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Abstract

We give a complete classification of intertwining operators (symmetry breaking
operators) between spherical principal series representations of G = O(n + 1,1)
and G’ = O(n,1). We construct three meromorphic families of the symmetry
breaking operators, and find their distribution kernels and their residues at all
poles explicitly. Symmetry breaking operators at exceptional discrete parameters
are thoroughly studied.

We obtain closed formulae for the functional equations which the composition of
the symmetry breaking operators with the Knapp—Stein intertwining operators of G
and G’ satisfy, and use them to determine the symmetry breaking operators between
irreducible composition factors of the spherical principal series representations of
G and G’. Some applications are included.

2010 Mathematics Subject Classification. Primary 22E46; Secondary 33C45, 53C35.
Key words and phrases. branching law, reductive Lie group, symmetry breaking, Lorentz
group, conformal geometry, Verma module, complementary series.
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CHAPTER 1

Introduction

A representation 7 of a group G defines a representation of a subgroup G’ by
restriction. In general irreducibility is not preserved by the restriction. If G is
compact then the restriction 7|gs is isomorphic to a direct sum of irreducible rep-
resentations 7' of G’ with multiplicities m (7, 7"). These multiplicities are studied
by using combinatorial techniques. If G’ is not compact and the representation 7
is infinite-dimensional, then generically the restriction 7| is not a direct sum of
irreducible representations [I6] and we have to consider another notion of multi-
plicity.

For a continuous representation 7 of G on a complete, locally convex topological
vector space H, the space H2° of C'*°-vectors of H, is naturally endowed with a
Fréchet topology, and (7, H,) gives rise to a continuous representation 7> of G on
H®. If H, is a Banach space, then the Fréchet representation (7°°, HS°) depends
only on the underlying (g, K)-module (H,)x. Given another continuous represen-
tation 7’ of the subgroup G’, we consider the space of continuous G'-intertwining
operators (symmetry breaking operators)

HomG/ (7I'OO|G/, (WI)OO).

The dimension m(7, 7") of this space yields important information of the restriction
of 7 to G’ and is called the multiplicity of © occurring in the restriction 7|g:. Notice
that the multiplicity m(m, ') makes sense for non-unitary representations 7 and
7', too. In general, m(m,n’) may be infinite. For detailed analysis on symmetry
breaking operators, we are interested in the case where m(m,n’) is finite. The
criterion in [25] asserts that the multiplicity m(w,7’) is finite for all irreducible
representations m of G and all irreducible representations 7’ of G’ if and only if
the minimal parabolic subgroup P’ of G’ has an open orbit on the real flag variety
G/P, and that the multiplicity is uniformly bounded with respect to m and 7’ if
and only if a Borel subgroup of G has an open orbit on the complex flag variety
of Gc.

The classification of reductive symmetric pairs (g, g’) satisfying the former con-
dition was recently accomplished in [20]. On the other hand, the latter condition
depends only on the complexified pairs (gc, g¢), for which the classification is much
simpler and was already known in 1970s by Kramer [28]. In particular, the multi-
plicity m(mw,#") is uniformly bounded if the Lie algebras (g,g’) of (G,G’) are real
forms of (sl(N +1,C), gl(N,C)) or (o(N +1,C),o(N,C)).

In this article we confine ourselves to the case

(1.1) (G,G")=(0(n+1,1),0(n,1)),

1



2 1. INTRODUCTION

and study thoroughly symmetry breaking operators between spherical principal
series representations for the groups G and G’. In particular, we determine the
multiplicities for their composition factors. Furthermore, we give a classification
of symmetry breaking operators I(\)* — J(v)> for any spherical principal series
representations I(\) and J(v), and find explicit formulae of distribution kernels of
its basis for every (\,v) € C2.

The techniques of this article are actually directed at the more general problems
of determining symmetry breaking operators between (degenerate) principal series
representations induced from parabolic subgroups P of G and P’ of G’ under the
geometric assumption that the double coset P’\G/P is a finite set. In the setting
(1), there are three (non-empty) closed P’-invariant subsets in G/P. Correspond-
ingly, we construct a family of (generically) regular symmetry breaking operators
A,\,y and two families of singular symmetry ones B A, and C -

The classification of symmetry breaking operators T is carried out through
an analysis of their distribution kernels Kp. We consider the system of partial
differential equations that K satisfies, and determine when an (obvious) local
solution along a P’-orbit extends to a global solution on the whole real flag variety
G/P. The important properties of these symmetry breaking operators are the
existence of the meromorphic continuation, and the functional equations that they
satisfy with the Knapp-Stein intertwining operators of G and G’. The residue
calculus of A&M, provides a third method to obtain Juhl’s conformally covariant
operators Cy,,, for the embedding S™~1 < §" (see @], [ for the two earlier
proofs, and [I8] for a heuristic argument for the method of this article).

To state our results more precisely, we realize G = O(n + 1,1) as the automor-
phism group of a quadratic form

i AR S e
and the subgroup G’ = O(n, 1) as the stabilizer of the basis vector
en ="10,---,0,1,0).

A spherical principal series representation I(A) of G is an (unnormalized) in-
duced representation from a character y, of a minimal parabolic subgroup P for
A € C. In what follows, we take the representation space of I(\) to be the space
of C*-sections of the G-equivariant line bundle G xp (xx,C) — G/P, so that
I(X)*> ~ I()) is the Fréchet globalization having moderate growth in the sense of
Casselman—Wallach [B9]. See Section B4l The parametrization is chosen so that
I()) is reducible if and only if —\ € Nor A—n € N, and that I(—i) (¢ € N) contains
a finite-dimensional representation F'(i) as the unique subrepresentation, which is
isomorphic to the representation on the space H*(R"*T11!) of spherical harmonics
of degree 7 as a representation of the identity component G of G, see (ZI4). The
irreducible Fréchet representation I(—i)/F(i) of G is denoted by T'(7). The under-
lying (g, K')-module T'(¢)k is isomorphic to a Zuckerman A4(A)-modules where g
is a certain maximal 6-stable parabolic subalgebra of g¢ (see Section [[63). In this
parametrization, I()) is unitarizable if A € § + V—=1R (unitary principal series
representation) or 0 < A < n (complementary series representations, see Chapter

).
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Similarly, spherical principal series representations of the subgroup G’ are
denoted by J(v) and are parametrized so that the finite-dimensional representa-
tions F'(j) is a subrepresentation of J(—j5). The irreducible Fréchet representation
J(—7)/F(j) of G’ is denoted by T(j).

Consider pairs of non-positive integers and define
Leven ::{(71.77].) ]SZ&HdZE] mod 2},
Loga :={(—4,—j):j<iandi=j+1 mod 2}.

The discrete set Leven in C? plays a special role throughout the article. We
prove:

THEOREM 1.1 (multiplicities for spherical principal series, Theorem [T4)). We
have

1 if (\,v) € C? — Leyen,

m(I(N),J(v)) = {2 if (\, ) € Leven-

This theorem is new even for G = O(3,1) ~ PGL(2,C) and G' = 0(2,1) =~
PGL(2,R).

From the viewpoint of differential geometry, G is the conformal group of the
standard sphere S™, and conformally equivariant line bundles £, over S™ are
parametrized by A € C (we normalize £y such that £y is the trivial line bun-
dle and L, is the bundle of volume densities). The subgroup G’ is the conformal
group of the ‘great circle’ S”~! in S™, and conformally equivariant line bundles
L, over S~ ! are parametrized by v € C. Then Theorem [Tl determines the di-
mension of conformally covariant linear maps (i.e., G’-equivariant operators) from
C>(S™, L)) to C=(S" 1, L,).

From the representation theoretic viewpoint, it was proved recently in Sun and
Zhu [B5] that m(mw, ") < 1 for all irreducible admissible representations 7 of G and
7’ of G'. However, it is much more involved to tell whether m(w,n") = 0 or 1 for
given irreducible representations 7 and 7’.

The following theorem determines m(mw,n’) for irreducible subquotients at re-
ducible points.

THEOREM 1.2 (multiplicities for composition factors, Theorem 2H). Let 4, j €
N.

(1) Suppose that i > j.
(1-a) Assume i =j mod 2, namely, (—i,—j) € Leyen- Then

m(T(i),T(G) =1,  m(T@E),F@)=0,  m(F@),F(j)) =1
(1-b) Assumei=j+ 1 mod 2, namely, (—i,—j) € Loga. Then
m(T(i),T(j)) =0,  m(T@E),F@) =1,  m(F@),F(j)) =0
(2) Suppose that i < j. Then
m(T(i),T(j)) =0, m(T(@),F(5) =1, m(F(@),F(j)) =0.
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Similar results were obtained by Loke [29] for the (g, K)-modules of represen-
tations of G = GL(2,C) and G’ = GL(2,R).

We also determine the multiplicity of (possibly, reducible) spherical principal
series representations I(A) of G and irreducible finite-dimensional representations

F(j), respectively infinite-dimensional ones T'(j) of the subgroup G’ in Theorem
2.0

THEOREM 1.3. Suppose j € N.
1) m(I(N),F(j) =1 for all A e C.

s
2) m(I(N),T() = {é e

In the special case v = 0, our results on symmetry breaking operators are
closely related to the analysis on the indefinite hyperbolic space

Xn+1,1)={eR?*: &+ +£-6,,=1}~G/G.
As a hypersurface of the Minkowski space
RnJrLl = (Rn+27 dé-g + dfrzz - dfrzl-‘rl)a
X(n+ 1,1) carries a Lorentz metric for which the sectional curvature is constant
—1, and thus is a model space of anti-de Sitter manifolds. The Laplacian A of the
Lorentz manifold X (n + 1,1) is a hyperbolic operator, and for A € C, we consider
its eigenspace:
Sol(G/G";\) :={f € C®(G/G") : Af = =X\ —n)f}.

The underlying (g, K)-module Sol(G/G’; A) i is isomorphic to the underlying (g, K)-
module of a principal series representation [B2]. For A\ = —i € —N there are two
inequivalent reducible principal series representations I(—i)x and I(n + i)k, and

our results on the symmetry breaking operators A 2,0 for (A,0) € Leyen give another
proof of the following (g, K)-isomorphism:

I(—i)k if A= —i e —2N,

Sol(G/G'; N i ~
oUG/Gs N i {I(n+i)K ifA=—ie—2N—1.

More generally, we apply our results on symmetry breaking operators for v €
—N to the analysis on vector bundles. We note that harmonic analysis on (general)
semisimple symmetric spaces has been studied actively by many people during the
last fifty years, however, not much has been known for vector bundle sections.
We construct in Theorem some irreducible subrepresentations in the space of
sections of the G-equivariant vector bundles G x ¢/ F/(j) — G/G’ by using symmetry
breaking operators A -

We also obtain branching laws for unitary complementary series representations
of I(A) (0 < A < n), which by abuse of notation we also denote by I(A). For A € R,
we set

-1
D(N) ::{ye)\—1+2Z:nT<y§/\—1}.
Then D(A) is a finite set, and D(\) is non-empty if anci only if A > 2. As an

application of differential symmetry breaking operators C, ,, we have
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THEOREM 1.4 (branching law of complementary series, Theorem[I51]). Suppose
that ”TH < A < n. Then J(v) is a complementary series representation of the
subgroup G' for any v € D(X\). Moreover, the restriction of I(\) to G' contains the
finite sum D, cp(y) J (V) as discrete summands.

About 20 years ago Gross and Prasad [7] formulated a conjecture about the
restriction of an irreducible admissible tempered representation of an inner form G
of the group O(n) over a local field to a subgroup G” which is an inner form G’ =
O(n—1). The conjecture in [7] relates the existence of non-trivial homomorphisms
to the value of an L-function at 1/2 and the value of the epsilon factor. We expect
to come back to this in a later paper.

Let us enter the proof of Theorem [[T] and its refinement (Theorem [0 below)
in a little more details. We first construct an analytic family of (generically) regular
symmetry breaking operators and show the following:

THEOREM 1.5 (regular symmetry breaking operators, Theorem BIl). There ez-
ists a family of symmetry breaking operators Ay, € Homer (I(N), J(v)) that depends
holomorphically for entire (\,v) € C? with the distribution kernel

1
F( )\-‘ru;n-i-l )F(%)

K}, (@, 2,) = T (|2 + 23) 7

Further, &A,u is nonzero if and only if (A\,v) € C? — Leven-

We recall that there exist nonzero Knapp—Stein intertwining operators
T,:J(v) = Jn—1—v) and Ty:I(A\) — I(n—\),

with holomorphic parameters v € C and A € C, respectively. In our normalization

ﬁ‘n_l_,, oT, :I‘(n _qn_ly)r(y) id on J(v),
and
~ ~ ™
T, _» 0T,y :mid on I(X).
The following functional identities are crucial in the proof of Theorems and
C1n

THEOREM 1.6 (functional identities, Theorem BH). For all (\,v) € C2,

n—1

~ T2

1.2 Tn— —v A n—1l—-v — A Vs

(1.2) 1-v 0 Axn—1 Tn—1—2)">
~ ~ T o~

1.3 Ap ypoTh=———<A\,.

(1.3) a0 Ty T(n— N A,

Here 1~Tn_1_l, and 1~1’,\ are the Knapp-Stein intertwining operators of G' and G,
respectively. If v —n+1 €N or A\—n € N, then the left-hand side of (L2) or (3]
is zero, respectively.
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The functional identities in Theorem [[.G] are extended to other families of singu-
lar breaking symmetry operators (see Theorem [[2Z8] Corollary TZ7 and Corollary

Z9).

We construct other families of symmetry breaking operators as follows: We
define

/] ={\ ) €CP: N—v=0,-2-4,...},
\:i={(\,v)eC*: A+v=n—-1,n-3n-5...},
X:=\\ /.

We note
X if n is odd
(14) Leven © .
// —\\ if nis even.
For v € —N, the renormalized operator &A,V = F(’\;”)&A,V extends to a

nonzero G’-intertwining map, that depends holomorphically on A € C.

For (\,v) € \\, we define a family of singular G’-intertwining operators IE%A’I, :
I(\) — J(v) that depends holomorphically on A € C (or on v € C) by the distri-
bution kernel

~ 1 _
KX, (2, 20) = (Jof* +3) 763 (2).

L(35%)

For (A\,v) € //, we set [ := (v — X) and define a differential operator

l

~ 92-2 LI a4 - 0 \21-2
e o)
Ay = T8 Ojgoj!(Ql—Qj)!g 2 e e

Here rest denotes the restriction to the hyperplane z,, = 0. It gives a differential
symmetry breaking operator Cy , : I(\) — J(v) of order 2I, and coincides with the
conformally covariant differential operator for the embedding S"~! — S™, which
was discovered recently by A. Juhl in [I3].

Using the support of the operators, we prove the following refinement of The-
orem [[.T] We show:

PROPOSITION 1.7. Every operator in Homeg: (I(X), J(v)) is in the C-span of the

operators Ay, Ay, By, and Cy .

Examining the linear independence of symmetry breaking operators constructed
above we prove

THEOREM 1.8 (residue formulae, Theorem [[2.2)).
(1) For (A\,v) € \\ — X, we define k := £(n—1—X—v) €N. Then

% (G A
Ary = "By,
AT ok (2k — I
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(2) For (v,\) € //, we define l := (v — ). Then

n—1

~ (-Dir = ~
Ay, =———0C,\,.
A INOIPR O
(3) Suppose (\,v) € X. We define k,l € N as above. Then
~ (—1)lkok =20 5 12k — 1)1 -
By, = .
AV F(l/) C/\,l/

Theorem [[8 implies that singular symmetry breaking operators B A, and C A
can be obtained as the residues of the meromorphic family of (generically) regular
symmetry breaking operators in most cases. An exception happens for the differ-
ential symmetry breaking operator C A for (A, v) € Leyen (see also Remark [[2.4]).
In fact the dimension of Homgr (I(X), J(v)) jumps at (A, ) € Loyen as we have seen
in Theorem [[LT1

We prove a stronger form of Theorem [T by giving an explicit basis of symmetry
breaking operators:

THEOREM 1.9 (explicit basis, Theorem [T3)). For (\,v) € C%, we have

CA&A,D S C@A,u Zf (Aa V) € Levena

Homeg: (I(A), J(v)) = {(CA if \v)eC2—1L
)\’V y - even-

Denote by 1 and 1, the normalized spherical vectors in I () and J(v), respec-
tively. The image of spherical vector 1, under the symmetry breaking operators
Ay, and B, is nonzero if and only if A # 0,—1,—-2,—3..., whereas it is always

nonzero under C, ,,. More precisely we prove in Propositions [[4] 0.6 and [[0.7 the
following:

THEOREM 1.10 (transformations of spherical vectors).

(1) For (\,v) € C?,

n—1

Ay, (1)) = m1V.

(2) For (A\,v) € \\, we set k:=+(n—1—X—v). Then
(—1)k2kr ™z (2k — 1)1

EA,V(]-A) = F()\) 1,,.
(3) For (\,v) € //, we setl:= (v —X) € N. Then
By = CUE

I

We also determine the image of the underlying (g, K)-module I(\)x of I(\)
by the symmetry breaking operators for all the parameters (), ) € C2. Using the
basis in Theorem [[9 we have:
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THEOREM 1.11 (image of breaking symmetry operator, see Theorems [[3.1] and

3.

(1) Suppose that (A, v) € Leyen and set j := —v € N. Then

Image&;w = F(j)
and B
ImageCy, = J(V) k.
(2) Suppose that (A, V) & Leyen. Then
(2-a) Image 1&)\,,, =F(-v) ifve —N,
(2-b) Image&A,V =Twv+1—-n)g if(\v)e\ andv+1—neN,

(2-c) Image Ay, = J (1) g otherwise.

The outline of the article is as follows:

Before we start with the construction of the intertwining operators between spher-
ical principal series representations of G = O(n + 1,1) and G’ = O(n, 1) we prove
in Chapter Bl our main results about G’-intertwining operators between irreducible
composition factors of spherical principal series representations (Theorem [[2). In
this proof we use the results about symmetry breaking operators for spherical princi-
pal series representations of G and G’ (Theorem [[L9)) and their functional equations
(Theorem [[6)) proved later in the article.

Chapter B gives a general method to study symmetry breaking operators for
(smooth) induced representations by means of their distribution kernels. Analyzing
their supports we obtain a natural filtration of the space of symmetry breaking
operators induced from the closure relation on the double coset P'\G/P in Section
B3 which will be used later to estimate the dimension of Homg: (I(X), J(v)).

In Chapter El we give preliminary results on spherical principal series repre-
sentations such as explicit formulae for the realization in the non-compact picture
C*>°(R™) using the open Bruhat cell. Then we recall the Knapp—Stein intertwining
operator T, define a normalized operator ﬁ‘;w and show some of its properties.
Notice that our normalization arises from analytic considerations and is not the
same as the normalization introduced by Knapp and Stein.

Chapter [ is a discussion of the double coset decompositions G'\G/P and
P\G/P. We prove in particular that G = P'N_P.

In Chapter [l we derive a system of differential equations on R™ and show
in Proposition that its distribution solutions Sol(R™; \,v) are isomorphic to
Homg/ (I(A), J(v)). An analysis of the solutions shows that generically the multi-
plicity m(I()\), J(v)) of principal series representations is 1 (see Theorem [LT]).

In Chapter [ we use the distribution Kf’u € Sol(R™; A\, v) to define for (A, v) in
an open region Qg a (g’, K')-homomorphism 1&)\7,, : I(AN) g — J(v)k:. Normalizing
the distribution kernel by a Gamma factor we obtain an operator &/\w and prove
that &Ayy(gp) is holomorphic in (A, v) € C? for every ¢ € I(\)k, and that AAW(@) =
0 for all ¢ € I(\)k if and only if (A, ) € Leyen-

In Chapter § we prove the existence of the meromorphic continuation of Ay ,,
initially defined holomorphically on the parameter (A, v) in the open region Qg, to
(), v) in the entire C2. Besides, we determine all the poles of the symmetry breaking
operator Ay , with meromorphic parameter A and v and show that the normalized
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symmetry breaking operators A,\yy : I(A\) — J(v) depend holomorphically on A, v.
Here we use and prove the functional equations (Theorem [[B) of the symmetry
breaking operators.

An analysis on the exceptional discrete set Leyen is particularly important. We

introduce for v € —N a different normalization to obtain nonzero operators 1&)\’,,
for (\,v) € Leven-

In Chapter [0l we start the discussion of the singular symmetry breaking oper-
ators for (A, v) € \\, their analytic continuation and find a necessary and sufficient
condition which determines if they are not zero.

Chapter is a discussion of the differential symmetry breaking operators,
which were first found by Juhl.

Building on these preparations, we complete in Chapter [[I] the classification
of symmetry breaking operators from the spherical principal series representation
I(A\) of G = O(n + 1,1) to the representations J(v) of G’ = O(n, 1) and prove
Theorems [[T] and Here again the analysis of Sol(R™; A\, v) for the parameter
in \\ and // plays a crucial role.

In Chapter [[2] we show the relationships among the (generically) regular sym-
metry breaking operators A A,v, the singular symmetry breaking operators B A,v and
the differential symmetry breaking operators C A,» by proving explicitly the residue
formulae (Theorem [[T0). Furthermore we also extend the functional equations to
these singular symmetry breaking operators.

Finally, Theorem [[.T0 (1), (2), and (3) are proved by explicit computations in
Chapters [ @ and [0 respectively, and Theorem [[L1]is proved by using Theorem
in Chapter

The last two chapters are applications of our results. In Chapter 4 we apply
our results about symmetry breaking operators A , to the analysis on vector bun-
dles over the semisimple symmetric space O(n + 1,1)/O(n, 1). In Chapter [T we
construct explicitly complementary series representations of the group G’ = O(n, 1)
as discrete summands in the restriction of the unitary complementary series repre-
sentations of O(n + 1,1) by using the adjoint of the differential symmetry breaking
operators @A,,,

Notation. For two subsets A and B of a set, we write
A-B:={a€A:a¢ B}
rather than the usual notation A\B.
N=1{0,1,2,---},N; ={1,2,3,--- },R* =R — {0}.






CHAPTER 2

Symmetry breaking for the spherical principal
series representations

Before we start with the construction of the G’-intertwining operators between
spherical principal series representations of G = O(n + 1,1) and G’ = O(n, 1) we
want to prove the main results (Theorems and [[3] see Theorems and
below) about G’-intertwining operators between irreducible composition factors of
spherical principal series representations. This is intended for the convenience of
the readers who are more interested in representation theoretic results rather than
geometric analysis arising from branching problems in representation theory. In the
proof we use the results about symmetry breaking operators for spherical principal
series representations of G and G’ that will be proved later in the article.

2.1. Notation and review of previous results. Consider the quadratic
form
(2.1) T i R S g r

of signature (n+1,1). We define G to be the indefinite orthogonal group O(n+1,1)
that preserves the quadratic form (2I). Let G’ be the stabilizer of the vector
en = 40,0,---,0,1,0). Then G’ =~ O(n,1). We set
(2.2) K :=0(n+1) x O(1),
A
(2.3) K =KnG = 1 :A€O0(n),e =413 ~0(n) x O(1).
€

Then K and K’ are maximal compact subgroups of G and G’, respectively.
Let g=o0(n+1,1) and g’ = o(n, 1) be the Lie algebras of G = O(n+1,1) and
G’ = O(n, 1), respectively. We take a hyperbolic element H as

(24) H = E07n+1 + En+1,0 S g/.

Then H is also a hyperbolic element in g, and the eigenvalues of ad(H) € End(g)
are 1 and 0. For 1 < j < n, we define nilpotent elements in g by

(25) N;r == Eoyj + Ej,o - Ej7n+1 - EnJr]’j’

(2.6) Nj == Eoj+ Ejo+ Ejn1 + Ensj.

Then we have maximal nilpotent subalgebras of g:
ny :=Ker(ad(H) — 1) = ¥ RN;", n_:=Ker(ad(H)+1) =) RN;.
j=1 j=1

11
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Since H is contained in the Lie algebra g’ of split rank one, we can define two
maximal nilpotent subalgebras of g’ by

n—1
(2.7) W, :=n,Ng => RN/,

j=1

n—1

n_=n_nNg = ZRN;.

j=1
Let Ny=exp(ny), N_ =exp(n_) and N := N NG =exp(n/,), N := N_NG' =
exp(n’_). We define

€

M :=Zg(a) = A A€ O(n), e==%1p ~0(n) x Zs,

€
€
/ B
M= Zg/(a) = 1 :BeO(n—1):e==l1
€
(2.8) ~O(n—1) X Zs.

We set

a:=RH and A:=expa.
Then P = M AN, is a Langlands decomposition of a minimal parabolic subgroup
P of G. Likewise, P = M'AN/_ is a Langlands decomposition of a minimal par-
abolic subgroup P’ of G’. We note that we have chosen H € g’ so that we can
take a common maximally split abelian subgroup A in P’ and P. The Langlands
decompositions of the Lie algebras of P and P’ are given in a compatible way as

(29) p=m+tatng, p=m't+at+n}=mng)+(ang)+ (ns+g).

We assume from now on that the principal series representations I(\) are re-
alized on the Fréchet space of smooth sections of the line bundle G x, C — G/P.
See Section B4l a short discussion of the Casselman—Wallach theory on Fréchet
representations having moderate growth and the underlying (g, K)-module.

Let Gy = SOp(n + 1,1) be the identity component of G = O(n + 1,1). Then
the quotient group is of order four:

G/Go ~ {£} x {£).

Irreducible representations of the disconnected group G are not necessarily irre-
ducible as representations of Gg. We have

PROPOSITION 2.1. 1) Suppose n > 2. Then any irreducible G-subquotient Z
of I(\) remains irreducible as a Go-module.
2) Suppose n = 1.
2-a) Fori e N, T(i) splits into a direct sum of two irreducible Go-modules.
2-b) Any irreducible G-subquotient Z of I(\) other than T(i) remains irre-
ducible as a Gy-modules.

For the proof, we begin with the following observation:
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LEMMA 2.2. 1) A (g, K)-module Z is irreducible as a g-module if every irre-
ducible K-module occurring in Zy is irreducible as a Ko-module.
2) For G=0(n+1,1), let Py := PNGy. Then Py is connected, and is a minimal
parabolic subgroup of G. Then we have a natural bijection:

Go/Py 53 G/P(~ S™).

PROOF OF PROPOSITION [Z1] Let Zx be the underlying (g, K)-module of Z.
It is sufficient to discuss the irreducibility of Zx as a (g, Ko)-module.
1) Any irreducible representation of K ~ O(n+1) x O(1) occurring in the spherical
principal series representation I()) is of the form H!(S™)X 1 for some i € N, which
is still irreducible as a representation of Ky = SO(n + 1) if n > 2. Here 1 denotes
the trivial one-dimensional representation of O(1). Hence the assumption of Lemma
2.2] (1) is fulfilled, and the first statement follows.
2) By Lemma (2), the restriction of I(\) to Gy is isomorphic to a spherical
principal series representation of Gy = SO(2,1). Comparing the aforementioned
composition series of representation I(A) of O(2,1) with a well-known result for
Go = SOy(2,1) ~ SL(2,R)/{£1}, we see that T'(i) is a direct sum of a holomor-
phic discrete series representation and an anti-holomorphic discrete series repre-
sentation of Gy and that other irreducible subquotients of G remain irreducible as
Gop-modules. See also Remark for geometric interpretations of this decompo-
sition. (I

Proposition 2] and [I2] imply that the representation I()) is reducible if and
only if
A=n+i or A=—i forieN.
A reducible spherical principal series representation has two irreducible composition
factors. The Langlands subquotient of I(n+1) is a finite-dimensional representation
F(i). We have for i € N non-splitting exact sequences as Fréchet G-modules:

(2.10) 0— F(i) = I(—i) = T() — 0,
(2.11) 0— T(i) = I(n+1i) — F(i) = 0.

Inducing from the minimal parabolic subgroup P’ of G’, we define the induced
representation J(v) and the irreducible representations F(j) = F () and T(j) =
TS () of G' as we did for G. We shall simply write F(j) for FE'(j) and T'(j) for
TS (5), respectively, if there is no confusion.

2.2. Finite-dimensional subquotients of disconnected groups. Since
the group G = O(n + 1,1) has four connected components, we need to be care-
ful to identify the finite-dimensional subquotient F(i) with some other (better-
understood) representations.

First, we consider the space of harmonic polynomials of degree i € N by

H(R™EY) = {4 € Clzo, - ,Tny1] : O = 0, 9 is homogeneous of degree i},

where O = 8‘9—; oot 2 — -2 Then G = O(n +1,1) acts irreducibly on
0

ox2 ox2
] n n41
HI(R™TL1) for any i € N. The indefinite signature is not the main issue here,
because this representation extends to a holomorphic representation of the com-
plexified Lie group O(n + 2,C). Similarly, the group G’ = O(n, 1) acts irreducibly
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on HI(R™') for j € N. By the classical branching law, we have a G’-irreducible
decomposition:

(2.12) HI R g ~ @ HI(R™).
=0

Second, we notice that there are three non-trivial one-dimensional represen-
tations of the disconnected group G. For our purpose, we consider the following
one-dimensional representation

(2.13) x:0(n+1,1) = {£1}
by the composition of the following maps
G — G/Gy~0(n+1) x 0(1)/SO(n +1) x SO(1) ~ {1} x {+1} 2 {1},

where Gy = SOg(n+1, 1) is the identity component of G, and pr, denotes the second
projection. Similarly, we define x’ : O(n,1) — {£1}. Then by inspecting the action
of the four disconnected components of G, we have the following isomorphisms as
representations of G and G’, respectively:

(2.14) F(i) ~x" @ HY(R"THY),
(2.15) F(j) =(x') @ H (R™).

Combining (ZI2) with ZI4) and ZI3), we get the following branching law
for the restriction G | G':

F(i)lor = D) @ FU).

Thus we have shown the following proposition.

PROPOSITION 2.3 (branching law of F(¢) for G | G'). Suppose i,j € N.
1) Home/ (F(i), F(5)) # 0 if and only if 0 < j <i andi=j mod 2.
2) Homgy (F'(4), F'(i)) # 0 if and only if 0 < j <.

2.3. Symmetry breaking operators and spherical principal series rep-
resentations. We refer to non-trivial homomorphisms in

H(\v) :=Homg (I(A),J(v))

as intertwining restriction maps or symmetric breaking operators. In the next chap-
ter general properties of symmetry breaking operators for principal series repre-
sentations are discussed. In this section we will illustrate the functional equations
satisfied by the continuous symmetry breaking operators (Theorem B see also
Theorem [[2.6) by analyzing their behavior on I(\) x J(v) where both representa-
tions I(\) and J(v) are reducible, i.e., (A, v) are in

L=A(i,7):4,j €7Z and (4,5) € (0,n) x (0,n —1)}.

The Weyl group S5 x G5 of G x G’ acts on L. The action is generated by the
action of the generators (\,v) — (= +n,v) and (\,v) — (A\,—v +n —1). We
write Leyen C L for the orbit of

L ={(4,j) : i, non-positive integers, i = j mod 2}
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under the Weyl group and L,4q4 its complement in £. We consider case by case the
symmetry breaking operators parametrized by (A,v) in the intersection of Leyen,
respectively (A, v) € Lo44, with the sets

LA: A <0, v <A,

I.B: A <0, A<v <0,

IA: A <0, -A+n—-1<v,

II.LB: A <0, - A+n—-1>v>n-—1,

IILLA: A>n, A—1<v,

III.B: A >n,n—1<v<X—1,

IVA: A\>nv<—-A+n,

IV.B: A>n, - A+n<v<0.

A
IV.B III.B
IV.A IIT.A
n
0 n—1 v
1A II.A
1.B II.B

FIGURE 2.1. Octants of the parameter space

The results are graphically represented in Figures 2.1-241 The large and the
small rectangles stands for the reducible principal series representations (%), J(j)
of the large group G and the small group G’ respectively. The rectangles are located
in the octants of the parameter space (\, ) determined by the conditions on (3, j).

The subrectangles at the bottom represents the irreducible subrepresentation;
a small rectangle represents a finite-dimensional subquotient module, a large rec-
tangle an infinite-dimensional subquotient.

A colored green subrectangle is the subrepresentation which is contained in the
kernel of the operator of the symmetry breaking operator &,j, and a white upper
rectangle implies the image of the symmetry breaking operator 1&” is contained in
the irreducible subrepresentation.

Suppose first that (i,j) € £ is contained in I.A. Both representations I(7)
and J(7) have finite-dimensional subrepresentations F'(—i) and F'(—j) respectively.
Since —j > —i the representation F'(—j) is not a summand F'(—i)|g+ by Proposition
23 and therefore the finite-dimensional subrepresentation F'(—i) is in the kernel
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of the symmetry breaking operator A&” On the other hand, by Theorem [[6 we
have
_ I

Trn1-johAjn_1-j= WA”’

which implies that the image of the non-trivial symmetry breaking operator :&l j is

the finite-dimensional subrepresentation F'(—j) or zero. Since 1&” 2 0 by Theorem
[L3 the image is in fact F(—j).

Suppose now that (i,j) € £ is contained in IT.A. The representation () has a
finite-dimensional subrepresentation F(—i), and J(j) has a finite-dimensional quo-
tient F'(j —n+1). The image of F(—i) under the symmetry breaking operator "&z}j
is finite-dimensional or zero. Since J(j) has no finite-dimensional subrepresenta-
tion, the finite-dimensional subrepresentation F'(—i) must be in the kernel of the
symmetry breaking operator ;&i,j. By Theorems and [LG] we have

n—1

~ ~ T 2 ~
T:ioA;; = ——A;jn_1—; .
j O£ 5 F(]) i,n—1—j #0
Thus the image of Ai,n,l,j is finite-dimensional, and therefore K” defines a sur-
jective (g, K)-homomorphism T'(i)x — J(j) k-

Suppose that (i,j) € £ is contained in IV.A. The representation I(i) has a
finite-dimensional quotient F'(i —n), and J(j) has a finite-dimensional subrepresen-
tation F'(—7). The functional equation in Theorem and the nonzero condition
in Theorem imply

o 3

AjjoT, ;= mAnﬂ',j # 0.
Further, since (n — i, 7) is contained in I.A, the image of T'(¢) under the symmetry
breaking operator A; ; is the finite-dimensional representation F'(—j). Since T'(%)
has a finite-codimension in I(7), the image of () under the symmetry breaking op-

erator 1&” is still finite-dimensional, hence is equal to the unique subrepresentation
F(=j) of J(j).

Suppose that (i,j) € L is contained in III.A. The representation I(¢) and J(j)
both have finite-dimensional quotients F'(i — n) and F(j — n + 1). Furthermore
the multiplicity m(I(¢), J(j)) = 1 by Theorem [Tl Again the spherical vector is
not in the kernel of &m, but its image is a spherical vector for J(j) by Theorem
[LT0 which in turn generates the underlying (g’, K’)-module of J(j) k. Hence the

symmetry breaking operator A; ; is a surjective map from I(i)x to J(j)x.

Figure 22 represents the results for the operator Zk” with (¢, 7) € £ in the four
octants I.A, II.A, III.A, and IV.A discussed so far.

Suppose now that (i,j) € £ is contained in II.B. The representation I(7)
has a finite-dimensional subrepresentation and J(j) has a finite-dimensional quo-
tient. Furthermore we have m(I(i), J(j)) = 1 by Theorem [L1 The image of
a finite-dimensional G’-invariant space of I(i) under A&M is finite-dimensional or
zero. Since J(j) has no finite-dimensional subrepresentation, the finite-dimensional
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A

M N

IV.A n III.A
0 n—1
LA II.A

M N

FIGURE 2.2. Image of A, ; with (,7) € £

subrepresentation F'(7) lies in the kernel of the symmetry breaking operator 1&1 -
Consider the functional equation from Theorem

TjohAjj = —=Ain_1-j.

If (i,7) € Loga then the right-hand side is nonzero by Theorem and thus ﬁ‘j )

A;; # 0. In particular the image of ’f‘j o 1&” is finite-dimensional. Thus the
symmetry breaking operator 1&1 ; must have a dense image, and therefore, induces
a surjective (g, K)-homomorphism I(i)x — J(j) k.

If (i,5) € Lepen then the symmetry breaking operator &Z—,n,l,j = 0 by Theorem

Hence the image of ;&” is contained in the subrepresentation T'(j —n+1) and
thus induces a nonzero element in Home (T'(2), T(j — n + 1)).

Suppose now that (i,j) € L is contained in IV.B. The representation () has
a finite-dimensional quotient and J(j) has a finite-dimensional subrepresentation.
Furthermore the multiplicity m(I (i), J(j)) = 1. Consider the functional equation
from Theorem

n
~ ~ mT2 ~

AjjoT,_; = mAnﬂ‘,j
If (i,5) € Loga then %&n_” # 0 by Theorem Hence the image T'(i — n)
of the Knapp—Stein intertwining operator T,,_; is not in the kernel of the symme-
try breaking operator A; ;. By the same argument as in IV.A, the image of the
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symmetry breaking operator is finite-dimensional, and thus it induces a non-trivial
element in Homg/ (T'(i — n) i, F(5))-

If (i,7) € Leyen then A&n_m’ = 0. Hence the image T'(i — n) of the Knapp-Stein
intertwining operator 'ﬁ‘n,i for G is in the kernel of the symmetry breaking operator
‘&i,j and therefore it induces a nonzero operator in Homg: (F (i — n), F'(j)).

Suppose now that (i,j) € L is contained in II1.B. The representation I(7) and
J(7) have both finite-dimensional quotients. Furthermore we have m(I (i), J(j)) =
by Theorem [Tl Consider the functional equation from Theorem [[.6]

n
~ ~ mT2 ~

AjjoTh s = <A,
3] o F(Z) 5]

It implies that the image T(z —n) of the Knapp Stein intertwining operator Tn i
of GG is not in the kernel of Az j- Furthermore AZ _j acts non-trivially on the spher-
ical vector by Theorem [[LT0, and its image is a cyclic vector in J(j). Hence the
symmetry breaking operator &i,j induces a surjective map from I(i)x to J(j)x

REMARK 2.4. If (i,5) € Leyen, then the functional equation also implies that
the image of T(i —n)x is T'(j —n+ 1) k.

Suppose now that (i,j) € £ is contained in I.B. The representations (i) and
J(j) have finite-dimensional subrepresentations F'(—i) and F(—j), respectively.

If (i,7) € Loga, then m(I(i),J(j)) = 1. The image of Az,j is finite-dimensional
because

O W 0
i0A; ;= =~ Ajp-1-;=0.
7R ) e
Another functional equation
~ ~ ﬂ'% ~
AjjoT,_; = mAn—i,j =0

implies that the finite-dimensional representation F'(—4) is contained in the kernel
of the symmetry breaking operator 1&” and so it induces a nonzero symmetry
breaking operator in Home/ (T'(—17), F'(—7)).

If (i,7) € Leyen, then K” = 0 by Theorem [[.5]

Figure represents the results for &] in the 4 octants I.B, IL.B, II1.B, and
IV.B for (i,5) € Loda-

Similarly, Figure 24 represents the results for 1&” in the 4 octants for (7,j) €
L:even'

If (i,5) € Leven, namely, if (i,7) € Leypen, with i < j <0, then the multiplicity
m(I(i), J(j)) = 2 and H(i,j) is spanned by A;; and C;; by Theorem [L3 The
image of A&i,j is finite-dimensional and since the restriction to the finite-dimensional
subrepresentation is non-trivial it induces an G’-equivariant operator between the
finite-dimensional representations F'(—i¢) and F(—7). By Theorem [[3]] the image

of I(i)x under C; ;.5 1s equal to J(—j)ks and the finite-dimensional representation
is not in the kernel by Theorem I33] (5).
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AN U | AN I
| |mB
0 [n-1
LB 1B
~{ N

FIGURE 2.3. Image of 1&” with (2,7) € Loda

Figure represents the results for the operators 1&2] and (@J with (i,7) €

Leven .

2.4. Multiplicities for composition factors. The following theorem gen-
eralizes the results by [29] for G = GL(2,C) and G’ = GL(2,R).

THEOREM 2.5 (multiplicities for composition factors). Let i,j € N.

(1) Suppose that i > j.
(1-a) Assumei=j mod 2, namely, (—i,—j) € Leyen- Then

(1I-b) Assumei=j+1 mod 2, namely, (—i,—j) € Loaa. Then
m(T (i), T(j)) =0,  m(TG),F@) =1 m(F@E),F()) =0.
(2) Suppose that i < j. Then
m(T(i),T(7)) =0, m(T(@@),F() =1, m(F@),F()) =0.

PrOOF. The discussion in Section 23 (see Figures 23] and Z4]) shows that our
symmetry breaking operators induce

m(T (i), T(j)) #0 and m(F(i), F(j)) =1 for (=i, —j) € Leven,
m(T (1), F(5)) #0 for (—i,—j) € Load,
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A
NI N
IV.B I11.B
n
0 n—1
I.B I1I.B

o

N

FIGURE 2.4. Image of &id with (7,7) € Leven

N

@}\V

~l

A)\u

FIGURE 2.5. Images of 1&” and @” with (4,7) € Leven

and

m(T(), F(j)) #0 fori<j.
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Hence by [B5] the multiplicities are one and it suffices to show that the multiplicities
are zero in the remaining cases.

If (—i,—7) € Leyen and m(T'(3), F'(j)) # 0, then there would exist a non-trivial
symmetry breaking operator I(—i) — J(—j) with image in the subrepresentation
F(—j) for which the finite-dimensional representation F'(i) is in the kernel. Since
F(i) is not in the kernel of 1&” or (Ez}j» this would imply that m(I(i), J(j)) > 2,
contradicting Theorem

We have already shown in Proposition 23] that m(F (i), F(j)) = 0 if (—i,—j) €
Logq or i < j. Alternatively, this can be proved as follows: Suppose that (—i, —j) €
Loqq or i < j. If m(F (i), F(j)) # 0, then we would obtain an additional symmetry
breaking operator for (n+14, —j) in the octant IV.A or IV.B, contradicting Theorem
1.9

Now suppose that (—i,—j) € Logq or ¢ < j. Similarly, if m(T(7),T(j)) #
0, then we would obtain an additional symmetry breaking operator for (\,v) =
(=i,m — 14 j) in the octant IL.A or II.B, contradicting Theorem [0 O

The following theorem determines the multiplicity from principal series repre-
sentations I(A) of G (not necessarily irreducible) to the irreducible representations
F(j) and T(j) of G":

THEOREM 2.6. Suppose j € N.

1) m(IN),F(j)) =1 forall A e C.

s
2) m(I(N), 7(7)) = {é SR

It is noteworthy that there exist non-trivial symmetry breaking operators to the
finite-dimensional representations F'(j), whereas there do not exist to the infinite-
dimensional irreducible representations T'(j) for generic parameter \.

PROOF OF THEOREM 1) For any A € C and v = —j € N, we have
0 # Ay, € Homeg (I(N), J(v))

by Proposition B7 and Image &A,u = F(j) by Theorem [I31](2) (see also Theorem
[LII). Hence m(I(N\), F(j)) > 1.

On the other hand, in view of the inclusion relation for v = —j € N

Homg: (I(A), F(j)) € Homer (I(A), J(v)),

we have m(I(\), F(j)) <1if (A\,—J) ¢ Loven by Theorem [[11

Suppose now that (A, —j) € Leyen- Then Homegr (I(X), J(v)) is spanned by Zk)\vl,
and Cy, with v = —j by Theorem [T but ImageCy, 2 F(j) by Theorem [LTT]
(1). Hence m(I(N\), F(j)) < 1if (A,—j) € Leven, too. Thus the first statement is
proved.
2) For v = m + j, we have from Theorem [[.T] and (2T,

m(I(A), T(j)) < m(I(A),J(v)) =1

for any A\ € C. N

On the other hand, if A +j € —2N, then A), # 0 by Theorem and
Image Ay, C T'(j) by Theorem D32 (2). Hence m(I(\),T(j)) =1 for A+j € —2N.
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Finally suppose A + j ¢ —2N. Then A,\,V is nonzero but Image A&,\W is not
contained in T'(j) by Theorem (2). If m(I(A),T(5)) # 0, then we would
obtain an additional symmetry breaking operator from I(\) to J(v) for v = m+ j,
contradicting Theorem [[LT] Thus Theorem is proved. O



CHAPTER 3

Symmetry breaking operators

Although our main object is the pair of groups (G,G’) = (O(n+1,1),0(n, 1)),
the techniques of this article are actually directed at the more general problems of
determining symmetry breaking operators. In this chapter we study the distribu-
tion kernels of symmetry breaking operators between induced representations of a
Lie group G and its subgroup G’ from their subgroups H and H’, respectively, in
the general setting, and introduce the notion of regular (singular, or differential)
symmetry breaking operators in terms of the double coset H'\G/H. When these
representations are (possibly, degenerate) principal series representations of reduc-
tive groups, we discuss a reduction to the analysis on an open Bruhat cell under
some mild condition.

3.1. Restriction of representations and symmetry breaking opera-
tors. Let H be a closed subgroup of G. Given a finite-dimensional representation
A: H — GLc(V), we define the homogeneous vector bundle

Vx =V =GxgV

over the homogeneous space X := G/H. The group G acts continuously on the
space C®°(X,V) of smooth sections endowed with the natural Fréchet topology.
Suppose that G’ is a subgroup of G, and H' is a closed subgroup of G’. Similarly,
given a finite-dimensional representation v : H' — GL¢ (W), we have a continuous
representation of G’ on the Fréchet space C*°(Y, W), where W := G’ x g W is the
homogeneous vector bundle over Y := G'/H'.
We denote by

H(\v) :=Homg (C*(X,V),C®(Y,W))
the space of continuous G’-homomorphisms, i.e., symmetry breaking operators.
3.2. Distribution kernels of symmetry breaking operators. By the
Schwartz kernel theorem a continuous linear operator T': C*°(X,V) — C=(Y, W)
is given by a distribution kernel. In this section, we analyze the kernels of the

symmetry breaking operators.
Let Cg, be the one-dimensional representation of H defined by

h— | det(Adgyu(h) - g/b — g/b)| 7"

The bundle of volume densities Qx of X = G/H is given as a G-homogeneous line
bundle Qx ~ G x g Cs,. Then the dualizing bundle of V is given, as a homogeneous
vector bundle, by

V9= (Gxg V)@ Qx ~G xg (VY @Cyp),

where V'V denotes the contragredient representation of V.
In what follows D’(X, V*) denotes the space of V*-valued distributions.

23
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REMARK 3.1. We shall regard distributions as generalized functions a la Gelfand
[6] (or a special case of hyperfunctions & la Sato) rather than continuous linear forms
on C(X,V). The advantage of this convention is that the formula of the G-action
(and of the infinitesimal action of the Lie algebra g) on D'(X, V*) is the same with
that of C*°(X,V*).

PROPOSITION 3.2. Suppose that G' and H are closed subgroups of G and that
H' is a closed subgroup of G'.
1) There is a natural injective map:
(3.1)  Homg (C™(X,V),C®(Y,W)) = (D'(X,V*) @ W)AH) | T s K.
Here H' acts diagonally via the action of G x H on D'(X,V*) @ W.
2) If H is cocompact in G (e.g. a parabolic subgroup of G), then B1) is a bijection.

PrOOF. 1) Any continuous operator T : C®°(X,V) — C>®(Y,W) is given
uniquely by a distribution kernel Kr € D'(X x Y, V* K W) owing to the Schwartz
kernel theorem. If T intertwines with the G’-action, then the distribution Kt is
invariant under the diagonal action of G’, namely, Kr(¢'-,¢'-) = Kr(-,-) for any
¢’ € G'. In turn, the multiplication map

m:GxG =G, (9,9)—(9) g
induces a natural bijection

(3.2) m*: D' (X xY, V'K W)A(G') & (DX, V) W)A(H’).

Thus we have proved the first statement.
2) Conversely, any distribution K € D'(X x Y, V* K W) induces a linear map

T:C>®(X,V) =D (Y,W)
if X is compact. Further, if K is G’-invariant via the diagonal action, then it follows
from [B2) that T'f is a smooth section of the bundle W — Y for any f € C*(X,V)

and T : C*°(X,V) — C>(Y,W) is a continuous G’-homomorphism. Therefore the
injective morphism (&) is also surjective. O

In Proposition B2 the support of K is an H'-invariant closed subset in G/H.
Thus the closed H'-invariant sets define a coarse invariant of a symmetry breaking
operator:

(3.3)  Homg (C™(X,V),C®(Y,W)) — {H'-invariant closed subsets in G/H},
T +— Supp K.
In rest of the chapter we assume that:
(3.4) H' has an open orbit on G/H.

DEFINITION 3.3. Let U; (i = 1,2,---) be the totality of H’-open orbits on
X = G/H. A nonzero G'-intertwining operator T : C*(X,V) — C>=(Y, W) is
regular if Supp K1 contains at least one open orbit U;. We say T is singular if T is
not regular, namely, if Supp K C X — U;U;.

We write H (X, V)sing for the space of singular symmetry breaking operators.
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EXAMPLE 3.4. 1) (Knapp-Stein intertwining operators). Here G = G/,

and H = H' is a minimal parabolic subgroup P of G, and both W and
V' are irreducible representations of P. The Bruhat decomposition deter-
mines the orbits of P on G/P. Hence we have exactly one open orbit
corresponding to the longest element in the Weyl group. Thus the inter-
twining operator corresponding to the longest element of the Weyl group
is reqular for generic parameter. See [L3].

(Poisson transforms for symmetric spaces). Here G = G', H is a min-
imal parabolic subgroup P of G, H' is a mazrimal compact subgroup K
of G, V is a one-dimensional representations of P and W is the trivial
one-dimensional representation, see [LQ]. Since KP = G, the assumption
B is satisfied and the Poisson transform is a reqular symmetry breaking
operator. More generally, if (G, H') is a reductive symmetric pair, then
H' has finitely many open orbits on G/P and a similar integral transform
(Poisson transform for the reductive symmetric space G/H') can be de-
fined and has a meromorphic continuation with respect to the parameter
of the one-dimensional representations of P for each H'-open orbit, see
[30].

(Fourier transform for symmetric spaces). If we switch the role of H
and H' in 2), the integral transforms can be defined as the adjoint of
the Poisson transforms, and are said to be the Fourier transforms for the
Riemannian symmetric space G/K [IQ] and the reductive symmetric space
G/H'.

(invariant trilinear form). Let Py be a parabolic subgroup of a reductive
group G1, G = G1 xG1, H = P x P, G' = diag(G1), and H' = diag(G").
The study of symmetry breaking operators is equivalent to that of invariant
trilinear forms on wy, @ T, @ T, where Ty, = Indlcjl1 (Ni) (1=1,2,3). See
0 for the construction of invariant trilinear forms and explicit formula
of generalized Bernstein—Reznikov integrals in some examples where (3.4)
is satisfied.

(Jantzen—Zuckerman translation functor). Here G = G’ x G’ and G’
is a diagonally embedded subgroup of G. We start with a brief review of
(abstract) translation functors. Let Z(g) be the center of the enveloping
algebra U(g). Given a smooth admissible, irreducible representation © and
a finite-dimensional representation F of G', we consider the restriction of
the outer tensor product representation of G to G':

7T®F:(’/T|XF)|G/.

Since T @ F is an admissible representation of finite length, the projec-
tion pry to the component of a generalized infinitesimal character x is
well-defined. The functor © ~ pr, (7 @ F) is called a translation func-
tor. Geometrically if m is an induced representation C*°(G/P,V) from a
finite-dimensional representation V' of P, then the translation functor is
a symmetry breaking operator

C>(G/P,V)® F — C=(G/P,W),

where W = G xp W and W is a certain P-subquotient (determined by x)
of the finite-dimensional representation (V @ F)|p.
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If T is a symmetry breaking operator, the restriction of the distribution kernel
K to open H'-orbits U; is a regular function. By using this, we obtain an upper
bound of linearly independent, regular symmetry breaking operators as follows:
We take x; € U;, and denote by M/ the stabilizer of H' at z;, and thus we have
H' /M| ~U,.

PROPOSITION 3.5. Assume B4). Then

dim H(X, v)/H(A\ V)sing < > _ dimHom s (A|arz, v[ar)-

PRrOOF. Since the distribution kernel K is H'-invariant, the restriction of
K71 to each open H’-orbit U; is a regular function which is determined uniquely
by its value at a single point, e.g., Kr(x;) at x;. Further, Kr(x;) € Homc(V, W)
inherits the M/-invariance from the H'-invariance of K7, namely, we have Kr(z;) €

COROLLARY 3.6. If Hompy/ (A|arz, v[arz) = 0 for all i, then any G'-intertwining
operator T € H(\,v) is singular.

REMARK 3.7. Even if Homy/ (A|ar7, v[ar;) = 0, there may exist a nonzero sin-
gular symmetry breaking operator I(A) — J(v) for specific parameters A and v.

COROLLARY 3.8. Assume both V. and W are one-dimensional. If there are N
open H'-orbits on G/H, then

dim H(\, v)/H(X, V)sing < N.
In particular, if there exists a unique H'-orbit on G/H, then
dim H(\, v)/H (X, V)sing < 1.

REMARK 3.9. If H is a minimal parabolic subgroup of G then N does not
exceed the cardinality of the little Weyl group of G for any subgroup H' of G ([25]
Corollary EJ).

The role of the assumption (B4 is illuminated by the following:

ProproOSITION 3.10. Suppose G is an algebraic group, and the subgroups H and
H' are defined algebraically. If @A) is not fulfilled, then for any algebraic finite-
dimensional representation V' of H, there exists a finite-dimensional representation
W of H' such that

dim H(\,v) = 0.

PRrOOF. The argument is similar to that of [25] Theorem 3.1], and we omit the
proof. O

In the case (G,G’) is a reductive symmetric pair, and H, H' are minimal
parabolic subgroups of G, G’, respectively, the pairs (G,G’) satisfying (34) were
classified recently [20].



3. SYMMETRY BREAKING OPERATORS 27

3.3. Differential intertwining operators. Suppose further that
(3.5) H cHNG.

Then we have a natural homomorphism ¢ : Y — X, which is G’-equivariant. Using
the morphism ¢, we can define the notion of differential operators in a wider sense
than the usual:

DEFINITION 3.11. We say a continuous linear operator T : C*(X,V) —
C>(Y,W) is a differential operator if

t(Supp(T'f)) C Suppf for any f € C(X,V).

In the case H' = HNG’, the morphism ¢ is injective, and a differential operator
T in the sense of Definition BI1]is locally of the form

Hlel+181

T = —F
(Ot,ﬂ)ENd‘n]X

where go5(y) are Hom(V, W)-valued smooth functions on Y, and the local coordi-
nates {(y;,2;)} on X are chosen in such a way that {y;} form an atlas on Y.
We denote by

H()\, V)diff = DiffG/ (Vx, Wy),

asubspace of H(\,v) = Homg (C*(X, V), C> (Y, W)) consisting of G'-intertwining
differential operators.

It is widely known that, when G = G’ and X =Y, holomorphic G-equivariant
differential operators between holomorphic homogeneous bundles over the complex
flag variety of a complex reductive Lie group G are dual to g-homomorphisms
between generalized Verma modules (e.g., [9]). The duality can be extended to
our more general situation where two homogeneous bundles are defined over two
different base spaces ¢ : Y — X. In order to give a precise statement, we need to
take the disconnectedness of H into account (see Remark B13)). For this, we regard
the generalized Verma module

indp® (V) = U(gc) @u(pe) V
as a (g, H)-module where V' is an H-module. Here the H-action on indp® (V') is
induced from the diagonal action of H on U(gc) ®c V. Likewise, indg% (WV) is a
(¢/, H')-module if W is an H’-module. We then have: )

FacT 3.12 (see 28 Theorem 2.7]). Suppose H' C HNG'.

1) T € Homg (C®(X,V),C>®(Y,W)) is a differential operator if and only if
Supp K+ = {eH} in G/H.
2) There is a natural bijection:

Hom(g,)H/)(indg% (WY),ind® (VY)) 5 Diffe (Vx, Wy).

REMARK 3.13. The disconnectedness of H' affects the dimension of the space
of covariant differential operators. We will give an example of this in the case of
Juhl’s operators in Section [[0.2
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When [B4) and B3 are satisfied, we have the following inclusion relation:
(3.6) H(\v) D H\ V)sing O H(A, V)aig

This filtration will be used in the classification of the symmetry breaking operators
in the later chapters (see Section [[T.2] for instance).

3.4. Smooth representations and intertwining operators. Suppose that
G is a real reductive linear Lie group. In this section we review quickly the notion
of Harish-Chandra modules and the Casselman—Wallach theory of Fréchet global-
ization, and show a closed range property of intertwining operators (Proposition
below).

We fix a maximal compact subgroup K of G. We may and do realize G as a
closed subgroup of GL(n,R) for some n such that g € G if and only if tg~! € G
and K = O(n)NG. For g € G we define amap || -] : G — R by

lgll :==1lg ® g™ lop

where || ||op is the operator norm of M (2n,R).

Let HC denote the category of Harish-Chandra modules where the objects are
(g, K)-modules of finite length, and the morphisms are (g, K)-homomorphisms.

A continuous representation m of G on a Fréchet space U is said to be of
moderate growth if for each continuous semi-norm |- | on U there exist a continuous
semi-norm | -|" on U and d € R such that

m(g)ul < llgll*ul" for g € G,ueU.

Suppose (7, ) is a continuous representation of G on a Banach space H. A
vector v € H is said to be smooth if the map G — H, g — w(g)v is of C°°-
class. Let H* denote the space of smooth vectors of the representation (m,H).
Then H> carries a Fréchet topology with a family of semi-norms |v||;,...,
ldm(Xi,) - - dn(X;, )v||. Here {X1,---,X,} is a basis of g. Then H> is a G-
invariant subspace of H, and (w,H*) is a continuous Fréchet representation of
G.

We collect some basic properties ([B9 Lemma 11.5.1, Theorem 11.6.7]):

Fact 3.14. 1) If (w,H) is a Banach representation, then (m, H*) has moderate
growth.

2) Let Uy, Us be continuous representations of G having moderate growth such
that the underlying (g, K)-modules (U1)k,(U2)x € HC. If T : (U1)k — (Ua)k is
a (g, K)-homomorphism, then T extends to a continuous G-intertwining operator

T : Uy — Uy, with closed image that is a topological summand of Us.

Let P, P’ be parabolic subgroups of G, and V, W the G-equivariant vector
bundles over the real flag varieties X = G/P, Y = G/P’ associated to finite-
dimensional representations of V', W of P, P’ respectively. (In the setting here,
G’ = G in the notation of the previous sections.)

PROPOSITION 3.15 (closed range property). If T : C*(X,V)g — C*(Y, W)k
is a (g, K)-homomorphism, then T lifts uniquely to a continuous G-intertwining
operator T from C*®(X,V) to C*=(Y,W), and the image of T is closed in the
Fréchet topology of C*°(Y,W).
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PRrROOF OF PROPOSITION [3.15 We fix a Hermitian inner product on every
fiber V, that depends smoothly on 2 € X, and denote by L?(X,V) the Hilbert
space of square integrable sections to the Hermitian vector bundle V — X. Then we
have a continuous representation of G on the Hilbert space L?(X, V), and the space
(L?(X,V))> of smooth vectors is isomorphic to C*°(X,V) as Fréchet spaces be-
cause X is compact and V is finite-dimensional. Therefore C*°(X, V) has moderate
growth by Fact BI4l (1). Furthermore, the underlying (g, K)-module C*°(X,V)k
is admissible and finitely generated because P is parabolic subgroup of G and V
is of finite length as a P-module. Likewise C°°(Y, W) has moderate growth with
C>*(Y,W)k € HC. Now Proposition follows from Fact BI4] (2). O

3.5. Symmetry breaking operators for principal series representa-
tions. From now on we assume that X and Y are real flag varieties of real reductive
groups G and G'. Let P = M AN and P’ = M’A’N’ be Langlands decompositions
of parabolic subgroups G and G’, respectively, satisfying

(3.7) M =MnG, A =AnG, N=NnG', PP=PnaG.

This condition is fulfilled, for example, if the two parabolic subgroups P and P’
are defined by the same hyperbolic element of G’, as in the setting of Section B1]
that we shall work with in this article.

Let P~ = M AN_ by the opposite parabolic subgroup, and n_ the Lie algebra
of N_. The composition n_ — G — G/P, Z — expZ — (exp Z)P/P gives a
parametrization of the open Bruhat cell of the real flag variety X = G/P. We shall
regard n_ simply as an open subset of X = G/P. We trivialize the dualizing vector
bundle V* — X on the open Bruhat cell, and consider the restriction map

(3.8) DX, V) = D)@ (VY @ Cyp).

The natural G-action on D’(X, V*) defines an infinitesimal action of the Lie algebra
g on D/ (U, V*|y) for any open subset U of X. This induces a g-action on D'(n_) ®
(VY ®Cy,) so that (B8] is a g-homomorphism. Likewise we let M A act on D' (n_)®
(VY ® Cy,) so that @) is a (g, M’)-map.

From now on we assume that

(3.9) P'N_P=G.

THEOREM 3.16. Suppose B1) and BI) are satisfied. Then we have a natural
bijection:

Home: (C®(G/P,V),C=(G'/P',W)) ~D'(n_, Home(V @ C_g, W))MA"m,

REMARK 3.17. The right-hand side may be regarded as Hom(V, W)-valued
distributions on n_ satisfying certain (M’A’, n)-invariance conditions because C_3,,
is a one-dimensional representation. In the main part of this article we treat the
case

dimV =dimW =1
and we identify the distribution kernel Kt with a (scalar-valued) distribution onn_.
We shall see that B3] is fulfilled for (G,G’) = (O(n + 1,1),0(n, 1)) in Corollary
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PROOF OF THEOREM Since P’N_P = @, the restriction map B.8)) in-
duces an injective morphism on A(P’)-invariant distributions:
(3.10) (D'(X, V)@ W)AE) o (D'(n_) @ (VY @ Cgp) @ W)M A",
Conversely, given a K € D'(n_, V*|,,_) ® W we define for each p’ € P’
p-KeD@p n_ V0w )@W.

Then p' - K = K on the intersection n_ Np' -n_ if T € (D'(n_) ® Home(V ®
C_g,, W))M' A" This shows the surjectivity of the restriction map (FI0). Hence
Theorem B.16 follows from Proposition O

3.6. Meromorphic continuation of symmetry breaking operators. In
order to discuss the meromorphic continuation of symmetry breaking operators for
principal series representations, we fix finite-dimensional representations

o: M — GLc(V)
and
7: M — GLc(W).
For A € af and v € (a;;)*, we define representations V) of P and W, of P’ by
P=MAN >3mefn — o(m)e?) e GLe(V)
P' = M'A'N' sm'e"'n' — r(m)e™) € GL(W),

respectively. Here by abuse of notation, we use A and v also as parameters of
representation spaces of P and P’, respectively. (Later, we shall work with the case
where 0 =1 and 7 = 1.) We then have homogeneous bundles

V)\ ::GXPVA

and
W, =G xp W,

over the real flag varieties G/P and G’/P’, respectively. Observe that the pull-
back of the vector bundle V) via the K-diffeomorphism K/M = G/P is a K-
homogeneous vector bundle V = K x s (0, V). Similarly, the pull-back of the vector
bundle W, yields a K’-homogeneous vector bundle W = K’ xp (1, W). Thus,
even though the G-module C*°(G/P, V) and the G’-module C*(G’/P’', W, ) have
complex parameters A € ai and v € (ag)*, respectively, but the spaces themselves
can be defined independently of A and v as Fréchet spaces via the isomorphisms

(3.11) C>®(G/P,Vy\) ~ C®(K/M,V), C*(G'/P''W,) ~C>®(K'/M',W).
Thus, for a family of continuous G’-homomorphisms
Ty, : C®(G/P,V\) = C*(G'/P',W,),

we can define the holomorphic (or meromorphic) dependence on the complex pa-
rameter (\,v) via the normalization ([BII]), namely, we call a continuous linear
map T),, depends holomorphically /meromorphically on (A, v) if Ty ,(¢) depends
holomorphically /meromorphically on (A, v) for any ¢ € C°(K/M,V).

For a family of distributions Dy, € D'(n_,Hom(V, W)), we say D, , depends
holomorphically/meromorphically on the parameter (A,v) € Q if for every test
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function F' € C*®°(n_,V) the W-valued function Dj ,(F) of (A, v) is holomor-
phic/meromorphic.

The following proposition is useful, which asserts that the existence of holomor-
phic/meromorphic continuation of symmetry breaking operators is determined only
by that of distribution kernels on the open Bruhat cell under a mild assumption.

PROPOSITION 3.18. Assume B) and B3) are satisfied. Let Q' C Q be two
open domains in af X (ag)*. Suppose we are given a family of continuous G’-
homomorphisms

Ty, : C®(G/P,Vy\) = C*(G'/P',W,)
for (\,v) € Q. Denote by K, the restriction of the distribution kernel to the
open Bruhat cell and suppose that Ky, depends holomorphically on (\,v) € Q.
We assume

(3.12) K, extends holomorphically to Q
as a Hom(V, W)-valued distribution on n_.
Then the family T, of symmetry breaking operators also extends to a family

of continuous G'-homomorphisms Ty, : C°(G/P,V\) — C>(G'/P',W,) which
depends holomorphically on (A, v) € Q.

PrRoOF. By Theorem [B.1I6] it is sufficient to prove that if
(3.13) Ky, € D'(n_,Hom(Vy_g,, W, ))M 4"

for all (A, v) € & then (BI3)) holds for all (A, ) € Q. This statement holds because
the equation for the (M’A’ n)-invariance in (BI3]) depends holomorphically on
(A, v) € af x (ap)* and because K, is a Hom(V, W)-valued distribution on n_
which depends holomorphically on (A, v) € Q. O

We can strengthen Proposition BI8 by relaxing the assumption (3I2) as in the
following proposition, which we will use in later chapters.

PROPOSITION 3.19. Retain the setting of Proposition [Z18 Then the same
conclusion still holds if we replace the assumption BI2) by the following two as-
sumptions:

o K, , extends meromorphically to Q as a Hom(V, W)-valued distribution
on n_.

o There exists a dense subspace Z of C*°(K/M,V) such that Tx ¢ is holo-
morphic on Q for any ¢ € Z.

ProOOF. This can be shown similarly to Proposition B.I8 Thus we omit the
proof. ([






CHAPTER 4

More about principal series representations

This chapter collects some basic facts on the principal series representation of
G = O(n+1,1) in a way that we shall use them later. Most of the material here
is well-known.

4.1. Models of principal series representations. To obtain a formula for
the symmetry breaking operator and to obtain its analytic continuation we work
on models of the representations I(A) and J(A).

The isotropic cone
E=ER"M) ={(&, ) ERTIG A+ + 6 — &0y =0} - {0}

is a homogeneous G-space.
For A € C, let

(4.1) C(B) := {h € C®(B) : h(t€) = t*h(€), for any £ € E,t € R},
be the space of smooth functions on = homogeneous of degree \. Likewise we define
ANE) C O (B) € DA(E) C BA(B)

for the sheaves A (analytic functions), D’ (distributions), and B (hyperfunctions).
We endow Cf° (=) with the Fréchet topology of uniform convergence of deriva-

—_
—

tives of finite order on compact sets. The group G acts on C{°(E) by left translations
I(g) and thus we obtain a representation (lz, C{°(Z)). Then

(4.2) I(\) ~ (Iz,CX(B))

—_

and we will from now on identify I(\) and its homogeneous model (Iz, C> (2)).
Let denote by I(A)~>° the space of distribution vectors. Then as the dual of
the isomorphism ([{2]), we have a natural isomorphism

(4.3) 1) ~ D, (3),
see Remark BT for our convention.
The isotropic cone = covers the sphere S* = G/P
G/O(n)N ~EZ gO(n)N — gpy
R* | LR T 1
G/P ~ 8" gP = gpy
where p; = 1,0,---,0,1) € Z(R*+1:1),

33
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For b =*%(by, -+ ,b,) € R", we define unipotent matrices in O(n + 1,1) by

n -1 -% Q@
n(b) :=exp(Y b;N;) =Lz + 2b() 0 2—5)) ,
i=1 —3Q0) = 5Q(b)
n —3Q() - —3Q(b)
(4.4) n_(b) :==exp(Y b;N;) = Iy2+ b 0 b ,
=1 3Q0) b 3Q(b)

where NV ;‘ and N, P (1 < j < n) are the basis elements of the nilpotent Lie algebras
ny and n_ defined in (23] and 26) respectively. We collect some basic formulae:

1 1 1 1
(4.5) nd) (0] =(0), n_(® | 0]=]|0
1 1 -1 -1
1 1
n_(Ab) = A n_(b) AL for A € O(n),
1 1
n_(=b) =m_n_(b)ym_*,
(4.6) n_(e"'b) =e'n_(b)e 1,

where we set

(4.7 m_ =

We note that m_ does not belong to the identity component of G’ (cf. Lemma

B

The N -action on the isotropic cone Z is given in the coordinates as

¢ & - (0.9 e (W
as) o | e | = e ) atnsf (D),
€n+1 €n+1 - (b, é) Q(b)

where b € R”, ¢ € R™ and &y, &,4+1 € R.

The intersections of the isotropic cone Z with the hyper planes &y + &,+1 = 2
or £,4+1 = 1 can be identified with R™ or S™, respectively. We write down the
embeddings ¢y : R" < = and tx : S < = in the coordinates as follows:

2

1—|z]? — 22

(4.9) iy R™ = 2, Yz, 2,) = n_(z,2,)py = ;i ,
L+ [zf? + a3,
(4.10) 1 ST = En— (n,1).
The composition of tx and the projection
~ 1
(4.11) E-SE/R* 5SS - ¢ (&o,---,&n)
n+1

yields the conformal compactification of R™:

2
R™ — 5", rw»—>n:(s,\/1—s2w):<17r Lw)
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Here w € "1 and the inverse map is given by r = /{32 for s # —1.

The composition of tx and the projection II]) is clearly the identity map on
S,

We thus obtain two models of T(\):

DEFINITION 4.1. 1) (compact model of I(\), K-picture) The restriction map
Ut CX(E) = C°°(S™), h — h|s» induces for A € C an isomorphism of G-modules
between C'> () and a representation my x on C*°(S™).

2) (non-compact model of I(A), N-picture) The restriction t} : C™(E) — C>(R"™),
h +— h|g» induces for A € C an isomorphism of G-modules between C* (Z) and a
representation my on ¢i (C'™ ().

In order to connect the two models directly, we define a linear map for each
AreC:
05 :C®(S") = C*[R"), f—F

by
1—72 2r
o 2y-X
Then the inverse of ¢} is given by
_ 14+ ug =2 U 1
* 1
Fo) = |57 (5 )
() Fluow) = |52 S (5o T

We note that the parity condition f(—n) = +f(n) (n € S™) holds if and only if
(4.13) F(=2) = 212 F(rw).
T

Since ¢}, is bijective and ¢}, is injective, we have the commutative diagram

Cx\(2)
(4.14) tye AWAS
= (8m) By 3(CF(8M) C O (R™)
of representations of G.

We shall use [{I4)), in particular, for the description of the regular symmetry
breaking operators Ay, in (CH) and (6], and the singular symmetry breaking

operators By ,, in (@4) and (@3).

We define a natural bilinear form (, ) : C (E) x CY . (E) — C by
(4.15) (h1, h2) ::/ hi(tr (b)) ha(ei (b)) db

= /,7 hi(en(2))he(en(2)) dz.

Here, db is the Riemannian measure on S™. The bilinear form is G-invariant,
namely,

(4.16) (hi(g™"), ha(g™")) = (h1,hy) for g € G,
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and extends to the space of distributions:
(4.17) I(\) xD,\_,(E) = C.
For later purpose, we write down explicit formulae for the action of elements
in the Lie algebras ny and n_ in the non-compact model.
LEMMA 4.2. Let N]* and N~ be the basis elements for ny and n_ defined in
@3) and @4, respectively. For (x1,--- ,x,) € R®
_9
o a.%'j
drn(N) = —2\z; — 2z zn:xi + zn:xzi
J J J P lami P 7 axj

dma(N;)

for1 <j<n.
Proor. In light of the formulae ([@8) and ([£3), the action of the unipotent
groups N4 on Z is given as follows:
x — |z|?b
c(b)
n_(b)en(x) = v (z + ),
where c(b) := 1 — 2(b,z) + Q(b)|z|?. Hence for F € C* (E) we have
(mA(n- (b)) F)(z) = F(z —b).
Now the results follow by differentiation. O

n(b)en () = e(b)en( )

4.2. Explicit K-finite functions in the non-compact model. We give
explicit formulae for K-finite functions in (my, ¢} (C*°(S™))) in a way that we can
take a control of the M-action as well.

The eigenvalues of the Laplacian Agn on the standard sphere S™ are of the
form —L(L +n — 1) for some L € N, and we denote

HE(S™) = {p € C(S™) : Agnp = —L(L +n —1)¢}.

Then the orthogonal group O(n + 1) acts irreducibly on H%(S™) for every L € N,
and the direct sum @7, H*(S™) is a dense subspace in C*°(S™). The branching
law with respect to the restriction O(n + 1) | O(n)

L
HE(S™) ~ P HV (5"
N=0
is explicitly constructed by using the Gegenbauer polynomial (see [23] Appendix])

In_y : HN(Sn_l) — HL(Sn)7

(418) (o)) = Il o (1) 27 o).

Here C* (t) is the renormalized Gegenbauer polynomial (see [[B4) for the defini-
tion). Then

) N Tn-1 1 — 2
B(Un-re) = (1 ‘H”Q)_A(l +TT2) (b(w)CLENJrN(Hi:?)'
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In particular, (1 4 72)~* is a spherical vector in the non-compact model. We note
that In_r is (1 x O(n))-equivariant but not K’-equivariant.

For v € HYN(S"~1) and h € C[s], we set

2r —r?
(4.19) Fxlih, h](rw) == (14127 (1+r2)N¢( w)h (1+r2)'

The following proposition describes all K-finite functions in the non-compact model
of I(N).

PROPOSITION 4.3.
U (C®(8™) k) = C-span{F\[),h] : N € N,op € HY(S" 1), h e C[s]}.

REMARK 4.4. As abstract groups, K’ and M are isomorphic to the group
O(n) x O(1). Proposition respects the restrictions of the chain of subgroups
G D K D M, but not the chains G D K D K'.

PROOF OF PROPOSITION 3 Since C*(S™)x ~ P, HL(S™), we have
K(C™(S™) k) =P i (H"(5)
L=0
L

=P P In MY (S™))

L=0N=0
= @ @ AL (HY(S"7H)).
N=0L=N

The formula I8 relates the values at the north/south poles of the spherical
harmonics to the initial data of a differential equation on the equator. Since the

8

Gegenbauer polynomials C ¥ (s) are polynomials of degree m and since their highest
order term does not vanish if v ¢ —N,; we have

C-span{C%_n(s): L > N} = C|s]
if v ¢ —N,. This completes the proof. O

4.3. Normalized Knapp—Stein intertwining operator. We now review
the Knapp—Stein intertwining operators in the non-compact picture for the group

G'=0(n,1).
The Riesz distribution
s (@l ey

is a locally integrable function on R™ if Rerv > —m, and satisfies the following
identity:

(4.20) Apm (1772) = (v +2) (v +m)r”

from which we see that r”, initially holomorphic in Rerv > —m, extends to a
tempered distribution with meromorphic parameter v in Rerv > —m — 2. By an
iterated argument, we see that r” extends meromorphically in the entire complex
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plane. The poles are located at v € {—m,—m — 2, —m —4,---}, and all the poles
are simple. Therefore, if we normalize it by

1
(4.21) o= 7"

F(V—Em) ’

then 7% is a tempered distribution on R™ with holomorphic parameter v € C. The
residue of ¥ at v € —m — 2N is given by

(—1)kvol(S™1)AE,.6(x)
2kt o (m + 2k — 2)
(-1)fnt

= PT(T 4R
see [@ Ch. I, §3.9]. Here, §(z) is the Dirac delta function in R™ and vol(fm’l)
el

(4.22) T P

Agmd(@),

is the volume of the standard sphere S™~! in R™, which is equal to In
particular,
T2
——0(x).
r'(3)
We define the Fourier transform Fgm on the space S'(R™) of tempered distri-

butions by

~y o
r |u:7m -

Fam : S(R™) - S'(R™), tﬂmp%(fkmfx@::/fﬂﬂxkf@@dm

LEMMA 4.5. Let p := (£24---+£2))2. With the normalization @ZL), we have

(4.23) Frm (;«Q(V*m)) — 22V7m7r%ﬁm72u7
4.24 O L A T
(424 ' = T o) 0@
PRrROOF. The first formula follows from
m D(2E2)
(4.25) Frm (1) (p) = 27 m 7 2 ) ymv=m
I'(=%)

and its analytic continuation [@ Ch.2, §3.3].
The second formula is the inverse Fourier transform of the following identity:

Frm (?')2(”_7") * 77_2”) :}‘(FQ(V—W))]:(;:—QV)

:(22u—m,ﬂ_%ﬁm—Zu)(Zm—Qvﬂ%ﬁQV—m)
,n.m
= 1. d
T'(m —v)T'(v)
We review now the Knapp-Stein intertwining operators for G’ = O(n,1) in
the non-compact model. We set n = m + 1 as before. The finite-dimensional
representation F(k) (k = 0,1,2,---) of G’ occurs as the unique submodule of

J(—k) and as the unique quotient of J(k +n — 1).
In the non-compact model of J(v), the normalized Knapp-Stein intertwining
operator

T, : J(v) = J(—v +m),
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is the convolution operator with |z|2(*=™),

(4.20 E00) = 5= [ N @)

2

i.e.,

By [24)), we recover a well-known formula:
~ ~ T )
(4.27) T,o Ty, = mld.
The following formula is more informative, and also it gives an alternative proof
of (Z1).
PROPOSITION 4.6. The Knapp—Stein intertwining operator
T, : J(v) = J(—v +m)

acts on spherical vectors as follows:

m

T,(1,) = 1
v 1/) - F(I/) —v+m-
PROOF. Since K'-fixed vectors in the principal series representation are unique
up to scalar, there exists a constant ¢ depending on v such that

(4.28) T,(1,) = cl_ppm.

Let us find the constant c¢. We recall from Section that the normalized
spherical vector in the non-compact model of J(v) is given by (1 + |z|?)~*. There-
fore, the identity (28] amounts to

[P (L [2f?) 7 = o1+ o)
Taking the Fourier transform, we get
m T 2m% ~ 2m%
22u—m 5 m—2v T Km —
0 If' F(l/) p) l/(|£|) Cr(mfl/)

by the integration formulae @23) and ([TIL). Here K m_, is a renormalized K-
Bessel function, see [I6.9) for the normalization.
By definition [£]™~2" = F(Tnl—u) |€/™=2 and by the duality
- ¢]

Ky (i) = ()" Kouig (€]

(see ([IGIM)), we get ¢ = R O

REMARK 4.7. By the residue formula [22) of the Riesz distribution, we see
that the normalized Knapp—Stein intertwining operator
~ m . m .
reduces to a differential operator of order 2j if j € N, which amounts to
~ —1)ig?
(4.29) Tpj= 2(#
2 2 JF(; + ])
Combining with Proposition 8] that for v = 3 — j (j € N), we get
(12T +)
fg-j)

AL,

(4.30) A1, =
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This formula (Z30) is also derived from the computation in ([I01).

Conversely, any differential G’-intertwining operator between spherical princi-
pal series representations J(v) and J(v') of G' is of the form A7 : J(Z — j) —
J(% + j) for some j € N up to scalar multiple (see Lemma [I0.T]).

REMARK 4.8. Forv=m+j (j =0,1,--+)
Ty o J(m+5) = J(=))
is given by the convolution of a polynomial of degree at most 2j. In particular, the
image of T,,; is the finite-dimensional representation F(j).

REMARK 4.9. Our normalization arises from analytic considerations and is not
the same as the normalization introduced by Knapp and Stein in [I5].



CHAPTER 5

Double coset decomposition P'\G/P

We have shown in Section B2l that the double coset P’\G/P plays a fundamen-
tal role in the analysis of symmetry breaking operators from the principal series
representation I(A\) of G to J(v) of the subgroup G’. In general if a subgroup H
of a reductive Lie group G has an open orbit on the real flag variety G/P then
the number of H-orbits on G/P is finite ([28] Remark 2.5 (4)]). If (G,H) is a
symmetric pair, then H has an open orbit on G/P and the combinatorial descrip-
tion of the double coset space H\G/P was studied in details by T. Matsuki. For
the symmetric pair (G,G’) = (O(n+1,1),0(n,1)), we shall see that not only G’
but also a minimal parabolic subgroup P’ of G’ has an open orbit on G/P, and
thus both G’\G/P and P'\G/P are finite sets. In this chapter, we give an explicit
description of the double coset decomposition G'\G/P and P'\G/P.

We recall from Section E] that the isotropic cone = = Z(R"*11) is a G-
homogeneous space. We shall consider the G’-action (or the action of subgroups of
G’) on =, and then transfer the orbit decomposition on Z to that on G/P by the
natural projection:

E-SE/R* ~S"~G/P.
We rewrite the defining equation of = as
G+~ =
Since G’ leaves the (n 4 1)-th coordinate &, invariant, the G’-orbit decomposition
of Z(R"T1H1) is given as
(5.1) ERY = [ G (0, 0,6, |6 ) TER™).
£ncR—{0}
We set
pt :="(£1,0,---,0,1) € E(R"TH1),
g+ :=Y0,---,0,41,1) € Z(R™TH).

Let [p+] and [g+] denote the image of the points p1 and g+ by the projection
E— Z/R* ~ S" ~ G/P. We begin with the following double coset decompositions
G'\G/P and G)\G/P:

LEMMA 5.1.
1) G/P is a union of two disjoint G'-orbits. We have
(5.2) G/P =G"lg4]UG [pL] =~ G /O(n)UG'/P'.

2) Let Gi, K|, and P} denote the identity components of G', K', and P’,
respectively. (Thus G ~ SOy(n,1), K} ~ SO(n), and P’ is a minimal

41
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parabolic subgroup of G'.) Then G/P is a union of three disjoint orbits of
Gi,. We have

G/P = Golar] U Gola-] U Golp+] ~ Go /K U Gy /Ko U Go / Py,

PROOF. 1) The first statement is immediate from (G.I]). Indeed, the isotropy
subgroup of G’ at [¢q+] € E/R* ~ G/P is O(n) x 1. (We note that this subgroup
is of index two in K’.) The other orbit Z(R™!)/R* ~ S§"~! is closed and passes
through [p4]. In view of X)), the isotropy subgroup at [p4] is P’. Thus the first
statement is proved.

2) By ([@.2), it suffices to consider the Gj-orbit decomposition on G'[¢+] ~ G'/O(n)
and G'[py] ~ G'/P’.

We begin with the open G’-orbit G'[¢+] ~ G'/O(n) = O(n,1)/O(n), which has
two connected components. The connected group Gy, has two orbits containing [g. ]
and [g_] = [m_gq4], respectively where m_ € G’ — G{, was defined in (Z1). On the
other hand, G, acts transitively on the closed G’-orbit:

Ghlps] = Gp/Py = G' [P = @[ps] = §".
Thus the second claim is shown. O

REMARK 5.2. For n = 2, the action of SOy(2,1) on S? is identified with the
action of SL(2,C) on P!C ~ CU {oo}. Then py, p_, ¢+ and ¢_ correspond to 0,
0, i, and —i, respectively.

If we set
—
py— In_l —_
We = - € K fore= 41,
1
then we have
(5.3) G+ = Wipy = WEP—.

We define subgroups of M by
MY :={geM:guw_=w_g}={g9€M:gw; =w;g}

€
B

:BeO(n—1), e=+13 ~20(n—1) X Zs,

(5.4) My :=M"NM ~ :BeO(n—-1)

1
REMARK 5.3. We recall from Z8) that M’ = Zk(a) is isomorphic to O(n —
1) X Zy. The group M™ is also isomorphic to O(n — 1) X Za, however, M™ # M’.

In fact, M/ = M™ N M’ is a subgroup of M™ of index two, and also is of index two
in M’.

Now the following proposition and corollary are derived directly from the de-
scription in Lemma B.11
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PROPOSITION 5.4.
1) G/P is a union of three disjoint P’'-orbits. We have

(5.5) G/P = Plg:]UP'lp] U P'lp,)
2) The isotropy subgroups at [q+], [p—], and [p4] are given by
st -5t =Plgy] ~ P'/M,
"= A{lp+} = Pllp-] = P'/M' A
{lp+1} = P'lpy]=P'/P".

43

Thus the assumption B3) of Theorem is fulfilled for (G,G") = (O(n +

1,1),0(n,1)):

COROLLARY 5.5. We have PPN_P = G.






CHAPTER 6

Differential equations satisfied by the distribution
kernels of symmetry breaking operators

In this chapter we characterize the distribution kernel K of symmetry break-
ing operators for (G,G’) = (O(n+1,1),0(n, 1)). We derive a systems of differential
equations on R™ and prove that its distribution solutions Sol(R™; A, v) are isomor-
phic to H(A\,v) = Home (I(A),J(v)). An analysis of the solutions shows that
generically the multiplicity m(I(X), J(v)) of principal series representations is 1.

6.1. A system of differential equations for symmetry breaking op-
erators. For future reference, we begin with a formulation in the vector-bundle
case.

We have seen in [B3) that the support of the distribution kernel Kt of a
symmetry breaking operator T' : C*°(X,V) — C*(Y, W) is a P’-invariant closed
subset of G/P if V is a G-equivariant vector bundle over X = G/P and W is a
G’-equivariant vector bundle over Y = G’/P’. By the description of the double
coset space P'\G/P for (G,G') = (O(n +1,1),0(n, 1)) proved in Proposition (4]
we get

LEMMA 6.1. If T : C®(X,V) — C®(Y,W) is a nonzero continuous G’'-
homomorphism, then the support of the distribution kernel Kt is one of {[p+]},
Pl ] = Pl ] U{[ps]H(= "), or G/P ~ 8"

We recall from ({4 that the open Bruhat cell of G/ P is given in the coordinates
by R" < G/P, (z,x,) — n_(x,x,)P.

Then we have:

LEMMA 6.2. There is a natural bijection:
(6.1)
Homg: (C™=(G/P,V),C®(G' /P, W)) S D' (R, Hom(V @ C_,, W))M A%

PRrROOF. The assumption P’ N_P = G of Theorem B.16is satisfied by Corollary
Thus Lemma follows. O

REMARK 6.3. Recall from Definition that a nonzero symmetry breaking
operator T is singular if Supp K1 # G /P, equivalently, Supp K7 C S"~! by Lemma
611 Further, T is a differential operator if and only if Supp K+ = {[p+]}. By
Lemma [6.2] we do not lose any information if we restrict K to R™. Therefore, T
is singular if and only if Supp(Kr|g=) C R*7!. T is a differential operator if and
only if Supp(Kr|g») = {0}.

In (@), the invariance under M’'A for F' € D'(R", Hom(V ® C_5,,W)) is

written as

45
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(6.2) T(m) oF(m ')oo(m™')=F  forme M, ~O(n-1),
(6.3) T(m-)o F((=1))oa(m=") = F,

et F(e') eVt — for any ¢ € R.
Here, the identity (@3] for m_ € M’ (see @) is derived from (@.G]).

Returning to the line bundle setting as before, we obtain:

PROPOSITION 6.4. Let T : I(\) — J(v) be any G'-intertwining operator. Then
the restriction Kp|gn of the distribution kernel satisfies the following system of
differential equations:

64) (E—(\—v—n)F=0,

o ma Y2y O
(6.5) (A =n)z; — ;B + 2(|x| +$n)a$j

and the M'-invariance condition:
(6.6) F(mz,z,) =F(z,z,) for anym € O(n — 1),
(6.7) F(-2) =F(2).
Here & = (v,2,) ER" and E =377, xja%j'
PrROOF. We recall from LemmaB2lthat the Lie algebra ny acts on B(G/P,03,)
by

Ny o 20— ey — 2, 4 (o 4 22) 50 (1< <)
J

Hence (€3) is the invariance of n’, . The remaining conditions ([@.4), ([G.8) and (G.17)
is the invariance of a and m_ € M’ as above. d

For an open subset U of R™ which is (O(n — 1) x O(1))-invariant, we define
(6.8)  Sol(U;\,v):={F € D'(U) : F satisfies [64), 63, 60), and [71)}.
Then by Lemma [62] we have

PROPOSITION 6.5. The correspondence T — K gives a bijection:

(6.9) Homg (I(N), J(v)) = Sol(R™; \, v).
6.2. The solutions Sol(R™ —{0}; A, v). For a closed subset S of U, we define
a subspace of Sol(U; A\, v) by
Solg(U; A\, v) :={F € Sol(U; \,v) : Supp F C S}.
Then we have an exact sequence
(6.10) 0 — Solg(U; A\, v) = Sol(U; \,v) — Sol(U — S; A\, v).
Applying [6I0) to U = R™ and S = {0}, we get
PROPOSITION 6.6. There is an exact sequence
0 — Diffg:(I(N\), J(v)) = Homeg (I(X),U(v)) — Sol(R™ — {0}; A, v).

Here Diftg/(I(N), J(v)) = H(\ v)aig denotes the space of differential symmetry
breaking operators.
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PROOF. As subspaces of ([G3), we have from Fact BTI2 (1) the following natural
bijection:
Diffe: (I(A), J(v)) = Sol (o3 (R™; A, v).
Hence Proposition is immediate from (GI0). O
In order to analyze Sol(R™; A, v), we begin with an explicit structural result on
Sol(R™ — {0}; A\, v):
LEMMA 6.7. dim Sol(R™ — {0}; \,v) = 1 for all (\,v) € C2. More precisely,

n Clan M7 (|l2|* + 27) " if (Av) ¢\,
SOZ(R - {0}5)\,’/) = {C5(_/\_V+n_1)($n)(|x|2 + x%)—u if ()\,V) e \\

PROOF. Substituting ([€4) into (@A), we have
0
((J]* + Ii)aij + 2va;)F =0,
or equivalently,

0 :
5 (2P +20)"F) =0 (1<j<n—1)
J

For n > 3, the level set {z,, = ¢} — {0} is connected for all ¢ € R, and therefore the
restriction F'|g»_goy must be of the form

F(z) = (|2* + 27) ™" g(zn)

for some g € D'(R). In turn, @) and ([G7) force g to be even and homogeneous
of degree A +v —n.

For n > 2, using in addition that F(—z,—z,) = F(z,z,), we get the same
conclusion.

Since any even and homogeneous distribution on R of degree a is of the form

It ifa—1,-3,-5,-
g(t) = (—a—l) .
) (t) ifa=-1,-3,-5,---
up to a scalar multiple, we obtain the Lemma. ([l
Lemma [677 explains why and how (generically) regular symmetry breaking op-

erators A A (Chapter [[) and singular symmetry breaking operators By , (Chapter

Bl) appear.
In order to find Homeg (I(X), J(v)) by using Proposition [66] we need to find

Dlﬁgl (I(A), J(l/))
The dimension is known as follows, see Fact [0.4

dim Diff e (I(X), J (v)) = dim Homg pry(indS5 (C_, ), indgE (C_))
:{1 it (\,v) € //,
0 if (\v) ¢ /.

Combining the above mentioned dimension formula with Proposition and
Lemma [6.7] we obtain

PROPOSITION 6.8.
dim Home (I(N), J(v)) <1 for any (\,v) € C* — /.
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This proposition will be used in the proof of the meromorphic continuation
of the operator A, , and its functional equations. We shall determine the precise
dimension of Homg (I(A), J(v)) for all (A, v) € C? in Theorem T4

REMARK 6.9. In Proposition [6] Homg: (I(A), J(v)) = Sol(R™ — {0}; A\, v) is
not necessarily surjective. See Proposition [T.1



CHAPTER 7

K-finite vectors and regular symmetry breaking
operators A) ,

The goal of this chapter is to introduce a (g¢, K”)-homomorphism

Axy I Nk = JW) k.

)

We see that &A,V(w) is holomorphic in (\,v) € C2 for any ¢ € I(\)k, and that
A, vanishes if and only if (A, ) € Leven. In the next chapter we shall discuss

an analytic continuation of the operator Ay, acting on the space I(\) of smooth
vectors.

7.1. Distribution kernel K3, and its normalization. For (z,z,) € R""1®
R, we define

(7.1) KX (2, 20) = o (|2 + 23) 7"

We write dw for the volume form on the standard sphere S"~!. Using the polar
coordinates (z,x,) =rw, r >0, w € S we see

(7.2) Kj\%y(x, T )da dzy, = 17270 7" w, MY T Ny dw

is locally integrable on R™ if (A, ) belongs to

(7.3) Qo :={(\v) €C*:Re(A\—v) >0 and Re(A+v)>n—1}.
In order to see the P’-covariance of K ﬁu, it is convenient to use homogeneous
coordinates. Namely, for £ = (§,...,&,+1) € E, we set

(74) k3, (6) =272 M T (G — &)Y € DALG(B) = I(n = X) ™.
In view of the formula [3) of the embedding iy : R™ < = given by

oy -y ény1) = (1 — Zw?ﬂxl, ey 2%, 1+ Zx?),
i=1 i=1

we have

(7.5) Wk, = KR

(7.6) (CiekR, ) () = 2744 [T (1 = p0) ™7,
where n = (0,11, -..,Mn) € S™. Then

(7.7) B (me™ng) = "'k, (),

forany m € M’, t € R and n € Ny (see [@LF))), and therefore we have the following
lemma:

LEMMA 7.1. For (A\,v) € Qo, Kj‘iy € Sol(R™; \,v).

49
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Thus we get a continuous G’-homomorphism
A)\’V : I()\) — J(U)
and a (g’, K’)-homomorphism

A,\V:I()\)K —)J(V)K/

for (A, v) € Q.

For the meromorphic continuation of K f’u, we note that the singularities of
Kfiy arise from the equations x, = 0 and |z|?> + 22 = 0. Since the corre-
sponding varieties R"~1 and {0}, respectively (or S"~! and [p.] in G/P, respec-
tively) are not transversal to each other, the proof of the meromorphic distribution
K fﬂ,(x —y, &y, )dx dx,, is more involved. We shall study K fﬂ/ algebraically in this
chapter, and analytically in the next chapter (see Theorem [BIl). Our idea is to
look carefully at the two variable case by using special functions in accordance to
a ‘desingularization’ of the (real) algebraic variety.

We normalize the distribution K f’u by

~ 1
Kﬁu(xvxn) = o—n — Kﬁ?v(xaxn)
s I‘(/\+ 5 +1)F(>\2 ) )
1
(7.8) = o= — |z M (| 4 23)
F(%)F(%)
and
A 1 A
Ay = v—n 0 A\ve
F(%)F()‘T)

REMARK 7.2. The denominator of the distribution kernel K ﬁy has poles at
\\ U // as follows:

Adrv—m+1

I( 5

) has a simple pole < (A, v) € \\,

) has a simple pole < (\,v) € //.

We recall from Definition Bl and (£I4)) the following isomorphism:
Ik = (C=(5")k).

PROPOSITION 7.3. 1) For any f € C=(S")k, (K} ,,13f) is holomor-
phic in (\,v) € C%
2) (Kf7U,F> =0 for any F € I(N)k if and only if (A\,v) € Leyen-

As the proof requires a number of preliminary results, we show the proposition
in Section In the course of the proof, we also obtain the following result (see
Lemma [[77] for a more general statement):

PROPOSITION 7.4. Let 1) := 13(1), 1, := ¢}(1) be the normalized spherical
vectors in I(N\), J(v), respectively. Then

1&)\,1/(]-)\) =
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PrRoOOF. Applying Lemma [[l with £k = 0 and h = 1, we get

n—1

~ n mz I'(%)
KY T(=)1y)) = ——272
< AU ( 2 ) )\> F()\)
Here we have used the duplication formula (IG7) of the Gamma function. Hence
we get the proposition. U

Proposition [[.4] will be used in finding the constants appearing in various func-
tional equations (see Chapter [2]). We shall discuss the meaning of Proposition
[C4 also in Chapter [[4]in relation with analysis on the semisimple symmetric space

G/G".

7.2. Preliminary results. We prepare two elementary lemmas that will be
used in the proof of Proposition [[3]

The first lemma illustrates that the zero set of an operator with holomorphic
parameters is not necessarily of codimension one in the parameter space, as Propo-
sition states.

For a polynomial g(s) of one variable, we define

1 ! a—1 b—1
(7.9) Pap(g) = NORO] /_1(1 =) (1+5)" g(s)ds.
Our normalization is given as
1
PaoV) = vy

LEMMA 7.5. For any g € Cl[s], Pas(g) is holomorphic as a function of two
variables (a,b) € C%. Further, P, =0 if and only if (—a,—b) € N x N.

PRrOOF. For l1,l5 € N, we set
Gy, (8) == (1 —8) (1 + 5)'2.
Then the polynomials g, ;,(s) (I1,l2 € N) span the vector space C[s]. We then
compute
20+b+uH=1B(g 4 1y, b + 1o)
[(a)I'(b)
9a+btli+lz—1 li-1 l2—1

T T(a+b+ii+1o) g(a”)g(bﬂ),

Pa7b(gl17l2) =

where B(, ) is the Beta function. Thus P, ;(gs,,1,) is holomorphic for any /; and
l2, and the first statement is proved.
The zero set of P, ,(gi,.1,) is given by

Ml,lz = {(avb) € (C2 : Pa,b(gll’b) = 0}

l1—1 lp—1
= Jla=-iu | J{b=-stu{a+b=—2}
i=0 j=0

Taking the intersection of all N}, ,, we get

ﬂ ﬂ N1, ={(a,b) €C*:a € -N, be —N}.

11=015=0
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Thus Lemma is proved. O

The orthogonal group O(n) acts irreducibly on the space HY (S"~1) of spherical
harmonics, and we let O(n — 1) act on R™ in the first (n — 1)-coordinates. We
denote by HN (S7~1)O("=1) the subspace consisting of O(n — 1)-invariant spherical
harmonics of degree N, and by (HY (§"~1)9(»=1)L the orthogonal complementary
subspace with respect the L?-inner product on S"~!. Then we have a direct sum
decomposition:

/HN(Snfl) — /HN(Snfl)O(nfl) @ (HN(Snfl)O(nfl))J_.

Let 5*](, (t) be the renormalized Gegenbauer polynomial, see (I6.4). The next
lemma is classical.

LEMMA 7.6. 1) We regard éﬁ(wn) as a function on S"~1 in the coordi-
nates (w1, ...,wy) of the ambient space R™. Then we have:

HN (S7 1O = Cspan O (wh).

2) Let¢p € HN(S™1). If N is odd or+p L HN (SO0 then

/s oM (w)de = 0.

If N is even, then

/ 1 ‘w"|)\+y_n6]%_1(wn)dw = dn,N()‘ay) g()\,y),
gn—

where

n+1

2 A" D(n+ N — 1)
r(OrN +1)

'A+v—n+1)
g\ v) = —— - .
F(A-‘r 2 N+2)F(A+ 2+N)

(7.10) dn NN, V) =

PROOF. 1) The result is well-known. See e.g., 23] Lemma 5.2].

2) For ¢(wy) regarded as an O(n — 1)-invariant function, we have

/ P(wn)dw = vol(S"*Q)/ P(t)(1 — 12)" 2 dt.
Sn—1 ~1

Therefore,

~ 1 ~
[ PG e = vol(s ) [ - ) O
Snfl

-1

_J0 for N odd,

| dun(\v)g(\,v) for N even.
n—1

2w 2

r(3h)

tion formula ([IG8) of the Gegenbauer polynomial. O

The last equality follows from vol(S"~?) = and from the integra-
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7.3. Proof of Proposition [Z.3l In light of Proposition [£3] any element in
I(M\)k is a linear combination of functions of the form ([@IJ), namely,

2r \ " 1—72
_ 2)—A —
R ) = 0+ (1) v (155 )
for v € HN(S"!) and h € CJ[s] in the polar coordinates (z,z,) = rw (r > 0,
we snh).
Then the first statement of Proposition follows immediately from the next
lemma:
LEMMA 7.7. 1) Suppose N € N, o € HN(S""1) and h € C[s]. If N s
odd or i L HN(S"1H)OM=D then
(KR, P, h]) = 0.
2) For N € 2N and h € C[s], we have

2

(Bf, FA[OF (wn). 1)) = ¢Pazyin aiven (h) 2H ()\ o) : +j) (M% - j),

3=0
where Py p(h) was defined in [CA), and the nonzero constant ¢ is given by
28 A rsT(n+ N — 1)
D(%)D(N +1)

N|=

c=2"""d, n(\, V)7~

PROOF. By using the expression ([L2)) of Kfiu in the polar coordinates, we have
(7.11) (K}, Fx[Y,h]) =27 RS,
2—)\

F( )\+v5n+1 )F<%)

U?f,wF/\[w’hD = RS,

where

[e§] _ 2
R = 2N+ r’\_”"‘N_l(l +T2)_’\_Nh L-r dr
0 1+ TQ

1
_ / (1 _ S) AsviN-2 (1 n S) AbvgN -2 h(S)dS

-1

A—v+N A+v+N
= DN (F ) Pacyes s (),

S = / |wn | MY T (w) dw.
Sn—1

1) Tt follows from Lemma [ that S vanishes if N is odd or if ¢ is orthogonal
to HV(S"~1)O(=1) with respect to the L2-inner product on S™~!.
2) By (II) and Lemmas and [(.0]

(K%, FAICR ™ (wn), h]) = cProyin siuin (B)V,

where

P(AGEN (M)

F(W)F(%)
]_"(>\—V2+N)]_"(/\+V§n+2)

V = 2—)\—y+n—l

1
T2

g\, v)

- F(%)F( )\+V7757N+2)
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N1
2
B H (/\—1/+ _)(/\+u—n_ )
| 2 2 )
7=0
In the second equality we have used the duplication formula ([IG1) of the
Gamma function. O

PROOF OF PROPOSITION [[3] (2). For N € N, o € HN(S"~!) and h € C[s],
we set

N, ] :={(\,v) € C*: (K}, Falib, h]) = 0},
Zy = () N, hl.
YEHN (Sn—1) heCl[s]
Then, we have
{(\v)eC*: (K}, ,F)=0forall F € I(\)k}
= [ {(\v) eC?: (K}, Fili, hl) = 0 for any ¢ € HN (S"71), h € C[s]}
NeN

:ﬂzN.

NeN
Let us compute Zy explicitly. For this, we set
Agz == {(\v) €Z*: A\ +|v| <0,A = v mod 2}
={(\v)€Z?*:N—ve-2Nand A\ +v € —2N}.
For N € N, we define the parallel translation of Azz by (=N, 0):
Az [N]:={(\v) €Z?: (A + N,v) € Az}
Then it follows from Lemma [0 that Pa—yin rsven (h) =0 for all h € CJ[s] if and
only if (A\,v) € Az=[N].
In turn, it follows from Lemma [ that Zy = C? for N € 2N + 1, and for
n € 2N,

Zy = An[NU{(\w) eC?: ] (A;V+j)()\+l2/_n—j> _ 0}
=0
= Az2[N]|U U {\v): A=—v=-2j5}U 2U {\v): A +v=n+2j}.
j=0 j=0

In Figure [I] below, Zy (N = 8) consists of black dots and 4 + 4 lines; Leyen
consists of red circles.
Taking the intersection of all Zy, we get
(] 2v={(\»): \ve-N, A=vmod2, and A < v}.
NeN

Hence Proposition is proved. O
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FIGURE 7.1. Zy (N =8) and Leyen






CHAPTER 8

Meromorphic continuation of regular symmetry
breaking operators K fy

The goal of this chapter is to prove the existence of the meromorphic continu-
ation of our symmetry breaking operator A ,, initially holomorphic in an open set
0o, to (\,v) € C2. Besides, we determine all the poles of the symmetry breaking
operator Ay, with meromorphic parameter A and v. The normalized symmetry
breaking operators A,MV depends holomorphically on (A, ) in the entire space C2.
Surprisingly, there exist countably many points in the complex set in C? such that
AA,D vanishes, namely, Ak,u is zero on the set Leyen Of codimension two in C2. We
shall prove

THEOREM 8.1. 1) IN{/‘%V is a distribution on R™ that depends holomorphically
on parameters X and v in the entire plane C2.

2) I?ﬁy € Sol(R™;\,v) for all (\,v) € C?, and thus defines a continuous
G'-homomorphism

(8.1) Axy IO\ = J(v).
This operator ;&)\,u vanishes if and only if (A, V) € Loyen, namely,
(8.2) AMve-N A=v mod?2, and A <.
In what follows, we shall consider the following open subsets in C?:
(8.3) Q= {(\v)€C?:Re(\—v) >0},
D, =={(\v) €C*:Re(A+v) >n—1},
D, ={(\v)eC?:Re(A\+v)<n}
Obviously, D}, U D;; = C2. We recall from (Z3))
(8.4) Q=UnND .

The proof of Theorem B1] consists of the following two steps:
Step 1. Qg = ;. Use differential equations, see (B3 and ([B4).
Step 2. ; = C2. Use functional equations, see (871 and (B3).

8.1. Recurrence relations of the distribution kernels K;‘?’V. As the first
step, we shall use recurrence relations of K ﬁu(a; Zn). We set

K (2, 20) = ()27 7|2 + 22) 7"

Then Kiy(m,xn) is locally integrable if (A, v) € Qp, and thus gives a distribution
on R™ with holomorphic parameter (A, v) € Q.

57



58 8. MEROMORPHIC CONTINUATION OF K%,

LEMMA 8.2. K/\i)y(x, xn) extends meromorphically to Q1 as distributions on
R™.

PRroOOF. We only give a proof for Kt (z, z,,); the case for K (z,x,,) can be shown
similarly. First observe that the distribution K € D’(R") satisfies the following
differential equations when Re(A —v) > 0 and Re(A +v) > 0:

o)
(8.5) T%Kﬁl,u =\ +v-n+ 1K), - 20K},
(8.6) Apni Ky, =200 = 1)(2v —n+ DK, —4(v - K], 4,

We show the lemma by iterating meromorphic continuations based on the two steps
Q ~~ QUOT and Q ~ QU below using ([BH) and (8], respectively. Suppose K)ty
is proved to extend meromorphically on a certain domain € in C? as distributions
on R”™. Then the equation (X)) shows that KIV extends meromorphically to the
following open subset

QF={(\v)eC?*: A+ 1Lv)eQand (\,v+1)cQ}
=(Q+(=1,0) N2+ (0,-1)).
Here we have used the following notation:
Q-+ (a,b) :={(\,v) €C*: (A —a,v—b) € Q}.
Likewise, the equation (B8] shows that K:{V extends meromorphically to
Qr =Q+(-1,1)Nn Q2+ (-1,-1)).

Now, first, we set = y. By iterating the meromorphic continuation pro-
cess Q ~ QU QT, the distribution ij extends meromorphically to the domain

Uneo(Q0 + (0, —k)), which contains

b= {(\v) € C?: Re(A—v) > 0,Re A > 7},

G555 /
QERILRKASS A
NIELIIALLL A LS K
A HRSSHERKSS
RIEEIRIIHEXLS,
ST SIS
EHRES
SH,
056,755
SHSS
755
R

see Figure B1]
Ao
KA

W ) W ) ‘
KK
Qo

Qo U Q)

FIGURE 8.1. Analytic continuation from Qg to §2f

Second, we begin with Qf, and iterate the process @ ~ QU;. Then we see that
KIV extends meromorphically to the domain ; = {(\,v) € C? : Re(A — v) > 0},
see Figure O

LEMMA 8.3. If Re(A—wv) > 0, then [N(f,y € Sol(R™; A\, v) and defines a nonzero

G’ -intertwining operator I(\) — J(v), to be denoted by the same symbol A&,\,,,. Then
A, , depends holomorphically on (A, v) in the domain Q4.
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FIGURE 8.2. Analytic continuation from §2f) to €4

PROOF. By Lemma B2 Kﬁu = KIV + K, is a distribution on R™ that
depends meromorphically on ;. On the other hand, Proposition shows that
A, , is nowhere vanishing and that Ay ,(¢) does not have a pole for any K-finite

vector ¢ € I(N)k in the domain Re(A — v) > 0. Now Lemma follows from
Proposition O

8.2. Functional equations. Let Tonw J(m —v) = J(v) be the Knapp—
Stein intertwining operator for G/, and Ty : I(\) — I(n— ) for G with m = n—1.
The second step of the proof of Theorem is to prove the following functional
equations (see Theorem BH below):

(8.7) Ty 0 Ay m_p =

(88) ‘&n—k,u o TFA = ;;2 Ay L.
We begin with the following;:

LEMMA 8.4. 1) The identity &) holds in the domain Qo = Q1 N D} (see
@3)).
2) The identity B8) holds in the domain

(89) QQ = Ql N D;

PROOF. Since the (renormalized) Knapp—Stein intertwining operator ’f‘m_, de-
pends holomorphically on v € C, the composition

T © Axmy : I(N) = J(m —v) = J(v)

is a continuous G’-homomorphism that depends holomorphically on (A, ) by Lemma
B3if Re(A— (m —v)) > 0, namely, if (\,v) € D' ;. Thus &A,u and T,,_,, 01&,\7m_1,
are in Homg/ (I(N), J(v)) if (A, v) € Qo.

We recall from Lemma B3] that A)\W # 0 if Re(A—v) > 0 and from Proposition

that dim Homg: (I()), J(v)) < 1if (\,v) € Qo (C C? — //). Therefore there
exists b(\,v) € C such that

:]\fmfu o A)\,mfu = b(>\7 V)A)\,y

for (A, v) € Qp. Applying these operators to the trivial one-dimensional K-type
1, € I(N)k, we get from Proposition [[4] and Proposition .0l

m m

m
m2 T2 m2

T(m =) -0y v~ "M Vs b
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and therefore b(\,v) = % Thus we have proved [BX) in the domain £y =
Q9 NDf .
Similarly the composition

An_apoTx:IN) = I(n—X) = J(v)

is a continuous G’-homomorphism if Re((n — A) —v) > 0, namely, if (\,v) € D,,.
Therefore there exists ¢(\, v) € C such that

An—)\,y o Ty = ¢, V)A&,\,V
if Re(A —v) > 0 and Re(A + v) < n. Applying these operators to 1y, we get

n—1 n n—1
T2 T2 T2
7711/ = A7 71”7
Tm—nroy = AT
whence ¢(\,v) = % Thus we have proved ([B]) in the domain Qs = Oy N
D, . O

Now we are ready to complete the proof of Theorem

Proor or THEOREM Rl In order to extend K ﬁu meromorphically, it is suf-
ficient to prove it for K f,u'R" by Proposition Then it follows from Lemma
that K f},v extends meromorphically from €y to 2; as distributions on R™. In
turn, K f’y extends meromorphically to the domain ; U D;f_l as a distribution on
R"™ by Lemma [B4] (1), and it extends meromorphically to the domain Q1 U D;; as
a distribution on R™ by Lemma (2). Hence K ﬁy extends meromorphically to
c2. O

Now, by Theorem Bl Lemma can be strengthened as follows:

THEOREM 8.5. The functional equations 1) and BF) hold for entire (A, v) €
C2?, namely,

m

T A — Y 2
(8.10) Ty 0 Axm—y = Tm =) Ay, for (A v) € C=,
~ ~ T2 ~
11 _ - 2
(8.11) Ap_xp 0T\ Tln = /\)A)\,y for (\,v) e C

8.3. Support of K fiy. We determine the support of the distribution kernel
K f},v when it is nonzero, equivalently, by Theorem Bl (2), namely, when (\,v) ¢
PROPOSITION 8.6. Suppose (A, ) & Leyen, equivalently, A,\W #0. Then
St () e\ =X,
Supp K;?,l/ = {[p+]} Zf ()‘7 V) € // - Leven;
G/P  otherwise.

PROOF. We recall from ([Z2) that as a distribution on R™ — {0},
Kﬁu(%xn)h&"—{o} — 7,)\71/71|wn|)\+1/7n
in the polar coordinates (z,z,) = rw. Since the function

We: ST SR, w= (Wi, W) Wy
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is regular at w, = 0, the distribution |w,|***~™ on S"~! has a simple pole at
A+v=n—1,n—3,..., and the support of its residue is equal to S~ ! = {w,, = 0}.
In light of Remark [[.2] we have thus

Supp(K3, lan (o) = R"" = {0} if (A, v) € \\ - X,
Supp(f(f\%,umnf{o}) =0 it (\,v) e //-X
For (\,v) € X, I'(2H52E(252) has a pole of order two. Therefore we conclude
that K§7V|Rn_{0} = 0. Hence
Supp(]?;‘ﬁ,, re—go3) =0 if (\,v) e X
Now we get Proposition by Lemma [G.T] O

8.4. Renormalization 1&)\71, for v € —N. We have seen in Theorem (2)
that the distribution 1&,\,,, with holomorphic parameter (A, v) vanishes in the dis-
crete subset of C2, i.e., if (A\,v) € Leyen. In this section we renormalize A,\yy as a
function of a single variable A by fixing ¥ € —N in order to obtain nonzero symmetry
breaking operators.

Suppose v € —N. Then the factor (§,4+1 — &)™ of the distribution kernel
k:fiy(g) in (Z4) is a polynomial, and thus the distribution kernel kﬁyy has a better
regularity.

PROPOSITION 8.7. Suppose v € —N. Then

1
F( )\+u5n+1 )

A—vU
2

extends to a distribution on K/M ~ G/P which depends holomorphically in X\ in
the whole complex plane. Then there exists a nonzero G'-intertwining operator

(8.12) K3 (@) = KX, (2,20) = I( VKR, (@, 0)

(8.13) R TN = J(v),

whose distribution kernel is [N(‘;*\’V. Further,

TR
oy

REMARK 8.8. For a fixed v € —N, (A, 1) € Leyen if and only if A is a (simple)
pole of I'(25%). In this case, the formula ([8I4) amounts to

n—1

T (A (=)

(8.14) R (L) =

&A,u(]-)\) = 1 Iz
where [ € N is defined by the relation v — A = 21.
PROOF OF PROPOSITION B7l In the coordinates n = (g, ...,n,) € S™,
1

g M
F( )\+V;n+1 )

is a nonzero distribution on S™ which is holomorphic in A in the whole complex
plane because 7, : S™ — R is regular at 7, = 0. On the other hand, since v € —N,
(1 —mno)~" is a polynomial in 7y,

1

— N T (A =)
F(%)
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is well-defined and gives a distribution on S™ ~ G/P with holomorphic parameter
A € C. Moreover it is nonzero for any A in any neighbourhood of n with ng # 1
and n, = 0. Now Proposition B follows from (Z6l). O

The following proposition shows that the renormalized symmetry breaking op-

erator &AJ/ is generically regular in the sense of Definition 3.3

PROPOSITION 8.9 (Support of I:(‘)%,V). Suppose v € —N. Then the distribution
kernel Iz(iy of the symmetry breaking operator KA,,, has the following support:
G/P if (Av) ¢\,

St f (A v) €\
PROOF. As a distribution on G/P, we have

G/P it (A v) €\,

1
S " Av—mn _
PP ) {s it (A, ) €\

Supp K‘;il, = {

The multiplication of (1 — 1)~ € C*°(S™) is well-defined, and does not affect the
support because the equation 1 — 79 = 0 holds only if n = (1,0,...,0) € S™. Thus
we proved the Proposition. ([l



CHAPTER 9

Singular symmetry breaking operator B A

We have seen in Lemma that singular symmetry breaking operators exist
only if (A\,v) € \\. In this chapter we construct a family of singular symmetry
breaking operators

(9.1) By, : I(\) = J(v) for (\v)e\\
by giving an explicit formula of the distribution kernel, see ([@6l). The operator
By, depends holomorphically on A € C (or on v € C) under the constraints that

(A, v) € \\. We find a necessary and sufficient condition that By, # 0. Other

singular symmetry breaking operators are only the differential operators C, , that
will be discussed in the next chapter.
The classification of singular symmetry breaking operators will be given in

Proposition [T.14

9.1. Singular symmetry breaking operator I@A,y. For (A\,v) € \\, we de-
fine k € N by the relation
(9.2) Ad+v=n—1-2k
In what follows, we shall fix kK € N and discuss the meromorphic continuation by
varying v € C (or A € C) under the constraints ([@2).

For £ = (&,...,ént1) € E, we set

k3o (€) = 22K CR (€, ) (€0 — €0) 7

Then k% ,(€) is a distribution on =, when Rev < 0. Further k¥ ,(€) € D} _,,(2) ~
I(n—X)~"°° and, as in (L), it satisfies a P’-covariance

(9.3) kxo(me™ng) = e"k3, (€)

for any me~*#n € M'AN, = P'. By (@10) we have:

(9-4) Wk, = (e )T ().
(9.5) (¢iekS, ) (m) = 2210530 () (1 = o) ™.

In order to give the meromorphic continuation of the distribution kernel, which is
initially holomorphic when Re v <« 0, we normalize (@) as

(lef” +22) 6@ (2n)

- 1
(9.6) KIB’V(:U,xn) = —
A L(25%)

1
= (Ja* +22) 76 (2,).

P = — k)

The main properties of B , are summarized as follows.
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THEOREM 9.1. Suppose (A, v) € \\.

1) For (\,v) € \\ with Re(A—v) >0, I?ﬁy is well-defined as a distribution on R™,
and satisfies:
k

—1)* (2K (v); —2u—2i +(2k—2i
>t (2]4);<23)!(i!) T2 ().

~ 1
(9.7) KBV(x,xn) =
X r(o —v—k) &

2) Fiz k € N. Then I~(£\B7V extends to a distribution on R™ that depends holomor-
phically on v in the entire plane C (or A € C).
3) Kgy € Sol(R™; \,v) (see ©8) for the definition) for all (A\,v) € \\, and induces

a continuous G'-intertwining operator
By, : I(\) = J(v).
4) @A’V =0 if and only if n is odd and (X\,v) € Leyen-
For the proof of Theorem [0l we use:

LEMMA 9.2.
1) For Re v < 0,

8)i s ol 0 ifi=2j+1,

(5-) Uz +a2)™ | = Cipemren i s _ o

O pamo | SILGDULEAD |g 2025 f = 9.

2) Suppose Rev < "=t — N. Then |z|~2*=% € L{ (R"7!) for all 0 < j < [J],
and we have the following identity of distributions on R™:

[
(lef? +23) 6™ (2n) =
§=0

vz

L(“1)INIT(w + )

—20—2j £(N—27)
N g it T )

PrOOF. 1) The expansion

o0

L(p+1) i 2
A 2\p AP 21
(A+y7) ;i!l‘(u—i—l—i) v

implies
0

99) () +sr |

@)+ 1)

_ PR gpi
y=0 AT (p+1—1)

Now the statement is clear.
2) For a test function ¢ € C§°(R"™),

(5)
- ; (7) (((‘;;)lﬂxﬁ + xi)_”> ((ain)N_isﬁ(x,xn))

Substituting the formula of (1) into the right-hand side, we get (2). O

JR— ((|lz* + 22) " p(z, 20))

z,=0
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9.2. K-finite vectors and singular operators ]E/\,u-

PROPOSITION 9.3. Suppose (A,v) € \\. We define k € N by the relation ([@.2).
Then (K} ,, F) = (=1)F2%(2k — 1)!(KY ,, F) for any F € I(\)k.

We give a proof of Proposition 03] in parallel to the argument of Chapter [ A
new ingredient is the following:

LEMMA 9.4. Suppose (A, v) € \\.
1) If N is odd or v L HN(S*~1)O=1) then

()60 (w,) = 0.
Sn—1

2) If N is even, then

/ G ()6 () = (~1)F2¥(2k — 1L A g0 0)
gn—1

F( )Hru;nJrl )
PROOF. In light of the residue formula
1 (=1)* .
— |t =—— 725G in D'(R),
r(%l)‘ | p=—1-2k 282k — 1)!! ®) ®)
the statements follow from Lemma [T.6l O

Owing to Lemma 4] the following lemma is derived as in Lemma [[.7]
LEMMA 9.5. Let (A, v) € \\. Let k € N be as in (@2).
1) Suppose N € N, 1 € HN(S"™1), and h € C[s]. Then we have:
(KB, F\[$,h]) =0 if N is odd or ¢ L HN(S™71).
2) If N € 2N, then

vz

-1

(R O] ) ) = ePacgi ssson () ] AL+ (A=),
=

2 2
where the nonzero constant c is given by

3-A-n_2 _
(—1)k2k(2k—1)!!2 m2l'(n+ N —1)

D(“3H)0(N +1)
ProoF oF PROPOSITION [0.3] Clear from the comparison of Lemma [0 and
Lemma [@.5 O

As a special case of Proposition 0.3 we obtain

PROPOSITION 9.6. For (\,v) € \\, we set k e Nby A+v=n—1—2k. Then
we have

(—1)k2kr ™z (2k — 1)1 L
I'(X) .
ProoOF. We recall from Proposition [Z.4] that

n—1

()

Now the statement is immediate from Proposition a

(9.9) B, (1)) =

Ay, (1)) = 1,.
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As another consequence of Proposition 03] we have

PROPOSITION 9.7. <I~(£\E7V7F> =0 for any F' € I(N)k if and only if (\,v) €

Leven .

PROOF. The proof is the same as that of Proposition [.3 O
9.3. Proof of Theorem

PROOF OF THEOREM 1) Let k be defined as in ([@2). Then |z|~2V=% €
(R™~1) for all 0 < i < k if and only if Re(A —v) > 0. By Lemma @2 we get the

LilOC
expansion formula ([@7]), which shows that K E_l_%_u,y extends to a distribution
on R" depending holomorphically on v in the domain {vr € C: Rev < an —k}.

2) By the expression ([@.7]), the assertion is clear.

3) It is easy to see IN(%} € Sol(R™; \,v) for Rev <« 0. Since IN(QV extends
holomorphically to (A, v) € \\ as a distribution on R"™, the third statement follows
from Proposition B.13]

4) Clear from Proposition d

9.4. Support of the distribution kernel of I?BA,,,. We have seen in Theorem
that By, # 0 if and only if (A\,v) € \\ — Leyen. In this section, we find the
support of the distribution kernel of K ;\B’V.

PROPOSITION 9.8. Assume

(A1) €\ = Leven = {\\ — Leven (n:odd),

\\ (n : even).

Then the kernel of the nonzero singular symmetry breaking operator I@A,V has the
following support:

{[p-i-]} Zf (/\a V) eX - Levena
SP1if () e\ - X.

PRrROOF. Suppose (A, v) € \\ — Leyen. By Lemma 6] and the definition ([@.6) of
IN(RV, Supp I?E\B,y is either {[p;]} or S"~!. Since |x|? + 22 is nonzero on R™ — {0},
(Jz|? + 22)~¥ is a nowhere vanishing smooth function on R™ — {0}. Therefore, the
restriction of I~(§)y to the open set R™ — {0} vanishes if and only if I'(25%) = oo,
namely, (A, v) € //. Thus Proposition is proved. O

Supp K%, = {

9.5. Renormalization @A,y for (A\,v) € Leyen with n odd. For n odd,
the singular symmetry breaking operator I@AW vanishes when (\,v) € Leyen, see
Theorem As we renormalized the (generically) regular symmetry breaking
operator 1&)\7,, for v € —N in Section B4 we will renormalize E/\,u for v € —N as
follows. For (\,v) € Leyen with n odd, we define k € Nby A+ v =n—1-2k and
set

K5 (2,2,) := (|J2]? + 22) 769 (z,)
k i
CV'CRNW); | —o-sigen-20y, )

(9.10) (2k — 2i)!4!

=0
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see ([@7) for f(ﬁy. Then IN(]?V € Sol(R™; A\, v) and we have a G'-intertwining oper-
ator

(9.11) Br, i 1) = J(V)

with K ]5” its distribution kernel. Since Leven is a discrete set in C2, there is no

continuous parameter for I[~B>\,,,. We note that Leyen, C X for n odd. We shall prove

in Theorem (4) that @)\’V is a scalar multiple of &A,U for any (\,v) € Leyen if
n is odd. The following proposition is clear from (@.I0).

PROPOSITION 9.9. Suppose n is odd and (A, v) € Leyen. Then @Aw #0 and

Supp I?EV = =






CHAPTER 10

Differential symmetry breaking operators

In this chapter we give a brief review on differential symmetry breaking oper-
ators. Nontrivial such operators from I(\) to J(v) exist if and only if v — X\ € //,
and explicit formulae of all such operators were recently found in [I3}, 24]. The
new ingredient is Proposition [[0.7 which gives an explicit action of the normalized
differential symmetry breaking operators C A,» on the spherical vectors. In Chapter
M2 we shall see that these differential symmetry breaking operators arise as the
residues of the (generically) regular symmetry breaking operators A , except for
the discrete set Leyen (Theorem [[2.2]).

10.1. Power of the Laplacian. We begin with the classical results on con-
formally covariant differential operators acting on line bundles on the sphere (“G =
G'=0(n+1,1) case” in the general setting of Chapter [3).

Let gc be the complexified Lie algebra of g = o(n + 1,1), and pc = m¢ +
ac + (ny)c the complexification of the Levi decomposition of the minimal parabolic
subalgebra p = m 4+ a + ny (see 23))). We note that pc is a maximal parabolic
subalgebra of gc ~ o(n + 2,C). Let H be the generator of a defined in [Z4) and
denote by C, the pc-module given by

pc = pc/(me +nd) ~ac=CH — C, tH — tA.
We define a generalized Verma module by
indg%(A) = indgZ(Cy) = U(gc) ®u(pe) Ca
Then the following result holds (e.g. 21, B]):

LEMMA 10.1. Let n > 2. Let G = O(n + 1,1) with n > 2. Then the following
three conditions on (\,v) € C? are equivalent:
(i) Homg(indps (—v),indps (—=A)) # 0.
(ii) Homg p(indpS(—v),indps(—A)) # 0.
(iii) (A, v) = (5 =1, 5 +1) for somel=0,1,2,---.
In this case, the space of homomorphisms in (i) (also in (ii)) is one-dimensional
and the resulting G-intertwining differential operator (G = G' and H = H' case in
Fact[T13) is given as the power of the Laplacian in the noncompact model:
n n
ATz =) = I(5 +1).
&1+
REMARK 10.2. In the compact model (see Definition ], the G-differential
intertwining operator for [ = 1 is given by the Yamabe operator in conformal geom-
etry, which is define to be
n—2

Asm = 1T

1
RSn = ASn — Zn(n - 2),

69
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where Agn is the Laplacian and kg» is the scalar curvature of S™ with standard
metric (e.g. [ZI1 Example 2.2]).

REMARK 10.3. As we have seen in Section 3] the Knapp—Stein intertwining
operator

Ty : I(A) = I(n—\)

is singular in the sense of Definition (with G = G’) if and only if [ := § — X €
N, and reduces to a scalar multiple of the I-th power A! of the Laplacian, see
@Z9). Thus any differential G-intertwining operator between spherical principal
series representations of G is obtained as the residue of the (generically) regular

intertwining operators [2]. A similar result does not hold for symmetry breaking
operators (G # G’ case) as we shall see in Remark [24

10.2. Juhl’s family of differential operators. For (\,v) € //, we define
l € N by

v—\=2l

We recall from ([[6.2)) and [I63) that égl(s,t) = Z;ZO a;j(l; )7t =% is a poly-
nomial of s and ¢ built on the Gegenbauer polynomial, and this definition makes
sense if s, t are elements in any commutative algebra R. In particular, taking
§ = —Apn-1, t = % in R = (C[a%l, e ,%], we obtain a differential operator
C>®(R") — C>(R""1) by

—1

(10.1) (ffi)\J, := rest OCNZ';\__:T <_A]Rn—1, i)

ox,,
S ) ()
=0 "
LA (At ) 9 \20-2j
- resm; j!(;l(— 2j2)! )Aﬁ“ (@)2 B

where restNdenotes the restriction to x,, = 0.
Then C, , coincides with Juhl’s family of conformally covariant differential op-

erators [I3], that is, C v induces a G'-intertwining operator (differential symmetry
breaking operator)

(10.2) Crw: I(N) = J(v),

in the non-compact model. See [I3], @8], 24] for three different proofs.
It is immediate from the definition (IO that the distribution kernel of the
differential symmetry breaking operators C, , is given by

R | 5 (G )
A 3121 — 27)!

j=0
9
ox,

(A

pro10(@1, 7$n71))5(2l72j)(xn)

A

(10.3) =0 7 (=Agu-1, ——)d(x1, -+ Tn1)8(x).
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The differential operator C A,v is homogeneous of degree v — \. Here are exam-
ples of low degrees.

rest ifl =0,
82
R resto(()\—i-u—n—i—l)a?—i—ARnfl) ifi=1,
Cy, = " 4
» %resto(%()\JrufnJr1)()\+an+3)88?
N
2N +v—n+ 1)ARn—l@ + ARn,l) if l =2.

We define a maximal parabolic subalgebra pi = mg + ac + (n/,)c of gc as the
complexification of p’ = m’ +a+ (n/,) (see (ZT)), so that pi = pc N ge.
Fact 10.4 ([I3 24]). Suppose A,v € C.

1) The following three conditions are equivalent:
(i)  Homg (ind%; (—v), ind%(~ X)) # 0.
(ii)  dim Homg (ind% (—v), ind% (~ X)) = 1.
(iil) A\—v=0,—1,-2,--- .
2) The following three conditions are equivalent:
(i) Homg p(ind% (~v),ind3(—N)) # 0.
(i) dim Homg: p(ind% (—), indS (~A)) = 1.
(iil) A—v=0,-2,—4,---, namely, (\,v) € //.
3) Assume one of (hence, all of ) the equivalent conditions in (1) is satisfied.
Then the resulting g -intertwining differential operator I(\) — J(v) (see

Fact [Z13) is homogeneous of degree v — A € N. Further, it induces a
G'-intertwining operator

Coy: IN)®XIN) = J(v)® X' J(v),

where x and X' are defined in (ZI3). Furthermore, CC) , transforms
under G' |G}y by the character (x')V .
4) Forv— A€ 2N, Cy, is a scalar multiple of Cy ,.

REMARK 10.5. We shall see in Theorem [[2.2] (2) that the differential symmetry
breaking operators C A, are obtained as the residues of the (generically) regular
symmetry breaking operators Ay , for (A, v) € C? — Leven, however, ((NZM, cannot
be obtained as a residue if (A\,v) € Leyen. This phenomenon is reflected by the
jump in the dimension of Homg (I(A), J(v)) at (A, v) € Leyen (see Theorem [IT.4
(1)). It should be compared with the classical fact that all conformally covariant
differential operators for densities on the standard sphere S™ (= G/P) are given
by residues of the Knapp—Stein intertwining operators, as we saw in Remark
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10.3. The kernel of the differential symmetry breaking operator (EA,V.
We recall that 1) is the normalized spherical vector in the principal series represen-
tation I(A). Since @A,u : I(A) = J(v) is a G’-homomorphism, ((NZM,(I)\) is a scalar
multiple of 1,, € J(v). In this section we find this scalar explicitly. In particular, we
obtain a necessary and sufficient condition on (\,v) € // such that 1, € Ker ((NIAW.
We begin with the following:

LEMMA 10.6. For (z,z,) € R 1@ R and X € C,

. o \20-2j
J _ 2 2\—A
Moi(5m) QP +ad) ™|

221 (21 — 2j)! D(=A + 1)D(25L + j)
(=) T(=A—1+DI(27)

| 2%(2] — 2j)! n—1

_ w(—,\—z)l( > )j.

Here (z); =a(z+1)---(z+j—1) = F(Fx(z)j) is the Pochhammer symbol.

PrOOF. It follows from (@) that

r=0,z,=0

0 \? 2)!T(u+1) _
10.4 -— 1 2 2yu = ——(1 Zyp—i,
10.4)  (50) Gkl rad) | = ar o 0P
By using [@20) iteratedly, we get
: o2 D +)
A ) =2% ) 2 =2
Rn™ |J3‘ J 1—1(%)
Hence
A (L |2 om0 = (7) A |2
2% (n 4 1) (42 + 5
(10.5) _ P+ DI 2n_13)
[(p+1-5)r("5)
Combining (IT4) and [I03), completes the proof of the Lemma. O
PROPOSITION 10.7. Suppose (A, v) € // and we definel € N by v — X = 2.
Then ool
~ —1) 25\
Cap(1y) = %1"'
In particular, 15 € I(\) lies in the kernel of the symmetry breaking operator (EA,V :
I(A) = J(v) if and only if X € {0,—-1,-2,..., -2l 4+ 1}.

PRrROOF. Let a;(l; 1) be defined by ([I6.2), and we set

! O 2025
D) =Y a;Gm(-8) (5-) -
j=0 "
By applying Lemma [I0.6] we have

D(l ) (1 + [af* + 23) M a=0,.2,=0
l
n—1
:221(_)\—l+1)lz (w+ 10— (T)J

25— )1
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2 (AT D)+ 1+ ),
= T )
In the last equation, we have used the identity
1

Z “)!(p)j(Q)l—j =(p+q).

T
per A U
Since Cy,, = D(I, A — 2-1), we get

22(—\ — 1+ 1)\ + 1),
I
(=12 (V)2

B

@,\,u(l,\) = 1,

Thus we have proved the proposition.
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O

REMARK 10.8. We gave in [30) an explicit formula of the action of the dif-
ferential G'-intertwining operator A},, : J(% —j) — J(B +j) (j € N) on the

spherical vector 1, as
(—=1)72%T(F +)
rg-;)

A‘I{QWL (11/) =

by using the residue formula of the Knapp—Stein intertwining operator. The formula

([IT3) gives another elementary proof for this.






CHAPTER 11

Classification of symmetry breaking operators

In this chapter we give a complete classification of symmetry breaking operators
from the spherical principal series representation I(\) of G = O(n+1,1) to the one
J() of G = O(n,1).

11.1. Classification of symmetry breaking operators. So far we have

constructed symmetry breaking operators Ak,ua &A,ua @Ayy, IEAW, and ((Nf)\yl,, see
D), @13, @I), @I0), and [IQ2), respectively. We shall prove that any element
in H(A\,v) = Homegs (I(A),J(v)) is a linear combination of these operators, and
complete a classification of symmetry breaking operators for all A and v (Theorem
[ITT below). The above operators are not necessarily linearly independent. In
the next chapter, we shall list linear relations among these operators as residue
formulae.

THEOREM 11.1 (classification of symmetry breaking operators). If n is odd

CIE)\,V 3] C@)\,u ()\7 V) S Levena
H(Av) = { “ow (A )€/ = Leven:
CBy, i (w) e\~ X,
CAx if (A\v)eC—(\\U/)).
If n is even
(CA)\J, @ CCy ., (/\, V) € Levena
o= | T O] Lo
CB,. if (\v)e\\ =X,
(CAA,V (/\’l/) E(CQ_(\\U//)

REMARK 11.2. 1) We shall see in Proposition [[T.6] that E/\m is a nonzero

multlple of AA v if nis odd and (A, l/) € Leven-
2) C)\ » is a nonzero multiple of A,\ v if (\,v) € // — Leyen by Theorem [[22 (2).
3) IB%,\ v Is a nonzero multiple of A,\ v if (\,v) € \\ = X by Theorem 22 (1).

Using the residue formulae (Theorem [[22)) in the next chapter, we can restate
Theorem [[T.T] as follows:

THEOREM 11.3.

H(>\ V) = CA)"V @ C@AW Zf ()‘7 V) € Levenv
’ CA)"V Zf ()‘7 V) € (C2 - Leven-

75
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11.2. Strategy of the proof of Theorem [II.71 We divide the proof of
Theorem [[T.T] into the following three steps.

Step 1. Dimension formula of graded modules.
According to the natural filtration (see (B4]))

I‘I()\7 U) D H(}\, V)sing‘ B} H(/\, V)diff,

we give the dimension formula of the graded modules, summarized in the following
table:

dimension 0 1
HO\A)/HOV)ing WU/ C2—(\U/)  modd
WU (// = Leven) Leven U (C? = (U //)) n: even

H(A, V)sing/ HA, V)it | (X = Leyen) U (C* = \\) Leven U (\\ — X) n: odd
Xu(C?-\\) \\ — X n: even

HA,v)aie c* -/ /

The first row is proved in Proposition [T.12 the second is in Proposition IT.13
The third row was already stated in Fact 0.4

Step 2. Dimension formula of H(\,v).
By using the following obvious relations:

dim H()\, V)sing = dim H()\, V)sing/H()\a V)djf—f + dim H()\, I/)diﬁ‘,
dimH(\,v) =dimH\,v)/H\ V)sing + dim H(X, V)sing,

we obtain the dimension formula of H(A,v) and H(A,v)sing in addition to the
known formula of H (A, v)qig:
THEOREM 11.4. 1) (symmetry breaking operators)
2 Zf ()\’ V) 6 LCVCH?
1 otherwise.

dim H(\,v) = {

2) (singular symmetry breaking operators) Suppose n is odd.
2 if (\v) € Leven,
dim H(X, V)sing = § 1 if (A,v) € (// U\\) = Leven,
0 otherwise.
Suppose n is even. Then

Lif (Av)e\u//,

dim H (A, V)sing =
(A ¥)sing {O otherwise.

3) (differential symmetry breaking operators)
1 if(\v)e/,

0 otherwise.

dim ];I()\7 V)di[—f = {
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Step 3. Explicit basis of symmetry breaking operators.
As is clear from the table in Step 1, we obtain:

ProprosITION 11.5. The dimensions of the graded module are either 0 or 1.

We then give an explicit basis of H(A,v) by taking representatives for the
generators of the graded modules. This yields Theorem [IT.1]

11.3. Lower bounds of the multiplicities. In the previous chapters, we
found explicitly the condition for the non-vanishing of the operators, 1&)\71,, &/\,u,

B Ao B Awy and C A, and determined the support of their distribution kernels. With
respect to the natural filtration

];I(>\7 I/) D) H(A, V)sing D H()\, l/)diff,
we summarize the properties of these operators as follows:

ProroSITION 11.6. 1) (regular symmetry breaking operators).
The following operators

Ay, for (A\v)e Dging(A1) :==C* — (\\U /),
A)\,D fOT’ (A,I/) € Dreg(AQ) = {I/ S 7N} n (Cz - \\)

are nonzero and belong to H(A,v) — H(A, V)sing.-
In particular, dim H(X,v)/H (X, V)ging > 1 if

5 C2-(\U/) n: odd,
“)e{umuwlwmum) n: even,

2) (singular symmetry breaking operators I: non-differential operators).
The following operators

Ary for (A\v) € Dang(Ar) == \\ — X,
1&,\)” for (A, V) € Dging(A2) :=={v € =N} N'\\,
By, for (A\v)€ Dang(B1) :=\\ — X,

= Leven n: odd,
BAJ/ fOT ()\,1/) (S Dsing(BQ) = {(Z) n: even

are nonzero and belong to H(A,V)sing — H(\, V)i -
In particular, dim H(X, V)ging/ H(X, V)aig > 1 if

A e Je=Q\u/) n: odd,
w)e{%muwkﬁ\Um) n: even.

3) (singular symmetry breaking operators II: differential operators).
The operators

Cay for (\v)e/

are nonzero and belong to H(X\, V)qis .
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PROOF. 1) The statements for &Aﬂ, and &A,V follow from Proposition and
Proposition B9 respectively. The lower bound for the dimension holds because

CZ-(\\U/) n: odd,

Dying (A1) U Dsing(A2) = {Leven UC2—(\U/)) n: even.

2) The statements for &A,w &Aﬁy, I@Ayu, and E)\W follow from Proposition R.0]
Proposition 89 Proposition[0.8, and Proposition[@.9 respectively. The lower bound
for the dimension holds because
Leven U (\\ — X) n: odd,

\\ — X n: even.

3) See Fact 104 O

11.4. Extension of solutions from R™ — {0} to R™. We consider the fol-
lowing exact sequence (see (G.I0)):
(11.1) 0 — Solgoy(R™; A\, v) — Sol(R"; X\, v) = Sol(R™ — {0}; A, v).

According to Lemma[G7l Sol(R™—{0}; A\, ) is one-dimensional for any (\,v) € C2.
However, the following proposition asserts that for specific (A, v), we cannot extend
any nonzero element F' € Sol(R™ — {0}; A\, ) to an element in Sol(R™; A, v).

Dsing(Al) U Dsing(AZ) U Dsing(Bl) U Dsing(BQ) = {

PROPOSITION 11.7. Assume (A, v) € // — Leyen-
1) The restriction map
(11.2) Sol(R™; A\, v) = Sol(R" — {0}; A\, v)
1s identically zero.
2) Sol(R™; A\, v) = Soljo1 (R™; A\, v).
The proof of Proposition [T.1 is divided into the following two lemmas:
LEMMA 11.8. Proposition [I1.7 holds if
-X : odd
(M) € Jf = (XU Loven) = { /! (n: odd),
/| — (XU Leyen) (n: even).
Owing to Lemma [6.7] the distribution solution
Clan M7 (Jal* + 27) ™ [rn—0) € SOl(R" — {0} A, v)
does not extend to an element of Sol(R™; A, v) if (A, v) satisfies the assumption of
Lemma
LEMMA 11.9. Proposition [I1.7 holds if

X — Leven (n: odd),

X (n : even).

(AN v) € X = Leyen = {

Similarly, the distribution solution
CoA D (2, ) (|22 + 22) 7Y e — g0y € Sol(R™ — {0}, v)

does not extend to an element of Sol(R™; A, v) if (A, v) satisfies the assumption of
Lemma [I1.9

For the proofs of Lemmas [T.8 and IT.9) we need the following two general
results:
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LEMMA 11.10. Suppose D,, is a differential operator with holomorphic param-
eter (i, and F), is a distribution on R" that depends meromorphically on p having
the following expansions:

Dy = Do+ pDy+ p*Dy+ -+,
1
Fu:;F71+Fo+uF1+“',

where D; and F; are distributions on R". Assume that there exists € > 0 such that
D,F, =0 for any complex number p with 0 < |u| < . Then the distributions Fy
and F_1 satisfy the following differential equations:

1)05147210 and l)ofb +—l)1PL11:(1

PRrROOF. Clear from the Laurent expansion

1
D,F, = ;DOF—1+(D0F0+D1F,1)+~-- . 0

We recall that E = Z;—;l ;Ej% is the Euler differential operator.
J

LEMMA 11.11. Suppose h € D'(R™) is supported at the origin. If (E+A)*h =0
for some A € Z then (E + A)h = 0.

Proor oF LEMMA [[IT.T1l By the structural theory of distributions, h is a
finite linear combination of the derivations of the Dirac delta function of n-variables:
h= Z bo0®  (finite sum) for some b, € C.

aeN?
For a multi-index o = (ay,- -+ ,a,) € N, we set |a| = a1 + -+ - + . In view that
5(®) is homogeneous of degree —n — |a|, we have

(E+Ah= > bo(A—n—|a|)s,

aeNr
(E+APh=Y" ba(A—n—l|af)?6.
aeNm
Hence (E + A)h = 0 if and only if (E + A)?h = 0 because §* (o € N") are linearly
independent. O

We are ready to prove Lemmas [[T.§] and [[T.9]

Proor oF LEMMA I8 Suppose (Ag,v0) € // — (XU Leyen). We set [ =
%(VO — Xo) € N. Consider ()\,v) € C? with constraints A\ + v = \g + v, so that
(\,v) stays in \\ with a complex parameter

pi=A—v+2lL

We note that (X, v) ¢ \\ because (Ag,v0) ¢ \\. Then K}, is a distribution on R"
that depends meromorphically on p by Theorem (1). Since the normalizing
A%E)F(A+V§n+l)

factor of [?j‘iy, namely, T'( has a simple pole at u = 0, we can

expand K fiy near (Ao, ) as
A ].
l<Ay ZI;;IU,1'+’FB +»ulﬂ,+»-~
with some distributions F_y, Fy, Fy, ---. By Theorem Bl (2), we see that the
distribution F_ is nonzero because (Ag, ) ¢ Leven-
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Applying Lemma [[TT0l to the differential equation
(B~ —v—n)kf, = (E+n+2)—p- )KL, =0,
we have
(11.3) (E4n+20)F_1=0 and (E+n+2)F —F_; =0.

Suppose that F € Sol(R™; \g,vp). It follows from Lemma that Flgn_g0y =
cFo|rn_goy for some c € C. We set

h:=F —cF, € D'(R").
Then Supph C {0} and
(E4+n+20)°h=(E+n+20)*F —c¢(E+n+20)*F=0

by (€4) and (IT3). Applying Lemma [ITTI] we have (E + n + 2l)h = 0. In
turn, cF_; = 0 by ([@4) and [IT3). Since F_; # 0, we get ¢ = 0. Hence Supp F' =
Supp h C {0}. Thus we have proved that (IT2)) is a zero-map and Sol(R"; Ao, vp) =
SOl{O}(Rn; )\0, Uo). [l

Proor oF LEMMA [Tl Suppose (Ag,vp) € X, and we define k,I € N by
Mo +v =n—1-—2kand vy — A\g = 2[. Consider ()\,v) € C? with constraints
v+ X =1y + Ao so that (A, v) stays in \\ with a complex parameter

pwi=A—v+2L

Then K Ey(x, Zn) s a distribution on R™ that depends meromorphically on p € C
by Theorem [0 and we have an expansion

= 1
KIE,VZZF71+FO+MF1+"‘,

where F_q, Fy, Fy,... are distributions on R™. Since (|x|? + 22)7" is a smooth
function on R™ — {0} for all v € C, the restriction (|z|? + 22)~"63*) (2,,)|gn_{o} is
a distribution on R™ — {0} that depends holomorphically on v. Hence we have

Fy ro_qoy = ([2> + 22) 76 (2,) [gn 10y
Applying Lemma [[T.I0 to the differential equation

Rn_{o}:O and F()

(E_ ()‘_V_n))]?§1/ = ((E+1’L+2l) — M 1)‘[?I§,V 207

we have
(11.4) (E+7’L+2Z)F,1 :0, (E+n—2l)FQ—F,1 =0.
Take any F' € Sol(R™; A\g, vp). By Lemma [67] there exists ¢ € C such that

F

rr—goy = c(|z* +23) 76 () [ — (0} -
Then h:= F — cFy € D'(R™) is supported at the origin, and satisfies
(E+n+20)*h=0

because F satisfies [@4) and Fp satisfies (IT4). By Lemma [[TTT] we get (E +n +
20)h = 0. Using again (€4) and ([IT.4), we see cF_; = 0. On the other hand, by
Theorem [@I] F_1 # 0 if (Ao, %) € Leven and n is odd. Thus if (Mg, ) € X — Leven
then ¢ = 0, and therefore the restriction map ([I.2) is identically zero. O
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11.5. Regular symmetry breaking operators. In this section we find the
dimension of the space H(A,v)/H (X, V)sing.

PROPOSITION 11.12. For any (\,v) € C?,
(11.5) dim H(\, v)/H (X, V)sing < 1.
Moreover, there exist nonzero reqular symmetry breaking operators (see Definition
[Z3) if and only if

()€ {?«: U o e
ProOF. In light of the isomorphism
H(\ v)/H(A V)sing =~ Sol(R™"; A\, v) /Solgn-1 (R™; A, v),
we consider the following exact sequences:
0 — Soljpy(R™Av) — Sol(R™; \,v) — Sol(R™ — {0}; A\, v)
| U U

0 — Soljpy(R" A v) — Solgn-1(R";\,v) —  Solgn-1_103(R" — {0}; A, v).
If F € Sol(R™; \, v) satisfies Supp(F|g»_{0y) C R~ — {0}, then clearly Supp F' C
R™~!. Hence the following natural homomorphism is injective:

(11.6)
Sol(R"; X\, v)/Solgn—1(R™; \,v) = Sol(R" — {0}; A\, v) /Solgn-1_103 (R" = {0}; A, v).

Since dim Sol(R™ — {0}; \,v) = 1 for any ()\,v) € C? by Lemma B1 we get the
inequality (ITH). By the same lemma, the right-hand side of (I is zero if
(A, v) € \\, and thus Sol(R™; \,v)/Solg.—1 (R™; A\, v) = {0}.

On the other hand, Proposition [T tells that if (A,v) € // — Leven then
Sol(R™; X\, v) = Solyy (R™; A, v), and therefore we have

Sol(R™; \,v)/Solgn-1(R™; A\, v) = {0}.

In summary, we have shown H(\,v)/H (A, v)sing = {0} for any (A\,v) € \\ U
(// - Leven)-

Conversely, if A ¢ \\ U (// — Leven) then dim H(X,v)/H (X, V)ging = 1 by Propo-
sition (1) and ([d)). Thus the proof of Proposition [T.12is completed. O

11.6. Singular symmetry breaking operators. We have seen in Fact [[0.4]

e {55 U2

In this section we find the dimension of the space H (A, ¥)sing/H (A, V)dist-
PROPOSITION 11.13. For any (\,v) € C?,

(11.7) dim H (X, ¥)sing/H (A, v)aig < 1.

The equality holds if and only if

Leven U\ —X)  (n: odd),

(A1) €\ = (X = Leven) = {\\ _X (n : even).
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PROOF. We analyze the right-hand side of the following isomorphism:
H(X V)sing/H (N v)aig = Solgn—1(R™; A\, v) /Sol oy (R™; A, v).
In view of the exact sequence
0 — Solgoy (R™"; A\, v) = Solgn—1(R™; A, v) — Solgn-1_g01 (R™ — {0}; A, v),
we have an inclusive relation.

Solgn—1(R™; X\, v)/Sol;0y (R™; A, v) C Solgn—1_10}(R" — {0}; A\, v).
Therefore it follows from LemmalG.7] that the inequality (IT7) holds for any (A, v) €
C? and that (II7) becomes the equality only if (A, v) € \\.

On the other hand, if (A, ) € // — Leven then Sols(R™; A, v) = Solfo (R™; A, v)
for any S containing 0 by Proposition [T.7 and consequently, we have
H()\, V)sing/H(A, l/)diff = {0}
In summary, we have shown that the equality holds in (IT77) only if

()" V) € \\ - (// - Leven) = \\ - (X - Leven)~
Conversely, the equality in (II7) holds if (A,v) € \\ — (X — Leyen) by Proposition
(2).
Thus the proof of Proposition is completed. O

Combining the above proof and Theorem [[22] (3), we obtain:

PROPOSITION 11.14 (classification of singular symmetry breaking operators).
If n is odd, then Leyen C X and we have

CBy, ®CCry i (A1) € Leven,
HOW D) = SO0 if (\v) € // — Leven,
S| cBa, if (A v)e\\-X,
{0} if (\v)eC?—(\U/).

If n is even, we have
CCry i (Av)€//,
H(A V)sing = CBy,, if (\,v) €\ -X.
{0y i Cc-(\u/).



CHAPTER 12

Residue formulae and functional identities

The (generically) regular symmetry breaking operators 1&,\,,, have two complex

parameters (\,v) € C?, whereas singular operators B, , and C, , are defined for
(A, v) € \\ and //, respectively, and thus having only one complex parameter and

one integral parameter. Further, the renormalized operators &/\,u are defined for

v € —N and X\ € C, whereas @Ayy are defined only for discrete parameter, namely,
(\,v) € Leyen when n is odd. The goal of this chapter is to find the relation-
ship among these operators as explicit residue formulae according to the following
hierarchy. The main results are given in Theorem

‘&)\71/ A)\ﬂ/
\\ / \‘// \L Leoven,n:odd
E}\ﬂ/ ? @k,u IB)\,V

FiGURE 12.1. Reduction of operators

As a corollary, we extend the functional identities (Theorem[B3l) for the (generi-
cally) regular symmetry breaking operators A A, with the Knapp Stein intertwining
operators of G and G’ to those for singular ones IB%A » and (C,\ » (see Theorem [[226]
Corollaries [2.7] and IZ8). The factorization identities for conformally equivariant

operators by Juhl [I3] Chapter 6] are obtained as a special case of Corollaries [271]
and [2.8

We retain the following convention

(12.1) 2l =v — A\ for (\,v) € //,
(12.2) 2k=n—1—-X—v for (\v) €\\,
m=n—1

throughout this chapter.

12.1. Residues of symmetry breaking operators. In this section, we
prove that the special values of the operators A), are proportional to B, or

Ca,, up to scalar multiples according to the hierarchy illustrated in Figure 2.1}
Let I € N be defined by [IZ1]) for (A\,v) € //, and k € N be [I2.2)) for (A, v) € \\.
We set

_1)k
g\ v) = 2’“((21431—)1)” for (A\,v) €\\,

83
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()%
R (2k — 1)
221k (1)

Then the following lemma is immediate from the definition:

LEMMA 12.1. 1) For (\,v) € //, ¢A(\,v) = 0 if and only if (A, V) € Leven-
2) For (\,v) € X, ¢B(\,v) =0 if and only if (\,v) € Leven-
3) ga(\v)gE(\v) =gA(\v) for (\v) EX.

Here is the main result of this chapter.

q‘é‘(Aﬂ/) = for ()‘7’/) € //7

g\ v) = v for (A\,v) € X.

THEOREM 12.2 (residue formulae).
1) Axy = g3\ v)By,  for (A v) €\\.
2) Ay = aa (A, V)(C,\ v for (\v) € //
3) By, = qg()\7 I/)(C)\ v Jor (\v) €

(A )]BA v Jor (A, V) € Leyen if 1 is odd.

)

4) &)\,v = Q§ v

)

REMARK 12.3. Leven C X if m is odd. Leyen N X = 0 if n is even.

REMARK 12.4. For (A, ) € Leyen, the differential symmetry breaking operators
C v cannot be obtained as residues of the (generically) regular symmetry breaking
operators A, because the coefficient ¢A(\,v) in Theorem (2) vanishes if
(N, V) € Leyen- See also Remark [[0.0

PROOF OF THEOREM 1) By Proposition @3] the identity
Axy = qp(\v)By,
holds on I(A) i for any (A, v) € \\. Since I(\)k is dense in the Fréchet space I()\),
the identity holds on I(\).
2) Both sides are zero if (A\,v) € Leyen by Theorem Bl

Suppose (A\,v) € // — Leyen- Then Supp f(,\)l, = {[p+]} by Proposition Bl
and therefore A&,\,y is a differential operator by Fact Since the dimension of
symmetry breaking operators is at most one by Fact[I(0.4] A A,» Must be proportional
to C a,v- The proportionality constant is found by using Propositions [[4] and 017
3) Both sides are zero if (A, v) € Leyen NX. If (A, v) € X — Leyen then Supp I~(£\B’V =
{[p+]} by Proposition I8 and therefore B A is a differential operator. Since
dim H(A\,v)qig = 1 by Theorem IT4 (3), @/\,u and (E,\,y must be proportional.
The proportionality constant is computed by using Propositions and [[07
4) The residue formula of a distribution of one-variable

L o D GO () for 2k=n—1—-A—v
I(Ateontly — 2k(2k — 1)

implies the following identity of distributions on S™:
M (=DF

= 5K (n,,
P(Atsntl) © 2k(2k — 1) (),

because the coordinate function 7, : S™ — R is regular at 7, = 0. Since (1 —1n9)™"
is a smooth function on S™ if v € —N, we can multiply the above identity by
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27MN (1 — 1), and then get

G ) = S gE )
LRI 2k(2]€—1)" Lk RXv)\M),

see (LO) and [@3). O

REMARK 12.5. In the ‘F-method’, the residue formula (2) in Theorem
can be explained by the fact that the Taylor series expansion of the Gauss hy-
pergeometric function 5 Fy(a, b;c; z) terminates if a € —N (or b € —N) ([I8]), see
Proposition [5.8 The idea of the F-method will be used in Chapter [[H to construct
explicitly the discrete summand of the branching law of the complementary series
representation I(\) (0 < A < n) of G when we restrict it to the subgroup G’.

12.2. Functional equations satisfied by singular symmetry breaking
operators. We set

pa (A v) 1=1:T(V),

PP O =gyt o () €,
pE" (A, v) i=éjl)! for (A, v) € //,
pEC (N, ) ;:% for (\,v) € X.

We have seen in Theorem that the functional identity
(12.3) T, 0 Ay, = p5* O\ ) Ay

holds for all (\,v) € C2, where T, : J(v) — J(m — v) is the normalized Knapp—
Stein intertwining operator for the subgroup G’. Combining (IZ3]) with the residue
formulae in Theorem[[2:2] we obtain the following functional identities for (singular)
symmetry breaking operators:

THEOREM 12.6 (functional identities).
1) T, 0By, = pEPAv)Cam—r  for (A\,v) € \\.
2) T, oCy, = pEC (A, I/)@)\ﬁm,y for (\v) € //.
3) T,oCyp = pEEC N V)Crm—r  for (A, v) € X.
4) T, o 1&,\)1, =0 forv e —N.
Proor. 1) First of all, we observe
\v)ye/ & A\m—v)e\\.

Applying the residue formulae in Theorem (1) and (2) to the identity ([IZ3)),
we have

a5\, I/)ﬁ‘u o @A’U = p4 A\ v)gh (N, m — I/)@)\)m,,, for (A\,v) € //.
Since g (), v) # 0, the first statement follows from the elementary identity

a5\ )pe” (A v) = P (N v)ae (A m —v)  on //.
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2) Apply Theorem [[2.6] (1) to the identity (I23]) with (A,m—v) € \\, and compose

T,. Now we have
T, 0 Ty 0 I@I@;Hm_,, = pEB (A, m— V)@,\,l, for (\,v) € //.

The second statement follows now from the identity @2T) of the Knapp—Stein
intertwining operator.
3) We apply Theorem [[22] (3) to the second identity, and obtain

T, o @A,,, = pEC(), V)8 (), V)(E;Hm,l, for (A\,v) € X.
Now the statement follows from the elementary identity

pgc()\, v) = pgc(k, V)qg()\, v) on X

4) By the definition of the renormalized operator Ay, (see (BIJ)), we have

T, o KW = r(A g “V0EAN, ) Ay m_y for v € —N.
Therefore
(12.4) T, o KW =0
for v € =N and A — v ¢ —2N. Since the left-hand side (I2:4]) depends holomorphi-
cally on A € C with fixed v € —N, we proved the last statement. O

If m — 2v € 2N then T, is reduced to a differential operator (see @ZJ)). In
this case, Theorem [[2:6 (1) and (3) reduce to:

COROLLARY 12.7 (functional identities with differential intertwining opera-

tors).
1) If (\,v) €\\, and m — 2v € 2N, then

mo, = (—1)2 VA (2k)!r e ~

A om B v = m—v-

rm O D), F(V) A,
2) For (\,v) € X such that v < "5, we set k,l € N by (Z1) and (Z2). Then
k>1 and

o~ k! ~
AfloChy = FCA,—V+7L—1-
PROOF. 1) By the residue formula [29) of the Knapp—Stein intertwining op-
erator, we have

T, 2

I 2
oM (m—v) "

if m — 2v € 2N. Combining this with Theorem [[2:6] (1), we get the desired identity.
2) By the residue formula ([@29) of the Knapp—Stein intertwining operator, we have
- (~1tat
Ty = 22k—2AT (2 4 | — )
2
On the other hand, in view that (A, —v +m) € X, we have from Theorem (3):

k—1
AkL

@)\,—V+m = qg(/\v -V + m)@A,—u—&-m'
Now Corollary follows from Theorem [[2.0 (2). O
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Next, we consider the Knapp—Stein intertwining operator ’f‘n_ r:I(n—=2X) —
I(\) for the group G. We have seen in Theorem that the functional identity

n

A)\,V oTp_x= ﬁ;\)An—/\,u
holds for all (\,v) € C2. By the residue formulae in Theorem [2.2] we also obtain
the functional identities among singular symmetry breaking operators B Ao C Avs
etc. However, we do not have formulae like Theorem 28 (2) or (3) that switch B

and C because the inversion (A, v) — (n— A, v) does not exchange \\ and // whereas
the inversion (A, v) — (A\,m—wv) did so. Thus we write down the reduction formulae

only when T,,_ reduces to a differential operator.
COROLLARY 12.8. 1) If A= 5 +j for some j € N, then
Axy oAb, = (=1)72% A, 5.
2) If (\v)=(5+J,5 —1—7j—2k) for some j,k € N, then
272k — 1)1 ~
(2 + 2k — Dl M
3) If (\,v) = (5 +J,5 +j+2l) for some j,l €N, then

- ()=
C>‘7V OA?R" = ( l|J) (CTL—)\,I/~

REMARK 12.9. The identity in Corollary 27 (2) and Corollary (3) is
called factorization identities in [I3] Chapter 6].

By, o AR, =







CHAPTER 13

Image of symmetry breaking operators

The spherical principal series representation J(v) of G' = O(n,1) is not irre-
ducible when v € —N or v —m € N where n = m +1 as before. In this chapter, we

determine the images of all of our symmetry breaking operators A&,\ﬂ,, 1&,\7% ]E/\,w
]E,\W, and @A,V completely at the level of (g’, K’)-modules, and obtain a partial
information on their kernels when v € (—N) U (m + N).
13.1. Finite-dimensional image for v € —N. For v = —j € —N, we recall
from Section 2] that there is a non-splitting exact sequence
0—=>F()—=J(=j)—=T3GH) —0
of G’-modules. Therefore, the closure of the image of the symmetry breaking op-
erators &A,V, K,\,m ]f]g,\’l,, I[:BA,,,, and ((N:A,,, must be one of {0}, F(j) or J(—j).
THEOREM 13.1 (images of symmetry breaking operators). For v = —j € —N,

the images of the underlying (g, K)-modules I(X)x under the symmetry breaking
operators are given as follows:

1) Image &A’V =

F@G) if (Av) ¢ Leven,
{0y i (A v) € Leven-

2) Image&)\,y = F(j) for any X\ € C.

g F(y if (A - chcn,
’ {0} if (\, V) € Leyen and n is odd.
4) Image@,\)l, =F(j) if (\,v) € Leven and n is odd.
5) Image Cy,, = J(—j) k-

We note that Leyen C \\ if n is odd, and \\ — Leven = \\ if n is even.

PrOOF. We recall from (L) that the distribution kernel I?ﬁy of AM, is a
polynomial of x1,...,x,—_1 of degree at most j if v = —j € N. Therefore, the
image of AA,V must be contained in the space of polynomials of z1, -+, z,,_1 of
degree < j, which is finite-dimensional. Therefore the image of &A’V is either F(j)
or {0} because the finite-dimensional representation F'(j) is the unique proper G'-
submodule of J(v). Since 1&,\,1, is nonzero if and only if (A, v) € Leyen by Theorem
B we get the first statement. N

Similar arguments work for &)\7,,, @,\,y, and Iplg,\ﬂ,, yielding the second, third,
and fourth statements. Here we recall that I@A,V is defined for (A, v) € \\, which is
zero if and only if n is odd and (\,v) € Leyen-

89
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Let us prove the last assertion. For any open subset U in R"~! we can
find a compactly supported function hy such that Supp hy N {z, = 0} C U and

(EA,,,(hU) # 0 (for example, we can take hy such that hy(z) = 2~ on some non-
empty open subset in U). Taking countably many disjoint open subsets U; in R" 1,

we see that @)\7V(hU'i) are linearly independent because the support of (E,\,V(hyi) is
contained in U;. Thus the image of C, , cannot be finite-dimensional. O

13.2. Image for v € m + N. For v = m + j (j € N), we recall from Section
211 that there is a non-splitting exact sequence
0—->T(G)—Jm+j)—= F()—0
of G’—ch)dules; Therefore, the closure of the image of the symmetry breaking op-

erators Ay ,, By , and (E,\W must be one of {0}, T'(j) or J(m + j). We determine
which case occurs precisely:

THEOREM 13.2 (images of symmetry breaking operators). Suppose v =m + j
(j € N). Then the images of the underlying (g, K)-modules I(\) i of the symmetry
breaking operators are given as follows:

1)

2) For (\v) € \\, or equivalently, A + j € —2N,

~ T K if A+ 7€ —2N
ImageAAy,, _ { (])K Zf +.7 € )

Image@hv =Tk
3) For (\v) € //,

~ T()k if A\ +j € —2N and n is odd,
ImageC,y , = ) _
' J(m+ j)k:  otherwise.
We remark that By, is defined for (\,v) € \\, which is equivalent to the
condition A 4+ j € —2N when v = m + j.

PrROOF. We know by Theorems and that &AJ, and @A,u do not vanish
if v =m+j (j € N), and therefore their image is either T'(j) g+ or J(v)k-.
1) By Theorem B3] we have
E -

Trntj 0 Axmtj = I Ax—j-

m+ j)
Since the kernel of the Knapp—Stein intertwining operator ’f‘mﬂ- is T(j), the image
of Ax m+j is T(j) k- if and only if Ay _; is zero. By Theorem [RJ] this happens if
and only if (A, —7) € Leyen, namely, A+j € —2N. Thus the first assertion is proved.
2) We recall from Theorem [[2.8] (1) that for (m + j, A) € \\,

Tontj 0 Bamtj = &2 (A m+5)Cx—j,

and pLP (A, m + j) = 0 by definition. Therefore Image @A7m+j =Tk
3) We apply Theorem [[2:8 (2) with ¥ = XA + j. Then we obtain

2l

TrmtjoCrmyj = Q= Bx,—j,
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where | € N is defined by m + j — A = 2[. Hence Image @A7m+j is contained
in T'(j) if and only if By _; vanishes, which happens exactly when n is odd and

(A, —=J) € Leyen by Theorem Since @,\’mﬂ' is not zero, the third statement is
proved. ([

13.3. Spherical vectors and symmetry breaking operators. Since the
symmetry breaking operators are G’-homomorphisms by definition, their kernels are
just G’-submodules of the G-module I()), which are not of finite length. In this
section we give a partial result on their kernels, by determining a precise condition
on the parameter for which the spherical vector 1 lies in their kernels.

THEOREM 13.3. 1) For (\,v) € C2, 1, € Ker Ay, if and only if A\ € —N.
2) For any (A, V) € Loyen, 1) ¢ Ker&A,y.
3) For (\,v) €\\, 1, € KerB, , if and only if A € —N.
4) For any (A, ) € Leyen and n odd, 1 ¢ Ker]?lb\’l,.
5) For (\,v) € //, 15 € KerCy, if and only if v > 0> A

PRrROOF. The first statement follows from Proposition [[4 the second one from
Proposition @.8] the third one from Proposition and the fifth one from Propo-
sition [0 Finally, by Theorem (4) and Remark we have

2k(2k — )N w7 (=A)(—1) M L
(—1)k ! v

B, (1)) =

(13.1) :(—1)%#'];5!“(—&!(%)!1”

if (\,V) € Leyen and n is even. Hence the fourth statement is shown. O







CHAPTER 14

Application to analysis on anti-de Sitter space

The last two chapters are devoted to applications of our results on symmetry
breaking operators. In this chapter we discuss applications to harmonic analysis on
the semisimple symmetric space G/G' = O(n + 1,1)/0(n,1). We begin with the
scalar valued case in the first two sections, and clarify a close relationship between
symmetry breaking operators for the restriction G | G’ for the special parameter
v = 0 and the Poisson transform for G/G’. In particular, we shall see that the

vanishing phenomenon of the symmetry breaking operators Ay ,, at Leyen (Theorem
B explains a subtle difference on the composition series of the eigenfunction of the
Laplacian (Fact [43)) and the principal series representation ((ZI0) and 2ITI)).
More generally, we apply the results on symmetry breaking operators &A,V with
v € —N (Theorems and 0] to obtain some new results of analysis on vector
bundles over G/G’ (Theorem [[43]).

14.1. Harmonic analysis on Lorentzian hyperbolic spaces. We define
the indefinite hyperbolic space by

X(n+1,1)={eR™? g+ +6& -6 =1}
As a hypersurface of the Minkowski space
R = (R, deg + -+ dE, — dEq ),

X (n +1,1) carries a Lorentz metric for which the sectional curvature is constant
—1 (see [E0]), and thus is a model space of anti-de Sitter manifolds. The group
G = O(n + 1,1) acts transitively on X (n + 1,1). The isotropy subgroup at

€n = t(Oa"' 307170) € X(’Il+1,1)
is nothing but G’ = O(n, 1), and therefore we have an isomorphism:
X(n+1,1)~G/G,

which shows that X (n + 1,1) is a semisimple symmetric space of rank one.

Let A be the Laplace—Beltrami operator on X (n + 1,1). Since X(n +1,1) is
a Lorentzian manifold, A is a hyperbolic operator. For A € C, we consider the
eigenspace of the Laplacian A on X (n +1,1):

Sol(G/G'; N) :={f € C®(G/G") : Af = XA —n)f}.

Since G acts isometrically on the Lorentz manifold G/G’, G leaves Sol(G/G'; \)
invariant for any A € C. Our parametrization is given in a way that

(14.1) Sol(G/G'; \) ~ Sol(G/G';n — ).
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REMARK 14.1. Since the Laplacian A is not an elliptic operator, the ana-
lytic regularity theorem does not apply, and the eigenfunctions in A(G/G’) (an-
alytic functions), D'(G/G’) (distributions), or B(G/G’) (hyperfunctions) are not
the same. However, the underlying (g, K )-module Sol(G/G’; )k does not depend
on the choice of the sheaves A C C* C D’ C B because K-finite hyperfunction
solutions are automatically real analytic by the elliptic regularity theorem (see [14]
Theorem 3.4.4]).

Traditional questions of harmonic analysis on the symmetric space (see [10]
Chapter 1], for example) are
e to expand functions on G/G’ by eigenfunctions of the Laplacian A,
e to find the G-module structure of Sol(G/G’; \).
For the anti-de Sitter space G/G’ ~ X (n + 1,1), a complete answer to these ques-
tions has been known.
Concerning the first question, we decompose the regular representation on the
Hilbert space L?(G/G’) into the discrete and continuous parts:

L*(G/G") = L*(G/G)aisc ® L*(G/G")cons.-

Then the discrete part is a multiplicity-free Hilbert direct sum of irreducible unitary
representations of G (discrete series representations for G/G’) as follows:

Fact 14.2 (M, [34], see also 2] Fact 5.4]).

— ‘o
L(G/Gase= P INe > T@Ei+1)
F<A<n i=0
A=n+1 mod 27Z

Here I(\) denotes the unitarization of I()), and T'(2i 4+ 1) denotes that of
T(2i+1). We note that T(\) (0 < X < n) is unitarily equivalent to a complementary
series representation Hf of G in the notation of Chapter

Concerning the second question, the G-module Sol(G/G’; \) is of finite length,
and therefore it is sufficient to determine a Jordan—Holder series at the level of

underlying (g, K)-modules. Here is a description when Sol(G/G’; ) is reducible:
Fact 14.3 ([B2]). For A = —i € =N, there is a non-splitting exact sequence of
(g, K)-modules:
0 - F@) — So(G/G';Nkx — Tk — 0 (i: even),
0 —- T@)gk — So(G/G';N)xk — F@) — 0 (i: odd).
14.2. Application of symmetry breaking operators to anti-de Sitter
spaces. In this section, we discuss a relationship between the aforementioned re-
sults and our results on symmetry breaking operators with v = 0.

We recall that I(n — \)~>° is the space of distribution vectors of the represen-
tations I(n — A) of G. We begin with the key observation for v = 0:

Home (I(\), C®(G/G")) = (I(n — \)~=)¢
(14.2) C (I(n—=X)~=)"" ~ H(),0) = Home (I(N), J(0)).

Here, the first isomorphism is obtained by applying Proposition B2, to the case
where X = G/P and Y = G/G’. The second isomorphism is a special case of
the main object of this article. The inclusive relation (I42]) implies that finding
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irreducible G-submodules in C*°(G/G’) is a subproblem of the understanding of
symmetry breaking operators Homer (I(A), J(v)) with v = 0.

In light that (A, 0) € Leyen if and only if A € —2N, we see from the classification
of symmetry breaking operators (Theorem [T3]):

,  [CK% A ¢ —2N,
(I(n— X))~ M #

(CK{%_’O @ (CKSO A€ —2N.

Let us determine when the P’-invariance implies G’-invariance:

LEMMA 14.4.
. [CK% A ¢ —2N,
(I(n— X)) ~ { M #
CK‘;\*)O A€ —2N.

PRrROOF. First, we recall from (4]
kxo(§) =272 g, A
Since G fixes the n-th coordinate &, the distribution k% , is G'-invariant, and so
are the normalized distributions R—f\&,o = L’jv’l;ﬁo and I:fﬁio = L}“\,Zfo, see (CH).
Second, for (A, V) € Leyen, the support K SV of the differential symmetry break-

ing operator ((NIA,V is {[p+]} in G/ P, which is not a G’-invariant subset (see Lemma
BEID). In particular, for A € —2N, the distribution Kf\{o e (I(n—X)~>)"" cannot be
G'-invariant. Thus Lemma is proved. [l

REMARK 14.5. We have seen in Remark [2.4] that the differential symmetry
breaking operator C) , cannot be obtained as the residue of the meromorphic family
A, , of symmetry breaking operators if (A, ) € Leyen. The above lemma gives an

alternative proof of this fact for v = 0 because A, o is G'-invariant but (E,\o is not
G'-invariant.

The G'-invariant distribution kernel IN(QO (or I?‘io) € (I{n —X\)~>)% induces
a G-intertwining operator from I(\) to C*°(G/G"). Let us give a concrete formula.
For this, we write [, ] : R**L1 x R*+1L1 5 R for the bilinear form defined by

[@,&] == 200 + - + Tn&n — Tnr1&nt1.

LEMMA 14.6. For g € G, we set © := ge, € X(n+ 1,1). Then the n-th
coordinate (g~ 1€), of g~ ¢ is given by

(' n=[z.€ forEe=
PROOF. (97'8)n = [en, g7 "¢] = [gen, €] = [z, €]. O
We recall from ([@I3) that the G-invariant pairing
(,)Y: IAN) xI(n=X)">=C
induces a G-intertwining operator

I()‘) - COO(G)a f — <fa Fkvﬁ,l/(g» = <f(gil‘)7’15§u>a
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which in turn induces a G-intertwining operator
Pr:I(N) = C=(G/@Q"),
@) S
,P)\ T)= V—n —V
PS5 s,
by Lemma [[4.6l The image satisfies the differential equation
A(Prf) = A(n = N)(Paf)

|k—n

FO)|[, 0]~ db

because the distribution kernel |[z,b] satisfies the same equation. Thus Py

gives a G-intertwining operator
(14.3) Py I(A) = Sol(G/G'; \).

The integral transform P, is called the Poisson transform for the semisimple sym-
metric space G/G’ as explained in Example B4 (2). Similarly, we can define a
renormalized Poisson transform

(14.4) Py I(N) = Sol(G/G'; A) € C®(G/G') for A € —2N.

Since the Poisson transform ’ﬁA and the symmetry breaking operator &Avy are in-
duced by the same distribution kernel K j‘iu, we get the evaluation at the base point
en € X(n+1,1) from Proposition [[4 and Remark as follows:

PROPOSITION 14.7. Let 1) be the normalized spherical vector in I(X).

n—1

Pr(1x)(en) =

3

for X eC,

3
)
—~
[N}
=
=
~
—
—

<

Pa(1y)(en) =200

We note that the underlying (g, K)-modules I(\) g and Sol(G/G’; \) k are iso-
morphic to each other in the Grothendieck group of (g, K )-modules, however, there
is a subtle difference on the composition series: For the principal series representa-
tion, we have nonsplitting exact sequences of (g, K)-modules:

for A= -2l € —2N.

0 - F@u) — I-i)x — (T@G)xk — O,
0 - Tk — In+1) — F@E — 0,

for all ¢ € N and there is no parity condition on i (see Section 1) on the one had,
whereas the parity condition on i is crucial in Fact [[4.3] This difference has a close
connection with the discrete subset Leyen. To be more precise, we determine the
kernel and the image of the Poisson transforms

Py I(N) — Sol(G/G'; ),

Prx:I(n—N) = Sol(G/G'; \),

(or of the renormalized ones Py and P,,_y) at the reducible points of I(\). We note
that both the images of Py and P,,_ are contained in the same space Sol(G/G'; \),

see (IZI).

Case I. A = —i € —N, i even.



14. APPLICATION TO ANALYSIS ON ANTI-DE SITTER SPACE 97

e K4, =0, and hence P, is a zero operator.

e The renormalized Poisson transform 75)\ satisfies ﬁx(l A) # 0 by Propo-
sition [Z77, and therefore Py : I(A) — Sol(G/G’; ) is injective because
the spherical vector 1) belongs to the unique finite-dimensional subrep-
resentation of I(\). Indeed, P, induces a bijection from I(\)gx onto
Sol(G/G'; \)k in view of the Jordan—Holder series of Sol(G/G'; )k in
Fact

Case II. A = —i € —N, 7 odd. N N

Since Px(1x) = 0 by Proposition TZ7 and since K}, # 0, Ker Py coincides
with the unique finite-dimensional subrepresentation F'(:) of I(\) containing 1.
Further, Py induces a surjective map from I(\) g to the underlying (g, K)-module
of a discrete series representation of G/G’ which is isomorphic to T'(i)x by Facts

[14.2] and [[4.3]

Case III. A =n+1, i € N even.

If A —n € 2N, then the kernel |[z,]|*~" of the Poisson transform is a homo-
geneous polynomial in x = (zg, -+ ,2p4+1) of degree i. Therefore, the image of the
Poisson transform 73>\ is contained in the finite-dimensional vector space consisting
of homogeneous polynomials of z of degree ¢ in the ambient space R™*+11. Since
K f},o # 0 by Theorem Bl we conclude that

Ker P, ~T(i),
Image P i ~F(i).
Case IV A =n+1,¢ € N odd.
We recall from the functional equation (8.S)
T5  ~

AngipoT = =
+5,0 9 T(n+1)

—i,0

for the symmetry breaking operators A A,v- This is regarded as the identity for the
distribution kernels K ﬁy and the Riesz distribution (the distribution kernel of the
Knapp—Stein intertwining operator of G). In turn, we conclude that the following
identity holds for the Poisson transforms:

(145) Pn+i o T,i = 1_‘7

In particular, we have shown that
Py I(\) = Sol(G/G'; \)

is injective. Indeed, Py induces a bijection from I(\)g to Sol(G/G'; Nk in view
of the Jordan—Hélder series of Sol(G/G’; \) i in Fact

REMARK 14.8. The anti-de Sitter space G/G’ = X(n+1,1) has a compactifica-
tion G/G' UG/ P, and the disintegration of the regular representation on L*(G/G")
(Plancherel formula) is given by the boundary data (cf. [BI] for the p-adic spherical
variety):
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continuous spectrum
Py I\ = C®(G/G)) (A e g +V=IR),
discrete spectrum

P_i: I(—i)/F(i) = C®(G/G) (i eN).

14.3. Analysis on vector bundles over anti-de Sitter spaces. For a
finite-dimensional representation F' of G’, we define a G-equivariant vector bundle
F := G x¢ F over the homogeneous space G/G’, and write C*°(G/G’, F) for the
space of smooth sections for F endowed with the natural Fréchet topology. In
this section we consider the vector bundle F; associated to the finite-dimensional
representation F(j) of G’, and determine when irreducible representations T'(7)
and spherical principal series representations I(\) of G occur in C*(G/G', F;) as
subrepresentations.

The main result of this section is stated as follows:

THEOREM 14.9. Suppose j € N.
1) For any i € N such that i < j,

dim Homeg (T'(i), C*(G/G', F;)) = 1.
2) For any i € N such that i > j,

0 (=37 mod 2),

dimHomG(T(z‘),COO(G/G',fj))_{1 (i#j mod ?2).

3) For any A€ C and j € N,
dim Homg(I(\), C®(G /G, F;)) = 1.

As in the scalar valued case treated in Sections [4.1] and [Z42] the images
of T(i) and I(\) in Theorem are contained in the eigenspace of a second-
order differential operator. In fact, let Cs € U(g) be the Casimir element of
the Lie algebra g = o(n + 1,1). Via the left regular representation, Cs acts on
C>®(G/G', F;) as a second order hyperbolic differential operator. Let A; be the
differential operator induced by 2nC¢g (2n is a constant coming from the Killing
form), and set

Sol(G/G', Fj; N) :=={f € C®(G/G',F;) : Ajf =AXn—\)f}.
Then Sol(G/G', Fo; \) = Sol(G/G’; A) in the trivial line bundle case. Since the
Casimir operator Cg acts on T'(i) and I(A) by the scalar —5-i(n+14) and 5-A(n—\),
respectively, the image of T'(¢) in Theorem is contained in Sol(G/G’, Fj; —1),
and that of I(\) is in Sol(G/G’, F;; X). This gives a generalization of (IZ3]) and
2.

For the proof of Theorem [I4.9] we use a smooth version of the Frobenius reci-
procity theorem:

LEMMA 14.10. Suppose that (w,H) is a continuous representation of G on a
Banach space H, and we denote by H™> the Fréchet space of smooth vectors of
(m,H). Then we have a natural bijection:

(14.6) Home/ (H™|c/, F) ~ Homg (H™,C®(G/G', F)), ¢+ f.
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PrROOF. We identify C*°(G/G’,F) with the closed G-invariant subspace of
C>*(G, F) defined by
C=(G,F)¢ .= {f € C®(G,F): f(gl) =1"'f(g) forgeG,leq'}.
Then the bijection (4G is given by
Ve fyo fe(u)(9) =v(g ),
Frovg, ) =f)e).
For a continuous G’-homomorphism 1) : H* — F', the map
H>® — C*(G, F), u = fy(u)
is well-defined and continuous because it is a composition of continuous linear maps
H® — C°(G,H*®) = C™(G, F), s (g g ) = (g (g™ ).

Other verifications for well-definedness are easy. Clearly, v — f, and f — 9y give
their inverses. Hence Lemma is proved. (I

Proor oF THEOREM [I4.9 By Lemma [IZ10] the statement follows immedi-
ately from Theorems and O






CHAPTER 15

Application to branching laws of complementary
series

The indefinite orthogonal group G = O(n + 1,1) has a ‘long’ complementary
series [27]. To be precise with our normalization, the spherical principal series
representation I(A) admits a G-invariant inner product on the unitary axis A € § +
v/—1R and on the real interval A € (0,n). Taking the Hilbert completion, we obtain
irreducible unitary representations, called the unitary principal series representation
and the complementary series representation, to be denoted by Hf In this chapter,
we consider the restriction of the complementary series representation Hf of G
to the subgroup G’ = O(n,1). As an application of our results on differential
symmetry breaking operators ((E)\,l, (Chapter [[0) combined with the idea of the
‘F-method’ (cf. [I8]), we construct explicitly complementary series representations
Hfl of the subgroup G’ as discrete summands in the restriction of H§ ¢

15.1. Discrete spectrum in complementary series. For A € R, we set

n—1

D) ={ver-1+2Z:

<v<A—1}

Then D(A) is a finite set, and D()) is non-empty if and only if A > 2FL.

We notice that any continuous G’-homomorphism T : I(n — A) — J(m — v)
induces a continuous G’-homomorphism 7V : I(v)~> — I(A\)~° between the space
of distribution vectors.

THEOREM 15.1. Suppose that ”7“ < A< n. Then the G'-intertwining differ-

ential operator (AC'X_)Hm_V s J(v) 7% = I(A) > induces an isometric embedding (up
to scalar), HS < HS | if v € D(N). In particular, the restriction 7$|qr contains

@ueD(/\) HE' as discrete summands.

REMARK 15.2. If A € (%5}, n), then any v € D()) satisfies 257+ < v <n—1
and therefore 'Hf' is a complementary series representation of G'.

REMARK 15.3. If n — A = m — v, namely, if A — v = 1, then clearly v € D(\)
and Theorem 5] implies Home: (HS |, 1S |ar) # {0}. In this case this result was

earlier proved in [B3]. We note that C,,_ ,,—, is just the restriction operator when
n—A=m—v.

15.2. L?-model of complementary series representations. The proof
uses an L2-model of complementary series representations (‘Lagrangian model’ in
@I, or equivalently, ‘commutative model’ in Vershik-Graev [34]).

We recall that the Knapp-Stein intertwining operator Ty : I(A) — I(n — \) is

a real operator (i.e., Tf = Taf) if A € R, and consequently, the Hermitian form

101
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on I(\) defined by
(f1, f2) == (f1, Txfo)r2@mny for fu, fa € I(N)

is G-invariant. Furthermore, it is positive definite if 0 < A < n. We denote by

H the Hilbert completion of I(\), and use the same letter to denote the resulting

unitary representation, which is called a complementary series representation of G.
We define a family of Hilbert spaces L?(R")s with parameter s € R by

L*(R")s := L2(R", (& + -+~ + &) 2 déy - -~ d&y).
By definition, L?(R")q = L?(R"), and
S®R™ c () LAR"),.
s>—n
The space I(A)~ of distribution vectors of I(A) is identified with D’ (X, L)) ~
D', (E) (see @3)). As in [B.F), we consider the restriction of distributions on
X ~ 8™ to R", and obtain a morphism
Hy C IV~ = S'(R™).
We then get an L2-model of the unitary representation (my,Hy) by @23):

ProrosiTION 154. If A € (0,n), then the Fuclidean Fourier transform Fgn
gives a unitary isomorphism (up to scalar)

IRW, : rH)\ :) LQ(Rn)n_Qk.
PRrROOF. See [II] or [B6]. O
Suppose A — v — 1 € 2N. We recall from ([IG3]) that 6’51(3, t) is a homogeneous

polynomial of two variables s, t of degree 2I, and that Kfﬂj is the distribution
kernel of the differential symmetry breaking operator C A given in (I03). Then it
is immediate from the definition of Cj ,:

LEMMA 15.5.
~ ~\_n=1
(Frn K3)(€ &) = (=1)'Cy 7 (=€l &n)-
We define a linear operator @27A7m71, : S'(R™) — S'(R™) by a multiplication
of the polynomial:
- ~ntl_y m
(15.1) (Cham—0)(&:&n) = C\Z, 1 (67, 6n)v() for v e S'(R™).

PROPOSITION 15.6. Suppose A —v — 1 € 2N.
1) (n—A\m—v) € // and the dual map C s Jw)T® = I(A)™>

n—A,m—v
of the differential operator ((Njn,)\,m,l, : I(N) = J(v) is a continuous G'-
homomorphism.
2) The diagram

c m—v
e
Frm oRestl l]—']Rn oRest

S'(R™) — S'(R")
Cram—v

commutes. Here Rest denotes the restriction of distributions to the Bruhat
cell.
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3) Ifv> 5L then the linear map @QfA,mfv induces an isometry (up to a
scalar) of Hilbert spaces:

L2 (Rm)m72y — L2 (Rn)n72)\~

For the proof of Proposition [[5.G] we use the following formula, which is im-
mediate from the integral expression of the Beta function by a change of variables.

LEMMA 15.7. If ¢,d € R satisfy —3 < ¢ < —d — 3, then |&,[**(|¢]* + &) is
integrable as a function of &, with parameter £, and we have the identity

1

> 1
|t el + €den = I B+ 5, —c—d - )

PrROOF OF PROPOSITION [[56] 1) Clear.
2) This follows from Lemma [I5.5]

~n+1l . .
3) Cyf )\(|£ |2,&,) is a linear combination of homogeneous polynomials |¢|?/¢2L—2
(0 <j < L). For each j, we can apply Lemma[[5. ] with ¢ = 2L —2j and d = § — A
ifv > ”7_17 and get

. . o1 n—1 .
IEF 1€l " 0(E) 172 (n), oy = BL =25 + V-5t 29|01z (my, s,
by the Fubini theorem. Therefore, the map @Q—)\,m—u : L2(R™) 9, — L2(R™),,_ox

is well-defined and continuous if v > an Since the unitary representation of G’
on LQ(R"L)m,QV is irreducible, the continuous G’-intertwining operator is automat-
ically isometric up to scalar. O

Proor or THEOREM [[5.Jl By Proposition [[5.6] for every v € D(\), we have
a G'-intertwining and isometric (up to scalar) operator

C) L2(R™)m—2u = L*(R™)p_2a,

n—\,m—v

which in turn induces a G'-intertwining and isometric (up to scalar) operator

cY : "Hf/ — Hf,

n—A,m—v

by Propositions [[5.4] and (2). O

To end this chapter, we discuss the Fourier transform of the distribution kernel
K j‘iy of the (generically) regular symmetry breaking operators A, , and compare
that of (E,\,,, in Lemma [I5.5] by using the hypergeometric function. The Gauss
hypergeometric function has the following series expansion.

2Fi(a,bicz) = (azz)(j))j %7

=0
where (a); = a(a+1)---(a+ j —1). The series terminates if a € —N or b € —N,

and reduces to a polynomial. In particular, o Fy (5%, 2F2+1=n. ¢ ») reduces to a

2 2

polynomial if (A\,v) € \\ U //.

Since the Gegenbauer polynomial of even degree is given as
(=D)'T( + p) 1 5
—— (-1, P =

l'].—‘(,u) 2 1( ) +I'L727:I; )7
the following proposition gives a direct proof of Juhl’s conformally covariant dif-
ferential operators Cy , (see (I0)), and also explains the residue formula Ay , =

Cy(w) =
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e\, v)C a,v Of the (generically) regular symmetry breaking operators A v in The-
orem from the view point of the F-method.
ProposITION 15.8 ([I8] Proposition 5.3]).

1) The tempered distribution Fgn I~(§V € S'(R™) is a real analytic function in
the open subset {(£,&,) € R"P @R : €] > |£,]}, and takes the following
form:

n—1
~ vl o Lt A=v A+v+l-n 1 &
15.2 WK ) = F o -
( 5 ) (]:R A,u)(gag ) F(V)QV_/\ 2 1( 9 9 19 |§|2)

2) Suppose v — A =2l (1 € N). Then

It —y_ n-1
=2 A—nzt

(FrnK3,)(€:6n) = O ).



CHAPTER 16
Appendix

16.1. Gegenbauer polynomials. The Gegenbauer polynomials C},(t) are
polynomials of degree N given by

I'2u+ N) 11—t
)= ——t ) R (Qu+ N, ~Nip+ = ——

[

vz

] )
L(N —j+p)

—1)!
VTG + DRV -2+ 1)
We inflate C’;(¢) to a polynomial of two variables by

(2t)N =2,

Jj=0

(16.1) Ol (s,1) = s%c;g(%).

For instance, Cl(s,t) = 1, CY'(s,t) = 2ut, C5(s,t) = 2u(p + 1)t* — ps. For even
N, we write

!
D(u+1 o
Ch (s, t) = (I/‘L(H) ) Zaj(l;u)s]tm 2j
3=0
where
_1)i92-2j 17J
(16.2) a;(l;p) == % (W+1+i-1).
jl2l —25)!
i=1
We set
i _ T NS e
(16.3) Chilst) 1= o Ty Chls ) = Dol p)s't%.
H =0

Slightly different from the usual notation in the literature, we adopt the fol-
lowing normalization of the Gegenbauer polynomial:

= N
(16.) GX (1) = (4 T (1)
which implies
(16.5) C%(f) = cos Nt and  C(t) = T(u + 1),
see [8 8934.4].
We recall from ([3] vol. II, 16.3 (2)] or [B] 7311.2]):
(16.6)

P(2u+ N)T(2p+ N + Dl(p + 5)T(p + )
ONHIT(2u)D(2p + )N'T(N + pu+ p+ 1)

1
/ tNF20(1 — 23 Ok (t)dt =
0
for p > f%.
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By using twice the duplication formula of the Gamma function

1
(16.7) T(2u) = 2%~ ST ()T + ),
we get from (TG0
n-3 ~n_1 WP(TL + N — ].) F(a + 1)

O8O0 = 3 TV 1) TR (e

(16.8) /1t“(1—t2) 2
0

16.2. K-Bessel function and its renormalization. We recall the definition
of the I-Bessel function and the K-Bessel function:

I,(z) :=e~ = Jy(e = z)

S (2)21'

:(§)y;j!l“(jiy+ 1)
K, (2) ;:mz —(I_(2) - L(2)).

Following [M9], we renormalize the K-Bessel function as

(16.9) K, (z) = (%)*VKV(Z).
Since K, (z) = K_,(z), we have
(16.10) K, (z) = (g)—%fay(z).

For example,

Ki(z) = \/Zezzé, Ki(z) = \/7?6*27 K 1(2) = gefz.

2 VA 2

The Fourier transform of the distribution (|x|? + #2)* is given by the K-Bessel
function:
. 20¢ m42X\ B
(16.11) / (]2 + £2)eilod) gy = 2T

16.3. Zuckerman derived functor modules A4()). In algebraic represen-
tation theory, cohomological parabolic induction is a powerful tool in capturing
isolated irreducible unitary representations of real reductive groups (e.g., [31, B8]).
For a convenience of the reader, we give a description of the underlying (g, K)-
module of the infinite-dimensional irreducible subquotient T'(:) of the spherical
principal series representation I(A) (A = —i or n+ 1), even though the proof of our
main results in this article is logically independent of this section.

We take a maximal abelian subalgebra t in the Lie algebra ¢ ~ o(n + 1) of
the maximal compact subgroup K = O(n + 1) x O(1), and extend it to a Cartan
subalgebra h of g = o(n + 1,1). If n is even then dimh = dimt+ 1, and h = t,
otherwise.

Fix a basis {f; : 1 <4 < [§] + 1} of bg in a way that the root system is given
as

n

Alge,be) ={£(fi£ f;):1si<j<[J]+1}

(U{xf1<1<[2

2] +1 (n: odd)}).
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Let {H;} C b be the dual basis for {f;} C hi. We define a subgroup of L to
be the centralizer of H;, and thus L ~ SO(2) x O(n — 1,1).

Let g = ¢ 4+ u be a f#-stable parabolic subalgebra of gc where the nilpotent
radical u is an hc-stable subspace with

Alwbe) = {h£f:2<5 <[F1+1HU{A} (0 0dd)).

Then L is the normalizer of q in G.

For n € C, we write C,y, for the one-dimensional representation of the Lie
algebra [ with trivial action of the second factor o(n — 1,1). If p € Z, it lifts
to L with trivial action of O(n — 1,1), for which we use the same notation C,, .
The homogeneous space G/ L carries a G-invariant complex structure with complex
cotangent space u at the origin.

Let denote by £, := G xr C,y, the holomorphic vector bundle over G/L
associated to the one-dimensional representation C,f . With this notation, the
canonical bundle Q¢ = AR TH(G/L) is isomorphic to Ly, = Lopw)-

As an analogue of the Dolbeault cohomology of a G-equivariant holomorphic
vector bundle over a complex manifold G/L, Zuckerman introduced the cohomo-
logical parabolic induction R} = (R8)7 (j € N), which is a covariant functor from
the category of (I, L N K)-modules to the category of (g, K)-modules. We follow
the normalization in [B7 Definition 6.20] for RZI, and Vogan—Zuckerman [B8] for
Aq(A), which differs from the usual normalization by the ‘p(u)’ shift.

The one-dimensional representation C,y, is

in the good range <u > g -1,

in the weakly fair range <u > 0,

with respect to the f-stable parabolic subalgebra. In our normalization, R{, (Cup) =
0if j #n—1, and Rgil((CHfl) is nonzero and irreducible if 4 € Z+ 5 and p > —1,
which is a slightly sharper than the results applied by the general theory.

Then we have (see [22] Fact 5.4] and the references therein):

ProrosITION 16.1. 1) For i € N, we have the following isomorphisms
of (g, K)-modules:

T(i)k ~ Aq(if1) ~ Ry (Crasiyp) ~ Hy N (G/L, Lingiys, ) k-
2) ForieZ with =% <1i <0,
I(n+ i)k = Aq(if1) = R{HCrapayp) = Hy NG/, Linyiyg,) k-
The latter module I(n + i)k (—% < i < 0) is the underlying (g, K )-module of
the complementary series representation H{ with A = n + i (see Chapter [[5).

REMARK 16.2. The homogeneous space G/L is connected if n > 2. If n = 1,
then G/L splits into two disconnected components which are biholomorphic to
the Poincaré upper and lower half plane. This explains geometrically the reason
why T'(¢) remains irreducible as a representation of the identity component group
Go = SOp(n + 1,1) for n > 2, and splits into a direct sum of holomorphic and
anti-holomorphic discrete series representations of Gy for n =1 (see Section 21).
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