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Overview

Inflaton

We discuss amplification of the primordial perturbation with an 
upward/downward step feature in the inflaton potential.

upward step

downward step

Both steps amplify the 
primordial perturbations!!
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Cosmological perturbations

(Credit: ESA and the Planck Collaboration)

Large Scale Structure CMB anisotropies

Examples

(Credit: Millennium Simulation Project)

Cosmological perturbations originate from vacuum fluctuations of fields during 
inflation era.

From the observations, we already know the amplitude of the perturbations 
on large scale (k < 1Mpc-1).

(Planck 2018)
(�⇢/⇢ ⇠ 10�5)

<latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit><latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit><latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit><latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit>

PR = 2.1⇥ 10�9

<latexit sha1_base64="DjfeVKdz0xotX0ISeqbeGO+umuA="></latexit>

Note that the power spectrum depends on the shape of inflaton potential.
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It is difficult to measure small-scale 
perturbations due to Silk damping or 
non-linear growth of large scale 
structure(LSS).

On the other hand, the small-scale 
perturbations have attracted attention.

They can be sources of 

• primordial black holes
• ultra-compact mini-halos
• induced GWs
• CMB distortion
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Primordial Black Hole
Primordial Black Hole (PBH)

Horizon

Time
A PBH is produced !Horizon < perturbation scale

At this moment

PBH mass 
≈ mass inside the horizon

density perturbation 
(δρ/ρ~0.1)

PBH

(Hawking 1971) 
BH produced by a large density perturbation in the early Universe.

Horizon ≈ perturbation scale

After the inflation era

PBH mass is determined by 
the perturbation scales.

PBHs can have various masses:
MPBH~1020g for DM
MPBH ~30 M⊙ for BHs detected by 
LIGO-Virgo collaboration
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Large perturbations for PBH scenarios

PR
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k
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2x10-9

O(1)Mpc�1
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O(0.01)
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CMB/LSS 
observation

Required amplitude for 
PBH scenarios

For the PBH scenarios, the enhancement of the power spectrum on 
small scales should be O(107).

large scales small scales
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Enhancement in previous works

Under the slow-roll approximation, power spectrum is given by

Inflaton potential in previous worksInflaton

PR =
H

2

8⇡2M2
Pl✏

, ✏ =
�̇
2

2H2M2
Pl

<latexit sha1_base64="Fa0sEoMF55su6stQWbZzTwwl/M4="></latexit>

Slow-down of inflaton leads to the enhancement of the power spectrum. 

The large enhancement can be realized by a flat region of inflaton potential 
(even if the slow-roll approximation is violated).

slow down

�̈ ⌧ V 0

<latexit sha1_base64="OL3RYw5aW+RnjmEUkc04WWE5VFg=">AAAB+nicbVBNS8NAEN34WetXqkcvi0X0VBKp6LHoxWMF+wFNKJvNpl262YTdiVJif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpIJrcJxva2V1bX1js7RV3t7Z3du3KwdtnWSKshZNRKK6AdFMcMlawEGwbqoYiQPBOsHoZup3HpjSPJH3ME6ZH5OB5BGnBIzUtyteGCaAvXTIsScEbp/27apTc2bAy8QtSBUVaPbtLy9MaBYzCVQQrXuuk4KfEwWcCjYpe5lmKaEjMmA9QyWJmfbz2ekTfGKUEEeJMiUBz9TfEzmJtR7HgemMCQz1ojcV//N6GURXfs5lmgGTdL4oygSGBE9zwCFXjIIYG0Ko4uZWTIdEEQomrbIJwV18eZm0z2tuvXZxV682ros4SugIHaMz5KJL1EC3qIlaiKJH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz/SUZMS</latexit>

slow-roll condition

(Ivanov et al. 1994, 
Gracia-Bellido and Ruiz Morales 2017)

Review

O(107) enhancement in PR → O(10-7) decrease in 𝜖

(Throughout this work, we focus on single field models.)
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What we discuss

Distinct feature from previous PBH studies: 
The O(107) enhancement can be realized without the O(10-7) decrease in 𝜖
compared to CMB value even in single field inflation models. 

In this work, putting the origin aside, we focus on the power spectrum 
enhancement associated with a step in the inflaton potential.

This step-like feature has been studied in the context of CMB spectrum 
modulation. (Chen et al. 2006, Adshead et al. 2011, Cai et al. 2015)

In this work, we discuss a step-like feature that realizes the large (O(107)) 
enhancement required for PBH scenarios.
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Equation for curvature perturbations
Mukhanov-Sasaki equation:

R00
k + (2 + ⌘) aHR0

k + k
2Rk = 0

<latexit sha1_base64="LssVS18h0nB1DnmqW9j0TGDUm4U="></latexit>

During the rapid rolling up/down of the step (large η),

Then, we obtain

⌘ ⌘ d ln ✏

dN
=

✏
0

aH✏

<latexit sha1_base64="P6hH0KYJb4gXfZtpJ+kb+CkVXEQ="></latexit>

R00
k +

✏0

✏
R0

k ⇡ 0

) (R0
k✏)

0 ' 0

<latexit sha1_base64="pq2FOG/e+4K/1n860IcbCV1J+A4="></latexit>

R(⌧m) = R(⌧i), R0(⌧m) = (✏i/✏m)R0(⌧i)

<latexit sha1_base64="LgOaQZcXSsIlYoDr42fCxIYYo7U=">AAACVHicbVFdS8MwFE07p3N+VX30JTjEFWS2MtEXYeiLj1PcB6ylpFm2hSVtSVJhjP1IfRD8Jb74YLoVmZsHAodzz725OQkTRqVynE/DLGwUN7dK2+Wd3b39A+vwqC3jVGDSwjGLRTdEkjAakZaiipFuIgjiISOdcPyQ1TuvREgaRy9qkhCfo2FEBxQjpaXAGnscqRFGDD5XPYXSgNvwDq6K1L6A3pJ6vuSteiSRlOlh9PKXcnvNTO3Aqjg1Zw64TtycVECOZmC9e/0Yp5xECjMkZc91EuVPkVAUMzIre6kkCcJjNCQ9TSPEifSn81Bm8EwrfTiIhT6RgnN1uWOKuJQTHmpntqpcrWXif7Veqga3/pRGSapIhBcXDVIGVQyzhGGfCoIVm2iCsKB6V4hHSCCs9D+UdQju6pPXSfuq5tZr10/1SuM+j6METsApqAIX3IAGeARN0AIYvIEvAxiG8WF8mwWzuLCaRt5zDP7A3P8BTlywWg==</latexit>

⌧i

<latexit sha1_base64="W/0rzyMNe/W/9udTC1aqjP23pHQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2hf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKB1jyw=</latexit>

⌧m

<latexit sha1_base64="JwHLZ1+tQs4Poq76K5DxwQr26+c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ehanfdEvV/yqPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGterlfa1Sv8njKMIJnMI5BHAFdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8fpoWPMA==</latexit>

In the following, we consider the case where the potential derivative 
(V’) is almost the same before and after the step for simplicity.

R’ gets
enhanced (upward step)

suppressed (downward step)
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Fiducial inflaton potential

V (�) = Vb(�)F (�;�1,�2, h)

<latexit sha1_base64="PJLBxCaPHr928UhutZlIjxj1S4o="></latexit>

F (�;�1,�2, h) = 1 + h


S

✓
�� �1

�2 � �1

◆
⇥(�� �1)⇥(�2 � �) +⇥(�� �2)

�

<latexit sha1_base64="O/2H8icdLrQKpKpTIJ6bAnQZpYM="></latexit>

downward step upward step

S(x) = x2(3� 2x)

<latexit sha1_base64="HyOkOMyhQzJDv2k31lzWSeYvozs="></latexit>
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Enhancement in upward step

The R’ is enhanced.

The epsilon changes as  

(✏ = �̇
2
/(2H2

M
2
Pl))
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The curvature perturbation grows following the enhancement of R’.
On the other hand, the acceleration phase decreases R, but this 
effect shuts off after the horizon exit. 

The final power spectrum is enhanced by O((𝜖i/ 𝜖m)2) on the peak 
scale up to the effect of the acceleration phase. 

instantaneously acceleration

✏i
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<latexit sha1_base64="LsOS7k6vEBGJ5vkXfQZaSs5pJAU=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIdVMSqeiy6MZlBXuBJpTJ9KQdOpmEmYlQQjdufBU3LhRx6zu4822ctkG09YeBj/+cw5nzBwlnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMryf11j1IxWJxp0cJ+BHpCxYySrSxuvaRB4li3GCIy55iEf4x2GnXLjkVZyq8CG4OJZSr3rU/vV5M0wiEppwo1XGdRPsZkZpRDuOilypICB2SPnQMChKB8rPpFWN8YpweDmNpntB46v6eyEik1CgKTGdE9EDN1ybmf7VOqsNLP2MiSTUIOlsUphzrGE8iwT0mgWo+MkCoZOavmA6IJFSb4IomBHf+5EVonlXcauX8tlqqXeVxFNAhOkZl5KILVEM3qI4aiKIH9IRe0Kv1aD1bb9b7rHXJymcO0B9ZH9/zZJg6</latexit>

⌧i

<latexit sha1_base64="W/0rzyMNe/W/9udTC1aqjP23pHQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2hf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKB1jyw=</latexit>

⌧m

<latexit sha1_base64="JwHLZ1+tQs4Poq76K5DxwQr26+c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ehanfdEvV/yqPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGterlfa1Sv8njKMIJnMI5BHAFdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8fpoWPMA==</latexit>

✏m(⌧ ✏i)

<latexit sha1_base64="fl1n81L3jQepO17Oen3prZk1A5A=">AAACBHicbZDLSgMxFIYzXmu9jbrsJliEuikzUtFl0Y3LCvYCnaFk0jNtaDIzJBmhDF248VXcuFDErQ/hzrcxbQfR1h8CX/5zDsn5g4QzpR3ny1pZXVvf2CxsFbd3dvf27YPDlopTSaFJYx7LTkAUcBZBUzPNoZNIICLg0A5G19N6+x6kYnF0p8cJ+IIMIhYySrSxenbJg0QxblDgisc5/rmz055ddqrOTHgZ3BzKKFejZ396/ZimAiJNOVGq6zqJ9jMiNaMcJkUvVZAQOiID6BqMiADlZ7MlJvjEOH0cxtKcSOOZ+3siI0KpsQhMpyB6qBZrU/O/WjfV4aWfsShJNUR0/lCYcqxjPE0E95kEqvnYAKGSmb9iOiSSUG1yK5oQ3MWVl6F1VnVr1fPbWrl+lcdRQCV0jCrIRReojm5QAzURRQ/oCb2gV+vRerberPd564qVzxyhP7I+vgEjDpfG</latexit>
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Numerical results for upward step
Inflaton

⌧i

<latexit sha1_base64="W/0rzyMNe/W/9udTC1aqjP23pHQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2hf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKB1jyw=</latexit>

⌧m

<latexit sha1_base64="JwHLZ1+tQs4Poq76K5DxwQr26+c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ehanfdEvV/yqPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGterlfa1Sv8njKMIJnMI5BHAFdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8fpoWPMA==</latexit>

✏i/✏m = 104

<latexit sha1_base64="9E6I/g70iMZLEut4rgXD2+mA/XQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFcFUTqehGKLpxWcFeoI1lMj1ph84kYWYilNCNG1/FjQtF3PoO7nwbp20Qbf1h4OM/53Dm/H7MmdKO82XlFhaXllfyq4W19Y3NLXt7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wdW43rgHqVgU3uphDJ4gvZAFjBJtrI6934ZYMW6QHf+gwBfYde7KHbvolJyJ8Dy4GRRRpmrH/mx3I5oICDXlRKmW68TaS4nUjHIYFdqJgpjQAelBy2BIBCgvnVwxwofG6eIgkuaFGk/c3xMpEUoNhW86BdF9NVsbm//VWokOzr2UhXGiIaTTRUHCsY7wOBLcZRKo5kMDhEpm/oppn0hCtQmuYEJwZ0+eh/pJyS2XTm/KxcplFkce7aEDdIRcdIYq6BpVUQ1R9ICe0At6tR6tZ+vNep+25qxsZhf9kfXxDRzsl6o=</latexit>

ΔNstep is the e-folds for the change from 𝜖i to 𝜖m.

If the step is sharp, the enhancement can be much larger than O(𝜖i/ 𝜖m) .

0.01 10 104 107 101010-10
10-8
10-6
10-4
0.01

k =
1

|⌧1|

<latexit sha1_base64="IblKpKBCBs8b6FysaKEWhnX81x8=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFTLaal0IRTcuK9gHtCVMppN26OTBzESoafBX3LhQxK3/4c6/cZpGUNEDFw7n3Mu997gRZ1LZ9ocxN7+wuLRcWCmurq1vbJpb200ZxoLQBgl5KNoulpSzgDYUU5y2I0Gx73LackeXU791S4VkYXCjxhHt+XgQMI8RrLTkmLuj864nMElQmky6CscOmqSOWbKtio3OTmxoW3aGjFTRMYIoV0ogR90x37v9kMQ+DRThWMoOsiPVS7BQjHCaFruxpBEmIzygHU0D7FPZS7LrU3iglT70QqErUDBTv08k2Jdy7Lu608dqKH97U/EvrxMrr9pLWBDFigZktsiLOVQhnEYB+0xQovhYE0wE07dCMsQ6DKUDK+oQvj6F/5PmkYXKVuW6XKpd5HEUwB7YB4cAgVNQA1egDhqAgDvwAJ7As3FvPBovxuusdc7IZ3bADxhvn+u3lYw=</latexit>
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Enhancement in downward step

Before and after the downward step, 
the curvature perturbation holds

The epsilon changes as  

(✏ = �̇
2
/(2H2

M
2
Pl))

<latexit sha1_base64="0a/KEZYkxcGyKnChfNGFtlCkbME=">AAACFnicbVA9SwNBEN3z2/gVtbRZDEIsjHeHoo0QtEkjRDAq5JKwt5mYJXt7x+6cGI78Chv/io2FIrZi579xE1P49WDg8d7M7swLEykMuu6HMzE5NT0zOzefW1hcWl7Jr65dmDjVHGo8lrG+CpkBKRTUUKCEq0QDi0IJl2HvZOhf3oA2Ilbn2E+gEbFrJTqCM7RSK79TDCAxQsaKHtGgHSMNkq5o+rtFv9L06WkrQLjFrCoHTX97u5UvuCV3BPqXeGNSIGNUW/l3+yZPI1DIJTOm7rkJNjKmUXAJg1yQGkgY77FrqFuqWASmkY3OGtAtq7RpJ9a2FNKR+n0iY5Ex/Si0nRHDrvntDcX/vHqKncNGJlSSIij+9VEnlRRjOsyItoUGjrJvCeNa2F0p7zLNONokczYE7/fJf8mFX/L2Svtne4Xy8TiOObJBNkmReOSAlEmFVEmNcHJHHsgTeXbunUfnxXn9ap1wxjPr5Aect0/Kcp1E</latexit>

The curvature perturbation 
grows during the USR period 
even on superhorizon scales.

The final power spectrum is enhanced by (𝜖m/ 𝜖f).

PR / ✏�1

<latexit sha1_base64="jNRyjqBGSIPpKnps9QuzgmY22IU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDIjFV0W3bisYh/QqSWTpm1oJglJRihDP8KNv+LGhSJuXbjzb8y0g2jrgcDhnHvJPSeUjGrjeV9ObmFxaXklv1pYW9/Y3HK3d+paxAqTGhZMqGaINGGUk5qhhpGmVARFISONcHiZ+o17ojQV/NaMJGlHqM9pj2JkrNRxj4IImQFGDFY7P/QGBlIJaQQMiNSUCX6XHPvjjlv0St4EcJ74GSmCDNWO+xl0BY4jwg1mSOuW70nTTpAyFDMyLgSxJhLhIeqTlqUcRUS3k0moMTywShf2hLKPGzhRf28kKNJ6FIV2Mr1bz3qp+J/Xik3vvJ1QLmNDOJ5+1IsZtHHThmCXKoING1mCsKL2VogHSCFsbI8FW4I/G3me1E9Kfrl0el0uVi6yOvJgD+yDQ+CDM1ABV6AKagCDB/AEXsCr8+g8O2/O+3Q052Q7u+APnI9vRQWeWA==</latexit>

during USR

PR = const.

<latexit sha1_base64="6H5lRVKo2+idlTqv7BJfZyzu6RQ=">AAACDnicbZDLSsNAFIYn9VbrrerSzWApuAqJVHQjFN24rGIv0JYwmU7boZNJmDkRS+gTuPFV3LhQxK1rd76NkzaItv4w8PGfc5hzfj8SXIPjfFm5peWV1bX8emFjc2t7p7i719BhrCir01CEquUTzQSXrA4cBGtFipHAF6zpjy7TevOOKc1DeQvjiHUDMpC8zykBY3nFcicgMKRE4Jr3gzf4HHeA3UNCQ6nBnnjFkmM7U+FFcDMooUw1r/jZ6YU0DpgEKojWbdeJoJsQBZwKNil0Ys0iQkdkwNoGJQmY7ibTcya4bJwe7ofKPAl46v6eSEig9TjwTWe6sZ6vpeZ/tXYM/bNuwmUUA5N09lE/FhhCnGaDe1wxCmJsgFDFza6YDokiFEyCBROCO3/yIjSObbdin1xXStWLLI48OkCH6Ai56BRV0RWqoTqi6AE9oRf0aj1az9ab9T5rzVnZzD76I+vjG3A6m70=</latexit>

instantaneously USR phase

✏i

<latexit sha1_base64="jrmrPjBLX2cpqajog7VcmaiLLA0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02MNEcxHLPu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NL56SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkEo2BG/55VXSuqh6terlfa1Sv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsWgtOPnMMfyB8/kDz4mRBA==</latexit>

✏m(� ✏i)

<latexit sha1_base64="7vs+wPg13o4kPf2q+KDi7KtzLWY=">AAACBHicbZDLSgMxFIYzXmu9jbrsJliEuikzUtFl0Y3LCvYCnaFk0tNpaDIzJBmhDF248VXcuFDErQ/hzrcxbQfR1h8CX/5zDsn5g4QzpR3ny1pZXVvf2CxsFbd3dvf27YPDlopTSaFJYx7LTkAUcBZBUzPNoZNIICLg0A5G19N6+x6kYnF0p8cJ+IKEERswSrSxenbJg0QxblDgiheG+OfOTnt22ak6M+FlcHMoo1yNnv3p9WOaCog05USprusk2s+I1IxymBS9VEFC6IiE0DUYEQHKz2ZLTPCJcfp4EEtzIo1n7u+JjAilxiIwnYLooVqsTc3/at1UDy79jEVJqiGi84cGKcc6xtNEcJ9JoJqPDRAqmfkrpkMiCdUmt6IJwV1ceRlaZ1W3Vj2/rZXrV3kcBVRCx6iCXHSB6ugGNVATUfSAntALerUerWfrzXqft65Y+cwR+iPr4xsTaZe8</latexit>

R(⌧m) = R(⌧i), R0(⌧m) = (✏i/✏m)R0(⌧i)

<latexit sha1_base64="LgOaQZcXSsIlYoDr42fCxIYYo7U=">AAACVHicbVFdS8MwFE07p3N+VX30JTjEFWS2MtEXYeiLj1PcB6ylpFm2hSVtSVJhjP1IfRD8Jb74YLoVmZsHAodzz725OQkTRqVynE/DLGwUN7dK2+Wd3b39A+vwqC3jVGDSwjGLRTdEkjAakZaiipFuIgjiISOdcPyQ1TuvREgaRy9qkhCfo2FEBxQjpaXAGnscqRFGDD5XPYXSgNvwDq6K1L6A3pJ6vuSteiSRlOlh9PKXcnvNTO3Aqjg1Zw64TtycVECOZmC9e/0Yp5xECjMkZc91EuVPkVAUMzIre6kkCcJjNCQ9TSPEifSn81Bm8EwrfTiIhT6RgnN1uWOKuJQTHmpntqpcrWXif7Veqga3/pRGSapIhBcXDVIGVQyzhGGfCoIVm2iCsKB6V4hHSCCs9D+UdQju6pPXSfuq5tZr10/1SuM+j6METsApqAIX3IAGeARN0AIYvIEvAxiG8WF8mwWzuLCaRt5zDP7A3P8BTlywWg==</latexit>

✏f (⇠ ✏i)

<latexit sha1_base64="LsOS7k6vEBGJ5vkXfQZaSs5pJAU=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIdVMSqeiy6MZlBXuBJpTJ9KQdOpmEmYlQQjdufBU3LhRx6zu4822ctkG09YeBj/+cw5nzBwlnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMryf11j1IxWJxp0cJ+BHpCxYySrSxuvaRB4li3GCIy55iEf4x2GnXLjkVZyq8CG4OJZSr3rU/vV5M0wiEppwo1XGdRPsZkZpRDuOilypICB2SPnQMChKB8rPpFWN8YpweDmNpntB46v6eyEik1CgKTGdE9EDN1ybmf7VOqsNLP2MiSTUIOlsUphzrGE8iwT0mgWo+MkCoZOavmA6IJFSb4IomBHf+5EVonlXcauX8tlqqXeVxFNAhOkZl5KILVEM3qI4aiKIH9IRe0Kv1aD1bb9b7rHXJymcO0B9ZH9/zZJg6</latexit>

⌧i

<latexit sha1_base64="W/0rzyMNe/W/9udTC1aqjP23pHQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2hf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKB1jyw=</latexit>

⌧m

<latexit sha1_base64="JwHLZ1+tQs4Poq76K5DxwQr26+c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ehanfdEvV/yqPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSuqgGterlfa1Sv8njKMIJnMI5BHAFdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8fpoWPMA==</latexit>

After the downward step, too much kinetic energy of 
the inflaton realizes the ultra-slow-roll (USR) phase.

V
0 ⌧ 3H�̇

<latexit sha1_base64="8u7vOwfrnEUdxgBs/Gb12wPe2P0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbRVUm0osuimy4r2Ac0oUym03boZBJmJkII9VfcuFDErR/izr9x2mahrQcGDufcw71zgpgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRW0WJJLRFIh7JboAV5UzQlmaa024sKQ4DTjvB5G7mdx6pVCwSDzqNqR/ikWBDRrA2Ut8ut8+Qxzm6bCBvEGnkxWPWtytO1ZkDrRI3JxXI0ezbXyZLkpAKTThWquc6sfYzLDUjnE5LXqJojMkEj2jPUIFDqvxsfvwUnRplgIaRNE9oNFd/JzIcKpWGgZkMsR6rZW8m/uf1Ej288TMm4kRTQRaLhglHOkKzJtCASUo0Tw3BRDJzKyJjLDHRpq+SKcFd/vIqaV9U3Vr16r5Wqd/mdRThGE7gHFy4hjo0oAktIJDCM7zCm/VkvVjv1sditGDlmTL8gfX5A28ik10=</latexit>
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Numerical results for downward step

k =
1

|⌧1|

<latexit sha1_base64="IblKpKBCBs8b6FysaKEWhnX81x8=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFTLaal0IRTcuK9gHtCVMppN26OTBzESoafBX3LhQxK3/4c6/cZpGUNEDFw7n3Mu997gRZ1LZ9ocxN7+wuLRcWCmurq1vbJpb200ZxoLQBgl5KNoulpSzgDYUU5y2I0Gx73LackeXU791S4VkYXCjxhHt+XgQMI8RrLTkmLuj864nMElQmky6CscOmqSOWbKtio3OTmxoW3aGjFTRMYIoV0ogR90x37v9kMQ+DRThWMoOsiPVS7BQjHCaFruxpBEmIzygHU0D7FPZS7LrU3iglT70QqErUDBTv08k2Jdy7Lu608dqKH97U/EvrxMrr9pLWBDFigZktsiLOVQhnEYB+0xQovhYE0wE07dCMsQ6DKUDK+oQvj6F/5PmkYXKVuW6XKpd5HEUwB7YB4cAgVNQA1egDhqAgDvwAJ7As3FvPBovxuusdc7IZ3bADxhvn+u3lYw=</latexit>

0.1 10 1000 105 107 10910-12
10-10
10-8
10-6
10-4
0.01

log10(✏2/✏3)

<latexit sha1_base64="kklZamU1ho1Nz1JbVUw/wxIwk6g=">AAACCXicdZDLSgMxFIYzXmu9jbp0EyxC3dRML1p3RTcuK9gLdErJpGkbmpkMSUYoQ7dufBU3LhRx6xu4821Mp6Oo6A+Bn++cw8n5vZAzpRF6txYWl5ZXVjNr2fWNza1te2e3qUQkCW0QwYVse1hRzgLa0Exz2g4lxb7HacsbX8zqrRsqFRPBtZ6EtOvjYcAGjGBtUM+GLhfDXuygad6loWLcwOLxly0d9ewcKlSQc3aCICqgRImpOiUHOinJgVT1nv3m9gWJfBpowrFSHQeFuhtjqRnhdJp1I0VDTMZ4SDvGBtinqhsnl0zhoSF9OBDSvEDDhH6fiLGv1MT3TKeP9Uj9rs3gX7VOpAfVbsyCMNI0IPNFg4hDLeAsFthnkhLNJ8ZgIpn5KyQjLDHRJrysCeHzUvi/aRYLTrlQuSrnaudpHBmwDw5AHjjgFNTAJaiDBiDgFtyDR/Bk3VkP1rP1Mm9dsNKZPfBD1usHuIqZug==</latexit>

-2 0 2 4 6-10
0

10
20
30

⌘ ⌘ d ln ✏

dN

<latexit sha1_base64="EzxopCjUWdpFrE7hemgyl2EuOwA=">AAACJnicbZDJSgNBEIZ73I1b1KOXxiB4kDAjEb0IQS+eJIJZIBNCT6dGG3t6xu6aYBjmabz4Kl48KCLefBQ7C7gWNHz8fxXV9QeJFAZd992Zmp6ZnZtfWCwsLa+srhXXNxomTjWHOo9lrFsBMyCFgjoKlNBKNLAokNAMbk6HfrMP2ohYXeIggU7ErpQIBWdopW7x2Adk1IfbVPSpH2rGMx/hDrNeTv29MUqVW4TECBmr/Ms/z7vFklt2R0X/gjeBEplUrVt89nsxTyNQyCUzpu25CXYyplFwCXnBTw0kjN+wK2hbVCwC08lGZ+Z0xyo9GsbaPoV0pH6fyFhkzCAKbGfE8Nr89obif147xfCokwmVpAiKjxeFqaQY02FmtCc0cJQDC4xrYf9K+TWzWaFNtmBD8H6f/Bca+2WvUj64qJSqJ5M4FsgW2Sa7xCOHpErOSI3UCSf35JE8kxfnwXlyXp23ceuUM5nZJD/K+fgExW2nOg==</latexit>

The epsilon after the transition never becomes smaller than the value before the 
transition. Still, power spectrum is enhanced by (𝜖m/ 𝜖f). 

The damping of the small-scale side of the peak is determined by the cut-off of 
the particle production.

determined by the step height.

✏m/✏f = 107

<latexit sha1_base64="NgzuH7sRnryxMTDocXj4LleukTo=">AAACBXicbZDLSsNAFIZPvNZ6i7rUxWARXNVEKnUjFN24rGAv0MYymU7aoTNJmJkIJXTjxldx40IRt76DO9/GaRtEW38Y+PjPOZw5vx9zprTjfFkLi0vLK6u5tfz6xubWtr2zW1dRIgmtkYhHsuljRTkLaU0zzWkzlhQLn9OGP7ga1xv3VCoWhbd6GFNP4F7IAkawNlbHPmjTWDFuUJz8YIAukOvclTt2wSk6E6F5cDMoQKZqx/5sdyOSCBpqwrFSLdeJtZdiqRnhdJRvJ4rGmAxwj7YMhlhQ5aWTK0boyDhdFETSvFCjift7IsVCqaHwTafAuq9ma2Pzv1or0cG5l7IwTjQNyXRRkHCkIzSOBHWZpETzoQFMJDN/RaSPJSbaBJc3IbizJ89D/bTolopnN6VC5TKLIwf7cAjH4EIZKnANVagBgQd4ghd4tR6tZ+vNep+2LljZzB78kfXxDR0Dl6o=</latexit>
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Difference from previous works 1

The order of the perturbation enhancement is determined by

Previous works

This work

Inflaton

Length of the flat region

Height of the downward step
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Difference from previous works 2

k =
1

|⌧1|
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Our enhancement mechanism can realize a sharp damping on the small-
scale side of the peak.

Unlike in our model, the damping in previous works is 
mainly determined by the potential after the flat region.

(Garcia-Bellido, Ruiz Morales, 
Phys.Dark Univ. 18 (2017) 47-54)

Previous works
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Physical interpretation
This enhancement can be associated with the particle production due to the non-
adiabatic evolution of the inflaton at the step. 

The ``non-adiabatic’’ means

(time scale of the step transition) ≪ (oscillation time scale of perturbation: 1/k) 
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2
p
✏
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This phenomenon can be interpreted as the inflaton particle 
production.

curvature perturbation inflaton fluctuation

(✏ = �̇
2
/(2H2

M
2
Pl))
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Without the particle production, the enhancement cannot be much larger than 
O(𝜖i/ 𝜖m) in the upward step and no enhancement occurs in the downward step. 

On very small scales, the particle production does not occur, 
which leads to the sharp cutoff of the enhancement.

particle production = excitation of negative mode (eikτ) from positive mode (e-ikτ)
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Strong coupling of perturbations
Sharp features of the potential can lead to the strong coupling of the perturbations.

��00 + 2H��0
�r

2��+ a2
@2V

@�2
�� = �a2

X

n=3

1

(n� 1)!
V (n)(��)n�1
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E.o.m for the inflaton perturbations:

The right-hand side comes from the higher order contribution, which cannot 
be neglected in the case of the potential with a very sharp step feature.

In perturbations are strongly coupled, the perturbation theory is no longer 
reliable. In this case, lattice calculation is required.

Our fiducial model can avoid the strong coupling issue with appropriate 
modification.

Our concern:
We might not be able to conclude that O(107) enhancement can be realized 
by a step-like feature with the linear theory due to the strong coupling.

In other words, there is at least one potential that can realize the O(107) 
enhancement without strong coupling.

What we will see:
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Check of strong coupling 1
The higher-order Lagrangian of the curvature perturbation is given by

Ln(⇡) ' � M
2
Pl

(n� 2)!
H

(n�1)
⇡
n�2
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(The approximation is valid in the case of 𝜖 << 1)

(H(n) ⌘ @
n
t H)
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We impose the following condition for the weak coupling:

An(k, ⌧) ⌘
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Here, we take the following approximation:

Finally, we obtain the following condition:

An(kpeak, ⌧) < 1

<latexit sha1_base64="1uX71lVud7sVYoUFEH80IXTN8ts="></latexit>
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Check of strong coupling 2
Downward step Upward step

After the smoothing, both cases avoid the strong coupling, though the upward step 
case is marginal.

For the case of n>4, An includes third or higher derivative of potential. To realize An<1 for n>4, 
the smoothing of the potential around 𝜙1 and 𝜙2 must be performed.
(The above figures are the results after the smoothing. We have checked the smoothing does 
not affect the power spectrum.)

Note for experts
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Tanh step

V (�) = Vb(�)F (�;�1,�2, h)
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For comparison, we consider the often-used step form: (e.g. Adshead et al. 2011)

F (�;�1,�2, h) = 1 +
h

2


1 + tanh
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The epsilon in the downward step changes with the timescale much smaller than 
the Hubble time at that time due to the acceleration of the rolling down inflaton. 

24/32



Outline

• Amplification of the perturbations
• Strong coupling of perturbations
• Inflaton trapping
• Summary



Keisuke Inomata arXiv: 2104.03972, 2110.14641

Trapping of inflaton

In the upward step case, the inflaton can be trapped because the quantum 
backreaction to the classical dynamics decrease the kinetic energy at the 
beginning of the step. 

quantum backreaction

Without backreaction (ordinary case) 

fails to climb

With backreaction (rare case) 

While the inflation does not end in the Inflaton-trapped region, it does in 
the other ordinary and the RD or MD era begins there.
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PBH production

From JCAP 02 (2016) 064 (Garriga, 
Vilenkin, Zhang)

Exponentially expanding region (trapped-inflaton region)

RD or MD era region (The other ordinary region)

Worm hole

The trapped-inflaton region can be finally seen as a PBH from an outside observer 
in the other ordinary areas. (Atal et al. 2019)

Inflaton trapping rate = PBH production rate

27/32
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Quantum backreaction

The variance of the kinetic energy fluctuation caused by quantum backreaction is 

⌦
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From Biagetti et al. (2018) 

So, if the backreaction is 

If we neglect the backreaction and tune the potential so that the epsilon changes 
as 𝜖i → 𝜖m ,  the inflaton has a redundant kinetic energy for the climbing the step 
by O(𝜖m H2 MPl

2 ). 

��K > ✏mH
2
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2
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the inflaton fails to climb the step and is trapped at the local minimum.
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PBH production rate 1

For convenience, we define  

��K > ✏mH
2
M

2
Pl
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The inflaton trapping condition:

EK ⌘ �K/K̄
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The PBH production rate is given by 
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The variance is given by 
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PBH production rate 2

The large perturbations themselves can also produce PBHs when they enter the 
horizon. The production rate is given by
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On the other hand, the PBH production rate from the inflaton trapping is

Since 

we have

PR(kpeak) < (✏i/✏m)2PR(k ⌧ �1/⌧1),
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Note that this conclusion can be changed if we take into account the non-Gaussianity
of the perturbations (see e.g. arXiv: 2112.13836 (Cai et al.)).
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Summary

• We have discussed the perturbation amplification with a step-like feature. 

In the upward step case, the perturbation 
enhancement can be O((𝜖i/ 𝜖m)2), which is much 
larger than the slow-roll case, O(𝜖i/ 𝜖m). 

In the downward step case, the perturbation 
enhancement can be O(𝜖m/ 𝜖f) even if 𝜖 never 
becomes smaller than the CMB value.

These large enhancements are associated with the particle production 
caused by the non-adiabatic evolution of the inflaton.

• We have checked that our fiducial potential can avoid the strong coupling 
issue, though the often-used tanh downward step cannot.

• We have calculated the PBH production rate from the inflaton trapping due 
to the quantum backreaction in the upward step case. 
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