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Montonen-Olive duality

e N = 4SU(N) SYM at coupling 7 = 6/(27) + (4mi)/g?
equivalent to the same theory coupling 7/ = —1/7

e One way to ‘understand’ it: start from 6d ' = (2, 0) theory,
i.e. the theory on IN M5-branes, put on a torus

-t

e Low energy physics depends only on the complex structure
—> S-duality!
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S-dualities in N/ = 2 theories

e You can wrap /N M5-branes on a more general Riemann surface,
possibly with punctures, to get N/ = 2 superconformal field theories

o Different limits of the shape of the Riemann surface gives
different weakly-coupled descriptions, giving S-dualities among them

e Anticipated by [Witten,9703166],
but not well-appreciated until [Gaiotto,0904.2715]
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e Exchanges monopoles
and quarks

e Comes from S-duality of
Type IIB

\



e Exchanges monopoles
and quarks

o Infinitely Strongly
coupledat T =1



at coupling 7 I

{
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at coupling 7/ = T SU(2) C Eg is gauged
— T

[Argyres-Seiberg,0711.0054]



at coupling 7 I
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at coupling 7/ = T SU(2) C Eg is gauged
— T

[Argyres-Seiberg,0711.0054]
What??? Huh???
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[Witten,hep-th/9703166] solved this using M-theory:
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SU(3) with Ny = 6

is S-dual to SU(2) with Ny = 1,

coupled to a strange theory with SU(3)3 flavor symmetry
131>

SU(3) x SU(3) enhances to SU(6);
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SU(3) with Ny = 6
3
is S-dual to SU(2) with Ny = 1,
coupled to a strange theory with SU(3)® flavor symmetry

>3] > @11

SU(3) x SU(3) enhances to SU(6); three SU(3)s on the same footing
—> Fjg flavor symmetry!




e Basic quantities for CFT: central charges
e aand cindd ~ ny, and np, if N = 2
e SU(3) with Ny = 6:

N, = 8, ny = 18
e SU(2) with V; = 1 and SCFT[Eg]

’I’Lv:3—|—??, nh:2+??



e Basic quantities for CFT: central charges
e aand cindd ~ ny, and np, if N = 2
e SU(3) with Ny = 6:
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e SU(2) with V; = 1 and SCFT[Eg]
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e SCFT[FEg] has
Ty = 5, ny = 16

e agrees with other independent calculations [Aharony-YT]
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e the bifundamental,
SU(N) x SU(N) x U(1)

o
® @
e the TN theory,

SU(N) x SU(N) x SU(N)

®
N
@@




Fun with Ty

® ®
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® ®
® ®
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® °
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e 2(g — 1) copies of T, 3(g — 1) copies of SU(IV)
—> 3(g — 1) marginal couplings!
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Fun with Ty

O &K

e 2(g — 1) copies of T, 3(g — 1) copies of SU(INV)
—> 3(g — 1) marginal couplings!

°nv—(g—1)[ N?’—];T—l]
=ty [ 4]

e agree with the central charge of the gravity sol’n
found in [Maldacena-Nuiiez,hep-th/0007018]

e also agree with the info contained in the 6d anomaly
[Harvey-Minasian-Moore,hep-th/9808060]
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Gaiotto called these theories “generalized quiver theories,”
but we [Benini-YT-Wecht] didn’t like it.



Triskelion and Sicily

Gaiotto called these theories “generalized quiver theories,”
but we [Benini-YT-Wecht] didn’t like it.
Siciliy’s flag

has in it a triskelion: tri+ skelios (Gk. leg).
We adopted the terminology “Sicilian gauge theories.” Please do.
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The bifundamental,
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[2H2]
® @®

naively has SU(2) x SU(2) x U(1)
— SU(2) x SU(2) x SU(2) because 2 ® 2 is strictly real.
(cf. [Bagger-Lambert-Gustavsson-van Raamsdonk])



The T, theory

The bifundamental,

[2H2]
® @®

naively has SU(2) x SU(2) x U(1)
— SU(2) x SU(2) x SU(2) because 2 ® 2 is strictly real.

(cf. [Bagger-Lambert-Gustavsson-van Raamsdonk])
= the T} theory with SU(2)3 symmetry

No distinction between e and (©.
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e two quark pairs = two (doublets + anti-doublets) = four doublets
SO(4) flavor symmetry + SU(2) gauge symmetry

e Consider SU(2) with four quark pairs

9 ~
»[2] P N AN
e SO(8) —

SO(4) x SO(4) = SU(2)4 x SU(2), X SU(2)e X SU(2),

8v —-2,02, & 2.Q024




e two quark pairs = two (doublets + anti-doublets) = four doublets
SO(4) flavor symmetry + SU(2) gauge symmetry

e Consider SU(2) with four quark pairs

a 2/p a b
0
c 2ld c\® o/d
e SO(8) —
SO(4) x SO(4) = SU(2), x SU(2), x SU(2)e x SU(2)4
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e two quark pairs = two (doublets + anti-doublets) = four doublets
SO(4) flavor symmetry + SU(2) gauge symmetry

e Consider SU(2) with four quark pairs

a2 _ 2 ey N
[ R0
d c ° ®/c
e SO(8) —
SO(4) x SO(4) = SU(2), X SU(2), X SU(2). X SU(2)4

8C_’2a®2d S5 2b®2c




The T, theory

e two quark pairs = two (doublets + anti-doublets) = four doublets
SO(4) flavor symmetry + SU(2) gauge symmetry

e Consider SU(2) with four quark pairs

T L )
e SO(8) —
SO(4) X SO(4) = SU(2),, X SU(2), x SU(2)e X

8¢c —2,Q® O 2,2

o S-duality induces triality of SO(8) ! [Seiberg-Witten]
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Mass parameters

e N quark pairs Q;, Q7 — Mass terms mj.Qin —_ Z m;Q:Q".
i
Mass parameters ~ (Cartan part of) the flavor symmetry.

e SU(2) with four quark pairs with mass 1m1,2.3 4

a2 2l¢c a . o c
@ —
(2] 2]da  pe o/d
e SO(8) — SU(2)* symmetry:

mge = (M1 +m2)/2, mp = (m1 —mz)/2,
me = (mg +my)/2, mg = (mg —my)/2.
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Seiberg-Witten curve

e SU(2) with four quark pairs with mass parameters mg p.c,d

mg m,

mb c mg

o The SW curve is y? = ¢2(2) where
e z is the coordinate of the base sphere
SW differential is ydz
¢2(2)(dz)? is a quadratic differential with (for i = a, b, ¢, d)

P2(2)(dz)? ~ mfdz2/(z — 2;)?

exp(—2miTyy) is the cross-ratio of zq p,c,d

Mass of the W-boson is / ydz
c
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° SWcurve y* = ¢2(2), ¢2(dz)?,
with double poles ~ m? for each of the SU(2) flavor symmetry

e UV couplings q; = exp(—27iT;) = t;/t;i—1

e W-boson masses a; = / ydx
C;



e Any calculation on the 4d side gives something about punctured
Riemann surface.



e Any calculation on the 4d side gives something about punctured
Riemann surface.

e Nekrasov’s instanton partition function = the Virasoro conformal block.

e Full partition function = the Liouville correlation function.



Nekrasov’s partition function

e Start from 5d, take 4d limit keeping €2/ fixed,
call two angular velocities €1 2
e Angular rotation generates potential. Take partition function Z (€1, €2).

F a;

(@) | ...
€1€2
e F(a;) is the prepotential: S = /d4:cd49F(a) + c.c.

o Z = Zl-loopZinst
o Explicit formula known, as a summation over pairs of Young tableaux.

log Z(e1, €25 a;) ~
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Nekrasov vs. Conformal block

Nekrasov partition function Zi,g (€1, €2) of this theory

computes the conformal block F

A(m2) A(ms) A(ms) A(ms)

A(m1)  A(a) A(az) A(as) A(ms)

where

a2

c=116Q%  Afa)=(2) -

€1€2

with @ determined via Q = b + 1/b, b2 = €1/€2).
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Nekrasov vs. Conformal block

A(m2) A(ms) A(ms) A(ms)

A(m) A(a) Aaz) A(as) A(ms)

e Both are power series in g;, coefficients rational in m;, a; and €;:

Z a1'q3%q3® ...

e Nekrasov’s side:
n; is the instanton number for the ¢-th SU(2) gauge group

e Conformal block’s side:
n; is the on the primary with dimension A (a;)
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Nekrasov vs. Conformal block

e Both depend on the decomposition of the Riemann surface
into pairs of pants

e Nekrasov’s side:
decomposition determines the S-duality frame

e Conformal block’s side:
decomposition determines the

e S-duality is the s-t channel duality!
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Duality invariant objects

A(m2) A(ms) A(ms) A(ms)

A(m1)  A(a) A(az) A(as) A(ms)
e Correlation functions of Liouville theory
1
s=1 /d% (184812 + ne??)
™

are duality invariant:

(levmz"'> :/dal...dan

2
X le,mz,al Cal,ma,az e Cas,ms,me |:F|

where
e Vo(z) = e29%(2) and Cai,00,a5: DOZZ 3pt functions
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Duality invariant objects

(Vins Vimy ) = [ ] da

2
X (:2711977l2,(l1(:211,77L39(12 e (:213377L597716|:7:|

e Conformal block JF is Nekrasov’s instanton partition function Zj,

e Product of C’s happens to be | Z 1_100p|2

(le Vimg -+ ) = /1_[(617,2(1012')|Z1—loopZinst|2

e Whenb =1 (i.e. €1 = €2, c = 25)
the RHS is the partition function on S4. [Pestun]
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WHY 7??



M5-branes provides a systematic understanding of
S-duality of N/ = 2 superconformal theories first found by
Argyres-Seiberg. [Gaiotto]

Constructed theories with Eg 7 g flavor symmetry.
[Benini-Benvenuti-YT]

Reviewed the T’ theory. [Gaiotto-Maldacena]

SU(2) and Liouville. [Alday-Gaiotto-YT]



	Introduction
	SU(3) and SU(N) 
	SU(2) and Liouville 

