] for
the latter. With these ranges of multipoles, and given the statis-
tics of the PR4 maps, we can see that the reionization bump
(�r = 0.110) and the recombination bump (�r = 0.113) con-
tribute equally to the overall Planck sensitivity to the tensor-to-
scalar ratio.

Figure 6: Posterior distribution of r from PR4 data, using
LoLLiPoP and the BB spectrum on 50 % of the sky (black).
Constraints from the reionization bump and the recombination
bump are plotted in red and blue, respectively. Constraints from
Planck BB with the full multipole range ` = [2, 150] are in black.

We can combine the results from the two bumps in order to
give the overall constraints on the tensor-to-scalar ratio from the
Planck BB spectrum (Fig. 6). The full constraint on r from the
PR4 BB spectrum over 50 % of the sky, including correlations
between all multipoles between ` = 2 and ` = 150, is
r0.05 = 0.033 ± 0.069 (lowlB). (11)
This is fully compatible with no tensor signal, and we can de-
rive an upper limit by integrating the posterior distribution out to
95 %, after applying the physical prior r > 0, which yields
r0.05 < 0.158 (95 % CL, lowlB). (12)

This result can be compared with the BICEP2/Keck Array
constraints (BICEP2 Collaboration 2018) of
r0.05 < 0.072 (95 % CL, BK15), (13)

with �r = 0.02 compared to �r = 0.069 for the Planck result
presented in this analysis

6. Additional constraints from polarization

As shown in Fig. 1, the EE tensor spectrum is similar in am-
plitude to the BB tensor spectrum, even though the scalar mode
in EE is stronger. Given that noise dominates the tensor signal
at all multipoles in both EE and BB, we expect the likelihood
for EE to give useful constraints on r. We thus present the con-
straints from polarized low-` data (` < 150) using di↵erent com-
binations of the LoLLiPoP likelihood (specifically EE, BB, and
EE+BB+EB) in Fig. 7. We emphasize that EE+BB+EB is a like-
lihood of the correlated polarization fields E and B and not the
combination of individual likelihoods (see Sect. 3.3.3).

The first thing to notice is that the posterior distribution for
EE peaks at r = 0.098±0.097, while the other modes give results
compatible with zero within 1�. Given the lower sensitivity of
lowlE to r (�r ' 0.10) compared to that of lowlB (�r ' 0.07),
this is mitigated when adding the information from other modes.
The posterior distributions for r give

r0.05 = 0.033 ± 0.069 (lowlB), (14)
r0.05 = �0.031 ± 0.046 (lowlEB). (15)

As a consistency check, Fig. 7 also shows the constraints when
fitting the BB tensor model on the EB data power spectrum,
which is compatible with zero (r = �0.012±0.068) as expected.

Figure 7: Posterior distributions for r from Planck polarized
low-` data (` < 150) using LoLLiPoP and the EE, BB, and
EE+BB+EB spectra. The dashed black line is obtained from EB

data by fitting a BB tensor model. The sky fraction used here is
fsky = 50 %

Using polarization data, Planck’s sensitivity to the tensor-to-
scalar ratio reaches �r = 0.046. Combining all Planck polar-
ization modes (EE, BB, and EB) out to ` = 150 leads to the
following upper limit:

r0.05 < 0.069 (95 % CL, lowlEB). (16)

Note that this constraint is almost independent of the other
⇤CDM parameters, and in particular the reionization optical
depth ⌧. To demonstrate this, using the same data set (lowlB and
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lowlE to r (�r ' 0.10) compared to that of lowlB (�r ' 0.07),
this is mitigated when adding the information from other modes.
The posterior distributions for r give

r0.05 = 0.033 ± 0.069 (lowlB), (14)
r0.05 = �0.031 ± 0.046 (lowlEB). (15)

As a consistency check, Fig. 7 also shows the constraints when
fitting the BB tensor model on the EB data power spectrum,
which is compatible with zero (r = �0.012±0.068) as expected.

Figure 7: Posterior distributions for r from Planck polarized
low-` data (` < 150) using LoLLiPoP and the EE, BB, and
EE+BB+EB spectra. The dashed black line is obtained from EB

data by fitting a BB tensor model. The sky fraction used here is
fsky = 50 %

Using polarization data, Planck’s sensitivity to the tensor-to-
scalar ratio reaches �r = 0.046. Combining all Planck polar-
ization modes (EE, BB, and EB) out to ` = 150 leads to the
following upper limit:

r0.05 < 0.069 (95 % CL, lowlEB). (16)

Note that this constraint is almost independent of the other
⇤CDM parameters, and in particular the reionization optical
depth ⌧. To demonstrate this, using the same data set (lowlB and
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lowlEB), we derive 2-dimensional constraints for ⌧ and r and

plot them in Fig. 8. The constraint is stable when sampling for

⌧. Indeed, in this case, we obtain

r0.05 = 0.025 ± 0.064 (lowlB), (17)

r0.05 = �0.015 ± 0.045 (lowlEB), (18)

and for the reionization optical depth

⌧ = 0.0577 ± 0.0056 (lowlEB), (19)

compatible with lowlE results, while lowlB shows no detection

of ⌧, since BB is dominated by noise.

Figure 8: LoLLiPoP posterior distribution in the ⌧–r plane using

lowlE (blue), lowlB (red), and lowlEB (black). The sky fraction

here is fsky = 50 %.

7. Combined results

Up to this point, the constraints on r have been derived relative

to a fixed fiducial⇤CDM spectrum based on the Planck 2018 re-

sults. Including the Planck temperature likelihoods (both lowT

and hlpTT) in a combined analysis of the Planck CMB spectra

allows us to properly propagate uncertainties from other cosmo-

logical parameters to r, as well as to self-consistently derive con-

straints in the ns–r plane. In this section, we combine the lowT

and hlpTT with the low-` polarized likelihood lowlEB to sample

the parameter space of the ⇤CDM+r model. The comparison of

contours at 68 % and 95 % confidence levels between PR3 and

PR4 data is presented in Fig. F.1 of Appendix F.

We also include the BK15 constraints from

BICEP2 Collaboration (2018). When combining Planck

and BK15, we neglect the correlation between the two data sets

and simply multiply the likelihood distributions. This is justified

because the BK15 spectra are estimated on 1 % of the sky, while

the Planck analysis is derived from 50 % of the sky.

Figure 9 gives posteriors on r after marginalization over the

nuisance and the other ⇤CDM cosmological parameters. We ob-

tain the following 95 % CL upper limits:

r0.05 < 0.060 (95 % CL, hlpTT+lowT+BK15); (20a)

r0.05 < 0.056 (95 % CL, hlpTT+lowT+lowlEB); (20b)

r0.05 < 0.044 (95 % CL, hlpTT+lowT+lowlEB+BK15).(20c)

Figure 9: Posterior distributions for r after marginalization over

the nuisance parameters and the other ⇤CDM parameters, for

the Planck temperature data (hlpTT+lowT) in combination with

BK15 and the large-scale polarized Planck likelihood (lowlEB).

Figure 10 shows the constraints in the r–ns plane for Planck

data in combination with BK15. The constraints from the full

combination of Planck data are comparable to those from BK15.

The addition of the high-` T E likelihood produces tighter

constraints on the spectral index ns (as already reported in

Planck Collaboration VI 2020).

8. Conclusions

In this paper, we have derived constraints on the amplitude of

tensor perturbations using Planck PR4 data. We investigated

the intrinsic sensitivity of the TT spectrum, which is cosmic-

variance limited, and found �r = 0.094 using the full range of

multipoles. We noted the impact of the low-` anomaly, which

pushes the maximum posterior distribution toward negative val-

ues of re↵ at roughly the 1� level.

For the first time, we analyzed the Planck BB spectrum for

r and obtained �r = 0.069, which is lower than in temperature.

The Planck B-mode spectrum, being dominated by noise, gives

a constraint on r that is fully compatible with zero from both

low and intermediate multipoles, in other words from both the

reionization and recombination peaks. Multipoles above ` ' 150

do not contribute to the result, since the noise in BB is too high.

Using an appropriate likelihood in polarization, we showed

that the Planck EE spectrum is also sensitive to the amplitude

of the tensor-to-scalar ratio r. The combined constraints from

Planck EE and BB, including EB correlations, lead to a sensi-

tivity on r of �r = 0.046, two times better than in temperature.

We also investigated the impact of foreground residuals using
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Planck Collaboration: NPIPE processing

QCommNPIPE

Fig. 59. Comparison of large-scale CMB Q and U maps from, top to bottom: Commander Planck 2015; Commander Planck 2018;
SEVEM Planck 2018; Commander NPIPE; and SEVEM NPIPE. Note that the large-scale Planck 2015 CMB map in the top row was
never publicly released, due to the high level of residual systematic e↵ects. The grey region corresponds to the Planck 2018 common
component-separation mask (Planck Collaboration IV 2019). All maps are smoothed to a common angular resolution of 5� FWHM.
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SEVEM Planck 2018; Commander NPIPE; and SEVEM NPIPE. Note that the large-scale Planck 2015 CMB map in the top row was
never publicly released, due to the high level of residual systematic e↵ects. The grey region corresponds to the Planck 2018 common
component-separation mask (Planck Collaboration IV 2019). All maps are smoothed to a common angular resolution of 5� FWHM.
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Planck Collaboration: NPIPE processing

QOutput

Fig. 71. Comparison of end-to-end reconstructed (top row) and input (middle row) NPIPE simulations for the Stokes Q and U CMB
maps. The bottom row shows the di↵erence between the output and input sky maps. All maps are smoothed to a common angular
resolution of 2� FWHM.
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resolution of 2� FWHM.
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r0.05 < 0.072 (BICEP2/Keck)
r0.05 < 0.069 (Planck EB)

1% of the sky 
50% of the sky

r0.05 < 0.044 (Planck + BK15)


