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THE MANY SHAPES OF NON-GAUSSIANITY

Babich, Creminelli and Zaldarriaga [astro-ph/0405356]
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But wait, how exactly k ’s got in there? Wave vector can enter through:

gradient terms: ~∂φ→ ~kφk

time derivatives: φ̇→ |k |φk

spatial correlations: P(~k ) = 1/|k |3
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THE MANY SHAPES OF NON-GAUSSIANITY (CONT.)

〈Φ(~k1)Φ(~k2)Φ(~k3)〉= f NLB (~k1,~k2,~k3)δ3(~k1+ ~k2+ ~k3) + connected

B loc(~k i ) =
1
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QUANTUM WHAT & WHERE, OR MAP TO INFLATION

Minkowski vacuum
〈δφ2

` 〉=
ħh
ω

1
`3

ln a

ln`

inflation

end of inflation

matter domination

L ≡ 1/H

λ≡ a/k
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FOLLOWING COMOVING MODE (IN A NUTSHELL)
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MASSIVE FIELD IN DE SITTER (NOW WITH MATH)

Wave equation for mode ϕk with mass m , wavevector k in FRW metric:

ϕ̈k +3Hϕ̇k +
�

m 2+
k 2

a 2

�

ϕk = 0

Use conformal time Hη=−1/a , switch variables to x =−kη= p/H :

x 2ϕ′′k −2xϕ′k +
�

m 2

H 2
+x 2

�

ϕk = 0

ϕk (x ) = c1x
3
2 H (1)

µ (x )+ c2x
3
2 H (2)

µ (x ), µ2 =
9

4
−

m 2

H 2

Match to Minkowski vacuum e−i p tp
2p

as p →∞ to fix values of c1 and c2:

ϕk (η) =
π

1
2

2
H (−η)

3
2 cµH (1)

µ (−kη), cµ = e i π2 (µ+ 1
2 ) is pure phase
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DE SITTER VACUUM SPECTRA

Pϕ(~k )
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DE SITTER VACUUM SPECTRA, WITH A SURPRISE!

Pϕ(~k ) Pϕ̇(~k )
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NON-LINEARITY SOURCES NON-GAUSSIANITY

Vacuum state deformation

Mode freeze-out on (sound) horizon exit

Transfer to curvature fluctuations
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TRANSFER FIELD TO CURVATURE FLUCTUATIONS
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TRANSFER FUNCTION [CHAOTIC INFLATION]

Φ(~x ) = F (ϕ(~x ))
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TRANSFER FUNCTION [+HIGHER DERIVATIVES]

Φ(~x ) = F (ϕ(~x ))
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TRANSFER FUNCTION [DBI INFLATION]

Φ(~x ) = F (ϕ(~x ))
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TRANSFER FUNCTION [RESONANT PREHEATING]

Φ(~x ) = F (χ(~x ))
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GENERATING CORRELATIONS WITH NON-LINEARITY

Φ(~x ) = F (ϕ(~x ))

Non-linear transfer function can be expanded (if smooth enough):

F (ϕ) =
∞
∑

n=1

f nϕ
n , f n ≡

F (n )

n !

Odd-point correlators of Gaussian random field vanish:

〈ϕ(~x )ϕ(~y )〉= ξ(~x ,~y )

〈ϕ(~x )ϕ(~y )ϕ(~z )〉= 0

But non-linearity generates them (from even-point correlators of GRF):

〈Φ(~x )Φ(~y )Φ(~z )〉 6= 0
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THIS IS HOW IT WORKS...

〈Φ(~x )Φ(~y )Φ(~z )〉 =

 

∞
∑

a=1

f aϕ
a (~x )

! 

∞
∑

b=1

f bϕ
b (~y )

! 

∞
∑

c=1

f cϕ
c (~z )

!

=
∞
∑

n=1

∑

a+b+c=n

f a f b f c 〈ϕa (~x )ϕb (~y )ϕc (~z )〉
︸ ︷︷ ︸

only even n contribute

= f 2
1 f 2 〈ϕ2(~x )ϕ(~y )ϕ(~z )〉 + permutations

+ f 3
2 〈ϕ2(~x )ϕ2(~y )ϕ2(~z )〉

+ f 1 f 2 f 3 〈ϕ3(~x )ϕ2(~y )ϕ(~z )〉 + permutations
+ f 2

1 f 4 〈ϕ4(~x )ϕ(~y )ϕ(~z )〉 + permutations

+ . . .
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BACK TO FOURIER DOMAIN

〈ϕ(~k1)ϕ(~k2)〉= P(~k1)δ3(~k1+ ~k2)

〈Φ(~kx )Φ(~ky )Φ(~kz )〉 =
∫∫∫

~x ,~y ,~z

〈Φ(~x )Φ(~y )Φ(~z )〉e i (~kx ~x+~ky ~y+~kz ~z )

〈ϕ2(~x )ϕ(~y )ϕ(~z )〉 →
∫∫∫∫

~k1,~k2,~k3,~k4

〈ϕ(~k1)ϕ(~k2)〉〈ϕ(~k3)ϕ(~k4)〉×
δ3(~k1+ ~k2− ~kx )δ3(~k3− ~ky )δ3(~k4− ~kz )

=

∫∫∫∫

~k1,~k2,~k3,~k4

P(~k1)P(~k3)×δ3(~k1+ ~k2)δ3(~k3+ ~k4)
δ3(~k1+ ~k2− ~kx )δ3(~k3− ~ky )δ3(~k4− ~kz )

= P(kx )P(ky )δ3(~kx + ~ky + ~kz )

+ permutations+ connected pieces
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MORE SHAPES OF LOCAL NON-GAUSSIANITY!

〈ϕ4(~x )ϕ(~y )ϕ(~z )〉 →
∫

d 3k P(~k )
�

P(kx )P(ky )+permutations
�

〈ϕ3(~x )ϕ2(~y )ϕ(~z )〉 →
∫

d 3k P(~k )
�

P(~kx − ~k )P(ky )+permutations
�

〈ϕ2(~x )ϕ2(~y )ϕ2(~z )〉 →
∫

d 3k P(~k )
�

P(~kx − ~k )P(~ky + ~k )+permutations
�

How do these shapes look like?
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IS NON-"LOCAL" SHAPE REALLY LOCAL?

Bσ̇3(~k i ) =
1

k1k2k3k 3
t

, k t = k1+k2+k3
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