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AdS/CFT correspondence

The relation between the parameters of string theory 
on AdS and the dual CFT is schematically

AdS radius in 
string units 

‘t Hooft  
parameter

string coupling 
constant
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How can one derive the AdS/CFT correspondence?



Weakly coupled gauge theory

smallsmall

Consider tensionless regime where the gauge theory is 
weakly coupled

ls →∞ `tensionless strings’ [Sundborg ’01] [Witten ’01] 
[Sezgin,Sundell ’01]
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Tensionless limit

This is the regime where AdS/CFT becomes  
perturbative:

tensionless strings 
on AdS

weakly coupled/free 
SYM theory

very stringy (far from sugra) 
higher spin symmetry 
maximally symmetric phase of 
string theory



Tensionless limit

This is the regime where AdS/CFT becomes  
perturbative:

tensionless strings 
on AdS

weakly coupled/free 
SYM theory

Could it have a free 
worldsheet description?

very stringy (far from sugra) 
higher spin symmetry 
maximally symmetric phase of 
string theory



Lower dimensions

The other key ingredient in order to prove the  
duality is to consider the lower-dimensional case, in 
particular, string theory on AdS3.  

The advantage of going to the 3d case is that 

‣ Solvable world-sheet theory for strings 
on AdS3 exists [sl(2,R) WZW model]

‣ Much better control over 2d CFTs

[Maldacena, (Son), Ooguri ’00 - ’01] 
[Berkovits, Vafa, Witten ’99]



AdS3

It has long been suspected that the CFT dual of  
string theory on

[Maldacena ’97], …. see e.g. [David et.al. ’02]

is on the same moduli space of CFTs that also contains  
the symmetric orbifold theory 

AdS3 ⇥ S3 ⇥ T4
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SymN (T4) ⌘ (T4)N/SN
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A concrete proposal

Since the symmetric orbifold theory has a higher  
spin symmetry algebra, it should be dual to string  
theory at the tensionless point. 

The tensionless limit arises when the spacetime geometry  
is of string size, i.e. in the deeply stringy regime.

In the context of the WZW description, this should be  
the situation where the level of the sl(2,R) affine theory 
takes the smallest possible value, i.e. k=1. 

[MRG, Gopakumar ’14]



WZW model
This led us to study the spacetime spectrum of the  
k=1 sl(2,R) WZW model systematically. 

We have shown that this worldsheet description is  
indeed exactly dual to the symmetric orbifold. 

An exact AdS/CFT duality  
[MRG, Gopakumar ’18] 
[Eberhardt, MRG, Gopakumar ’18] 
[Eberhardt, MRG, Gopakumar ’19]     
[Dei, MRG, Gopakumar, Knighton ’20]

k=1

string moduli space

CFT moduli space

WZW  
model

symmetric  
orbifold
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Symmetric orbifold basics
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(T4)N/SN

untwisted sector: permutation invariant combinations 

twisted sectors: associated to conjugacy classes of 
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SN

labelled by cycle shapes, i.e. partitions of N

concentrate on single cycle sectors analogue of  
single trace

Recall basic structure of symmetric orbifold
see e.g. [Lunin, Mathur, ’01]



Symmetric orbifold basics

In the w-cycle twisted sector the operators that  
transform diagonally under the mondromy are 

with eigenvalue 
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(1 · · ·w)S[p] = e�2⇡i p
w S[p]
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S[p](z) =
wX

`=1

e2⇡i
p`
w S`(z)



Symmetric orbifold basics
As a consequence they have the mode expansion

with fractional mode numbers of the form
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S[p](z) =
wX

`=1

e2⇡i
p`
w S`(z) =

X

n+h2Z
S[p]
n+ p

w
z�n� p

w�h
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n+ p
w (n+ h 2 Z)

Their excitation spectrum is hence

fractional modes

Casimir energy
of twisted sector

ground state
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Correlators in sym orbifold

An efficient method to calculate correlation functions  
of (twist) fields is in terms of covering maps.  

[Lunin, Mathur ’00] 
[Pakman, Rastelli, Razamat ’09]

Recall that locally, the effect  
of a w-cycle twist field is to  
introduce a w-fold covering.

z 7! �(z) = x0 + a(z � z0)
w + · · ·
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x = �(z)
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Correlators in sym orbifold

To describe the full correlator combine these local 
coverings into a global covering surface. 

Then use the 
covering map 
to lift correlator to  
covering surface.

covering map: 
conformal map from 
covering surface to  

base surface.



Correlators in sym orbifold

The situation is particularly simple if the w-cycle twist 
field describes the ground state of the twisted sector: 
then the correlator on the covering surface is just the  
vacuum correlator.   

In this case, the correlator is completely determined by  
the conformal factor that comes from the covering map. 
In turn this is described by a Liouville term

SL[�] =
c

48⇡

Z
d2z

p
g
�
2@�@̄�+R�

�
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covering map 

[Lunin, Mathur ’00]



Correlators
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⌦ nY

i=1

O
wi
hi
(xi)

↵
=

X

�

⇣
conf. factor assoc. to �

⌘

Here          is a holomorphic  covering map              
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�(z)
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�(z) = xi + ai(z � zi)
wi + · · · (z ⇠ zi)

<latexit sha1_base64="y1LRm1Zxnyo0iUT480O3ahOV9J4=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKnsKui4knMQY8RjArZEHons8ngzOwy06uEZb/Di7/ixYMi3sSLf+PkcfBV0FBUddPdFaVSWPT9T29icmp6ZnZuvrSwuLS8Ul5du7RJZhhvsEQm5joCy6XQvIECJb9ODQcVSX4V3dQG/tUtN1Yk+gL7KW8p6GoRCwbopHY5CE9BKaBHNA8ZSForaGhEt4dgTHJHQwXYi6K8VrTzUOgY+0W7XPGr/hD0LwnGpELGqLfL72EnYZniGpkEa5uBn2IrB4OCSV6UwszyFNgNdHnTUQ2K21Y+fK2gW07p0DgxrjTSofp9IgdlbV9FrnNwqv3tDcT/vGaG8WErFzrNkGs2WhRnkmJCBznRjjCcoew7AswIdytlPTDA0KVZciEEv1/+Sy53qsF+dfd8r3J8Mo5jjmyQTbJNAnJAjskZqZMGYeSePJJn8uI9eE/eq/c2ap3wxjPr5Ae8jy8oW6EE</latexit>

� : C ! C1

Riemann
surface of 
genus g

with the property that 

The symmetric orbifold correlators (of the ground 
states) on the sphere thus have the schematic form 

[Lunin, Mathur ’00]



Correlators in sym orbifold

The covering surface has, in general, a non-trivial genus, 
i.e. it is not necessarily a sphere. The genus captures the 
1/N corrections of the symmetric orbifold correlators since   

[Lunin, Mathur ’00] 
[Pakman, Rastelli, Razamat ’09]

Since string coupling is related to 1/N via   

gs ⇠
1p
N
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this suggests that covering surface = world-sheet.  

hO1 · · · Oni ⇠ N1�g�n
2
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[Pakman, Rastelli, Razamat ’09]
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Hybrid formalism

World-sheet theory is best described in terms of the 
hybrid formalism: for pure NS-NS flux WZW model  
based on

together with the (topologically twisted) sigma model  
for T4. For generic k, this description agrees with the  
NS-R description a la Maldacena-Ooguri. 

psu(1, 1|2)k
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Free field realisation

The level k=1 theory has a free field realisation 

with

Generators of               are bilinears in these free fields. 
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4 symplectic bosons ⇠± , ⌘±

4 real fermions  ± , �±
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This approach allows one to derive the duality from 
first principles.  

[Eberhardt, MRG, Gopakumar, ’18] 
[Dei, MRG, Gopakumar, Knighton ’20]



NS-R WZW model

decoupledbosonic: 

sl(2,R)(1)k
⇠= sl(2,R)k+2 � 3 free fermions
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J3
n, J

±
n
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The gist of the argument can, however, be understood 
already in the simpler NS-R formulation 

[Maldacena, (Son), Ooguri ’00 & ‘01]
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AdS3
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S3

In this setup, the fermions can be decoupled:
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sl(2,R) WZW model

For k=1, the bosonic algebra sits at level k=3, and for this 
level there is a remarkably simple sl(2,R) theory that was  
recently found in [Eberhardt, MRG ’25].

Its spectrum consists just of the spectrally flowed 
images of the (affine) continuous sl(2,R)  
representations
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sl(2,R) WZW model

Furthermore, its correlators have a very simple form: 

[Eberhardt, MRG ’25]

Localises to  
covering map
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In particular, we have checked that these correlators 
are crossing symmetric and solve KZ equation (for n=4).



sl(2,R) WZW model

[Eberhardt, MRG ’25]

Localises to  
covering map
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Covering map data

Furthermore, its correlators have a very simple form: 



sl(2,R) WZW model

[Eberhardt, MRG ’25]

Localises to  
covering map

<latexit sha1_base64="I75lR8zcD16noeQP0+AeFTv2O4I="></latexit>*
nY

i=1

V wi

pi,hi,h̄i
(xi; zi)

+

new

=
X

�

nY

i=4

�(2)(zi � z�i )
Y

i<j

|zi � zj |4pipj�
⇣X

i
pi
⌘

⇥
���⇧̂� 3

2

nY

i=1

a
3(wi�1)

4 �hi

i

���
2

Free boson correlator

Furthermore, its correlators have a very simple form: 



su(2) WZW model

For the case at hand, the corresponding su(2) factor 
describing the S3 degrees of freedom sit at level 
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⇠= su(2)�1 � 3 free fermions
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together with usual ghosts 
removes su(2) + sl(2,R) fermions



su(2) WZW model
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su(2)(1)1
⇠= su(2)�1 � 3 free fermions
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R� su(2)�1
⇠= 4 fermionic ghosts

boson from 
sl(2,R)

together with usual ghosts 
removes su(2) + sl(2,R) fermions

Thus we retain just the excitation degrees of freedom 
coming from the remaining 4-torus. [This argument  
is a bit cavalier — cleaner in the hybrid description.]



Spectral flow for sl(2,R)

[Henningson et.al. ’91] 
[Maldacena, Ooguri ’00]

For the following the form of the spectral flow  
automorphism for sl(2,R) plays an important role

�w(J±
n ) = J±

n⌥w

�w(J3
n) = J3

n + kw
2 �n,0 (w 2 N)

�w(Ln) = Ln � wJ3
n � k

4w
2�n,0 .
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Since the automorphism is outer, get a new 
representation in this manner: spectrally flowed rep.



Physical states

This description is covariant, i.e. we need to impose  
the physical state condition, e.g. in NS sector 

In particular, the second condition (mass-shell condition)  
implies that   

Casimir of sl(2,R) World-sheet conformal 
dim. of internal CFT

Gtot
r � = 0 (r > 0)

(Ltot
0 � 1

2 )� = 0 .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

C

k
+ h0 +N =

1

2
(NS-sector)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Dual CFT

The dual (`spacetime’) CFT lives on the boundary  
of AdS3, and we have the identifications 

with a similar relation for the right-movers. 

LCFT
0 = J3

0 , LCFT
1 = J�

0 , LCFT
�1 = J+

0 ,

In order to understand dual CFT we therefore need  
to evaluate the                   eigenvalues of the physical 
string states. 
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Continuous reps

For the spectrally flowed continuous reps, the  
mass-shell condition (in the NS sector) is at k=1

Here m is the      eigenvalue before spectral flow, 
and we have set             (for simplicity). 

J3
0
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For the continuous representations we can simply solve 
this equation for m. Since the boson was decoupled,  
only p=0 arises.
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Continuous reps

C � wm� 1

4
w2 +N =

1

2
with C = 1

4
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Full spectrum

h = m+
w

2
=

N

w
+

w2 � 1

4w
.

w-twisted modes ground state energy in 
w-twisted sector

Symmetric orbifold formula for cycle length w!  

[MRG, Gopakumar ’18] 
[Giribet, Hull, Kleban, Porrati, Rabinovici ’18] 
see also [Giveon, Kutasov, Rabinovici, Sever ’05].



Correlators from worldsheet

see also [Kutasov, Seiberg ’99]

worldsheet 
coordinate

spacetime CFT 
coordinate

The relevant vertex operators on the world-sheet 
have the general form    

ground state 
from w-spectrally

flowed sector
with p=0

[Eberhardt, MRG, Gopakumar, ’19]

spacetime conformal dimension
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Covering maps
The localisation formula of [Eberhardt, MRG ’25]

then implies that the worldsheet correlators reproduce 
the correct symmetric orbifold structure:
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[Eberhardt, MRG, Gopakumar, ’19] 
Higher genus: [Eberhardt, ’20]   
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R-R flux

The above is the description with pure NS-NS flux, but in  
order to generalise this to N=4 SYM it is important 
to understand how R-R flux affects this picture.

In the context of the symmetric orbifold, switching on  
R-R flux corresponds to perturbing the theory by the  
2-cycle twisted sector operator. 

can study and understand 
this in quite some detail….



Magnons

The single-particle states of the twisted sector are  
generated by the action of the magnon excitations 

subject to orbifold invariance (momentum conservation). 
cf. [Gava, Narain, ’02]
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In each w-cycle twisted sector consider reference BPS 
state             with  
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Perturbation

The perturbing field we are interested in comes from the  
2-cycle twisted sector and hence changes the twisted  
sectors

Study effect of perturbation by analysing the modified 
action of supercharges on the magnon descendants.

<latexit sha1_base64="E1U4ZkWoXZWEQS+0CHTdK0Kh8n4=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWZEqptCqRuXFe0DO2XIpGkbmmSGJGMp43yNG3/FjYuKiDs/xfSx0LYHAodzzuXmniBiVGnH+bYya+sbm1vZ7dzO7t7+gX14VFdhLDGp4ZCFshkgRRgVpKapZqQZSYJ4wEgjGNxM/MYTkYqG4kGPItLmqCdol2KkjeTbpcTDiMHH1PciDp8TT3JYqd6nnkSix4g/hKUVajKcpN3Ut/NOwZkCLhN3TvJgjqpvj71OiGNOhMYMKdVynUi3EyQ1xYykOS9WJEJ4gHqkZahAnKh2Mj0zhWdG6cBuKM0TGk7VvxMJ4kqNeGCSHOm+WvQm4iqvFevudTuhIoo1EXi2qBszqEM46Qx2qCRYs5EhCEtq/gpxH0mEtWk2Z0pwF09eJvWLglssFO8u8+XKvI4sOAGn4By44AqUwS2oghrA4AW8gTH4sF6td+vT+ppFM9Z85hj8g/XzCw78pYs=</latexit>

Z±|BPSiw = |BPSiw±1

cf. [Beisert ’05]
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Perturbation

To simplify the exposition, let us concentrate on the 
subalgebra

that annihilate the BPS states and satisfy

[David, Sahoo, ’08], [Hoare, Tseytlin, ’13]  
[Borsato, Ohlsson Sax, Sfondrini, Stefanski, ’14]
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Perturbation

Under the perturbation the action of the supercharges  
is modified to  

[MRG, Gopakumar, Nairz, ’23] 

cf. [Gava, Narain, ’02], [David, Sahoo, ’08]

<latexit sha1_base64="YtZGN3TdvhQhVEELUjaSZWAO79k="></latexit>

Q1 ↵2
�1+ n

w
|BPSiw = a �

� 1
2+

n
w
|BPSiw , Q̃2 ↵2

�1+ n
w
|BPSiw = 0

Q1  
�
� 1

2+
n
w
|BPSiw = 0 , Q̃2  

�
� 1

2+
n
w
|BPSiw = bm,n ↵2

�1+ m
w�1

Z� |BPSiw
S1 ↵2

�1+ n
w
|BPSiw = 0 , S̃2 ↵2

�1+ n
w
|BPSiw = cm,n  

�
� 1

2+
m

w+1
Z+ |BPSiw

S1  
�
� 1

2+
n
w
|BPSiw = d↵2

�1+ n
w
|BPSiw , S̃2  

�
� 1

2+
n
w
|BPSiw = 0 .

where 
<latexit sha1_base64="Fo/haWQbrwlUQ8UUxMyrjgmWRPw="></latexit>

cm,n ⇠ g

Z
d2z w+1hBPS| ̄

+
1
2�

m
w+1

S̃2 �2(z, z̄)↵
2
�1+ n

w
|BPSiw +O(g2)



Symmetric orbifold

Can actually calculate the coefficient explicitly to  
first order in the deformation

where perturbing field is  
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[MRG, Gopakumar, Nairz, ’23] 
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Symmetric orbifold

Can actually calculate the coefficient explicitly to  
first order in the deformation

where perturbing field is  
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This is most easily done upon lifting to covering surface, 
i.e. effectively on the worldsheet…
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Finite w

The exact finite w answer turns out to be  

In the large w limit this becomes  
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Multi-magnons

The other matrix-element one needs (to study multi-
magnon states) is  

[MRG, Gopakumar, Nairz ’23] 

In the large w limit this leads to  
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[Similar relation also for unaffected fermion      .] 
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General action

In the large w limit one then finds the simple structure

where  
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[MRG, Gopakumar, Nairz, ’23] 
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Central extension

On physical (orbifold invariant) states, the left-right  
anti-commutator must vanish:

For finite w, this turns out to be automatically the case,  
but in the large w limit, it only remains true provided we  
choose the correct phases in 

This requires that  

cf. [Beisert ’05]
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{ S1, ÷S2} = 0 = { Q1, ÷Q2} .
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Anomalous dimension
Can then use the usual integrability arguments 
to conclude that each magnon contributes

<latexit sha1_base64="ekzVe56zwCZfBbrgkg6hwa2fbN8="></latexit>

C(p) + ÷C(p) =
!

(1 ! p)2 + 4g2 sin2(! p)

Furthermore, the problem is integrable: can read off  
S-matrix from above action — satisfies the Yang-Baxter 
equation. 

to the anomalous conformal dimension. 
cf. [Berenstein, Maldacena, Nastase, ’02], [Hoare, Stepanchuk, Tseytlin, ’14]

cf. [Babichenko, Stefanski, Zarembo, ’09], [Lloyd, Ohlson Sax, Sfondrini, Stefanski, ’13]



BMN comparison

We can also compare our result      

to the mixed-flux BMN answer     
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[MRG, Gopakumar, Nairz, ’23] 
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BMN comparison

i.e.     
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Since in BMN description                                  ,     

we conclude                                     .      

Thus our result should be exact in coupling constant!    
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Conclusions and Outlook

We have given strong evidence that the symmetric  
orbifold theory is exactly dual to string theory with  
one unit of NS-NS flux (k=1): 

SymN (T4)
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=

1 unit of NS-NS flux

In particular, the spectrum agrees precisely, and the 
structure of the symmetric orbifold correlators is  
reproduced from the worldsheet.



Conclusions and Outlook

SymN (T4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

AdS3 ! S3 ! T4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

1 unit of NS-NS flux

In particular, this relation implies that the duality  
actually works to all orders in 1/N!

The worldsheet plays the role of the covering surface  
of the symmetric orbifold, thus making the duality  
manifest in this way.



Generalisation

The recent worldsheet analysis of the               WZW  
model implies a remarkable generalisation: 
 

is exactly dual to bosonic string theory on 

[Eberhardt, MRG ’25]
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It would be interesting to explore this further, e.g. find  
setups with some smaller amount of susy. 
 



RR deformation

We have studied the RR deformation that switches on 
the string tension — it corresponds to the 2-cycle  
twisted sector deformation of the symmetric orbifold. 

The structure is very similar to what happens in N=4,  
and thus may allow us to generalise some of these  
considerations to AdS5/CFT4.



Thank you very much!




