
1. Topological models
skein algebra bases

n
-

cluster algebra :

o related to exact WKB analysis and physics :

see Giaiotto -Moore - Neitzke ,
0907.3987 (Fock - Goncharov)

bound
.

Iwaki - Nakanishi
,
1401.7094

0 survey .

Bernhard Keller www.newton.ac.uk/seminar/34042

☐ some slides wt references on my homepage





§ 1 Skein algebra
base ring 11<=21

I = (SM ) S : topological surface M : marked pts
sit . each connected component of 85 contains 31 marked pt

curve 8 : ending atM , or closed

diagram (multi curve ) D= U ri i
considered up to isotopy fixing tin . crossing
[ D) : isotopy class .

Sometimes write D.
"

simple
"
i no crossing , no contractible component

skein alg SK (E) i = ④KID]/ Kauffman skein relations
b-CDJ

multiplication [Did . [Did = [ D, ODD
[ of ] = 1



I :* ]=[) + [¥1,1 1=-4 1. to

Remark : quantization 1k-2195 . if ] * [ =[☒ ]
twisted product

[X=9[☒ It 9-' [¥ ]
,

[ i. 1=-1949-41 :?)

Remark : Skein relation← knot theory . Teichmiillertheony

Example ,,.Xs Interesting curves ✗ i. Xi : internal cunfwun)
✗ z~Xs : boundary( frozen)4-gon

×,
,
µ,

Skl -21--11<[111×1×5×5]/
×,xi=X,Xs -1×2×4

are := simple curve ending at M lcbuster variables )

triangulation D= Max collection of dittancs (cluster)

cluster monomial -_ monomials of It] , tf same d.eg.MX?.xixi--theytormalK-basisfonSkC4-gon)



82 Bases for SKIE)

Focus on annulus example ( generalization is easy )

I

t
Initial 0=1×1.HU/bi.balztriangles''

⑧ ⑥
I rotate ,

⑧
Repeat .

wesee-2has.in/-.many0.CoeffIcIentrinyR--lKCfrounvariab6sbi
.ba ]

sk(E) is an R - alg .



§ 2.1 Bangle

bangle = simple diagram (no self crossing . no contractible component
internal bangle : no boundary arcs

For annul as
,
internal bangles =/ unfrozen cluster monomials { e.g . Xi Xi

U I [LJ ,
n 711

⑧ Club -- Chi

By Skein relation . any diagram [D) c- Spaur / [ internal bangle] /

-1hm [Musker-Schiffer- Williams ]

{ [ internal bangleIt is an R -basis of SKCI ) .
( Equivalently . 1CbangleIt is a 1k-basis .

)



§ 2.2 Bracelet

example
" '"

⇒④@
Brains

closed loop
wt min - crossing

-1hm [MSW] SKID has the R- basis :

1 internal bracelet)4 =/ unfrozen cluster monomials 10 / [BrainIn> 11

§ 2.3 Band
[Li brailL ) = -2 + [Li

÷÷ =

Band"l4i= Fgm, Ew .

Ey .
Band44=1-2041-2+41

= E- 1

So SKII ) has an R - basis :/[ Internal band ] / =/ clustermonomials /
U 11Band"1471



1st kind Chebyshev polynomial Tncx) : Tnlx-1×-4=11%15
"

2nd Unix) : Unlxtx-Y-xn-xi-E.tl/-n

Then [Brac"lL) ]=Tn(CLI ) , [Band"(4) = Uncus)

Comments

SKCI ) cluster alg Lie theory
[MSW] CG-labardin.rs.] [Dupont] [Q

.] [GLS] CUSHY ]

bangle basis a generic basis 7- dual semi - canonical basis
CFGTCMSW] [Mandel- Q.] CGHKKJ

bracelet basis C theta basis ? Markovic - Vilonen basis
[Lusztijdckashiwara]'

b'hair
"

basis g. triangular basis > dual canonical basis . / simplestIQ] capperglobal basis)[KKKO]

fgparametrbeulby ( ckkops f
shear coordinates g-vectors many rich structures .

C. tropical pts ) eg . crystals



2. Cluster algebras



Fix 11<=21 for simplicity . Unfrozen & frozen vertices I = InfoIf

symmetrlzers Eli C- 21>o .
ifI

§ 1 Seed

a seed t = ( (Xi)ie, . lbijli.jo )
o cluster variables Xi : Indeterminate (unfrozen/frozen )

o cluster monomial ✗
"
= TI Kim"

,
Fm =/Miko

o (bij ) is skew- symmetric : bijdj = - bjidi
When skew -symmetric . associate quiver OF : bij = # Ii→j ) - #lj → i)

Lattice Mit)i=ZI=④Zfi.fi unit vectors
I

Group ring IKCMOHD i= ☒ IKXM = Laurent poly ring lkcxi-t.io- I ]
ME/WH ) ✗* ↳ Xi

o Fct) : its fraction field
° Y- variables Yj : = IT Xibii = ✗

"l"
.

folk = k-that of (bij)



Lattice Nlt ) := ④ 2/1=10-21 ei
.
unit rect . ei

Nuflts-Q-zek.NU/?9ts=Q-lN.ekkC-Iut
Example .¥×,¥;

0 - seed -to

-2=114012-5-4 , do =L

arcs cluster variables

↳ ¥÷¥; 5
"dual graph

" Ñ

3
4( bij )= (¥100K ) . Yi=XzXiXyXH

Iz * °

o

xi-1-ylxzxs-tk.ae/--YY-fCltY-)polyinYk
To study many nice structures , such as bases . quantization , need :

Full rank assumption :

Colk
. kEIuf .

are linearly independent . Equivalently , B?=(bik) is of full rank .

kEIut



Inspired by repr . theory :

Dominance order 101.173

V-m.ME/Wlt ) . define M's
+
m , it 7-nc-NEFCH.s.t.mi-m-B~n.CMdominated bym

' )
i. e. XM

'

= xmyn
Pointedness IQ , 173

'

0 We say 2-
c- IKIMotti is m- pointed or pointed at m , it

2- = XM.CH Icn Y
"

)
.

Cut 1K
.

och C- Nat It)
Define deytz = m .

0 We can call Fi = It -2 Cny
" its F-polynomial . m its (extended)g- vector .



§ 2 Cluster algebras
[A) + i-maxla.io) . [Cai)T+i= fait )

V-KC-T.at , mutationMkglvesanewseedt '=Mkt=(☒i'1. lbij
') )

obij'={
- biji-korj-kbijtlbii-l.tk;] -1 - C-bik)+FbkjI else

0 Identity fits -1%5-4 )
Xi-

Yii-tkxk-ll-xfbildtt-xjl-bo.it ) i=k
Lemma Mkµkt)=t
Choose any initial seed to, Ot Otto := / seeds obtained from toby mutations }



Partially compact ified cluster algebra Ñi= lkcxiltdyi.v.tw
localised ) cluster algebra ti= A- [Kittie

-4
( frozen variables never mutate )

Example 0
to
¥5

×
} ✗a [ yd
↳ flip at ×, µ ,

3 4

0 ¥
"

to

¥
,

-1hm .[Muller ] Ttcto ) CSKCE ) .

"

=
"

it 32 marked pts on each connected comp. of
25 .



§3 Example of bases
bi

?⃝÷¥"
to : xz¥É

.

%=¥n fullswoquimron Iat
Tbf Yz=¥¥ Q : 2=31

computer :

c- Fixzcxitbibztxi )

= Xixi
'

(1-1%-1%42)

Q°P : 172
. Rep 10$

" )={ ed ' ed - l =/ function from Q°P to d-vect.pl
abelian ✗

a

V-fixedd-ldi.dz) , Repeat? d) = Matdzxd
,

✗ Matched
,



Ind
. obj , up to Iso

,
are

yer.ru , , er ertl
,

Vrt"" : fr
"

cir

(E) lol -4

many Indec . Er⇒ Er .

Ind Injectives I , : ① FO ,

Iz ¢2 -4¢ .

Is i = I' ④I %

V-g-lgi.bz/7oV-teprV,V-nc-1N?GrnVi--/subsps
.

①
" '
C) Ed : oh C) ok closed under dich

.
dzlv) 4

quiver Grassmann Ian

Fu :⇒✗(Grnv ) Y
"

MO

7- 9v C- 22 . Sit . We have min .

resolution V4 It-90-1→ I '%Jt

CCCV ) : = ✗
Su

- Fu

eg.CC ( e ⇒ e) = CLT , CC ( a a ☒ e ⇒ G) = cop
CC ( ai ¥-0,62 ) = [Band 'll ) ]

too



ltgezi , on an open
dense subset of Horn ( I

"? -1%+1=264
.

cclkerq ) takes a const value kg .

Called generic cluster character .

-1hm 19 ] For
"

many
"

cluster alg A. 1kg1 SEZ -41-1 is a lklxi-Y.e.it basis.
called the generic basis .

-1hm [Geiss - Labardlni - Schrier 20] [ bangle ] C- generic basis .
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