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Introduction



Motivation

Schrödinger equation in quantum mechanics

− ∂

∂t
ψ = Hψ =

(
1

2
∆− V

)
ψ

, ψ(t) = Utψ(0) with Ut = e−Ht

additivity property Ut1 ◦ Ut2 = Ut1+t2

(
Utψ

)
(z) =

∫
dy Kt(z, y)ψ(y)

(
Kt(z, y) ∼ e−

(z−y)2

2t for V = 0
)

⇒ Kt(z, y) =

∫
dx1Kt−t1(z, x1)Kt1(x1, y)

=

∫
dx1 . . . dxnKt−tn(z, xn)Ktn−tn−1(xn, xn−1) . . .Kt1(x1, y)
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Motivation

Kt(z, y) =

∫
dx1 . . . dxnKt−tn(z, xn)Ktn−tn−1(xn, xn−1) . . .Kt1(x1, y)

∼
∫

dx1 . . . dxn exp

(
−1

2

n+1∑
i=1

(xi − xi−1

ti − ti−1

)2
(ti − ti−1)

)
for V = 0

K[0,t](z, y) =

∫ x(t)=z

x(0)=y
Dx e−S[x] , S[x] =

∫
dt

(
ẋ2

2
+ V (x)

)

Similarly in quantum field theory

KΣ(φout, φin) =

∫ φ|∂outΣ=φout

φ|∂inΣ=φin

Dφ e−S[φ]

Feynman 1948
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Motivation

“Evolution” Σ gives rise to map between spaces of quantum states:

ZΣ : Hin −→ Hout ,
(
ZΣ(η)

)
(φout) =

∫
Dφin KΣ(φout, φin)η(φin)

In general, additivity property Ut1 ◦ Ut2 = Ut1+t2 turns into

gluing axiom ZΣ1∞Σ2 = ZΣ1 ◦ ZΣ2

M : X → Y and N : Y → Z,

M

X Y

N

Z

producing a new bordism

N ◦ M : X → Z. (4.3)

This composition law is obviously given by “gluing” the two boundaries,

M

X Y

N

Z

that is, by identifying the two boundary components Y and −Y . We can do this in a
unique way, since both copies of Y come with a parametrization. The identity morphism
is given by the cylinder,

1X : X × [0, 1]. (4.4)

These definitions make Man(d) into a category.

We have one extra operation that is not standard in categories. We also want to
be able to glue two boundary components of a single irreducible manifold: if the two
boundary components of M contain a common factor X, we want to define the partial
trace

Tr X : M → Tr X(M). (4.5)

This is best explained in a picture

Tr :
-X

M Tr M

X
(4.6)

Note further that Man(d) is also a tensor category, with the product given by the disjoint
union ∪ and unit the empty set ∅.

A d + 1 dimensional topological field theory (TFT) can now be defined as a functor

Φ : Man(d) → Vect (4.7)

from the category of d-manifolds to the category of vector spaces, satisfying certain extra
properties. Concretely this means that to any space X we associate a vector space VX ,

Φ : X → VX , (4.8)
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Categories (are really easy)

A (small) category C has

a set of objects Ob(C),

for every A,B ∈ Ob(C) a set of morphisms Hom(A,B), with special
elements 1A ∈ Hom(A,A),

for every A,B,C ∈ Ob(C) a map

Hom(B,C)×Hom(A,B) −→ Hom(A,C)

that is associative and unital.

Examples.

points and arrows in directed graphs

vector spaces and linear maps

manifolds and diffeomorphisms

branes and open strings in topological string theory
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Two-dimensional topological field theory

A closed topological field theory is a map

〈−〉 : Bord −→ Vect

Vect = “state spaces and operators”
objects: finite-dimensional vector spaces
morphisms: linear maps

Bord = “geometry and evolution”
objects: disjoint unions of circles S1 t . . . t S1

morphisms: smooth surfaces between circles
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o
f

cr
it
ic

a
l

p
o
in

ts
o
f

f
is

a
fi
n
it
e

se
t.

If
n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it
ic

a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it
h

∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it
ic

a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it
ic

a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it
ic

a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A

η A
ε A

µ
C

∆
C

η C
ε C

ı
ı∗

(3
.2

5
)

o
r

to
o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8

1
IN

T
R

O
D

U
C

T
IO

N
3

w
it
h

ze
ro

o
r

m
o
re

cy
li
n
d
er

s
ov

er
S

1
.

T
h
e

d
iff

er
en

t
el

em
en

ta
ry

co
b
o
rd

is
m

s
(1

.2
)

a
re

p
re

ci
se

ly
th

e
M

o
rs

e
d
a
ta

th
a
t

ch
a
ra

ct
er

iz
e

th
e

cr
it
ic

a
l
p
o
in

ts
,

a
n
d

th
e

w
ay

th
ey

a
re

g
lu

ed
co

rr
es

p
o
n
d
s

to
th

e
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

a
ss

o
ci

a
te

d
w

it
h

f
.

T
h
e

M
o
rs

e
d
a
ta

o
f

(1
.2

)
p
ro

v
id

e
th

e
g
en

er
a
to

rs
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b
.

O
u
r

d
ia

g
ra

m
s,

fo
r

ex
a
m

p
le

(1
.1

),
a
re

o
rg

a
n
iz

ed
in

su
ch

a
w

ay
th

a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

se
rv

es
a
s

a
M

o
rs

e
fu

n
ct

io
n
,
a
n
d

th
e

co
b
o
rd

is
m

s
a
re

co
m

p
o
se

d
o
f
b
u
il
d
in

g
b
lo

ck
s

th
a
t

co
n
ta

in
a
t

m
o
st

o
n
e

cr
it
ic

a
l
p
o
in

t.
S
ec

o
n
d
,
g
iv

en
tw

o
M

o
rs

e
fu

n
ct

io
n
s

f 1
,f

2
:
Σ

→
,
th

e
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
ss

o
ci

a
te

d
w

it
h

f 1
a
n
d

f 2
a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f

m
ov

es
,

i.
e.

h
a
n
d
le

sl
id

es
a
n
d

h
a
n
d
le

ca
n
ce

ll
a
ti
o
n
s.

T
h
is

m
ea

n
s

th
a
t

th
er

e
a
re

d
iff

eo
m

o
rp

h
is

m
s

su
ch

a
s, ∼ =

(1
.3

)

w
h
ic

h
p
ro

v
id

e
u
s

w
it
h

th
e

re
la

ti
o
n
s

o
f
2
C

o
b
.

W
h
en

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

th
e

d
iff

eo
m

o
rp

h
is

m
th

a
t

re
la

te
s

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

o
f

so
m

e
m

a
n
if
o
ld

,
w

e
ca

ll
th

es
e

d
iff

eo
m

o
rp

h
is

m
s

m
ov

es
.

T
h
e

ex
a
m

p
le

(1
.3

)
co

rr
es

p
o
n
d
s
to

a
ca

n
ce

ll
a
ti
o
n

o
f
a

1
-h

a
n
d
le

a
n
d

a
2
-h

a
n
d
le

.
B

el
ow

is
a
n

ex
a
m

p
le

o
f
sl

id
in

g
a

1
-h

a
n
d
le

p
a
st

a
n
o
th

er
1
-h

a
n
d
le

.

∼ =
(1

.4
)

W
h
er

ea
s

it
is

n
o
t

to
o

d
iffi

cu
lt

to
co

n
st

ru
ct

b
y

b
ru

te
-f
o
rc

e
a

se
t

o
f

d
iff

eo
m

o
rp

h
is

m
s

b
et

w
ee

n
m

a
n
if
o
ld

s
su

ch
a
s

th
o
se

in
(1

.3
)

a
n
d

(1
.4

),
i.
e.

to
sh

ow
th

a
t

a
se

t
o
f
re

la
ti
o
n
s

is
n
ec

es
sa

ry
,
it

is
m

u
ch

h
a
rd

er
to

sh
ow

th
a
t

th
ey

a
re

a
ls

o
su

ffi
ci

en
t,

i.
e.

th
a
t

a
n
y

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f
m

ov
es

su
ch

a
s

(1
.3

)
a
n
d

(1
.4

).
In

o
rd

er
to

es
ta

b
li
sh

th
is

re
su

lt
,
o
n
e

st
ra

te
g
y

is
to

p
ro

v
e

th
a
t

th
er

e
ex

is
ts

a
n
o
rm

a
l
fo

rm
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b

w
h
ic

h
is

ch
a
ra

ct
er

iz
ed

b
y

to
p
o
lo

g
ic

a
l
in

va
ri

a
n
ts

,
a
n
d

th
en

to
sh

ow
th

a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

o
rm

a
n

a
rb

it
ra

ry
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
is

n
o
rm

a
l
fo

rm
.

T
h
e

n
o
rm

a
l
fo

rm
fo

r
cl

o
se

d
co

b
o
rd

is
m

s
is

d
et

er
m

in
ed

b
y

th
e

n
u
m

b
er

o
f

in
co

m
in

g
a
n
d

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
to

g
et

h
er

w
it
h

th
e

g
en

u
s.

T
h
e

ex
a
m

p
le

to
th

e
ri

g
h
t
sh

ow
s
th

e
n
o
rm

a
l
fo

rm
o
f
a

cl
o
se

d
co

b
o
rd

is
m

w
it
h

th
re

e
in

co
m

in
g

b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

fo
u
r

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

a
n
d

g
en

u
s

th
re

e.
F
o
r

cl
os

ed
co

b
o
rd

is
m

s,
th

e
n
o
rm

a
l
fo

rm
a
n
d

p
ro

o
f
o
f
th

e
su

ffi
ci

en
cy

o
f
th

e
re

la
ti
o
n
s

is
d
o
n
e

in
d
et

a
il

in
[4

,6
,7

].
R

a
th

er
th

a
n

em
p
lo

y
in

g
th

e
n
o
rm

a
l

fo
rm

,
o
n
e

co
u
ld

tr
y

to
m

a
k
e

p
re

ci
se

,
in

th
e

co
n
te

x
t

o
f

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s,

th
e

o
b
v
io

u
s
M

o
rs

e
th

eo
re

ti
c

id
ea

s
th

a
t

u
n
d
er

ly
th

e
M

o
o
re

–
S
eg

a
l
re

la
ti
o
n
s.

T
h
e

a
d
va

n
ta

g
e

o
f

th
e

n
o
rm

a
l

fo
rm

is
,

h
ow

ev
er

,
th

a
t

it
re

su
lt
s

in
a

co
n
st

ru
ct

iv
e

p
ro

o
f

w
h
ic

h
d
el

iv
er

s
a
ll

re
le

va
n
t
d
iff

eo
m

o
rp

h
is

m
s
in

te
rm

s
o
f
se

q
u
en

ce
s
o
f
re

la
ti
o
n
s
b
ei

n
g

a
p
p
li
ed

to
th

e
re

le
va

n
t

h
a
n
d
le

b
o
d
ie

s
(u

p
to

sm
o
o
th

is
o
to

p
ie

s
o
f
th

e
a
tt

a
ch

in
g

se
ts

).
In

o
rd

er
to

d
es

cr
ib

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
u
si

n
g

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s,

o
n
e

w
o
u
ld

n
ee

d
a

g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

fo
r

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s.

S
u
ch

a
g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

ca
n

b
e

u
se

d
in

o
rd

er
to

fi
n
d

th
e

g
en

er
a
to

rs
o
f
2
C

o
b

e
x
t ,

a
n
d

b
ru

te
fo

rc
e

ca
n

b
e

u
se

d
to

es
ta

b
li
sh

th
e

n
ec

es
si

ty
o
f
ce

rt
a
in

re
la

ti
o
n
s.

H
ow

ev
er

,
w

e
a
re

n
o
t

aw
a
re

o
f
a
n
y

a
b
st

ra
ct

th
eo

re
m

th
a
t

w
o
u
ld

g
u
a
ra

n
te

e
th

e
su

ffi
ci

en
cy

o
f
th

es
e

re
la

ti
o
n
s.

T
h
e

fi
rs

t
m

a
in

re
su

lt
o
f

th
is

a
rt

ic
le

is
a

n
o
rm

a
l

fo
rm

fo
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

it
h

a
n

in
d
u
ct

iv
e

p
ro

o
f

th
a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

or
m

a
n
y

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
e

n
o
rm

a
l

fo
rm

.
A

s
a

co
n
se

q
u
en

ce
,

fo
r

a
n
y

tw
o

d
iff

eo
m

o
rp

h
ic

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
o
se

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

g
iv

en
,

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

a
d
iff

eo
m

o
rp

h
is

m
re

la
ti
n
g

th
e

tw
o

b
y

co
n
st

ru
ct

in
g

th
e

co
rr

es
p
o
n
d
in

g
se

q
u
en

ce
o
f
m

ov
es

.
T

h
e

d
es

cr
ip

ti
o
n

o
f
2
C

o
b

e
x
t

in
te

rm
s

o
f

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s

h
a
s

em
er

g
ed

ov
er

th
e

la
st

co
u
p
le

o
f
y
ea

rs
fr

o
m

co
n
si

st
en

cy
co

n
d
it
io

n
s

in
b
o
u
n
d
a
ry

co
n
fo

rm
a
l
fi
el

d
th

eo
ry

,
g
o
in

g
b
a
ck

to
th

e

3

〈S1〉 = H 〈S1 t S1〉 = H⊗H
〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se
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Two-dimensional topological field theory

A closed topological field theory is a map

〈−〉 : Bord −→ Vect

Vect = “state spaces and operators”
objects: finite-dimensional vector spaces
morphisms: linear maps

Bord = “geometry and evolution”
objects: disjoint unions of circles S1 t . . . t S1

morphisms: smooth surfaces between circles
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→
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∈
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∂
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∂
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⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it
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it
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it
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it
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p
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b
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∈
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b
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p
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d
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p
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v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct
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f 2
a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f

m
ov

es
,

i.
e.

h
a
n
d
le

sl
id

es
a
n
d

h
a
n
d
le

ca
n
ce

ll
a
ti
o
n
s.

T
h
is

m
ea

n
s

th
a
t

th
er

e
a
re

d
iff

eo
m

o
rp

h
is

m
s

su
ch

a
s, ∼ =

(1
.3

)

w
h
ic

h
p
ro

v
id

e
u
s

w
it
h

th
e

re
la

ti
o
n
s

o
f
2
C

o
b
.

W
h
en

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

th
e

d
iff

eo
m

o
rp

h
is

m
th

a
t

re
la

te
s

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

o
f

so
m

e
m

a
n
if
o
ld

,
w

e
ca

ll
th

es
e

d
iff

eo
m

o
rp

h
is

m
s

m
ov

es
.

T
h
e

ex
a
m

p
le

(1
.3

)
co

rr
es

p
o
n
d
s
to

a
ca

n
ce

ll
a
ti
o
n

o
f
a

1
-h

a
n
d
le

a
n
d

a
2
-h

a
n
d
le

.
B

el
ow

is
a
n

ex
a
m

p
le

o
f
sl

id
in

g
a

1
-h

a
n
d
le

p
a
st

a
n
o
th

er
1
-h

a
n
d
le

.

∼ =
(1

.4
)

W
h
er

ea
s

it
is

n
o
t

to
o

d
iffi

cu
lt

to
co

n
st

ru
ct

b
y

b
ru

te
-f
o
rc

e
a

se
t

o
f

d
iff

eo
m

o
rp

h
is

m
s

b
et

w
ee

n
m

a
n
if
o
ld

s
su

ch
a
s

th
o
se

in
(1

.3
)

a
n
d

(1
.4

),
i.
e.

to
sh

ow
th

a
t

a
se

t
o
f
re

la
ti
o
n
s

is
n
ec

es
sa

ry
,
it

is
m

u
ch

h
a
rd

er
to

sh
ow

th
a
t

th
ey

a
re

a
ls

o
su

ffi
ci

en
t,

i.
e.

th
a
t

a
n
y

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f
m

ov
es

su
ch

a
s

(1
.3

)
a
n
d

(1
.4

).
In

o
rd

er
to

es
ta

b
li
sh

th
is

re
su

lt
,
o
n
e

st
ra

te
g
y

is
to

p
ro

v
e

th
a
t

th
er

e
ex

is
ts

a
n
o
rm

a
l
fo

rm
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b

w
h
ic

h
is

ch
a
ra

ct
er

iz
ed

b
y

to
p
o
lo

g
ic

a
l
in

va
ri

a
n
ts

,
a
n
d

th
en

to
sh

ow
th

a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

o
rm

a
n

a
rb

it
ra

ry
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
is

n
o
rm

a
l
fo

rm
.

T
h
e

n
o
rm

a
l
fo

rm
fo

r
cl

o
se

d
co

b
o
rd

is
m

s
is

d
et

er
m

in
ed

b
y

th
e

n
u
m

b
er

o
f

in
co

m
in

g
a
n
d

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
to

g
et

h
er

w
it
h

th
e

g
en

u
s.

T
h
e

ex
a
m

p
le

to
th

e
ri

g
h
t
sh

ow
s
th

e
n
o
rm

a
l
fo

rm
o
f
a

cl
o
se

d
co

b
o
rd

is
m

w
it
h

th
re

e
in

co
m

in
g

b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

fo
u
r

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

a
n
d

g
en

u
s

th
re

e.
F
o
r

cl
os

ed
co

b
o
rd

is
m

s,
th

e
n
o
rm

a
l
fo

rm
a
n
d

p
ro

o
f
o
f
th

e
su

ffi
ci

en
cy

o
f
th

e
re

la
ti
o
n
s

is
d
o
n
e

in
d
et

a
il

in
[4

,6
,7

].
R

a
th

er
th

a
n

em
p
lo

y
in

g
th

e
n
o
rm

a
l

fo
rm

,
o
n
e

co
u
ld

tr
y

to
m

a
k
e

p
re

ci
se

,
in

th
e

co
n
te

x
t

o
f

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s,

th
e

o
b
v
io

u
s
M

o
rs

e
th

eo
re

ti
c

id
ea

s
th

a
t

u
n
d
er

ly
th

e
M

o
o
re

–
S
eg

a
l
re

la
ti
o
n
s.

T
h
e

a
d
va

n
ta

g
e

o
f

th
e

n
o
rm

a
l

fo
rm

is
,

h
ow

ev
er

,
th

a
t

it
re

su
lt
s

in
a

co
n
st

ru
ct

iv
e

p
ro

o
f

w
h
ic

h
d
el

iv
er

s
a
ll

re
le

va
n
t
d
iff

eo
m

o
rp

h
is

m
s
in

te
rm

s
o
f
se

q
u
en

ce
s
o
f
re

la
ti
o
n
s
b
ei

n
g

a
p
p
li
ed

to
th

e
re

le
va

n
t

h
a
n
d
le

b
o
d
ie

s
(u

p
to

sm
o
o
th

is
o
to

p
ie

s
o
f
th

e
a
tt

a
ch

in
g

se
ts

).
In

o
rd

er
to

d
es

cr
ib

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
u
si

n
g

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s,

o
n
e

w
o
u
ld

n
ee

d
a

g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

fo
r

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s.

S
u
ch

a
g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

ca
n

b
e

u
se

d
in

o
rd

er
to

fi
n
d

th
e

g
en

er
a
to

rs
o
f
2
C

o
b

e
x
t ,

a
n
d

b
ru

te
fo

rc
e

ca
n

b
e

u
se

d
to

es
ta

b
li
sh

th
e

n
ec

es
si

ty
o
f
ce

rt
a
in

re
la

ti
o
n
s.

H
ow

ev
er

,
w

e
a
re

n
o
t

aw
a
re

o
f
a
n
y

a
b
st

ra
ct

th
eo

re
m

th
a
t

w
o
u
ld

g
u
a
ra

n
te

e
th

e
su

ffi
ci

en
cy

o
f
th

es
e

re
la

ti
o
n
s.

T
h
e

fi
rs

t
m

a
in

re
su

lt
o
f

th
is

a
rt

ic
le

is
a

n
o
rm

a
l

fo
rm

fo
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

it
h

a
n

in
d
u
ct

iv
e

p
ro

o
f

th
a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

or
m

a
n
y

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
e

n
o
rm

a
l

fo
rm

.
A

s
a

co
n
se

q
u
en

ce
,

fo
r

a
n
y

tw
o

d
iff

eo
m

o
rp

h
ic

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
o
se

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

g
iv

en
,

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

a
d
iff

eo
m

o
rp

h
is

m
re

la
ti
n
g

th
e

tw
o

b
y

co
n
st

ru
ct

in
g

th
e

co
rr

es
p
o
n
d
in

g
se

q
u
en

ce
o
f
m

ov
es

.
T

h
e

d
es

cr
ip

ti
o
n

o
f
2
C

o
b

e
x
t

in
te

rm
s

o
f

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s

h
a
s

em
er

g
ed

ov
er

th
e

la
st

co
u
p
le

o
f
y
ea

rs
fr

o
m

co
n
si

st
en

cy
co

n
d
it
io

n
s

in
b
o
u
n
d
a
ry

co
n
fo

rm
a
l
fi
el

d
th

eo
ry

,
g
o
in

g
b
a
ck

to
th

e

3

〈S1〉 = H 〈S1 t S1〉 = H⊗H
〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it

ic
a
l

p
o
in

ts
o
f

f
is

a
fi
n
it

e
se

t.
If

n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it

ic
a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it

ic
a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it

ic
a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e
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Two-dimensional topological field theory

A closed topological field theory is a map

〈−〉 : Bord −→ Vect

Vect = “state spaces and operators”
objects: finite-dimensional vector spaces
morphisms: linear maps

Bord = “geometry and evolution”
objects: disjoint unions of circles S1 t . . . t S1

morphisms: smooth surfaces between circles
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a
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→
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Atiyah 1988, bordism pictures taken from Lauda/Pfeiffer 2005



Two-dimensional topological field theory

A closed topological field theory is a map

〈−〉 : Bord −→ Vect

Vect = “state spaces and operators”
objects: finite-dimensional vector spaces
morphisms: linear maps

Bord = “geometry and evolution”
objects: disjoint unions of circles S1 t . . . t S1

morphisms: smooth surfaces between circles
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o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it
h

so
u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it
io

n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it
ic

a
l
p
o
in

ts
.

4
.

T
h
e

cr
it
ic

a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it
ic

a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it
ic

a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it
ic

a
l

p
o
in

ts
o
f

f
is

a
fi
n
it
e

se
t.

If
n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it
ic

a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it
h

∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it
ic

a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it
ic

a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it
ic

a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A

η A
ε A

µ
C

∆
C

η C
ε C

ı
ı∗

(3
.2

5
)

o
r

to
o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8

1
IN

T
R

O
D

U
C

T
IO

N
3

w
it
h

ze
ro

o
r

m
o
re

cy
li
n
d
er

s
ov

er
S

1
.

T
h
e

d
iff

er
en

t
el

em
en

ta
ry

co
b
o
rd

is
m

s
(1

.2
)

a
re

p
re

ci
se

ly
th

e
M

o
rs

e
d
a
ta

th
a
t

ch
a
ra

ct
er

iz
e

th
e

cr
it
ic

a
l
p
o
in

ts
,

a
n
d

th
e

w
ay

th
ey

a
re

g
lu

ed
co

rr
es

p
o
n
d
s

to
th

e
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

a
ss

o
ci

a
te

d
w

it
h

f
.

T
h
e

M
o
rs

e
d
a
ta

o
f

(1
.2

)
p
ro

v
id

e
th

e
g
en

er
a
to

rs
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b
.

O
u
r

d
ia

g
ra

m
s,

fo
r

ex
a
m

p
le

(1
.1

),
a
re

o
rg

a
n
iz

ed
in

su
ch

a
w

ay
th

a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

se
rv

es
a
s

a
M

o
rs

e
fu

n
ct

io
n
,
a
n
d

th
e

co
b
o
rd

is
m

s
a
re

co
m

p
o
se

d
o
f
b
u
il
d
in

g
b
lo

ck
s

th
a
t

co
n
ta

in
a
t

m
o
st

o
n
e

cr
it
ic

a
l
p
o
in

t.
S
ec

o
n
d
,
g
iv

en
tw

o
M

o
rs

e
fu

n
ct

io
n
s

f 1
,f

2
:
Σ

→
,
th

e
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
ss

o
ci

a
te

d
w

it
h

f 1
a
n
d

f 2
a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f

m
ov

es
,

i.
e.

h
a
n
d
le

sl
id

es
a
n
d

h
a
n
d
le

ca
n
ce

ll
a
ti
o
n
s.

T
h
is

m
ea

n
s

th
a
t

th
er

e
a
re

d
iff

eo
m

o
rp

h
is

m
s

su
ch

a
s, ∼ =

(1
.3

)

w
h
ic

h
p
ro

v
id

e
u
s

w
it
h

th
e

re
la

ti
o
n
s

o
f
2
C

o
b
.

W
h
en

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

th
e

d
iff

eo
m

o
rp

h
is

m
th

a
t

re
la

te
s

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

o
f

so
m

e
m

a
n
if
o
ld

,
w

e
ca

ll
th

es
e

d
iff

eo
m

o
rp

h
is

m
s

m
ov

es
.

T
h
e

ex
a
m

p
le

(1
.3

)
co

rr
es

p
o
n
d
s
to

a
ca

n
ce

ll
a
ti
o
n

o
f
a

1
-h

a
n
d
le

a
n
d

a
2
-h

a
n
d
le

.
B

el
ow

is
a
n

ex
a
m

p
le

o
f
sl

id
in

g
a

1
-h

a
n
d
le

p
a
st

a
n
o
th

er
1
-h

a
n
d
le

.

∼ =
(1

.4
)

W
h
er

ea
s

it
is

n
o
t

to
o

d
iffi

cu
lt

to
co

n
st

ru
ct

b
y

b
ru

te
-f
o
rc

e
a

se
t

o
f

d
iff

eo
m

o
rp

h
is

m
s

b
et

w
ee

n
m

a
n
if
o
ld

s
su

ch
a
s

th
o
se

in
(1

.3
)

a
n
d

(1
.4

),
i.
e.

to
sh

ow
th

a
t

a
se

t
o
f
re

la
ti
o
n
s

is
n
ec

es
sa

ry
,
it

is
m

u
ch

h
a
rd

er
to

sh
ow

th
a
t

th
ey

a
re

a
ls

o
su

ffi
ci

en
t,

i.
e.

th
a
t

a
n
y

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f
m

ov
es

su
ch

a
s

(1
.3

)
a
n
d

(1
.4

).
In

o
rd

er
to

es
ta

b
li
sh

th
is

re
su

lt
,
o
n
e

st
ra

te
g
y

is
to

p
ro

v
e

th
a
t

th
er

e
ex

is
ts

a
n
o
rm

a
l
fo

rm
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b

w
h
ic

h
is

ch
a
ra

ct
er

iz
ed

b
y

to
p
o
lo

g
ic

a
l
in

va
ri

a
n
ts

,
a
n
d

th
en

to
sh

ow
th

a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

o
rm

a
n

a
rb

it
ra

ry
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
is

n
o
rm

a
l
fo

rm
.

T
h
e

n
o
rm

a
l
fo

rm
fo

r
cl

o
se

d
co

b
o
rd

is
m

s
is

d
et

er
m

in
ed

b
y

th
e

n
u
m

b
er

o
f

in
co

m
in

g
a
n
d

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
to

g
et

h
er

w
it
h

th
e

g
en

u
s.

T
h
e

ex
a
m

p
le

to
th

e
ri

g
h
t
sh

ow
s
th

e
n
o
rm

a
l
fo

rm
o
f
a

cl
o
se

d
co

b
o
rd

is
m

w
it
h

th
re

e
in

co
m

in
g

b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

fo
u
r

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

a
n
d

g
en

u
s

th
re

e.
F
o
r

cl
os

ed
co

b
o
rd

is
m

s,
th

e
n
o
rm

a
l
fo

rm
a
n
d

p
ro

o
f
o
f
th

e
su

ffi
ci

en
cy

o
f
th

e
re

la
ti
o
n
s

is
d
o
n
e

in
d
et

a
il

in
[4

,6
,7

].
R

a
th

er
th

a
n

em
p
lo

y
in

g
th

e
n
o
rm

a
l

fo
rm

,
o
n
e

co
u
ld

tr
y

to
m

a
k
e

p
re

ci
se

,
in

th
e

co
n
te

x
t

o
f

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s,

th
e

o
b
v
io

u
s
M

o
rs

e
th

eo
re

ti
c

id
ea

s
th

a
t

u
n
d
er

ly
th

e
M

o
o
re

–
S
eg

a
l
re

la
ti
o
n
s.

T
h
e

a
d
va

n
ta

g
e

o
f

th
e

n
o
rm

a
l

fo
rm

is
,

h
ow

ev
er

,
th

a
t

it
re

su
lt
s

in
a

co
n
st

ru
ct

iv
e

p
ro

o
f

w
h
ic

h
d
el

iv
er

s
a
ll

re
le

va
n
t
d
iff

eo
m

o
rp

h
is

m
s
in

te
rm

s
o
f
se

q
u
en

ce
s
o
f
re

la
ti
o
n
s
b
ei

n
g

a
p
p
li
ed

to
th

e
re

le
va

n
t

h
a
n
d
le

b
o
d
ie

s
(u

p
to

sm
o
o
th

is
o
to

p
ie

s
o
f
th

e
a
tt

a
ch

in
g

se
ts

).
In

o
rd

er
to

d
es

cr
ib

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
u
si

n
g

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s,

o
n
e

w
o
u
ld

n
ee

d
a

g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

fo
r

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s.

S
u
ch

a
g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

ca
n

b
e

u
se

d
in

o
rd

er
to

fi
n
d

th
e

g
en

er
a
to

rs
o
f
2
C

o
b

e
x
t ,

a
n
d

b
ru

te
fo

rc
e

ca
n

b
e

u
se

d
to

es
ta

b
li
sh

th
e

n
ec

es
si

ty
o
f
ce

rt
a
in

re
la

ti
o
n
s.

H
ow

ev
er

,
w

e
a
re

n
o
t

aw
a
re

o
f
a
n
y

a
b
st

ra
ct

th
eo

re
m

th
a
t

w
o
u
ld

g
u
a
ra

n
te

e
th

e
su

ffi
ci

en
cy

o
f
th

es
e

re
la

ti
o
n
s.

T
h
e

fi
rs

t
m

a
in

re
su

lt
o
f

th
is

a
rt

ic
le

is
a

n
o
rm

a
l

fo
rm

fo
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

it
h

a
n

in
d
u
ct

iv
e

p
ro

o
f

th
a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

or
m

a
n
y

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
e

n
o
rm

a
l

fo
rm

.
A

s
a

co
n
se

q
u
en

ce
,

fo
r

a
n
y

tw
o

d
iff

eo
m

o
rp

h
ic

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
o
se

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

g
iv

en
,

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

a
d
iff

eo
m

o
rp

h
is

m
re

la
ti
n
g

th
e

tw
o

b
y

co
n
st

ru
ct

in
g

th
e

co
rr

es
p
o
n
d
in

g
se

q
u
en

ce
o
f
m

ov
es

.
T

h
e

d
es

cr
ip

ti
o
n

o
f
2
C

o
b

e
x
t

in
te

rm
s

o
f

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s

h
a
s

em
er

g
ed

ov
er

th
e

la
st

co
u
p
le

o
f
y
ea

rs
fr

o
m

co
n
si

st
en

cy
co

n
d
it
io

n
s

in
b
o
u
n
d
a
ry

co
n
fo

rm
a
l
fi
el

d
th

eo
ry

,
g
o
in

g
b
a
ck

to
th

e

3
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〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
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Atiyah 1988, bordism pictures taken from Lauda/Pfeiffer 2005



Two-dimensional topological field theory

A closed topological field theory is a map

〈−〉 : Bord −→ Vect

Vect = “state spaces and operators”
objects: finite-dimensional vector spaces
morphisms: linear maps

Bord = “geometry and evolution”
objects: disjoint unions of circles S1 t . . . t S1

morphisms: smooth surfaces between circles
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v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8

1
IN

T
R

O
D

U
C

T
IO

N
3

w
it
h

ze
ro

o
r

m
o
re

cy
li
n
d
er

s
ov

er
S

1
.

T
h
e

d
iff

er
en

t
el

em
en

ta
ry

co
b
o
rd

is
m

s
(1

.2
)

a
re

p
re

ci
se

ly
th

e
M

o
rs

e
d
a
ta

th
a
t

ch
a
ra

ct
er

iz
e

th
e

cr
it
ic

a
l
p
o
in

ts
,

a
n
d

th
e

w
ay

th
ey

a
re

g
lu

ed
co

rr
es

p
o
n
d
s

to
th

e
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

a
ss

o
ci

a
te

d
w

it
h

f
.

T
h
e

M
o
rs

e
d
a
ta

o
f

(1
.2

)
p
ro

v
id

e
th

e
g
en

er
a
to

rs
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b
.

O
u
r

d
ia

g
ra

m
s,

fo
r

ex
a
m

p
le

(1
.1

),
a
re

o
rg

a
n
iz

ed
in

su
ch

a
w

ay
th

a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

se
rv

es
a
s

a
M

o
rs

e
fu

n
ct

io
n
,
a
n
d

th
e

co
b
o
rd

is
m

s
a
re

co
m

p
o
se

d
o
f
b
u
il
d
in

g
b
lo

ck
s

th
a
t

co
n
ta

in
a
t

m
o
st

o
n
e

cr
it
ic

a
l
p
o
in

t.
S
ec

o
n
d
,
g
iv

en
tw

o
M

o
rs

e
fu

n
ct

io
n
s

f 1
,f

2
:
Σ

→
,
th

e
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
ss

o
ci

a
te

d
w

it
h

f 1
a
n
d

f 2
a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f

m
ov

es
,

i.
e.

h
a
n
d
le

sl
id

es
a
n
d

h
a
n
d
le

ca
n
ce

ll
a
ti
o
n
s.

T
h
is

m
ea

n
s

th
a
t

th
er

e
a
re

d
iff

eo
m

o
rp

h
is

m
s

su
ch

a
s, ∼ =

(1
.3

)

w
h
ic

h
p
ro

v
id

e
u
s

w
it
h

th
e

re
la

ti
o
n
s

o
f
2
C

o
b
.

W
h
en

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

th
e

d
iff

eo
m

o
rp

h
is

m
th

a
t

re
la

te
s

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

o
f

so
m

e
m

a
n
if
o
ld

,
w

e
ca

ll
th

es
e

d
iff

eo
m

o
rp

h
is

m
s

m
ov

es
.

T
h
e

ex
a
m

p
le

(1
.3

)
co

rr
es

p
o
n
d
s
to

a
ca

n
ce

ll
a
ti
o
n

o
f
a

1
-h

a
n
d
le

a
n
d

a
2
-h

a
n
d
le

.
B

el
ow

is
a
n

ex
a
m

p
le

o
f
sl

id
in

g
a

1
-h

a
n
d
le

p
a
st

a
n
o
th

er
1
-h

a
n
d
le

.

∼ =
(1

.4
)

W
h
er

ea
s

it
is

n
o
t

to
o

d
iffi

cu
lt

to
co

n
st

ru
ct

b
y

b
ru

te
-f
o
rc

e
a

se
t

o
f

d
iff

eo
m

o
rp

h
is

m
s

b
et

w
ee

n
m

a
n
if
o
ld

s
su

ch
a
s

th
o
se

in
(1

.3
)

a
n
d

(1
.4

),
i.
e.

to
sh

ow
th

a
t

a
se

t
o
f
re

la
ti
o
n
s

is
n
ec

es
sa

ry
,
it

is
m

u
ch

h
a
rd

er
to

sh
ow

th
a
t

th
ey

a
re

a
ls

o
su

ffi
ci

en
t,

i.
e.

th
a
t

a
n
y

tw
o

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

re
la

te
d

b
y

a
fi
n
it
e

se
q
u
en

ce
o
f
m

ov
es

su
ch

a
s

(1
.3

)
a
n
d

(1
.4

).
In

o
rd

er
to

es
ta

b
li
sh

th
is

re
su

lt
,
o
n
e

st
ra

te
g
y

is
to

p
ro

v
e

th
a
t

th
er

e
ex

is
ts

a
n
o
rm

a
l
fo

rm
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b

w
h
ic

h
is

ch
a
ra

ct
er

iz
ed

b
y

to
p
o
lo

g
ic

a
l
in

va
ri

a
n
ts

,
a
n
d

th
en

to
sh

ow
th

a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

o
rm

a
n

a
rb

it
ra

ry
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
is

n
o
rm

a
l
fo

rm
.

T
h
e

n
o
rm

a
l
fo

rm
fo

r
cl

o
se

d
co

b
o
rd

is
m

s
is

d
et

er
m

in
ed

b
y

th
e

n
u
m

b
er

o
f

in
co

m
in

g
a
n
d

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
to

g
et

h
er

w
it
h

th
e

g
en

u
s.

T
h
e

ex
a
m

p
le

to
th

e
ri

g
h
t
sh

ow
s
th

e
n
o
rm

a
l
fo

rm
o
f
a

cl
o
se

d
co

b
o
rd

is
m

w
it
h

th
re

e
in

co
m

in
g

b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

fo
u
r

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

a
n
d

g
en

u
s

th
re

e.
F
o
r

cl
os

ed
co

b
o
rd

is
m

s,
th

e
n
o
rm

a
l
fo

rm
a
n
d

p
ro

o
f
o
f
th

e
su

ffi
ci

en
cy

o
f
th

e
re

la
ti
o
n
s

is
d
o
n
e

in
d
et

a
il

in
[4

,6
,7

].
R

a
th

er
th

a
n

em
p
lo

y
in

g
th

e
n
o
rm

a
l

fo
rm

,
o
n
e

co
u
ld

tr
y

to
m

a
k
e

p
re

ci
se

,
in

th
e

co
n
te

x
t

o
f

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s,

th
e

o
b
v
io

u
s
M

o
rs

e
th

eo
re

ti
c

id
ea

s
th

a
t

u
n
d
er

ly
th

e
M

o
o
re

–
S
eg

a
l
re

la
ti
o
n
s.

T
h
e

a
d
va

n
ta

g
e

o
f

th
e

n
o
rm

a
l

fo
rm

is
,

h
ow

ev
er

,
th

a
t

it
re

su
lt
s

in
a

co
n
st

ru
ct

iv
e

p
ro

o
f

w
h
ic

h
d
el

iv
er

s
a
ll

re
le

va
n
t
d
iff

eo
m

o
rp

h
is

m
s
in

te
rm

s
o
f
se

q
u
en

ce
s
o
f
re

la
ti
o
n
s
b
ei

n
g

a
p
p
li
ed

to
th

e
re

le
va

n
t

h
a
n
d
le

b
o
d
ie

s
(u

p
to

sm
o
o
th

is
o
to

p
ie

s
o
f
th

e
a
tt

a
ch

in
g

se
ts

).
In

o
rd

er
to

d
es

cr
ib

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
u
si

n
g

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s,

o
n
e

w
o
u
ld

n
ee

d
a

g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

fo
r

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s.

S
u
ch

a
g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

ca
n

b
e

u
se

d
in

o
rd

er
to

fi
n
d

th
e

g
en

er
a
to

rs
o
f
2
C

o
b

e
x
t ,

a
n
d

b
ru

te
fo

rc
e

ca
n

b
e

u
se

d
to

es
ta

b
li
sh

th
e

n
ec

es
si

ty
o
f
ce

rt
a
in

re
la

ti
o
n
s.

H
ow

ev
er

,
w

e
a
re

n
o
t

aw
a
re

o
f
a
n
y

a
b
st

ra
ct

th
eo

re
m

th
a
t

w
o
u
ld

g
u
a
ra

n
te

e
th

e
su

ffi
ci

en
cy

o
f
th

es
e

re
la

ti
o
n
s.

T
h
e

fi
rs

t
m

a
in

re
su

lt
o
f

th
is

a
rt

ic
le

is
a

n
o
rm

a
l

fo
rm

fo
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

it
h

a
n

in
d
u
ct

iv
e

p
ro

o
f

th
a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

or
m

a
n
y

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
e

n
o
rm

a
l

fo
rm

.
A

s
a

co
n
se

q
u
en

ce
,

fo
r

a
n
y

tw
o

d
iff

eo
m

o
rp

h
ic

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
o
se

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

g
iv

en
,

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

a
d
iff

eo
m

o
rp

h
is

m
re

la
ti
n
g

th
e

tw
o

b
y

co
n
st

ru
ct

in
g

th
e

co
rr

es
p
o
n
d
in

g
se

q
u
en

ce
o
f
m

ov
es

.
T

h
e

d
es

cr
ip

ti
o
n

o
f
2
C

o
b

e
x
t

in
te

rm
s

o
f

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s

h
a
s

em
er

g
ed

ov
er

th
e

la
st

co
u
p
le

o
f
y
ea

rs
fr

o
m

co
n
si

st
en

cy
co

n
d
it
io

n
s

in
b
o
u
n
d
a
ry

co
n
fo

rm
a
l
fi
el

d
th

eo
ry

,
g
o
in

g
b
a
ck

to
th

e

3

〈S1〉 = H 〈S1 t S1〉 = H⊗H
〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
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Two-dimensional topological field theory

A closed topological field theory is a map symmetric monoidal functor

〈−〉 : Bord −→ Vect

Vect = “state spaces and operators”
objects: finite-dimensional vector spaces
morphisms: linear maps

Bord = “geometry and evolution”
objects: disjoint unions of circles S1 t . . . t S1

morphisms: smooth surfaces between circles
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rd

er
to

es
ta

b
li
sh

th
is

re
su

lt
,
o
n
e

st
ra

te
g
y

is
to

p
ro

v
e

th
a
t

th
er

e
ex

is
ts

a
n
o
rm

a
l
fo

rm
fo

r
th

e
m

o
rp

h
is

m
s

o
f
2
C

o
b

w
h
ic

h
is

ch
a
ra

ct
er

iz
ed

b
y

to
p
o
lo

g
ic

a
l
in

va
ri

a
n
ts

,
a
n
d

th
en

to
sh

ow
th

a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

o
rm

a
n

a
rb

it
ra

ry
h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
is

n
o
rm

a
l
fo

rm
.

T
h
e

n
o
rm

a
l
fo

rm
fo

r
cl

o
se

d
co

b
o
rd

is
m

s
is

d
et

er
m

in
ed

b
y

th
e

n
u
m

b
er

o
f

in
co

m
in

g
a
n
d

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
to

g
et

h
er

w
it
h

th
e

g
en

u
s.

T
h
e

ex
a
m

p
le

to
th

e
ri

g
h
t
sh

ow
s
th

e
n
o
rm

a
l
fo

rm
o
f
a

cl
o
se

d
co

b
o
rd

is
m

w
it
h

th
re

e
in

co
m

in
g

b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

fo
u
r

o
u
tg

o
in

g
b
o
u
n
d
a
ry

co
m

p
o
n
en

ts
,

a
n
d

g
en

u
s

th
re

e.
F
o
r

cl
os

ed
co

b
o
rd

is
m

s,
th

e
n
o
rm

a
l
fo

rm
a
n
d

p
ro

o
f
o
f
th

e
su

ffi
ci

en
cy

o
f
th

e
re

la
ti
o
n
s

is
d
o
n
e

in
d
et

a
il

in
[4

,6
,7

].
R

a
th

er
th

a
n

em
p
lo

y
in

g
th

e
n
o
rm

a
l

fo
rm

,
o
n
e

co
u
ld

tr
y

to
m

a
k
e

p
re

ci
se

,
in

th
e

co
n
te

x
t

o
f

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s,

th
e

o
b
v
io

u
s
M

o
rs

e
th

eo
re

ti
c

id
ea

s
th

a
t

u
n
d
er

ly
th

e
M

o
o
re

–
S
eg

a
l
re

la
ti
o
n
s.

T
h
e

a
d
va

n
ta

g
e

o
f

th
e

n
o
rm

a
l

fo
rm

is
,

h
ow

ev
er

,
th

a
t

it
re

su
lt
s

in
a

co
n
st

ru
ct

iv
e

p
ro

o
f

w
h
ic

h
d
el

iv
er

s
a
ll

re
le

va
n
t
d
iff

eo
m

o
rp

h
is

m
s
in

te
rm

s
o
f
se

q
u
en

ce
s
o
f
re

la
ti
o
n
s
b
ei

n
g

a
p
p
li
ed

to
th

e
re

le
va

n
t

h
a
n
d
le

b
o
d
ie

s
(u

p
to

sm
o
o
th

is
o
to

p
ie

s
o
f
th

e
a
tt

a
ch

in
g

se
ts

).
In

o
rd

er
to

d
es

cr
ib

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
u
si

n
g

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s,

o
n
e

w
o
u
ld

n
ee

d
a

g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

fo
r

m
a
n
if
o
ld

s
w

it
h

co
rn

er
s.

S
u
ch

a
g
en

er
a
li
za

ti
o
n

o
f
M

o
rs

e
th

eo
ry

ca
n

b
e

u
se

d
in

o
rd

er
to

fi
n
d

th
e

g
en

er
a
to

rs
o
f
2
C

o
b

e
x
t ,

a
n
d

b
ru

te
fo

rc
e

ca
n

b
e

u
se

d
to

es
ta

b
li
sh

th
e

n
ec

es
si

ty
o
f
ce

rt
a
in

re
la

ti
o
n
s.

H
ow

ev
er

,
w

e
a
re

n
o
t

aw
a
re

o
f
a
n
y

a
b
st

ra
ct

th
eo

re
m

th
a
t

w
o
u
ld

g
u
a
ra

n
te

e
th

e
su

ffi
ci

en
cy

o
f
th

es
e

re
la

ti
o
n
s.

T
h
e

fi
rs

t
m

a
in

re
su

lt
o
f

th
is

a
rt

ic
le

is
a

n
o
rm

a
l

fo
rm

fo
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

it
h

a
n

in
d
u
ct

iv
e

p
ro

o
f

th
a
t

th
e

re
la

ti
o
n
s

su
ffi

ce
in

o
rd

er
to

tr
a
n
sf

or
m

a
n
y

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n

in
to

th
e

n
o
rm

a
l

fo
rm

.
A

s
a

co
n
se

q
u
en

ce
,

fo
r

a
n
y

tw
o

d
iff

eo
m

o
rp

h
ic

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
o
se

h
a
n
d
le

d
ec

o
m

p
o
si

ti
o
n
s

a
re

g
iv

en
,

w
e

ex
p
li
ci

tl
y

co
n
st

ru
ct

a
d
iff

eo
m

o
rp

h
is

m
re

la
ti
n
g

th
e

tw
o

b
y

co
n
st

ru
ct

in
g

th
e

co
rr

es
p
o
n
d
in

g
se

q
u
en

ce
o
f
m

ov
es

.
T

h
e

d
es

cr
ip

ti
o
n

o
f
2
C

o
b

e
x
t

in
te

rm
s

o
f

g
en

er
a
to

rs
a
n
d

re
la

ti
o
n
s

h
a
s

em
er

g
ed

ov
er

th
e

la
st

co
u
p
le

o
f
y
ea

rs
fr

o
m

co
n
si

st
en

cy
co

n
d
it
io

n
s

in
b
o
u
n
d
a
ry

co
n
fo

rm
a
l
fi
el

d
th

eo
ry

,
g
o
in

g
b
a
ck

to
th

e

3

〈S1〉 = H 〈S1 t S1〉 = H⊗H
〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it

ic
a
l

p
o
in

ts
o
f

f
is

a
fi
n
it

e
se

t.
If

n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it

ic
a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it

ic
a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it

ic
a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A

η A
ε A

µ
C

∆
C

η C
ε C

ı
ı∗

(3
.2

5
)

o
r

to
o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8〉

: H⊗H −→ H
Atiyah 1988, bordism pictures taken from Lauda/Pfeiffer 2005
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H = 〈S1〉.〈
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T

H
E

C
A
T

E
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O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it

ic
a
l

p
o
in

ts
o
f

f
is

a
fi
n
it

e
se

t.
If

n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it

ic
a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it

ic
a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it

ic
a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A

η A
ε A

µ
C

∆
C

η C
ε C

ı
ı∗

(3
.2

5
)

o
r

to
o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8〉

: H⊗H −→ H is associative, commutative, unital:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 21

1. The object !n = (0), i.e. the circle C!n = S1, forms a commutative Frobenius algebra object.

∼= ∼= ∼= (3.33)

∼= ∼= ∼= (3.34)

∼= ∼= (3.35)

∼= (3.36)

2. The object !n = (1), i.e. the interval C!n = I, forms a symmetric Frobenius algebra object.

∼= ∼= ∼= (3.37)

∼= ∼= ∼= (3.38)

∼= ∼= (3.39)

∼= (3.40)

3. The ‘zipper’ forms an algebra homomorphism:

∼= ∼= (3.41)

4. This relation describes the ‘knowledge’ about the centre, c.f. (2.12):

∼= (3.42)
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symmetric pairing

〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

2
2

5
.

T
h
e

‘c
o
zi

p
p
er

’
is

d
u
a
l
to

th
e

zi
p
p
er

:

∼ =
(3

.4
3
)

6
.

T
h
e

C
a
rd

y
co

n
d
it

io
n
:

∼ =
(3

.4
4
)

P
ro

o
f.

It
ca

n
b
e

sh
ow

in
a

d
ir

ec
t

co
m

p
u
ta

ti
o
n

th
a
t

th
e

d
ep

ic
te

d
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
a
re

eq
u
iv

a
le

n
t.

W
ri

ti
n
g

o
u
t

th
is

p
ro

o
f
w

o
u
ld

b
e

tr
em

en
d
o
u
sl

y
la

b
o
ri

o
u
s,

b
u
t

o
f

ra
th

er
li
tt

le
in

si
g
h
t.

F
o
r

th
e

C
a
rd

y
co

n
d
it

io
n

(3
.4

4)
,
th

e
ri

g
h
t

h
a
n
d

si
d
e

is
m

o
st

n
at

u
ra

ll
y

d
ep

ic
te

d
a
s:

(3
.4

5
)

3
.5

C
o
n
se

q
u
e
n
c
e
s

o
f
re

la
ti

o
n
s

In
th

is
se

ct
io

n
,

w
e

co
ll
ec

t
so

m
e

a
d
d
it

io
n
a
l

d
iff

eo
m

o
rp

h
is

m
s

th
a
t

ca
n

b
e

co
n
st

ru
ct

ed
fr

o
m

th
e

d
iff

eo
m

o
rp

h
is

m
s

in
P

ro
p
o
si

ti
o
n

3
.1

0.
T
o

si
m

p
li
fy

th
e

d
ia

g
ra

m
s,

w
e

d
efi

n
e:

:=
:=

(3
.4

6
)

T
h
es

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
ic

h
w

e
so

m
et

im
es

ca
ll

th
e

o
p
en

p
a
ir

in
g

a
n
d

o
p
en

co
p
a
ir

in
g
,

re
sp

ec
ti

v
el

y,
sa

ti
sf

y
th

e
zi

g
-z

a
g

id
en

ti
ti

es
:

∼ =
∼ =

(3
.4

7
)

T
h
is

fo
ll
ow

s
d
ir

ec
tl

y
fr

o
m

th
e

F
ro

b
en

iu
s

re
la

ti
o
n
s,

th
e

le
ft

a
n
d

ri
g
h
t

u
n
it

la
w

s,
a
n
d

th
e

le
ft

a
n
d

ri
g
h
t

co
u
n
it

la
w

s.
F
ro

m
E

q
u
a
ti

o
n
s

(3
.4

0)
a
n
d

(3
.3

7)
,
th

e
p
a
ir
in

g
ca

n
b
e

sh
ow

n
to

b
e

sy
m

m
et

ri
c

a
n
d

in
va

ri
a
n
t,

∼ =
∼ =

(3
.4

8
)

a
n
d

th
e

sa
m

e
h
o
ld

s
fo

r
th

e
co

p
a
ir

in
g
.

S
im

il
a
rl

y,
w

e
d
efi

n
e

th
e

cl
o
se

d
p
a
ir

in
g

a
n
d

th
e

cl
o
se

d
co

p
a
ir

in
g
:

:=
:=

(3
.4

9
)

2
2〉

: H⊗H −→ C is nondegenerate:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 23

These also satisfy the zig-zag identities,

∼= ∼= (3.50)

and the closed pairing is symmetric and invariant,

∼= ∼= (3.51)

A similar result holds for the closed copairing.

Proposition 3.11. The following open-closed cobordisms are equivalent:

∼= (3.52)

∼= (3.53)

∼= (3.54)

∼= (3.55)

Proof. Equation (3.52) is just a restatement of the second axiom in Equation (3.43). The proof
of Equation (3.53) is as follows:

∼=
(3.36)

∼=
Nat

∼=
(3.43)

∼=
Nat

∼=
(3.40)

(3.56)

By ‘Nat’ we have denoted the obvious diffeomorphisms which, algebraically speaking, express the
naturality of the symmetric braiding. The proof of Equation (3.54) is as follows:

∼=
(3.50)

∼=
(3.53)

∼=
(3.47) (3.57)

We leave the proof of Equation (3.55) as an exercise for the reader.

Proposition 3.12. The following open-closed cobordisms are equivalent:

∼= ∼= (3.58)

23



Closed topological field theory

Theorem.
Closed TFT 〈−〉 ⇐⇒ commutative Frobenius algebra H = 〈S1〉.

〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it

ic
a
l

p
o
in

ts
o
f

f
is

a
fi
n
it

e
se

t.
If

n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it

ic
a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it

ic
a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it

ic
a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A

η A
ε A

µ
C

∆
C

η C
ε C

ı
ı∗

(3
.2

5
)

o
r

to
o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8〉

: H⊗H −→ H is associative, commutative, unital:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 21

1. The object !n = (0), i.e. the circle C!n = S1, forms a commutative Frobenius algebra object.

∼= ∼= ∼= (3.33)

∼= ∼= ∼= (3.34)

∼= ∼= (3.35)

∼= (3.36)

2. The object !n = (1), i.e. the interval C!n = I, forms a symmetric Frobenius algebra object.

∼= ∼= ∼= (3.37)

∼= ∼= ∼= (3.38)

∼= ∼= (3.39)

∼= (3.40)

3. The ‘zipper’ forms an algebra homomorphism:

∼= ∼= (3.41)

4. This relation describes the ‘knowledge’ about the centre, c.f. (2.12):

∼= (3.42)
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symmetric pairing

〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

2
2

5
.

T
h
e

‘c
o
zi

p
p
er

’
is

d
u
a
l
to

th
e

zi
p
p
er

:

∼ =
(3

.4
3
)

6
.

T
h
e

C
a
rd

y
co

n
d
it

io
n
:

∼ =
(3

.4
4
)

P
ro

o
f.

It
ca

n
b
e

sh
ow

in
a

d
ir

ec
t

co
m

p
u
ta

ti
o
n

th
a
t

th
e

d
ep

ic
te

d
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
a
re

eq
u
iv

a
le

n
t.

W
ri

ti
n
g

o
u
t

th
is

p
ro

o
f
w

o
u
ld

b
e

tr
em

en
d
o
u
sl

y
la

b
o
ri

o
u
s,

b
u
t

o
f

ra
th

er
li
tt

le
in

si
g
h
t.

F
o
r

th
e

C
a
rd

y
co

n
d
it

io
n

(3
.4

4)
,
th

e
ri

g
h
t

h
a
n
d

si
d
e

is
m

o
st

n
at

u
ra

ll
y

d
ep

ic
te

d
a
s:

(3
.4

5
)

3
.5

C
o
n
se

q
u
e
n
c
e
s

o
f
re

la
ti

o
n
s

In
th

is
se

ct
io

n
,

w
e

co
ll
ec

t
so

m
e

a
d
d
it

io
n
a
l

d
iff

eo
m

o
rp

h
is

m
s

th
a
t

ca
n

b
e

co
n
st

ru
ct

ed
fr

o
m

th
e

d
iff

eo
m

o
rp

h
is

m
s

in
P

ro
p
o
si

ti
o
n

3
.1

0.
T
o

si
m

p
li
fy

th
e

d
ia

g
ra

m
s,

w
e

d
efi

n
e:

:=
:=

(3
.4

6
)

T
h
es

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
ic

h
w

e
so

m
et

im
es

ca
ll

th
e

o
p
en

p
a
ir

in
g

a
n
d

o
p
en

co
p
a
ir

in
g
,

re
sp

ec
ti

v
el

y,
sa

ti
sf

y
th

e
zi

g
-z

a
g

id
en

ti
ti

es
:

∼ =
∼ =

(3
.4

7
)

T
h
is

fo
ll
ow

s
d
ir

ec
tl

y
fr

o
m

th
e

F
ro

b
en

iu
s

re
la

ti
o
n
s,

th
e

le
ft

a
n
d

ri
g
h
t

u
n
it

la
w

s,
a
n
d

th
e

le
ft

a
n
d

ri
g
h
t

co
u
n
it

la
w

s.
F
ro

m
E

q
u
a
ti

o
n
s

(3
.4

0)
a
n
d

(3
.3

7)
,
th

e
p
a
ir
in

g
ca

n
b
e

sh
ow

n
to

b
e

sy
m

m
et

ri
c

a
n
d

in
va

ri
a
n
t,

∼ =
∼ =

(3
.4

8
)

a
n
d

th
e

sa
m

e
h
o
ld

s
fo

r
th

e
co

p
a
ir

in
g
.

S
im

il
a
rl

y,
w

e
d
efi

n
e

th
e

cl
o
se

d
p
a
ir

in
g

a
n
d

th
e

cl
o
se

d
co

p
a
ir

in
g
:

:=
:=

(3
.4

9
)

2
2〉

: H⊗H −→ C is nondegenerate:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 23

These also satisfy the zig-zag identities,

∼= ∼= (3.50)

and the closed pairing is symmetric and invariant,

∼= ∼= (3.51)

A similar result holds for the closed copairing.

Proposition 3.11. The following open-closed cobordisms are equivalent:

∼= (3.52)

∼= (3.53)

∼= (3.54)

∼= (3.55)

Proof. Equation (3.52) is just a restatement of the second axiom in Equation (3.43). The proof
of Equation (3.53) is as follows:

∼=
(3.36)

∼=
Nat

∼=
(3.43)

∼=
Nat

∼=
(3.40)

(3.56)

By ‘Nat’ we have denoted the obvious diffeomorphisms which, algebraically speaking, express the
naturality of the symmetric braiding. The proof of Equation (3.54) is as follows:

∼=
(3.50)

∼=
(3.53)

∼=
(3.47) (3.57)

We leave the proof of Equation (3.55) as an exercise for the reader.

Proposition 3.12. The following open-closed cobordisms are equivalent:

∼= ∼= (3.58)

23



Closed topological field theory

Theorem.
Closed TFT 〈−〉 ⇐⇒ commutative Frobenius algebra H = 〈S1〉.〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it

ic
a
l

p
o
in

ts
o
f

f
is

a
fi
n
it

e
se

t.
If

n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it

ic
a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it

ic
a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it

ic
a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A

η A
ε A

µ
C

∆
C

η C
ε C

ı
ı∗

(3
.2

5
)

o
r

to
o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8〉

: H⊗H −→ H is associative, commutative, unital:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 21

1. The object !n = (0), i.e. the circle C!n = S1, forms a commutative Frobenius algebra object.

∼= ∼= ∼= (3.33)

∼= ∼= ∼= (3.34)

∼= ∼= (3.35)

∼= (3.36)

2. The object !n = (1), i.e. the interval C!n = I, forms a symmetric Frobenius algebra object.

∼= ∼= ∼= (3.37)

∼= ∼= ∼= (3.38)

∼= ∼= (3.39)

∼= (3.40)

3. The ‘zipper’ forms an algebra homomorphism:

∼= ∼= (3.41)

4. This relation describes the ‘knowledge’ about the centre, c.f. (2.12):

∼= (3.42)
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symmetric pairing

〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

2
2

5
.

T
h
e

‘c
o
zi

p
p
er

’
is

d
u
a
l
to

th
e

zi
p
p
er

:

∼ =
(3

.4
3
)

6
.

T
h
e

C
a
rd

y
co

n
d
it

io
n
:

∼ =
(3

.4
4
)

P
ro

o
f.

It
ca

n
b
e

sh
ow

in
a

d
ir

ec
t

co
m

p
u
ta

ti
o
n

th
a
t

th
e

d
ep

ic
te

d
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
a
re

eq
u
iv

a
le

n
t.

W
ri

ti
n
g

o
u
t

th
is

p
ro

o
f
w

o
u
ld

b
e

tr
em

en
d
o
u
sl

y
la

b
o
ri

o
u
s,

b
u
t

o
f

ra
th

er
li
tt

le
in

si
g
h
t.

F
o
r

th
e

C
a
rd

y
co

n
d
it

io
n

(3
.4

4)
,
th

e
ri

g
h
t

h
a
n
d

si
d
e

is
m

o
st

n
at

u
ra

ll
y

d
ep

ic
te

d
a
s:

(3
.4

5
)

3
.5

C
o
n
se

q
u
e
n
c
e
s

o
f
re

la
ti

o
n
s

In
th

is
se

ct
io

n
,

w
e

co
ll
ec

t
so

m
e

a
d
d
it

io
n
a
l

d
iff

eo
m

o
rp

h
is

m
s

th
a
t

ca
n

b
e

co
n
st

ru
ct

ed
fr

o
m

th
e

d
iff

eo
m

o
rp

h
is

m
s

in
P

ro
p
o
si

ti
o
n

3
.1

0.
T
o

si
m

p
li
fy

th
e

d
ia

g
ra

m
s,

w
e

d
efi

n
e:

:=
:=

(3
.4

6
)

T
h
es

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
ic

h
w

e
so

m
et

im
es

ca
ll

th
e

o
p
en

p
a
ir

in
g

a
n
d

o
p
en

co
p
a
ir

in
g
,

re
sp

ec
ti

v
el

y,
sa

ti
sf

y
th

e
zi

g
-z

a
g

id
en

ti
ti

es
:

∼ =
∼ =

(3
.4

7
)

T
h
is

fo
ll
ow

s
d
ir

ec
tl

y
fr

o
m

th
e

F
ro

b
en

iu
s

re
la

ti
o
n
s,

th
e

le
ft

a
n
d

ri
g
h
t

u
n
it

la
w

s,
a
n
d

th
e

le
ft

a
n
d

ri
g
h
t

co
u
n
it

la
w

s.
F
ro

m
E

q
u
a
ti

o
n
s

(3
.4

0)
a
n
d

(3
.3

7)
,
th

e
p
a
ir
in

g
ca

n
b
e

sh
ow

n
to

b
e

sy
m

m
et

ri
c

a
n
d

in
va

ri
a
n
t,

∼ =
∼ =

(3
.4

8
)

a
n
d

th
e

sa
m

e
h
o
ld

s
fo

r
th

e
co

p
a
ir

in
g
.

S
im

il
a
rl

y,
w

e
d
efi

n
e

th
e

cl
o
se

d
p
a
ir

in
g

a
n
d

th
e

cl
o
se

d
co

p
a
ir

in
g
:

:=
:=

(3
.4

9
)

2
2〉

: H⊗H −→ C is nondegenerate:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 23

These also satisfy the zig-zag identities,

∼= ∼= (3.50)

and the closed pairing is symmetric and invariant,

∼= ∼= (3.51)

A similar result holds for the closed copairing.

Proposition 3.11. The following open-closed cobordisms are equivalent:

∼= (3.52)

∼= (3.53)

∼= (3.54)

∼= (3.55)

Proof. Equation (3.52) is just a restatement of the second axiom in Equation (3.43). The proof
of Equation (3.53) is as follows:

∼=
(3.36)

∼=
Nat

∼=
(3.43)

∼=
Nat

∼=
(3.40)

(3.56)

By ‘Nat’ we have denoted the obvious diffeomorphisms which, algebraically speaking, express the
naturality of the symmetric braiding. The proof of Equation (3.54) is as follows:

∼=
(3.50)

∼=
(3.53)

∼=
(3.47) (3.57)

We leave the proof of Equation (3.55) as an exercise for the reader.

Proposition 3.12. The following open-closed cobordisms are equivalent:

∼= ∼= (3.58)

23



Closed topological field theory

Theorem.
Closed TFT 〈−〉 ⇐⇒ commutative Frobenius algebra H = 〈S1〉.〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
8

N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.

If
p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
ly

if
df

p
=

0
.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
sm

o
o
th

fu
n
ct

io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
f

f
is

ca
ll
ed

n
o
n
-d

eg
en

er
a
te

if
th

e
H

es
si

a
n

o
f

f
a
t

p
,
re

st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
a
te

.

N
o
te

th
a
t

if
p

∈
M

\∂
M

,
th

en
th

e
n
o
ti

o
n

o
f
n
o
n
-d

eg
en

er
a
cy

is
a
s

u
su

a
l.

If
p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

a
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t,
th

en
p

is
a

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

t
o
f
th

e
re

st
ri

ct
io

n
f
| ∂M

:
∂
M

→
in

th
e

u
su

a
l
se

n
se

.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
a
re

is
o
la

te
d

[2
5
].

F
o
r

o
u
r

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
ct

u
re

o
f
th

e
co

b
o
rd

is
m

s.

D
e
fi
n
it

io
n

3
.7

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
so

u
rc

e
C

"n
a
n
d

ta
rg

et
C

"m
.

H
er

e
w

e
h
av

e
su

p
p
re

ss
ed

th
e

d
iff

eo
m

o
rp

h
is

m
s

fr
o
m

C
"n

o
n
to

a
co

m
p
o
n
en

t
o
f
∂
0
M

,
et

c.
,
a
n
d

w
e

w
ri

te
M

fo
r

a
n
y

re
p
re

se
n
ta

ti
v
e

o
f

it
s

eq
u
iv

a
le

n
ce

cl
a
ss

.
A

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

fo
r

M
is

a
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
su

ch
th

a
t

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
s

h
o
ld

:

1
.

f
(M

)
⊆

[0
,1

].

2
.

f
(p

)
=

0
if

a
n
d

o
n
ly

if
p

∈
C

"n
,
a
n
d

f
(p

)
=

1
if

a
n
d

o
n
ly

if
p

∈
C

"m
.

3
.

N
ei

th
er

C
"n

n
o
r

C
"m

co
n
ta

in
a
n
y

cr
it

ic
a
l
p
o
in

ts
.

4
.

T
h
e

cr
it

ic
a
l
p
o
in

ts
o
f
f

h
av

e
p
a
ir

w
is

e
d
is

ti
n
ct

cr
it

ic
a
l
va

lu
es

.

U
si

n
g

th
e
st

a
n
d
a
rd

te
ch

n
iq

u
es

,
o
n
e
sh

ow
s
th

a
t
ev

er
y

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
a
d
m

it
s

a
sp

ec
ia

l
M

o
rs

e
fu

n
ct

io
n

f
:
M

→
.

S
in

ce
M

is
co

m
p
a
ct

a
n
d

si
n
ce

a
ll

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l

p
o
in

ts
a
re

is
o
la

te
d
,

th
e

se
t

o
f

cr
it

ic
a
l

p
o
in

ts
o
f

f
is

a
fi
n
it

e
se

t.
If

n
ei

th
er

a
∈

n
o
r

b
∈

a
re

cr
it

ic
a
l
va

lu
es

o
f
f
,
th

e
p
re

-i
m

a
g
e

N
:=

f
−

1
([
a
,b

])
fo

rm
s

a
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

w
it

h
∂
0
N

=
f

−
1
({

a
,b

})
a
n
d

∂
1
N

=
∂
1
M

∩
N

.
If

[a
,b

]
d
o
es

n
o
t

co
n
ta

in
a
n
y

cr
it

ic
a
l
va

lu
e

o
f
f
,

th
en

f
−

1
([
a
,b

])
is

d
iff

eo
m

o
rp

h
ic

to
th

e
cy

li
n
d
er

f
−

1
({

a
})

×
[0

,1
].

T
h
e

fo
ll
ow

in
g

p
ro

p
o
si

ti
o
n

cl
a
ss

ifi
es

in
te

rm
s

o
f
M

o
rs

e
d
a
ta

th
e

n
o
n
-d

eg
en

er
a
te

cr
it

ic
a
l
p
o
in

ts
th

a
t

ca
n

o
cc

u
r

o
n

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s.

P
ro

p
o
si

ti
o
n

3
.8

.
L
et

M
∈

2
C

o
b

e
x
t
["n

,
"m

]
b
e

a
co

n
n
ec

te
d

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

a
n
d

f
:
M

→
a

sp
ec

ia
l
M

o
rs

e
fu

n
ct

io
n

su
ch

th
a
t

f
h
a
s

p
re

ci
se

ly
o
n
e

cr
it

ic
a
l
p
o
in

t.
T

h
en

M
is

eq
u
iv

a
le

n
t

to
o
n
e

o
f
th

e
fo

ll
ow

in
g

o
p
en
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lo

se
d

co
b
o
rd

is
m

s:

µ
A

∆
A
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µ
C

∆
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ı
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5
)

o
r
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o
n
e

o
f
th

e
co

m
p
o
si

ti
o
n
s

.
(3

.2
6
)

A
ll

th
es

e
d
ia

g
ra

m
s

sh
ow

o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
em

b
ed

d
ed

in
3

a
n
d

a
re

d
ra

w
n

in
su

ch
a

w
ay

th
a
t

th
e

v
er

ti
ca

l
a
x
is

o
f
th

e
d
ra

w
in

g
p
la

n
e

is
−

f
.

T
h
e

so
u
rc

e
is

a
t

th
e

to
p
,
a
n
d

th
e

ta
rg

et
a
t

th
e

b
o
tt

o
m

o
f
th

e
d
ia

g
ra

m
.

1
8〉

: H⊗H −→ H is associative, commutative, unital:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 21

1. The object !n = (0), i.e. the circle C!n = S1, forms a commutative Frobenius algebra object.

∼= ∼= ∼= (3.33)

∼= ∼= ∼= (3.34)

∼= ∼= (3.35)

∼= (3.36)

2. The object !n = (1), i.e. the interval C!n = I, forms a symmetric Frobenius algebra object.

∼= ∼= ∼= (3.37)

∼= ∼= ∼= (3.38)

∼= ∼= (3.39)

∼= (3.40)

3. The ‘zipper’ forms an algebra homomorphism:

∼= ∼= (3.41)

4. This relation describes the ‘knowledge’ about the centre, c.f. (2.12):

∼= (3.42)
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symmetric pairing

〈

3
T

H
E

C
A
T

E
G

O
R
Y

O
F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

2
2

5
.

T
h
e

‘c
o
zi

p
p
er

’
is

d
u
a
l
to

th
e

zi
p
p
er

:

∼ =
(3

.4
3
)

6
.

T
h
e

C
a
rd

y
co

n
d
it

io
n
:

∼ =
(3

.4
4
)

P
ro

o
f.

It
ca

n
b
e

sh
ow

in
a

d
ir

ec
t

co
m

p
u
ta

ti
o
n

th
a
t

th
e

d
ep

ic
te

d
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
a
re

eq
u
iv

a
le

n
t.

W
ri

ti
n
g

o
u
t

th
is

p
ro

o
f
w

o
u
ld

b
e

tr
em

en
d
o
u
sl

y
la

b
o
ri

o
u
s,

b
u
t

o
f

ra
th

er
li
tt

le
in

si
g
h
t.

F
o
r

th
e

C
a
rd

y
co

n
d
it

io
n

(3
.4

4)
,
th

e
ri

g
h
t

h
a
n
d

si
d
e

is
m

o
st

n
at

u
ra

ll
y

d
ep

ic
te

d
a
s:

(3
.4

5
)

3
.5

C
o
n
se

q
u
e
n
c
e
s

o
f
re

la
ti

o
n
s

In
th

is
se

ct
io

n
,

w
e

co
ll
ec

t
so

m
e

a
d
d
it

io
n
a
l

d
iff

eo
m

o
rp

h
is

m
s

th
a
t

ca
n

b
e

co
n
st

ru
ct

ed
fr

o
m

th
e

d
iff

eo
m

o
rp

h
is

m
s

in
P

ro
p
o
si

ti
o
n

3
.1

0.
T
o

si
m

p
li
fy

th
e

d
ia

g
ra

m
s,

w
e

d
efi

n
e:

:=
:=

(3
.4

6
)

T
h
es

e
o
p
en

-c
lo

se
d

co
b
o
rd

is
m

s
w

h
ic

h
w

e
so

m
et

im
es

ca
ll

th
e

o
p
en

p
a
ir

in
g

a
n
d

o
p
en

co
p
a
ir

in
g
,

re
sp

ec
ti

v
el

y,
sa

ti
sf

y
th

e
zi

g
-z

a
g

id
en

ti
ti

es
:

∼ =
∼ =

(3
.4

7
)

T
h
is

fo
ll
ow

s
d
ir

ec
tl

y
fr

o
m

th
e

F
ro

b
en

iu
s

re
la

ti
o
n
s,

th
e

le
ft

a
n
d

ri
g
h
t

u
n
it

la
w

s,
a
n
d

th
e

le
ft

a
n
d

ri
g
h
t

co
u
n
it

la
w

s.
F
ro

m
E

q
u
a
ti

o
n
s

(3
.4

0)
a
n
d

(3
.3

7)
,
th

e
p
a
ir
in

g
ca

n
b
e

sh
ow

n
to

b
e

sy
m

m
et

ri
c

a
n
d

in
va

ri
a
n
t,

∼ =
∼ =

(3
.4

8
)

a
n
d

th
e

sa
m

e
h
o
ld

s
fo

r
th

e
co

p
a
ir

in
g
.

S
im

il
a
rl

y,
w

e
d
efi

n
e

th
e

cl
o
se

d
p
a
ir

in
g

a
n
d

th
e

cl
o
se

d
co

p
a
ir

in
g
:

:=
:=

(3
.4

9
)

2
2〉

: H⊗H −→ C

is nondegenerate:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 23

These also satisfy the zig-zag identities,

∼= ∼= (3.50)

and the closed pairing is symmetric and invariant,

∼= ∼= (3.51)

A similar result holds for the closed copairing.

Proposition 3.11. The following open-closed cobordisms are equivalent:

∼= (3.52)

∼= (3.53)

∼= (3.54)

∼= (3.55)

Proof. Equation (3.52) is just a restatement of the second axiom in Equation (3.43). The proof
of Equation (3.53) is as follows:

∼=
(3.36)

∼=
Nat

∼=
(3.43)

∼=
Nat

∼=
(3.40)

(3.56)

By ‘Nat’ we have denoted the obvious diffeomorphisms which, algebraically speaking, express the
naturality of the symmetric braiding. The proof of Equation (3.54) is as follows:

∼=
(3.50)

∼=
(3.53)

∼=
(3.47) (3.57)

We leave the proof of Equation (3.55) as an exercise for the reader.

Proposition 3.12. The following open-closed cobordisms are equivalent:

∼= ∼= (3.58)

23



Closed topological field theory

Theorem.
Closed TFT 〈−〉 ⇐⇒ commutative Frobenius algebra H = 〈S1〉.〈
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T

H
E
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T

E
G

O
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F

O
P

E
N

-C
L
O

S
E

D
C

O
B

O
R

D
IS

M
S

1
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N
o
te

th
a
t

df
p
:
T

p
M

→
is

li
n
ea

r
a
n
d

th
er

ef
o
re

m
a
p
s

co
n
es

to
co

n
es

,
a
n
d

so
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,

−
,
o
r

.
If

p
∈

M
is

a
cr

it
ic

a
l
p
o
in

t,
th

en
df

p
(C

p
M

)
is

ei
th

er
{0

},
+
,
o
r

−
.
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p

∈
M

\∂
M

,
th

en
C

p
M

=
T

p
M

,
a
n
d

so
p

is
cr

it
ic

a
l
if

a
n
d

o
n
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if
df

p
=

0
.
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p

∈
∂
M

,
c(

p
)

=
1
,

a
n
d

p
is

cr
it

ic
a
l,

th
en

th
e

re
st

ri
ct

io
n

o
f
f

to
∂
M

h
a
s

va
n
is

h
in

g
d
er

iv
a
ti

v
e,

i.
e.

d
(f

| ∂M
) p

=
0
.

D
e
fi
n
it

io
n

3
.6

.
L
et

M
b
e

a
m

a
n
if
o
ld

w
it

h
co

rn
er

s
a
n
d

f
:
M

→
b
e

a
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o
o
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fu
n
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io
n
.

1
.

A
cr

it
ic

a
l
p
o
in

t
p

∈
M

o
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f
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ed

n
o
n
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er
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e
H
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f
a
t

p
,
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st
ri

ct
ed

to
th

e
k
er

n
el

o
f
df

p
,
h
a
s

fu
ll

ra
n
k
,
i.
e.

if

d
et

H
es

s p
(f

)| k
e
r
df

p
⊗

k
e
r
df

p
#=

0
.

(3
.2

4
)

2
.

T
h
e

fu
n
ct

io
n

f
is

ca
ll
ed

a
M

o
rs

e
fu

n
ct

io
n

if
a
ll

it
s

cr
it

ic
a
l
p
o
in

t
a
re

n
o
n
-d

eg
en

er
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te

.

N
o
te

th
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t
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p

∈
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\∂
M

,
th
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o
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er
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s

u
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a
l.
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p

∈
∂
M

,
c(

p
)

=
1
,
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d
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o
n
-d

eg
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er
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te

cr
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a
l
p
o
in

t,
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en
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-d

eg
en

er
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.
A

ll
n
o
n
-d

eg
en

er
a
te

cr
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p
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d

co
b
o
rd

is
m

s,
w

e
n
ee

d
a

sp
ec

ia
l
so

rt
o
f
M

o
rs

e
fu

n
ct

io
n
s

th
a
t

a
re

co
m

p
a
ti

b
le

w
it

h
th

e
g
lo

b
a
l
st

ru
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u
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b
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D
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n
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3
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.
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∈

2
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o
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e
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]
b
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o
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b
o
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H
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p
p
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d
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p
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a
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A
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n
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M
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h
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f
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⊆
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2
.
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a
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∈
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a
n
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)
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∈
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.

3
.

N
ei
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C
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n
o
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C
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n
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a
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a
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.
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.
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.
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,
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]
b
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p
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:
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p
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a
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t.
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h
en

M
is
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1
8〉

: H⊗H −→ H is associative, commutative, unital:

3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 21

1. The object !n = (0), i.e. the circle C!n = S1, forms a commutative Frobenius algebra object.

∼= ∼= ∼= (3.33)

∼= ∼= ∼= (3.34)

∼= ∼= (3.35)

∼= (3.36)

2. The object !n = (1), i.e. the interval C!n = I, forms a symmetric Frobenius algebra object.

∼= ∼= ∼= (3.37)

∼= ∼= ∼= (3.38)

∼= ∼= (3.39)

∼= (3.40)

3. The ‘zipper’ forms an algebra homomorphism:

∼= ∼= (3.41)

4. This relation describes the ‘knowledge’ about the centre, c.f. (2.12):

∼= (3.42)
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: H⊗H −→ C is nondegenerate:
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These also satisfy the zig-zag identities,

∼= ∼= (3.50)

and the closed pairing is symmetric and invariant,

∼= ∼= (3.51)

A similar result holds for the closed copairing.

Proposition 3.11. The following open-closed cobordisms are equivalent:

∼= (3.52)

∼= (3.53)

∼= (3.54)

∼= (3.55)

Proof. Equation (3.52) is just a restatement of the second axiom in Equation (3.43). The proof
of Equation (3.53) is as follows:

∼=
(3.36)

∼=
Nat

∼=
(3.43)

∼=
Nat

∼=
(3.40)

(3.56)

By ‘Nat’ we have denoted the obvious diffeomorphisms which, algebraically speaking, express the
naturality of the symmetric braiding. The proof of Equation (3.54) is as follows:

∼=
(3.50)

∼=
(3.53)

∼=
(3.47) (3.57)

We leave the proof of Equation (3.55) as an exercise for the reader.

Proposition 3.12. The following open-closed cobordisms are equivalent:

∼= ∼= (3.58)
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Closed topological field theory

Theorem.
Closed TFT 〈−〉 ⇐⇒ commutative Frobenius algebra H = 〈S1〉.

Examples.

B-twisted sigma models: Let X be Kähler manifold.

H = H∂̄(X) , (α, β) 7−→
∫
X

Ω ∧ α ∧ β

B-twisted Landau-Ginzburg models: Let W ∈ C[x1, . . . , xn].

H = C[x1, . . . , xn]/(∂W ) , (f, g) 7−→ Res

[
fg dx

∂x1W . . . ∂xnW

]
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Topological field theory with defects

A TFT with defects is a map

〈−〉 : Borddef(D2,D1) −→ Vect

Borddef(D2,D1) = “multi-phase worldsheets with defects”
D2 = set of bulk theories a1, a2, . . .
D1 = set of defect conditions X1, X2, . . .

objects: circles with points labelled by D1, segments labelled by D2

morphisms: bordisms with (isotopy classes of) lines labelled by D1,
phases labelled by D2

X1

X2

X3

a1

a2

a3

φin

φin

φout

O′
1
−

O+
1

O+
2

Figure 7: A world-sheet with defect lines from (O1, O2) to (O′
1). The shaded regions of the

annuli indicate the subsets O+
1 , O+

2 and O′
1
−. The maps φin and φout are defined in the

shaded regions and map the solid circle |z| = 1 to the boundary of the world-sheet.

which preserves the orientation, the boundaries, and the one-dimensional submanifolds
with their orientation.

(W.iv) φout is a smooth injective isometry from the disjoint union O′
1
− ! O′

2
− ! · · · ! O′

n
−

to W with the same properties as in (W.iii).

We refer to the boundary components of W in the image of φin as in-going, and to those in
the image of φout as out-going. A defect line is a connected component of L. Note that φin

induces a numbering of the in-going boundary components by assigning the number k to the
component which lies in φin(O

+
k ). Similarly, out-going boundary components are numbered

by φout.

Given world-sheets O(k)
Σ1−→ O′

(l) and O′
(l)

Σ2−→ O′′
(m), we can obtain the glued world-sheet

Σ2 ◦ Σ1 by identifying the boundaries parameterised by O′
(l). The fact that we work with

annuli and arcs instead of just circles and marked points ensures that the gluing results again
in a smooth manifold with a smooth metric, and a smooth submanifold.

Two world-sheets with defect lines are equivalent if there is a smooth orientation-preserving
isometry between them that is compatible with the parameterisations φin/out and preserves
the one-dimensional submanifolds with their orientation.

We can now describe the category WD . The objects6 of WD are ordered lists O(m).
The morphisms from O(m) to O′

(n) are equivalence classes [Σ] of world-sheets from O(m)

to O′
(n), and, if m = n, all π ∈ Sm (the group of permutations of m objects) for which

Oi = O′
π(i) , i = 1, 2, . . . , m. The permutations account for the freedom to choose a different

numbering of the boundary components of a world-sheet Σ. The four possible compositions
are defined as follows:

O(k)
[Σ1]−→ O′

(l)

[Σ2]−→ O′′
(m) is the equivalence class of the glued world-sheet [Σ2 ◦ Σ1];

O(k)
π−→ O′

(k)

[Σ2]−→ O′′
(m) is defined by precomposing the parameterisation φin with π;

6We should really define the objects to be germs of annuli with arcs because we can always restrict an
annulus O = (r,σ, L) to one with a smaller radius r′ < r, and this should not affect the amplitude of the
QFT. We have avoided this point to make the exposition less technical.
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2d TFTs with defects

Value of correlators only depends on isotopy class of defect lines:〈 〉
=

〈 〉

Defect fusion gives product, unit = “invisible” defect I〈
X Y

〉
=

〈
X ⊗ Y

〉 〈
I X

〉
=

〈
X

〉

Operator product of fields, unit = identity field〈
ψ

ϕ

〉
=

〈
ψϕ

〉
=

〈
1

ψϕ

〉
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Bicategories (pretty easy too)

Definition. A bicategory B has
theories
objects a, b, . . .

categories B(a, b) of
defects

1-morphism X,Y, . . . and
fields

2-morphisms φ, ψ, . . .
fusion

functors ⊗ : B(b, c)× B(a, b) −→ B(a, c)
invisible defects

units Ia ∈ B(a, a) and for X ∈ B(a, b) natural isomorphisms
Ib ⊗X ∼= X , X ⊗ Ia ∼= X , (X ⊗ Y )⊗ Z ∼= X ⊗ (Y ⊗ Z)
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Defect bicategories

Theorem.
Every TFT with defects gives rise to a bicategory “with extra structure”.

Open problem.
What extra structure gives equivalent description?

Attitude.
Some structure known. Study consequences!

Examples of bicategories:

WZW models: bundle gerbes

A-models: symplectic manifolds, Lagrangian correspondences

B-models: varieties, Fourier-Mukai kernels

Landau-Ginzburg models: potentials, matrix factorisations

categories, functors, natural transformations

algebras, bimodules, bimodule maps

Davydov/Kong/Runkel
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Generalised orbifolds

Main result. Let X ∈ B(a, b) have invertible
???

dim(X), set A = X† ⊗X.

Everything about theory b can be recovered from defect A.
Think of A as ‘generalised symmetry’, replacing orbifold group.

Idea. Introducing X-bubbles in b-correlator is scaling by dim(X).
Blowing up all X-bubbles produces a-correlator with A-defect network.

〈
b

〉
∼
〈

b

aX

〉

=

〈 〉
=

〈
a

A

〉

Carqueville/Runkel 2012
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Duality and adjunctions



Bicategories

Definition. A bicategory B has
theories
objects a, b, . . .

categories B(a, b) of
defects

1-morphism X,Y, . . . and
fields

2-morphisms φ, ψ, . . .
fusion

functors ⊗ : B(b, c)× B(a, b) −→ B(a, c)
invisible defects

units Ia ∈ B(a, a) and for X ∈ B(a, b) natural isomorphisms
Ib ⊗X ∼= X , X ⊗ Ia ∼= X , (X ⊗ Y )⊗ Z ∼= X ⊗ (Y ⊗ Z)

φ

X

X ′

b a

theories defects fields

XY

c b a

invisible defect Ib

=

Y ⊗X

c a

fusion



Diagrammatics in bicategories
X

X

= 1X

Y

X

ϕ = ϕ : X −→ Y

Z

X

ψ

ϕ
= ψϕ

Y

X

Y ′

X ′

ϕ ϕ′ = ϕ⊗ϕ′

X Y

φ

Z

= φ : X ⊗ Y −→ Z

X

X I

ρX

X

XI

λX

Always read diagrams from bottom to top and from right to left.

Orientation matters:

X

X

b a

X†

X†

a
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Orientation and adjoints

X† X

I

= evX : X†⊗X −→ I
X†X

I

= coevX : I −→ X⊗X†

Definition. A bicategory has adjoints if for each 1-morphism X there is
a 1-morphism X† with 2-morphisms evX , coevX such that the above
Zorro moves hold.
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Topological Landau-Ginzburg models

theories: potentials W ∈ C[x1, . . . , xn]

defects between W ∈ C[x] and V ∈ C[z]: matrix factorisations of
V −W , i. e. C[x, z]-modules X with

dX =

(
0 d1

X

d0
X 0

)
∈ End(X) , d2

X = (V −W ) · 1X

fields between X and Y : BRST cohomology of

Hom(X,Y ) 3 ψ 7−→ dY ψ − (−1)|ψ|ψdX
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Topological Landau-Ginzburg models

defect fusion: Y ⊗X, dY⊗X = dY ⊗ 1 + 1⊗ dX

invisible defect:

IW = C[x, y]⊕2 , dIW =

(
0 x− y

W (x)−W (y)
x−y 0

)
for n = 1, in general:

IW =
∧( n⊕

i=1

C[x, y] ·θi
)
, dIW =

n∑
i=1

(
(xi−yi) ·θ∗i +∂[i]W ·θi

)
Fact. End(IW ) ∼= C[x]/(∂W ) = bulk space

X

XI

λX : I ⊗X // // C[x, y]⊗X mult. // X ,

X

X I

ρX : X ⊗ I // X

operator product: matrix multiplication

Brunner/Roggenkamp 2007
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First main result

Theorem. The bicategory LG of Landau-Ginzburg models has adjoints.

Let W ∈ k[x1, . . . , xn], V ∈ k[z1, . . . , zm], X matrix fact. of V −W :

X

V W

X†

W V X† = X∨[m] dX† =

(
0 (d0

X)T

−(d1
X)T 0

)
[m]

X†X
: θ1 . . . θr 7−→ =

∑
i,j

{
∂[r+1]dX . . . ∂[n]dX

}
ji
ei ⊗ e∗j

X† X

: e∗i ⊗ ej 7−→
∑
l>0

a1<···<al

Res

[{
∂z1dX . . . ∂zmdX ∂[a1]dX . . . ∂[al]dX

}
ij

dz

∂z1V . . . ∂zmV

]

· θa1 . . . θal

Proof : homological perturbation, associative Atiyah classes

Carqueville/Murfet 2012, see also Brunner/Roggenkamp/Rossi 2009, Carqueville/Runkel 2010
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Applications

Theorem. The Cardy condition holds in LG

: for matrix factorisations
X,Y of W and maps Φ : X −→ X, Ψ : Y −→ Y we have

str
(

ΨmΦ

)
= Res

[
str
(
Φ ∂1dX . . . ∂ndX

)
str
(
Ψ ∂1dY . . . ∂ndY

)
dx

∂1W . . . ∂nW

]

where ΨmΦ sends α : X −→ Y to ΨαΦ.

Proof:

Polishchuk/Vaintrob 2010, Carqueville/Murfet 2012
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Generalised orbifolds

Main result. Let X ∈ B(a, b) have invertible dim(X), set A = X† ⊗X.
Everything about theory b can be recovered from defect A.
Think of A as ‘generalised symmetry’, replacing orbifold group.

Idea. Introducing X-bubbles in b-correlator is scaling by dim(X).
Blowing up all X-bubbles produces a-correlator with A-defect network.

〈
b

〉
∼
〈

b

aX

〉

=

〈 〉
=

〈
a

A

〉

Carqueville/Runkel 2012



Generalised orbifolds

Let B be pivotal bicategory with adjoints. Orbifold completion Borb

:

objects: pairs (a,A) with a ∈ B and A ∈ B(a, a) separable symmetric
Frobenius algebra:

: A⊗A −→ A : I −→ A = = =

= = = =

1-morphisms: X ∈ B(a, b) that are bimodules

X

X

= = =

horizontal composition: tensor product over algebra, I(a,A) = A

2-morphisms: φ ∈ Hom(X,Y ) that are bimodule maps

Carqueville/Runkel 2012, Fröhlich/Fuchs/Runkel/Schweigert 2009, (Fjelstad/Fröhlich/)Fuchs/Runkel/Schweigert 200x



Generalised orbifolds

Let B be pivotal bicategory with adjoints. Orbifold completion Borb:

objects: pairs (a,A) with a ∈ B and A ∈ B(a, a) separable symmetric
Frobenius algebra:

: A⊗A −→ A : I −→ A

= = =

= = = =

1-morphisms: X ∈ B(a, b) that are bimodules

X

X

= = =

horizontal composition: tensor product over algebra, I(a,A) = A

2-morphisms: φ ∈ Hom(X,Y ) that are bimodule maps

Carqueville/Runkel 2012, Fröhlich/Fuchs/Runkel/Schweigert 2009, (Fjelstad/Fröhlich/)Fuchs/Runkel/Schweigert 200x
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Generalised orbifolds

Let B be pivotal bicategory with adjoints. Orbifold completion Borb:

objects: pairs (a,A) with a ∈ B and A ∈ B(a, a) separable symmetric
Frobenius algebra:

: A⊗A −→ A : I −→ A = = =

= = = =

1-morphisms: X ∈ B(a, b) that are bimodules

X

X

= =

=

horizontal composition: tensor product over algebra, I(a,A) = A

2-morphisms: φ ∈ Hom(X,Y ) that are bimodule maps
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Frobenius algebra:

: A⊗A −→ A : I −→ A = = =

= = = =

1-morphisms: X ∈ B(a, b) that are bimodules

X

X

= = =

horizontal composition: tensor product over algebra, I(a,A) = A

2-morphisms: φ ∈ Hom(X,Y ) that are bimodule maps
Carqueville/Runkel 2012, Fröhlich/Fuchs/Runkel/Schweigert 2009, (Fjelstad/Fröhlich/)Fuchs/Runkel/Schweigert 200x



Generalised orbifolds

Theorem.

B ⊂ Borb

∼= (Borb)orb

If orbifold group G acts on B(a, b), then with AG =
⊕

g∈G(Ia)g:

B(a, b)G ∼= Borb

(
(a,AG), (b, BG)

)
Theorem.
A = X† ⊗X is symmetric Frobenius for any X ∈ B(a, b).

If dim(X) is invertible (easy to check for B = LG) then:

A = X† ⊗X is a also separable.

X ⊗A X† ∼= Ib.

X and X† mutually inverse in Borb, so X : (a,A) ∼= (b, Ib) : X†

Holds for any pivotal bicategory B, e. g. also for B-models – expect
generalisation of homological mirror symmetry!

Carqueville/Runkel 2012
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Generalised orbifolds: Landau-Ginzburg examples

“ordinary” orbifolds: for finite symmetry group G of W we have

hmf(W )G = LG(0,W )G ∼= mod
(⊕
g∈G

Ig

)

with or without discrete torsion, Serre functor, Cardy condition. . .

Z2-orbifold between A- and D-type simple singularities:

X =

(
0 xd−u2d

x−u2 − y2

x− u2 0

)
⊗
(

0 z + uy

z − uy 0

)

is 1-morphism between WA = u2d and WD = xd − xy2 + z2 with
dim(X) = 1 ⇒ hmf(WD) ∼= mod(X† ⊗X)

similar equivalences expected e. g. between A- and E-type, and for
Calabi-Yau compactifications

Task. Classify all defects with invertible quantum dimensions!

Carqueville/Runkel 2012, see also Ashok/Dell’Aquila/Diaconescu 2004, Brunner/Roggenkamp 2007
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Equivariant completion
and supersymmetry



Generalised orbifolds

Theorem. (B〈−〉)orb
∼= B〈−〉orb

. In other words,
symmetric separable Frobenius algebras ⇐⇒ Pachner moves:

= = = = ⇐⇒ = =

What if the algebra is not symmetric?

Lemma. A is symmetric iff its Nakayama automorphism

γA = γ−1
A =

is the identity.

Carqueville/Runkel 2012
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Generalised orbifolds

Fix bicategory with adjoints B. Orbifold completion Borb:

objects: pairs (a,A) with a ∈ B and A ∈ B(a, a) symmetric separable
Frobenius algebra:

: A⊗A −→ A : Ia −→ A = = =

= = = =

1-morphisms: X ∈ B(a, b) that are bimodules

X

X

= = =

horizontal composition: tensor product over algebra, I(a,A) = A

2-morphisms: φ ∈ Hom(X,Y ) that are bimodule maps
Carqueville/Runkel 2012, Fröhlich/Fuchs/Runkel/Schweigert 2009, (Fjelstad/Fröhlich/)Fuchs/Runkel/Schweigert 200x



Generalised orbifolds

Fix bicategory with adjoints B. Orbifold Equivariant completion Beq:

objects: pairs (a,A) with a ∈ B and A ∈ B(a, a) symmetric separable
Frobenius algebra:

: A⊗A −→ A : Ia −→ A = = =

= = = =

1-morphisms: X ∈ B(a, b) that are bimodules

X

X

= = =

horizontal composition: tensor product over algebra, I(a,A) = A

2-morphisms: φ ∈ Hom(X,Y ) that are bimodule maps
Carqueville/Runkel 2012, Fröhlich/Fuchs/Runkel/Schweigert 2009, (Fjelstad/Fröhlich/)Fuchs/Runkel/Schweigert 200x



“NS” and “R” sectors

Motivation. IR fixed points of Landau-Ginzburg models have equivalence
{ RR ground states } ∼= { (c,c) fields }

, but not necessarily their orbifolds.

Let (a,A) ∈ Beq. Consider C-algebra Hom(Ia, A) with

α · β =
α β

〈
α, β

〉
(a,A)

=

〈
α β

〉
a

Two ways to “wrap A around α” give projectors

π
(c,c)
A : α 7−→ α πRR

A : α 7−→
α

For ordinary LG orbifolds (A = AG) their images recover (c,c) fields and
RR ground states!

Brunner/Carqueville/Plencner 2013
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“NS” and “R” sectors

Theorem. π
(c,c)
A and πRR

A compute Hochschild (co)homology:

im(π
(c,c)
A ) ∼= HH•(A) = HomAA(A,A)

im(πRR
A ) ∼= HH•(A) = HomAA(S−1

AA, A)

HH•(A) is a module over HH•(A) and has a nondegenerate pairing.
HH•(A) = HH•(A) if A is symmetric (Calabi-Yau condition).

Question. What if B “is” not supersymmetric?

Relation between the projectors: πRR
A (α) =

α

=
α

γA

So HH•(A) and HH•(A) are the special cases n = 0 and n = 1 of

HnA = im

(
α
7−→

α
γnA

)
n ∈ Z

Brunner/Carqueville/Plencner 2013
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Many sectors

HnA = im

(
α
7−→

α
γnA

)

wants to be the image of framed circle S1
n under extended 2d TFT

Bordfr
2,1,0 −→ Beq

Evidence: HmA ×HnA −→ Hm+n
A as

[m] [n]
=

[m+ n]

Brunner/Carqueville/Plencner 2013
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Conclusions

“2d TFT with defects = bicategory + x”

Theorem. The bicategory of Landau-Ginzburg models has adjoints.

conceptual construction, yet very “computable”

encode all open/closed TFT data (and more!)

easy proof of Hirzebruch-Riemann-Roch theorem for LG models

Generalised orbifolds

natural description of conventional orbifolds

information about NS and R sectors via defects; extended TFT

give rise to new equivalences

Outlook.

more generalised orbifolds
generalisation of homological mirror symmetry
refined link invariants: compute so(2n) from sl(n)
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