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Evaluate the vev of Wilson loop in SU(3) gauge theory.

T

W [C] : holonomy around a curve C
introducing a quark loop

<W[C]> ~ g TAIC ¢  Confinement

e Nobel prize (Gross, Politzer, Wilczek)
e Millennium problem of CMI

— 1,000,000 USD
99,000,000 JPY
1,300,000,000 KRW

Too difficult! ILet's compromise !
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Problem':

SU(N), N—o

Evaluate the vev of Wilson loop in?ﬂ@ gauge theory.

Feynman diagrams string worldsheets ['t Hooft]

@

creation/annihilation
of gauge bosons torus

Free energy: F(g,N) = Z Nz_thh(A) , A= gzN ('t Hooft coupling)

h=0
genus sum

. : : ‘,
Wilson loop: — Whlclr}:trltn% lth‘)eory :
C actable?
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Evaluate the vev of Wilson loop in}ﬂ@ gauge theory. with N=4

SUSY

Maldacena told us to look at "“gravity dual". (AdS/CFT correspondence)
A

Classical string in 4dSsx S° geometry

e Wilson loop <>  minimal surface in 4dSs

well-defined & tractable !

Wcircle] 7%= 2 [Maldacena]

Answer : [Rey-Yee]

We are going to study gravity by gauge theory, and vice versa!
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SUSY

(W|[C]) can be evaluated by a finite-dimensional integral.

Recall the saddle-point approximation of a path-integral:

<(l)c) _S[¢.]
Jppoig)e™® ~ Loty e

1-loop : quantum fluctuations

In SUSY theories, this may become the equality.
P N x N Hermitian
N=4SYM: (W[C]) o [dXtr(em")e 4V

Now 2 5 (a) ~ ™ (Ao

V2A




Problem"" (Ours):

B

/\

X

superconformal

M B>< planar

I\“

strong coupling D
Evaluate? the vev of W

clV"
on

101
loop m?ﬂ@ gauge theory. wi

limit



superconformal

Problem™"" (Ours): B><
M planar limit

v AT L1 o -A-A TN
bLIUIlg qupllllg OcCllav101l Ol

vi
Evaluate? the vev of Wilson loop myﬂ@ gauge theory. withM N=2

In particular, we study

e N=2 SU(N) gauge theory with Nr= 2N¢ matters
* N=2 A, quiver gauge theory ( U(N) x U(N))



superconformal

Problem"" (Ours): B><
M planar limit

v AT L1 o -A-A 1 ~Nte
bLIUIlg qupllllg OcCllav101l Ol

vi
Evaluate? the vev of Wilson loop m?ﬂ@ gauge theory. withM N=2

In particular, we study

e N=2 SU(N) gauge theory with Nr= 2N¢ matters
* N=2 A, quiver gauge theory ( U(N) X U(N))

Extension of Pestun's localization to N=2 theories.



superconformal

Problem™" (Ours): B><
M planar limit

v AT L1 o -A-A 1 ~Nte
bLIUIlg qupllIlg OcCllav101l Ol

V1
Evaluate? the vev of Wilson loop myﬂé) gauge theory. withM N=2

In particular, we study

e N=2 SU(N) gauge theory with Nr= 2N¢ matters
* N=2 A, quiver gauge theory ( U(N) X U(N))
Extension of Pestun's localization to N=2 theories.

Unlike N=4 case, 1-loop determinant 1s non-trivial.

—  Diufferent strong coupling behavior in general.



superconformal

Problem™" (Ours): B><
M planar limit

v AT L1 o -A-A 1 ~Nte
bLIUIlg qupllllg OcCllav101l Ol

V1
Evaluate? the vev of Wilson loop m?ﬂ@ gauge theory. withM N=2

In particular, we study

 N=2 SU(N) gauge theory with Nr= 2N. matters
* N=2 A, quiver gauge theory ( U(N) X U(N))

Extension of Pestun's localization to N=2 theories.

Unlike N=4 case, 1-loop determinant 1s non-trivial.

—  Diufferent strong coupling behavior in general.

¢.g. in the 1st theory, Wilson loop does not grow
exponentially.
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—>  Quantitative check for N=2 version of AdS/CFKT

Amounts to 100 USD 7?9



To be continued...



Motivation

AdS, / CFT; correspondence [ABJM]
ABJM theory 1.e. — M-theory on
N=6 Chern- Simons-Matter theory AdS,xS'1Z,
with [/ (), X

\\

Wilson loops: W |C |, W|C]| Two distinct operators.

BPS Wilson loop: [Rey, TS, Yamaguchi]

w(C]| = %TrPexp[ifc(AﬂLM[JYlY;)

with a specific M,” . (also for W[C])



[Maldacena]

Wilson loop / I1A string correspondence 1s expected to hold. [Rey-Yee]

Problems:

1. At most 1/6 BPS Wilson loop ¢ 1/2 BPS string

—  Wilson loop for a smeared string ???  [Drukker-Plefka-Young]

2. Two Wilson loops <  single kind of string

A proposal for 2: [RSY]
A linear combination W [C| = (WN[C]+WN[C])/2

should correspond to ITA string.

(under time-reversal, TW ,[C|T '=W+[C])

On the other hand, (W ,[C|-W ,[C]) = 0 by symmetry.

— This plays no role in the planar limit.




Bulk counterparts of Wilson loops are still unclear... NS5
NS5

Recall the brane construction of ABJM theory. < —-—;N D3

In the UV, it is T-dual to A -singularity with branes. k D5

—>  w.v. theory is of the quiver type (3-dim.)

gauge group U (N )XU(N) >  multiple Wilson loops

However, even 1n 4-dim. it seems

Wilson loops 277 Some objects

in quiver theory in AdS;

1s not well-understood.



Aim

Determine the strong coupling behavior of Wilson loops
in N=2 superconformal gauge theories in 4-dim.

(Nf= 2N, & A, quiver theory in detail)

—  Provide information for gravity duals, if exist.

How to do

Wilson loop in N=4 SYM is determined by localization. [Pestun]
—> Extend to N=2 theories.

e Reduction to matrix model

* |-loop determinant is non-trivial, non-Gaussian

Results

Nr=2Nc¢: non-exponential
quiver : (W [C]D,(W,[C]) ~ &



Note : We ignore non-perturbative corrections.

Dense Feynman diagrams are assumed to be dominant in
evaluating Wilson loops in the planar limit.



Localization for N=4 [Pestun]

Consider N=4 SYM on S* with radius r. 1~7

_ 4 \/‘ 1 mv 1 s g M 1 \[
S = ja;x hotr| =2 F o F —FA;A —>¥T DM‘II+EK\1K
X x?x? x4 0,5,6~9 0~9 auxiliary
fields
Foy = 0y, Ay—0y4,—igld,, 4] et

This action 1s invariant under a fermionic transf.

(04, = —itl', V¥
1 -
QY = EFMNI’MNE—ZI’SEASJW,KI

. OK' = iv'T"D,¥Y

A

& 1 . . .
where &, &, v are suitable bosonic spinors.

For 1/2 BPS Wilson loop, Q-W|[C]|=0. C : circle on the
equator




Deform the action as follows:

S, = S+t Qv where  y~¥o¥, [0V =o0.

—> <W[C]>t = Zt_lfe_SfW[C] is independent of 7.

One can show that

OV = ) (bosonic)’ + (fermionic terms)
—  In the large ¢ limit, the path-integral 1s localized to

(2 = [ OV |posonic = 0 ]

A, K I' o &: Hermitian matrix
others = 0.



Action — § = —tr b*
g (Gaussian matrix model
1-loop . o
det. frivia

(w|C|), = lim(W|C|), = <%trezn¢>G

{—+o0o0

In the large N limit,

(N 'tre™?) = —\/%Il(m) ~ \/%(22\)3’%m

where A= g2 N. [Erickson-Semenoff-Zarembo]

—>  @Generalize this to N=2 theories.




Localization for N=2

N=2 gauge theory on $* with radius 7 : 0~5

/

1 N . .
S = [d*xh — g WF, F"" =t AI"D,A=D,q. D" ¢ =i I'" D,y

b B ) 1 )
+g Ay q T, w+gWy T ¢ "N =g (q. T ¢" )V += g° (¢ T ,q")

2
1 a 2 x 1 m X /
——2trAaA — 54«9 +5K Km+K(XK . 1,2

r \ r \
0,5 1,2,3 T4 : generators of Lie(G)
This action is invariant under in rep. R

(04, = —iET,A
! oA' = (1/2)FWAF“V§—|—iganAqﬁyo‘ﬁﬁ—2F“§AaA—I—KMvm
| OK™ = VDA ey . T gy W T ete

There is a 1/2 BPS Wilson loop s.t. O-W|C| = 0.



Reduction to matrix model turns out to be straightforward.

However, 1-loop determinant is non-trivial ( non-polynomial! )

~— Tractable problem ?7?7?

Recall matrix model calculation. In the planar limat,
w o= J'dxp(x)ezm where  p(x)=0, fdxp(x)=l.
Let a:=max{supp(p)]. — W o< 2™ a=a(d)

Assume lima(A)=+0. (otherwise, no classical AdS dual)

A—+o0

— W ~ BIl(ax+1)2ma)* '™ (A —+o)

where ap(x)~B(l—x/a)* (x—a—0). —
2/

» 1-loop det. for large eigenvalues of the matrix 1s relevant.




Quadratic terms for ¢° are

w1
—quBqBJr;(PA(PB%TATBqB

/ ‘ .
Laplacian on S'4 ( 2—]2\] Z <</)i)2 q.: s qi(x (Nf = 2Nc)
9

+ some terms

= Z )\ 404" (A quiver)

iI#]

—  Necessary to obtain the large-mass behavior of the 1-loop det.
for each component.

2
_A_|_m_2

Note:  1-loop effective action %Tr log
r

diagrammatic expansion < small-mass expansion

m?< m?

O~ -

mz

— A resummation of the diagrams is required.



Zeta-function regularization

Suppose that the eigenfunctions ¢, of A are known:
—Ay, = A y,.

Then, formally

2
Det|—A —I—— H
k
Define a zeta-function well-defined
2\ for a right-half
C(s,m) = =D |A+— s-plane.
k r
m2
— log Det —A—|—7 = —6S§(S,m)‘s=0—|—const.




Heat-kernel expansion

The zeta-function (s, m) can be written as

—Zs

C(s,m) = fdtt eI K (1)

where

K(t) = Tr(e") ~ D>t ?a,(A) :heat-kernel expansion

i=0

For large m,

N iaZi A) 2 F(S+i_2)m—2s—2i+4.
I'(s)

— 1-loop effective action:

2 4

\

canceled by SUSY

F = (lm4log mz—im“)aO(A)r“—(mzlog m2—m2)a2(A)r_2+0(logm2).




Quadratic terms for (¢ are

igDy = igIl"V w——wF<P T,w+= (’.é Egr'ry.

[\

m2=¢i2 or (CI)Z'_(I)J')

including linear term in m.
(each order of 1/m 1s a finite sum)

Adding bosonic and fermionic contributions,

. { 2N F(,) (Nt = 2No)
L 2T R -9, (A quiven

where
F(x) ~ %leogx2 (x > o0)



In N=4 SYM, 1-loop determinant is trivial. [Pestun]

> F, = —F,(adj.) = =), . Fld,—¢)

for U(N) vector multiplet.

In A, quiver theory,
= =2 F @) =02 F (-0,



Saddle-point equations

Nr=2N.: We have to solve

8717 2 1
—(13 +2F d) AT F cl) i - .
¢ ¢ Zz ¢ NZ: b, —,

Rescaling ¢ P AV ¢ > (Yisdetermined s.t. rescaled distribution is finite)

> 8T H2A Y| F(AV,) ——ZF N(p,—)) | = % AT Y

l;ék i#k (l)k i

~ A
—  Leading order equation for large A 1s

E ;qbk ¢,

—>  p(x)=6(x). contradiction!

For this case, | (W|[C]) = o(e®") WVe,y>0.




A, quiver : There are two saddle-point equations.

8 2N ) 2y 2 v () ) 2
ZN Fr V== F —¢)) =
N; (=, NZk ("= ") %qbk Y
8172 2N a2y 2 2 ey — 2 1
A, (l)k +FZ=:F <(l)k — ¢, )_WZI;F ((l)k — ¢, ) — Ngl;qbk(z)_d)i(z)
Define p(x) := (p,(x)+p,(x))2, :dxp(x)=1
5p(x) = (p(x)=py(x)V2, [ dx5p(x)=0
( 41T plep’)
d
o = Jdo s
\ b—¢’
where 1 i+i b _1(1 T
AT 2\A A AT 2 lA A

Note: Obviously, §p(x)=b-6p,(x).



We obtain

(W ,lCl) = Lll(\/ﬁ) + bfdxépo(x)ezm.

V22

One can easily show that

* supp(6p,) < supp(p)

o p(x)~(1—=x/a)*,dp,(x)~(1=xla)* =~ ««<a

e The leading order equation:

fdcp'if()_(j') =0 spy(x)=olp())

—  2nd term 1s negligible compared with 1st.

ie. (W,,[C] ~ e




Summary

 Localization is applied to N=2 superconformal gauge theories.

* Wilson loops are evaluated using non-Gaussian matrix models.

Nt=2Nc: (W[C]) = o(e™) Ve,y>0.
) (A= 0)

A quiver: (W ,[C]) ~ e’

Open 1ssues

e Gravity duals of N=2 theories ( in detail )

Nf=2Nc: No classical AdS dual.
A quiver :  Each Wilson loop may have a string dual.



Observation

For A, quiver case,

W,IC) = —=—1,(V2A) = icSW(A)Z ﬂe’”””'b.

contribution from B-field??

\

— 1 2 v .
SWS_4M,fd o OX"'0X"]G, (X)+iB, (X)
o - - radial
Y L cycle
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