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①　IntroducYon

The AdS/CFT offers us many useful examples of holographic  
duals of conformal field theories. 

                                     (d+1) dim. CFTs 

QuesYon: Can we generalize this duality to other scale invariant      
                   theories ? 



RelaYvisYc Scale invariance: 

Non‐relaYvisYc Scale invariance: 

We expect that the dual geometry looks like 

                                                                                          [Kachru‐Liu‐Mulligan 08’] 

   Comment:  Here we do not require the Galilean invariance. 

                                        [cf.  Son 08’,   Balasubramanian‐McGreevy 08’] 



A typical example of such an anisotropic scale invariance is  

known as the Lifshitz point. 

MulY‐criYcal point  

Lifshitz point        [Hornreich‐Luban‐Shtrikman 1975’] 



Lifshitz points appear magneYc spin systems, typically when  

the following two interacYons compete: 
  Nearest neighbor ferro interacYon  (isotropic)  

+  Next nearest neighbor an.‐ferro interacYon (anisotropic). 

              The modulaYon wave vector q begins to be non‐vanishing. 

                                                                 [RealisYc examples:   

                                                                    MnP, organic crystals, alloy] 

                                                                     Lifshitz point 

Anisotropy (Pressure etc.)

T

Ferro 
q=0

Disordered Helicoidal 
q≠0



Classical Lifshitz model 

Quantum Lifshitz model 

This theory is known to have the remarkable property: 

Free field theory with z=2 
In interacYng theories,  
quantum correcYons lead  
to different values of z. 



Gravity Duals ? 

Kachru et.al.  showed that this background can be a soluYon to a  

five dim. Einstein gravity coupled to 2‐ and 3‐form gauge field.  

However, to understand microscopic holographic dual theories,  

we need string theory embeddings. 

Actually, no embeddings of such 5D theory have been known…. 



Ex.    AdS4×CP3  (→ dual to 3D N=6 Chern‐Simons ABJM theory) 
This is the most clear model where all moduli are stabilized  
within type IIA supergravity and thus is desirable for us. 

KLM ansatz:    

→ However, we only find unphysical soluYons like  
               z=‐4 and imaginary valued H‐flux.  

 May be Any No‐go theorem ?  [Li‐Nishioka‐TT work in progress] 



In this talk, we will take a different ansatz to obtain  

string theory embedding of anisotropic scale invariant metric. 

In parYcular, we will realize soluYons with  
                             z=3/2, p=2 and d=3  

 in type IIB supergravity,  which are dual to D3‐D7 systems. 



② D3‐D7 and  Pure Chern‐Simons Gauge Theory  
                                                                                            [Fujita‐Li‐Ryu‐TT 09’] 　 

      What is the holographic dual of pure Chern‐Simons theory ?

Remember  the well‐known correspondence:  

    AdS5 Soliton ×S5   　             CompacYfied  4D N=4 SYM 

                                                           →  3D pure Yang‐Mills 
                                                                                               [Wiqen 98’] 



If we add the Chern‐Simons term to the pure YM, it becomes  
U(N) Yang‐Mills‐Chern‐Simons theory.   

                In the low‐energy limit  (i.e. IR limit), this theory is  
                reduced to pure U(N) Chern‐Simons theory !   



The Chern‐Simons term is dual to the RR 1‐form flux  

because  

This k units flux is sourced by k D7‐branes.  



Therefore we find the dual background: 

              UV                                                         IR

r
r=r0

k  D7‐branes

N D3‐branes 

r=0

AdS5 Soliton



The AdS/CFT applied to this setup claims  

                   AdS‐Side            =         CFT(QFT)‐side  

     Gravity on AdS5 Soliton     =   U(N)k  Yang‐Mills‐Chern‐Simons 

            + k D7‐branes  

    Pure U(k)N  Chern‐Simons     =       Pure U(N)k  Chern‐Simons  

                                                                Level‐Rank duality 

Low energy limit



③  New Supergravity SoluYons for D3‐D7 Systems  
It is interesYng to construct back‐reacted type II supergravity 

soluYons to such D3‐D7 systems. 

For this purpose, we assume the following ansatz: 

Any Einstein Manifold



                 EquaYons of moYon look like 



To solve EOMs, we assume that a(r),b(r),h(r),c(r) and φ(r) are all  

proporYonal to log r.  (``Scaling ansatz’’)    

Then we obtain the scaling soluYons: 

NoYce:   





Moreover, our soluYons allow the black brane generalizaYon: 

The temperature and entropy become 

(1+1+2/3) dim. space → Agree with [w]=2/3 !



④ String Theory Duals of Lifshitz‐like Fixed Points
We obtained type IIB soluYons whose Einstein metrics possess 

the anisotropic scale invariance. 

Now we would like to interpret our soluYons from the viewpoint  
of the holography in string theory. 

Two Problems:   (i) The dilaton blows up in the limit r=∞ 
                             (ii) What is the holography in this case ? 

                                     Any relaYon to AdS5/CFT4 ?  

We can resolve these issues by construcYng RG flow from AdS5 !  



(4‐1) RG Flow from AdS5 

Let us require    



Then the equaYons of moYon are reduced to

Two fixed points: 
AdS5 and Scaling



Holographic RG flow

AdS5

Scaling

UV

IR



(4‐2) Holographic InterpretaYon 

In this way, we find the RG flow in AdS/CFT  

IR: Scaling Solu.on  
            z=3/2

UV: AdS5 z=1 

Dilaton

Strong coupled region  
is capped off !

r



When X5=S5, 
we start with the UV: N=4 Super Yang‐Mills.  Then we perform  
the relevant (`non‐local’) perturbaYon: 

                                                  Relevant perturbaYon which breaks 
                                                  Lorentz sym.  

                                                   EquaYons of moYon remain local ! 

The z=3/2 fixed point looks like an unstable fixed point, which 
crossovers with z=1 original fixed point. But by fine tuning, we  
can approach this fixed point as much as we want.                                                     



      (4‐3) Exact SoluYons with no D7‐branes                                                

     When the constraint vanishes β=0, we can somehow find  
   new analyYcal soluYons of IIB SUGRA: 



(4‐4) PerturbaYve Analysis 

We showed that the metric in the Einstein frame has the  

anisotropic scale invariance. However, this is not true in the  
string frame metric.  

Therefore we have to examine if physical quanYYes (e.g.  

correlaYon funcYons) can be computed from the Einstein  

frame metric. 

As we will see, indeed this is true for many perturbaYve modes. 
                                                              [We will follow  the famous analysis  

                                                                                     by Kim‐Romans‐Nieuwenhuizen 85’]



In the Einstein frame, (ignoring decoupled three form fluxes) 

the acYon simply looks like  

We expand the perturbaYons of metric and four form potenYal  

in terms of spherical harmonic on S5: 



We can show that the infinite towers of the perturbaYve modes 

saYsfy massive free equaYons of moYon in the Einstein frame  

metric. For example, 

                                                      Laplacian for the scaling metric 





⑤　Entanglement Entropy

When we need to analyze a quantum many‐body system 

whose definiYon and property are not well understood, 
the entanglement entropy is very useful. 



The Lifshitz‐like fixed points are also interesYng from the  

viewpoint of entanglement entropy, which has a simple  
holographic  descrip4on.  

Usually, in relaYvisYc (d+1) dim. QFTs,  we have the area law, 

This scaling of the leading term will be changed due to the  
anisotropic scale invariance.   

              It is an alternaYve of correlaYon funcYons, which  
              require more complicated calculaYons.                                                                



The entanglement entropy measures: 

(i)  Non‐local CorrelaYons  (like Wilson loops)  

(ii)  The degrees of freedom (non‐vanishing even at zero temp.) 

(iii)  The missing informaYon hidden inside the subsystem  
                     Sounds like black hole entropy ? 

                      GravitaYonal origin ? 

                       Indeed, it has a simple holographic descripYon !         



Holographic ComputaYon of EE    
 [Ryu‐TT  06’,     Recent Review:   Nishioka‐Ryu‐TT  0905.0932] 

(1)  Divide the space N is into A and B.  

(2)  Extend their boundary       to the enYre AdS space.  
      This defines a d dimensional surface.   

(3)  Pick up a minimal area surface and call this      .  

(5)  The E.E. is given by naively applying the  
       Bekenstein‐Hawking formula as if       were an event horizon.  



                     [DerivaYon from Bulk to Boundary relaYon: Fursaev 06’]

(d+1) dim. 
    QFT



Holographic EE in D3‐D7 scaling soluYon 

(5‐1)  Case 1:  x‐Interval 

            B        A 

  In the end, we obtain 

 y,w
 lx

x

[w]=2/3,  [x]=[y]=1



(5‐2)  Case 2: w‐Interval 

            B        A 

  In the end, we obtain 

 x,y
 lw

w

   w

[w]=2/3,  [x]=[y]=1



⑥ Shear and Bulk Viscosity

Finally, we would like to calculate another interesYng quanYty  

i.e. viscosity of the `Lifshitz’ fluid at finite temperature. 
                            [We follow the approach by  Kovtun‐Starinets 05’, Mas‐Tarrio 07’] 

StarYng from the ten dim. IIB supergravity we define 
the 5D metric perturbaYon by a Weyl‐shiw  

We only consider perturbaYons which are independent of w 
and thus we assume the momentum only in y direcYon 



(6‐1) Shear Viscosity  

By taking into diff. invariance, a shear perturbaYon of the metric  
 is described by                                          . 

By solving EOMs assuming                                                                    , 

we finally obtain 

By comparing the quasi normal mode with the thermodynamics: 

We find the familiar result in our case                                                                    



(6‐2)  Bulk viscosity 

To calculate the bulk viscosity, we analyze the sound mode: 

Awer a bit complicated calculaYons, we find  

and obtain the dispersion relaYon of the quasi‐normal mode 



By comparing this with the standard formula 

Since in our case we have d=2 (i.e. compacYfying w direcYon), 

we find the sound velocity Cs and the bulk viscosity ζ : 

This saturates a conjectured bound  (by Buchel 08’) 



⑦ Conclusions

•  We find soluYons in type IIB supergravity whose Einstein 
frame metrics have a Lifshitz‐like anisotropic scale invariance. 

      The backgrounds should be dual to D3‐D7 systems. 

•  We constructed a holographic RG flow between the usual 
AdS5 and the anisotropic soluYon. The RG flow is triggered  

     by a non‐local theta term of Yang‐Mills theory. 

•  We calculate the thermal and entanglement entropy, which  
    shows the fracYonal scaling. 

•  We also computed the bulk and shear viscosity.



Future Problems  

•  Non‐relaYvisYc Lifshitz‐like soluYon ? 
  D3‐D5 systems with F‐string soruces lead to the z=7 soluYon  
                                                                               [Azeyanagi‐Nishioka‐TT unpublished 07’] 

•  Non‐dilatonic soluYons or No‐go theorem ? 
                                                                [Work in progress with Li and Nishioka] 

•  Stability ?   Supersymmetric SoluYons ? 


