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. . Pl
Why investigate this: v relations to rank-1



3-Manifold Invariants Z (M)

Physical definition of new 3-manifold invariants Z (M5) rcuonee puron vaa 17

.. in the context of the 3d-3d correspondence

space-time St x TN x T*M, M-theory background
U U
M5-branes on St ' x D* x M,

(4 =204 SCFTen D, 51 x M

/ \

3d /=2 gauge theory T[M;, g] Topological quantum field theory

3d G Chern-Simons on M,




3-Manifold Invariants Za(M3) and WRT invariants

Za(M3) is related to the Witten-Reshetikhin-Turaev invariant of M3 [Witten'88; Reshetikhin, Turaev '90]

itk —hY)

ZCS(M3;]€)=[ PAe = s
o

7, (Ms;q) —> has a g-series expansion with integer powers and integer coefficients g=e

3 . o g0 .
THAndA+3ANANA) - 3d Chern-Simons partition function

2rit

convergent for |g| <1 & 7€ H

ZCS(M3; k) = (1\ / 2k)N(bl(M3)_1)/2 Z eZﬂ'ik CS(CI) [ Sabe( M3’ Q)] [Gukov, Putrov, Vafa '16]
a.bEno 3, (My,G) = Lk



3-Manifold Invariants Z (M)
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Physical definition of new 3-manifold invariants Z (M5) rcuonee puron vaa 17

.. in the context of the 3d-3d correspondence

3d /=2 gauge theory T[M;,q] Topological quantum field theory

gauge group G, Lie algebra g,
choice of boundary condition

3d G Chern-Simons on M;

abelian flat connections

/'=(0,2) boundary condition &%,




3-Manifold Invariants Z (M)

Physical definition of new 3-manifold invariants Z (M5) rcuonee puron vaa 17

.. in the context of the 3d-3d correspondence

O Z,(M,) as the supersymmetric index of T[M;, g] "half-index"
2M5) = Zypy, g (D* %, S B) = ¥ (~Dig/dim % BPS Hilbert spaces reH

| L,J
when a Lagrangian description of T[M,] is known, compute by localisation (vsnics, sugyama 1a

A dx @
Z,= e F3d(x)®2d(x)

X
conjectured relation to 3d .#'=2 superconformal index [Gukov, Putrov, Vafa '16]

Z(S2 XT Sl) = Z | Wa | Za(M3, Q) Za(M3, q_l) S Z[[Q]] [Gukov, Pei, Putrov, Vafa '17]

/ 2d /'=(0,2) boundary condition A,

3d /=2 theory



3-Manifold Invariants Z (M)

Physical definition of new 3-manifold invariants Z (M5) rcuonee puron vaa 17

.. in the context of the 3d-3d correspondence

O Z,(M,) as the supersymmetric index of T[M;, g] "half-index"
Z,(M3) = Zyyy, (D* %, S B) =) (—1)ig/dim %/ BPS Hilbert spaces reH
i.j

when a Lagrangian description of T[M;] is known, compute by localisation rvosnioa, sugiyama 14

271X

A dx @
Z, = Fy(x) @2 d(x)

[Gukov, Marino, Putrov '16]

O Z,/(M;) from resurgence in 3d theory T[M;, @] 0o cun ferven cucon tarison 161

(> is a Borel resummation of a perturbative series 20 (1/k) = ) Ni, (27i/k)" € Q[[2xi/k]]

m>1

Z (1/k) = Z, (—k) + pert. series in k™! (at rank-1, Seifert M)
a a p ;



3-Manifold Invariants Z (M)

MaThemaTical definiﬁon Of The 3-manif0|d invariants Za(M3) [Gukov, Pei, Putrov, Vafa '17] q

|l
>

.. in the case where M;(¥) is a plumbed 3-manifold, with plumbing graph &

) .
* °
. *
-

.. This data is encoded in the adjacency matrix M

6 M;(&) from Dehn surgery along the corresponding framed link o Q
0{0 a
<))

Ch

a3

M.(Z) weakly negative if M~ negative definite when restricted to subspace of high-valency vertices
3 Y neg g P Y

Example: Brieskorn sphere X(py, p,, P3)

My(€) = Z(p1,prop3) = {(x,,2) € CP|xP1 +yP2 4+ 773 =0} N S°



3-Manifold Invariants Z (M)

Mathematical definition of the 3-manifold invariants Z (M;) . re, ru vea 1 g=A,

Z(Ms; q) = fI;H

2—deg(v)
1) el ®X(q; ) |... the contour integral picks the [z°] term

27r1zv
Aa S @
- > Z : Jd ............. Fm@(a)(x)
OM(g;z) = Z gt Myt el ) 2mix M Td
S~

well defined only if M;(%) is weakly negative

the sum is over a positive definite lattice and @ (1), Z(T) converge for |g| < 1
Example: Br'leSkor'n Spher‘e 2(4,5,7) [Cheng, Chun, Ferrari, Gukov, Harrison '18] .

false O-function

7 C ) — A pall _nl 1 ~ 2
Zy(2(45.1):9) = = 4" 014957~ Ola97 = Olao13 + Olag,153) 0, = ) sgal)g®

le”Z
[ = rmod2p



3-Manifold Invariants Z (M)

Mathematical definition of the 3-manifold invariants Za(M3) (Gukov, Pei, Putrov, Vafa 17] g=A,
for the general case of a Brieskorn sphere 2(p, p», P3)
~A c ) — pl Nl N1 N ._ plp+K P = P\P2DP3
q ZO(Z(pl’pz’p3)’ q) B Qparl N (919,’”2 N HPJ3 T 91?,”4 T (9’”1[) K = {1, p\py, P2p3> P\P3)}

A
ry =D — P\P2 — P1P3 — PaDs '
=raE2pip i FE]FK

orbit in Weil representation of SL,(Z)

Example. Br'IQSkor'n Spher'e 2(4,5,7) [Cheng, Chun, Ferrari, Gukov, Harrison '18] .
false O-function

Z CN — A/l Nl Nl Nl ~ 2
Zo(Z(4,5,7);9) = — q (9140,57 - 9140,97 . 6140,113 T ‘9140,153) (9;,,, = Z sgn(l) q‘l‘_p

le”Z
[ = rmod2p



Roadmap

I —

3-manifold invariants Za(M3)

Context and motivation v/ Definition

O Physics o 3d SQFT counting of BPS states
o M-theory realisation

3d-3d correspondence = Z (M) are g-series invariants for 3-manifolds M,

© Mathematics o low-dimensional topology
o log VOA characters

- R S = — [Cheng, Chun, Ferrari, Gukov, Harrison ’18]
o quantum modular forms



Z (M) as characters of Log VOAs

Log VOA's underlie 2d Log CFT's, whose correlation functions have log-singularities

[Gurarie '93]
[Pearce, Rasmussen, Zuber '06]

free boson OPE §0(Z)§0(W) ~ IOg(Z — W) [Feigin, Tipunin ‘10]

* Two cases: ‘rr'lpleT (l,p) & Siﬂgl@T (l,p) algebr'as p € Z+ [Kausch '91] [Feigin, Tipunin ‘10]

screening charge Q = <J>dz e were a=-+/2/p

triplet (1,p) algebra: 7 (p) = ker%L 0 C 7 lattice VOA lattice L =+/2pZ
U U [Feigin, Gainutdinov, Semikhatov, Tipunin '06]

singlet (l,p) algebra: %(p) = kel’% Q C # Heisenberg algebra

o¢ Characters of irreducible modules ndemovich, wias 07

L )2 1 2
FO(q) = "] < F7Wg, Z)> — gy Y (g gy = Lop

n>0



Z (M) as characters of Log VOAs

Log VOA's underlie 2d Log CFT's, whose correlation functions have log-singularities

* Two cases: ‘rr'lpleT (l,p) & SiﬂngT (l,p) algebr'as p € Z+ [Kausch '91] [Feigin, Tipunin ‘10]

) .
* °
. *
. *

‘o ? ,0“ A ~
aq Qay qCZa(M?)(?), T) S Spanz{ 91 r e Z/Zm} , M & Z+ [Cheng, Chun, Ferrari, Gukov, Harrison '18]

m,r?

eh

T a3

#¢ Characters of irreducible modules demovicn. wiias o7, false O-function

~ ~ 2
FOg) ~ 0!, O, = D, senDg”
le”Z
[ = rmod2p



Z (M) as characters of Log VOAs higher rank Lie algebra g

Log VOA's underlie 2d Log CFT's, whose correlation functions have log-singularities

r=rank(g) free bosons OPE ¢,(2)p4(w) ~ (a, f)log(z — w)

a’ﬂ < Aroot
* Two cases: ‘rr'lpleT (l,p) & SiﬂngT (l,p) algebr'as p € Z+ [Kausch '91] [Feigin, Tipunin ‘10]
screening charge Q = fl;dz e were a=—+/2/p
’rr'iple‘r (l,p) algebr'a: W(p) = ker%L Q lattice L = \/ﬁAroot

singlet (1,p) algebra: #(p) = kerg, Q

oe Characters inr'r'educible modules at higher rank | F (g) =[] (FZ/ P (g, z)) [Bringmann, Milas '16]

Ff(\i’l) (q) — ”(q)—Z Z min(ml,mz)qg(m%+m22+mlm2)—ml—m2+% (1 . qml) (1 . qmz) (1 . qm1+m2)

ml,mzzl

m1=mo (mod 3)
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3-manifold invariants Za(M3)

Context and motivation

O Physics o 3d SQFT counting of BPS states
o M-theory realisation

3d-3d correspondence = Z (M) are g-series invariants for 3-manifolds M,

© Mathematics o low-dimensional topology
o log VOA characters

o guantum modular forms

[Cheng, Chun, Ferrari, Gukov, Harrison ’18]




Quantum modular forms

A modular form f(7) of weight w, multiplier system y with respect to I' C SL,(Z)

is a holomorphic functionof 7 € H with f|w,)(}’(7) = (ct+d)" ()" fy7)

if fl, 7@®=f@). Vyer

o¢ Examples of modular forms: 6-functions 0. (z) = g®



Quantum modular forms

A modular form f(7) of weight w, multiplier system y with respect to I' C SL,(Z)

is a holomorphic functionof 7 € H with f|w,)(}’(7) = (ct+d)" ()" fy7)

if fl, 7@®=f@). Vyer

o¢ Examples of modular forms: 6-functions 00 (2) g®

|
M :
=~
Q

]

1
0, () =

k=r mod 2p

The radial limit |g| - 1 & 7 — a € Q) defines a function on the boundary of H, on Q

Quantum modular forms (QMF's) are defined at the boundary of H, on Q U {ic0}




Quantum modular forms

A quantum modular form of weight w, multiplier system y with respect to I' C SL,(Z)

SR

is a function f: Q — C such that, Vy € I', the function p,(x) : Q\{y ! (c0)} - C

defined by p,(x) := fx)—f |W,)( y(x) has a better analytic behaviour than f(x) . e o

The function y — p, isacocyclein I, which means p,, =p, IWIyQ +p,

A strong quantum modular form is a QMF f which associates to each element x € ()

a formal power series over C, so that p (x + i) := f(x + 11) — f |W%y(x + 1)

holds as an identity between countable collections of formal power series.

‘?V
L____»~ ChC(r'ClCTer'S Of LOQ'VOA,S, ZgU(Z)(M3; T) [Cheng, Chun, Ferrari, Gukov, Harrison '18] [Bringmann, Milas '15]



Quantum modular forms & Za(M3)

Given a modular form g of weight w, its Eichler infegrals

holomorphic g(7) = C(w)[ g(@)(z' — )""*d7’ non-holomorphic g*(z,7) = C(w)[ g(r) (' + )" *dr’

—T

Qri)w!
C(W) f— —
['w—-1)

’ | 1 . . | i ,,
{\); MF g with w € EZ and Fourier expansion g = 2 ag,(n)q” «—> g = Z ag(n)nl_”’q” [Lawrence, Zagier '99]

n>0 n>1

are QMF's, since g—g|,_ v and g*—g*[, 'y areperiod integrals.

(8-81,_,7)(@ = J g(t) (7' — 1)V 2dr’
y~1(c0)



Quantum modular forms & Za(M3)

Given a modular form g of weight w, its Eichler integrals

holomorphic g(7) = C(w)" g(@)(z' — )""*d7’ non-holomorphic g*(z,7) = C(w)[ g(r) (' + )" *dr’

—T

(zﬂ_i)w—l

| I | | | ) |
L) MF g with w € EZ and Fourier expansion g = E a(n)q" «— g = E a,(mn'=q" (Lawrence, zagier 9] C(,) = I
¢ le] w —

n>0 n>1

are QMF's, since g—g|,_ v and g*—g*[, 'y areperiod integrals.

(8-81,_,7)(@ = J g(t) (7' — 1)V 2dr’
y~1(c0)

Example: rank-1 invariants for Brieskorn spheres ZO(Z(pl, DP2.P3)sq)

K2 ~ 2
le’r(f) = 2 kqg?» 6O-functions —> 911,’,,(7) = Z sgn(k) g% false O-functions

kez kez
k=r mod 2p k=r mod 2p

2oZ(p1,pyp3)iq) ~ 0, — 6, — 0, +0,,

[Cheng, Chun, Ferrari, Gukov, Harrison ’18]



Roadmap

3-manifold invariants Za(M3)

Context and motivation

what is there to gain from knowing this?

© Mathematics o low-dimensional topology /
o log VOA characters ¥

quantum modular forms

——— " — = — —

-[Cheng, Chun, Ferrari, Gukov, Harrison "18]

o

A\

o Z_invariants have been calculated for 7 € H, but what happens for z € H_ ?

28 %, SN = Y | W | Z,(M5: ) Z,(M3: ")



Za(M3) when M, not weakly negative

The 3-manifold invariants Z (M;; q) were defined for M, weakly negative, but 7 (M5 g _1) ?

[Gukov, Pei, Putrov, Vafa '17]

From Zog(Mss k) = 2 g?mikIka.q) [Sabzb(M?,a T)] & ZCS( M3, k) ZCS(M39 ))
a,b 7> 1/k k — 0o
expect  Z(—Msq) =2 (Mg, ) e ’
- Z,(M5)
A H
but this means defining Z (M,) to be a convergent g-series both for |g| s 1 — -
Z,(Ms)

\. Za(M3) does not converge for |g| > 1 as defined from M; topological data

\ need asymptotic agreement in radial lim; use quantum modularity to find companion Za(M3)

[Cheng, Chun, Ferrari, Gukov, Harrison "18], [Cheng, Ferrari, Sgroi '19] rank 1



More general quantum modularity higher rank Lie algebra g

For higher rank g and invariants ZC(M;) expect more general quantum modularity.

<__.> A depth-N QMF is a function f:Q — C such that p,:=f—f] v isasum
of QMF's of depth N'<N, multiplied by some real-analytic functions, Vy € T".

[Bringmann, Kaszian, Milas ‘17]

... relevant for [Cheng, Coman, Passaro, Sgroi, to appear]

Iterated non-holomorphic Eichler integral

[ dz, ( UICVRC is a depth-2 QMF

prfz(T’ 1_') = J ) le _i(Zl 4+ T))2_W1(—i(Z2 + T))2—W2

—T



More general quantum modularity higher rank Lie algebra g

For higher rank g and invariants Zg(M3) expect more general quantum modularity.

L) A depth-N QMF is a function f:Q — C such that p,:=f—f] v isasum
of QMF's of depth N'<N, multiplied by some real-analytic functions, Vy € T".

Examples: characters of g Log-VOA's, Zg(Mg,) ' @ ’
Brieskorn sphere M;(&) = X(py, Py, P3) and G = SU(3)
For negative definite plumbed M, Seifert with 3 exceptional fibers b

Zch(3)(M3; q) ~ Z (= D5 FOr52(g) with Férs)(g) generalised A, false 0-functions, depth-2 QMF
{51,8,}

[Cheng, Chun, Fegin, Ferrari, Gukov, Harrison, Passaro upcoming] [Cheng, Coman, Passaro, Sgroi, to appear]

T -1
>

companions




What do we see at higher rank?

v Z8YS(M,) are ~ linear combinations of generalised A, false #-functions

v/ companions Z2U3(M,) are ~ iterated Eichler integrals

/_\ —

) 100 100 f(Zl)f(Z2) g B 1 Al 1 A0
- I = I I 6.0 ,a I I 0 0 /
depth-2 QMF f;;(% 9 [ - “ [ z e (—i(z; + )*™"(=i(zp + 7))*" retsnr 1 LL s

[Cheng, Coman, Passaro, Sgroi, to appear]

integrands have a nice structure with respect to SL,(Z) and the M, topological data

75U6)(7) ~ Z (=D For)(r) —=5 Z (—DSEC)(7)  with E®2) ~ iterated Eichler integrals

{515, } {51,5,}



Some of the hidden detail




[Cheng, Coman, Passaro, Sgroi, to appear]

/
i'

What do we see at higher rank? Z3U0) () ~ Z (= Ds Fers)(g)

{S17S2}

“companions”

O Lie algebra g = sl; & 3-manifolds M; are Brieskorn spheres 2(py, py, P3)

" o h it " h it " h
companions” in the sense F (; + —> ~ Z ay, , (m)t — [E (— + —> ~ Z a_p . (m) (=) | p cQ

2z m>0 t - 0F k 27 m>0

3 100
dw
— ls (S,S) — 1 +K A !/
>, (~DLEP@ = Y] J Ve Zcf,ecgk ) B (0 0) 47, — 6,

{515}

Kejx CLLDDePpd D= 0pepp+p)) €€ ((LD.(12),2.1),(2.2))

e P linear operator

9},p+K(W) N Z Pf:Kepl,r’(W) ¢, B P+K(T 7) € SpanZ[(Qgp 3r> (Qgp 3r) ]
r'mod 2p



[Cheng, Coman, Passaro, Sgroi, to appear]

,
i’

What do we see at higher rank? Z3U0) () ~ Z (= Ds Fers)(g)

{S17S2}

“companions”

O Lie algebra g = sl; & 3-manifolds M; are Brieskorn spheres 2(py, py, P3)

3 100
dw
(= DAEC2(7) = J % P (@w) +"6,, =6,
Z i,j,;I -7 \/—i(W-I—T) cpjk (2-8)-p; p-P—

{51,52}
i#, j<k

i 1 p+K S 1 1 gl
rank-1 9p1p2+p1p3+p2p3 A 9PﬁP1P2‘P1P3"‘P2P3 + QP,P1P2—P1P3+P2P3 + GP,P1P3—P1P2+P2P3 HP’P1P2+P1P3+P2P3

55U(2) _ Plp+K B K CONE 0
Z 9P1P2+P1P3+P2P3 60 (T Z) = SpanZ [(93[) 3r> (93]9 3r)




What do we see at higher rank?

v Z8YS(M,) are ~ linear combinations of generalised A, false #-functions

v/ companions Z2U3(M,) are ~ iterated Eichler integrals

/_\ —

) 100 100 f(Zl)f(Z2) g B 1 Al 1 A0
- I = I I 6.0 ,a I I 0 0 /
depth-2 QMF f;;(% 9 [ - “ [ z e (—i(z; + )*™"(=i(zp + 7))*" retsnr 1 LL s

[Cheng, Coman, Passaro, Sgroi, to appear]

integrands have a nice structure with respect to SL,(Z) and the M, topological data

*
-7

ZgU@)(T) ~ Z (— l)ls F(Sl’s2)(1') T_Z_m;), Z (— l)ls |E(S1’Sz)(T) € Spany, [(9}’19“{ Q@‘I;,_'_K’> (z,7); r,r e Z/2p

{51,82} {518, } \

v integrand knows about the lower rank companion Z3V(z) ~ 07 (7)



lterated Eichler integrals elsewhere

Topologically twisted /=4 SU(N) / U(N) SYM theory on compact M, (Vafa-Witten)

L—») partition function Zy, for 6G=SU(N), is not modular under an S-transformation

[Vafa, Witten '94]

00 modular anomaly is an integral of a MF; can be traded for a holomorphic anomaly

[Minahan, Nemeschansky, Vafa, Warner '98] [Manschot ’17]

by adding a non-holomorphic period integral fo the partition function

O higher rank: modular transformation includes a shift by iterated integrals of f-series

[Manschot ’17]

O holomorphic anomaly of Z, factorises into partition functions at lower rank

[Minahan, Nemeschansky, Vafa, Warner ‘98] [Manschot '17]

0:Zy ~ Y k(N —K)ZZy
k

0 interpretation: the non-holomorphic contributions are generated by Q-exact terms
due to boundaries of the moduli space

[Vafa, Witten '94] proposed, [Dabholkar, Putrov, Witten ’20] verified by example



What conclusions can be drawn

v ZgU(3)(M3; 7) are ~ linear combinations of generalised A, false 0-functions

ZgU@)(T) -~ 5’{,p+K(T)
v/ companions Z>UYC/(M,) are ~ iterated Eichler integrals
75U (7) ~ Z (= D5 Férs(p) " Z75 2 (—DSEG)(7) € Span,, <9,}’P+K 935,“/) (t,7); r, ¥ € ZI2p

{s1.:5,} {s1.5,}

* *

#%€+KF(T’ Z) S SpanZ[(93lp,3r> ’ (9§)P’3”)

v/ combinatorial structure ~ topological data
depth-2 QMF

To do ...

[ What happens for more general families of 3-manifolds

[ Extract prediction for generic building blocks

[ Explore links to the Log VOAs
(] What insights can be obtained about T[M;] from the quantum modularity of Z(M3)



l Thank youl '



