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Representation of sl

The above data of the representation can be characterized in the following picture

€

€ €
3 —
W Vae, W Vape,
f f ! f

such that (ef — fe = h)|y, = Aldy,.

We can consider a more general case, which is the representation of the quantum
group Ug(slz). The third condition is replaced by (ef — fe)|v, = [A],Idy,, where
Ng =1+ ¢ 3+ ...+ ¢! is the quantum integer.
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Categorification

Idea: Replace all vector spaces by categories and linear maps by functors.

Such a process can help us to understand deeper structures.

It has many applications, e.g., modular representation theory, equivalence of
categories, knot homologies....etc.

Geometry is a good resource for producing categories.

It can be decategorified to recover the original vector space.

categorify .
vector spaces > categories

-

decategorify
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The categorical sly (or U, (sl2)) action

weight space V), A € Z ~~—> weight category IC(\) A € Z

e:Vi—=>Vaga, [ VA= Vio~—E: KN > KA+2), F: K\ = K(\A-2)

E E E E
_— — —
K\ —2) KN } KA +2) FN
F F

The commutator relation (ef — fe)|y, = Aldy, should be lifted to

EF|x(y) 2 FE|coy @D 10, if A >0

FE|xc(x) = EFlcoy @D 12, ifA <0

Similarly, there is also a lift of the commutator relation (ef — fe)|v, = [A Idy,
for Uy (sl2) to categorical level.
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Construct categorification from geometries

To construct categorical sls actions, the weight categories arise from the spaces of
importance in representation theory like Grassmannians or flag varieties.
Consider the Grassmannian of k-dimensional subspaces in CV

Gk,N)={0cV cC" | dimV =k}

Let D*Con(G(k, N)) to be the bounded derived categories of constructible
sheaves on G(k, N). These will be our weight categories
K(A\) = D*Con(G(k, N)), where A = N — 2k.
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We have the following natural correspondence

Fik—1,k)={0'c v ev'ciem
/ \
G(k, N) G(k—1,N)

Here py : FI(k — 1,k) — G(k,N) and py : Fi(k —1,k) — G(k —1,N) are
natural projections. We define the following functors

E := po.p} : D°Con(G(k,N)) = K(\) = D°Con(G(k — 1,N)) = K(A + 2)
F:=p1.p5 : D’Con(G(k — 1,N)) = K(A 4 2) = D°Con(G(k, N)) = K(\)

In this talk, all functors between derived categories are assumed to be derived. For
example, we will use f*, f. instead of Lf*, Rf. respectively.




Construct categorification from geometries

With the categories KC(\) and functors E, F defined above, we have the following
theorem.



Construct categorification from geometries

With the categories KC(\) and functors E, F defined above, we have the following
theorem.

Theorem 1 (Beilinson-Lusztig-MacPherson, Chuang-Rouquier)

The categories and functors defined above gives a categorical sly (or Uy (slz))
action. This means that the functors defined above satisfy

EF|x(x) 2 FElcoy @D 120, ifA >0

FE|x(x) 2 EFlcoy @D M2 if A <0
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coherent sheaves on G(k, N), which is denoted by D*Coh(G(k, N)), where
A= N —2k.
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Denoting V, V'’ to be the tautological bundles on Fi(k —1,k) of rank k, k — 1
respectively, then there is a natural line bundle V/V' on Fi(k — 1, k).
Instead of just pullback and pushforward, we have more functors

E, i= pou(pi ® (V/V')') : D'Coh(G(k, N)) - D*Coh(G(k — 1, N))
Fri= pre(ps ® (V/V)") : DXCoh(G(k — 1, N)) — D' Coh(G(k, N))

where r € Z.
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The main problem

Problem.
We want to understand how this Lsly := sly ® C[t, ¢~ 1]-like algebra acting on

@®,. D*Coh(G(k,N)), where e ® t" and f ® t* acting via the functors E, and Fj
respectively for r, s € Z.

We can ask several natural questions, for example,
@ What are the categorical commutator relations between E,.F, and F,E,.?
@ What is the algebra that we obtain after decategorifying?

Q If we define the algebra, can we give a definition of its categorical action like
sl in the introduction?
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Before we answer those questions, we need the tool of Fourier-Mukai (FM)
transform to help us.

Definition 2

Let X, Y be two smooth projective varieties. A Fourier-Mukai (FM) kernel is any
object P € D*Coh(X x Y). For such P we define the associated Fourier-Mukai
(FM) transform, which is the functor

®p : DPCoh(X) — DPCoh(Y)

F = mou (77 (F) @ P)

where 71, o are natural projections.
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Then the functor E,. : D*Coh(G(k, N)) — D*Coh(G(k — 1, N)) isomorphic to a
FM transform with the kernel

Elgn_p) =t (V/V)" € D’Coh(G(k,N) x G(k — 1, N))

where ¢ : Fli(k —1,k) — G(k,N) x G(k — 1, N) is the natural inclusion, i.e.,
E. 2 ®g1(, x_y)- Similarly, we denote

Fslin—k) € D'Coh(G(k,N) x G(k+1,N))

to be the FM kernel for Fg, ie., Fs = @1,

Lk, N—k)"
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First, we study the relation between the two functors

E.oF,, FyoE,:DCoh(G(k,N)) — D°Coh(G(k,N)).

Since both E, and F, are FM transforms, a standard fact tells us that composition
of FM transforms is also a FM transform with kernel given by the convolution of
kernels. We denote * to be the operation of convolution.

Then (& * Fs)Lo,N—k)s (Fs *E) L n—k) € D*Coh(G(k,N) x G(k,N)) are
FM kernels for the functors E,. o F,, F4 o E,., respectively.
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E

Comparing (g'r * fs)l(k,N—k)u (.Fs * gr)l(k,N—k) S DbCOh(G(k‘, N) X G(k, N))
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Theorem 3 (Hsu)
We have the following exact triangles in D*Coh(G(k, N) x G(k, N)).
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Theorem 3 (Hsu)

We have the following exact triangles in D*Coh(G(k, N) x G(k, N)).
(Fs % E)Lpn—k) = (Er* Fo)Lign—iy = (BT x H1) 1 np), ifr+s=N—k+1
(Fa &) ( )

(Er* Fo)Lgn—r) = (Fs xE)len-r) = ¥ Len—p), ifr+s=—k

(E * F)Lgon—ty = (Far E)Lgon—ry = (U * Ho1)Lgo_py, if7+ 5= —k — 1.

L, N—k) — Er*x Fs L, N—k) — \I’+1(k,N—k)a ifr+s=N—k

Finally, we have
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Categorical commutator relations between E, and F;

Theorem 3 (Hsu)
We have the following exact triangles in D*Coh(G(k, N) x G(k, N)).

(Fs % E)Lpn—k) = (Er* Fo)Lign—iy = (BT x H1) 1 np), ifr+s=N—k+1
(Fs * &) ( en—t) = ¥ L nopy, ifr+s=N—k

(Erx Fs)l(e,n—k)y = (Fs xE )L, n—k) = VU L, n—k), ifr +5=—k

(& x Fs)l(e,n—k)y = (Fs % E )L n—ry = (¥~ * H 1)L (g,N—k), ifr+5=—k—1.

Lk, N—k) = (& *Fs

Finally, we have

(]:5 *Er)l(k’N,k) = ((S'T *]:S)]-(k,ka)v if — k+ 1 S r+s S N —k—1.

Here \IJ+1(k,N7k:) = A* det((CN/V), \IJ_l(k,ka) = A* det(V)_l up to some
homological shift, where A : G(k, N) — G(k, N) x G(k, N) is the diagonal map.
H+11(x,N—k) are more complicated kernels.

The exact triangles are non-split in general.
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The idea behind the proof

To compare (&, * Fs)1 (s, n—k) and (Fs * &)1 n—k), the geometries is exactly
the same to the setting of constructible derived category for categorical sl action.

Geometry for FE or FSE, Geometry for EF or E,Fs

1 1
7 = {V/// C V, V//} 7 = {V7 V" V/}

Y = {(V,V") € G(k,N) x G(k,N) | dim(VNV")>k—1}

The variety Y is singular with 2 resolutions 7, 7’. I
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A comparison between constructible and coherent pictures

In the constructible setting, X(\) = D*Con(G(k, N)), and to compare EF and
FE, we also have to compare their convolution of kernels.

Assuming A = N — 2k > 0.

In this setting 7’ is a small resolution and 7 is not a small resolution. Using the
theory about perverse sheaves (IC sheaf), we have EF|i(y) = FE|x(») @Idj‘é()‘/\).
The non-zero extra term can be written as

IdPA |~ Tdye(ny @ H

(A) sing (P/\7 ! ’ (C)



A comparison between constructible and coherent pictures

However, in the coherent setting KC(\) = D*Coh(G(k, N)), we do not have

powerful tools like the decomposition theorem we can use for constructible
sheaves.



A comparison between constructible and coherent pictures

However, in the coherent setting KC(\) = D*Coh(G(k, N)), we do not have

powerful tools like the decomposition theorem we can use for constructible
sheaves.

So we need to use the fiber product

2=V eV, v Z=1{V, V'V

{(V,V") € G(k,N) x G(k,N) | dim(V NV") >k -1}



A comparison between constructible and coherent pictures

However, in the coherent setting KC(\) = D*Coh(G(k, N)), we do not have
powerful tools like the decomposition theorem we can use for constructible
sheaves.

So we need to use the fiber product

Z/:{V//Iév VI/} Z {‘/7 V//év/}
Y={V,V")eG(k,N) x G(k,N) | dim(VNV") >k —1}

In this setting, the last isomorphism in Theorem 7 is reflected by the vanishing of
coherent cohomology.

(Fs *E )L en—i) Z(Er * F)len-p), “k+1<r+s<N—-k-1

|

H* PN Opy-i(-r—5—k)=0, —-N+1< —r—s—k< -1
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Some information about H;

There is an exact triangle in D*Coh(G(k, N) x G(k, N))
ALY = Hilgn_p — ACN /Y
with H11( n_k) is determined by the non-zero element
(0,id) € Hom(A,CN /v, A, V[1]) = Ext' (CY /V,V) & End(Q4).

Similarly for H 11 nv—)-

This tells us that H11, ) is neither isomorphic to A,(V & CY/V) nor to
ACN.

We prove that (Hll k,N— k))R =H_ 11 k,N—k) (Hll k,N— k))
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We define the functors Hy : D*Coh(G(k, N)) — D*Coh(G(k, N)) to be the FM
transforms with the kernels given by H111(x n—#)-

Then we study the categorical commutator relations between H.; and E,.
Similarly for H4; and F;.

Again, we use the tools from FM transforms to study the categorical relations.
For example,

Comparing E, o Hy, Hy o E;. ~» Comparing (& * H1)1p,n—k), (H1* &)1 n—k)
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Theorem 4 (Hsu)

We have the following exact triangles
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Theorem 4 (Hsu)

We have the following exact triangles

(H1* &)L n—r) = (& * H1) Lo N—k) = (Ers1 @SrJrl[l])l(k,N—k)
(ExH 1)L n—r) = (Ho1 *E) L n—k) — (Er1 @&—1 1)1k, N—k)
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Note that at the level of K-theory, this gives that the commutator relations
between hyj and e, are trivial, i.e. [hi1,e.] = 0. Similarly, [hy1, fs] = 0.
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Theorem 4 (Hsu)

We have the following exact triangles

(Ha * E )L n—r) = (& * H1) Lo, n—k) = (Erpa @SrJrl[l])l(k,N—k)

(& xHo1)Lgon—r) = (Ho1 % E) L n—k) = Em1 D E—1[1) 1 n—r)
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Remark

Note that at the level of K-theory, this gives that the commutator relations
between hy; and e, are trivial, i.e. [hi1,e.] = 0. Similarly, [A11, fs] = 0. In
contrast, we have [hq,e,] = [2]4er+1 for quantum loop algebra U, (Lsls).
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Theorem 4 (Hsu

We have the following exact triangles

(Ha * E )L n—r) = (& * H1) Lo, n—k) = (Erpa @ngrl[l])l(k,N—k)
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(Ho1 * Fr)len—r) — (Fr* H 1)L Nn—k) — (Fro1 @fr—l[l])l(k,N—k)

Note that at the level of K-theory, this gives that the commutator relations
between hy; and e, are trivial, i.e. [hi1,e.] = 0. Similarly, [A11, fs] = 0. In
contrast, we have [hq,e,] = [2]4er+1 for quantum loop algebra U, (Lsls).
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Those exact triangles are non-split (in general).
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Keep tracking the element under the process of convolution

Here we roughly explain the technical details behind the proof.

We prove the first exact triangle and the argument is similar for the rest. Also, it
suffices to prove the case 7 = 0. To understand the object (€ * H1)1(; n—k), We
have the following analysis.

ALY = Hil g n—g) = ACN)Y (0,id) € Ext?
$is |
T ALY = T H il nok) = THALCN /Y oo € Ext!

5/‘8’”;35 I

T ALY @ mhsE = ThH1l(e k) @ Ths€ = THACN )V @ 13,8 ... € Ext!

5/7"13*

LV = (ExH1) L n—k) = t:CV/V z € BExt!

Similarly, we obtain the exact triangle

LV = (Ha % E) L n—1) — t:CN/V' determined by y € Ext'



Check commutativity and Cone

bV ——— (H1 % &)Lk nk) — t:CV )V — LV

J Lo

Ly — (5 * Hl)l(k,N—k) E—d L*(CN/V — L*V[l]



Check commutativity and Cone

Check the commutativity of the right square induces a morphism
(H1 * E) Lk, n—k) = (E* H1) L, n—p)-

bV ——— (H1 % &)Lk nk) — t:CV )V — LV

J v L o]

Ly — (5 * Hl)l(k,N—k) E—d L*(CN/V — L*V[l]



Check commutativity and Cone

Check the commutativity of the right square induces a morphism
(H1 * E) Lk, n—k) = (E* H1) L, n—p)-

bV ——— (H1 % &)Lk nk) — t:CV )V — LV

J v L o]

Ly — (5 * Hl)l(k,N—k) E—d L*(CN/V — L*V[l]

| | L]

LYV Cone LYV —— uV/V'[1]




Check commutativity and Cone

Check the commutativity of the right square induces a morphism
(H1 * E) Lk, n—k) = (E* H1) L, n—p)-

bV ——— (H1 % &)Lk nk) — t:CV )V — LV

J v L o]

Ly — (5 * Hl)l(k,N—k) E—d L*(CN/V — L*V[l]

| | L]

A% Cone LYV 1] —— .V /V'[1]

Finally, we show that Cone = 1, V/V' @ 1. V/V'[1] =2 & @ &1[1] to get the desire
exact triangle.
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Together with the study of other categorical relations, we obtain the following
main result.

Theorem 5 (Hsu)

(1) The resulting algebra acting on @, D*Coh(G(k, N)) is a new algebra, which
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(3)We verify that there is a categorical Uy x(Lsly) action on
@, D*Coh(G(k, N)).
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Our main result answers these natural questions that arising from the study of the
Lsly-like algebra action.
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Together with the study of other categorical relations, we obtain the following
main result.

Theorem 5 (Hsu)

(1) The resulting algebra acting on @, D*Coh(G(k, N)) is a new algebra, which
we call it the shifted ¢ = 0 affine algebra. Denoted by Uy n(Lsly).
(2)We give a definition of the categorical Uy n(Lslz) action.

(3)We verify that there is a categorical Uy x(Lsly) action on
@, D*Coh(G(k, N)).

Remark

Our main result answers these natural questions that arising from the study of the
Lsly-like algebra action.
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More generally, we constructed a categorical Z/.IO,N(len) action on the derived
categories of coherent sheaves on n-step partial flag varieties.




© Introduction
o Categorical sly action
@ An example from geometry

© The motivation and the main result

© Applications
@ Semiorthogonal decomposition
@ Demazure operators

@ Some related works




Exceptional collections

Fixing a triangulated category D, which we may assume it is C-linear.



Exceptional collections

Fixing a triangulated category D, which we may assume it is C-linear.

Definition 6

An object E € Ob(D) is called exceptional if

C ifl=0

Homp (E, E[l]) = {0 if 1 #0.




Exceptional collections

Fixing a triangulated category D, which we may assume it is C-linear.

Definition 6

An object E € Ob(D) is called exceptional if

C ifl=0

Homp (E, E[l]) = {0 if 1 #0.

Then we define the notion of exceptional collections.

Definition 7

An ordered collection {F1, ..., B, }, where E; € Ob(D) for all 1 < i < n, is called
an exceptional collection if each F; is exceptional and moreover
Homp(E;, E;[l]) =0 for all i > j and all [ € Z.
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A semiorthogonal decomposition (SOD for short) of D is a sequence of full
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containing Aq, ..., A, equal to D.
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D with components A, ..., A,.




Semiorthogonal decompositions

Then we define the notion of semiorthogonal decompositions, which can be
thought of as a generalization of exceptional collections.

Definition 8

A semiorthogonal decomposition (SOD for short) of D is a sequence of full
triangulated subcategories Aq, ..., A,, such that

@ there is no non-zero Homs from right to left, i.e. Homp(A;, A;) = 0 for all
A; € Ob(A;), Aj € Ob(A;) where 1 < j <i<n.

@ D is generated by Ay, ..., A,, i.e. the smallest full triangulated subcategory
containing Aq, ..., A, equal to D.

We will use the notation D = (A4, ..., A,) for a semiorthogonal decomposition of
D with components A, ..., A,.

Constructing SOD when D = D*Coh(X) is an active research area in algebraic
geometry. There has been many developments due to Bondal-Orlov,
Kuznetsov...etc.
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SOD given by exceptional collection

Note that an exceptional collection of D naturally gives rise to a SOD of D.
Let {E1,..., E,} be an exceptional collection of D. Then we have the following

SOD
D= (AE, .. E,).

where A = (Ey, ..., E,)* and E; denote the full triangulated subcategory
generated by the object F;.

For a full triangulated subcategory C C D, we define

Ct ={X € Ob(D) | Homp(C, X) =0V C € Ob(C)} to be the right orthogonal
to C in D. It is a triangulated subcategories of D.

An exceptional collection is called full if the subcategory A is zero. \
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The simplest example is given by Beilinson for projective space PV~ = G(1, N).

Theorem 9 (Beilinson)

There is a full exceptional collection (thus a SOD)

DbCOh(PN_l) = <O]P>N—1(—N + 1), OPN—I(_N =+ 2), ey O]P)N—1>.
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The Beilinson-Kapranov exceptional collection

The simplest example is given by Beilinson for projective space PV~ = G(1, N).

Theorem 9 (Beilinson)

There is a full exceptional collection (thus a SOD)

DbCOh(PN_l) = <O]P>N—1(—N + 1), OPN—I(_N =+ 2), ey O]pN—1>.

The above result is generalized to Grassmannian G(k, N) by M. Kapranov.

Let V be the tautological bundle on G(k, N). For integers a, b > 0, we denote by
P(a,b) the set of Young diagrams A such that A\; < a and A\p41 =0, i.e.

A= (A1,., \p) with 0 < Ay < ... < A1 < a. Denote Sy to be the Schur functor
associated to the Young diagram .

Theorem 10 (M. Kapranov)

There is a full exceptional collection (thus a SOD)

D°Coh(G(k,N)) = ( SAV )acp(N—k,k)-
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More precisely, by using the Borel-Weil-Bott theorem we get
SaV = Fy, x..x ]:)\kl(O,N)

where A = (A1,...,A\x) € P(N — k, k). Note that F), ... % Fx, 1o n) is the FM
kernel for the functor Fa1 (g ny := Fx,...Fx, L0,



Relate to the categorical action

More precisely, by using the Borel-Weil-Bott theorem we get
SaV = Fy, x..x ]:)\kl(O,N)

where A = (A1,...,A\x) € P(N — k, k). Note that F), ... % Fx, 1o n) is the FM
kernel for the functor Fa1 (g ny := Fx,...Fx, L0,

We know that {S)V | A € P(N — k,k)} is an exceptional collection, it is natural
to ask the following question.



Relate to the categorical action

More precisely, by using the Borel-Weil-Bott theorem we get
SaV = Fy, x..x ]:)\kl(O,N)

where A = (A1,...,A\x) € P(N — k, k). Note that F), ... % Fx, 1o n) is the FM
kernel for the functor Fa1 (g ny := Fx,...Fx, L0,

We know that {S)V | A € P(N — k,k)} is an exceptional collection, it is natural
to ask the following question.

Question : Given an (abstract) categorical Uy x (Lsla) (or Uy n(Lsl,)) action

K. Do the functors

F)\]-(O,N) = F)\1-~-F/\k1(07N) : IC(O,N) — ]C(k,N — k), A E P(N — k,k‘)

behave like an exceptional collection?



Application 1: SOD of weight categories

Proposition 11 (Hsu)
The functors {Fx1¢o,n) | A € P(N — k, k)} satisfy the following properties

(1) Hom(Fx1(o,ny), Fal(o,n)) = Hom(1(o,n), L(0,n)) (exceptional-like property)
(2) Hom(Fa1(o,ny, Fado,ny) =0, if X <; X' (semiorthogonal property)

where <; is the lexicographical order.
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where <; is the lexicographical order.
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When the weight categories are K(k, N — k) = D*Coh(G(k, N)), we have
Hom(1 (o, 5y, 1(0,n)) = C. This recovers that SyV is exceptional.
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Proposition 11 (Hsu)
The functors {Fx1¢o,n) | A € P(N — k, k)} satisfy the following properties

(1) Hom(Fx1(o,ny), Fal(o,n)) = Hom(1(o,n), L(0,n)) (exceptional-like property)
(2) Hom(Fa1(o,ny, Fado,ny) =0, if X <; X' (semiorthogonal property)

where <; is the lexicographical order.

RENEILS

When the weight categories are K(k, N — k) = D*Coh(G(k, N)), we have
Hom(1 (o, 5y, 1(0,n)) = C. This recovers that SyV is exceptional.
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The first property (1) also implies that the functors
Faloo,n) : K(0,N) = K(k, N — k) are fully faithful for A € P(N — k, k).




Application 1: SOD of weight categories

Then we have the following result.

Theorem 12 (Hsu)

Given a categorical Uy n(Lsly) action K. There is a SOD

’CUf’N - k‘) = <“47 K:)\(kaN - k)>>\€P(N—k,k)

where A := (Kx(k, N = k))xe p(v_x) and Ka(k, N — k) := (Fal(o,n) (K(0, N)))
is the minimal full triangulated subcategories of K(k, N — k) generated by the
class of objects which are the essential images of F\1(g n)-




Application 1: SOD of weight categories

Then we have the following result.

Theorem 12 (Hsu)

Given a categorical Uy n(Lsly) action K. There is a SOD
’CUfaN - k‘) = <«47 K:)\(kaN - k)>>\€P(N—k,k)

where A := (Kx(k, N = k))xe p(v_x) and Ka(k, N — k) := (Fal(o,n) (K(0, N)))
is the minimal full triangulated subcategories of K(k, N — k) generated by the
class of objects which are the essential images of F\1(g n)-

In fact, we prove the above theorem for general sl,, action.
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Demazure operators

Let G = SLx(C) and B C G be the Borel of upper triangular matrices. Consider
the type A full flag variety

1 1 1
G/B={0=VyCV;C..CVy=C"}
and similarly the partial flag variety
1 1 1 2 1 N
G/P,={0CcVCVC..VieyCViy1 C..Vy=C"}

where P; is a minimal parabolic subgroup and 1 <¢ < N — 1.



Demazure operators

Let G = SLx(C) and B C G be the Borel of upper triangular matrices. Consider
the type A full flag variety

G/B={0=VoCVi C..CVy=CN}
and similarly the partial flag variety
GIP={0C VI EVa & Vi Vit &V =CN)
where P; is a minimal parabolic subgroup and 1 <¢ < N — 1.

Foreach 1 <i< N —1, let m; : G/B — G/P; be the natural projection, which is
a P!-fibration for all 4.



Demazure operators

Let G = SLx(C) and B C G be the Borel of upper triangular matrices. Consider
the type A full flag variety

G/B={0=VoCVi C..CVy=CN}

and similarly the partial flag variety

1 1 1 2 1
G/P,={0CViCVoC .V, CViyy C..Vxy =CN}

where P; is a minimal parabolic subgroup and 1 <¢ < N — 1.

Foreach 1 <i< N —1, let m; : G/B — G/P; be the natural projection, which is
a P!-fibration for all i.

m; induces pullback 7} : K(G/P;) — K(G/B) and pushforward

mix : K(G/B) — K(G/P;) on the K-theory.



Demazure operators

Let G = SLx(C) and B C G be the Borel of upper triangular matrices. Consider
the type A full flag variety

G/B={0=VoCVi C..CVy=CN}

and similarly the partial flag variety

1 1 1 2 1
G/P,={0CViCVoC .V, CViyy C..Vxy =CN}

where P; is a minimal parabolic subgroup and 1 <¢ < N — 1.

Foreach 1 <i< N —1, let m; : G/B — G/P; be the natural projection, which is
a P!-fibration for all i.

m; induces pullback 7} : K(G/P;) — K(G/B) and pushforward

mix : K(G/B) — K(G/P;) on the K-theory.

We denote V; to be the tautological bundle of rank i on G/B, and &, = V;/Vi_1
the natural line bundles. Let x; = [.%] € K(G/B) be the class in the
Grothendieck group.
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q = 0 affine Hecke algebra

The Demazure operators are defined by d; := 7}m;,. : K(G/B) — K(G/B) for all
i. Those operators {J;} generate the ¢ = 0 Hecke algebra, denoted by Hx(0),
with the following relations

62 = §; (idempotent)
57;51‘4_151' = 51‘4_151'(52'4_1 (Braid relations)

and thus we have an action Hy(0) on K(G/B).

By abusing of notations, we still denote x; for the linear operators on K(G/B)
that defined by multiplication with z; = [.%}].

{6;,x;} generate the ¢ = 0 affine Hecke algebra, denoted by 7 (0), and the
action of Hx(0) can be extended to the action of Hy(0) on K(G/B).

Lusztig introduced an g-analogue version of d;, which is called the
Demazure-Lusztig operator. Together with z;, he proved that there is an action
of the affine Hecke algebra on K“*© (G/B).
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Lift to categorical level

The action of Hx(0) on K(G/B) can be lifted to categorical action of Hx(0) on
D*Coh(G/B). We use FM transforms to categorify the operators d;, x;, and
denote their FM kernels to be 7;, X; € D’Coh(G/B x G/B) respectively.

Theorem 13 (Hsu)

There is a categorical action of the ¢ = 0 affine Hecke algebra Hy (0) on
D Coh(G/B), where the generators §;,x; act by lifting to the FM transformation
O7,, dx; respectively.

Remark

One way to prove this theorem is to verify the categorical relations directly by
calculating many convolutions of the FM kernels 7;, X;. However, instead of
proving this theorem by direct calculation, we prove this theorem by relating this
action to the categorical action of shifted ¢ = 0 affine algebra.

| \
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Relation to shifted ¢ = 0 affine algebra

For any k = (k1,...,kn) € N such that >, k; = N, we define

k1 ko kn
Fi(CMy={0cwv C..CV,=Cc"}

to be the n-step partial flag variety. We will simply use the notation Flj, if there
is no ambiguity.

In particular, when n = N, there is a categorical action of Uy x (Lsly) on

@, D*Coh(Fl) and thus descend to action on @, K (Flj). Note that in this
notation, we have G/B=Flau,,.. 1) and K(G/B)iis one of the direct summand.
The main idea is to interpret the Demazure operators d; in terms of elements in
Z/{()’N(LEIN).
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A simple observation

Recall that to construct d;, we need

GIP,={0CViC Vol .Viy C Vit C ..V =CN}

Observe that
2 0 2
ViciCVipn=Vio1 C Vi1 C Vi
2 0
=Vie1 C Vi1 CVipa

So
G/P;=Flua,. 1)+, = Flaa,..1)-a,

where o; = (0,...,—1,1,...,0) is the simple root with —1 at the ith position.
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Interpretation of 9;

We have the following picture

oi
€i,r U €i,r

b =
K(G/P; = Flua,..1)-a,) - K(G/B = Flu,,..1)) - K(G/P; = Fl1,..1)+a;)
fi,s fi,s

As a result, the Demazure operators can be written as
—1 —\—1
Si=eifin(WN) a1 = fiei—1(¥;7) 1, 1)

Similarly z; = w;_—ll(l,l,-“,l) = (wj_)ill(l,l,...,l)-

Here we simply denote e; for e; ¢, f; for f;o. Similarly for & and F;.
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Lifting to the categorical level, as a result, we have the isomorphisms of FM
kernels

T & Finx (W) g, 2 F*E = (U7) " Laq
X, = \II;r_l]-(l,l,...,l) = (@;)711(1,1,...,1)

Thus the categorical relations that we need to verify for 7 (0) can be deduced
from the categorical relations in Uy v (Lsly).
In particular, the categorical commutator relations

(Fin* &), = E*xFi)laa,.a) = Yilaq, 1),
(Ecr*x Fi)laa,.1) = (Fix&-1)laa,..n = Y la,.0,

are precisely the (categorical) affine Hecke relations

XZ*’E*)’E*XH_l *)Xi_i_l,
Tix Xy = Xip1 T = Xiga.
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Generalization to Fj,

For k = (k1,..., k) with n < N, the pullback induced by the natural projection
m:G/B=Flu,,. 1) — Fl makes K(Fly) as a submodule of K(G/B).

One natural question is to generalize the construction of the Demazure operators
d; from G/B to Flj,.

Motivating from the above interpretation of ¢; for G/B, and since there is a
categorical action of Uy n(Lsl,,) on @), D*Coh(Fly), we can try to generalize &;

to get operators acting on D°Coh(Fl;) and K(Fly).

Note that the submodule K (Fly) is not invariant under the action of ¢;, so
di| k(1)) does not work.
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Q7 €ir
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Generalization to Fj,

eifit (W) a1 =0 = fies (7)) a1

ir €i,r
Flag,..n-a;) - K(G/B=Flua,. 1) . K(Flga,.1)+4:)
fi,s .fi,s
ha)e CKFW_ K
fi,s fi,s

€ifijeia (W) =10, € End(K(Fly) 3> 67 = fiei 1, (¢¥; )"
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Demazure operators for Flj,

Now we have the operators

6’2 = 6ifi,k?1,+1 (wzﬁ_)illﬁa 5;/ = fieiv_ki (wz_)illﬁ : K(FZE) — K(FZE)

Lifting to categorical level by using FM transforms, we denote

77 =& * ]:i,ki+1
T/ = FixEip, x (U7) 711y,

« (W)

to be the kernels in D*Coh(Fl;, x Fly,) for the lifting of &/, 6! respectively.

7

In general, we have &, # §;' and thus T 2 7. They are equal/isomorphic only
when k= (1,1,...,1).
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From the categorical commutator relations,
(Fi>ki+1 * gi)lﬁ — (51 * E,kml)lk — \I/?_].&,
(Ei—ky * Fi)Lg — (Fi % &gy )1 — W7 1y,

since W; 1, W, 1; are certain line bundles, we can convolution their inverse to
get the following exact triangle
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Demazure operators for Flj,

From the categorical commutator relations,
(Fi>ki+1 * gi)lﬁ — (51 * E,kml)lk — \I/j_].&,
(Eiymos * Fi)lig = (Fi # Ei—p ) 1 = V7 1y,
since W; 1, W, 1; are certain line bundles, we can convolution their inverse to
get the following exact triangle
fiyki+1 * & * (\Pj)_llﬁ - 7;/ =& * J:i,ki+1 * (\Ilj)_llﬁ — OAa
51'7_1% * Fy ok (\IJ;)711E — 7,;” = F; * gi,—ki * (\Ili_)illﬁ — Oa.

We denote S/ := *Ex (U1, and S == &k, * Fi* (¥ )"

kit



Demazure operators for Flj,

Theorem 14 (Hsu)
(1) Idempotent

/ 1 2 2
)

TAT, =T, T, «T, =T, .
(2) There exist exact triangles in D*Coh(Fly, x Fly,)

/ / / ’ / / / / / /
TiwrxTy *Tig1 xS = Ty *Tiga x Ty = Ty Ty * Tigq,
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To *Tiga*Ty %S00 = Tiga Ty xTipg =Ty x T x T,
(3) Vanishing
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Demazure operators for Flj,

Theorem 14 (Hsu)
(1) Idempotent

/ / 1 1 1
3 )

T T =T, T «T =T, .
(2) There exist exact triangles in D*Coh(Fly, x Fly,)

/ / / ’ / / / / / /
TiwrxTy *Tig1 xS = Ty *Tiga x Ty = Ty Ty * Tigq,

To *Tiga*Ty %S00 = Tiga Ty xTipg =Ty x T x T,
(3) Vanishing

! / / ! 11 1 1 1
T *Tipa Ty S0 2T T, T xS =0

Remark

In particular, when k = (1,1, ...,1) (which is G/B), we have 7, = 7" and
S; =2 S/. So (2) and (3) imply the categorical braid relations. Thus the
categorical action of Hy(0) on D*Coh(G/B) is a direct consequence of this
theorem.
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Calculations of the actions on a basis

When n = 2, we obtain the action of Hy(0) on K(G(k, N)), where the generator
acts by ¢’ = efN_k(wJ“)*ll(k,N_k). Since the exceptional collection

{SAV}rep(N—k,k) gives a basis {[S\V]} for K(G(k, N)), we calculate the action
of ¢’ on them.

Theorem 15 (Hsu)

, 0 A =N—k
[S\V] ifO<M<N-—k—1,

Since (6')? = &', we have {[S\V] | A € P(N — k, k)} is an eigenbasis for ¢'.

In fact, we calculate the action of 4, on the basis given by the Kapranov
exceptional collection for the n-step partial flag variety Flj,.
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Relate to the action of (quantum) loop algebra

Consider the K-theory of cotangent bundle of n-step partial flag varieties (s,
Nakajima quiver varieties) K (T*Fl;). There is an action of U(Lsl,,) (or U,(Lsl,)
if we work C*-equivariantly) on it. The action is constructed by Hecke
correspondence with the loop structure also comes from twisting of line bundles.
Since there is the Thom isomorphism, it would be interesting to see the relation
between this action and our action of shifted ¢ = 0 affine algebra.

D, K (T Fiy) 2™ @, K(Fly)

I N

U(Lsly) <o Uy (Lsl,,)
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Consider the affine Grassmannain Grgp, = GLN(K)/GLy(O) where

O = C][t]] is the formal power series ring and K = C((t)) its fraction field.
Finkelberg-Tsymbaliuk define shifted quantum affine algebras, and we denote it by
Ug, .- For g = sly, they construct a surjective homomorphism

GLn(0)xC*
uq _9NaV —» Kloc A (GTGLN)
’ (quantized K-theoretic Coulomb branch)

where L, _onqv are certain truncated shifted quantum affine algebra.
On the other hand, for g = sl,, they also construct action of

T xC*
u‘lall« D ®k Kloc ( E)

(K-theory of Laumon based parabolic quasiflag spaces )

for certain coweight p.
It would also be interesting to see the relations to these works, e.g. lifting the
above results from K-theory to derived categories by using our categorical action.



Thank you for your attention.



