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Overview

@ subfactors as quantum symmetries beyond groups and
quantum groups

@ Haagerup subfactor and its double — and related familes

@ construction of a CFT from a subfactor or a quantum
symmetry
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Operator Algebras

Q" My =~ Myn ~ End(®" C?)

x—=+x®1
QR My ~ My
e=e"=¢e’:
dim(e) = trace(e) € {0, 5, &, 5 .. , 1}
— N[1/2]

Ko(®nMz) = Z[1/2]
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©"Mo C End(®@"Hy)  Ha= Mo, (x,y) = try*x
R = @M, C End(®>H,)

Ko(R) = R

factor RNR=C

ol M, B(H)
oll R, R®B(H)

o lll Aeo0,1]
(x,y) = tre"y*x
1 0
[y e H = (1“ X ) 0<A<1
0 1=
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low index subfactors
yY A ]

_ C index [M, N] 1234 Jones
N=M CMCMNG, :|G‘€1,2,3,4 ‘- =
1234 Jones St, San Francisco
index =4 R=*M, C ML, ®R
U U
RC C (M2 & R)G

G C SU(2) affine ADE classification + cohom. obstruction

index < 4 ADE classification

beyond 4: Haagerup subfactor at index (5 + 1/13)/2

<a 4 L(5+v13) 43772... 3(5+VIT) 3+v3  3(5+V21) 5
affine extended Asaeda-
ADE ADE Haagerup  Haagerup Haagerup SU(2) = Es G, — Eg [G: H]
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principal graphs

k:M—=N, E:N—-M KR = idy  Bimody a.x.b = ax\(b)

k generates N-N, N-M, M-N, M-M sectors via kk , kkk , KKk etc

g

N-N N-M M-M geG 7wet

A series for SU(2) WMO/O\.

orbifold of Agpr1 NZ2 C M%2 is Ds, ./.\m
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tunnel, tower and commuting squares

kK:M—N, E:N—-M Kk = idpy
~CREMCkMCMC (Me)=MyMCMeayMyMC ...
< tunnel tower —

M. M, k<l (My) N M, finite dimensional

NNM, C N/ﬂ/\/lk_H — B
U U U

MM, C M/kaJr]_ — A
N-N N-M M-M
M,oM, adb—
O © a 0
¢ ¥ a@(o b)
M; ® M,
geG Teb
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CFT - the search for the exotic

A P> =id +a« ap=p
id/\a p2:1+a+0.p Z>
=38 :
g Orbifold
gp=7p

g —8

Tambara-Yamagami
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near-group systems p?> = n'p + D gcG8

p=p BP=p=p8g
p2 — n/p+ deGg dp _ n’—i—\/’fﬂ dy = [I\/I,/\M]l/2

e n’ = 0 Tambara-Yamagami
e n=|G|-1

-

o ' = K|G|

o n' =G|

DE-Gannon, lzumi
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near group p?=|Glp+ > zcGE

L3, Loy, Lo X Zip 2,2,1 lzumi

Z5a267Z77Z87Z2 X Z4)Z97Z3 X Z3)Z107Z117ZIZ;Z2 X Z67213

3, 4, 2, 8, 4, 2, 1, 4, 4, 4, 2, 4
DE-Gannon
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fusion rules, braiding and modular data

Ap=732, N3 v, A= Adu(X, p)pA, u(\, i) :\
h |
(01 o) = 5l @ <(1) 1) — [Tau] q >
=Y, 2SS Siy=TiiTiiToo Y, TuxNEdi/Soo
/
O

()
‘ Q)

e cyclic group Z,, Tgg = x e™iag?/n
Seh = e”"a((g+h)2—g2—h2))/"/ﬁ

@ Quadratic form Q on abelian group G
(g, hyo = e™i (Q(g+h)— ( )—Q(h))
Tgg = xe™ &), S = (g,h) o /+/]G]|
x3 = z/<e(;~'37”(‘)(")/\/G|
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NWV\ Verk(SU(2)) = Z[p]/(Skr1)

@ )\ € pos energy rep of LSU(n) = Map(St, SU(n)

e N(I)=mo(L;SU(n))"

] 7T>\(L/SU(I‘I))” C WA(L//SU(H))'

A=0: N=N AN C N Jones-Wassermann, Wassermann

A endomorphism, N type III; factor: Au =3, Ny v

representations

R(N) of | c sl

conformal net of

factors N(/) !

Lo—c/24 27iT

X\ = tracey, q g=-e
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quantum double

X on N system of endomorphisms not necessarily braided

Take X x X°PP on N @ N°PP,

Construct

t:AC N® N°P such that:
@ 1T =2,cxV®UOPP

@ A-A system is non-degenerately braided

Ocneanu, Longo-Rehren, Izumi, Popa
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double of p* = |G|p+ >, & system

primaries |G|(|G|+3) = |G|+|G|+]|G|(|G|-1)/2+|G|(|G|+3)/2

T = diag((g, 9); (b, h); (K, 1); (m,m) (1, 7)),

gl @+ DRy (E+2(g.F +1) slg.m')?
ag _ 1[ @+D 077 ®, ) (8 +2)(h, 1) — a8k, m'}?
b} = X 6+2)(k+! g) (B+2){k+ LAY (6+2) ((k,k’}(lrl’)+(k,l’)(l.k’)) a
e —8(m, K} 0 —8(m,m} (7Y + oY)

Q, Q' quadratic forms for groups G and G’ where |G'| = |G| + 4
(g, h)g = €2 (Qle+h)-Q(g)-Q()

Gl++/IG]>+4]G
_16ld,+ 6] d, = lSVIGETIG

o G=HxH, |G|=r?interesting case,
d, = p(rtt V2"2+4) related to Haagerup p> =1+ 3, ph
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Principal graphs of the Haagerup (5 + 1/13)/2 subfactor

A

A - a b

a?=1, pa=a?p, p>=1+p+pa+ pa?
dy = [M, \M]*/? d?=1+3d,; d,=(3+13)/2

generalised Haagerup P’ =1+ Egec g, gp=pgt

zumi: 73,75 |G]*> +4=13,29
DE-Gannon: Z7,%9,7211, 213, L5, Z17, L9
|G|? + 4 53,85,125, 173,229,293, 365
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Modular data for Haagerup DHg

X 1—x 1 1 1 1 y y y
1—x X 1 1 1 1 —y —y —y —y
1 1 2 -1 -1 -1 0 0 0 0
1 1 -1 2 -1 -1 0 0 0 0
1 1 1 -1 -1 -1 2 0 0 0 0
S _ 1 1 -1 -1 2 -1 0 0 0 0
- § y -y 0 0 0 0 c(l) <2 cB3) c(4)
y —y 0 0 0 0 c(2) c(4) c(6) ¢(5)
y —y 0 0 0 0 c(3) c(6) c(4) (1)
y —y 0 0 0 0 c(4) ¢(5) (1) ¢<(3)
3% —y 0 0 0 0 c(5) ¢(B) c(2) c(6)
y -y 0 0 0 0 c(6) (1) c(5) <(2)

T= dlag(la 17 17 17 5375737 ‘5?37 51_327 &%37 5537 61_367 51_35)
x=(13-3V13)/26  y=3/V13  c(j) = —2y cos(2mj/13)
Sjir = (—2y/3) cos(2mjj’ /13)

=2 5' =SSk, Sij=TiiTjjToo> x TkkSkoNf;

<
|
<

OOOOIK
o

o N W ol

SIS
o
—~
—
=

1) 4

= &27i/13

DE-Gannon
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Modular data for SO(

v/2 y/2 3/2 3/2 y y y y y Y

y/2  y/2  =3/2 =3/2 y y Y v y v

3/2  —=3/2  3/2 —3/2 0 0 0 0 0 o

1 3/2 —3/2 -3/2  3/2 0 0 0 0 0 o
S—==| r v 0 0 —c(l) —c(@ —c8) —c(d) —c(5) —c(6)
= 3 y y 0 0 —c(2) —c(4) —c(6) —c(5) —c(B8) —c(1)
y y 0 0 —c(3) —c(6) —c(4) —c(1) —c(2) —c(5)
y y 0 0 —c(4)  —c(5) —c(1) —c(38) —c(6) —c(2)
y y 0 0 —c(5) —c(3) —c(2) —c(6) —c(1) —c(4)
y y 0 0 —c(6) —c(1) —c(5) —c(2) —c(4) —c(3)

T = diag(—1, —1; —i, i; —£%%)

y=3/V13  c(j) = —2ycos(2mj/13) &= e¥/1
S;r = (+2y/3) cos(2mjj’ /13)
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Characters for DHg, c =8, v =0,1

q?/3 %q* + (6 + 137) + (120 + 78)q + (956 + 3517)q? + (6010 + 12357)q> + - - - )

cho(r) q2/3 ((80 — 137) + (1250 — 78~)q + (10630 — 351~)q? + (65042 — 12354)q> + - - - )
ch () ¢?/3 (81 1 1377q + 11583¢2 + 71037¢3 + - - - )

cha () = chey(7) 3 + 243q + 291647 + 21870q° + - - -
2:21 g:; q'/3 (27 + 5949 + 5967¢% + 39852q° + - - - )
chai (r) — q°/3° ((7 — ) + (292 — 67)q + (3204 — 43~)q? + (23010 — 1467)q> + - - - )
z:azgg %/ (a2 + 169) + (777 + 1217)q + (7147 + 5477)q? + (45367 + 20007)¢> + - - - )
Chzj( ) q32/39 (qq*I + (11 + 119) + (73 + 1623)q + (300~ + 12996)q> + (76429 + 1063~)q> + - -
chag () G273 ((5 — 3v) + (229 — 50v)q + (2738 — 252v)q® + (19942 — 1032)q> + - - -
chog (7) q8/% 2(13 — By) + (347 — 377)q + (3804 — 212+)q? + (26390 — 794~)g® + - - -

qt1/30 ((14 + 77) + (441 + 61v)q + (4445 + 3037)q> + (30329 + 1167~)q° + - - - )

DE-Gannon
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Potts model and orbifold H(o) = =>_;; nato(oi, o))

WiWji1 = 7OW W, WiW; = WiW,,[i—j] > 1 in Mg@ Mo ® ..
e; =Spectral(W;, 1) eieir16 = €/ Q
V=explY e, W=epl*Ye (ef-1)(e"-1)=Q

ponOq  p=3Y,a5 gE€Lg

Orbifold g < —g; take XZop

—>Zgzai Ut mg =oagPa_g
o
MaMp = Maip+ Ma—p Mo =04 + 0
Pribrr = Orqq’ + Z my an~ —a # 0
PrMy = iy + pi— 0+My = M,y
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fusion rules of double of Haagerup

+

TR m,

O
o . 713
000 1 [ N ]
[ ]
b o ™™ Z3 X Z3
or~Znp my=e?4 e mymp=maip+m,_p
Hor g :UT+T’+Zm3 ar~—a#0

PrMy = [y + [ O+My = My
0000:000000 o4 = identity
N m, 02 =0, +0_+Y pa+> mi=R
pamp =R —0y =R_ o e
paps = R-+ tiatp + ta—p o =0y +0- e © { N\
mymp =R —ma p —my_p o-my = R_—m, *o b

»

|

Y /

U—Ma:R—+Ma O'_ma:R_—ma 0 oo’



construction of CFT from subfactors

for G finite abelian odd, 3 conformal net Rep(A) = TY(G)%

e for G finite abelian, 3 conformal net with Rep(B) = DTY(G)
Bischoff, DE-Gannon

for w € H3(G,T), 3 conformal net with Rep(.A) = Rep D*(G)

o If Rep(A) ~ D*¥(G), then A ~ V¢ for a holomorphic net V

Y holomorphic conformal net, G C Sj then
Rep (Vk®)C = RepD¥(G) - with w3 =1

DE-Gannon
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summary

p? =|Glp+ > _gcG & near group

PP =1+ > gec g Haagerup
modular data — grafting of two models that are understood

related by orbifold in certain cases

mixed systems e.g

(G2)a = (D7)1 ~ Za = (a)

ap=pa#p,  a’p=p=pa?

p? =2p+2pa +id + o? DE-Pugh

id p

PM X 270 C M % % :
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double of the Haagerup subfactor

e DE, P.R. Pinto. Modular invariants and the double of the
Haagerup subfactor. In Advances in Operator Algebras and
Mathematical Physics. (Sinaia 2003, F.-P. Boca, et al eds.)
pp. 67-88, The Theta Foundation, Bucharest, 2006.

e DE. From Ising to Haagerup, Markov Processes and Related
Fields 13 (2007), no. 2, 267-287.

e DE, P.R. Pinto. Subfactor realisation of modular invariants II.
Inter. J of Mathematics, 23 (2012) 33pp

e DE, T. Gannon. The exoticness and realisability of the
Haagerup-lzumi modular data. Commun. Math. Phys., 307
(2011) 463-512. arXiv:1006.1326

e DE, T. Gannon. Reconstruction and Local Extensions for
Twisted Group Doubles and Permutation Orbifolds. Trans.
Amer. Math. Soc. 375 (2022), 2789-2826. arXiv:1804.11145

e DE, T. Gannon. Tambara-Yamagami, loop groups, bundles
and KK-theory. Advances in Math. 421 (2023) 109002
arXiv:2003.09672
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monograph, review articles

e DE, Y. Kawahigashi. Subfactors and Mathematical Physics.
BAMS to appear, arXiv:2303.04459

e DE, Y. Kawahigashi. Quantum Symmetries on Operator
Algebras pp 848 + xv, Oxford University Press 1998.

o J. Bockenhauer, DE. Modular Invariants and subfactors. In
Mathematical physics in mathematics and physics (Siena,
2000), 11-37, Fields Inst. Commun., 30, Amer. Math. Soc.,
Providence, RI, 2001, math.OA/0008056.

@ J. Bockenhauer, DE. Modular invariants from subfactors. In
Quantum Symmetries in Theoretical Physics and Mathematics
(Bariloche, 2000), 95-131, Contemp. Math., 294, Amer.
Math. Soc., Providence, RI, 2002, math.OA/0006114.

@ DE Modular invariant partition functions in statistical
mechanics, conformal field theory and their realisation by
subfactors. Proceedings Congress of IAMP, Lisbon 2003, ed.
J-C Zambrini, pp 464-475, World Sci. Press, Singapore 2005.
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