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Introduction

Costello, Witten & Yamazaki have introduced a beautiful new approach to
quantum integrable systems based on a 4d variant of Chern-Simons theory

/_1/ /
SN = 5.7 | @ CS(A)

where ¥ is a topological surface (we'll take ¥ = R?) and C is a Riemann
surface with meromorphic (1,0)-form w
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SN = 5.7 | @ CS(A)

where ¥ is a topological surface (we'll take ¥ = R?) and C is a Riemann
surface with meromorphic (1,0)-form w

@ Integrable spin chains arise from line operators along v x {z;}, while
integrable field theories arise from including surface operators or
imposing boundary conditions on A’
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SN = 5.7 | @ CS(A)

where ¥ is a topological surface (we'll take ¥ = R?) and C is a Riemann
surface with meromorphic (1,0)-form w
@ Integrable spin chains arise from line operators along v x {z;}, while
integrable field theories arise from including surface operators or
imposing boundary conditions on A’
@ A striking feature of this approach is that the spectral parameter of
the integrable system becomes part of the geometry, making
integrability manifest by construction
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Introduction

Costello, Witten & Yamazaki have introduced a beautiful new approach to
quantum integrable systems based on a 4d variant of Chern-Simons theory

/_1/ /
SN = 5.7 | @ CS(A)

where ¥ is a topological surface (we'll take ¥ = R?) and C is a Riemann
surface with meromorphic (1,0)-form w

@ Integrable spin chains arise from line operators along v x {z;}, while
integrable field theories arise from including surface operators or
imposing boundary conditions on A’

@ A striking feature of this approach is that the spectral parameter of
the integrable system becomes part of the geometry, making
integrability manifest by construction

The aim of this talk is to relate this new story to a much older scheme for
organising integrable systems, at least at the classical level
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The ASDYM Equations

The anti-self-dual Yang-Mills equations on a four-manifold M state
F=—xF
@ They are conformally invariant

@ They have real solutions in Euclidean and ultrahyperbolic signatures

@ They have long been known to be related to integrable systems

Kavli IPMU, 15 Dec 20 3/19

David Skinner (DAMTP, Cambridge)  Twistors, Integrability and 4d Chern-Simons



The ASDYM Equations

The anti-self-dual Yang-Mills equations on a four-manifold M state

F=—xF

@ They are conformally invariant
@ They have real solutions in Euclidean and ultrahyperbolic signatures
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There is no entirely satisfactory action whose variation leads to these
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The ASDYM Equations

The anti-self-dual Yang-Mills equations on a four-manifold M state

F=—xF

@ They are conformally invariant
@ They have real solutions in Euclidean and ultrahyperbolic signatures

@ They have long been known to be related to integrable systems

There is no entirely satisfactory action whose variation leads to these
equations

e Introducing B € Q" (M, g) one has a conformally invariant action
S[A,B] = / tr(B A F)
M

Variation yields F™ = 0, but also d4B =0
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The ASDYM Equations

The anti-self-dual Yang-Mills equations on a four-manifold M state

F=—xF

@ They are conformally invariant
@ They have real solutions in Euclidean and ultrahyperbolic signatures

@ They have long been known to be related to integrable systems

There is no entirely satisfactory action whose variation leads to these
equations

e Introducing B € Q" (M, g) one has a conformally invariant action
S[A,B] = / tr(B A F)
M
Variation yields F™ = 0, but also d4B =0

Other actions for ASDYM break some part of the conformal invariance

David Skinner (DAMTP, Cambridge)  Twistors, Integrability and 4d Chern-Simons Kavli IPMU, 15 Dec 20 3/19




Yang's J-matrix
On R* with metric ds?> = 2(dz dZ — dw dW) the ASDYM eqns become

szzoa F\/T/Ezoa FWW: zZ
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Yang's J-matrix
On R* with metric ds?> = 2(dz dZ — dw dW) the ASDYM eqns become

szzoa F\/T/Ezoa va”v: zZ

@ Regarding the first two eqns as flatness conditions, introduce
h,h € Q°(R*, g) by Dyh = D,h =0 and Dyh = Dsh =0
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@ Regarding the first two eqns as flatness conditions, introduce
h,h € Q°(R*, g) by Dyh = D,h =0 and Dyh = Dsh =0

o Gauge transformations D — g~ 1D g leave o = h~1h invariant
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Yang's J-matrix
On R* with metric ds?> = 2(dz dZ — dw dW) the ASDYM eqns become

szzoa F\/T/Zzoa va”v: zZ

@ Regarding the first two eqns as flatness conditions, introduce
h,h € Q°(R*, g) by Dyh = D,h =0 and Dyh = Dsh =0

o Gauge transformations D — g~ 1D g leave o = h~1h invariant
@ The remaining equation F,,; = F,s becomes
wAd(JON =0
where w = dw A dW — dz A d% and J = —doo !
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Yang's J-matrix
On R* with metric ds?> = 2(dz dZ — dw dW) the ASDYM eqns become

szzoa F\/T/Zzoa va”v: zZ

@ Regarding the first two eqns as flatness conditions, introduce
h,h € Q°(R*, g) by Dyh = D,h =0 and Dyh = Dsh =0

o Gauge transformations D — g~ 1D g leave o = h~1h invariant
@ The remaining equation F,,; = F,s becomes
wAd(JON =0
where w = dw A dW — dz A d% and J = —do o1

This arises as the eom of the 4d WZW action

1 1 S
5[0]:i/wtr(J/\*J)Jrg/]R4 [Ollw/\tr(J/\J/\J)
X109,

with J= —d5 51 and & any homotopy from ¢ to 1 [ponaldson Nair Schifr

Losev,Moore,Nekrasov,Shatashvili]
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Yang's K-matrix
If we instead use the condition F,, = 0 to fix the gauge A,, = A, =0, the
remaining equations become

F”ZZO, 8WAV~V—8ZA§:0
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Yang's K-matrix
If we instead use the condition F,, = 0 to fix the gauge A,, = A, =0, the
remaining equations become

F”ZZO, 8WAV~V—8ZA§:0

e The final equation implies A = 0,6 dWw + 0,,¢ dZ for ¢ € QO(R?, g)
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Yang's K-matrix
If we instead use the condition F,, = 0 to fix the gauge A,, = A, =0, the
remaining equations become

F"EZO, 8WAV~V—8ZA§:0

e The final equation implies A = 0,6 dWw + 0,,¢ dZ for ¢ € QO(R?, g)

@ The remaining equation is Fys = 0, which becomes the condition

A¢> - [6W¢7 az¢] =0
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Yang's K-matrix
If we instead use the condition F,, = 0 to fix the gauge A,, = A, =0, the
remaining equations become

F"EZO, 8WAV~V—8ZA§:0

e The final equation implies A = 0,6 dWw + 0,,¢ dZ for ¢ € QO(R?, g)

@ The remaining equation is Fys = 0, which becomes the condition
A¢p — [0w¢, 0:¢] =0
This arises as the eom of the cubic action
S[¢] = /R Sir(do A xdo) + %u Atr(é do A do)

Where /J/ - dW A dZ [Leznov,Mukhtarov; Parkes; Mason,Woodhouse; Siegel]
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Yang's K-matrix
If we instead use the condition F,, = 0 to fix the gauge A,, = A, =0, the
remaining equations become

F”EZO, 8WAV~V—8ZA5:0

e The final equation implies A = 0,6 dWw + 0,,¢ dZ for ¢ € QO(R?, g)

@ The remaining equation is Fys = 0, which becomes the condition
A¢ - [6W¢7 8z¢] =0
This arises as the eom of the cubic action

S[¢] = /R Sir(do A xdo) + %u Atr(é do A do)

Where /J/ - dW A dZ [Leznov,Mukhtarov; Parkes; Mason,Woodhouse; Siegel]

@ Closely connected to N = 2 heterotic / open strings [0ogur Vafa Berkovits, Vara]
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Integrability from Symmetry Reduction

Many integrable systems arise as symmetry reductions of the ASDYM
equations by conformal symmetries (ward:Hitchin:Mason Woodhouse]
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Integrability from Symmetry Reduction

Many integrable systems arise as symmetry reductions of the ASDYM
equations by conformal symmetries (ward:Hitchin:Mason Woodhouse]

o For example, requiring the field o gf the 4d WZW action is invariant
along the flow of V = 9/0w and V = 0/0w yields a 2d PCM with
WZW term
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Integrability from Symmetry Reduction

Many integrable systems arise as symmetry reductions of the ASDYM
equations by conformal symmetries [ward:Hitchin:Mason Woodhouse]

o For example, requiring the field o gf the 4d WZW action is invariant
along the flow of V = 9/0w and V = 0/0w yields a 2d PCM with
WZW term

Many reductions are possible. For example, reducing by
- a single translation gives Bogomolny equations
- a translation and orthogonal rotation gives the Ernst equation [penna)

the Euclidean group on a non-null 2-plane gives Toda theory
- 2-plane and discrete subgroup of rotations gives extended Toda theory
- many more examples in Lorentzian & ultrahyperbolic signatures
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Integrability from Symmetry Reduction

Many integrable systems arise as symmetry reductions of the ASDYM
equations by conformal symmetries [ward:Hitchin:Mason Woodhouse]

o For example, requiring the field o gf the 4d WZW action is invariant
along the flow of V = 9/0w and V = 0/0w yields a 2d PCM with
WZW term

Many reductions are possible. For example, reducing by

- a single translation gives Bogomolny equations

- a translation and orthogonal rotation gives the Ernst equation [penna)

- the Euclidean group on a non-null 2-plane gives Toda theory

- 2-plane and discrete subgroup of rotations gives extended Toda theory

- many more examples in Lorentzian & ultrahyperbolic signatures

@ It was once hoped that all integrable systems arise as symmetry
reductions of ASDYM (though the KP hierarchy in particular does
not appear to sit naturally in this framework)
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The Lax Connection and Twistor Space

Introducing a Weyl spinor 74, the ASDYM equations themselves can be
written in Lax form as

[7%Dag, ™ Dyg] =0 for all g,

where Dy = o, D, and we take [rs] € CP!
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Introducing a Weyl spinor 74, the ASDYM equations themselves can be
written in Lax form as

[7%Dag, ™ Dyg] =0 for all g,
where Dy = o, D, and we take [rs] € CP!

This description is best understood on twistor space PT, which in
Euclidean signature is just the bundle of projective spinors
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The Lax Connection and Twistor Space

Introducing a Weyl spinor 74, the ASDYM equations themselves can be
written in Lax form as

[ Do ™ Dgsl =0 for all mg,
where Dy = ot D,, and we take [m4] € CP!

This description is best understood on twistor space PT, which in
Euclidean signature is just the bundle of projective spinors

o PT has a natural C-str that combines the C-str on CP! 5 [r4] with
the statement that x““74 are holomorphic coords on C? = R*
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The Lax Connection and Twistor Space

Introducing a Weyl spinor 74, the ASDYM equations themselves can be
written in Lax form as

[ Do ™ Dgsl =0 for all mg,
where Dy = ot D,, and we take [m4] € CP!

This description is best understood on twistor space PT, which in
Euclidean signature is just the bundle of projective spinors

o PT has a natural C-str that combines the C-str on CP! 5 [r4] with
the statement that x*%r, are holomorphic coords on C? = R*

o As a C-mfld, PT is the total space of O(1) ® O(1) — CP!, and can
be thought of as (C]P’3\(C]P’1. We often describe it using homogeneous
coords [Z#] € CP3
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The Lax Connection and Twistor Space

Introducing a Weyl spinor 74, the ASDYM equations themselves can be
written in Lax form as

[ Do ™ Dgsl =0 for all mg,
where Dy = ot D,, and we take [m4] € CP!

This description is best understood on twistor space PT, which in
Euclidean signature is just the bundle of projective spinors

o PT has a natural C-str that combines the C-str on CP! 5 [r4] with
the statement that x*%r, are holomorphic coords on C? = R*

o As a C-mfld, PT is the total space of O(1) ® O(1) — CP!, and can
be thought of as (C]P’3\(C]P’1. We often describe it using homogeneous
coords [Z#] € CP3

740y is an anti-holomorphic derivative, so the Lax formulation says an
ASDYM connection on E* pulls back to give a holomorphic bundle on PT

[Penrose, Ward]
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Holomorphic Chern-Simons Theory

Given a (partial) connection 0 + A on a complex bundle E — W over a
CY 3-fold W, holomorphic Chern-Simons theory has action (witten]

5[,4]:%/ QA tr <A5A+§A/\A/\A>
w

where Q is the holomorphic (3,0)-form on W
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Holomorphic Chern-Simons Theory

Given a (partial) connection 0 + A on a complex bundle E — W over a
CY 3-fold W, holomorphic Chern-Simons theory has action (witten]

S[A]:z;l”_/ QA tr (A5A+§A/\A/\A>
w

where Q is the holomorphic (3,0)-form on W

The field equations imply E is holomorphic, as we want for the
Penrose-Ward transform. However, twistor space is not CY.
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Holomorphic Chern-Simons Theory

Given a (partial) connection 0 + A on a complex bundle E — W over a
CY 3-fold W, holomorphic Chern-Simons theory has action (witten]

S[A]:;”_/ QA tr (A5A+§A/\AAA>
w

where Q is the holomorphic (3,0)-form on W

The field equations imply E is holomorphic, as we want for the
Penrose-Ward transform. However, twistor space is not CY.
o Witten’s 2003 twistor string instead used CP3*, which is a CY
supermanifold, to obtain N’ =4 SYM + CSugra witten Berkovits]
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Holomorphic Chern-Simons Theory

Given a (partial) connection 0 + A on a complex bundle E — W over a
CY 3-fold W, holomorphic Chern-Simons theory has action (witten]

S[A]:;”_/ QA tr (A5A+§A/\AAA>
w

where Q is the holomorphic (3,0)-form on W

The field equations imply E is holomorphic, as we want for the
Penrose-Ward transform. However, twistor space is not CY.
o Witten’s 2003 twistor string instead used CP3*, which is a CY
supermanifold, to obtain N’ =4 SYM + CSugra witten Berkovits]
@ Costello suggested staying on the non-supersymmetric PT, but
instead choosing a meromorphic (3,0)-form
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Holomorphic Chern-Simons Theory

Given a (partial) connection 0 + A on a complex bundle E — W over a
CY 3-fold W, holomorphic Chern-Simons theory has action (witten]

1 = 2
S[A] = / QA tr (A8A+ A/\A/\A>
2mi w 3
where Q is the holomorphic (3,0)-form on W

The field equations imply E is holomorphic, as we want for the
Penrose-Ward transform. However, twistor space is not CY.
o Witten’s 2003 twistor string instead used CP3*, which is a CY
supermanifold, to obtain N’ =4 SYM + CSugra witten Berkovits]
@ Costello suggested staying on the non-supersymmetric PT, but
instead choosing a meromorphic (3,0)-form
The simplest possibilities to consider are

D37 D37
Q= or Q=

(A-2)%(B-Z)? (A-2)4
but many other choices are possible
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Boundary Conditions

The (3,0)-form Q = D3Z/(A- Z B - Z)? has double poles on two CPs in
CP3. Removing their CP! intersection leaves us with

PT = (O(1) ® O(1) — CP')
described using homog coordinates [r4] € CP! and w® on the fibres

@ In these coords, A-Z = (an) while B - Z = (fm) with (af) =1

David Skinner (DAMTP, Cambridge)
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Boundary Conditions

The (3,0)-form Q = D3Z/(A- Z B - Z)? has double poles on two CPs in
CP3. Removing their CP! intersection leaves us with

PT = (O(1) ® O(1) — CP')

described using homog coordinates [r4] € CP! and w® on the fibres

@ In these coords, A-Z = (an) while B - Z = (fm) with (af) =1

These poles lead to boundary terms when varying the action

27i0S = QAtr(BANF)+ | OQAtr(SANA A)
PT PT
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Boundary Conditions

The (3,0)-form Q = D3Z/(A- Z B - Z)? has double poles on two CPs in
CP3. Removing their CP! intersection leaves us with

PT = (O(1) ® O(1) — CP')

described using homog coordinates [r4] € CP! and w® on the fibres

@ In these coords, A-Z = (an) while B - Z = (fm) with (af) =1

These poles lead to boundary terms when varying the action

27i0S = QAtr(BANF)+ | OQAtr(SANA A)
PT PT

e We may eliminate these by requiring A = (o) (87) ¢ for some
regular ¢ € Q%(PT,O(-2) ® g)

David Skinner (DAMTP, Cambridge)  Twistors, Integrability and 4d Chern-Simons Kavli IPMU, 15 Dec 20 9/19



Boundary Conditions

The (3,0)-form Q = D3Z/(A- Z B - Z)? has double poles on two CPs in
CP3. Removing their CP! intersection leaves us with

PT = (O(1) ® O(1) — CP')
described using homog coordinates [r4] € CP! and w® on the fibres
@ In these coords, A-Z = (an) while B - Z = (fm) with (af) =1

These poles lead to boundary terms when varying the action
27i §S = QAtr(SANF)+ [ OQAtr(SAN A)
PT PT

e We may eliminate these by requiring A = (o) (87) ¢ for some
regular ¢ € Q%(PT,O(-2) ® g)

@ Similar conditions are imposed on gauge transformations
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Reduction to the Donaldson-Nair-Schiff action

The boundary conditions mean that gauge invariant information is
contained in

o(x) = Pexp( 271“/)(%/\./4)
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Reduction to the Donaldson-Nair-Schiff action
The boundary conditions mean that gauge invariant information is

contained in

o We fix the gauge by requiring A|x = 6 10|x6 where 5§ = o in a
neighbourhood of @ and & = 1 in a neighbourhood of
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Reduction to the Donaldson-Nair-Schiff action
The boundary conditions mean that gauge invariant information is

o) = (ks [ 0T )

o We fix the gauge by requiring A|x = 6 10|x6 where 5§ = o in a
neighbourhood of @ and & = 1 in a neighbourhood of
o Thenset A= (A')? =67106 + 671 A6

contained in
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Reduction to the Donaldson-Nair-Schiff action

The boundary conditions mean that gauge invariant information is
contained in

o(x) =Pexp <—217”/Xm /\A>

e We fix the gauge by requiring A|x = 6_15|X6 where 6 =0 in a
neighbourhood of @ and & = 1 in a neighbourhood of
o Thenset A= (A')? =67106 + 671 A6

Imposing the partial eqns of motion Foz = 0 (involving the components of
F02 along the fibre of CP! — PT — R*) together with the boundary
conditions gives

AL = Wd‘Aad(X) with A —5@(1'
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Reduction to the Donaldson-Nair-Schiff action

The boundary conditions mean that gauge invariant information is
contained in

o(x) =Pexp <—217”/Xm /\A>

e We fix the gauge by requiring A|x = 6_15|X6 where 6 =0 in a
neighbourhood of @ and & = 1 in a neighbourhood of
o Thenset A= (A')? =67106 + 671 A6

Imposing the partial eqns of motion Foz = 0 (involving the components of
F02 along the fibre of CP! — PT — R*) together with the boundary
conditions gives

3 0o 4

AL = Wd‘Aad(X) with Ana = —Bac

o All fibre dependence is now explicit, so can integrate out the CP*
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Reduction to the Donaldson-Nair-Schiff action
The boundary conditions mean that gauge invariant information is

contained in
t o(x) =Pexp <_271ri/x<o<z7ci;r(77;>ﬁ)/\A>

o We fix the gauge by requiring A|x = 6 10|x6 where 5§ = o in a
neighbourhood of @ and & = 1 in a neighbourhood of
o Thenset A= (A')? =67106 + 671 A6

Imposing the partial eqns of motion Foz = 0 (involving the components of
F02 along the fibre of CP! — PT — R*) together with the boundary
conditions gives
; O
p_ 99 -1
Oxab
o All fibre dependence is now explicit, so can integrate out the CP*
@ Doing so we obtain the 4d WZW action [ponaidson nairsehifi] for o, with «
and /3 related to choice of coords (w, W, z, w) above

AL = Wd‘Aad(X) with Ana = —Bac
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Reduction to the cubic action

Starting instead from hCS theory on PT with measure Q = D3Z/(an)* we
must ask that A vanishes to second order at m = «
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Reduction to the cubic action
Starting instead from hCS theory on PT with measure Q = D3Z/(an)* we
must ask that A vanishes to second order at m = «

@ Here we fix the gauge by asking A|x be harmonic on the CP?! fibre,
leading to

Alx = (am)? g(x) 192 7)

and we set G = exp <

(w72
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Reduction to the cubic action
Starting instead from hCS theory on PT with measure Q = D3Z/(an)* we
must ask that A vanishes to second order at m = «

@ Here we fix the gauge by asking A|x be harmonic on the CP?! fibre,
leading to

(d7t 7)

(m#t)?

(am){ar)

g o00)

o In the gauge A = (A')? = 67106 + 6 1AG as before, the partial
eom and boundary conditions fix

Alx = (am)? ¢(x) and we set & = exp <

5 99
OxoB

Al wd‘Aad(x) with Ans = —agQ

a:
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Reduction to the cubic action
Starting instead from hCS theory on PT with measure Q = D3Z/(an)* we
must ask that A vanishes to second order at m = «

@ Here we fix the gauge by asking A|x be harmonic on the CP?! fibre,
leading to

(d7t 7)

(m#t)?

Alx = (am)? ¢(x)

and we set G = exp <

o In the gauge A = (A')? = 67106 + 6 1AG as before, the partial
eom and boundary conditions fix

Al wdAad(x) with Ans = —agQ

a:

5 99
OxoB

Integrating over the CP?! fibres in this case gives the cubic action for
ASDYM in terms Of ¢ [Leznov,Mukhtarov]
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Reduction to the cubic action
Starting instead from hCS theory on PT with measure Q = D3Z/(an)* we
must ask that A vanishes to second order at m = «
@ Here we fix the gauge by asking A|x be harmonic on the CP?! fibre,
leading to
(d7t 7)
(m#t)?

Alx = (am)? ¢(x)

and we set G = exp <

o In the gauge A = (A')? = 67106 + 6 1AG as before, the partial
eom and boundary conditions fix

Al wdAad(x) with Ans = —agQ

a:

5 99
OxoB

Integrating over the CP* fibres in this case gives the cubic action for
ASDYM in terms Of ¢ [Leznov,Mukhtarov]

@ Helpful to note that &, but not its derivatives along CP?!, is invariant
under U(1) rotations of CP! around the a,& axis
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Exotica & Miscellany

Many other actions can be generated from further choices of Q2

o If Q has only simple poles

D37
Q=

(agpm){am)(Bm)(B-T)

we may impose the weaker boundary conditions

Alr=a, gy €l where g =1, & [_ is a Manin triple
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» Gauge fixing as before gives a ‘trigonometric’ action in 4d, with
interesting generalizations in 2d [Mason Sparling]
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we may impose the weaker boundary conditions

Alr=a, gy €l where g =1, & [_ is a Manin triple

» Gauge fixing as before gives a ‘trigonometric’ action in 4d, with
interesting generalizations in 2d [Mason Sparling]

e Allowing simple zeros in Q = D3Z []_,{(cym){(Bim)/ H}'if(’yﬁ)Z

means we can tolerate simple poles in A. This leads to a
(complicated) theory of coupled o-models in 4d
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(agpm){am)(Bm)(B-T)

we may impose the weaker boundary conditions

Alr=a, gy €l where g =1, & [_ is a Manin triple

» Gauge fixing as before gives a ‘trigonometric’ action in 4d, with
interesting generalizations in 2d [Mason,Sparling]

e Allowing simple zeros in Q = D3Z []_,{(cym){(Bim)/ H}'if(’yﬁ)Z
means we can tolerate simple poles in A. This leads to a
(complicated) theory of coupled o-models in 4d

» Not equivalent to ASDYM, but still has Lax connection and leads to

known integrable 2d theories|costelio, Yamazaki]
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Exotica & Miscellany

Many other actions can be generated from further choices of Q

o If Q has only simple poles

D37
Q=

(agpm){am)(Bm)(B-T)

we may impose the weaker boundary conditions

Alr=a, gy €l where g =1, & [_ is a Manin triple

» Gauge fixing as before gives a ‘trigonometric’ action in 4d, with
interesting generalizations in 2d [Mason,Sparling]

e Allowing simple zeros in Q = D3Z []_,{(cym){(Bim)/ H}'if(’yﬁ)Z
means we can tolerate simple poles in A. This leads to a
(complicated) theory of coupled o-models in 4d

» Not equivalent to ASDYM, but still has Lax connection and leads to
known integrable 2d theories|costelio, Yamazaki]

(Further examples are considered in the paper)
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4d Chern-Simons Theory

Instead of first moving to R*, then applying a symmetry reduction, one
can apply the reduction directly in twistor space
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4d Chern-Simons Theory

Instead of first moving to R*, then applying a symmetry reduction, one
can apply the reduction directly in twistor space
e We lift the vectors V/, V to vector fields V, V on PT by requiring they
generate transformations that preserve the C-str
@ For translations these lifts are trivial and we have simply

0 0

_ pano
V =k Hxad

f}: K:a,ud

Oxaa
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4d Chern-Simons Theory

Instead of first moving to R*, then applying a symmetry reduction, one
can apply the reduction directly in twistor space
o We lift the vectors V/, V to vector fields V, V on PT by requiring they
generate transformations that preserve the C-str
@ For translations these lifts are trivial and we have simply

0 0

Oxaa oxaa

V::‘%aﬂd vsza/id

Contracting Q A hCS(.A) with the bivector V AV and requiring
LyA = 0= LpA gives the 4d Chern-Simons action [costeiio witten Yamazaki]

1 2
S[A] = / w A tr (A’/\d’A’+ A/AA’/\A/>
E2xCP* 3

27i

where d’ = dg2 + Jppt and w = (d7 1) (wp)(mk) /{am)?(B)?
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4d Chern-Simons Theory

Instead of first moving to R*, then applying a symmetry reduction, one
can apply the reduction directly in twistor space
o We lift the vectors V/, V to vector fields V, V on PT by requiring they
generate transformations that preserve the C-str
@ For translations these lifts are trivial and we have simply

0 0

Oxaa oxaa

V::‘%aﬂd vsza/id

Contracting Q A hCS(.A) with the bivector V AV and requiring
LyA = 0= LpA gives the 4d Chern-Simons action [costeiio witten Yamazaki]

1 2
S[A’]:,/ wAtr [ ANJA +ANANA
27i Jr2 opt 3
where d’ = dg2 + Jppt and w = (d7 1) (wp)(mk) /{am)?(B)?
@ Costello & Yamazaki show this 4d Chern-Simons theory is equivalent
to the 2d PCM model on E?

David Skinner (DAMTP, Cambridge)  Twistors, Integrability and 4d Chern-Simons Kavli IPMU, 15 Dec 20 13/19




The details of which theories are obtained depend on the choice of Q and
choice of symmetry reduction

The relation may be summarized by the following commutative diagram:

Holomorphic Chern-Simons
theory on PT

symmetry redy w along fibres

4d Chern-Simons 4d integrable
theory on E2 x CP! theory on E*

solving alom ‘%metry reduction

2d integrable
theory on E?
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The details of which theories are obtained depend on the choice of €2 and
choice of symmetry reduction

The relation may be summarized by the following commutative diagram:

Holomorphic Chern-Simons
theory on PT

symmetry redy wf along fibres

4d Chern-Simons 4d integrable
theory on E2 x CP! theory on E*

solving alom ‘%metry reduction

2d integrable
theory on E?

Note that both the twistor theory and 4d Chern-Simons theory include the
spectral parameter as part of the geometry. In this sense, they each make

integrability manifest.
Kavli IPMU, 15 Dec 20 14 /19
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An example in 5d

Quotienting the ASDYM equations by a single non-null translation leads
to the Bogomolny equations on R3
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An example in 5d

Quotienting the ASDYM equations by a single non-null translation leads
to the Bogomolny equations on R3

Performing the quotient on twistor space gives minitwistor space MT
o MT = TCP! is the space of oriented lines in R3, with u = Xdﬁ’ﬂ'dﬂ"

: - B
for [U,Wd] S TCPl and Xdﬁ = X’Ba € R?’ [Hitchin]
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An example in 5d

Quotienting the ASDYM equations by a single non-null translation leads
to the Bogomolny equations on R3

Performing the quotient on twistor space gives minitwistor space MT
o MT = TCP! is the space of oriented lines in R3, with u = XdB’/Tdﬂ'B
for [u,ms] € TCP! and x¥8 = xB% € R3 (niching
@ The space of parametrized lines R x MT is a 5d space that may be
identified with the projective spin bundle S — E3
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Quotienting the ASDYM equations by a single non-null translation leads
to the Bogomolny equations on R3

Performing the quotient on twistor space gives minitwistor space MT
e MT 2 TCP! is the space of oriented lines in R3, with u = XdBTI'dﬂ'B
for [U,Wd] S TCPl and XdB = X’Bd € R?’ [Hitchin]

@ The space of parametrized lines R x MT is a 5d space that may be
identified with the projective spin bundle S — E3

Applying this reduction to the hCS theory on PT gives [adamo,ns williams)
/ 1 !/ Iy 2 / / /
SAl==— [ wAtr [ANdA +-ANANA
2mi Js 3

where d’ = dg + 7¢pt and w = du A (dr )/ {am)?(BT)?
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An example in 5d

Quotienting the ASDYM equations by a single non-null translation leads
to the Bogomolny equations on R3

Performing the quotient on twistor space gives minitwistor space MT
e MT 2 TCP! is the space of oriented lines in R3, with u = XdBTI'dﬂ'B
for [U,Wd] S TCPl and XdB = X’Bd € R?’ [Hitchin]

@ The space of parametrized lines R x MT is a 5d space that may be
identified with the projective spin bundle S — E3

Applying this reduction to the hCS theory on PT gives [adamo,ns williams)
/ 1 !/ Iy 2 / / /
SAl==— [ wAtr [ANdA +-ANANA
2mi Js 3

where d’ = dg + 7¢pt and w = du A (dr )/ {am)?(BT)?

@ This 5d theory bears the same relation to the 3d Bogomolny theory as
Costello-Yamazaki theory does to the 2d WZW model
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Anti Self-Dual Gravity [Bittleston,Ma,Sharma,DS] in progress

Deforming the C-str of twistor space deforms the conformal structure on
R4 [Penrose, Atiyah,Hitchin,Singer]. Perturbat|ve|y 8 — 8 + V fOI’ V e QO7I(PT, TIP’]:[‘)
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Anti Self-Dual Gravity [Bittleston,Ma,Sharma,DS] in progress

Deforming the C-str of twistor space deforms the conformal structure on
R4 [Penrose, Atiyah,Hitchin,Singer]. Perturbatively 8 — 8 + V fOI’ V e QO7I(PT, TIP’]:[‘)

o If (04 V)? = 0 then the Weyl tensor C on R* is asd
@ Asd Einstein metrics arise if we require V = {h, - } where

{f g} =€’ OF 98 4 he Q%H(PT, O(2))

Ow® " OwP
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Anti Self-Dual Gravity [Bittleston,Ma,Sharma,DS] in progress

Deforming the C-str of twistor space deforms the conformal structure on
R4 [Penrose, Atiyah,Hitchin,Singer]. Perturbatively 8 —> 8 + V for V S QO71(PT, TIP'I[‘)

o If (04 V)? = 0 then the Weyl tensor C on R* is asd
@ Asd Einstein metrics arise if we require V = {h, - } where

{f.g} =’ af ;gﬁ and  he QVNPT,0(2))
w

There is a beautiful twistor action for anti self-dual gravity vasonweir; ps)

Slh = 1_/PTQA <h5h+%h/\{h,h})

where Q has two fourth-order poles (or one eigth-order pole)
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Anti Self-Dual Gravity [Bittleston,Ma,Sharma,DS] in progress

Deforming the C-str of twistor space deforms the conformal structure on
R4 [Penrose, Atiyah,Hitchin,Singer]. Perturbatively 8 —> 8 + V for V S QO71(PT, TIPJ'I[‘)

o If (04 V)? = 0 then the Weyl tensor C on R* is asd
@ Asd Einstein metrics arise if we require V = {h, - } where

{f.g} =’ af ;gﬁ and  he QVNPT,0(2))
w

There is a beautiful twistor action for anti self-dual gravity vasonweir; ps)

1 = 1
SIH = 5 /WQA<hah+3hA{h,h}>

where Q has two fourth-order poles (or one eigth-order pole)
@ We believe the 4*"-order case gives the action [picbanski: OoguriVara)

S[e] = L0080 + L0000 000
R 2 3

where @ is a deformation of the (pseudo-)Kahler potential
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A glimpse at quantization

One motivation for examining the relation between hCS and ASDYM at
the level of the action is as preparation for quantization
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One motivation for examining the relation between hCS and ASDYM at
the level of the action is as preparation for quantization

hCS theory is a chiral theory, so there is a potential gauge anomaly on PT

@ In 6d the local anomaly comes from a box diagram

@ This is non-vanishing, but Costello claims that for G = SO(8) it can
be made to cancel via a 6d version of the Green-Schwarz mechanism
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A glimpse at quantization

One motivation for examining the relation between hCS and ASDYM at
the level of the action is as preparation for quantization

hCS theory is a chiral theory, so there is a potential gauge anomaly on PT

@ In 6d the local anomaly comes from a box diagram

@ This is non-vanishing, but Costello claims that for G = SO(8) it can
be made to cancel via a 6d version of the Green-Schwarz mechanism

@ For G # SO(8) the 4d theory is not anomalous, but no longer comes
from a twistor progenitor. Integrability is expected to be broken at
the quantum level
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Conclusions

hCS theory on PT with a meromorphic (3,0)-form describes a 4d
integrable theory on space-time
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Conclusions
hCS theory on PT with a meromorphic (3,0)-form describes a 4d
integrable theory on space-time
o If Q is nowhere vanishing, the 4d theory has eom equivalent to the
ASDYM eqns, but more general systems can also be obtained
@ Performing a symmetry reduction of the 4d theory gives an action for
a lower dimensional integrable system
@ Performing this reduction directly in PT gives the partially
holomorphic Chern-Simons description of this system [costelio, vamazaki

There are many open directions for future work, including

@ Further reductions should lead to Toda, sine-Gordon, NLS integrable
systems. Some of the systems we obtain are not just symmetry
reductions of ASDYM; are there others?
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Conclusions
hCS theory on PT with a meromorphic (3,0)-form describes a 4d
integrable theory on space-time
o If Q is nowhere vanishing, the 4d theory has eom equivalent to the
ASDYM eqns, but more general systems can also be obtained
@ Performing a symmetry reduction of the 4d theory gives an action for
a lower dimensional integrable system
@ Performing this reduction directly in PT gives the partially
holomorphic Chern-Simons description of this system [costelio, vamazaki

There are many open directions for future work, including

@ Further reductions should lead to Toda, sine-Gordon, NLS integrable
systems. Some of the systems we obtain are not just symmetry
reductions of ASDYM,; are there others?

@ Implement the symmetry reduction at the quantum level (perhaps by
a partial topological twist?)
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Conclusions
hCS theory on PT with a meromorphic (3,0)-form describes a 4d
integrable theory on space-time
o If Q is nowhere vanishing, the 4d theory has eom equivalent to the
ASDYM eqns, but more general systems can also be obtained
@ Performing a symmetry reduction of the 4d theory gives an action for
a lower dimensional integrable system
@ Performing this reduction directly in PT gives the partially
holomorphic Chern-Simons description of this system [costelio, vamazaki

There are many open directions for future work, including

@ Further reductions should lead to Toda, sine-Gordon, NLS integrable
systems. Some of the systems we obtain are not just symmetry
reductions of ASDYM,; are there others?

@ Implement the symmetry reduction at the quantum level (perhaps by
a partial topological twist?)

@ The connection to N = 2 strings seems central and clearly deserves
further exploration
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Thank You
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