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I. Motivation
 - The world-volume action of N stacked M2-branes is understood 
    in the low-energy limit.
    [N=8 BLG model, N=6 ABJM model:
     Superconformal Chern-Simons matter theories of U(N)XU(N) ]

 -  Various mass deformations 
    [SUSY preserving, D-term, F-term: equivalence] 
    [constant 3- & 6-form fluxes as source of mass deformation]

 - Fluxes from the background bulk (3- & 6-form) fields
    [multiple M2-branes in the presence of (constant) fluxes]

 - BPS equations & solitonic objects in Chern-Simons gauge theory
    [N=3,2,1+5/2,3/2,1/2 BPS equations, 
     singular and regular vortex-type solitons]  

 - Interpretation of BPS solitons in M-theory & type II string theory
   [???] 



II. Field Theoretic Construction of ABJM Model
    and BPS Chern-Simons Solitons

                 Brief History of BPS Chern-Simons solitons 

1. Chern-Simons gauge theories 
     - anyon superconductivity for high T_c superconductivity
       [Chen-Wilczek-Witten-Halperin]

2. BPS bound for multi-vortices in Chern-Simons-Higgs model with
    sextic scalar potential
    - type I & II superconductors [Hong-Kim-Pac, Jackiw-Weinberg]

3. BPS equations from N=2 SUSY Chern-Simons-Higgs model
    [Lee-Lee-Weinberg]

4. Various BPS Chern-Simons solitons 
    - topological vortex, Q-ball, nontopological Q-vortex [Lee-Jackiw-Weinberg]



5. Various models 
    - Maxwell-Chern-Simons-Higgs, nonabelian, U(1)^N, nonrelativistic limit, 
...

6. Mathematical subject: existence & uniqueness of solutions
 
7. Low-energy world-volume theory of stacked flat M2-branes
    - BLG model of SU(2)XSU(2) & ABJM model of U(N)XU(N) gauge group 
      : conformal limit of Chern-Simons-Higgs model
    - BLG & ABJM model with mass deformation 
      (some nonvanishing (constant) 4-form and 7-form fluxes)



Aharony-Bergman-Jefferis-Maldacena (ABJM) 

action :

- covariant derivative 

- Yukawa-type quartic interaction :

- sextic scalar potential : 

: manifestly positive-definite!



Symmetries :

- gauge symmetry :           &           : U(N)XU(N) or SU(N)XSU

- parity :                  

- N=6 superconformal symmetry :

SUSY parameters 

real gamma matrices 



III. Mass Deformations in ABJM Model
Various mass deformations in ABJM model
 - single mass parameter
 - three kinds of mass deformations: SUSY preserving, D-term, F-

Mass deformation respecting full N=6 SUSY [Hosomichi-Lee-Lee]
 - In the SUSY transformations
                                      : unique                (                                    )
 
 - In the Lagrangian
                                                                                                       

    : R-symmetry SU(4) -> SU(2)XSU(2)XU(1)
 - combined with the undeformed potential
                                                                            : manifestly positive-definite
                                                                            : suitable for half-BPS 



N=1 superfield formalism [Hosomichi-Lee^3-Park]

 - notation :
 - N=1 superpotential : 

 - calculation : 

 - Bosonic potential : perfect square form : coincides with N=6 

(mass deformation)



N=2 superfield formalism [Gomis-Rodriguez-Gomez-Raamsdonk-

: (bosonic potential) = (D-term potential) + (F-term 

 - D-term potential 

 - From N=2 superpotential :

(mass 

: same as N=1 case



- F-term potential :

- N=2 superpotential : 

- diagonalize off-diagonal mass matrix 
  : equivalent to D-term deformation

(mass deformation)

       D-term deformation and F-term deformation
                            are the same as 
         maximal(N=6) SUSY preserving mass 











IV. Vortex-type BPS Solitons

Half-BPS equations (N=3)

From SUSY variation of fermions :

- Impose supersymmetric 

- some analysis -> half-BPS 

- Gauss laws :



From bosonic part of energy 

: energy is bounded by U(1) charge
                            and by R-charge 

: proportional to mass-deformation 





Solving half-BPS equations without mass deformation 

1. All the constraint equations are completely solved
2. Half-BPS equations and Gauss' laws reduce to  

3. -> some simple cases reduce to 

: BPS equations from super Yang-Mills theory 
    without symmetry breaking potential

: (affine-) Toda-type equation
: SU(2) case to Liouville-type equation (G=0) or Sinh-Gordon-



Solving half-BPS equations in mass-deformation 

- U(2)XU(2) case:
   BPS equations reduce to

: Maxwell-Higgs theory
: a=1 -> finite-energy topological vortex
   a=\ 1 -> topological vortex in constant background of magnetic 

- U(N)XU(X) case :
  For some reducible cases, BPS equations reduce 

: U(1)^{N-1} gauge theories with N-1 Higgs fields















V. Concluding Remarks

We consider ABJM model without and with mass deformation:

  - Equivalence among single parameter mass deformations :
    maxmal SUSY preserving, D-term, F-term

  - SUSY-preserving mass deformation is identified as
      (1) quartic term <= a constant 7-form field strength in WZ type interaction
                                     between WV fields and bulk form fields
      (2) quadratic term <= from a backreaction in the presence of constant
                                         form field strength 

 - All the vortex-type BPS equations from 
    Killing spinor condition & bosonic energy bound
    for N=3, 5/2, 2, 3/2, 1, 1/2 SUSY

  



 N=3 : energy is bounded by both U(1) and R-charges

 - In undeformed ABJM model, 
      (i) all the constraints are solved 
     (ii) resulting equation is half-BPS equation in SUSY Yang-Mills theory
    (iii) no finite energy regular solution 

  - In mass-deformed ABJM model, 
      (i) U(2)XU(2) case -> vortex equation in Maxwell-Higgs theory
          -> static multi-BPS vortices in constant background of magnetic 
field 
     (ii) U(N)XU(N) (N>2) -> nonabelian vortex equation of Yang-Mills-
Higgs



N=2 : energy is bounded only by R-charge 

 - In undeformed ABJM model, 
      (i) all the constraints are almost solved 
     (ii) resulting equation is BPS equation connecting those in 
         Chern-Simons and Yang-Mills theory
    (iii) seems no finite energy regular solution 

  - In mass-deformed ABJM model, 
      (i) U(2)XU(2) case -> vortex equation in a hybrid theory of
          Maxwell-Higgs and Chern-Simons theory
          -> topological BPS vortices 
              + nontopological Q-balls and Q-vortices
              & their hybrids
      (ii) U(N)XU(N) -> N=2 case seems representing the general case
       



- N=1: energy is bounded by U(1) charge 
        : seems similar to N=2 case (complicated)

- N=5/2, 3/2, 1/2 cases are respectively equivalent to 
  N=3, 2, 1 for the spectra of BPS vortices



Questions include
 
 - proof of nonexistence of regular finite-energy soliton solutions 
   in the undeformed theory

 - possibility of configurations with fractional vorticity

 - interpretation of solutions in the context of M-theory


