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§ 1 Preparation

Example G--5411K) . N- = µ , , ) .
Xs :=det( ¥

, ✗1,1--4×1
""

✗ ✗it

IKCN-3=114×1 . ✗i. xis has dual PBW basis :/ xiiiii" Ici>ol

dual canonical basis = clustermonomials

seed t ☒¥ seed t
'

☒→Xi
'

☒ ¥☐
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Molt)=Z >
= ④ Ifi

,
IKCMH-it-lkcxi.xz.is ]

Iut If
Naflt)=z=ze , .

1

BTtt-zf.gg/istullrk.Yi--kXs-1Xi--tqlXstXz)=xi'XsCltY
, ) is pointed at deg Fitts E -f, mod Ét



Denote 1pct / i = 1k [Mitt] .

Def .IQ.] A seed t is said to be injective- reachable . if 7- a permutation r on Iaf
and a seed ten =←Ñt for some mutation sequenceµ← .

St .

degt Xgklt 113 ) I -fk mod Ztt .

→

(calculate In 1pct) )
We can recursively define ted ] , DEZ sit . tcdtl ] = talk ]

.

Rem .

o =) All t
'
C- 0-1 are injective - reachable

0 Iklt ) i = Xrk ( ta ) ) injective cluster variable .

= CC ( Ik )

o hold for almost all cluster alg from repr theory or Teichmatter theory
0 (1) corresp.to the shiftfunctor in cluster category
0 CID corresp to left/right dual in monoidal category

From now on , assume seeds are injective reachable .



§ 2 Triangular basis [Q.IM/K--ZCv5.v--qI
.

• commutative product, * twisted product :X i.lt/*Xjlt)--ufiJXiiHoXjlH
Choose

any b- = ( (✗i. lbijll. 1pct has bar-involution Fin = 9-4?

Triangular basis Lt is alk - basis for A , sit .

① Lt contains all cluster monomials in t.tl IT .

② Lt is Nitti - pointed : Lt=L Ltm / m c-Molt) 4. Sit . Ltm are m - pointed in Kawai

③ Em are 5) - inv .

④ ( triangularity) vi. 7- d. sit .

ifXi * Ltm c- Ltg
, +
m

-1 -2

v-lzcu-yltmmktfitm-hmCQ.IT
. B.
*

for Uqlnl , { [simples of Ugcg) -mods 1 are Lto for initial seed to .

Cup to oh , after localization at frozen variables)
PF : ① is known by T- system . ② .③ known .

④ is deduced from the triangularity between B.
*
and dual PBW

./ simples and standard mods.



Lemma 1 .

Lt is unique if it exists .

Obstruction : dual PBW basis =) B*
.
but A does NOT have dual PBW basis

① Construct distinguished fans :

Recall degt Xi = fi . degt In = -fr mod Z It.

→ b- MENlt) , 7- M ' C- IN-41-012-4
,

m
" C- IN -14

.

sit
. deg4xm*Ém"= m .

The distinguished g-une Itm is the unique M - pointedtune of form
Itm = uh ✗

m
'

* Im
"

,
for some ✗ c-Z

.

② Formal completion 1Ñt 1 i=LPitt④ IKCYK
.

K c- Int I]
IKIYK

,
KE Int ]

Lemma .IQ 19. DM 191 It : =/ ItmHtml is atopological basis for 1pct .

( f -2
C- 1pct )

.

2- = Ibm Itm unique Inf . decomposition . bm Elk .

'

m

well-defined i. 1m. Ibm to { is Lt -bounded from above
)



③ By Lustig 's lemma for kazhdan -Lustig type basis , 7- ! ItC LFit) . ft .

It is Mt)- pointed , bar - inv . and Itme Ltmt I likev7 Emi .
MKM

b-

Proof of Lem 1 . If Lt exist . then Lt = It ⇒ unique .

Def . A 1k- basis Loft is said to be the common triangular basis , if L is Lt for any teot .

0 By defn , the common triangulation L contains all cluster monomials .

Proposition .

L is natural parametrized by the tropicalpts .

-
(next talk )

PF : This property was required in the originaldef of IQ . 193
.

But can be deduced by using IQ .
193

General strategy for find L :

① Start at a well-known basis B. show B= Lto
.

(not difficult )
(finite)

② Try to show B contains clustermonomials for enough many seeds . Then general criterion IQ.M.io]⇒ B-tt.tt . i. e. B=L.
( usually use T-system 1- some effort )



§ 3 Application
§ 3.1 Dual canonical basis

[FZ ] expects that clustercity provide aframework to study
"

dual canonical basis "

for 61×3 , where ✗ = G semi-simple , GIN , etc . Inparticular . such basis should

contain all clustermonomials .

NY = N
- n BwBuntpotent cell . Its g- court ring 0g IN-9 is a 9. d.alg .

[GLSI[Goodheart-Yakima]

Conj .
[FZJC Kim 10 ] For OQCNY] . B* contains all clustermonomials .

!
F : CQ.IT.] ADE ; some wforsymm KM

. Use quiver varieties and L .

[Kkk 018 ] symmetric Kac-Moody . Use KLR -alg .

[Q 20 ] Any Kae -Moody .

'

Use tropical properties and L .

-
--

B* no longer positiveI

-1hm
. Up to qtr , B.* agr.ee wt L for GCN-4 .

FQTDCQ20]
.

Rem
.

L can be viewed as a generalization of B
*

for A .



§ 3.2 Monoidal categorisation
a monoidal category (e. ☒ ) . I

[simple obj 31 firm a basis of Kolej

o [Hernandez - Leclerc 10] Introduce level-N category EN c Lmodtlqcg) )

kolen) is a cluster alg A

Conjecture : ear categorytest all cluster monomials are simples .

Kullu ) : v- deformed (quantized). via quiver varieties .

-1hm IQ 173
. ftsimples II give the triangular basis for Kuen ). ⇒ HL conj is true .

Rem
.

For(almost ) all cluster alg known to admit monoidal cat
, lcsimpbil =L .

( quantum aft . alg .

KLR-alg .

CohPew (att Grassm . ) )
[Cantis - Williams]

→ the existence of L suggests a possible monoidal cat .



4. Tropical points .

upper cluster algebras ,
cluster varieties

tropical pts parametrization
bases parametrized bytnpicalpts .



§ 1 Cluster varieties

Recall base ring 11<=21 (or 2/[9-4] ) . Seeds 0-1=0-4 . . Identify 5-aim
"

¥57T )
.

U U

Upper cluster alg U : = A Kawiti
. INM°fuktDlkcm9tD

test
cluster A-variety A :

'

o Define Nct ) = ④ 21ft dual of Mitt ④ Efi .

0 Tart , = Spec IKCINYTD . ( Fon 11<=4 . Twit , = NYT)④¢*= (ett )
Z split alg torus

0 ME corresp to birational map Mk : Twit) -
- - -> TNYMKT )

o Cluster A-variety 1- = U
+ eµTWct) . glued by mutation birational maps

o U=K[AT word
- ring

Recall Yj = TIX,bi
Lemma

.
MÑ( YE ) = {Yi

Ykcbkit (HK )
- bki
itk

41<-1 i=k



Cluster X- variety I constructed using Y- variables .

/omit details)

§ 2 . Tropical pts parametrization

TV : Langlands dual seed of t .
St . bijltv) = - bjilt ) ,

tropical semifleld 21-1=121 . maid .
I
,
t ) .

Fock- Goncharov conjecture :

Wto)=lk[Alto ) ] has a 1k - basis parametrized by the tropical pts of its
"

dual
"

* itii.

§ 2.1 tropical pts
ft'=µkt , we have the tropical transformation +

: Mitt → Molt
'

)

sit .

V-g-tgo.IE/U4t).aitsimagegElg.i4c-M9tbis9i'--f-9kE- K

9it [b. 1,191<1-1 - C-bike C-9k) -1 i -4k



Lem
.

. ✗
tst

is the tropicalnation of mutation of Y-variables for TV .

Cor . The composition of these mapsgive a well-defined
4th : N°41 =, Molt 's. V-t.ttOt .

Def . The set of tropical pts µ° consists of the equivalent classes CGT
in W Wct ) , where [g) = (g

' ] if 9
'
= ¥+9 .

teot

§ 2.2 Parametrization CQ 197

Def Assume Z C- 1K [With is g- pointed . (i. e. 2- c- ✗9. (HEIKY
"

) )
h > 0

We say 2-
is [g) - pointed , or parametrized by Cg ], it tt

'
c-0-1

.

2- is ¥+9 - pointed when viewed in IKCM4th ] .
0 A subset S C U is calledA- pointed, or parametrized by 'll

°

if 5=1 say / Cgs c-MY sit . 5cg , are cg] - pointed .



Rem
.

The generic basis is parametrized byMi [Plamondon] .

theta [Carl- Pumpda - Siebert] CGHKKJ
triangular CQ

.

] definition/property.

Assume Injective -reachable from now on .

mutation

technique : work wt both t.tw to obtain boundedness
.

: Lta ,
→ >+

.

lowest -dog -4 highest deg .

Lemma : Assume 2- = ✗9 CHECny
"
) C- U is [g)- pointed .

Then

2- = XSCHICNY " -1 yd ) for some DEIN
"t
determined by 9

ocncd -

them
. 2- has the Lt- minimal deg term : Codegtz : = g 1- Bin . determined by g.

* Lemma
. If ZEU and a cluster monomial M are both pointed at some Cg ] , then Z=M .

Rem
.

To require the degree of apointed element transforms under is a strong restriction .

We use such tropical property to show triangular basis contains cluster monomials , without using positivity .



§ 3 All bases parametrized by Mo .

[Q
.
19 ) (sketch )

Def . We say [9 'T £+193 in µ° if gift g in Witt

⇒ many dominance orders on µ° .

Def . It can C- No
, define the deformation factor

M%g ] i = 1 cg 'T 1 cg ' ] <+ Cop , tt Got {

-1hm IQ
. 19 ] Denote $ = { subsets CU parametrized by N°4 .

11<=21
orZ[at]

4) All be
↳egg

are finite .

(2) Choose any 2- C- $ , we have a bijection
IT lKM%+on →~ $
No

( beg, egg )[g,, ,
↳ 5=1 Scgs : = Zcgst I beg, ,g☐ 2-

go
otcg]

(3) All S C- $ are bases of U . except 41<=21104 , di unequal ) is open



Application : generic cluster characters areMi
-pointed [Plamondon]

⇒ They form a basis (generic basis )

Rem
. By A lemma . M<µgy=¢ if Zog , is a cluster monomial .

Example . Q 2=31 Cannulas example )

bangle basis element Ken
,
-n ,
= CLI

"

For any Mi
- pointed basis S , Sen

.
-n,
is of form

Son
,
-n ,
= [LT

"
t bn.zCLJ-2-lbn.ie Cop-4-1 . .

. + biasi
E- 0 or 1

No
↳ [Cn ,-n , ] =/ ( n-21 -Ch -211 , . . .

.

( i. - i , { '""

°
0 In ,

- n )
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