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The cross section for two-gluon to four-gluon scattering is given in a form suitable for fast 
numerical calculations. 

Theoretical predictions for four-jet production at hadron colliders allow detailed 
tests of QCD. Moreover, at SSC energies, four jets become a serious background 
to many interesting processes which probe new physics, e.g. pair production of 
electroweak bosons [ 1 ]. Hence a detailed knowledge of four-jet event characteristics 
is crucial for good background rejection. Although some individual contributions 
to four-jet production have already been analysed (see e.g. ref. [2]), the two-gluon 
to four-gluon scattering, which is the dominant contribution for a wide range of 
subprocess energies, has remained beyond the scope of previous computational 
techniques. Here we outline our calculation of the cross section for this process, in 
the tree approximation of perturbative QCD. The final cross section is presented in 
a form suitable for fast numerical calculations. 

Our calculation makes use of techniques developed in ref. [3], based on the 
application of extended supersymmetry. We adopt the convention that all particles 
involved in a scattering process are incoming• An outgoing particle of momentum 
p and helicity s will be represented as an incoming antiparticle of momentum - p  
and helicity -s.  Let M(z~ ,  . . . . .  , zs~) denote the amplitude for the process with the 
incoming particles z~ , . . . ,  z n of helicities s , . . . ,  s, and momenta Pl,. • •, P~. The 

• • 7=6 momenta satisfy the conservation equation, ~,= ~ p, = 0. We find that all nonvanishing 
six-gluon helicity amplitudes can be obtained by crossing and/or complex conjuga- 
tion from two amplitudes, M ( g ~_, g 2 , g 3 , g 4,  g S+, g 6+ ) and M ( g~_, g 2 , g 3 , g 4+, g S+, g 6+ ) I 
These amplitudes can be expressed in terms of the.amplitudes for processes involving 
a smaller number of gluons plus spin-one-half massless gluinos A and spin-zero 
massless scalar gluons 4,, using supersymmetry relations (on-shell Ward-Takahashi 
identities). The first of the two relations is very simple: 

[M(g~_, g2_, g3_, g 4_, gS+, g6)l = s5__~6 i M ( g [ ,  g,_, c~2_, ok3_, ~5+, ck6+)[ , 
S23 
410 

(1) 
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gluons. The cross section for the scattering of two gluons with momenta p~, P2 into 
four gluons with momenta P3, P4, P5, P6 is obtained from eq. (5) by setting I = 2 and 
replacing the momenta P3, P4, P5, P6 by -P3, -p4, -P5, -P6. 

As the result of the computation of two hundred and forty Feynman diagrams, 
we obtain 

A(o)(p~, P2, P3, P., Ps, P6) 

(9 ' ,  * * t Ko 
= 9 ~ , 9 ~ , 9 , ) ( o ) .  K~ 

K. K~ Ko 9 ,  (o) 

(6) 

where ~, ~p, ~ and ~ ,  are ll-component complex vector functions of the momenta 
P~, P:, P3, P4, P5 and P6, and K, K o , /~  and K, are constant 11 x 11 symmetric matrices. 
The vectors ~o, $¢ and ~ ,  are obtained from the vector 9 by the permutations 
(P2 ~-* P3), (P5 *'* P6) and (P2 ~'* P3, P5 *-" P6), respectively, of the momentum variables 
in 9. The individual components of the vector 9 represent the sums of all contribu- 
tions proportional to the appropriately chosen eleven basis color factors. The 
matrices K, which are the suitable sums over the color indices of products of the 
color bases, contain two independent structures, proportional to N 4 ( N  2 - 1 )  and 
N 2 ( N  2 - 1 ) ,  respectively (N is the number of colors, N = 3 for QCD): 

K = -~gSN4 ( N 2  - 1 ) K  (4) +!g S N 2 ( N 2  - 1 ) K  (2) . (7) 

Here g denotes the gauge coupling constant. The matrices K (4) and K (2) a re  given 
in table 1. The vector 9 is related to the thirty-three diagrams DG(I = 1-33) for 
two-gluon to four-scalar scattering, eleven diagrams DF(I = 1 - 11) for two-fermion 
to four-scalar scattering and sixteen diagrams DS(I= 1-16) for two-scalar to 
four-scalar scattering, in the following way: 

2Sl4 
9 0  = X/],.g15S45SI6S461S23S56 {/223cG " DGo - 4s14t123E(p5 +P6,  P6)C F" D~ 

- 2s14G(p5 +P6, P5 +P6)C s" DoS}, 

92 = s56 c ~" D ~ ,  (S) 
$23 

where the constant matrices C ° 0 1  x33), CF(ll  x 11) and CS(ll x 16) are given in 
table 2. The Lorentz invariants s~ and t,jk are defined as s , j=(pi+pj)  2, tUk = 
(p, +pj +pk) 2 and the complex functions E and G are given by 

E (p,, pj ) = ! { (p~ p,) (p, pj ) - (p~ p, ) (pjp 4) - (p, pj )(p,p4) + "ze~,~pA p ~" p, ~ p j p p ,A }/(p~ P4) , 

G ( p .  pj) = E(p, ,  p s ) E ( p .  P6), (9) 
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The cross section for two-gluon to four-gluon scattering is given in a form suitable for fast 
numerical calculations. 

Theoretical predictions for four-jet production at hadron colliders allow detailed 
tests of QCD. Moreover, at SSC energies, four jets become a serious background 
to many interesting processes which probe new physics, e.g. pair production of 
electroweak bosons [ 1 ]. Hence a detailed knowledge of four-jet event characteristics 
is crucial for good background rejection. Although some individual contributions 
to four-jet production have already been analysed (see e.g. ref. [2]), the two-gluon 
to four-gluon scattering, which is the dominant contribution for a wide range of 
subprocess energies, has remained beyond the scope of previous computational 
techniques. Here we outline our calculation of the cross section for this process, in 
the tree approximation of perturbative QCD. The final cross section is presented in 
a form suitable for fast numerical calculations. 

Our calculation makes use of techniques developed in ref. [3], based on the 
application of extended supersymmetry. We adopt the convention that all particles 
involved in a scattering process are incoming• An outgoing particle of momentum 
p and helicity s will be represented as an incoming antiparticle of momentum - p  
and helicity -s.  Let M(z~ ,  . . . . .  , zs~) denote the amplitude for the process with the 
incoming particles z~ , . . . ,  z n of helicities s , . . . ,  s, and momenta Pl,. • •, P~. The 

• • 7=6 momenta satisfy the conservation equation, ~,= ~ p, = 0. We find that all nonvanishing 
six-gluon helicity amplitudes can be obtained by crossing and/or complex conjuga- 
tion from two amplitudes, M ( g ~_, g 2 , g 3 , g 4,  g S+, g 6+ ) and M ( g~_, g 2 , g 3 , g 4+, g S+, g 6+ ) I 
These amplitudes can be expressed in terms of the.amplitudes for processes involving 
a smaller number of gluons plus spin-one-half massless gluinos A and spin-zero 
massless scalar gluons 4,, using supersymmetry relations (on-shell Ward-Takahashi 
identities). The first of the two relations is very simple: 

[M(g~_, g2_, g3_, g 4_, gS+, g6)l = s5__~6 i M ( g [ ,  g,_, c~2_, ok3_, ~5+, ck6+)[ , 
S23 
410 

(1) 

Parke & Taylor, Nucl. Phys. B269

S.J. Parke, ‘I: R. Taylor / Four &on productron 

TABLE 1 

413 

Matrices K(I, J)[I = l-11, J= l-111. 

Matrix K@) Matrix KC*) 

8 4 -2 2 -1 2 0 1 0 0 -1 0 0 0 0 0 0 0 0 3 3-3 
4 8-l l-1 0 2 1 0 1-l 00000000330 

-2-1844112212 00000000000 
2 1 4 8 2 -1 -1 4 1 1 1 ooboooooooo 

-1 -1 4 2 8 1 2 4 -2 -1 4 00000000000 
2 0 l-l 1 8 4-l 0 1 0 00000000330 
0 2 l-l 2 4 8-2 0 0 0 00000000330 
1 1 2 4 4 -1 -2 8 -1 -1 2 00000000000 
0 0 2 l-2 0 O-l 8 4-2 33000330000 
0 1 1 l-l 1 0 -1 4 8 -1 33000330000 

-1 -1 2 1 4 0 0 2-2-l 8 -3 0 0 0 0 0 0 0 0 0 0 

Matrix KY) Matrix Kr’ 

0000110110-1 33030003000 
0000201 12 l-2 33000000000 
00000111011 00300300330 
00001002010 30000300000 
1 2 0 10122002 00000000330 
10 10 14 2 0 0 o-1 00330000330 
0 1 10 2 2 4 0 0 o-2 00000000030 
1 1122004000 30000000300 
1200000002-1 00303303000 
01110000240 00303330000 

-1 -2 1 0 2 -1 -2 0 -1 0 4 00000000000 

Matrix Kr’ Matnx K$?’ 

4202010 
2401001 
0042211 
2120121 
0021000 
1012000 
0 1 1 1 0 0 0 
1 1 1 0 0 0 0 
0021412 
0110224 
0000200 

1 0 0 0 
1 0 1 0 
1 2 1 0 
0 1 0 0 
0 4 2 2 
0 1 2 0 
0 2 4 0 
0 2 0 1 
2 0 o-4 
0 0 o-2 
1 -4 -2 4 

0000000 
0000300 
0000003 
0000000 
0300003 
0000033 
0030333 
0300000 
3000000 
0000000 

-3 0 0 0 0 -3 0 

0 3 o-3 
3 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 o-3 
0 0 0 0 
3 0 0 0 
0 0 0 0 
0 0 3 0 
0 0 0 0 

Matrix KY) Matrix KF’ 

0 1 -1 -1 1 101200 33000330000 
1 o-2-1 2 0 1 I 4 2 0 33000330000 

-1-2 0 0 0 1 1 l-l 10 00333003000 
-1-l 0 1 0 2 1 0 1-l 0 00333003003 
1 2 0 0 l-l -1 0 -2 2 1 00333003000 
10 12-1 0 l-2 2 4-l 3 3 0 0 0 3 3 0 0 o-3 
0 1 1 l-l 1 0 -1 4 8 -1 33000330000 
1 1 1 0 0 -2 -1 0 2 -2 0 00333003000 
2 4-l l-2 2 4 2 1 0 -2 00000000330 
0 2 l-l 2 4 8-2 0 0 0 00000000330 
0 0 0 0 1-l -1 0 -2 0 2 0 0 0 3 o-3 0 0 0 0 0 
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to four-gluon scattering, which is the dominant contribution for a wide range of 
subprocess energies, has remained beyond the scope of previous computational 
techniques. Here we outline our calculation of the cross section for this process, in 
the tree approximation of perturbative QCD. The final cross section is presented in 
a form suitable for fast numerical calculations. 

Our calculation makes use of techniques developed in ref. [3], based on the 
application of extended supersymmetry. We adopt the convention that all particles 
involved in a scattering process are incoming• An outgoing particle of momentum 
p and helicity s will be represented as an incoming antiparticle of momentum - p  
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Theoretical predictions for four-jet production at hadron colliders allow detailed 
tests of QCD. Moreover, at SSC energies, four jets become a serious background 
to many interesting processes which probe new physics, e.g. pair production of 
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is crucial for good background rejection. Although some individual contributions 
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subprocess energies, has remained beyond the scope of previous computational 
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a form suitable for fast numerical calculations. 
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involved in a scattering process are incoming• An outgoing particle of momentum 
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• • 7=6 momenta satisfy the conservation equation, ~,= ~ p, = 0. We find that all nonvanishing 
six-gluon helicity amplitudes can be obtained by crossing and/or complex conjuga- 
tion from two amplitudes, M ( g ~_, g 2 , g 3 , g 4,  g S+, g 6+ ) and M ( g~_, g 2 , g 3 , g 4+, g S+, g 6+ ) I 
These amplitudes can be expressed in terms of the.amplitudes for processes involving 
a smaller number of gluons plus spin-one-half massless gluinos A and spin-zero 
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S23 
410 

(1) 
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S.J. Parke, T.R. Taylor/Four gluon production 415 

where e is the totally ant isymmetr ic  tensor, exyz, = 1. For  the future use, we define 
one more  funct ion,  

F(p,, pj)= {(p, p4)(p, pj)+(plp,)(p.,p4)-(plp:)(p, p4)}/(plP4) . (10) 

Note  that  when  evaluating Ao and A2 at crossed configurations o f  the momenta ,  
care must  be taken with the implicit dependence  o f  the functions E, F and G on 
the m o m e n t a  pa, P4, Ps, P6. 

The diagrams D2 ~ are listed below: 

D~(1) 82 
S14S25S36 - -{[ (p2-ps) (pa-P6)][(p , -p4)(p3+P6)]-[ (p2-ps) (p3+P6)]  

x [(Pl - P4)(P3 - P6)] + [(P2 + Ps)(P3 - P6)][(P~ - P4)(P2 - Ps)]}, 

1 
D2C(2) = {2E (p2 - P s ,  P3 -P6)  - 2E(p3 -P6 ,  P2 - P s )  + 82[(P2 -Ps)(P3 - P6 ) ]} ,  

$25536 

4 
D ~ ( 3 ) = - -  

S25 $36 t125 {[(P,+p2-ps)(Pg+p3-P6)]E(p2, pa) 

- [ (p ,  +p2  - p~)(p.  - p ~  + p~)]E(p2,  p~) 

- [(pl  - p 2  + P s ) ( P 4 + P a - P 6 ) ] E ( p s ,  P3) 

& [ (Pl - P2 d- P5 ) (P4 - P3 + P6)] E (Ps. P6) 

-- [P~ (P2 - p s ) ] E ( p 3  - P6, P3 + P6) - [P4(P3 - p6)]E(p2 + Ps, P2 - Ps) 

+ 62[p~ (P2 - Ps)][P4(P3 - P6)]},  

- 2  
D~(4)  = 

$36t125 

- 2  D~(5) = 
S25[125 

DO(6) = 62 
[125 

4 D:~(7) = - -  
S12S36[125 

{ E (P3 - P6, P3 + P6) - 62[p4(p3 - P6)]}, 

{E(p2 '~-P5, P2 - P 5 )  - ~2[Pl (P2 - P s ) ] }  , 

{[(P,+P2-P5)(P4+P3-P6)]E(p2, P3) 

D ~ ( 8 ) = - -  

-[(pl@P2-P5)(p4-P3@P6)]E(p2,P6)-[p4(P3-P6)]E(p2,P2-Ps)}, 

$34S25 [125 
{[(Pl+P2-P5)(P4+p,-p~)]E(pz, p,) 

- [ ( p l  - p2 + p5)(p4 + p.  - p 6 ) ] E  (ps. p . )  - [p. (p= - p s ) ] E ( p .  - p ~ .  , 3 ) } .  
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D ~ ( 9 )  = - -  
S15S36/125 

{[(Pl - P2 + Ps)(P4 + P3 --  P6)] E (Ps, P3) 

-- [(Pl - -P2+P5)(P4- -P3  +P6)]E(p5, P6) + [P4(P3 -P6)]E(p5, P2 - P 5 ) } ,  

D ~ ( 1 0 )  = - -  
$25S46/125 

{[(P~ + P2 - Ps) ( P 4 -  P3 + p6)]E (P2, P6) 

- [(P~ - P2 + Ps)(P, -  P3 + P6) ]E (P5, P6) + [P~ (P2 - Ps) ] E  (P3 - P6, P6)}, 

D ~ ( l l )  = ~2 [S35 __ $56..~. $36] ' 
S361124 

D2G(12) = '732" [$23 -- S26-- $36] ,  
$36f145 

~2 
D ~ ( 1 3 )  = - - .  [$12 -- $24][S35 -- S56 --[.- $36], 

S14.$36 fi24 

D ~ ( 1 4 )  - 82 
S14536t145 
- -  [ S 1 5 - - S 4 5 ] [ S 2 3 - - $ 2 6 - - S 3 6 ]  ~ 

82 
O2°(15) = " (Pl -Pa)(P3-P6) ,  

S14S36 

- 4  
D ~ ( 1 6 )  = ~ [s35 - s56 + s36]E(p2, P2) ,  

$12S36/124 

4 
D ~ ( 1 7 )  = . [s23-s26-s36]E(ps, ps) ,  

S36S45 I145 

- 4  
S12S36S45 

[2(pl  + P2) (P3 - P6) - $36] E (P2, P 5 ) ,  

- 2  
D2°(19) = E(p2 ,p3-P6) ,  

$12S36 

2 
D2G(20) = E(p3-p6 ,  P5), 

$36S45 

- 4  
D2°(21) = [ s 2 6 -  s56+ s25]E(p3, P3), 

$25$34ti34 

4 
D ~ ( 2 2 )  = ~ [s23-s35-s25]E(p6,P6), 

$16525[146 

D ~ ( 2 3 )  = 4 
S16S25534 

[2(p]  + P6)(P2 -Ps)  + SE5]E(p6, P3) ,  
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- 2  
D2°(24) = E(p2-P5,Pa), 

S25S34 

2 
D2G(25) = E(p6, P2-Ps) ,  

S16S25 

- 2  
D2G(26) = E(p2, P2-Ps ) ,  

$12/125 

2 
D2°(27) -- E (P3 - P6, P6), 

s46/125 

2 
D2G(28) = E(ps,  p : - p s ) ,  

SI5t125 

- 2  
D2G(29) - E(p3 -P6,  P3), 

s34t125 

4 
D2~(30) = . [(p~+p2-Ps)(p4+Pa-P6)-t,25]E(pE, Pa), 

$12$34/125 

4 
D~(31) = . [(p]+p2-ps)(p4-P3+P6)+fi25]E(p2,P6), 

$12S46t125 

4 
D2°(32) - . [(p,-p2+ps)(p,+p3-P6)+h25]E(ps, P3), 

SI5S34[125 

4 
D2C(33) = [(p~-p~+ps)(p~-pa+p~)- q25]E(ps, P6), 

S15S46t125 

417 

(11) 

where 82 = l. 
The diagrams D~ are obtained from D~ by replacing 82 by 80 = 0 and the functions 

E(p,,pj) by G(p,,pj). 
The diagrams D~ are listed below: 

D ~ ( 1 ) = - -  

D ~ ( 2 ) = - -  

S15S34t125 
{F(ps, p6)E(p3, Ps) - F(ps, p3)E(p6, Ps) 

+ [F(p6,  P3) + s34]E(Ps, Ps)} ,  

- 4  

S16S25S34 
{ IF(P6,  P2) +½s,6]E(p3, Ps) 

+ [F(p2,  P3) + ½s34]E(p6, Ps) - F(p6, P3) E (P2, Ps)} ,  

Do~(3) 4 
Si5S36~125 
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The cross section for two-gluon to four-gluon scattering is given in a form suitable for fast 
numerical calculations. 

Theoretical predictions for four-jet production at hadron colliders allow detailed 
tests of QCD. Moreover, at SSC energies, four jets become a serious background 
to many interesting processes which probe new physics, e.g. pair production of 
electroweak bosons [ 1 ]. Hence a detailed knowledge of four-jet event characteristics 
is crucial for good background rejection. Although some individual contributions 
to four-jet production have already been analysed (see e.g. ref. [2]), the two-gluon 
to four-gluon scattering, which is the dominant contribution for a wide range of 
subprocess energies, has remained beyond the scope of previous computational 
techniques. Here we outline our calculation of the cross section for this process, in 
the tree approximation of perturbative QCD. The final cross section is presented in 
a form suitable for fast numerical calculations. 

Our calculation makes use of techniques developed in ref. [3], based on the 
application of extended supersymmetry. We adopt the convention that all particles 
involved in a scattering process are incoming• An outgoing particle of momentum 
p and helicity s will be represented as an incoming antiparticle of momentum - p  
and helicity -s.  Let M(z~ ,  . . . . .  , zs~) denote the amplitude for the process with the 
incoming particles z~ , . . . ,  z n of helicities s , . . . ,  s, and momenta Pl,. • •, P~. The 

• • 7=6 momenta satisfy the conservation equation, ~,= ~ p, = 0. We find that all nonvanishing 
six-gluon helicity amplitudes can be obtained by crossing and/or complex conjuga- 
tion from two amplitudes, M ( g ~_, g 2 , g 3 , g 4,  g S+, g 6+ ) and M ( g~_, g 2 , g 3 , g 4+, g S+, g 6+ ) I 
These amplitudes can be expressed in terms of the.amplitudes for processes involving 
a smaller number of gluons plus spin-one-half massless gluinos A and spin-zero 
massless scalar gluons 4,, using supersymmetry relations (on-shell Ward-Takahashi 
identities). The first of the two relations is very simple: 

[M(g~_, g2_, g3_, g 4_, gS+, g6)l = s5__~6 i M ( g [ ,  g,_, c~2_, ok3_, ~5+, ck6+)[ , 
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4 
DoF(4) = {F(pz ,  p3) E (ps, P5) - F(ps, p~) E (p2, Ps) 

525534 1,25 

+ [ F ( p 5 ,  , 1 l P2) - ~ s 2 s -  ~s ,2+~s ,s ]E(p3 ,  P5)}, 

DoF(5) = 2 [S35 -- S23 "Jr" 525]E (P6, Ps) 
s16525 f146 

DoF(6) = 2 [556 - s26 - 525]E(p3, Ps) ,  
S25534[134 

4 
Do~(7) = _ _  

$25536t125 
{[F(ps ,  ' t l P2) -Is25-Is12+~sls]E(P3, Ps) 

+ [F(p2, P3) +-~t,25]E (ps, P5) - [F(ps, P3) +!t,25]E(p2, P5)}, 

1 D~(8)= 
S14S36 

E ( P 3  - -  P6, PS),  

O ~ ( 9 ) =  2 
S,4S36ti24 
- -  [$35-s56-t-s36]E(p2, Ps) ,  

Do~(10) = - -  
S14S361145 

[S23--S26--S36]E(ps, Ps) ,  

1 
D~01) = 

2St4S25536 
{[s23+s35-s26-s56]E(p2-P5,P5) 

- [ s23 + s26 - s35 - s56] E (P3 - P 6 ,  Ps) - [ s23 + s56 - s35 - s26] E (P2 + P5, Ps)}.  
(12) 

The  d i a g r a m s  Do s are  l isted be low:  

1 
DoS(l) = . [ s 3 4 -  s ~+  s36][s,2- s , 5 -  s2s],  

$25S361125 

1 
D ~ ( 2 ) =  ~ [su-s24-s ,4][s35-Ss6+S36],  

$14S361124 

1 
O~(3)  . [s,s-s45+s,4][s23-s26-s36],  

S,4S36[,45 

1 O~(4) 
SlsS36t,25 
- - [SI5"3t -S25--S12][S34--S46Jt 'S36] ,  

DOS(5) 1 
S,5S34t156 

1 
SI5s34t125 

DS(6)  - -  [s46- Sa4- s36][s,z- s25- s i s ] ,  
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DOS(7) = ~ [ s 3 , -  s ~  + s3,][ s12-  s , 5  - s2~], 
S25S34t125 

1 
D°~(8) = s,6s25tl~ [s2~ + s3~ - s ~ ] [ s ~ , -  s ~  + s16] , 

1 
DS(9) = s25s~t134 [sl4 + s34- sl~][s26- s56 + s2s], 

1 
DOS(10) = ( P 2 -  Ps)(P3 - P6) , 

s25s36 

1 
DoS(11) = (P, - P,)(P3 - P6) , 

$14S36 

DS(12) = 1 ( P , - P , ) ( P 2 - P s ) ,  
S16S25 

Do~(13)= ! ( p s - p , ) ( ~ 3 - ~ , ) ,  
SI5S34 

1 
DOS(14) = (P2 - Ps)(P3 - P 4 ) ,  

S25S34 

1 
DOS(15) = - -  { [ ( P 2 ~ - P s ) ( P 3 - P 6 ) ] [ ( p i - P 4 ) ( P 2 - p 5 ) ]  

SI4S25S36 

-[" [(P2 -- P5) (P3 -- P6)][(Pl -- P4)(P3 "t- P6)] 

+ [(p, +p~)(p~ - p~)]E(p, -p~)(p~ - p6)]} ,  

2 
DS(1 6) = - -  {[ (P2 - Ps) (P3 + P4)][ (el -- P6) (P3 -- P4)] 

SI6S34S25 

+ [" (Pl @ P6) (P3 -- P4)] [ (Pl -- P6) (P2 -- P5) 

+ [(P~ - P6)(P2 + Ps)][(P3 - P 4 )  (P2 - P 5 ) ] }  • (13) 

The preceding list completes the result. Let us recapitulate now the numerical 
procedure of  calculating the full cross section. First the diagrams D are calculated 
by using eqs. (11)-(13). The result is substituted to eq. (8) to obtain the vectors ~o 
and ~2. After generating the vectors ~op, @o~, ~o~, ~2~, ~2¢ and ~2~ by the appropriate 
permutations of momenta, eq. (6) is used to obtain the functions Ao and A 2. Finally, 
the total cross section is calculated by using eq. (5). The FORTRAN 5 program 
based on such a scheme generates ten Monte Carlo points in less than a second on 
the heterotic CDC CYBER 175/875. 

Given the complexity of  the final result, it is very important to have some reliable 
testing procedures available for numerical calculations. Usually in QCD, the multi- 
gluon amplitudes are tested by checking the gauge invariance. Due to the specifics 
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involved in a scattering process are incoming• An outgoing particle of momentum 
p and helicity s will be represented as an incoming antiparticle of momentum - p  
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six-gluon helicity amplitudes can be obtained by crossing and/or complex conjuga- 
tion from two amplitudes, M ( g ~_, g 2 , g 3 , g 4,  g S+, g 6+ ) and M ( g~_, g 2 , g 3 , g 4+, g S+, g 6+ ) I 
These amplitudes can be expressed in terms of the.amplitudes for processes involving 
a smaller number of gluons plus spin-one-half massless gluinos A and spin-zero 
massless scalar gluons 4,, using supersymmetry relations (on-shell Ward-Takahashi 
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of our calculation, the most powerful test does not rely on the gauge symmetry, but 
on the appropriate permutation symmetries. The function Ao(pl, P2, P3,P4, Ps, P6) 
must be symmetric under arbitrary permutations of the momenta (pl, Pc, P3) and 
separately, (P4, Ps, P6), whereas the function A2(pb P2, P3, P4, Ps, P6) must be sym- 
metric under the permutations of (p~, P2, P3, P4) and separately, (Ps, P6). This test is 
extremely powerful, because the required permutation symmetries are hidden in 
our supersymmetry relations, eqs. (1) and (3), and in the structure of amplitudes 
involving different species of particles. Another, very important test relies on the 
absence of the double poles of the form (s,j) -2 in the cross section, as required by 
general arguments based on the helicity conservation. Further, in the leading (so) -~ 
pole approximation, the answer should reduce to the two goes to three cross section 
[3, 4], convoluted with the appropriate Altarelli-Parisi probabilities [5]. Our result 
has succesfully passed both these numerical checks. 

Details of the calculation, together with a full exposition of our techniques, will 
be given in a forthcoming article. Furthermore, we hope to obtain a simple analytic 
form for the answer, making our result not only an experimentalist's, but also a 
theorist's delight. 

We thank Keith Ellis, Chris Quigg and especially, Estia Eichten for many useful 
discussions and encouragement during the course of this work. We acknowledge 
the hospitality of Aspen Center for Physics, where this work was being completed 
in a pleasant, strung-out atmosphere. 
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the final formula: 11 pages
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complexity of the computations. It has also been useful to use the results for the cuts

already computed when computing the coefficients of integrals detected by new cuts. In this

way, one can insure the consistency of results from different cuts and reduce the number of

unknowns at the same time.

Let us make a further comment about our computation procedure. The conformal inte-

grals with pentagon loops have numerators containing the loop momenta in combinations

like (k + l)2, where l is the loop momentum and k is an external on-shell momentum. If

the propagator with momentum l is cut then, on that cut, one cannot distinguish between

(k + l)2 and 2k · l. However, it is easy to see that one can choose to cut another propagator

and in that case this ambiguity does not arise and the numerator factor is uniquely defined.

IV. RESULTS

We use dual variable notation (see Ref. [48]) for the integrals. The external dual variables

are listed in clockwise direction. To the left loop we associate the dual variable xp and to

the right loop we associate the dual variable xq. We use the notation xij ≡ xi − xj .

We introduce the following notation which will be useful in the following


a b c · · ·

a′ b′ c′ · · ·


 = x2

aa′x2
bb′x

2
cc′ · · · ± (permutations of {a′, b′, c′, . . .}). (6)

The sign ± above takes into account the signature of the permutation of {a′, b′, c′, . . .}. It

is easy to show that 
a b c · · ·
a′ b′ c′ · · ·


 = det

i∈{a,b,c,··· }
j∈{a′,b′,c′,··· }

x2
ij . (7)

For some topologies, the expansion of the
[ ]

symbol yields terms that would cancel

propagators. For those cases we make the convention that all the terms that would cancel

propagators are absent. In fact, as we will see, terms that would cancel propagators of the

double pentagon topologies naturally yield coefficients for some of the topologies with a

smaller number of propagators.
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A. Double box topologies

In the case of the double box topologies the massive legs attached to the vertices incident

with the common edge have to be a sum of at least three massless momenta. The cases

where these massive legs are the sum of two massless momenta are treated separately in the

subsection. IVA7. This distinction only arises for the double box topologies.

1. No legs attached

1

2

(
x2

a,a+2

)2
x2

a−1,a+1 (8)

1

4

(
x2

ab

)2
x2

a−1,a+1 (9)

− 1

4
x2

ab

(
x2

a,b−1x
2
a−1,b − x2

abx
2
a−1,b−1

)2
(10)

2. One massless leg attached

1

4

(
x2

a,b+1x
2
a+1,b − x2

abx
2
a+1,b+1

)
x2

a+2,b (11)

1

4

(
−x2

a−1,bx
2
a,a+2x

2
a+1,b + x2

a−1,a+2x
2
abx

2
a+1,b−

− x2
a−1,a+1x

2
abx

2
a+2,b

)
(12)

− 1

4
x2

abx
2
a+1,bx

2
b−1,b+1 (13)

− 1

4
x2

a−3,ax
2
a−2,ax

2
a−1,a+1 (14)
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1

4

(
x2

a−4,a−1x
2
a−3,a − 2x2

a−4,ax
2
a−3,a−1

)
x2

a−2,a (15)

3. Two massless legs attached

1

4

(
x2

a,b+2x
2
a+1,bx

2
b−1,b+1 − x2

a,b+1x
2
a+1,bx

2
b−1,b+2+

+ x2
a,b+1x

2
a+1,b−1x

2
b,b+2

)
(16)

1

4

(
−x2

a−1,b−1x
2
a,b+1x

2
a+1,b + x2

a−1,b−1x
2
abx

2
a+1,b+1−

− x2
a−1,a+1x

2
abx

2
b−1,b+1

)
(17)

1

4

(
x2

a−2,a+3x
2
a−1,a+1x

2
a,a+2 − 2x2

a−2,a+2x
2
a−1,a+1x

2
a,a+3+

+ x2
a−2,a+1x

2
a−1,a+2x

2
a,a+3 − x2

a−2,ax
2
a−1,a+2x

2
a+1,a+3

)
(18)

4. One massive leg attached

1

4
x2

a−2,ax
2
a−1,a+1x

2
a,a+2 (19)

1

4

(
x2

a−1,a+1x
2
a,b−1x

2
a+1,b − x2

a−1,a+1x
2
abx

2
a+1,b−1

)
(20)

0 (21)

1

4

(
x2

acx
2
a+1,bx

2
b,c−1 − x2

abx
2
a+1,cx

2
b,c−1−

− x2
a,c−1x

2
a+1,bx

2
bc + x2

abx
2
a+1,c−1x

2
bc

)
(22)
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0 (23)

0 (24)

5. One massless leg and one massive leg attached

− 1

4
x2

a−2,ax
2
a−1,a+2x

2
a+1,a+3 (25)

0 (26)

1

4
x2

a−2,a

(
x2

a−1,bx
2
a+1,b−1 − x2

a−1,b−1x
2
a+1,b

)
(27)

1

4

(
−x2

acx
2
a+1,bx

2
b+1,c−1 + x2

abx
2
a+1,cx

2
b+1,c−1+

+ x2
a,c−1x

2
a+1,bx

2
b+1,c − x2

abx
2
a+1,c−1x

2
b+1,c

)
(28)

0 (29)

0 (30)

6. Two massive legs attached

0 (31)
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0 (32)

0 (33)

0 (34)

7. Extra double boxes

1

4

(
−x2

a−2,bx
2
a−1,a+2x

2
a+1,b + x2

a−2,a+2x
2
a−1,bx

2
a+1,b+

+ x2
a−2,bx

2
a−1,a+1x

2
a+2,b − x2

a−2,a+1x
2
a−1,bx

2
a+2,b

)
(35)

− 1

4


a + 1 b − 1 b

b b + 1 a − 1


 (36)

0 (37)

− 1

4


 a a + 1 a + 2

a + 2 a + 3 a − 2


 (38)

1

4

(
x2

a−3,a+1x
2
a−2,a+2 − x2

a−3,a+2x
2
a−2,a+1

)
x2

a,a+2 (39)

− 1

4


a + 1 b − 1 b

b + 1 b + 2 a − 1


 (40)

0 (41)
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− 1

4


 a a + 1 a + 2

a + 3 a + 4 a − 2


 (42)

1

4

(
x2

a−3,a+3x
2
a−2,a+1 − x2

a−3,a+1x
2
a−2,a+3

)
x2

a,a+2 (43)

− 1

4


a − 1 a a + 1

a + 3 a − 4 a − 3


 (44)

0 (45)

0 (46)

− 1

2


2 3 4

6 7 8


 (47)

0 (48)

− 1

4


a − 2 a − 1 a

a + 2 b − 1 b


 (49)

− 1

4


a − 3 a − 2 a − 1

a + 1 a + 2 a + 3


 (50)

0 (51)

0 (52)
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− 1

4


 a a + 1 b − 1

b + 1 c − 1 c


 (53)

B. Kissing double-box topologies

− 1

4


a a + 1 b − 1 b

b b + 1 a − 1 a


 +

1

4


 a a + 1

b − 1 b





 b b + 1

a − 1 a


 =

1

4

(
x2

a−1,b+1x
2
a+1,b−1

(
x2

ab

)
2 − x2

a−1,b−1x
2
a+1,b+1

(
x2

ab

)
2+

+ x2
a−1,a+1x

2
b−1,b+1

(
x2

ab

)
2 − x2

a−1,bx
2
a,b+1x

2
a+1,b−1x

2
ab−

− x2
a−1,b+1x

2
a,b−1x

2
a+1,bx

2
ab + x2

a−1,b−1x
2
a,b+1x

2
a+1,bx

2
ab+

+ x2
a−1,bx

2
a,b−1x

2
a+1,b+1x

2
ab

)
(54)

− 1

4


a + 1 a + 2 b − 1 b

b b + 1 a − 1 a


 +

1

4


a − 1 a

b b + 1





a + 1 a + 2

b − 1 b




(55)

− 1

4


a + 1 a + 2 b − 1 b

b + 1 b + 2 a − 1 a


 +

1

4


a + 1 a + 2

b − 1 b





b + 1 b + 2

a − 1 a




(56)

− 1

4


a a + 1 b − 1 b

b b + 1 c − 1 c


 +

1

4


 a a + 1

b − 1 b





 b b + 1

c − 1 c


 (57)

− 1

4


 a a + 1 b − 1 b

b + 1 b + 2 c − 1 c


 +

1

4


 a a + 1

b − 1 b





b + 1 b + 2

c − 1 c




(58)

− 1

4


a a + 1 b − 1 b

c c + 1 d − 1 d


+

1

4


 a a + 1

b − 1 b





 c c + 1

d − 1 d


 (59)
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C. Box-Pentagon topologies

1. No legs attached

1

4
x2

abx
2
a+1,q

(
x2

a,b+1x
2
a−1,b − x2

abx
2
a−1,b+1

)
(60)

1

2
x2

a,a+2x
2
a+1,q

(
x2

a−1,a+2x
2
a,a+3 − x2

a−1,a+3x
2
a,a+2

)
(61)

2. One massless leg attached

1

4

(
x2

a−1,b+1x
2
ab − x2

a−1,bx
2
a,b+1

) (
x2

a+1,qx
2
a+2,b − x2

a+1,bx
2
a+2,q

)
(62)

1

4
x2

a−1,b

(
x2

abx
2
a+1,qx

2
b−1,b+1 + x2

a,b+1x
2
a+1,bx

2
b−1,q − x2

abx
2
a+1,b+1x

2
b−1,q

)

(63)

1

4

(
x2

a−4,ax
2
a−3,ax

2
a−2,qx

2
a−1,a+1 − x2

a−4,a+1x
2
a−3,ax

2
a−2,ax

2
a−1,q+

+ 2x2
a−4,ax

2
a−3,a+1x

2
a−2,ax

2
a−1,q − x2

a−4,ax
2
a−3,ax

2
a−2,a+1x

2
a−1,q

)

(64)

3. One massive leg attached

0 (65)

1

4

(
x2

aqx
2
a+1,b − x2

abx
2
a+1,q

) (
x2

bcx
2
b+1,c−1 − x2

b,c−1x
2
b+1,c

)
(66)

1

4
x2

a−1,a+1x
2
aq

(
x2

a+1,b−1x
2
a+2,b − x2

a+1,bx
2
a+2,b−1

)
(67)
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4. One massless, one massive leg attached

0 (68)

− 1

4


 a a + 1 b b + 1

b + 2 c − 1 c q


 . (69)

Note that in the previous formula we suppress the terms containing x2
b+1,q which would

otherwise cancel a propagator of the underlying topology. When expanded out, the expres-

sion above has 12 terms.

− 1

4


a − 2 a − 1 a a + 1

a + 2 b − 1 b q


 . (70)

In the previous formula we suppress the terms containing x2
a+1,q which would otherwise

cancel a propagator of the underlying topology.

5. Two massless legs attached

1

4


 a a + 1 b − 1 b

b + 1 b + 2 a − 1 q


 (71)

In the previous formula we suppress the terms containing x2
a+1,q which would otherwise

cancel a propagator of the underlying topology.
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1

4


a − 2 a − 1 a a + 1

a + 2 a + 3 a − 3 q


−1

4


a − 1 a a + 1 a + 2

a + 3 a − 3 a − 2 q


 =

1

4

(
−x2

a−3,a+1x
2
a−2,a+3x

2
a−1,qx

2
a,a+2 + x2

a−3,a−1x
2
a−2,a+3x

2
a+1,qx

2
a,a+2−

− x2
a−3,a+2x

2
a−2,a+1x

2
a−1,qx

2
a,a+3 + 2x2

a−3,a+1x
2
a−2,a+2x

2
a−1,qx

2
a,a+3+

+ x2
a−3,a+1x

2
a−2,a+3x

2
a−1,a+2x

2
aq + x2

a−3,a+2x
2
a−2,a+1x

2
a−1,a+3x

2
aq−

− 2x2
a−3,a+1x

2
a−2,a+2x

2
a−1,a+3x

2
aq + x2

a−3,a+2x
2
a−2,ax

2
a−1,qx

2
a+1,a+3−

− 2x2
a−3,ax

2
a−2,a+2x

2
a−1,qx

2
a+1,a+3 + 2x2

a−3,a−1x
2
a−2,a+2x

2
aqx

2
a+1,a+3−

− x2
a−3,ax

2
a−2,a+3x

2
a−1,a+2x

2
a+1,q − x2

a−3,a+2x
2
a−2,ax

2
a−1,a+3x

2
a+1,q+

+2x2
a−3,ax

2
a−2,a+2x

2
a−1,a+3x

2
a+1,q−2x2

a−3,a−1x
2
a−2,a+2x

2
a,a+3x

2
a+1,q

)
.

(72)

We have written down this formula to emphasize how nontrivial it is. We suppress

the terms containing x2
a−2,q and x2

a+2,q, respectively. These terms would otherwise cancel a

propagator of the underlying topology. We will see below that the box-pentagon topologies

with massless legs attached to the vertices of the edge common to both loops can in fact be

seen to originate in double-pentagon topologies, by cancelling some propagators.

D. Double pentagon topologies

1. No legs attached

− 1

4


a a + 1 b − 1 b p

b b + 1 a − 1 a q


 (73)

In the expansion of the above formula we drop terms that would cancel propagators (in

this case, the terms containing x2
ap, x2

aq, x2
bp, x2

bq, or x2
pq). This expression has 6 terms when

expanded.
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2. One massless leg attached

− 1

4


a + 1 a + 2 b − 1 b p

b b + 1 a − 1 a q


 (74)

In the formula above we drop terms that would cancel propagators (in this case, the

terms are x2
bp, x2

bq and x2
pq). This expression has 15 terms when expanded.

3. One massive leg attached

− 1

4


a a + 1 b − 1 b p

b b + 1 c − 1 c q


 (75)

In the formula above we drop terms that would cancel propagators (in this case, the

terms containing x2
bp, x2

bq or x2
pq). This expression has 16 terms when expanded.

4. Two massless legs attached

− 1

4


a + 1 a + 2 b − 1 b p

b + 1 b + 2 a − 1 a q


 (76)

In the formula we drop terms that would cancel propagators (in this case, the terms

containing x2
pq). This expression has 64 terms when expanded.

5. One massless, one massive leg attached

− 1

4


 a a + 1 b − 1 b p

b + 1 b + 2 c − 1 c q


 (77)
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In the formula above we drop terms that would cancel propagators (in this case, the

terms containing x2
pq). This expression has 78 terms when expanded.

6. Two massive legs attached

− 1

4


a a + 1 b − 1 b p

c c + 1 d − 1 d q


 (78)

In the formula above we drop terms that would cancel propagators (in this case, the terms

containing x2
pq). When expanded, the above expression contains 96 terms. The number of

conformal dressings is 160 (the number of coefficients unrelated by symmetries is lower).

E. Assembly of the result

As explained in Sec. II, for the MHV amplitudes the ratio between the ℓ-loop amplitude

and the tree-level amplitude can be written as a sum between parity even and parity odd

contributions

M (ℓ)
n = M (ℓ),even

n + M (ℓ),odd
n . (79)

Then, the even part can be written

M (2),even
n = −π−De2γǫ

∫
dDxpd

Dxq

∑

σ

∑

i∈Topologies

siciIi, (80)

where the first sum runs over cyclic and anti-cyclic permutations of the external legs, the

second sum runs over all the topologies, si is a symmetry factor associated to topology i,

ci is the numerator of the topology i, as listed in Sec. IV and Ii is the denominator or the

product of propagators in the topology i.

Apart from the parity odd part which we have not computed, there is also a contribution

which is not detectable from four-dimensional cuts, denoted by M (2),µ. This part of the

result is such that its integrand vanishes in four dimensions, but the integral itself can give

contributions to the divergent and finite parts. In Ref. [32], for n = 6 case, this part of the

result was found to be closely related to O(ǫ) contributions at one loop, M (1),µ.

Based on previous computations we expect that the odd part and the µ integrals will

not be needed in order to compare with the Wilson loop results. The odd parts could be
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computed by using the leading singularity method (see Ref. [33] and also [34, 35]) or the

technique of maximal cuts of Ref. [31]. In order to compute M (2),µ, one would have to

compute D-dimensional cuts. In practice this is done by computing the cuts of N = 1

super-Yang-Mills in ten dimensions, dimensionally reduced to D dimensions.

V. DISCUSSION

In this paper we computed the even part of the two-loop planar MHV scattering ampli-

tudes in N = 4 super Yang-Mills. The answer can be expressed in terms of a finite (and

relatively small) number of two-loop pseudo-conformal integrals.

A computation of these integrals in dimensional regularization through the finite parts

(of order O(ǫ0)) would be very interesting and would allow a comparison with the results of

Ref. [28], where the corresponding Wilson loop computation was performed.

However, a computation of these integrals seems to be rather difficult. In Ref. [28]

the Wilson loop result was expressed in terms of some master integrals called: “hard”,

“curtain”, “cross”, “Y” and “factorized cross.” These master integrals depend on whether

some momenta are zero, massless or massive (this is similar to the situation for scattering

amplitudes; in that case also, the value of the integral depends on whether the external legs

are massive or massless).

It is interesting to note that for the Wilson loop computation, there are no new master

integrals beyond nine sides (this number arises by considering the “hard” integral where

all the momenta Q1, Q2 and Q3 are massive). For the scattering amplitude, however, new

integrals appear until twelve points, as shown in this paper. It would be interesting to get

a deeper understanding of this “mismatch.”

The results presented in this paper hint that a different organization of the result may

be possible. For example, the coefficients written down using the square brackets symbols

can be assembled over a common denominator whose topology is that of a double pentagon.

Sometimes, the coefficient of a given topology needs to be split into two contributions which

get assembled into different double pentagon topologies (see Eq. (72) for an example).

It is also noteworthy that part of the kissing double boxes coefficient neatly combines with

a double pentagon topology after multiplying the numerator and denominator by x2
pq, while

the remaining part has a factorized form. This factorized form is a product of “one-mass”
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It is interesting to note that for the Wilson loop computation, there are no new master

integrals beyond nine sides (this number arises by considering the “hard” integral where

all the momenta Q1, Q2 and Q3 are massive). For the scattering amplitude, however, new

integrals appear until twelve points, as shown in this paper. It would be interesting to get

a deeper understanding of this “mismatch.”
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can be assembled over a common denominator whose topology is that of a double pentagon.
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Pushing Computational Boundaries for NMHV Amplitudes
Similar simplifications have also been found for amplitudes involving
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each can be significantly
better-organized

By shuffling all colour-factors to the outside of every Feynman
diagram, we can write the amplitude∗ for any desired
colour-ordering in terms of any other.

Colour-ordered partial amplitudes

An({pa}) =
∑

Tr(T a1 · · ·T an)An(pa1 , . . . , pan)

e.g. A9(1
+, 2+, 3−, 4+, 5−, 6+, 7−, 8+, 9−)
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Scattering amplitudes for massless particles are not directly
functions four-momenta, but functions of spinor variables:

pµa 7→ pα α̇a ≡ pµaσα α̇µ =

(
p0a + p3a p1a − ip2a
p1a + ip2a p0a − p3a

)

≡ λαa λ̃α̇a
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pµpµ = det(pαα̇). For massless particles, det(pαα̇) = 0.
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pµa 7→ pα α̇a ≡ pµaσα α̇µ =

(
p0a + p3a p1a − ip2a
p1a + ip2a p0a − p3a

)

≡ λαa λ̃α̇a

Notice that
pµpµ = det(pαα̇). For massless particles, det(pαα̇) = 0.
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An n-point scattering amplitude is specified by listing each particle’s:

momentum, (which we take to be incoming)
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colour

In N = 4, all external states are related by supersymmetry.
at tree-level, pure-glue amplitudes are the same in N = 4 and N = 0

all amplitudes with m ‘−’ helicity particles are related

NkMHV Classification of Amplitudes

A(m=0)
n (+, . . . ,+) = 0

A(1)
n (+, . . . ,−, . . . ,+) = 0 (n > 3)

A(2)
n (j−, . . . , k−) =

〈j k〉4
〈1 2〉〈2 3〉 · · · 〈n 1〉
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Analytic S-Matrix Redux: Tree-Level Recursion Relations
Tree amplitudes are entirely fixed by analyticity.

Consider the simplest deformation of any amplitude: An 7→ Ân(z)

(consistent with momentum conservation)

λ1 7→ λ̂1 ≡ λ1 + zλn

λ̃n 7→ ̂̃
λn ≡ λ̃n − zλ̃1

(z)

=

n

1

(p1+. . .+pj)2

j j + 1

j
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(consistent with momentum conservation)

λ1 7→ λ̂1 ≡ λ1 + zλn

λ̃n 7→ ̂̃
λn ≡ λ̃n − zλ̃1

(z)

=

n

1

(p1+. . .+pj)2

j j + 1

j

1st June, 2011 IPMU Seminar Quantum Field Theory and the Analytic S-Matrix



Preliminaries: The (Tree-Level) Analytic S-Matrix, Redux
Beyond Trees: Recursion Relations for Loop-Amplitudes

Local Loop Integrals for Scattering Amplitudes

Colour & Kinematics: the Vernacular of the S-Matrix
Tree-Level Recursion: Making the Impossible, Possible
Momentum Twistors and Geometry: Trivializing Kinematics

Analytic S-Matrix Redux: Tree-Level Recursion Relations
Tree amplitudes are entirely fixed by analyticity.

Consider the simplest deformation of any amplitude: An 7→ Ân(z)
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(consistent with momentum conservation)

λ1 7→ λ̂1 ≡ λ1 + zλn λ̃n 7→ ̂̃
λn ≡ λ̃n − zλ̃1
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(consistent with momentum conservation)

λ1 7→ λ̂1 ≡ λ1 + zλn λ̃n 7→ ̂̃
λn ≡ λ̃n − zλ̃1
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Ân(z)
z

n(z)

=

n

1

(p1+. . .+pj)2

j j + 1

j

z

 

1st June, 2011 IPMU Seminar Quantum Field Theory and the Analytic S-Matrix



Preliminaries: The (Tree-Level) Analytic S-Matrix, Redux
Beyond Trees: Recursion Relations for Loop-Amplitudes

Local Loop Integrals for Scattering Amplitudes

Colour & Kinematics: the Vernacular of the S-Matrix
Tree-Level Recursion: Making the Impossible, Possible
Momentum Twistors and Geometry: Trivializing Kinematics

Analytic S-Matrix Redux: Tree-Level Recursion Relations
Tree amplitudes are entirely fixed by analyticity.

Consider the simplest deformation of any amplitude: An 7→ Ân(z)
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Each term manifests all the symmetries of the theory

including those only recently discovered
but it can also be written:
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6 (+,−,+,−,+,−) = (1+g2+g4)
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The BCFW tree-level recursion relations made it extremely simple

to generate theoretical ‘data’ about scattering amplitudes.
Amplitudes are calculated with maximum efficiency

but with enormous flexibility
Every term has an interpretation as a leading singularity

but with even more flexibility
Each term manifests all the symmetries of the theory

including those only recently discovered

e.g. the alternating 6-point NMHV amplitude can be written:
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Dual-Coordinate Space and Momentum Twistor Geometry
Although spinor-helicity variables trivialize the on-shell condition,

momentum conservation remains a non-trivial constraint.

Solution: dual-coordinate x-space.
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momentum conservation remains a non-trivial constraint.
Solution: dual-coordinate x-space.

pa ≡ xa+1 − xa
scattering amplitudes turn out to be superconformal invariant
with respect to these dual-coordinates!
combined with the ordinary-space superconformal invariance,
scattering amplitudes are invariant under an infinite-dimensional
Yangian symmetry.
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Although spinor-helicity variables trivialize the on-shell condition,

momentum conservation remains a non-trivial constraint.
Solution: momentum-twistor space.

Andrew Hodges: to make superconformal invariance manifest,
use the twistor space associated with dual coordinates:
momentum twistor space.
〈a b c d〉 ≡ det (Za Zb Zc Zd) = 0⇐⇒ the twistors
Za, Zb, Zc, Zd are linearly dependent.
So, (pa + . . .+ pb)

2 = 0⇐⇒ 〈a 1 a b b+1〉 = 0.
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Momentum Twistor Kinematics
momentum conservation and on-shell condition are trivial

entire MHV amplitude arises as a Jacobian:

A(p1, . . . , pn) =
δ4(

∑
i pi)

〈1 2〉〈2 3〉···〈n 1〉A(Z1, . . . , Zn)

=⇒ AMHV(Z1, . . . , Zn) = 1.
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Tree-Level BCFW in Momentum-Twistor Variables
Because in momentum-twistor variables momentum conservation is automatic,

the ‘naı̈eve’ analytic continuation works: Zn 7→ Zn + zZn−1.

Contributions arise from factorization channels: 〈n̂ 1 j j+1〉 = 0

A(m)
n =

∑
partitions
of n,m

A(mL)
nL

(1, . . . , j, Ĵ)
⊗

BCFW

A(mR)
nR

(Ĵ , j + 1, . . . , n− 1, n̂)

Ĵ ≡ (j j+1)
⋂

(n 1n 1) and n̂ ≡ (nn 1)
⋂

(j j+1 1)
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⊗

BCFW

A(mR)
nR
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⊗

BCFW

A(mR)
nR
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(Ĵ , j + 1, . . . , n− 1, n̂)
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The Loop Integrand in Momentum-Twistor Space
Pushing BCFW Forward to All-Loop Orders
The Geometry of Forward Limits

The Meaning of The Loop Integrand
In a general theory, there is no naturally well-defined way to combine disparate

Feynman loop integrals:

At least for planar theories, the loop-integrand is unambiguous.
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Integrals over Lines in Momentum-Twistor Space
Integration over all x corresponds to the integration over
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The Origin of Loop Amplitudes: Forward Limits
Let us reconsider the BCFW deformation for momentum-twistors:
Zn 7→ Zn + zZn−1.

The ordinary terms come from factorizations: 〈n̂ 1 j j+1〉 = 0.

The new terms come from cutting a propagator: 〈AB n̂ 1〉 = 0.
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⊗

BCFW

A(mR)
nR,`R
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⊗

BCFW

A(mR)
nR,`R
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⊗

BCFW

A(mR)
nR,`R
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The Geometry of Forward Limits

InN = 4, these forward limits are always well-defined and finite

the same has been proven for up to two-loops in any
supersymmetric theory
There is evidence that there exists a ‘smart forward limit’ that is
always finite and well-defined in any planar theory, extending the
all-loop recursion to even pure-glue (in the planar limit).
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The Geometry of Forward Limits

InN = 4, these forward limits are always well-defined and finite

the same has been proven for up to two-loops in any
supersymmetric theory
There is evidence that there exists a ‘smart forward limit’ that is
always finite and well-defined in any planar theory, extending the
all-loop recursion to even pure-glue (in the planar limit).
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Exempli Gratia: BCFW Form of MHV Loop Amplitudes
The simplest one-loop amplitudes are the MHV amplitudes, which come from

the forward-limit of (n+ 2)-point NMHV tree-amplitudes:
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Following the Logic of Leading Singularities
These finite integrals are dramatically nicer than the more familiar scalar boxes.
Moreover, they suggest a natural ‘guess’ for MHV amplitudes [arXiv:1012.6032]:
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More Evidence for Underlying Elegance
Last year, Del Duca, Duhr, and Smirnov found an analytic formula for the

2-loop, 6-point MHV amplitude:

dimensionally-regulating thousands
of separately-divergent integrals

expressed in terms of 18 pages of
Goncharov polylogarithms
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Abstract: In the planar N = 4 supersymmetric Yang-Mills theory, the conformal sym-

metry constrains multi-loop n-edged Wilson loops to be given in terms of the one-loop

n-edged Wilson loop, augmented, for n ≥ 6, by a function of conformally invariant cross

ratios. That function is termed the remainder function. In a recent paper, we have dis-

played the first analytic computation of the two-loop six-edged Wilson loop, and thus of the

corresponding remainder function. Although the calculation was performed in the quasi-

multi-Regge kinematics of a pair along the ladder, the Regge exactness of the six-edged

Wilson loop in those kinematics entails that the result is the same as in general kinematics.

We show in detail how the most difficult of the integrals is computed, which contribute to

the six-edged Wilson loop. Finally, the remainder function is given as a function of uniform

transcendental weight four in terms of Goncharov polylogarithms. We consider also some

asymptotic values of the remainder function, and the value when all the cross ratios are

equal.
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H. The analytic expression of the remainder function

In this appendix we present the full analytic expression of the remainder function. The re-

sult is also available in electronic form from www.arXiv.org. Using the notation introduced

in Eqs. (3.23) and (5.7), the full expression reads,
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We show in detail how the most difficult of the integrals is computed, which contribute to
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We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N = 4 supersym-
metric Yang-Mills theory in terms of the classical polylogarithm functions Lik with cross-ratios of
momentum twistor invariants as their arguments. In deriving our formula we rely on results from
the theory of motives.

INTRODUCTION

The past few years have witnessed revolutionary ad-
vances in our understanding of the structure of scattering
amplitudes, especially in N = 4 supersymmetric Yang-
Mills theory (SYM). It is easy to argue that the seeds
of modern progress were sown already in the 1980s with
the discovery of the Parke-Taylor formula for the sim-
plest nontrivial amplitudes: tree-level maximally helicity
violating (MHV) gluon scattering. The mere existence
of such a simple formula for a quantity which otherwise
would have been prohibitively difficult to calculate us-
ing traditional Feynman diagram methods signalled the
tantalizing possibility that a great vista of unanticipated
structure in scattering amplitudes awaited exploration.

In contrast to the situation at tree level, it is fair to
say that recent progress at loop level has mostly been
evolutionary rather than revolutionary, driven primarily
by faster computers, improved algorithms (both analytic
and numeric), and software for multiloop calculations
which has been made publicly available. Yet we hope
that a great new vista of unexplored structure awaits us
also at loop level in SYM theory.

This paper is concerned with the planar two-loop six-
particle MHV amplitude [1, 2], which in a sense is the
simplest nontrivial SYM loop amplitude. The known in-
frared and collinear behavior of general amplitudes, con-
veniently encapsulated in the ABDK/BDS ansatz [3, 4],
determines the n-particle MHV amplitude at each loop
order L ≥ 2 up to an additive finite function of kinematic

invariants called the remainder function R
(L)
n . Given the

presumption of dual conformal invariance [5, 6] for SYM
amplitudes (not yet proven, but supported by all avail-

able evidence [1, 3, 4, 7, 8]), R
(L)
n can depend on confor-

mal cross-ratios only. Since there are no cross-ratios for

n = 4, 5, the first nontrivial remainder function is R
(2)
6 .

The same function R
(2)
6 is also believed [9–12] to arise

as the expectation value of the two-loop lightlike hexagon
Wilson loop in SYM theory [13, 14] (after appropriate
subtraction of ultraviolet divergences, e.g. [15]). Numer-
ical agreement between the two remainder functions was
established in [1, 14]. In a heroic effort, Del Duca, Duhr,
and Smirnov (DDS) explicitly evaluated the appropriate

Wilson loop diagrams to obtain an analytic expression

for R
(2)
6 as a 17-page linear combination of generalized

polylogarithm functions [16, 17] (see also [18]).
The motivation for the present work is the belief that

if SYM theory is really as beautiful and rich as recent
developments indicate, then there must exist a more en-

lightening way of expressing the remainder function R
(2)
6 .

Ideally, like the Parke-Taylor formula at tree level, the ex-
pression should provide encouragement and guidance as
we seek deeper understanding of SYM at loop level.

We present our new formula for R
(2)
6 in the next sec-

tion and then describe the algorithm by which it was
obtained.

THE REMAINDER FUNCTION R
(2)
6

The remainder function R
(2)
6 is usually presented as a

function of the three dual conformal cross-ratios

u1 =
s12s45

s123s345
, u2 =

s23s56
s234s123

, u3 =
s34s61

s345s234
, (1)

of the momentum invariants si···j = (ki + · · · + kj)
2,

though we will see shortly that cross-ratios of momen-
tum twistor invariants are more natural variables. In
terms of

x±
i = uix

±, x± =
u1 + u2 + u3 − 1 ±

√
∆

2u1u2u3
, (2)

where ∆ = (u1 + u2 + u3 − 1)2 − 4u1u2u3, we find

R
(2)
6 (u1, u2, u3) =

3∑

i=1

(
L4(x

+
i , x−

i ) − 1

2
Li4(1 − 1/ui)

)

− 1

8

(
3∑

i=1

Li2(1 − 1/ui)

)2

+
1

24
J4 +

π2

12
J2 +

π4

72
. (3)

Here we use the functions

L4(x
+, x−) =

1

8!!
log(x+x−)4

+
3∑

m=0

(−1)m

(2m)!!
log(x+x−)m(ℓ4−m(x+) + ℓ4−m(x−)) (4)
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More Evidence for Underlying Elegance
Last year, Del Duca, Duhr, and Smirnov found an analytic formula for the

2-loop, 6-point MHV amplitude:

Goncharov, Spradlin, Vergu, & Volovich, arXiv:1006.5703

the expression should provide encouragement and guidance as we seek deeper understanding

of SYM at loop level.

We present our new expression for R
(2)
6 in the next section and then describe the algorithm

by which it was obtained.

II. THE REMAINDER FUNCTION R
(2)
6

The remainder function R
(2)
6 is usually presented as a function of the three dual conformal

cross-ratios

u1 =
s12s45

s123s345
, u2 =

s23s56

s234s123
, u3 =

s35s61

s345s234
, (1)

of the momentum invariants si···j = (ki + · · · kj)
2, though we will see shortly that cross-ratios

of momentum twistor invariants are more natural variables. In terms of

x±
i = uix

±, x± =
u1 + u2 + u3 − 1 ±

√
∆

2u1u2u3

, (2)

where ∆ = (u1 + u2 + u3 − 1)2 − 4u1u2u3, we find

R(u1, u2, u3) =
3∑

i=1

(
L4(x

+
i , x−

i ) − 1

2
Li4(1 − 1/ui)

)

− 1

8

(
3∑

i=1

Li2(1 − 1/ui)

)2

+
J4

24
+ χ

π2

12

(
J2 + ζ(2)

)
. (3)

Here we use the functions

L4(x
+, x−) =

3∑

m=0

(−1)m

(2m)!!
log(x+x−)m($4−m(x+) + $4−m(x−)) +

1

8!!
log(x+x−)4 (4)

and

$n(x) =
1

2
(Lin(x) − (−1)n Lin(1/x)) , (5)

as well as the quantities

J =
3∑

i=1

($1(x
+
i ) − $1(x

−
i )),

χ =





−2 ∆ > 0 and u1 + u2 + u3 > 1,

+1 otherwise.

(6)
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Classical Polylogarithms for Amplitudes and Wilson Loops

A. B. Goncharov,1 M. Spradlin,2 C. Vergu,2 and A. Volovich2

1Department of Mathematics, Brown University, Box 1917, Providence, Rhode Island 02912, USA
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We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N = 4 supersym-
metric Yang-Mills theory in terms of the classical polylogarithm functions Lik with cross-ratios of
momentum twistor invariants as their arguments. In deriving our formula we rely on results from
the theory of motives.

INTRODUCTION

The past few years have witnessed revolutionary ad-
vances in our understanding of the structure of scattering
amplitudes, especially in N = 4 supersymmetric Yang-
Mills theory (SYM). It is easy to argue that the seeds
of modern progress were sown already in the 1980s with
the discovery of the Parke-Taylor formula for the sim-
plest nontrivial amplitudes: tree-level maximally helicity
violating (MHV) gluon scattering. The mere existence
of such a simple formula for a quantity which otherwise
would have been prohibitively difficult to calculate us-
ing traditional Feynman diagram methods signalled the
tantalizing possibility that a great vista of unanticipated
structure in scattering amplitudes awaited exploration.

In contrast to the situation at tree level, it is fair to
say that recent progress at loop level has mostly been
evolutionary rather than revolutionary, driven primarily
by faster computers, improved algorithms (both analytic
and numeric), and software for multiloop calculations
which has been made publicly available. Yet we hope
that a great new vista of unexplored structure awaits us
also at loop level in SYM theory.

This paper is concerned with the planar two-loop six-
particle MHV amplitude [1, 2], which in a sense is the
simplest nontrivial SYM loop amplitude. The known in-
frared and collinear behavior of general amplitudes, con-
veniently encapsulated in the ABDK/BDS ansatz [3, 4],
determines the n-particle MHV amplitude at each loop
order L ≥ 2 up to an additive finite function of kinematic

invariants called the remainder function R
(L)
n . Given the

presumption of dual conformal invariance [5, 6] for SYM
amplitudes (not yet proven, but supported by all avail-

able evidence [1, 3, 4, 7, 8]), R
(L)
n can depend on confor-

mal cross-ratios only. Since there are no cross-ratios for

n = 4, 5, the first nontrivial remainder function is R
(2)
6 .

The same function R
(2)
6 is also believed [9–12] to arise

as the expectation value of the two-loop lightlike hexagon
Wilson loop in SYM theory [13, 14] (after appropriate
subtraction of ultraviolet divergences, e.g. [15]). Numer-
ical agreement between the two remainder functions was
established in [1, 14]. In a heroic effort, Del Duca, Duhr,
and Smirnov (DDS) explicitly evaluated the appropriate

Wilson loop diagrams to obtain an analytic expression

for R
(2)
6 as a 17-page linear combination of generalized

polylogarithm functions [16, 17] (see also [18]).
The motivation for the present work is the belief that

if SYM theory is really as beautiful and rich as recent
developments indicate, then there must exist a more en-

lightening way of expressing the remainder function R
(2)
6 .

Ideally, like the Parke-Taylor formula at tree level, the ex-
pression should provide encouragement and guidance as
we seek deeper understanding of SYM at loop level.

We present our new formula for R
(2)
6 in the next sec-

tion and then describe the algorithm by which it was
obtained.

THE REMAINDER FUNCTION R
(2)
6

The remainder function R
(2)
6 is usually presented as a

function of the three dual conformal cross-ratios

u1 =
s12s45

s123s345
, u2 =

s23s56
s234s123

, u3 =
s34s61

s345s234
, (1)

of the momentum invariants si···j = (ki + · · · + kj)
2,

though we will see shortly that cross-ratios of momen-
tum twistor invariants are more natural variables. In
terms of

x±
i = uix

±, x± =
u1 + u2 + u3 − 1 ±

√
∆

2u1u2u3
, (2)

where ∆ = (u1 + u2 + u3 − 1)2 − 4u1u2u3, we find

R
(2)
6 (u1, u2, u3) =

3∑

i=1

(
L4(x

+
i , x−

i ) − 1

2
Li4(1 − 1/ui)

)

− 1

8

(
3∑

i=1

Li2(1 − 1/ui)

)2

+
1

24
J4 +

π2

12
J2 +

π4

72
. (3)

Here we use the functions

L4(x
+, x−) =

1

8!!
log(x+x−)4

+
3∑

m=0

(−1)m

(2m)!!
log(x+x−)m(ℓ4−m(x+) + ℓ4−m(x−)) (4)

Del Duca, Duhr, & Smirnov arXiv:1003.1702
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4
H
(

1, 1, 0, 1;
1
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2
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v123
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2
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