arXiv:1502.00426v2 [math.RT] 23 Mar 2015

Symmetry, Integrability and Geometry: Methods and Applications SIGMA * (201%*), *** [130] pages

On some quadratic algebras I % :

Combinatorics of Dunkl and Gaudin elements, Schu-
bert, Grothendieck, Fuss-Catalan, universal Tutte and
Reduced polynomials

Anatol N. KIRILLOV

Research Institute of Mathematical Sciences ( RIMS ) Kyoto, Sakyo-ku 606-8502, Japan, and
The Kavli Institute for the Physics and Mathematics of the Universe ( IPMU ), 5-1-5 Kashi-
wanoha, Kashiwa, 277-8583, Japan
E-mail: kirillov@kurims. kyoto-u.ac.jp
address of First Author
URL: http://www.kurims.kyoto-u.ac.jp/ kirillov/

To the memory of Alain Lascoux 1944-20183, the great
Mathematician, from whom I have learned a lot about
the Schubert and Grothendieck polynomials.

Abstract. We study some combinatorial and algebraic properties of certain quadratic
algebras related with dynamical classical and classical Yang— Baxter equations.

Key words: Dunkl an Gaudin elements, Dynamical Yang—Baxter relations; small quan-
tum cohomology of flag varieties; Schubert, Grothendieck, Schréder, Ehrhart and Tutte
polynomials; reduced polynomials; Chan-Robbins—Yuen polytope; k-dissections of a convex
(n + k + 1)-gon and Fuss—Catalan polynomials; VSASM and CSTCPP.

Extended Abstract
We introduce and study a certain class of quadratic algebras, which are nonhomogenious
in general, together with the distinguish set of mutually commuting elements inside of each, the
so-called Dunkl elements. We describe relations among the Dunkl elements in the case of a family
of quadratic algebras corresponding to a certain splitting of the universal classical Yang—Bazter
relations into two three term relations. This result is a further extension and generalization of
analogous results obtained in [26],[76] and [5I]. As an application we describe explicitly the
set of relations among the Gaudin elements in the group ring of the symmetric group, cf [71].
We also study relations among the Dunkl elements in the case of (nonhomogeneous) quadratic
algebras related with the universal dynamical classical Yang—Baxter relations. Some relations
of results obtained in papers [26], [52], [47] with those obtained in [35] are pointed out. We
also identify a subalgebra generated by the generators corresponding to the simple roots in the
extended Fomin—Kirillov algebra with the DAH A, see Section 4.3.
The set of generators of algebras in question, naturally corresponds to the set of edges of
the complete graph K, (to the set of edges and loops of the complete graph with loops K,
in dynamical case). More generally, starting from any subgraph I' of the complete graph with

loops K, we define a (graded) subalgebra 37\ (T') of the (graded) algebra 37 (K,) [#4]. In
the case of loop-less graphs I' C K,, we state Conjecture which relates the Hilbert polynomial
of the abelian quotient 370 (T)®  of the algebra 370 (') and the chromatic polynomial of
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the graph T' we started with. We check our Conjecture for the complete graphs K, and the
complete bipartite graphs K, ,,. Besides, in the case of complete multipartite graph K, . n,

, we identify the commutative subalgebra in the algebra 3T](V0 ) (Knyyonn)y N=n1+ - +n,,
generated by elements

N N N .
GJ(',kj = ekj(Qz(vjzlﬂa---,@gvj)), L<j<r 1<kj<n; Nj:==ni+...4+n; No=0,

with the cohomology ring H*(Fly, .. n,,Z) of the partial flag variety Fl,, . p,.In other words,

the set of (additive) Dunkl elements {H(N) o 91(\],;7)} plays a role of the Chern roots of the tau-

Nj_14+1°
tological vector bundles §;, 7 = 1,...,r, over the partial flag variety Fl,,, .. n,,see Section 4.1.2 for
details. In a similar fashion, the set of multiplicative Dunkl elements {@5\],\;)71 FRTRR @5\],\;)} plays

a role of the K -theoretic version of Chern roots of the tautological vector bundle £; over the par-
tial flag variety Fl,, . n,. As a byproduct for a given set of weights ¢ = {/;; }1<icj<, Wwe

compute the Tutte polynomial T(Ky(fl),m’nk,x,y) of the f-weighted complete multipartite graph

K,(fl),,,,,nk, see Section 4, Definition 4.1 and Theorem 4.2.
More generally, we introduce universal Tutte polynomial

Tn({Qij}? Zz, y) € Z[{QU}] [‘Ta y]

in such a way that for any collection of non-negative integers m = {m;; }1<i<j<n and a subgraph
I' C KT(Lm) of the weighted complete graph on n labeled vertices with each edge (i,j) € KT(Lm)

appears with multiplicity m;;, the specialization
y™i -1

qij — 0, if edge (i,7) ¢ T, qij — [migly = y—1

, if edge (i,7) € T
of the universal Tutte polynomial is equal to the Tutte polynomial of graph I' multiplied by
(x — 1)“(F), see Section 4.1.2, Theorem 4.3, and Comments and Examples, for details.

We also introduce and study a family of (super) 6-term relations algebras, and suggest a
definition of “ multiparameter quantum deformation “ of the algebra of the curvature of 2-forms
of the Hermitian linear bundles over the complete flag variety Fl,,. This algebra can be treated
as a natural generalization of the (multiparameter) quantum cohomology ring QH™*(Fl,), see
Section 4.2.

Yet another objective of our paper is to describe several combinatorial properties of some spe-
cial elements in the associative quasi-classical Yang—Baxter algebra [47], including among others
the so-called Cozeter element and the longest element. In the case of Coxeter element we relate
the corresponding reduced polynomials introduced in [90], with the S-Grothendieck polynomials
(n)

[27] for some special permutations

nomial (’5(6(21) (Xy) with a certain weighted sum running over the set of k-dissections of a convex
™

k

(n+ k + 1)-gon. In particular we show that the specialization 6\ ,)1) (1) of the B-Grothendieck
(8)
(

More generally, we identify the S-Grothendieck poly-

(
T,
n)

polynomial &/ (X,) counts the number of k-dissections of a convex (n+ k+ 1)-gon according

™

to the number of diagonals involved. When the number of diagonals in a k-dissection is the
maximal possible (equals to n(2k — 1) — 1), we recover the well-known fact that the number
of k-triangulations of a convex (n + k 4 1)-gon is equal to the value of a certain Catalan-Hankel
determinant, see e.g. [85].

We also show that for a certain 5-parameters family of vexillary permutations, the special-
ization x; = 1,Vi > 1, of the corresponding (3-Schubert polynomials 61(06 ) (X,,) turns out to be
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coincide either with the Fuss-Narayana polynomials and their generalizations, or with a (g, 8)-
deformation of V.SASM or that of CSTC PP numbers, see Corollary 5.2, (B).. As examples we
show that

(a) the reduced polynomial corresponding to a monomial z7, x5 counts the number of
(n,m)-Delannoy paths according to the number of N E-steps, see Lemma 5.2;

(b) if 3 = 0, the reduced polynomial corresponding to monomial (212 x23)" 5, n >
k, counts the number of of n up, n down permutations in the symmetric group Soj1r11, See
Proposition 5.9; see also Conjecture 18.

We also point out on a conjectural connection between the sets of maximal compatible se-
quences for the permutation o, 25, 2,0 and that o, 2,41,2,0 from one side, and the set of V.SASM (n)
and that of CSTCPP(n) correspondingly, from the other, see Comments 5.7 for details. Finally,
in Section 5.1.1 we introduce and study a multiparameter generalization of reduced polynomials
introduced in [90], as well as that of the Catalan, Narayana and (small) Schréder numbers.

In the case of the longest element we relate the corresponding reduced polynomial with the
Ehrhart polynomial of the Chan—Robbins—Yuen polytope, see Section 5.3. More generally, we
relate the (¢, 8)-reduced polynomial corresponding to monomial

n—1 n—2 n

a; .
I1 #5 < II xﬂf)v a; € L=0, VJ,
J=1 j=2  k=j+2

with positive t-deformations of the Kostant partition function and that of the Ehrhart polynomial
of some flow polytopes, see Section 5.3.
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1 Introduction

The Dunkl operators have been introduced in the later part of 80’s of the last century by Charles
Dunkl [21], [22] as a powerful mean to study of harmonic and orthogonal polynomials related
with finite Coxeter groups. In the present paper we don’t need the definition of Dunkl operators
for arbitrary (finite) Coxeter groups, see e.g. [2I], but only for the special case of the symmetric
group S,.
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Definition 1.1. Let P, = Clx1,...,x,] be the ring of polynomials in variables x1,...,zy,. The
type An—1 (additive) rational Dunkl operators D1, ..., D, are the differential-difference operators
of the following form

- 0 1—82']'
Di=A 5= +y — (1.1)

Here s;;, 1 <1i < j <n, denotes the exchange (or permutation) operator, namely,

sij(f)(x17"'7$i7"'7:Ej7"'7xn) :f(xlv"'7xj7"'7$i7"'7$n);
% stands for the derivative w.r.t. the variable x;; X € C is a parameter.

The key property of the Dunkl operators is the following result.

Theorem 1.1. ( C.Dunkl [21] ) For any finite Coxeter group (W,S), where S = {s1,...,s}
denotes the set of simple reflections, the Dunkl operators D; := Ds; and Dj := Dy, pairwise
commute: D; Dj=D; D;, 1<i,5<1L.

Another fundamental property of the Dunkl operators which finds a wide variety of applica-
tions in the theory of integrable systems, see e.g. [36], is the following statement:

the operator
l
> (Do
i=1

“essentially” coincides with the Hamiltonian of the rational Calogero-Moser model related to the
finite Coxeter group (W, S).

Definition 1.2. Truncated (additive) Dunkl operator (or the Dunkl operator at critical level),
denoted by D;, i =1,...,l, is an operator of the form (1.1) with parameter \ = 0.

For example, the type A, _1 rational truncated Dunkl operator has the following form
1 — 54
D J
Clearly the truncated Dunkl operators generate a commutative algebra.

The important property of the truncated Dunkl operators is the following result discovered and
proved by C.Dunkl [22]; see also [4] for a more recent proof.

Theorem 1.2. (C.Dunkl [22], Y.Bazlov [}]) For any finite Cozeter group (W,S) the algebra
over Q generated by the truncated Dunkl operators D1,...,D; s canonically isomorphic to the
coinvariant algebra Ay of the Coxeter group (W, S).

Recall that for a finite crystallographic Coxeter group (W, S) the coinvariant algebra Ay is
isomorphic to the cohomology ring H*(G/B,Q) of the flag variety G/B, where G stands for the
Lie group corresponding to the crystallographic Coxeter group (W, S) we started with.

Example 1.1. In the case when W =S, is the symmetric group, Theorem 1.2 states that the

algebra over Q generated by the truncated Dunkl operators D; = Z] 2 ; _S;JJ i =1,...,n, is
canonically isomorphic to the cohomology ring of the full flag variety Fl,, of type An_l
Q[Dy,..., Dy = Qx1,. .., xpn]/In, (1.2)

where J,, denotes the ideal generated by the elementary symmetric polynomials  {ex(X,),
1<k<n}
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Recall that the elementary symmetric polynomials e;(X,,), i =1,...,n, are defined through
the generating function

n n
14> (X)) ' =[] @+t ),
i=1 i=1
where we set X,, := (21,...,2,). It is well-known that in the case W =§,,, the isomorphism
(1.2) can be defined over the ring of integers Z. [

Theorem 1.2 by C.Dunkl has raised a number of natural questions:

A) What is the algebra generated by the truncated

e trigonometric,

e elliptic,

e super, matrix, ...,

a) additive Dunkl operators ?

b) Ruijsenaars—Schneider-Macdonald operators ?

¢) Gaudin operators 7

B) Describe commutative subalgebra generated by the Jucys—Murphy elements in

e the group ring of the symmetric group;

e the Hecke algebra ;

e the Brauer algebra, BMV algebra, .. ..

(C) Does there exist an analogue of Theorem 1.2 for

e C(Classical and quantum equivariant cohomology and equivariant K-theory rings of the
partial flag varieties 7

e Cohomology and K-theory rings of affine flag varieties 7

e Diagonal coinvariant algebras of finite Coxeter groups ?

e Complex reflection groups ?

The present paper is an extended Introduction to a few items from Section 5 of [47].

The main purpose of my paper “On some quadratic algebras, II” is to give some partial answers
on the above questions basically in the case of the symmetric group S,.

The purpose of the present paper is to draw attention to an interesting class of nonhomo-
geneous quadratic algebras closely connected (still mysteriously !) with different branches of
Mathematics such as

Classical and Quantum Schubert and Grothendieck Calculi,

Low dimensional Topology,

Classical, Basic and Elliptic Hypergeometric functions,

Algebraic Combinatorics and Graph Theory,

Integrable Systems,

(
(
(
(
(

What we try to explain in [47] is that upon passing to a suitable representation of the
quadratic algebra in question, the subjects mentioned above, are a manifestation of certain
general properties of that quadratic algebra.

From this point of view, we treat the commutative subalgebra generated by the additive (resp.
multiplicative) truncated Dunkl elements in the algebra 3T,,(5), see Definition 3.1, as universal
cohomology (resp. universal K-theory) ring of the complete flag variety Fl,,. The classical or
quantum cohomology (resp. the classical or quantum K-theory) rings of the flag variety Fl,, are
certain quotients of that universal ring.

For example, in [50] we have computed relations among the (truncated) Dunkl elements
{0;, i =1,...,n} in the elliptic representation of the algebra 3T, (8 = 0). We expect that the
commutative subalgebra obtained is isomorphic to elliptic cohomology ring ( not defined yet, but
see [33] , [32]) of the flag variety Fl,,.
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Another example from [47]. Consider the algebra 37, (5 = 0).
One can prove [47] the following identities in the algebra 37, (8 = 0)
(A) Summation formula

n—1
]:

n—1 J—1 n—1
Z < H Ub,b+1) Ut,n <H Ub,b—i-l) = H Ua,a+1-
j b=1 a=1

1 b=j+1

(B) Duality transformation formula Let m < n, then

n—1 n—1 m—1 7j—1
< H ub,b—i—l) [H Ug,a+n—1 ua,a+n:| Um,m4+n—1 <H ub,b—i—l) +
j=m b=j+1 a=1 b=m
m m—1 n—1
5 [ Ug,a4+n—1 ua,a—i—n] Um,n+m—1 (H ub,b—l—l) Uln =
j=2 a=j b=m
m m—j n—1 j—1
E [H Ua,a+n ua—i—l,a-{—n} (H ub,b—l—l) [H Ug,a4+n—1 ua,a-{—n} .
j=1 a=1 b=m a=1

Omne can check that upon passing to the elliptic representation of the algebra 3T, (8 = 0),

see Section 3.1, or [47], Section 5.1.7, or [50], for the definition of elliptic representation, the
above identities (A) and (B) finally end up correspondingly, to be the Summation formula and
the N =1 case of the Duality transformation formula for multiple elliptic hypergeometric series
(of type Ap—1), see e.g. [41] , or Appendix V, for the explicit forms of the latter. After passing
to the so-called Fay representation [47|, the identities (A) and (B) become correspondingly to
be the Summation formula and Duality transformation formula for the Riemann theta functions
of genus g > 0, [47]. These formulas in the case g > 2 seems to be new.
Worthy to mention that the relation (A) above can be treated as a "non-commutative analogue”
of the well-known recurrence relation among the Catalan numbers. The study of “descendent
relations” in the quadratic algebras in question was originally motivated by the author attempts
to construct a monomial basts in the algebra 37, 7(10). This problem is still widely open, but gives
rise the author to discovery of

several interesting connections with
classical and quantum Schubert and Grothendieck Calculi,
combinatorics of reduced decomposition of some special elements in the symmetric group,
combinatorics of generalized Chan—Robbins—Yuen polytopes,
relations among the Dunkl and Gaudin elements,
computation of Tutte and chromatic polynomials of the weighted complete multipartite
graphs, etc.

|

A few words about the content of the present paper.
Example 1.1 can be viewed as an illustration of the main problems we are treaded in Sections

2 and 3 of the present paper, namely the following ones.
o Let {u;;, 1<4,j<n} beaset of generators of a certain algebra over a commutative ring
K. The first problem we are interested in is to describe “a natural set of relations” among the
generators {u;; }1<; j<n which implies the pair-wise commutativity of dynamical Dunkl elements

HZ- = 92(") = Z uij, 1 § i‘len.
j=1

e Should this be the case then we are interested in to describe the algebra generated by “the inte-
grals of motions”, i.e. to describe the quotient of the algebra of polynomials K[yi,...,y,] by the
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two- sided ideal J,, generated by non-zero polynomials F(y1, ..., y,) such that F(6y,...,6,) =0
in the algebra over ring K generated by the elements {u;;}1<i j<n-

e We are looking for a set of additional relations which imply that the values of elementary
symmetric polynomials ex(yi1,...,yn), 1 < k < n, on the Dunkl elements 0§n), ... ,9&") do not
depend on the variables {u;;, 1 <i # j < n}. If so, one can defined deformation of elementary
symmetric polynomials, and make use of it and the Jacobi—Trudi formula, to define deformed
Schur functions, for example. We try to realize this program in Sections 2 and 3.

In Section 2, see Definition 2.2, we introduce the so-called dynamical classical Yang—Baxter
algebra as “a natural quadratic algebra” in which the Dunkl elements form a pair-wise commuting
family. It is the study of the algebra generated by the (truncated) Dunkl elements that is the
main objective of our investigation in [47] and the present paper. In subsection 2.1 we describe
few representations of the dynamical classical Yang—Baxter algebra DCY B,, related with

e quantum cohomology QH*(Fl,) of the complete flag variety Fl,, cf [25];

e quantum equivariant cohomology QH 7 o« (T* Fly,) of the cotangent bundle T F1,, to the
complete flag variety, cf [35];

e Dunkl-Gaudin and Dunkl-Uglov representations, cf [71], [94].

In Section 3, see Definition 3.1, we introduce the algebra 3HT,, (), which seems to be the
most general (noncommutative) deformation of the (even) Orlik—Solomon algebra of type A, _1,
such that it’s still possible to describe relations among the Dunkl elements, see Theorem 3.1.
As an application we describe explicitly a set of relations among the (additive) Gaudin / Dunkl
elements, cf [71].

»» It should be stressed at this place that we treat the Gaudin elements/operators (either
additive or multiplicative) as images of the universal Dunkl elements/operators (additive or multi-
plicative) in the Gaudin representation of the algebra 3HT,,(0). There are several other important
representations of that algebra, for example, the Calogero—Moser, Bruhat, Buchstaber—Felder—
Veselov (elliptic), Fay trisecant (7-functions), adjoint, and so on, considered (among others) in
[47). Specific properties of a representation chosen [ (e.g. Gaudin representation) imply some
additional relations among the images of the universal Dunkl elements (e.g. Gaudin elements)
should to be unveiled. <<«

We start Section 3 with definition of algebra 37, (8) and its “Hecke” 3HT,, () and “elliptic”
3MT, () quotients. In particular we define an elliptic representation of the algebra 37,,(0),
[50], and show how the well-known elliptic solutions of the quantum Yang—Baxter equation due
to A. Belavin and V. Drinfeld, see e.g. [5], S. Shibukawa and K. Ueno [86], and G. Felder and
V.Pasquier [24], can be plug in to our construction, see Section 3.1.

In Subsection 3.2 we introduce a multiplicative analogue of the the Dunkl elements {©; €
3T,(8), 1 < j <n} and describe the commutative subalgebra in the algebra 37T,,(8) generated
by multiplicative Dunkl elements [5I]. The latter commutative subalgebra turns out to be
isomorphic to the quantum equivariant K-theory of the complete flag variety F1,, [51].

In Subsection 3.3 we describe relations among the truncated Dunkl-Gaudin elements. In this
case the quantum parameters ¢;; = p?j, where parameters {pij = (2 — zj)_l, 1<i<j < n}
satisfy the both Arnold and Pliicker relations. This observation has made it possible to describe
a set of additional rational relations among the Dunkl-Gaudin elements, cf [71].

3For example, in the cases of either Calogero—Moser or Bruhat representations one has an additional constraint,
namely, ufj = 0 for all i # j. In the case of Gaudin representation one has an additional constraint ufj =
p?j, where the (quantum) parameters {p;; = xi%gcj, i # j}, satisfy simultaneously the Arnold and Plicker
relations, see Section 2, (II). Therefore, the (small) quantum cohomology ring of the type A,_1 full flag variety
Fln and the Bethe subalgebra(s) (i.e. the subalgebra generated by Gaudin elements in the algebra 3HT,(0))
correspond to different specializations of 7 quantum parameters” {q.; := ufj} of the universal cohomology ring
(i.e. the subalgebra/ring in 3HT},(0) generated by (universal) Dunkl elements). For more details and examples,

see Section 2.1 and [47].
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In Subsection 3.4 we introduce an equivariant version of multiplicative Dunkl elements, called
shifted Dunkl elements in our paper, and describe (some) relations among the latter. This result
is a generalization of that obtained in Section 3.1 and [51]. However we don’t know any geometric
interpretation of the commutative subalgebra generated by shifted Dunkl elements.

In Section 4.1 for any subgraph I C K, of the complete graph K,, we introduce [4 [47], [44],

algebras 37, (I') and 370 (I") which can be seen as analogues of algebras 37,, and 370 cor-
respondingly [.

»» An analog of the algebras 37}, and 3T7(LB ), 3HT,, etc treated in the present paper,
can be defined for any (oriented or not) matroid M. We denote these algebras as 37 (M) and
3T (M). One can show (A.K.) that the abelianization of the algebra 379 (M), denoted by

37 (./\/l)ab, is isomorphic to the Gelfand—Varchenko algebra corresponding to a matroid M,

whereas the algebra 37(%=0) (./\/l)ab is isomorphic to the (even) Orlik—Solomon algebra OS™ (M)
of a matroid M 8. We consider and treat the algebras 3T'(M), 3HT(M),.... as equivariant
noncommutative (or quantum) versions of the (even) Orlik—Solomon algebras associated with
matroid (including hyperplane, graphic, ... arrangements). However a meaning of a quantum
deformation of the (even or odd) Orlik—Solomon algebra suggested in the present paper, is
missing, even for the braid arrangement of type A,. Generalizations of the Gelfand—Varchenko
algebra has been suggested and studied in[45], [47] and in the present paper under the name
quasi-associative Yang—Baxter algebra, see Section 5.

<44

In the present paper we basically study the abelian quotient of the algebra 3T7(LO) (T"), where
graph I' has no loops and multiple edges, since we expect some applications of our approach to
the theory of chromatic polynomials of planar graphs, in particular to the complete multipartite
graphs Ky, . . and the grid graphs G, EI Our main results hold for the complete multipartite,
cyclic and line graphs. In particular we compute their chromatic and Tutte polynomials, see
Proposition 4.2 and Theorem 4.3. As a byproduct we compute the Tutte polynomial of the /-
weighted complete multipartite graph K,(fl),m,nr where ¢ = {{;; }1<i<j<r, is a collection of weights,
i.e. a set of non-negative integers.

More generally, for a set of variables {{gi; }1<i<j<n, ®, y} we define universal Tutte polynomial
Tn({gi;},x,y) € Zlgij]lx,y] such that for any collection on non-negative integers {m;;}i<i<j<n
and a subgraph I' C Kr(Lm) of the complete graph K,, with each edge (i, j) comes with multiplicity
m;j, the specialization

y™ —1

= if edge (i,7) €T

¢ — 0, if edge (i,5) ¢ T, qij — [mizly :==

of the universal Tutte polynomial T}, ({gi;},z,y) is equal to the Tutte polynomial of graph I'
multiplied by the factor (t — 1)%() .

(:E - 1)K(F Tutte(F,:E,y) = Tn({Qij}7$7y) PO
q;;=0, if (i,5)¢T
a5 =[mygl,. if (Li)er

Here and after k(I') demotes the number of connected components of a graph I'. In other
words, one can treat the universal Tutte polynomial 7;,({g;;},z,y) as a “reproducing kernel” for

% Independently the algebra 37" (") has been studied in [9], where the reader can find some examples and
conjectures.

5To avoid confusions, it must be emphasized that the defining relations for algebras 3T (I') and 3T,,(I')(”) may
have more then three terms.

6 For a definition and basic properties of the Orlik— Solomon algebra corresponding to a matroid see e.g, Y.
Kawahara, On Matroids and Orlik-Solomon Algebras Annals of Combinatorics 8 (2004) 63-80.

"See e.g. wol fram.com/GridGraph.htm for a definition of grid graph G
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the Tutte polynomials of all graphs with the number of vertices not exceeded n.
We also state Conjecture 4.2 that for any loopless graph I" (possibly with multiple edges) the

algebra 3T|(FO|) (F)ab is isomorphic to the even Orlik—Solomom algebra OS™(Ar) of the graphic
arrangement associated with graph I' in question.

At the end we emphasize that the case of the complete graph I' = K,, reproduces the results
of the present paper and those of [47], i.e. the case of the full flag variety Fl,. The case of the
complete multipartite graph I' = K, . n, reproduces the analogue of results stated in the present
paper for the case of full flag variety Fl,, to the case of the partial flag variety Fy, . n,, see [47]
for details.

In Section 4.1.3 we sketch how to generalize our constructions and some of our results to the
case of the Lie algebras of classical types H.

In Section 4. 2 we briefly overview our results concerning yet another interesting family of
quadratic algebras, namely the siaz-term relations algebras 671, 6T7(LO)
algebras also contain a distinguished set of mutually commuting elements called Dunkl elements
{0;,i=1,...,n} given by 0; = Zj# ri;, see Definition 4.10.

In Subsection 4.2.2 we introduce and study the algebra 67X in greater detail. In particular
we introduce a “quantum deformation” of the algebra generated by the curvature of 2-forms of
of the Hermitian linear bundles over the flag variety Fl,, cf [78].

In Subsection 4.2.3 we state our results concerning the classical Yang—Baater algebra CY B,
and the 6-term relation algebra 67},. In particular we give formulas for the Hilbert series of these
algebras. These formulas have been obtained independently in [3] The paper just mentioned,
contains a description of a basis in the algebra 67;,, and much more.

In Subsection 4.2.4 we introduce a super analog of the algebra 67}, denoted by 673, ,,,, and
compute its Hilbert series.

Finally, in Subsection 4.3 we introduce extended nil-three term relations algebra 3%, and
describe a subalgebra inside of it which is isomorphic to the double affine Hecke algebra of type
An—17 cf [15].

In Section 5 we describe several combinatorial properties &fﬂ)me special elements in the

and related ones. These

associative quasi-classical Yang-Baxter algebraﬁ, denoted by ACY B,,. The main results in that
direction were motivated and obtained as a by-product, in the process of the study of the the
structure of the algebra 3HT,, (). More specifically, the main results of Section 5 were obtained in
the course of “hunting for descendant relations” in the algebra mentioned, which is an important
problem to be solved to construct a basis in the nil-quotient algebra 37, ,SO). This problem is still
widely-open.

The results of Section 5.1, see Proposition 5.1, items (1)—(5), are more or less well-known
among the specialists in the subject, while those of the item (6) seem to be new. Namely, we
show that the polynomial @, (z;; = t;) from [90], (6.C8),(c), essentially coincides with
the f-deformation [27] of the Lascoux-Schiitzenberger Grothendieck polynomial [57] for some
particular permutation.  The results of Proposition 5.1, (6), point out on a deep connection

between reduced forms of monomials in the algebra ACY B,, and the Schubert and Grothendieck
Calculi. This observation was the starting point for the study of some combinatorial properties of
certain specializations of the Schubert, the 8-Grothendieck [28] and the double - Grothendieck
polynomials in Section 5.2 . One of the main results of Section 5.2 can be stated as follows.

Theorem 1.3.

80ne can define an analogue of the algebra 37 for the root system of BC,, and Cy C,, -types as well, but we
are omitted these cases in the present paper

9 The algebra AWBH can be treated as “one-half” of the algebra 37, (3). It appears, see Lemma 5.1, that the
basic relations among the Dunkl elements, which do not mutually commute anymore, are still valid, see Lemma
5.1.
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(1) Letw €S, be a permutation, consider the specialization x1 = q,x; = 1, Vi > 2, of the
B-Grothendieck polynomial &) (Xn). Then

In other words, the polynomial R, (g, 3) has non-negative integer coefficients .
For late use we define polynomials

Ru(q,8) = ¢ " Ru(q, B).
(2) Let w €S, be a permutation, consider the specialization x; = q,y; = t, Vi > 1, of the
double B-Grothendieck polynomial (’5506) (Xn,Yn).  Then
6(5_1)(332- =gq,y; :=t,Vi > 1) € N[q,t, 3]

w

(3) Let w be a permutation, then

Ruw(1, B) = Rixw(0, B).
Note that Ry (1, 5) = R,-1(1,5), but Ry(t,8) # Ry-1(t, ), in general.

For the reader convenience we collect some basic definitions and results concerning the S-
Grothendieck polynomials in Appendix I.
Let us observe that PRy, (1,1) = S,(1), where S,,(1) denotes the specialization x; :=
1, Vi > 1, of the Schubert polynomial &,,(X,) corresponding to permutation w. Therefore,
Rw(1,1) is equal to the number of compatible sequences [8] (or pipe dreams, see e.g. [85] )
corresponding to permutation w.

Problem 1.1.
Let w € S,, be a permutation and | := {(w) be its length. Denote by CS(w) = {a = (a1 <
ag < --- < a;) €N} the set of compatible sequences [§] corresponding to permutation w.

e Define statistics r(a) on the set of all compatible sequences CSy:= [] CS(w)
- wWESy

i a such way that

> ™ ™ =Ru(g,B).

acCS(w)
e Find a geometric interpretation, and investigate combinatorial and algebra-geometric proper-

ties of polynomials S (Xn),

where for a permutation w € S,, we denoted by 61(,?) (X,) the B-Schubert polynomial defined
as follows

l:=0(w)
6P X)= > @ ] 2a
i=1

acCS(w)

We expect that polynomial 61(,? ) (1) coincides with the Hilbert polynomial of a certain graded

commutative ring naturally associated to permutation w.

Remark 1.1. It should be mentioned that, in general, the principal specialization
BV (g .= gL, Vi > 1)

of the (B8 — 1)-Grothendieck polynomial may have negative coefficients. |

10 For a more general result see Appendix I, Corollary 6.2.
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Our main objective in Section 5.2 is to study the polynomials Ry, (g, B) for a special class of
permutations in the symmetric group So. Namely, in Section 5.2 we study some combinatorial
properties of polynomials R, 4>(Q7 B) for the five parameters family of vezillary permutations
{wx,¢} which have the shape

Ai=dppp=@n—i+1)+b i=1,...,n+1) and flag

p=¢p,=(k+r@i—-1),i=1,...,n+1).

This class of permutations is notable for many reasons, including that the specialized value of
the Schubert polynomial &, ¢(1) admits a nice product formula , see Theorem 5.6. Moreover,
we describe also some interesting connections of polynomials Ry, ¢(q, B) with plane partitions,
the Fuss-Catalan numbers (9 and Fuss-Narayana polynomials, k-triangulations and k-dissections
of a convex polygon, as well as a connection with two families of ASM.  For example, let
A= (V") and ¢ = (k") be rectangular shape partitions, then the polynomial Ry, (g, 3) defines
a (q, B)-deformation of the number of (ordinary) plane partitions [*4 sitting in the box b x k x n.
It seems an interesting problem to find an algebra-geometric interpretation of polynomials
Rw(q, B) in the general case.

Question Let a and b be mutually prime positive integers. Does there exist a family of
permutations wgp € Sep(a4p) Such that the specialization z; = 1 Vi of the Schubert polynomial
Sy, , is equal o the rational Catalan number C,/, 7 That is

Su (1) = ] <a + b>‘

a+b a

|
Many of the computations in Section 5.2 are based on the following determinantal formula
for 5-Grothendieck polynomials corresponding to grassmannian permutations, cf [59].

Theorem 1.4. (see Comments 5.5)
If w = oy is the_grassmannian permutation with shape X = (X ..., \,) and a unique descent
at position n, then
Aj+n—j -
DET |z (148 =) 'i<ij<n

H1§z‘<jgn(33i - ;)

O\ ’

(&) 6Y)(X,) = DETIAY,; (Xn)l1<ijan =

where X, = (zi,x1,...,2Ty), and for any set of variables X,
k—1
5 k—1
M) = ( hn-rra(X) 5,
’ a
a=0
1 One can prove a product formula for the principal specialization Gw, ,(wi = ¢, Vi > 1) of the corre-
sponding Schubert polynomial. We don’t need a such formula in the present paper.
12 We define the (generalized) Fuss-Catalan numbers to be FC’ff’)(b) = WM(”’:LZ’). Connection of
the Fuss-Catalan numbers with the p-ballot numbers Balp(m,n) = %ﬂfﬁf (”+:+1) and the Rothe numbers
Rn(a,b) == 0 (“tfm) can be described as follows

FC (b) = Ru(b+1,p) = Baly—1(n, (n — )p+b).

13 Let A be a partition. An ordinary plane partition (plane partition for short)bounded by d and shape A is
a filling of the shape A by the numbers from the set {0,1,...,d} in such a way that the numbers along columns
and rows are weakly decreasing.

A reverse plane partition bounded by d and shape A is a filling of the shape A by the numbers from the set
{0,1,...,d} in such a way that the numbers along columns and rows are weakly increasing.

14 the equality

Ajtn—j -1

_ DET |z; (4B ) icij<n

&) (Xn)
A H1gi<jgn($i — ;)

)

has been proved independently in [70].
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and hi(X) denotes the complete symmetric polynomial of degree k in the variables from the set

X.

Xj+n—j i
DET|TL" 7 (@i + ya + 8 w1 ya) 1+ Bzl Yi<ijen

o a=1
B) &, (X,Y) = [li<icj<n(zi — ;)

In Section 5.3 we give a partial answer on the question 6.C8(d) by R.Stanley [90]. In
particular, we relate the reduced polynomial corresponding to monomial

n—2 n
a . .
<l‘1§ - gjn_lma ) H H Tk, Qj S ZZ(),V],
j=2  k=j+2

with the Ehrhart polynomial of the generalized Chan—-Robbins—Yuen polytope, if ag = ... =
an, = m+1, cf [66], with a ¢t-deformation of the Kostant partition function of type A,,_; and the
Ehrhart polynomials of some flow polytopes, cf [67].

In Section 5.4 we investigate certain specializations of the reduced polynomials corresponding

to monomials of the form

m

mi n
Lo " Tp_1n

m; € Zzo.Vj.

First of all we observe that the corresponding specialized reduced polynomial appears to be
a piece-wise polynomial function of parameters m = (my,...,my) € (R>g)", denoted by Pp.
It is an interesting problem to compute the Laplas transform of that piece-wise polynomial
function. In the present paper we compute the value of the function Py, in the dominant chamber
Cn=(m1>mg>...>m, >0), and give a combinatorial interpretation of the values of that
function in points (n,m) and (n,m,k), n > m > k.

For the reader convenience, in Appendix [-V we collect some useful auxiliary information
about the subjects we are treated in the present paper.

Almost all results in Section 5 state that some two specific sets have the same number of
elements. Our proofs of these results are pure algebraic. It is an interesting problem to find
bijective proofs of results from Section 5 which generalize and extend remarkable bijective proofs
presented in [98], [85], [91], [67] to the cases of

e the [-Grothendieck polynomials,

e the (small) Schréder numbers,

e k-dissections of a convex (n + k + 1)-gon,

e special values of reduced polynomials.

We are planning to treat and present these bijections in (a) separate publication(s).

|

We expect that the reduced polynomials corresponding to the higher-order powers of the
Coxeter elements also admit an interesting combinatorial interpretation(s). Some preliminary
results in this direction are discussed in Comments 5.8.

At the end of Introduction I want to add two remarks.

(a) After a suitable modification of the algebra 3HT,, see [52], and the case § # 0 in
[47], one can compute the set of relations among the (additive) Dunkl elements (defined in
Section 2, (2.1)). In the case =0 and ¢; = ¢ 0j—;1, 1 < i < j < n, where 0, is
the Kronecker delta symbol, the commutative algebra generated by additive Dunkl elements
(2.3) appears to be “almost” isomorphic to the equivariant quantum cohomology ring of the flag
variety Fl,, see [52] for details. Using the multiplicative version of Dunkl elements (3.14), one
can extend the results from [52] to the case of equivariant quantum K-theory of the flag variety
Fly, see [47].
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(b)  As it was pointed out previously, one can define an analogue of the algebra 3T7(LO) for

any (oriented) matroid M,,, and state a conjecture which connects the Hilbert polynomial of the
algebra 3TT(L0) (M), ) and the chromatic polynomial of matroid M,,. We expect that algebra
3T7(LB :1)(./\/ln)“b is isomorphic to the Gelfand—Varchenko algebra associated with matroid M. It

is an interesting problem to find a combinatorial meaning of the algebra 3T7(LB ) (M,,) for =0

and 3 # 0.
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2  Dunkl elements

Let §, be the free associative algebra over Z with the set of generators {u;j, 1 <i,j7 < n}. In
the subsequent text we will distinguish the set of generators {u;; }1<i<n from that {u;j}1<izj<n,
and set

Tj = U, 1= 1,...,n.

Definition 2.1.  (Additive Dunkl elements)
The (additive) Dunkl elements 0;,i = 1,...,n, in the algebra F,, are defined to be

n
Hi:a:i—i—z Uij- (2.1)

j=1

J#i
We are interested in to find “natural relations” among the generators {u;;}1<; j<n such that
the Dunkl elements (2.1) are pair-wise commute. One of the natural conditions which is the

commonly accepted in the theory of integrable systems, is
e (Locality conditions)

(@) [wiz;] =0, ifi#j,
(0)  wij up = w wij, if i#j, k#1 and {i,j} N{k, 1} = 0. (2.2)

Lemma 2.1.
Assume that elements {u;;} satisfy the locality condition (2.1). Ifi # j, then

n
[0i,0;] = [!Ez + Z Uik, Wij +sz} + [Uij, 517k:| + Z Wik,
k#i,j k=1 k#i,j
where
Wik = [Wij, ik + W] + [Wik, win] + [T, wjk] + [wik, 2] + [Tr, wij). (2.3)

Therefore in order to ensure that the Dunkl elements form a pair-wise commuting family, it’s
natural to assume that the following conditions hold
e (Unitarity)
[wij + wjs, up] = 0 = [ui; + ujs,xx]  for all distinct 1,7, k,l, (2.4)

i.e. the elements u;; + uj; are central.
e (“Conservation laws”)

n

[Z T, ui) =0 for all 1,7, (2.5)
k=1
i.e. the element F := ) }_, x is central,
) (Unitary dynamical classical Yang—Baxter relations )
[wigs Wik + wi] + [Wik, wik] + [Ti, wik] + [wik, 25] + [28, wij] = 0, (2.6)

if 4, j, k are pair-wise distinct.
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Definition 2.2. (Dynamical six term relations algebra 6D7T,,)
We denote by 6 DT, the quotient of the algebra F,, by the two-sided ideal generated by relations
(2.2) — (2.6).

Clearly, the Dunkl elements (2.1) generate a commutative subalgebra inside of the algebra
6DT,, and the sum Y ;| 6; =", x; belongs to the center of the algebra 6DT,.

Remark Occasionally we will call the Dunkl elements of the form (2.1) by dynamical Dunkl
elements to distinguish the latter from truncated Dunkl elements, corresponding to the case

2.1 Some representations of the algebra 6D7,
2.1.1 Dynamical Dunkl elements and equivariant quantum cohomology

(I) (cf [25]) Given a set q1,...,qy_1 of mutually commuting parameters, define

j—1
i = [ aa if i<
a=1
and set g;; = ¢;; in the case 7 > j. Clearly, that if ¢ < j < k, then ¢;;q;1 = qir-

Let z1,..., 2, be a set of (mutually commuting) variables. Denote by P, := Z[z1, ..., z,] the
corresponding ring of polynomials. We consider the variable z;, i = 1,...,n, also as the operator
acting on the ring of polynomials P, by multiplication on the variable z;.

Let s;; € Sy, be the transposition that swaps the letters i and j and fixes the all other letters
k # i,j. We consider the transposition s;; also as the operator which acts on the ring P, by
interchanging z; and z;, and fixes all other variables. We denote by

1— s
0y = —2, 0; = 0;i41,
i — Zj
the divided difference operators corresponding to the transposition s;; and the simple transposi-
tion s; := s; ;41 correspondingly.  Finally we define operator (cf [25] )

6(2]) =0 8j_18j8j_1 s ai, Zf 1< J.

The operators 95y, 1 <i < j < n, satisfy (among other things) the following set of relations (cf
[25]) _

o [2,0u)] =0, if jEI,kl,  [Ou > 0i za =0,

o [0s), Oyl = Oji [25, Oyl + 0ar [Owjy> 2, if i <j, k<L

Therefore, if we set u;; = g5 0giy), if @ <j, andug; = —ugy), @f ©> j, then for a triple
1< j<k wewill have

[wig, wir, + wjn] + [wik, wjr] + [2i; wjr] + [Wik, 25] + (20, wjk] = 45 9k[005), Oimy] + dirlOny» 23] = 0.

Thus the elements {z;,i = 1,...,n} and {u;;,1 < i < j < n} define a representation of the
algebra DCY By, and therefore the Dunkl elements

=zt 3wy = 7= ) 4iidy + ) a9
j#i j<i §>i
form a pairwise commuting family of operators acting on the ring of polynomials

Zlq1,- - qn-1]]z1,- -, 2n), cf [25]. This representation has been used in [25] to construct the

small quantum cohomology ring of the complete flag variety of type A,_1.
[
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(IT) Consider degenerate affine Hecke algebra §),, generated by the central element h, the
elements of the symmetric group S,, and the mutually commuting elements y1, ..., y,, subject
to relations

Sl — Yir1S: = h, 1 <14 < mn, 8iY; = Y;Si, i 75 1,1+ 1,
where s; stand for the simple transposition that swaps only indices ¢ and i + 1. For i < j, let
Sij = 8+ --5j_15j5j—1 - 5; denotes the permutation that swaps only indices 7 and j. It is an easy
exercise to show that

° [yj,sik] = h[Sij,Sjk], if ¢ <j < k,

o YiSik — SikYr = h+ h s Zi<j<k sjg, if i < k.

Finally, consider a set of mutually commuting parameters {p;;, 1 < i # j < n, p;; + pj = 0},
subject to the constraints

DijPjk = PikPij + PjkDik + Pik, 1 < J < k.
Comments 2.1.  If parameters {p;;} are invertible, and satisfy relations
PijPjk = PikDij + PjkPik + B pik, < j <Kk,
then one can rewrite the above displayed relations in the following form:

1+£:(1+£)(1+ﬁ), 1<i<j<k<n.

Dik Dij Pk
Therefore there exist parameters {qi,...,qn} such that 1+ 8/p;; = ¢;/q;, 1 <i<j<n. In
other words, p;; = qf _q;j, 1 <i < 7 <n. However in general, there are many other types

of solutions, for example, solutions related to the Heaviside function H(z), namely, p;; =
H(z; — xj), z; € R, Vi, and its discrete analogue, see Example (III) below. In the both cases

B = —1; see also Comments 2.3 for other examples.
|
To continue presentation of Example (IT), define elements u;; = pj;jsij, 1 <i# j < n.
Lemma 2.2.  (Dynamical classical Yang—Baaxter relations)
[wij, Wi + wjk] + [wik, wjk] + [win,y;] =0, 1<i<j<k<n. (2.7)
Indeed,
UijUjk = UipUij + UjkUik + P PikSijSik, WjkUij = UijUik + Uik + I DikSjesik,
and moreover, [y;, uik] = b pik[Sij, Sjk)- [ |

Therefore, the elements
0, =y;—h Zuij+h Zuij, 1=1,...,n,
Jj<i 1<j

form a mutually commuting set of elements in the algebra Z[{p;;}] ®z 9Hn.

Theorem 2.1.  Define matriz M, = (m; j)i<ij<n as follows:
u—z if i =7,
mi (w21, ., 20) = § —h —pi;  if i <4,
Pij ift>j.

5 http://en.wikipedia.org/wiki/Heaviside step function
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Then

ek(617---76n):el(gq)(yl7”’7yn)7 1Sk§n7
where ex(x1,...,2,) and el(f) (x1,... ,xlﬁ denote correspondingly the classical and multiparameter
quantum [206] elementary polynomials [29.

Let’s stress that the elements y; and 6; do not commute in the algebra $),,, but the symmetric
functions of y1,...,yn, i.e. the center of the algebra $),,, do.

A few remarks in order. First of all, u?j = p?j are central elements. Secondly, in the case
h =0 and y; = 0, Vi, the equality

n

DET‘Mn(’LL;:El,...,ZEn) =u

describes the set of polynomial relations among the Dunkl-Gaudin elements (with the following
choice of parameters p;; = (¢; —q;) " are taken). And our final remark is that according to [35],
Section 8, the quotient ring

Hg = Q[yla v 7yn]Sn ®Q[917 s 79n] ®Q[h] / <M”(u7 01’ U ’0”) = H(’LL o y])>
j=1

is isomorphic to the quantum equivariant cohomology ring of the cotangent bundle T Fl,, of the
complete flag variety of type A,_1, namely,

HY = QHrpny o (T Fly)

with the following choice of quantum parameters: @; :=h ¢i+1/q;, i=1,...,n—1.
On the other hand, in [52] we computed the so-called multiparameter deformation of the
equivariant cohomology ring of the complete flag variety of type A, _1.

A deformation defined in [52] depends on parameters {¢;;, 1 < i < j < n} without any

constraints are imposed. For the special choice of parameters
2 4i4gj

qii = h2—

Y (¢ — ¢;)?

the multiparameter deformation of the equivariant cohomology ring of the type A,_1 com-
plete flag variety Fl, constructed in [52], is isomorphic to the ring Hg.

16 For the reader convenience we remind [26] a definition of the quantum elementary polynomial

ep(x1,...,xn). Let q:={gij}1<i<j<n be a collection of “quantum parameters”, then
‘
a — § ' § ' o
ek($1,...,1’n) - ek*%(XIUJ) H Qig,ja>
Y4 1<ig<...<ip<n a=1

G1>i1- b >0

where I = (i1,....5¢), J = (j1,...,7¢) should be distinct elements of the set {1,...,n}, and X757 denotes set of
variables x, for which the subscript a is neither one of i,, nor one of the j,.
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Comments 2.2. Let us fix a set of independent parameters {q,...,q,} and define new
parameters

qi 45 . .
m}, 1<i<j<n, where p;j =

We set deg(qij) = 2,deg(pij) =1, deg(h) = 1.

The new parameters {¢;; }1<i<j<n, do not free anymore, but satisfy rather complicated alge-
braic relations. We display some of these relations soon, having in mind a question:

is there some intrinsic meaning of the algebraic variety defined by the set of defining relations
among the “quantum parameters” {g;;} ?

Let us denote by A, ;, the quotient ring of the ring of polynomials Q[h][z;;, 1 < i < j < n]
modulo the ideal generating by polynomials f(z;;) such that the specialization z;; = ¢;; of a
polynomial f(z;;), namely f(gi;), is equal to zero. The algebra A, ;, has a natural filtration,
and we denote by A,, = grA, j the corresponding associated graded algebra.

To describe (a part of) relations among the parameters {g;;} let us observe that parameters
{pij} and {g;;} are related by the following identity

4qj
Qi_Qj7

{qij =h pij(pij + h) = h2 1< j

gk — @ik(gij + Gk) + Pk = 2 ppakpik(pir +h), if i <j <k
Using this identity we can find the following relations among parameters in question

GG + G0 + M G — 2 GGtk (G5 + Gk + Gik) — 2 PGk + Gk + Grdin) (2.8)
=8 h qij ¢ik 4k Pik;

fl<i<j<k<n.
Finally, we come to a relation of degree 8 among the “quantum parameters” {g;;}

2 2 2 3 2
(LHS(z.S)) — 64 1% ¢% gl gh 1<i<j<k<n.

There are also higher degree relations among the parameters {g;;} some of whose in degree 16
follow from the deformed Pliicker relation between parameters {p;;}:

1 1 1 h
= + +
DikDji DijPkl  PiPjk  DijPjikPkl

, 1< j<k<l

However, we don’t know how to describe the algebra A, generated by quantum parameters
{4¢ij}1<i<j<n even for n=4.

The algebra A, = gr(A, ) is isomorphic to the quotient algebra of Q[z;;, 1 < i < j < n]
modulo the ideal generated by the set of relations between “quantum parameters”

{7, = (

which correspond to the Dunkl-Gaudin elements {6;}1<i<n, see Section 3.2 below for details. In
this case the parameters {g;;} satisfy the following relations

1

2
) H<i<j<n,
2 — '

2.2 | 292 | 2 _2 - _ _
(@T5k + TijTik + Trlir = 2 T (@ + Tig + Tjx)

which correspond to the relations (2.8) in the special case h = 0. One can find a set of relations
in degrees 6, 7 and 8, namely for a given pair-wise distinct integers 1 < ¢, 7, k,I < n, one has
e one relation in degree 6

=2 =2 =2 -2 =2 =2 =2 =2 =2 —2-2 -2
99k t GGk + Gk + G519k —
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_ o o _ q akl qk q'l 6-1 qk - - — _
2 G090k 901 (# i e _L> + 8 45019091919k = 0
drr 435 41 ik 95k q;]

e three relations in degree 7
3 L L o N2
dik <Qiqu'lel — 499k + 95955k — Qilqjqul> =

—2-92 - — [ — — —2-2_ (_9 —2
8 G0k dm (q]‘k Tt le) — 4 ;T <q]'k + le)7

e one relation in degree 8
299 9 | 2929292 | 92 99 9 A .
05599519 + G Gk9519% + G963 = 2 9599095990 (qZ'ijI + ik + QiIij>7

However we don’t know does the list of relations displayed above, contains the all independent
relations among the elements {qij}lgiqgn in degrees 6, 7 and 8, even for n = 4. In degrees
> 9 and n > 5 some independent relations should appear.

Notice that the parameters {p;; = q?_qgj, i < j} satisfy the so-called Gelfand—Varchenko

relations, see e.g. [45]
DijPjk = PikPij + PjkDik + I pig, 1 < j <k,

whereas parameters {@j = i < j} satisfy the so-called Arnold relations

_1
qi—q;’°
DijDjk = DirDij + DjkDirs @ <J <k.

Project 2.1. Find Hilbert series Hilb(A,t) for n > 4.

For example, Hilb(As,t) = %1;;2)
Finally, if we set ¢; := exp(h z;) and take the limit limj,_,q (Zj—(i;f)j% as a result we obtain the
Dunkl-Gaudin parameter qij = mg

(III) Consider the following representation of the degenerate affine Hecke algebra $),, on the
ring of polynomials P, = Q[xz1,...,z,]:
e the symmetric group S,, acts on P, by means of operators

gi:1+(l‘i+1—$i—h)8i,i:1,...,’1’L—1,
e y; acts on the ring P, by multiplication on the variable z;: y;(f(z)) = z;f(z), f € P,. Clearly,
Yi Si— Yi+1 5 = h, and yi(5; — 1) = (5; — )yiy1 + Tit1 — 2 — h.

In the subsequent discussion we will identify the operator of multiplication by the variable x;,
namely the operator y;, with x;.

This time define u;; = p;;(5; — 1), if @ < j and set u;; = —uj; if @ > j, where parameters
{pij} satisfy the same conditions as in the previous example.

7 This is a particular case of more general problem we are interested in. Namely, let {fa €R[z1,...,Zn]}i<a<nN
be a collection of linear forms, and k& > 2 be an integer. Denote by I({f~}) the ideal in the ring of polynomials
R[z1,..., 2n] generated by polynomials ®(z1,...,2zn) such that

(f%, . IR =o.

Compute the Hilbert polynomial of the quotient algebra R[z1,...,zn]/I({fa}).
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Lemma 2.3. The elements {u;;, 1 <1 < j <n}, satisfy the dynamical classical Yang-Bazter
relations displayed in Lemma 2.2, (2.7).

Therefore, the Dunkl elements

92' = E U5, 1= 1,...,7”L,
j
JFi
form a commutative set of elements.

Theorem 2.2. ([35])  Define matriz M, = (M;;)1<ij<n as follows

u—zit Y hpiy di=7,
(U521, o 2n) = —h =Py ifi < g,
Pij ifi > j.
Then

=1 (w—ay).

Jj=1

DET|M,(u;01,...,0,)

Comments 2.3. Let us list a few more representations of the dynamical classical Yang-Baxter
relations.
e (Trigonometric Calogero-Moser representation) Let i < j, define

Ujj = %(sij —e€), e=0orl; si(z) =xj, sij(zj) =z, sij(xg) = xR, Yk #1,J.

xT; j
e (Mixed representation)
Al
)\i - )‘j Ty — Ty

We set u;j = —uj;, if ¢ > j. In all cases we define Dunkl elements to be 0; = Zj# U
Note that operators

uij = ( )(sij —€), e=0o0r1; s;(Ap) =Ny VEk.

)\Z’ + )\j x; + Zj
TU - ()\z — )‘j Tr; — Z’j)sw

satisfy the three term relations: r;;7x = riprij + rjrrik, and rpri; = 7475, + 1375, and thus
satisfy the classical Yang—Baxter relations.

2.1.2 Dunkl-Uglov representation of degenerate affine Hecke algebra [94]
(Step functions and the Dunkl-Uglov representations of the degenerate affine Hecke algebras)

Consider step functions n* : R — {0,1}

1, ifz>0 1, ifz>0
Heaviside function T(x) = ’ - “(x ’ ’
( f Y {0, if x <0 n (@) {0, if x <0.

For any two real numbers x; and xz; set 77;; =t (z; — zj).
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Lemma 2.4. The functions n;; satisfy the following relations

° 772:5—1—77;5 = 1+5m“w37 (772:5‘)2 :77?;‘,
+, &+ +
L4 nzjn]k = nzk‘nl_] + T’ k‘nlk n’lk"

where 9., denotes the Kronecker delta function.

To introduce the Dunkl-Uglov operators [94] we need a few more definitions and notation. To
start with, denote by A the finite difference operators: AF(f)(z1,...,2,) = f(...,zi£1,...).
Let as before, {s;;, 1 <i# j <n, s;; = sji}, denotes the set of transpositions in the symmetric
group S,. Recall that s;j(x;) = x; sij(xx) = xx Yk # 4, j. Finally define Dunkl-Uglov operators
df : R — R™ to be

+ + + +
j<i j<i j>i
. . . + .+ o . ANt _ AL
To simplify notation, set u;; := n;;si;, if @ <j, and A7 = A7 + ZKZ- O

Lemma 2.5.  The operators {u 1 <i < j < n} satisfy the following relations

)
[ulij,ui + u]k] + [ulk, Zk,z&vu% =0, if i<j<k. (2.9)
Jj<i

From now on we assume that x; € Z, Vi, that is, we will work with the restriction of the all
operators defined at beginning of Example (2.1 (c)), to the subset Z™ C R”. It is easy to see
that under the assumptions x; € Z, Vi, we will have

Moreover, using relations (2.13),(2.14) one can prove that

Lemma 2.6.
[ z]?Ai +Ai] _0
o [u Zk,Ai] (Ui Y ci Oy ]y 1< G < k.

Corollary 2.1. N
e The operators {u L 1<i<j<k<n,} and Afc,z' =1,...,n satisfy the dynamical
classical Yang—Bazter relatzons

[u;|]:7 ;ll:g + ugk] + [uivu;tk] + [U’?I:WA]H = 07 1f i< ] <k.

o (|9)]) The operators {s; := S;;+1, 1 < i < n, and &j:,l < j < mn} give rise to
two representations of the degenerate affine Hecke algebra $,. In particular, the Dunkl-Uglov

operators are mutually commute: [di°, d]i] =0.

2.1.3 Extended Kohno—Drinfeld algebra and Yangian Dunkl-Gaudin elements

Definition 2.3. Extended Kohno—Drinfeld algebra is an associative algebra over Q[f5] generated
by the elements {z1,...,2,} and {yi}1<izj<n subject to the set of relations

(i)  The elements {y;j{1<izj<n satisfy the Kohno-Drinfeld relations

®  Yii = Yji, [yij,ykl] =0, if i,7,k, 1 are distinct.

®  [Yij, Yik + Yjkl = 0= [Yij + Yir, yji), if i <J < k.

(ii) The elements z1,...,z, generate the free associative algebra F,.

iii) ( Crossing relations)

o [z,yil =0, if iF 4k, [z,2] =B lyij, 2], ifi #J.
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To define the (yangian) Dunkl-Gaudin elements, cf [35], let us consider a set of elements
{pij h1<izj<n subject to relations

® pij+pji =B, [pijyyr] = 0 = [pij, 2x] for all i, j, k.

o pij Pk = pik (Pjr — pji), if i < j < k.

Let us set u;; = pi;j vij, ¢ # j, and define the (yangian) Dunkl-Gaudin elements as follows

HZ'ZZZ'—I-Z Usj, 1=1,...,n.
J#

Proposition 2.1. ( Cf [35], Lemma 3.5)
The elements 01, ...,0, form a mutually commuting family.

Indeed, let ¢ < j, then [6;,6;] =
(26> 2] + Blzi yig) + pislyigs zi + 2] + D <pikpjk [yij + Yiks yjk] + PikPji [yu Yik + y]kD = 0.
ki

A representation of the extended Kohno—Drinfeld algebra has been constructed in [35], namely
one can take

1) (1 1 2 B .0 1 Ba ., .
vy =T T =T = yji 2= BT =S T (T — 1), pyo= i 4,
i —dj
where ¢i,...,q, stands for a set of mutually commuting quantum parameters, and {TZ(]S)} 1<i,j<n

56220

denotes the set of generators of the Yangian Y (gl,,), see e.g. [69].
A proof that the elements {z;}1<i<n and {y;;}1<ixj<n satisfy the extended Kohno-Drinfeld
algebra relations is based on the following relations, see e.g. [35], Section 3

(T30, 1) = 6aT) — 05Ty, i gkl =1,...,n, s€ ZLso.

2.2 “Compatible” Dunkl elements and Manin matrices

(“Compatible” Dunkl elements, Manin matrices and algebras related with weighted
complete graphs rK,, )

Let us consider a collection of generators {uz(?), 1<i,7<n, a=1,...,7r}, subject to the
following relations

e cither the unitarity (the case of sign “+”), or the symmetry relations (the case of sign “ -

73 IE
) £l = 0,7, 0,4, 4, (2.11)

o (local 3-term relations)
(@)

U u%) + uﬁ)uzz) + u,(g)ugy) =0. 4,5,k are distinct, 1 <a<r. (2.12)

18 More generally one can impose the g-symmetry conditions
Ui; +quj; =0, 1<i<ji<n

and ask about relations among the local Dunkl elements to ensure the commutativity of the global ones. As

one might expect, the matrix Q := (9§a)) 1<a<r composed from the local Dunkl elements should be a ¢g-Manin
1Zj<n

matrix. See e.g. [16], or en.wikipedia. org/ﬁik_i/Manm.matrix for a definition and basic properties of the latter.
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We define global 3-term relations algebra 3T7(L,i,«) as “ compatible product” of the local 3-term

relations algebras. Namely, we require that the elements

A)

U;; ZA uw, 1<4,j<n,

satisfy the 3-term relations (1.4) for all values of parameters {\; € R, 1 <a <r}.
It is easy to check that our request is equivalent to a validity of the following sets of relations
among the generators {ug;l)}

(a) (local 3-term relations) uz(;l) u;l,g + uﬁ) u,(;) + ugz) wl® = 0,

ij
(b) ( 6-term crossing relations)

ug;l) §k) +u(ﬁ) ( )+u(a) 5]5) u,(;) +u§%) u}(j) +u§§) ul(g) — 0,
i, 4, k are distinct, « # (.
Now let us consider local Dunkl elements

02'(0{) ::Z uZ(]O'[)’ j:1,...,n, O‘:L""r'
J#i

It follows from the local 3-term relations (%) that for a fixed o € [1,7] the local Dunkl elements

13

{91@)}193” either mutually commute (the sign “+”), or pairwise anticommute (the sign “ -
1<a<lr

). Similarly, the global 3-term relations imply that the global Dunkl elements

HZ()\) — A10§1)+...+)\T02.(T) :ZUZ(J)\) 1=1,...,n
J#i

also either mutually commute (the case ¢ + ) or pairwise anticommute (the case * - ).

Now we are looking for a set of relations among the local Dunkl elements which is a con-
sequence of the commutativity (anticommutativity) of the global Dunkl elements. It is quite
clear that if ¢ < j, then

6,61 Z 221000+ ST A Ab< 60,6915 + 167, 01).c )

1<a<b<r

and the commutativity (or anticommutativity) of the global Dunkl elements for all (Aq,..., ;) €
R" is equivalent to the following set of relations

b [027((1) 70‘;(1)]:': - 07

b [ez(a)ﬁj('b)]i + [92-(b)79j(»a)]i =0, a<b and i< j,

where by definition we set [a, b]1 := ab F ba.

In other words , the matrix 6,, := (02@) 1<a<r should be either a Manin matriz (the case “ +
1<i<n

“), or its super analogue (the case “ - ). Clearly enough that a similar construction can be applied
to the algebras studied in Section 2, I-III.,and thus it produces some interesting examples of
the Manin matrices. It is an interesting problem to describe the algebra generated by the

local Dunkl elements {92@}199 and a commutative subalgebra generated by the global Dunkl
1<i<n

elements inside the former. It is also an interesting question whether or not the coefficients
C,...,Cp of the column characteristic polynomial Det® | 6, —t I,, |= > r—o Ch t"F of
the Manin matrix ©,, generate a commutative subalgebra ? For a definition of the column
determinant of a matrix, see e.g. [16].
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However a close look at this problem and the question posed needs an additional treatment
and has been omitted from the content of the present paper.

Here we are looking for a “natural conditions” to be imposed on the set of generators {u }icas<r
1<4,5<n

in order to ensure that the local Dunkl elements satisfy the commutativity (or anticommutativity)
relations:

67,67 =0, for all 1<i<j<n and 1<a,f<r.

The “natural conditions” we have in mind are:
o (locality relations)

[l uglle =0, (2.13)
o (twisted classical Yang—Baxter relations)

g Ve ) ) [ ) =0, (2.14)
if 4,4, k,l are distinct and 1 < o, 8 < r.

Finally we define a multiple analogue of the three term relations algebra, denoted by 37+ (rK,,),
to be the quotient of the global 3-term relations algebra 37, ,ﬂfr modulo the two-sided ideal gener-
ated by the left hand sides of relations (1.5), (1.6) and that of the following relations

2
o (u¥) = 0,

g [ D] =0, for all i # j, a # 6.

2] ? Zj
The outputs of this construction are

(rKn)

e noncommutative quadratic algebra 37 generated by the elements {u }1<z<]<n,
=1

,,,,,

e a family of nr either mutually commuting (the case “+”), or pairwise antlcommutlng (the

case “ - ”) local Dunkl elements {9 }1:1 ,,,,, n.
a=1,

yeeesT

We expect that the subalgebra generated by local Dunkl elements in the algebra 37" (rK,)
is closely related (isomorphic for r = 2) with the Comvarlant algebra of the diagonal action of

the symmetric group S, on the ring of polynomials Q[X. ), e ,Xr(f)], where Xr(Lj ) stands for the

set of variables {xl e P } The algebra (37~ (2K,,))(7))?* has been studied in [47], and
[7]. In the present paper we state only our old conjecture.

Conjecture 2.1. (A.N. Kirillov, 2000)
Hilb((3T~ (3K,))*™ t) = (1 +t)"(1 + nt)" 2

where for any algebra A we denote by A% the quotient of algebra A by the two-sided ideal
generated by the set of anticommutators {ab+ ba | (a,b) € A x A}.

According to observation of M. Haiman [37], the number 2" (n + 1)"~2 is thought of as being
equal to to the dimension of the space of triple coinvariants of the symmetric group S,,.

2.3 Miscellany
2.3.1 Non-unitary dynamical classical Yang—Baxter algebra DCY B,

Let :élvn be the quotient of the algebra 3§, by the two-sided ideal generated by the relations
(2.2), (2.5) and (2.6). Consider elements

Oi =i+ wia, and Oj=—z;j+Y wy, 1<i<j<n
ati vy
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Clearly, if i < j, then

[6276 xlax] E Tk 7u2] E Wikj,

oy
where the elements wjjx, @ < j, have been defined in Lemma 2.1, (2.3).

Therefore the elements 8; and éj commute in the algebra En
In the case when x; =0 for all ¢ =1,...,n, the relations

Wik = [Wij, Wik + Ujk) + (Wi, uji] =0, if 4,5,k are all distinct)

are well-known as the non-unitary classical Yang-Baxter relations. Note that for a given
triple of pair-wise distinct (4,7, k) we have in fact 6 relations. These six relations imply that
[0i,6;] = 0. However, in general,

9179 |:Z Uik 5 Uij +u]z:| # 0.

k#i,5

e (Dynamical classical Yang—Baxter algebra DCY B,,)
In order to ensure the commutativity relations among the Dunkl elements (2.1), i.e. [6;,6,] =
0 for all 4, j, let us remark that if ¢ # j, then [0 6;] = [z; + wsj, xj + ug]+

n n
[wi + 2, uig] + [uiy, Z ) + Z [wij + wik, wik] + [win, ] + [0, wje] + [wik, 5] + 25, wij].
k=1 k=1
k#1i,j

Definition 2.4.

Define dynamical non-unitary classical Yang—Baxter algebra DNUCY B,, to be the
quotient of the free associative algebra Q({x1<i<n}, {uij}1<iz;) by the two-sided ideal generated
by the following set of relations

e (Zero curvature conditions)

[a:i—i—uij,a:j—i—uji] =0, 1<i#j<n, (2.15)

o ( Conservation lows conditions)

n

[uij,z xi] =0, for all i#j, and k.
k=1

e (Crossing relations)
[z + xj,ui5] =0, i # ]
e (Twisted dynamical classical Yang—Bazter relations)
[Wij + Wik, W] + (Wi, W3] + [T4, wjn] + [win, 5] + [k, ui5] =0, 4,5,k are distinct, (2.16)
It is easy to see that the twisted classical Yang—Baxter relations
[wij + Wik, wjk] + [wig, uz3] =0, 4,5,k are distinct, (2.17)

for a fixed triple of distinct indices ¢, j, k contain in fact 3 different relations whereas the non-
unitary classical Yang—Baxter relations

[Wij + Wik, W] + [Wir, wjs), 1,7,k are distinct,

contain 6 different relations for a fixed triple of distinct indices i, j, k.
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Definition 2.5.
e Define dynamical classical Yang—Baxter algebra DCY B,, to be the quotient of the
algebra DNUCY B,, by the two-sided ideal generated by the elements

Z [wir, wij +wjs), for all i#j.
k#i,j

° Define classical Yang—Baxter algebra CY B, to be the quotient of the dynamical
classical Yang—Baxter algebra DCY B,, by the set of relations

z;=0 for i=1,--- ,n.
Examples 2.1.
(a) Define
bij\z15--.,2n) = ‘ ; . . .
i n _ZjZ_JZi, ifn>i>j>1.

Clearly, p;; +pj; = 1. Now define operators u;; = p;;s;j, and the truncated Dunkl operators to be
0; = Zj# uij, t = 1,...,n. All these operators act on the field of rational functions Q(z1, ..., 2p);
the operator s;; = sj; acts as the exchange operator, namely, s;;(2;) = zj, s;j(zK) = 2 Yk # 1, J,
sij(2j) = -

Note that this time one has

P12P23 = P13P12 + P23P13—P13-

It is easy to see that the operators {u;j, 1 <1i # j < n} satisfy relations (3.1), Section 3, and
therefore, satisfy the twisted classical Yang—Baxter relations (2.11). As a corollary we obtain that
the truncated Dunkl operators {6;, i = 1,...,n} are pair-wise commute. Now consider the Dunkl
operator D; = 0, +h 0;, i=1,...,n, where h is a parameter. Clearly that [0, + 9.,,u;] = 0,
and therefore [D;, D;] =0 Vi, j. It easy to see that

Siit1D; — Dig1siip1 = h,  [Ds,8541) =0, if j#i,4+1

In such a manner we come to the well-known representation of the degenerate affine Hecke algebra

-

2.3.2 Equivariant multiparameter 3-term relations algebras

Let 8,h = (ha,...,hy), and q = {gij}1<izj<n, ¢j = ¢ji be a collection of mutually commuting
parameters.

Definition 2.6.  Denote by 3QT,,(8,h) an associative algebra generated over the ring
Z[5, h] |:{%'j}1§i<j§n:| by the set of generators {x1,...,xn} and that {u;j}1<izj<n} subject to the
set of relations

(1) (Locality conditions)

(@i, 2] =0,  [uyj,ur) =0, [Tk, ui;] =0, if i, 4, k, 1 are pairwise distinct,

(2)  (Unitarity conditions)

uij +uj; = f,

(3) (Hecke type conditions)

Wij Wi = —Gij, if i £,

(4)  (Twisted 3-term relations)

Uij Ujk = Ujk Uik — Wik Uy, 4f 4, ],k are distinct,

(5)  (Crossing relations)

Ti Uji = —Uij Tj — Pppag(iy), Y ©F J-
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As before we define the (additive) Dunkl elements to be

Hi:a:,-—i-z Usgj, izl,...,n.
J#i
It is clearly seen from the defining relations listed in Definition 2.3 that for any triple of distinct
indices (4,7, k) the elements {z;,z;, Tk, ujs, wik, ujr} satisfy the twisted dynamical Yang-Baxter
relations, and thus the Dunkl elements {6;}1<i<, generate a commutative subalgebra in the
algebra 3QT, (8, h).

Theorem 2.3. ( Cf Theorem 3.3, Section 3)
Let k> 1 be an integer. There exist polynomials

Rk(qa h7217 .. 72n) S Z[/Bu q, {hj - hl}1§2<j§n][zn] and Tk(/Bu h7 Zlye - 7Zn) S Z[57h][Zn]Sn

such that
(1) Rk((l,h,Zl,...,Zn) =
e,(qurh)(zl, ..., Zn) + monomials of total degree < k—2 w.r.t. variables {z;}1<i<n,

(2) Tk(ﬁv ha Blyewe 7ZTL) = ek(zh cee 7ZTL) + Zj<k Cjk ej(XTL)v Cik € Z[ﬁa h]7
(3) Rk(Hl,...,Hn):Tk(xl,...,xn),
where e,(qurh) (21,...,2pn) denotes the multiparameter quantum elementary polynomial corre-

sponding to the set of parameters {(q +h)} = {qij + hjhi<i<j<n-
It is not difficult to see that the unitarity and crossing conditions imply the following relations
(i + x5, up] =0 = [z; zj,u], and [m?,ukl] =0

are valid for all indices 7 # j, k # [. As a consequence of these relations one can deduce that the
all symmetric polynomials e (X,,) := ex(z1,...,2,), k = 1,...,n belong to the center of the alge-
bra 3QT,(q, h), and therefore one has [0;, ex(X,,)] = 0 for all i and k. Let us denote by QH (3, h)
a commutative subalgebra in the algebra 3QT,, (5,h) generated by the elementary symmetric
polynomials {ex(Xy)}1<k<n and the Dunkl elements {6;}1<i<p. It is an interesting problem to
give a geometric/cohomological interpretation of the commutative algebra QH(8,h). We don’t
know any geometric interpretation of that commutative algebra, except the special case [52]

B=0, hj=1, Y], qj:=q 6it1,- (2.18)

Proposition 2.2. ([52])
Under assumptions (2.12), the algebra QH (0, 0) isomorphic to the equivariant quantum coho-
mology QH.(Fl,) of the complete flag variety Fl,.

Examples 2.2. Let us list the relations among the Dunkl elements in the algebra 3QT,(5,h).

(1) er(01,...,0n) = er(Xn) + (3) B,

2) S, 0,) = ea(Xn) + (n— 1) B e (X,) + Mo 2B n-l) g2, > 3

(3) S (01,62,05) = es(Xs) + h3 5,

e (01,05, 05,04) =

e3(X4) + B ea(X4) +2 B2 e1(Xy) +6 82+ B (hg + 3 hy),

4) e (01,0,,05,04) + B (hy — hs) 04 = es(Xs) + B hy e1(X4) + 5 B2 hy.

Note that "("_1)(n;42)(3 n-l) - s(n—2,2) =ex(1,2,...,n—1) is equal to the Stirling number
of the first kind.

Conjecture 2.2.  The polynomial Ri(q,h, Z,), see Theorem 2.3, can be written as a polynomial
in the variables {hij == hj —h;;, 1 < i < j <n, z1,...,%0, B, ¢ij, 1 < i < j < n} with
nonnegative coefficients.
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Exercises 2.1.

(1) (Pieri formula in the algebra 37,,(0,h) , [52])

Assume that 8 = 0 and hg = ... = h, = h, and denote by 91("), 1 =1,...,n the Dunkl
elements (2.1) in the algebra 3T,,(0,h)  Show that

ek(9§n), .. ,9%)) = E (—h)T N(m - ]{7,2 T‘) { E XS Usgy 57 *° -uiij},
r=0 r=giag, 72 Ga)
=1tay, J=Ua

where -
N(a,2b) = (2 b— 1) (“;b >

Xs = [l,eq ®s, and the second summation runs over triples of sets {S,I,J} such that S C
[(L,m], T C[l,m]\S, [I[+|S|+2r=Fk [I|=]J], 1<ia<m<jo<nand ji<...<jpy.

2.3.3 Algebra 3QL,(8,h)

Let 8= (B1,...,0n-1), h = (ha,..., hy) and {gi; }1<i<j<n be collections of mutually commuting
parameters.

Definition 2.7.

Define the algebra 3Q L, (B, h) as an associative algebra over the ring of polynomials Z[3,h, {q;; }]
generated by the set of generators {x;}1<i<n and {u;}1<2j<n subject to the relations (1), (3), (5)
displayed in Definition 2.3, and

(2a) (“generalized unitarity conditions”)

Wij + Uji = Bmaz(i,j)—15
(4a) (associative twisted 3-term relations)
U5 Uil = Ujk Uik — Uik Uji, if 1<i<j<k<n.

We define the Dunkl elements 6;, i = 1,...,n, by the formula (2.1). It is necessary to stress
that the Dunkl elements {6}1<;<, _do not commute in the algebra 3QL,(3,h) but satisfy a non-
commutative analogue of the relations displayed in Theorem 2.3. Namely, one needs to replace
the both elementary polynomials ex(Z,,) and the quantum multiparameter elementary polyno-

mials e,(fq)(Zn) by its noncommutative versions. Recall that the noncommutative elementary
polynomial e (Z,) is equal to

E : Zj1 Rjo " Ry

1<i1<ge<...<jr<n

and the noncommutative quantum multiparameters elementary polynomial g,iq)(Zn) is equal to

14

> S o Zmg) [ e
7

1<iy<...<jp<n a=1
11 <J1ses 19<Jjg

where I = (i1,....9), J = (j1,...,J¢) should be distinct elements of the set {1,...,n}, and Z757
denotes set of variables z, for which the subscript a is neither one of i,, nor one of the j,.

Example 2.1.
® §§q+h)(917 ) = ea(Xn) + (Z;L;ll /8]) e1(Xn) + Zl§a<b§n—1 ab Ba By
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. §§q+h) (01,62,03,04) + (B3 — £1)(03 01+ qza+ha+ 2(01+602)) + (83— B2) (61 +02)04 + q1a +
g24+2 ha+ B1 03) = e3(Xa) + Bsea(Xa) + (8183 + B2Bs + B3 — B1B2)er(Xa) + (3585 — B1B2)(B1 +
262) + Bi(hs + ha) + 2B2h4.

o Q(qurh)(@l, 02,03,04) + (Boha — B1h3)0s+ha(B2 — B1)03 = ea(Xa) + Sohaer (Xa) + Baha(282 +
303).

Project 2.2. (Noncommutative universal Schubert polynomials)

Let w € S,, be a permutation and &, (Zy) be the corresponding Schubert polynomial.

(1)  There exists a (noncommutative) polynomial &h,,({uij h1<i<j<n) with non-negative in-
teger coefficients such that the following identity

Guw(b1,...,0n) = 6by,({ui b1<icj<n)

holds in the algebra 3T¢(LO), where {0;}1<j<n are the Dunkl elements in the algebra 3T7(LO).
(2) There exist polynomials R.,(5,q,h, Z,) € N[3,q,h; — h Zy] and Ty (B, h, Z,) €
Z[B,h][Z,] such that the following identity

Ry(8,a,h,01,...,0,) = T,(6,h, X;,) + 6b,,({wij hi<icj<n)

holds in the algebra 3QT, (5, h).
3) Letr € Zsp and N = ny + ---np,, nj € Z>1,Yj, be a composition of N, and set

Nj=mni+---+nj, j=>1, Ng=0, Eliminate the Dunkl elements 9](\],\21_%1, . 05\],\7) from the

set of relations among the Dunkl elements 9§N), e ,HJ(VN) in the algebra 3QT, (5, h), by the use
of the degree 1,... n, relations among the former. As a result one obtains a set consisting of
N,_1 relations among the N,._1 elements

i1gi<j§n][

0y = e,(f?)(egﬁﬁl,...,e}vjj)), 1<kj<n;, 1<j<r-—L1

Give a geometric interpretation of the commutative subalgebra QHy, . n.(8,h) C 3QT,(5,h)

N .
j(',kj?a 1§k]§nj,j:17774_1

generated by the set of elements 0
2.3.4 Dunkl and Knizhnik—Zamolodchikov elements

e Assume that Vi, 2; = 0, and generators {u;;,1 < i < j < n} satisfy the locality conditions
(2.2) and the classical Yang—Baxter relations

[Wij, wir + wjk] + [wi, ujp] =0, if 1<i<j<k<n.

Let y, z,t1, ..., t, be parameters, consider the rational function

(ti — tj)ui
FCYB(Z;t) = FCYB(Z;tl,...,tn) = — .
A EhG-0)
Then
[Fovp(z:t), Foyp(y;t) =0, and  Res.—, Fovp(z;t) = 0;.

e Now assume that a set of generators {¢;;, 1 <1 # j < n} satisfy the locality and symmetry
(i.e. ¢;j = c¢j;) conditions, and the Kohno-Drinfeld relations:

lcijy ] =0, of {i,5}n{k, 1} =0, [cij,cjp+cin) =0=cij +cin,cji), 1 <j<k.

Let y, z,t1, ..., t, be parameters, consider the rational function
Cij Cij
Frp(z;t) := Fgp(z;t1,...,ty) = Z — Z S
1<ij<n (Z — ti)(ti — tj) 1<i<ij<n (Z — ti)(z — tj)
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Then
[Fkp(z:t), Fkp(y;t)] =0, and Res,—,Fxp(z;t) = KZ;

where
n

denotes the truncated Knizhnik-Zamolodchikov element.

2.3.5 Dunkl and Gaudin operators

(a) ( Rational Dunkl operators) Consider the quotient of the algebra DCY B,,, see Definition
2.2, by the two-sided ideal generated by elements

{[#i + x5, ui5]} and {[wg, uigl, k#14,5}

Clearly the Dunkl elements (2.1) mutually commute. Now let us consider the so-called Calogero—
Moserrepresentation of the algebra DCY B, on the ring of polynomials R,, := R[z1,. .., 2z,] given
by

op(z) _ 1

Zi—Zj

(1 —sij) p(2), p(2) € Ry.

The symmetric group S, acts on the ring R,, by means of transpositions s;; € S, : s;(2;) =
Zjs SZ](Z]) = Zi sij(zk) =2k, 1f k 75 T Js

In the Calogero—Moser representation the Dunkl elements 6; becomes the rational Dunkl
operators [21], see Definition 1.1. Moreover, one has [z, u;;] = 0, if k # 4, j, and

1
Ty — 5 — Ugq Ti Uj5 = U5 Ty —
i — 2 ( J ])7 J J J 2z — 2;

Ti Uiy = uij Tj + (i — x5 — wij).

(b) (Gaudin operators)
The Dunkl-Gaudin representation of the algebra DCY B,, is defined on the field of rational
functions K, := R(qy,...,q,) and given by

9 f(a) __ Sij
; U5 = )
9qi G — G
but this time we assume that w(g;) = ¢;,Vi € [1,n] and for all w € S,,. In the Dunkl-

Gaudin representation the Dunkl elements becomes the rational Gaudin operators, see e.g. [71].
Moreover, one has [z, u;;] =0, if k # 4,7, and

zi(f(q)) == A f(g) € K,

_ Wij _ Uij
Ti Uij = U5 Tj — y X Uy = Ujj Tq+ .
qi — qj qi — qj

Comments 2.4.
It is easy to check that if f € R[z1,...,2,], then the following commutation relations are
true P
i f=[faxi+ 8_z(f)7 uij f = sii(f) wij + 0z, (f)-
Using these relations it easy to check that in the both cases (a) and (b) the elementary symmetric
polynomials e (1, ..., 2,) commute with the all generators {u;; }1<; j<n, and therefore commute
with the all Dunkl elements {6;}1<i<,. Let us stress that [0;,z;] #0 forall 1 <i,k <n.

Project 2.3.

Describe a commutative algebra generated by the Dunkl elements {0;}1<i<, and the ele-
mentary symmetric polynomials {ex(x1,...,2n) H<k<n-
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2.3.6 Representation of the algebra 37,, on the free algebra Z(ty,...,t,)

Let F,, = Z(t1,...,t,) be free associative algebra over the ring of integers Z, equipped with
the action of the symmetric group Sy:  si;(t;) = t;, si;j(tx) = tg, Vk # 4, J.
Define the action of w;; € 3T, on the set of generators of the algebra F,, as follows

uij(tk) = Gig ti tj — 0y tj L (2.19)

The action of generator u;; on the whole algebra F,, is defined by linearity and the twisted
Leibniz rule:

uij (1) =0, wii(a+0b) =wui(a) +ui(b), uijlab) =uii(a) b+ sij(a) uij(b).
It is easy to see from (2.15) that
Sij Wik = Wik Sij,  Sij Upl = Ukt Sij, 0f {6, 5y 0{k, 1} =0, uj+u; =0. (2.20)
Now let us consider operator
Uik 2= Uij Ujk — Ujk Uik — Uik Ui, 1 <0 <j<k<n.

Lemma 2.7.
uijk(a b) = uijp(a) b+ sy sjr(a) uijn(), a,be Fy

Lemma 2.8.
uijp(a) =0 Va € Fy.

Indeed,

wigk(ti) = —ugn(uij (i) — win(uij(t:) = —ti win(te) — win(t:) t; = ti(te t5) — (G te) tj =0
wiji(tk) = wij(uie(te)) — win(uak (te)) = —ui;(tr t5) + wi(te ti) = (u () + wjn(t) t; =0,
wijk(ty) = wij(usn(ts)) — i (ui;(t5)) = Uzg( )tk — b5 uik(ts) = (&5 ti) te — t5 (£ te) = 0.
Therefore Lemma 2.8 follows from Lemma 2.7.

Let F; be the quotient of the free algebra F,, by the two-sided ideal generated by elements
t? tj —t; t?, 1 <4 # j < n. Since uf]( i) =t t2 t? t;, one can define a representation of
the algebra 3T7(LO) on that F;. One can also define a representation of the algebra 3T¢(LO) on that
]-",(LO), where Ego) denotes the quotient of the algebra F,, by the two-sided ideal generated by
elements {t?, 1 < i < n}. Note that (u; ujx u;;)(tg) = [ti tj ti,tg] # 0 in the algebra FO,
but the elements w; ; u;p ujr u;j, 1 <@ <j <k < n,from the kernel of the Calogero-Moser
representation, act trivially both on the algebras ]-}(LO) and that F.

Note finally that the algebra ]__7(10 is Koszul and has Hilbert series H ilb(f,go),t) = %,
whereas the algebra F is not Koszul for n > 3, and

1
1-t)(1—(n—1)t)(1 —¢2)n1

Hilb(F2,t) =
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2.3.7 Fulton universal ring, multiparameter quantum cohomology and FKTL

(The Fulton universal ring [3? |/, multiparameter quantum cohomology of flag varieties [26] and
the full Kostant-Toda lattice [30])

Let X,, = (z1,...,x,) be be a set of variables, and
g=g" ={gat] |a>1,b>1, a+b<n}

be a set of parameters; we put deg(z;) = 1 and deg(gq[b]) = b+ 1 and gx[0] := zk, k =
1,...,n. For a subset S C [1,n] we denote by Xg the set of variables {z; | i € S}.

Let t be an auxiliary variable, denote by M = (m;;)i<i j<n the matrix of size n by n with the
following elements:

o+t ifi=j,

gili —i], ifj>i,

1, ifi—j=1,

0, ifi—j>1.

mivj =

Let P, (X,,t) = det|M].

Definition 2.8. The Fulton universal ring R,—_1 s defined to be the quotient
Ro1 = Z[g™][z1,. .. ,xn]/<Pn(Xn,t) —~ t”>.

Lemma 2.9. Let P, (X,,t) =Y 7_ocr(n)t" %, co(n) = 1. Then

S
cp(n) = cx(n; X, gM) = > 11 9ilda) ex—m(Xprm \ Us_, Gasiassal)s (221)
1<iy <ig<...<ig<n a=1
leL---Jle
m:=3(ja+1)<n
where in the summation we assume additionally that the sets [ig,iq + Ja| = {iasia +1,... iq+
Jat, a=1,...,8, are pairwise disjoint.

It is clear that R,,_; = Z[g™][z, ... ,xn]/<cn(1), . ,cn(n)>

One can easily see that the coefficients ci(n) and g, [k] satisfy the following recurrence relations

[31]:

k—1
ck(n) =cp(n—1)+ Zgn_a[a]ck_a_l(n —a—1), cy(n) =1, (2.22)
a=0
k-1
gm[k] = Ck-i-l(m + k) - Ck+1(m +k— 1) - ng+k—a[a]ck—a(m +k— a), gm[o] =T
a=0

On the other hand, let {¢;j }1<i<j<n be a set of (quantum) parameters, and elgq) (Xn) be the
multiparameter quantum elementary polynomial introduced in [26]. We are interested in to

YOI P(t, Xn) = 3o Fr(Xn) t*, fu(Xn) € Q[X,] is a polynomial, we denote by

<P(t7Xn)>

the ideal in the polynomial ring Q[X ] generated by the coefficients { f1, f2,...}.
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describe a set of relations between the parameters {g;[j]}i>1,>1 and the quantum parameters
+i<n
{@ij }1<i<j<n which implies that

ck(n) = e,(f)(Xn), for k=1,...,n.

To start with, let us recall the recurrence relations among the quantum elementary polynomials,
cf [76]. To do so, consider the generating function

En(Xn;{gij hi<icj<n) = Zel(gq) (X,) ",
k=0

Lemma 2.10. ([25],[76]/)  One has

E,(Xni{aij hi<icj<n) = (t+ xn) En_1(Xn—1;{¢ij h<icj<n—1)+

n—1
> Gin Bna(Xjn-1 \py: {dap} r<ezscnr.
=1 aFj,b#]

Proposition 2.3.
Parameters {gq[b]} can be expressed polynomially in terms of quantum parameters {q;;} and
variables x1,..., %y, in a such way that

cr(n) = e\V(X,), Vk,n.

Moreover,
a a+b—1
o gu[t] :Z Qk,a+b H (xj —xi) + lower degree polynomials in xi,...,xy.
k=1 j=a+1

e The quantum parameters {q;;} can be presented as rational functions in terms of variables

Z1,. .., Ty and polynomially in terms of parameters {gq[b]} such that the equality cx(n) = e,(fq) (Xn)
holds  for all k,n.

In other words, the transformation

{gijh1<i<j<n < {galb]} avv<n

a>1, b>1

defines a “birational transformation” between the algebra Z[g(™][X,]/ <Pn(Xn,t) - t”> and

multiparameter quantum deformation of the algebra H*(Fl,,,Z).

Example 2.2.  Clearly,
gn11] =021 @i > 2 and gns[2] = 027 qjn (wn—1 — x;), n > 3. Moreover

91[3] = qua <($2 —x1)(x3 — x1) + qo3 — Q12> + g4 <Q13 - Q12>;
92[3] = q15 <($3 —x1)(xa — 1) + @24+ q34 — q12 — q13 | +

q2s <($3 — x2) (@4 — 2) + qua + q34 — Q12 — Q23> + G35 <Q14 + Qo4 — q13 — Q23> .
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Comments 2.5. The full Kostant-Toda lattice (FKTL for short) has been introduced in the end
of 70's of the last century by B. Kostant and since that time has been extensively studied both
in Mathematical and Physical literature. We refer the reader to the original paper by B.Kostant
[30] (a), and [30] (b), for the definition of the FKTL and its basic properties. In the present
paper we just want to point out on a connection of the Fulton universal ring and hence the
multiparameter deformation of the cohomology ring of complete flag varieties, and polynomial
integral of motion of the FKTL. Namely,

Polynomials ¢ (n; X,,,g™) defined by (2.17) coincide with
the polynomial integrals of motion of the FKTL.

It seems an interesting task to clarify a meaning of the F'KT'L rational integrals of motion
in the context of the universal Schubert Calculus [31] and the algebra 3HT,(0), as well as any
meaning of universal Schubert or Grothendieck polynomials in the context of the Toda or full
Kostant-Toda lattices.

3 Algebra 3HT,
Consider the twisted classical Yang—Baxter relation
[Wij + Uias Uja] + [Wia, uji] =0, where 14,4,k are distinct.

Having in mind applications of the Dunkl elements to Combinatorics and Algebraic Geometry,
we split the above relation into two relations

Uij Ujk = Wjk Wik — Wik Uji  and  Ujk Wij = Uik Ujk — Wji Uik (3.1)

and impose the following unitarity constraints
uij + uji = f,
where 3 is a central element. Summarizing, we come to the following definition.

Definition 3.1.
Define algebra 3T,(B) to be the quotient of the free associative algebra

ZIB)  wig, 1<i<j<mn)

by the set of relations
e (Locality) wij up = up wij, if {i,5} N{k,1} =0,
e ( 3-term relations)

Ui Ujk = Uik Uij + Ujk Uik — B Wik, and  Ujp Uij = Uij Uik + Uik Uk — B Uik,
ifl<i<j<k<n.

It is clear that the elements {uij,ujk,uik, 1 <i < j <k < n} satisfy the classical Yang—
Baxter relations, and therefore, the elements {6; := Zj# uij, 1 =1,...,n} form a mutually
commuting set of elements in the algebra 37, (5).

Definition 3.2. We will call 61,...,0, by the (universal) additive Dunkl elements.

For each pair of indices ¢ < j, we define element g;; := u?j — B u;j € 3T,,(p).
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Lemma 3.1.
(1) The elements {qij, 1 <i<j<n} satisfy the Kohno— Drinfeld relations
( known also as the horizontal four term relations)

Qi Qe = Qrt g, of {5y N {k 1} =0,
[@ij, air + ai1) =0, aij + Gin, i) =0, if i<j<k.
(2) For a triple (i < j < k) define wij, := ujj — i + ujp. Then

u?jk = B uijk + qij + Gk + Qjk-

(3)  (Deviation from the Yang—Bazter and Coxeter relations)
Ui Wik Ujh — sk Uik Uij = [Wik, Qig] = [Qjks Wik],
Uij Uik Wig — Uik Ujj Ujk = Gij Wik — Wik Gjk-
Comments 3.1. It is easy to see that the horizontal 4-term relations listed in Lemma 3.1,

(1), are consequences of the locality conditions among the generators {¢;;}, together with the
commutativity conditions among the Jucys—Murphy elements

n
diZ: E qij, i:2,...,n,
Jj=i+1

namely, [d;, d;] = 0. In [47] we describe some properties of a commutative subalgebra generated
by the Jucys-Murphy elements in the (nil) Kohno-Drinfeld algebra. It is well-known that the
Jucys-Murphy elements generate a maximal commutative subalgebra in the group ring of the
symmetric group S,,. It is an open problem

describe defining relations among the Jucys—Murphy elements
in the group ring Z[S,,).

Finally we introduce the “Hecke quotient” of the algebra 37, (3), denoted by 3HT,,(53).

Definition 3.3. Define algebra 3HT, () to be the quotient of the algebra 3T, (5) by the set of
relations

Qij Qe = qrl Qij, for all 4,5k,

In other words we assume that the all elements {¢;;, 1 < i < j < n} are central in the
algebra 37, (). From Lemma 3.1 follows immediately that in the algebra 3HT,, () the elements
{u;;} satisfy the multiplicative (or quantum) Yang-Baxter relations

Uij Wik Uik = Ujk Wik Uij, Zf 1< g < k. (3.2)

3.1 Modified three term relations algebra 3MT, (3, )
Let 8,{¢ij = qji, Vi = Vi, 1 < 4,5 < n}, be a set of mutually commuting elements.

Definition 3.4. Modified 3-term relation algebra 3MT,(B3,v) is an associative algebra over
the ring of polynomials Z[B, q;j,ij] with the set of generators {u;j, 1 <1i,j < n} subject to the
set of relations

o U+ uj; =0, U U = Upg Uij, if {i, 7} N {k, 1} = 0;

e (three term relations )

Ui Uik + Uki Uiy + Uik up; =0, if 4,5,k are distinct;
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ug; = B wuj + Gij + Vij, if i £
wij Yr = Y wig, if {3,510k 1} = 0;

(exchange relations)  wi; ;i = Vi wij, if i, j, k are distinct;
elements B, {qij, 1 <i,j < n} are central.

It is easy to see that in the algebra 3MT,(3,1) the generators {u;;} satisfy the modified
Cozeter and modified quantum Yang—Baxter relations, namely

e (modified Coxeter relations) w;; w;i wij — wjp wij Wik = (Qij — Ujk) Wik,

¢ ( modified quantum Yang—Baxter relations)

Uij Wik Ujk — Uik Wik Wi = (Yjk — Pij) Wik,

if 4,4,k are distinct

Clearly the additive Dunkl elements {0; := > ., u;;, i =1,...,n} generate a commutative
subalgebra in 3M T, (8,v).

It is still possible to describe relations among the additive Dunkl elements [47], cf [50]. However
we don’t know any geometric interpretation of the commutative algebra obtained. It is not
unlikely that this commutative subalgebra is a common generalization of the small quantum
cohomology and elliptic cohomology (remains to be defined !) of complete flag varieties.

The algebra 3M T, (8 = 0,%) has an elliptic representation [47], [50]. Namely,

uij = ox—n; (2 — 25) iy @i = N — Aj), Vi = —p(zi — 2j),

where {\;,i = 1,...,n} is a set of parameters (e.g. complex numbers), and {z1,...,2,} is a set
of variables; s;;, ¢ < j, denotes the transposition that swaps ¢ on j and fixes all other variables;

0(z—A) 6'(0
SPRNICER ()
0(2)0(N)
denotes the Kronecker sigma function; p(z) denotes the Weierstrass P-function.
» » (“Multiplicative” version of the elliptic representation)

Let g be parameter. In this place we will use the same symbol (z) to denote the “multiplica-
tive” version of the Riemann theta function

0(z) == 0(x;q) = (%;¢)o0 (/75000

where by definition (2;¢)ec = (¥)oo = [[50(1 — = q*). Let us state some well-known properties
of the Riemann theta function :

o O(qu;q) =0(1/x;q) = =2 O(x;q),

e (Functional equation)

2y 0w z™) 0y =) + 0(u o) O y™) = 0(u y™) Oz v*),

where by definition  §(z y*') :=0(z y) O(x y~1).
e (Jacobi triple product identity)

(@:0)x 0(@10) = ez, (~2)" ¢(3).
One can easily check that after the change of variables

1/2 g w
)/7 u'_(/\—/ﬂ

2
Zy2 _ (¥

G = (5 V2, = (w )

x =
the functional equation for the Riemann theta function 0(x) takes the following form

03(2) o1a(w) = o3 ()7u(w/2) + ox(w) ox(2/w),
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where
0r() = A
©o0(z) 6N

denotes the Kronecker sigma function.  Therefor, the operators

Uij(f) =0/ (Zi/zj) Sij(f)y
where s;; denotes the exchange operator which swaps the variables z; and zj, namely s;;(z;) =
zj, 8ij(25) = zi, sij(zk) = 2k, Vk # 4,j, and s;; acts trivially on dynamical parameters A,
namely, s;;(A\;) = i, VE, give rise to a representation of the algebra 3MT,(0,1).

<4 <

The 3-term relations among the elements {u;;} are consequence (in fact equivalent) to the
famous Jacobi-Riemann 3-term relation of degree 4 among the theta function 6(z), see e.g. [97],
p.451, Example 5. In several cases, see Introduction, relations (A) and (B), identities among
the Riemann theta functions can be rewritten in terms of the elliptic Kronecker sigma functions
and turn out to be a consequence of certain relations in the algebra 3MT,,(0, 1)) for some integer
n, and vice versa .

The algebra 3HT,, () is the quotient of algebra 3MT,,(/3,1) by the two-sided ideal generated
by the elements {v;;}. Therefore the elements {u;;} of the algebra 3HT,, () satisfy the quantum
Yang— Baxter relations w;; wiy ujx = wjp wi uij, © < j < k, and as a consequence, the
multiplicative Dunkl elements

1 n
0= [[ Q+hue)™ J] Q+hua), i=1,....0, wuo;=uine1=0
a=i—1 a=i+1

generate a commutative subalgebra in the algebra 3HT,(8), see Section 3.1. We emphasize
that the Dunkl elements ©;,7 = 1,...,n, do not pairwise commute in the algebra 3MT,(3,v),
if 1;; # 0 for some @ # j. One way to construct a multiplicative analog of additive Dunkl
elements 6; := Zj 2 Wij is to add a new set of mutually commuting generators denoted by
{pij, pij + pji =0, 1 <i# j<n} subject to crossing relations

e p;j commutes with 3, gi; and vy, for all 4, j, k, [,

o pij uk = ug pij, if {3, 5} O {k, 1} =0,

Pij Wik = Ujk Pik, if 1, J, k are distinct,

° pfj — B pij + Vi :p?k_,ﬁpjk—f—wjk for all triples 1 <i < j <k <n.

Under these assumptions one can check that elements

Rij == pij+uij, 1<i<j<n

satisfy the quantum Yang—Baxter relations
Rij Rzk Rjk - Rjk Rzk Rij7 1< ] < k.
In the case of elliptic representation defined above, one can take
pij = ou(zi — 2j),

where y € C* is a parameter. This solution to the quantum Yang— Baxter equation has been
discovered in [86]. It can be seen as an operator form of the famous (finite dimensional) solution
to QY BE due to A. Belavin and V. Drinfeld [5]. One can go one step more and add to the
algebra in question new set of generators corresponding to the shift operators T;, : 2z — q 2,

cf [24]. In this case one can define multiplicative Dunkl elements which are closely related with
the elliptic Ruijsenaars—Schneider—-Macdonald operators.

20 Tt is commonly believed that any identity between the Riemann theta functions is a consequence of the

Jacobi—Riemann three term relations among the former. However we do not expect that the all hypergeomet-
ric type identities among the Riemann theta functions can be obtained from certain relations in the algebra
3MT,(0,%) after applying the elliptic representation of the latter.
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3.2  Multiplicative Dunkl elements

Since the elements wu;;, u;, and ujp, @ < j < k, satisfy the classical and quantum Yang-Baxter
relations (3.1) and(3.2), one can define a multiplicative analogue denoted by ©;, 1 < i <
n, of the Dunkl elements 6;. Namely, to start with, we define elements

hij = hij(t) =1+t wij, @#j.

We consider h;;(t) as an element of the algebra 3HT, = 3HT,(B) ® Z[[q%l, t,z,y,...]], where

we assume that the all parameters {¢;;,t,z,y,...} are central in the algebra 3HT,.

Lemma 3.2.

(la)  hij(z) hij(y) = hij(z +y + B zy) + g5 2y,

(1b)  hij(x) hji(y) = hig(e —y) + By —aqij vy, if i <j.

It follows from (1b) that h;;(t) hji(t) =1+ Bt —t? q;j, if i < j, and therefore the elements
{hi;} are invertible in the algebra 3HT,.

(2)  hij(x) hin(y) = hje(y) hie(x) + hir(y) hij(x) — hir(z +y + B zy).

(3) (Multiplicative Yang—Baater relations)

hij hik hjk = hjk hik hij, if 1<j<k.

(4) Define multiplicative Dunkl elements (in the algebra 3/H\1{n) as follows

1 j+1
0; = ®j(t):( I1 h;j) ( U hja>, 1<j<n. (3.3)

a=j—1
Then the multiplicative Dunkl elements pair-wise commute.

Clearly

@jzl, @j:1+t9j+t2(...), and Of H (1+t5—t2 qij)€3HTn.
7j=1

igljel
i<j

Here for a subset I C [1,n] we use notation O = [],c; Oa,
Our main result of this Section is a description of relations among the multiplicative Dunkl

elements.

Theorem 3.1. ( A.N. Kirillov and T.Maeno, [51])
In the algebra 3HT, () the following relations hold true

Z@I H (1+tﬁ_t2%‘j):|:n:| .
k 1+t8

IC[1,n] i¢ljed
|I|=k i<j

Here [Z]q denotes the g-Gaussian polynomial.

Corollary 3.1.
Assume that q;; # 0 for all 1 < i < j < n. Then the all elements {u;;} are invertible and

ui_jl = qigl(uij — B) Now define elements ®; € ?)/}_if\il as follows

1 it+1
<I>i:{ H u;ll} {H um}, i=1,...,n.

a=i—1 a=n
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Then we have
(1) (Relationship among ©; and ®; )

Q7! im0 = (—1) @;.

(2) The elements {®;, 1 <1i<mn,} generate a commutative subalgebra in the algebra 3/]:[\171
(3) For each k = 1,...,n, the following relation in the algebra 3HT, among the elements

{®;} holds
S I (~ay) @r=p8",

IC[1,n] €I, jeI
|I|=k i<j

where @1 := [[,e; Pa-

In fact the element ®; admits the following “reduced expression” (i.e. one with the minimal
number of terms involved) which is useful for proofs and applications

{H{ H ug'}} {ﬁ{ﬁ wisf }- (3.4)

i€lI¢ ic]c el

P SRR
Let us explain notations. For any (totally) ordered set I = (Z'1 <y < ... < i) we denote by
I, the set I with the opposite order, i.e. Iy = (ig > ipg_1 > ... > 11);

if I C [1,n], then we set I¢ := [1,n] \ I. For any (totally) ordered set I we denote by H <1 the
ordered product according to the order of the set I.
Note that the total number of terms in the RHS of (3.4) is equal to i(n — 7).

Finally, from the “reduced expression” (3.4) for the element ®; one can see that

[T (o) # = {[I{I] - wn}} {I1{Tfw}} =5 s

igljel jeI iel§ jery el
1<j i<j

Therefore the identity

Z (I)I Bk(n_k)

IC[1,n]
[1|=k

is true in the algebra 3HT, for any set of parameters {g;;}.

Comments 3.2.
In fact from our proof of Theorem 3.1 we can deduce more general statement, namely,
consider integers m and k such that 1 <k <m <n. Then

Z Or H (1+tp— t2 qij) = [Tlﬂ + Z UA, B, (3.5)
1+t8  acy

1C(1,m] ie(l,m\I,jeJ Cl1,nl,BC[1,n]
|I|=k i<j |A|=|B|=r

where , by definition, for two sets A = (i1,...,4,) and B = (ji,...,/r) the symbol uy p is
equal to the (ordered) product []._; wi, j,. Moreover, the elements of the sets A and B have
to satisfy the following conditions:

e foreacha=1,...,ronehas 1 <ipz <m<j,<mn, and k<r<k(n-—k).
Even more, if r = k, then sets A and B have to satisfy the following additional conditions:

e B=1(j1 <j2<...<jk), and the elements of the set A are pair-wise distinct.

In the case § = 0 and r = k, i.e. in the case of additive (truncated) Dunkl elements, the
above statement, also known as the quantum Pieri formula, has been stated as Conjecture in
[26], and has been proved later in [76].
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Corollary 3.2. ([51])

In the case when B = 0 and q;; = q; dj—i1, the algebra over Z[qi,...,qn—1] generated by
the multiplicative Dunkl elements {©; and @Z-_l, 1 < i < n} is canonically isomorphic to the
quantum K-theory of the complete flag variety Fl, of type Ap_1.

It is still an open problem to describe explicitly the set of monomials {u4 g} which appear
in the RHS of (3.5) when r > k.

3.3 Truncated Gaudin operators

Let {p;j 1 <1 # j < n} be a set of mutually commuting parameters. We assume that
parameters {p;;}1<i<j<n are invertible and satisfy the Arnold relations
1 1 1

—=—+4+—, i<k
Pik Dij Pjk

For example one can take p;; = (2; — 2;) "L, where z = (21,...,2,) € (C\0)™

Definition 3.5. Truncated (rational) Gaudin operator corresponding to the set of parameters
{pij}, is defined to be
Gi:Z pi_jl sij, 1<i<mn,
J#i
where s;; denotes the exchange operator which switches variables x; and x;, and fizes parameters
{pis}-

We consider the Gaudin operator G; as an element of the group ring Z[{pfcjl}] [Sn], call this
element G; € Z[{piijl}] Sn], i =1,...,n, by Gaudin element and denoted it by 92(").

It is easy to see that the elements u;; = pi_jl sij, 1 <1 # j < n, define a representation of
the algebra 3HT,,(3) with parameters 8 = 0 and ¢;; = u?j = p?j.

Therefore one can consider the (truncated) Gaudin elements as a special case of the (trun-
cated) Dunkl elements. Now one can rewrite the relations among the Dunkl elements, as well as
the quantum Pieri formula [26] , [76], in terms of the Gaudin elements.

The key observation which allows to rewrite the quantum Pieri formula as a certain relation
among the Gaudin elements, is the following one:

parameters {pi_jl} satisfy the Pliicker relations

1 1 1
= +
Dik Pji Dij Pkl DPil Pjk

, if i<j<k <l

(n)

To describe relations among the Gaudin elements 0,
tion. Let {p;;} be a set of invertible parameters as before. i, < j,, a =1,...,r. Define
polynomials in the variables h = (hq,..., hy)

GO ot = > : > <n_ ’IUJ‘> hy, (3.6)

, 2 =1,...,n, we need a bit of nota-

IC[l,n—1] HiGI Pin o0 n—m— |
|I|=r [ I|+m=|J|+k
where
- ‘ )
hi= > I » I s

KCJ, LCJ, icJ\(K L k€K, la€L
K=t K=o \(KUL) a a

and summation runs over subsets K = {ky < ko <...<k,} and L={lh<lb<...<l.}C
J}, such that k, <l, a=1,...,r
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Theorem 3.2.  (Relations among the Gaudin elements, [47], cf [71)])
Under the assumption that elements {p;;, 1 <1i < j < n} are invertible, mutually commute and
satisfy the Arnold relations, one has

. o™

m,k,r

O, 00 {pi}) =0, if m>k, (3.7)

* G(%,r(%n)a s 707(LN)7 {pij}) = eT(d27 s 7dn)7

where da, ..., d, denote the Jucys—Murphy elements in the group ring 7Z[S,] of the symmetric
group S, see Comments 3.1 for a definition of the Jucys—Murphy elements.

o Let J={ji <j2...<jr} C[1,n], define matriz My := (mgp)1<ap<r, where

hja,7 Zf a = b,
Map = Map(h5{Dij}) =  Pjujy, fa<b,
—Pjp.ja ’Lf a>b.

Then
hy = DET |Mjy|.

Examples 3.1. (1) Let us display the polynomials Gin)k T( {pij}) a few cases.

o GULmipyh= > Hpm< > 7w>-

IC[l,n— 1] 1€l JCl[1,n]
\1\ |J|=m+r,ICJ

o« Gy {pi)) = ( " )e;_k<hl,...,hn>.

onlT,( Apij}) = Z Hp ( Z (n—m—r—kl)ﬁj—k

IC(l,n—1] 7€l JCl[1,n]
|7 ‘_7‘ ICJ, |J|=m+r
) h J).
JC[1,n]

|J|=m+r—1, [IUJ|=m+7r

(2) Let us list the relations (3.6) among the Gaudin elements in the case n = 3. First of all,
the Gaudin elements satisfy the “standard” relations among the Dunkl elements 61+ 605+ 63 =
0, 0162 + 0105 + 0205 + q12 + q13 + q23 = 0,

010203 + q12 03+ q13 02+ qo3 61 = 0. Moreover, we have additional relations which are specific
for the Gaudin elements

Gg?)()) 1= (9192 + 0105+ q12 + qu3) + — (9192 + 0263 + qi2 + q23) =0,
T D13 D23

the elements po3 01 + p13 62 and 61 65 are central. |

It is well-known that the elementary symmetric polynomials e,.(ds,...,d,) = Cp, 1 =
1,...,n — 1, generate the center of the group ring Z[pf';l][Sn], whereas the Gaudin elements

{02("), i =1,...,n}, generate a maximal commutative subalgebra B(p;;), the so-called Bethe subalgebra,

in Z[pf';l][Sn]. It is well-known, see e.g. [71], that B(p;;) = @,.,, Br(pi;j), where By(p;;) is the
A—isotypic component of B(p;j). On each A—isotypic component the value of the central element
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CY is the explicitly known constant cg ().
It follows from [71] that the relations (3.6) together with relations

GO,O,T’(Hgn)u v 76£Ln)7 {plj}) = CT()‘)7

are the defining relations for the algebra B)(p;;)-
Let us remark that in the definition of the Gaudin elements we can use any set of mutually
commuting, invertible elements {p;;} which satisfies the Arnold conditions. For example, we can

take ' 2( )
¢ (1—gq o
It is not difficult to see that in this case
HSn) Jj—1
lim ->— = —d; = — ;
ql_I)I%) p1; J Z; Saj,
a=

where as before, d; denotes the Jucys-Murphy element in the group ring Z[S,] of the symmetric
group S,. Basically from relations (2.15) one can deduce the relations among the Jucys—Murphy
o
elements dy, ..., d, after plugging in (3.6) the values p;; := %
q — 0. However the real computations are rather involved.
Finally we note that the multiplicative Dunkl / Gaudin elements {©;, 1,...,n} also generate

and passing to the limit

a maximal commutative subalgebra in the group ring Z[piijl][Sn]. Some relations among the
elements {©;} follow from Theorem 3.2, but we don’t know an analogue of relations (3.6) for the
multiplicative Gaudin elements, but see [71].

Exercises 3.1.
Let A = (a;;) be a 2m x 2m skew-symmetric matriz. The Pfaffian and Hafnian of A are
defined correspondingly by the equations
1 e 1 e
Pf(A) = ! Z Sgn(J)Hao(%—l),a(%)v Hf(A) = ! Z H%(m’—l),o(zi) (3.8)

o€Som i=1 c€Som i=1

where Sop, is the symmetric group and sgn(o) is the signature of a permutation o € Say,, see e.g.
http://en.wikipedia.org/wiki/Pfaffian.

Now let n be a positive integer, and {p;j, 1 < i # j < n, pij + pji = 0} be a set of
skew-symmetric, invertible and mutually commuting elements. We set p;; = 0 for all i, and
q:= {p}; h<icj<n-

Now let us _assume that the elements {p;; }1<i<j<n satisfy the Pliker relations for the elements
{p;;' hi<i<j<n, namely,

1 1 1
= +
Pik Pji DPij Pkl Dil Pjk

forall1<i<j<k<l<n,

(a)  Letn be an even positive integer. Let us define Ay (pij) == (pij)i<ij<n to be the n x n
skew-symmetric matriz corresponding to the family {p;j i<i<j<n-
Show that
DET | An(pij) |= HE(An(p})))-

(b)  Let n be a positive integer, and zi,...,z, be a set of mutually commuting variables,
define polynomials H;(z1,...,2n | {pij}), i=1,...,n from the equation

n
DET | diag(t + z1,...,t + 2z,) + An(pij) |=t" + Z Hi(z1,. . zn | {pij}) "5
i=1
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where diag(t + z1,...,t + z,) means the diagonal matriz.
Show that
Fork =1,...,n the polynomial Hy(z1,...,2n | {pij}) is equal to the multiparameter quantum

elementary polynomial e,iq)(zl, .oy 2n), see e.g. [20], or Theorem 2.1.

For example, take n = 4, then DET | A(pij) |= (p12 P34 — P13 P24 + P14 p23)2 — p%z p§4 +
Dl D34+ D3y P33 — 2 P12P13 P23 P14 D24 D3a ( ! L1 ) =

P12 P3sa P13 p24 | pia p23
Pia Pas + Pls D3y + Pl Phs = Hf(As({pi})-
On the other hand, if one assumes that a set of skew symmetric parameters {ri; }1<i<j<n,
rij + 15 = 0, satisfies the “standard” Pliiker relations, namely

Tik Til = Tij Tk T Tik, 1< J <k <,

then DET | Ap(ri;) |=0.

3.4 Shifted Dunkl elements 9; and 9;

As it was stated in Corollary 3.2, the truncated additive and multiplicative Dunkl elements
in the algebra 3HT,(0) generate over the ring of polynomials Z[g,...,qn—1] correspondingly
the quantum cohomology and quantum K — theory rings of the full flag variety Fl,. In order
to describe the corresponding equivariant theories, we will introduce the shifted additive and
multiplicative Dunkl elements. To start with we need at first to introduce an extension of the
algebra 3HT, (3).

Let {21,..., 2, } be a set of mutually commuting elements and {,h = (h1,...,hp—1),t,¢;j =
gji, 1 <1i,j <n} be a set of parameters. We set hy, := 0.

Definition 3.6. Cf Definition 2.4)
Define algebra 3T H, (S, h) to be the semi-direct product of the algebra 3T H, () and the ring
of polynomials Z[h,t][z1, ..., z,] with respect to the crossing relations

(1) Z; Wkl = Uk 24 if ) Qé {k,l},
(2) Zi Ujj = Uiy Zj—l-ﬁ Zi—l-hj, Zj Wij = Uij zi — B Zi_hj—h if 1<i<j<k<n.
Now we set as before h;j := hi;(t) =14t ;.

Definition 3.7.
e Define shifted additive Dunkl elements to be

DZ’:ZZ'—Z uij—kz Ujs-
1<j 1<j
e Define shifted multiplicative Dunkl elements to be

i+1

D, = ( ﬁ h;}) 1+ 2) (U hm>.

a=i—1
Lemma 3.3.
[ai,bj] = O, [@Z,QJ] =0 fOT all Z,j

Now we stated an analogue of Theorem 3.1. for shifted multiplicative Dunkl elements.
As a preliminary step, for any subset I C [1,n] let us set D = [[,c;Dq. It is clear that

D H (14t B—1t* qi;) € 3HT,(B,h).

igl, jeI
i<j
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Theorem 3.3.
In the algebra 3HT, (5,h) the following relations hold true

Z@[ H 1+t5—t2qij):

IC[1,n] i¢l,jed
| I|=k 1<j
: - - (1+tp)a——1
> I @+t pynhiate <zia(1 +t B)eT + 1+ hy, 3 )

IC[1,n] a=1
I={1<i1 <...<ip<n}

In particular, if 3 = 0, we will have

Corollary 3.3. In the algebra 3HT,,(0,h) the following relations hold

S o I a-2an= Y ] (zia+1+th,~a (z’a—a)). (3.9)

IC[1,n] i¢l,jed IC[1,n] a=1
\I\ k i<j I={1<iy,...,ix<n}
Conjecture 3.1. If hy =---=h,_1 =1,t =1 andq; = 6; j+1, then the subalgebra generated

by multiplicative Dunkl elements ©;, i =1,...,n, in the algebra 3HT,(0,h =1) (and t=1),
is isomorphic to the equivariant quantum K-theory of the complete flag variety Fl,,.

Our proof is based on induction on k and the following relations in the algebra 3HT,, (3, h)
hji . (1 + a:j) = hj_l + B T;—x; + (1 + xl) . hji, hjihjk = hjkhki + hikhji —1-2,

ifi <j <k, and we set h;; := h;;(1). These relations allow to reduce the left hand side of the
relations listed in Theorem 3.3 to the case when z; = 0, h; = 0, Vi. Under these assumptions
one needs to proof the following relations in the algebra 3HT,,(/3), see Theorem 3.1,

oo T« 1+t5—t2q,-j):[”} . (3.10)
k 1+t8

IC[1,n] i¢l,jed
[I|=k i<j

In the case § = 0 the identity (3.9) has been proved in [51]
One of the main steps in our proof of Theorem 3.1. is the following explicit formula for the
elements ;.

Lemma 3.4. One has

N SN / \
Dr:=9; H (1+tp—t Qij):H <H hba) H <(1+Za) H hab>-
e bel  og) acl b

Note that if a < b, then hy, = 1 + 5t — uqy. Here we have used the symbol

/! N\
{1 (1] )
el ol

to denote the following product. At first, for a given element b € I let us define the set I1(b) :=

{a € [1 n\I, a < b} := (agb) . < a( )) for some p (depending on b). If I = (by < by... <
by) ie. b; = a(b), then we set

AR k

H (H hba) = H(Ubj,as Ubj,as—1 "'ubj,cu)'

bel  a¢l j=1

a<b
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For example, let us take n =6 and I = (1,3,5), then

D1 = haohsahsz (1 + z1)highiahaa(1 + 23)hsshsa (1 + 25) hse.

Let us stress that the element ©; € 3HT,, () is a linear combination of square free monomials
and therefore, a computation of the left hand side of the equality stated in Theorem 3.3 can be
performed in the “classical case” that is in the case ¢;; = 0,Vi < j. This case corresponds to the
computation of the classical equivariant cohomology of the type A,,_1 complete flag variety Fl,,
if h=1.

A proof of the 8 = 0 case given in [51], Theorem 1, can be immediately extended to the case

B#0.

Exercises 3.2.
(1)  Show that

k
S asare=fi]

1<i1<..<ip<na=1

(2) ((B,h)-Stirling polynomials of the second type)
Define polynomials Sy, (8, h) as follows

n—k—iq+a __
Snk(B,h) = Z H <5n k—icta | p B — 1>'
IC[1,n)

I={1<iq,.. 1k<n}

Sn(1,1) = {Zﬂ} Snk(8:0) = [ZL

4  Algebra 37T, T(LO)(F) and Tutte polynomial of graphs

Show that

4.1 Graph and nil-graph subalgebras, and partial flag varieties

Let’s consider the set R, :={(i,7) € ZxZ |1 <i < j<n} as the set of edges of the complete
graph K, on n labeled vertices wvy,...,v,. Any subset S C R, is the set of edges of a unique
subgraph I' := I'g of the complete graph K.

Definition 4.1. (Graph and nil-graph subalgebras)
The graph subalgebra 3T,(T')  (resp. mnil-graph subalgebra 3T,§0)(F)) corresponding to a
subgraph T' C K, of the complete graph K,, is defined to be the subalgebra in the algebra 3T,

(resp.3Tr(L0)) generated by the elements {u;; | (i,7) € T'}.
In subsequent Subsections 4.1.1 and 4.1.2 we will study some examples of graph subalgebras
corresponding to the complete multipartite graphs, cycle graphs and linear graphs.

4.1.1 NilCoxeter and affine nilCoxeter subalgebras in 3T7(LO)

Our first example is concerned with the case when the graph I' corresponds to either the set
S:={(i,i+1)|i=1,...,n—1} of simple roots of type A,_1, or theset S/ :=SJ{(1,n)}
of affine simple roots of type Asll_)l.

Definition 4.2. (a) Denote by N\én subalgebra in the algebra 3TT(LO) generated by the elements
Uiir1, 1 <i<n—1

(b) Denote by mn subalgebra in the algebra 3TT(LO) generated by the elements u;;41, 1 <

1<n—1 and —uyy,.
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Theorem 4.1. -

(A) (cf [4l]) The subalgebra NC,, is canonically isomorphic to the NilCoxeter algebra NC,,.
In particular, Hilb(NC,,,t) = [n];!.

(B) The subalgebra ANC,, has finite dimension and its Hilbert polynomial is equal to

Hilb(ANCy,t) = [n]s ngjgn—l[j(" = = [n]! Hl<]<n 13

In particular, dim ANC,, = (n — 1)! nl, deg, Hzlb(ANCn,t) ("H)

(C) The kernel of the map w: ANC,, —> NC’n, m(u1p) =0, m(wiit1) = Uiig1, 1 <i<n—1,
is generated by the following elements:

n—k+j—1

H H Ug,a+1, 1<k<n-1

Note that deg fr(Lk) = k(n — k).

The statement (C') of Theorem 4.1 means that the element f,(Lk) which does not contain the
generator uj ,, can be written as a linear combination of degree k(n — k) monomials in the
algebra ANC,,, each contains the generator u;, at least once. By this means we obtain a

set of all extra relations (i.e. additional to those in the algebra ]Vén) in the algebra ANC,,.
Moreover, each monomial M in all linear combinations mentioned above, appears with coefficient
(—1)#lmn €M+ For example,

4 T U12U23U3 4 = U23U34UTI 4 T U3 4UL4UL 2 T UL 4U1,2U2 33 4 T U23U34U12U23 =
U1 2U3,4U2 3U1 4 + UL 2U23UL 4UT 2 + U2 3UL 4U1,2U3 4 + U3 4U2 3UL 4U3 4 — UL 4U1,2U3 14U 4.

Remark 4.1. More generally, let (W,S) be a finite crystallographic Coxeter group of rank I
with the set of exponents 1 =mq < mo < --- < my.

Let By be the corresponding Nichols—Woronowicz algebra, see e.g. [4]. Follow [4], denote
by ]Véw the subalgebra in By generated by the elements [as] € By corresponding to simple
roots s € S. Denote by AWC’W the subalgebra in By, generated by N\éw and the element
[ag], where [CL@] stands for the element in By corresponding to the highest root 6 for W. In other
words, ANWCW is the image of the algebra ANC’W under the natural map BE(W) — By,
see e.g. [A], [49]. It follows from [4], Section 6, that Hilb(NCyy,t) = T, [mi + 1)

Conjecture 4.1. (Y. Bazlov and A.N. Kirillov, 2002)

Hilb(ANW Cw, 1) =[] e 11 —— = Py (W.1) [T -,
=1 i=1

1=1 i=

where
l

(T+t+---+t™)
PapgWit)i= 3 #0 = —7—%
weW, s =1

denotes the Poincaré polynomial corresponding to the affine Weyl group Woysy, see [12], p.245;
a; == (2p,a), 1< <1, denote the coefficients of the decomposition of the sum of positive
roots 2p in terms of the simple roots «;.

P 1 X —~—
In particular, dim ANWCyw = ]W!% and deg Hilb(ANW Cy,t) = 211:1 a;.

=1 (3

It is well-known that the product []._, 1=k

1=1"L is a symmetric (and unimodal ?) polynomial
with non—negative integer coefficients.
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Example 4.1. (a)
Hilb(ANC3, 1) = [202[3),, Hilb(ANCy, 1) = [3[41?, Hilb(ANC', 1) = 42 5],[6]?.
(b)  Hilb(BE,t) = (1+t)*(1 +2)2,
Hilb(ANC g, t) = (1 +t)3(1 + 12)2 = Pyyp(Ba, t)(1 — t3)(1 — t4).
(¢) Hilb(ANCp,,t) =
T+ )T+ 22 A+ )+ YL+t + )1+ 3 +15) = Pogp(Bs, t) (1 — 19)(1 — %) (1 — 7).
Indeed, mp, = (1,3,5), ap, = (5,8,9).
|

Definition 4.3. Let <ZN@L> denote the two-sided ideal in 3T7(LO) generated by the elements
{uiiy1}, 1<i<n-—1, and uy,. Denote by U, the quotient U, = 3T°/(ANC,).

Proposition 4.1.

Uy = (u1,3,u24) = Zo X Loy Us = (u14,u2,4,u25,u35,u1,3) = ANCs.

—_— 2
In particular, Hilb(3T\",t) = [Hz’lb(ANCg,,t)] .

4.1.2 Parabolic 3-term relations algebras and partial flag varieties

In fact one can construct an analogue of the algebra 3HT,, and a commutative subalgebra inside
it, for any graph I' = (V, E)) on n vertices, possibly with loops and multiple edges, [47]. We denote

this algebra by 37, (T"), and denote by 3T, £ (I") its nil-quotient, which may be considered as a
“classical limit of the algebra 37,,(I")".

The case of the complete graph I' = K,, reproduces the results of the present paper and those
of [47], i.e. the case of the full flag variety Fl,. The case of the complete multipartite graph
I' = K,,,.. n, reproduces the analogue of results stated in the present paper for the full flag
variety Fl,,, to the case of the partial flag variety F,,, n,, see [47] for details.

We expect that in the case of the complete graph with all edges having the same multiplicity
m, denoted by ' = K,gm), or mK, in the present paper, the commutative subalgebra generated
by the Dunkl elements in the algebra 3T7(LO) (T") is related to the algebra of coinvariants of the
diagonal action of the symmetric group S, on the ring of polynomials Q[Xy(Ll), . ,Xy(Lm)], where
we set X\) = {x&i), . ,xsf)}.

Example 4.2. Take I' = K5 5. The algebra 370 (T) is generated by four elements {a = u13,b =
Ui4, € = U3, d = ug4} subject to the following set of (defining) relations
e ’=0=c=d*>=0, cb=bec, ad=da,
e aba+bab=0=aca+cac, bdb+dbd=0=cdc+dcd,
abd—bdc—cab+dca=0=acd—-bac—cdb+dba,
e abcat+adbc+badbt+bcad+cadc+dbed=0.
It is not difficult to see that

Hilb(3T ) (Ky),t) = [3)? [4?, Hilb(3T©) (Ky2)®,t) = (1,4,6,3).

Here for any algebra A we denote by A% its abelianization .

21Hereinafter we shell use notation
(ao,al, .. .,ak)t =ao+ait+---+ aktk.
22 See groupprops.subwiki.org/wiki/Abelianization
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The commutative subalgebra in 3T(0)(K272), which corresponds to the intersection
37 (K22)(Z[6h,02,03,04], is generated by the elements ¢; :== 601 + 62 = (a+b+c+d) and
¢y =01 03 = (ac+ ca+ bd + db + ad + be). The elements ¢; and ¢y commute and satisfy the
following relations
A —2c1ca=0, c3—ctcy=0.

The ring of polynomials Z[cy, co] is isomorphic to the cohomology ring H*(Gr(2,4),7Z) of the
Grassmannian variety Gr(2,4).
|

To continue exposition, let us take m < n, and consider the complete multipartite graph
K, ;m which corresponds to the grassman variety Gr(n,m + n.) One can show

i
L

Hilb(3T, ) (Knn)™ 1) = Y (—1)F (14 (n— k) )™ ﬁ (1+71) {n " k}
. |

e
i

= "I Tutte(Kpm, 1 +t71,0),

where {Z} := S(n,k) denotes the Stirling numbers of the second kind, that is the number of
ways to partition a set of n labeled objects into k nonempty unlabeled subsets, and for any
graph I',  Twutte(T',z,y) denotes the Tutte polynomial corresponding to graph I'.

It is well-known that the Stirling numbers S(n, k) satisfy the following identities

Z n ﬁ_em—l)k
Ef ot K

n>k

i
L

n—k
(—1)F Stn—k) J[ A+58) =0+,
7j=1

e
i

0

Let us observe that dim(3T(0) (Kn,n)“b =

|
—

n

Z (1) (n+1—k)" (n+1—k) { " k} = A048163, [87].
k=0 e
Moreover, if m > 0, then
ktm=1 (1. _ 1)| ¢k
Z dim (37 (Knnim)®) t" = Z i - (k ) ,
n>1 >1 Hj:l(l +kjt)

. 1+]t
Hilb(3TO(K,, ). + (1+Fkt)m1 .
Zjl (3TN (K )™, t) 2" ;;) - H 1772

Comments 4.1. Poly-Bernoulli numbers
Based on listed above identities involving the Stirling numbers S(n, k), one can prove the
following combinatorial formula

d1m(3T(0) (K )ab) _ m”lz(":vm)( .')2 {n + 1} {m + 1} _ B(—m) — B(—TL) (4 1)
S TR VARV TR ‘

23Gee e.g. http://en.wikipedia.org/wiki/Tutte.polynomial. It is well-known that
Tutte(T',1 +t,0) = (=) 7" Chrom(T, —t),

where for any graph I', |I'| is equal to the number of vertices and x(I') is equal to the number of connected
components of I'. Finally Chrom(T', t) denotes the chromatic polynomial corresponding to graph I, see e.g., [96],
or http://en.wikipedia/wiki/Chromatic.polynomial.
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where By(Lk) denotes the poly-Bernoulli number introduced by M. Kaneko [42].
For the reader’s convenient, we recall below a definition of poly-Bernoulli numbers. To start
with, let k be an integer, consider the formal power series

le i

If k> 1, Lig(z) is the k-th polylogarithm, and if k < 0, then Lig(z) is a rational function. Clearly
Lii(z) = —In(1 — z). Now define poly-Bernoulli numbers through the generating function

|l\z
w:

szl—ez z”
B(k
= Z

—k)

Note that a combinatorial formula for the numbers Bf(L
following identity [42]

stated in (4.1) is a consequence of the

n Sk T+z

s 2 e |
Z Z "oonl kK 1—(1—e?)(1—e?)

n=0 k=0

Now let 9§n+m) = Zj# uij, 1 < ¢ < n+ m, be the Dunkl elements in the algebra
3TN (K, 1), define the following elements the in the algebra 37 (K, ,,,)

cp = ek(0§"+m), L0 <k <n, o= eT(Hg_L:im), . ,H,ST,:Z"), 1<r<m.
Clearly,
n m n+m
I+ e+ &)= J[a+e"™) =1
k=1 r=1 j=1

Moreover, there exist the natural isomorphisms of algebras

H*(Gr(n,n+m),Z) = Z[cl,...,cn]/<(1 + Z cr tF)(1 + Z c th) — 1>,
k=1 r=1

QH*(Gr(n,n+m)) = Z[q][c1, - - - ,cn]/<(1 + Z cn tR)(1 + Z e t)y—1—gq t"+m>.
k=1 r=1

Let us recall, see Section 2, footnote 16, that for a commutative ring R and a polynomial
p(t) = 32519 t/ € R[t], we denote by (p(t)) the ideal in the ring R generated by the coeffi-
cients gi,...,9s.

These examples are illustrative of the similar results valid for the general complete multi-
partite graphs K,,, _,., i.e. for the partial flag varieties [47].

To state our results for partial flag varieties we need a bit of notation. Let N :=mnq + ...+
ny, nj >0, ¥j, be a composition of size N. We set N; :=ni+---+n;, j=1,...,r, and Ny = 0,
Now, consider the commutative subalgebra in the algebra 37 ](\? )(K ~N) generated by the set of
Dunkl elements {HgN), . ,05\],\7)}, and define elements {c,(gi’N) € 3T(0) (Kn,,...n.) } to be the degree

k; elementary symmetric polynomials of the Dunkl elements HJ(VN) NETERE ,65\,];[), namely

) = =08 Ly ON) 1<k <my, =1, o) =1,



On some quadratic algebras 51

Clearly
N

r ;5
o (1+ 9 = 1.
j=1 a=0 j=1
Theorem 4.2. _
The commutative subalgebra generated by the elements {clgi), 1<k;j<nj, 1<j<r—1}, in the

algebra 3T](\9)(Kn1,...,nr) is isomorphic to the cohomology ring H*(Fly, .. n,..Z) of the partial
flag variety Fly, .. n,

» In other words, we treat the Dunkl elements {95\/];]31+a’ 1<a<n;},j=1,...,r as the
Chern roots of the vector bundles {&; := F;/F;_1}, j = 1,...,r, over the partial flag variety
Flony .-

Recall that a point F of the partial flag variety Fl,, . ., n1+---+mn, = N, is a sequence
of embedded subspaces

F:{OZFOCFlcFQC...CFr:(CN} such that dim(F;/F;—1) =mn;, i=1,...,7.

By definition, the fiber of the vector bundle &; over a point F € Fl,,, . 5, is the n;-dimensional
vector space F;/F;_q.

<4

A meaning of the algebra 3T7(LO) (T") and the corresponding commutative subalgebra inside it
for a general graph I, is still unclear.

Conjecture 4.2.
(1) LetT =(V,E) be a connected subgraph of the complete graph K, on n vertices. Then

Hilb(3T(T), ¢) = tVI=1 Tutte(T;1+t71,0).

(2) LetT'=(V,E,{my;),(ij) € E}) be a connected subgraph of the complete graph K™ with
multiple edges such that an edge (ij) € K, has the multiplicity m;;. Let 3T7(LO) (T',m) denotes the

subalgebra in the algebra 37" )( ) generated by elements {u( (”)), (ij) € E, ' < agy) < mijl,
see Section 4.2.5. Let A(T',{m;}) denotes the graphic armngement corresponding to the graph
(I, {my;}), that is the set of hyperplanes {Hjy o = (vi —xj; = a), 0 <a <my; — 1, (i) € E}.
Then

3TO) (T, m)® = OS™ (A(T, {mi;}),

where for any arrangements of hyperplanes A, OS™(A) denotes the even Orlik—Salamon algebra
of the arrangement A, [75].

In the case when m;; =1, V1<i<j<n, 37 (D) = OS(A(T)).

Examples 4.1.

(1) Let G = Kz be complete bipartite graph of type (2,2). Then,

Hilb(3T9(2,2)%,t) = (1,4,6,3) =12 (1 +t) +t (1 +1)% + (1 +1)3,
and the Tutte polynomial for the graph Ko is equal to x + 22+ 2% .

(2) Let G = K33 be complete bipartite graph of type (3,2). Then,
Hilb(3T9(3,2)%,t) = (1,6,15,17,7) =3 (1 +¢) +3 2 (1 + )2+ 2t (1 +1)3 + (1 + )%,
and the Tutte polynomial for the graph Kss is equal to x +3 2> +2 23 + 2t +y +3 z y + y2.

(3)  Let G = K33 be complete bipartite graph of type (3,3). Then

Hilb(3T2(3,3)%,t) = (1,9, 36,75,78,31) =
(L+8)5 +4t(1+ )" + 1062 (1 + ¢)3 + 113 (1 + )2 + 5t* (1 +- 1),
and the Tutte polynomial of the bipartite graph K33 is equal to
5z + 1122 + 1023 + 4z + 25 + 152y + 922y + 62y + 5y + 9y? + 53 + o+
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(4)  Consider complete multipartite graph Ka 2. One can show that
Hilb(3T,"” (Ko,2.2)™,t) = (1,12, 58,137, 154, 64) =

A4+ +25 20 +0)2+20 21+t + 7 t(1+0)* + (1 +1)°,

and  Tutte(Ka29,2,y) = x(11,25,20,7,1), +vy (11,46, 39,8), +3(32,52,12), + y>(40,24),+
y4(29,6), + 15y° + 5y° + ¢,

|

The above examples show that the Hilbert polynomial Hilb(3T2(G)%,t) appears to be a

certain specialization of the Tutte polynomial of the corresponding graph G. Instead of using

the Hilbert polynomial of the algebra 377 (G)?% one can consider the graded Betti numbers
polynomial Betti(3T2(G)%, x,y). For example,

Betti(3TY(K3)®, z,y) =1+4 2z y+a% (2y+3y°) +2 2% 42

Betti(3T{ (Kz)™, a,y) =1+2 (Ady+y*) +2* 9y +y*) +2° By° +6y°) +3 2" o,
Betti(3T)(K4)®, z,y) =

1+10 2 y+2? (10 y+24 y*) +2° (46 y>+15 y*) + 2 (25 y* +36 v°) +2° (6 y* +25 y*) +6 20 3.

Claim Let G = (V,E) be a connected graph without loops. Then (n = |V(G)| =
number of vertices, e = |E(G)| = number of edges)

Betti(3T2(G)®, —z,x) = (1 — x)° Hilb(3T2(G)?, z),

Question Let G be a connected subgraph of the complete graph K,,. Does the graded Betti
polynomial Betti(3T2(G)%, z,y) is a certain specialization of the Tutte polynomial T(G,x,y) ?

Conjecture 4.3.  Let n= (ny,...,n,) be a composition of n € Z>1, then
T |k|—1
; (0) ab 4\ _ _¢4)Inl—1k| J ;
HbGTO (K )0 = 3 (oM kj} I 1+ 1),
k=(k1,....kr) j=1 j=1
O<kj§nj

where we set |k| := k1 + ...+ k.

Corollary 4.1. If Conjecture (4.3) is true, then
@ 1+i-1) Y HETO(K,, )% T
ML yeeeyNp 9 ’nll nr! -
(n17---7nr)€Z§0 \O"
" 1—t
(1+t Y (e - 1)) .
j=1
i (0) abx_nl...xnr—_ ( _ - —z;
(b) > | dim(37O (K, . n)) o1y = sl 7’+Z e ).
(n1,m2,...,n7)E€ZL>0\0" j=1

(¢)  HilbBTO Ky, )™ 1) = (=) Chrom (Ko, —t 7).

where for any graph T' we denote by Chrom(I',x) the chromatic polynomial of that graph.



On some quadratic algebras 53

Indeed, one can show

Proposition 4.2.  Ifr € Z>y, then

T N
Chrom(Ky,, . n,,t) = Z H {krj} (t)
yi=t

k=(k1,....kr
where by definition (t),, := H;”:_ll t—17), ®o=1, t)m=0, if m<O0.

Finally we describe explicitly the exponential generating function for the Tutte polynomials
of the weighted complete multipartite graphs. We refer the reader to [68] for a definition and a
list of basic properties of the Tutte polynomial of a graph.

Definition 4.4. Let r > 2 be a positive integer and {Si,...,S,} be a collection of sets of
cardinalities  #|S;| = nj, 7 = 1,...,r. Let £ := {{;j}1<icj<n be a collection of non- negative
integers.

The (-weighted complete multipartite graph Kr(f;{___mr is a graph with the set of vertices equals
to the disjoint union H;:l Si of the sets Si,..., Sy, and the set of edges {(i, B;), 04 € S;, B €
Sit<icj<r of multiplicity €;; each edge 9o ;).

Theorem 4.3.  Let us fix an integer v > 2 and a collection of non-negative integers { :=
{tiit1<icj<r- Then

th tnr
1 + Z (x — 1)“(3,11) TUtte(Kr(fl),...,nr7$7y) L' . L' _
n=(nq,..., nT-)eZQO ni: [
n#0 -
m1 My _ _
< Z yz1gi<y‘§r Lij mimj (y _ 1)—\m\ tl_ . t,»_) (z—1)(y-1)
m1! mr! ’

m=(ma,...,mr)ELL

where k(¢,n) denotes the number of connected components of the graph Ky(fl),m’nr.

¢ (Comments and Examples)

(a) Clearly the condition ¢;; = 0 means that there are no edges between vertices from the
sets S; and S;. Therefore Theorem 4.3 allows to compute the Tutte polynomial of any (finite)
graph. For example,

Tutte(Ké’l;)m, x,y) = {(0,362,927,911,451,121,17,1),., (362, 2154, 2928, 1584, 374, 32),.,
(1589, 4731,3744,1072,96),, (3376, 6096, 2928, 448, 16) ., (4828, 5736, 1764, 152),,,

(5404, 4464, 900, 32),., (5140, 3040, 380) ., (4340, 1840, 124),,., (3325,984, 24),., (2331, 448),.,
(1492, 168),, (868,48),, (454, 8),,210,84,28,7,1},,.

(b) One can show that a formula for the chromatic polynomials from Proposition 4.2 corre-
sponds to the specialization y = 0 (but not direct substitution !) of the formula for generating
function for the Tutte polynomials stated in Theorem 4.3.

(¢) The Tutte polynomial Tutte(Kr(f;),,,,, x,y) does not symmetric with respect to parameters

{Eij}1§i<j§n- For example, let us write £ = (612, 623, flg, 614, £24, €34), then Tutte(Ké?é?z’jlf’zA), 1, 1) =

24 If r = 1, the complete unipartite graph Ky consists of n distinct points, and

n—1
Chrom(K,,z) = 2" = Z {Z} (T)k-

k=0

Let us stress that to abuse of notation the complete unipartite graph K(,) consists of n disjoint points with the
Tutte polynomial equals to 1 for all n > 1, whereas the complete graph K, is equal to the complete multipartite
graph K(in).
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28.3.5-113.241 = 1231760640. On the other hand, Tutte(K 555 ", 1,1) = 2%.3.7.112.61 =
1269768192.

= (d) (Universal Tutte polynomials)

Let m = (m;;, 1 < i < j < n) be a collection of non-negative integers. Define generalized

Tutte polynomial T,,(m, z,y) as follows : T,(m,z,y) =
L L 1) (y—
p. ! trn (z—1)(y—1)
g i 0l _ ,
Coeff[tl---tn] < E y21§z<3§n mij bili (y — 1) 204 Eil' ... EZ!) )
Loy
cl . o) . . (0) def 7-(0)
early that if I' C K, is a subgraph of the weighted complete graph K’ := K., then the

K(T)

Tutte polynomial of graph I' multiplied by (z — 1) is equal to the following specialization

mi; = 07 Zf edge (Z7]) ¢ Fa mij; = Eljy Zf Edge (27]) el

of the generalized Tutte polynomial

z — 1)*0) Tutte(T, 2, y) = Tp,(m, x ’
( ) (T2, y) = Tn(m, 2,y) mij=0, if (i,)¢T
m;=L;; if (i,5)€D

For example,

(a) Take n =6 and ' = Kg \ {15,16,24,25,34,36} , then Tutte(T,z,y) = {(0,4,9,8,4,1),,
(4,13,9),, (8,7)a, 5,1}

(b) Take n=6 and I' = Kg \ {15,26,34}, then Tutte(T, z,y) =

{(0,11,25,20,7, 1), (11,46, 39,8),., (32,52,12),, (40, 24),., (29, 6), 15,5,1},,.

(¢) Take n =16 and I' = K¢ \ {12.34.56} = K322. As a result one obtains an expression for
the Tutte polynomial of the graph Kj 5 o displayed in Example 4.1.

Now set us set

y™ —1
Qij = 1
Lemma 4.1. The generalized Tutte polynomial Tn(m,x,y) s a polynomial in the variables

{agij}1<icj<n, © and y.

Definition 4.5.  The universal Tutte polynomial T,,({qi;},x,y) is defined to be the polynomial
in the variables {q;;}, x, and y defined in Lemma 4.1.

Explicitly, Tn({gi}, x,y) =

" _ ot e\ @11
Coef [ty 1,] ( > I (@ @-D+04 y-1)"2 5 L..._) ‘

/1! Z,)
Ortn 1<i<j<n 1 n
£,€{0,1},i

Corollary 4.2. Let {m;;}1<i<j<n be a collection of positive integers. Then the specialization
y™i -1
i — [migly = V1
of the universal Tutte polynomial T,,({qi;},x,y) is equal to the Tutte polynomial of the complete
graph K, with each edge (i,j) of the multiplicity m;;.

Further specialization ¢;; — 0, if edge(i,j) ¢ I' allows to compute the Tutte polynomial
for any graph. |
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Exercises 4.1.

(1) Assume that £;; = £ for all 1 < ¢ < j < r. Based on the above formula for the
exponential generating function for the Tutte polynomials of the complete multipartite graphs
Ky, ..., deduce the following well-known formula

Tutte(K) . 1,1)= (N1 N*2 H — )l

where N :=nq+---+n,. It is well-known that the number Tutte(I',1,1) is equal to the number
of spanning trees of a connected graph T'.

(2) Take r =3 and let ny,no,ng and b2, 13,23 be positive integers. Set N := l19l13n1 +
l12la3n2 + {13023n3  Show that

Tutte(thZ%gS 1, 1) =N (@12712 + €1gn3)”1‘1(€12n1 + 513713)”2_1)(513711 + 523712)”3_1.

ni,n2,n3’

0)

(3) Letr > 2, consider weighted complete multipartite graph K7(1’ ..., n» where £ = ({;;) such

that 01 ; =4, j=1,...,7 and {;; =k, 2<i<j<r. Show that '

nnr—l.

r—2 (r—1)(n—1)
Tutte(Kq(fB_ o L) =K (r— 1t ((7‘ - 1)+ k> ((r —2)0 + k)
—_———

T

Let I'y, (%) be a spanning star subgraph of the complete graph K,,. For example, one can take
for a graph I'y, (%) the subgraph K ,_; with the set of vertices V' := {1,2,...,n} and that of
edges E = {(i,n), i = 1,...,n — 1}. The algebra 3T£0)(K1,n_1) can be treated as a
“noncommutative analog” of the projective space P~
We have 61 = ujo +u13 + ... +uq,. It is not difficult to see that

Hilb(3T” (K1.n-1)®,t) = (1+ )", and 67 = 0.

Let us observe that Chrom(Ly,(x),t) = t(t — 1)"~ L.

Problem 4.1. Compute the Hilbert series of the algebra 3T7(LO) (Kny,nn)-

The first non-trivial case is that of projective space, i.e. the case r =2,n1 =1, ny = 5.

On the other hand, if '), = {(1,2) — (2,3) — ... = (n — 1,n)} is the Dynkin graph of type
A,—1, then the algebra 3T7(LO) (T',) is isomorphic to the nil-Coxeter algebra of type A,_1, and if
rieh) = {(1,2) - (2,3) = ... > (n—1,n) - —(1,n)} is the Dynkin graph of type AW

w1y i€ a

cycle, then the algebra 3TT(L0) (Fgflf f )) is isomorphic to a certain quotient of the affine nil-Coxeter
algebra of type A1(11—)1 by the two-sided ideal which can be described explicitly [47]. Moreover,
ibid,

Hilb(3T9)(1@f 1) H (n — j)]

see Theorem 4.1. Therefore, the dimension dim (37 (F“f 7)) is equal to n! (n—1)! and is equal
also to the number of (directed) Hamiltonian cycles in the complete bipartite graph K, ,, see
[87], A010790.

It is not difficult to see that

Hilb(3T\O(T,)®,¢) = (t+ 1),  Hilb(3T (T ) ) =+ (t+1)" —t — 1),
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whereas
Chrom(Ty,,t) =t(t — )" 1, Chrom(T¥/ t) =t —1)" + (=1)" (t - 1).

Exercises 4.2.  Let K, . n, be complete multipartite graph, N :=nq +---+n,.
Show that

T nj—l

j— — l—at

Hilb(gTN(Knlv---mr)?t) = H]_l Nl—_lla_l ( . )
[ -4

4.1.3 Quasi-classical and associative classical Yang—Baxter algebras of type B,.

In this Section we introduce an analogue of the algebra 37,(5) for the classical root systems.

Definition 4.6. -

(A) The quasi-classical Yang—Baxter algebra ACY B(B,,) of type B, is an associative
algebra with the set of generators {x;j,vij,zi, 1 < i # j < n} subject to the set of defining
relations

(1) zij+2i5 =0, iy =vyji, if i#j,

(2) Zi Zj = Z5 Zi,

(3) @ij Thr = Tpt Tij, Tij Yk = Ykl Tijy  Yij Ykl = Ykl Yig, i 4,5, Kk, 1 are distinct,

(4) 2 T = Tw Ziy % Yo = Ykl % if U F KL

(5)  (Three term relations)

Tij Tjk = Tik Tij + Tjk Tik — B ik, Tij Yik = Yik Tij + Yjk Yik — B Yik,

Tik Yik = Yjk Yij T Yij Tik + B Yij,  Yik Tik = Tjk Yij + Yij Yik + B Yij,

if1<i<j<k<n,

(6) (Four term relations)

Tij 25 = 2 Tij + Yij 2+ 25 Yij — B 2,

if i < j.

(B) The associative classical Yang—Baxter algebra ACY B(B,,) of type B, is the

—

special case B =0 of the algebra ACY B(By,).

Comments 4.2.
e In the case f = 0 the algebra ACY B(B,,) has a rational representation

zij — (@ — )7,y — (@i +a)™!, oz —ay

L —

e In the case § =1 the algebra ACY B(B,,) has a “trigonometric” representation
zg —> (L=¢" ") 7 gy — (L =" )7 2 — (L4 ¢™)(1—¢™)

Definition 4.7. The bracket algebra £(B,) of type B, is an associative algebra with the
set of generators {xj,yij, 2, 1 < i # j < n} subject to the set of relations (1) — (6) listed in
Definition 4.6, and the additional relations

(ba) Tk Tij = Tij Tik + Tik Tjk — B Tiks  Yjk Tij = Tij Yik + Yik Yik — B Yiks

Yik Tik = Yij Yik + Tik Yij + B Yij,  Tjk Yik = Yij Tik + Yik Yij + B Yij,

ifl<i<j<k<n,

(6a)  2j zij = @5 2+ 2 Yij +Yij 2 — B 2

if i < j.

25 It should be remembered that to abuse of notation, the complete graph K,, by definition, is equal to the
complete multipartite graph K((1,...,1)), whereas the graph K, is a collection of n distinct points.
———

n
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—

Definition 4.8. The quasi-classical Yang—Baater algebra ACY B(D,,) of type D, as well as the
algebras ACY B(D,,) and E(D,,), are defined by putting z; =0, i = 1,...,n, in the corresponding
By, -versions of algebras in question.

Conjecture 4.4. The both algebras E(B,,) and E(D,,) are Koszul, and

I
—~
—~
[a—
|
[\
<.
~+
~—
~—
L

Hz'lb(é’(Bn),t):(ﬁ(l—(2j—1)t))_l; if n>4, Hib(E(Dy),t)
j=1

7j=1
Example 4.3. Hilb(ACY B(By),t) = (1 — 4t + 2t2)~1,
Hilb(ACY B(B3),t) = (1 — 9t + 16t% — 4¢3)~1,
Hilb(ACY B(By),t) = (1 — 16t + 64> — 60t3 + 9t4) 1,
Hilb(ACY B(Dy),t) = (1 — 12t + 182 — 4¢3)~ L.
However, Hilb(ACY B(Bs),t) = (1 — 25t + 180t? — 400t + 221¢* — 31¢°) L.
|
Let us introduce the following Coxeter type elements:
n—1 n—1
hp, = H Zaat1 #n € E(By), and hp, = H Za,a+1 Yn—1.n € E(Dp). (4.2)
a=1 a=1

Let us bring the element hp, (resp. hp, ) to the reduced form in the algebra &(B,,) that is, let
us consecutively apply the defining relations (1) —(6), (5a,6a) to the element hp, (resp. apply to
hp,, the defining relations for algebra £(D,,) ) in any order until unable to do so. Denote the the
resulting (noncommutative) polynomial by Pg, (zij,v:j,2) (vresp. Pp, (xij,v:5)). In principal,
this polynomial itself can depend on the order in which the relations (1) — (6), (5a,6a) are
applied.

Conjecture 4.5. (Cf [90/, 6.C5, (c))

(1) Apart from applying the commutativity relations (1)—(4) , the polynomial Pp, (x:j,Yi;, 2) (resp.
Pp,, (xij,vij)) does not depend on the order in which the defining relations have been applied.

(2) Define polynomial Pp, (s,7,t) (resp. Pp, (s,7)) to be the the image of that Pp, (xij, yij, 2)
(resp. Pp, (xij,Yi;)) under the specialization

Tij —> 8, Yy — T, Zi —— 1

Then

Pgp,(1,1,1) =1 (> =1 Catp,.

1
2 \n
(

Note that Pg, (1,0,1) = Cata, _,.

Problem 4.2. Investigate the By, and D, types reduced polynomials corresponding to the Coxeter
elements (4.2), and the reduced polynomials corresponding to the longest elements

n

wp,, = H Zj ( H Tij yij>a wp,, = H Lij Yig-

J=1 1<i<j<n 1<i<j<n

4.2 Super analogue of 6-term relations and classical Yang—Baxter algebras
4.2.1 Six term relations algebra 67, its quadratic dual (67, n)!, and algebra 6HT,,

Definition 4.9. The 6 term relations algebra 67, is an associative algebra (say over Q)
with the set of generators {r; j,1 <1i # j <n}, subject to the following relations:
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1) rij and riy  commute, if {i,5} N{k,1} =0,
2) (unitarity condition) r;; +rj; =0,
3) (Classical Yang—Baxter relations)

(135, Tik + 7k + [Tk, i) = 0, if 4, j, k are distinct.

We denote by CY B,,, named by classical Yang—Bazter algebra, an associative algebra over Q
generated by elements {r;;, 1 <i# j < n} subject to relations 1) and 3).
Note that the algebra 67T}, is given by (%) generators and (%) + 3 (!}) quadratic relations.

Definition 4.10.  Define Dunkl elements in the algebra 61, to be

Gi: E Tigs izl,...,n.

i

It easy to see that the Dunkl elements {6;}1<i<y generate a commutative subalgebra in the
algebra 67,.

Example 4.4. (Some “rational and trigonometric” representations of the algebra
67,)
Let A = U(sl(2)) be the universal enveloping algebra of the Lie algebra si(2). Recall that the
algebra sl(2) is spanned by the elements e, f,h, such that [h,e] = 2e, [h, f] = —2f, [e, f] = h.
Let’s search for solutions to the C'Y BFE in the form

rig = a(ui,u;) h @ h+b(ui, uj) e ® f+ c(ui,u;) f e,
where a(u,v),b(u,v) # 0,c(u,v) # 0 are meromorphic functions of the variables (u,v) € C2,
defined in a neighborhood of (0,0), taking values in A ® A. Let a;; := a(u;, uj) (resp. bi; :=
b(u,-,uj),c,-j = c(u,-,uj)).
Lemma 4.2. The elements r; j := a;; h®@ h+b;; e® f +ci; f® e satisfy CYBE iff

bij bjk Cik = Cij Cjk bix and 4 a;p = bij bjr/bik — bk, ¢ji/bij — bik cij /b,
for1<i<j<k<n.

It is not hard to see that
e there are three rational solutions:

1/2 h®h
i) = L2RERE COTHTOC )= A paht o ea it foe,
U—v 4(u —v) u—v u—v
and r3(u,v) := —ro(v, u).

e there is a trigonometric solution

1 q2u + q2v qu-‘rv
’r’tmg(u,’u):zmh®h+m e f+f®el.
Notice that the Dunkl element 0 := > .. 7trig(uq,u;) corresponds to the truncated (or
level 0) trigonometric Knizhnik—Zamolodchikov operator.

In fact, the “sl,-Casimir element” € = %(Z?:l By ® E“> + Zl§i<j§n E;; ® Ej; satisfies

the 4-term relations
[Qi2, Q3 + Qo3] = 0 = [Q12 + Qi3, Qo)

and the elements 7;; := UQ_”U -, 1 <14 < j <n, satisfy the classical Yang—Baxter relations.
i—Uj

Recall that the set {FEj; := (0 0ji)1<ki<n, 1 <14,j <n}, stands for the standard basis of
the algebra Mat(n,R). [
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Definition 4.11. Denote by 6T7(LO) the quotient of the algebra 6T, by the (two-sided) ideal gen-

erated by the set of elements {r?’j, 1<i<j<n}

More generally, let {3, ¢i;, 1 <i < j <n} be a set of parameters. Let R := Q[3] [qf;l]

Definition 4.12. Denote by 6 HT,, the quotient of the algebra 61,, ® R by the (two-sided) ideal
generated by the set of elements {ri%j —Brij—qj, 1 <i<j<n}

All these algebras are naturally graded, with deg(r; ;) = 1, deg(f8) = 1, deg(q;j) = 2.

It is clear that the algebra 6T7(LO) can be considered as the infinitesimal deformation R;; :=
1+er;j, €—0,of the Yang-Baxter group Y B,.

Corollary 4.3. Define h;; = 1+ r;; € 6HT,,. Then the following relations in the algebra 6HT,
are satisfied:

(1) 7ij ik Tk = Tk Tik Tij for all pairwise distinct i, and k;

(2) (Yang-Baxzter relations) hij b hjr = hjr ha by, if 1<i<j<k<n.

Note, the item (1) includes three relations in fact.

Proposition 4.3.

(1) The quadratic dual (6Tn)! of the algebra 6T, is a quadratic algebra generated by the
elements {t; j, 1 <i < j < n} subject to the set of relations

(i) t7;=0 for alli# j;

(11) (Anticommutativity) tij tr;+tg; tij =0 for alli# j and k # ;

(449) tij tik = tik tjk = tij tjk, if 4,7,k are distinct.

(2) The quadratic dual (6T,(LO))! of the algebra 6T,(LO) is a quadratic algebra with generators
{tij, 1 <i<j<n} subject to the relations (ii)-(iii) above only.

4.2.2 Algebras 6T,(LO) and 67, n*

We are reminded that the algebra 6T,(LO) is the quotient of the six term relation algebra 67},
by the two-sided ideal generated by the elements {r;;}i1<i<j<n. Important consequence of the
classical Yang-Baxter relations and relations r?j = 0,Vi # j, is that the both additive Dunkl

1 -1 n
hai H 1 hia}lgign generate
a=1

a=1—1
commutative subalgebras in the algebra 67, 7(10) (and in the algebra 67;, as well), see Corollary 4.3.
The problem we are interested in, is to describe commutative subalgebras generated by additive

elements {0;}1<i<, and multiplicative ones {©; = []

(resp. multiplicative) Dunkl elements in the algebra 6T7(LO). Notice that the subalgebra generated
by additive Dunkl elements in the abelianization 2] of the algebra 67,,(0) has been studied in
[85],[78]. In order to state the result from [78] we need, let us introduce a bit of notation. As
before, let Fl,, denotes the complete flag variety, and denote by A,, the algebra generated by the
curvature of 2-forms of the standard Hermitian linear bundles over the flag variety Fl,, see e.g
[78]. Finally, denote by I,, the ideal in the ring of polynomials Z[t1,...,t,] generated by the set
of elements
(til 4t tik)k(n—k)—i-l’

26 For the reader convenience we recall the definition of the Yang—Baater group

Definition 4.13.  The Yang—Baaxter group Y B, is a group generated by elements {Riijl, 1<i<j<n}
subject to the set of defining relations

(] Rinkl = RklRij7 Zf 7:7j7 k7l7 are distinct,

e (Quantum Yang-Baxter relations)

RinikRjk = RijikRij7 Zf 1<1 <j <k <n.

2See e.g. http://mathworld.wolfram.com/Abelianization.html
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for all sequences of indices 1 <i1 <ig<...<i4<n, k=1,...,n

Theorem 4.4. ([85],[78])
(A) There exists a natural isomorphism

An — Z[tl,. . 7tn:|/In7

(B)  Hilb(An,t) = t(&) Tutte(K,,1+t,t71).

Therefore the dimension of A, (as a Z-vector space) is equal to the number F(n) of forests
on n labeled vertices. It is well-known that

Z]—' ——mp(Zn —>—1.
n>1 n>1

For example, Hilb(As,t) = (1,2,3,1), Hilb(A4,t)=(1,3,6,10,11,6,1),
Hilb(As, 1) = (1,4, 10,20, 35, 51, 64, 60, 35, 10, 1),
Hilb(As, 1) = (1,5, 15,35, 70, 126, 204, 300, 405, 490, 511, 424, 245, 85, 15, 1).

Problem 4.3.  Describe subalgebra in (6T,£0))ab generated by the multiplicative Dunkl elements
{Oi}i<i<n-

On the other hand, the commutative subalgebra B,, generated by the additive Dunkl elements
in the algebra 6TT(LO), n > 3, has infinite dimension. For example,

By = Zlz,yl/( wy(z +y) ),
and the Dunkl elements 9( ) ,J =1,2,3, have infinite order.

Definition 4.14. Define algebra 6TX to be the quotient of that 6T7(LO) by the two-sided ideal
generated by the set of “cyclic

relations”
m m J
> H rinie 1] 7. =
j=2 a=
for all sequences {1 < iy,ig,...,In < n} fpazrwzse distinct integers, and all integers 2 < m <n

For example,

o Hilb(6TF,t) = (1,3,5,4,1) = (1 +1¢)(1,2,3,1).

e Subalgebra (over Z) in the algebra 6T3* generated by Dunkl elements #; and 62 has the
Hilbert polynomial equal to (1,2,3,1), and the following presentation: Z [z,y]/I3, where I3
denotes the ideal in Z[x, 3] generated by z3,y3, and (x + y)3.

. Hilb(6T4*,t) = (1,6,23,65,134,164,111,43,11,1),.

As a consequence of the cyclic relations, one can check that for any integer n > 2 the n-th power
of the additive Dunkl element 6; is equal to zero in the algebra 67X for all i = 1,...,n. Therefore,
the Dunkl elements generate a finite dimensional commutative subalgebra in the algebra 6TX.
There exist natural homomorphisms

6Tx — 30", B, T A, — H*(Fl,,7) (4.3)

The first and third arrows in (4.19) are epimorphism. We expect that the map 7 is also epimor-
phism [2 . and looking for a description of the kernel ker(7).

28 Contrary to the case of the map pry : Z[01, .. .,0,] — (3T (0))*®, where the image Im(pr,) has dimension
equals to the number of permutations in S,, with (n-1) inversions see [87],4001892.
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Comments 4.3.
e Let us denote by B and A™!* the subalgebras generated by multiplicative Dunkl

elements in the algebras 6T7(LO) and (6T£0))“b correspondingly. One can define a sequence of maps

Byttt — A9 e F), (4.4)

which is a K-theoretic analog of that (4.3). It is an interesting problem to find a geometric
interpretation of the algebra A?“lt and the map ¢.
¢ (“Quantization”) Let 8 and {¢;; = ¢ji,1 <i,j < n} be parameters.

Definition 4.15. Define algebra 6HT,, to be the quotient of the algebra 6T, by the two sided
ideal generated by the elements {7"22] — B 1ij — Qij }1<ij<n-

Lemma 4.3. The both additive {6; }1<i<n and multiplicative {©; }1<i<n Dunkl elements generate
commutative subalgebras in the algebra 6HT,.

Therefore one can define algebras 6HB,, and 6H.A4,, which are a “quantum deformation” of
algebras B, and A, respectively. We expect that in the case § = 0 and a special choice of
“arithmetic parameters” {g;;}, the algebra H.A,, is connected with the Arithmetic Schubert and
Grothendieck Calculi, cf [93], [85]. Moreover, for a “general’set of parameters {g;;}i<i j<n and
6 =0, we expect an existence of a natural homomorphism

HA™E s QK*(Fl,,),

where QKC*(Fl,,) denotes a multiparameter quantum deformation of the K-theory ring K*(Fl,),
[47], [51]; see also Section 3.1. Thus, we treat the algebra HA™Y as the K-theory version of a
multiparameter quantum deformation of the algebra A?“lt which is generated by the curvature
of 2-forms of the Hermitian linear bundles over the flag variety Fl,,.

e One can define an analogue of the algebras 6T7(LO), 6HT, etc, denoted by 67'(T"), etc, for
any subgraph I' C K, of the complete graph K, and in fact for any oriented matroid. It is
known that Hilb((6T;, (), t) = t*0) Tutte(T, 1+ t,t1), see e.g. [6] and the literature quoted
therein.

4.2.3 Hilbert series of algebras CY B, and 67,

Examples 4.2. Hilb(6T3,t) = (1 — 3t + %)~
Hilb(6Ty,t) = (1 — 6t + 7t2 — t3)~1, Hilb(6Ts,t) = (1 — 10t + 25¢2 — 15¢3 + )71
Hilb(6Tg,t) = (1 — 15t + 65t2 — 903 + 31 — 7)1,
Hilb(6T" ) = [2][3](1 — )=, Hilb(6T\" ) = [4](1 — £)2(1 — 3t + £2)~ 1.

In fact, the following statements are true.

Proposition 4.4. (Cf [3]) Let n > 2, then
e The algebras 61, and CY B, are Koszul;

o We have X
Hilb(6T,, ) = <n§_:(—1)’f {nfk} t’f>_1,

k=0

where {Z} stands for the Stirling numbers of the second kind, i.e. the number of ways to partition
a set of n things into k nonempty subsets.

29Results of this Subsection have been obtained independently in [3]. This paper contains, among other things,
a description of a basis in the algebra 67;,, and much more.
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n—1

Hilb(CY B, t) = (Z(—l)k (k+1)! N(k,n) tk>_1,
k=0

where N (k,n) = %(2‘) (kf_l) denotes the Narayana number, i.e the number of Dyck n-paths with
exactly k peaks.

Corollary 4.4.
(A)  The Hilbert polynomial of the quadratic dual of the algebra 6T, is equal to

n—1
Hilb(6T" 1) = oLk
ilb(6T,,, 1) Z{ _k}

It is well-known that

Therefore,

dim(67,)" = Bell,,

where Bell,, denotes the n-th Bell number, i.e. the number of ways to partition n things into
subsets, see [87]

Recall, that 3, - Bell, Z; = exp(exp(z) — 1)).

(B) The Hilbert polynomial of the quadratic dual of the algebra CY B, is equal to

n—1
Hilb((CYB,)',t) = Y (k+1)! N(k,n) t* = (n — 1)l LTV (1) 2L,
k=0

where L (x) = f:!ex dci_"n (e~ *x"+®) denotes the generalized Laguerre polynomial.

It is well-known that

Z <§(k‘ + 1)IN(k,n) tk> 2—7: = exp(z(l - zt)_1>.

n>0 k>0

Comments 4.4. Let &,(u), u # 0,1, be the Yokonuma-Hecke algebra, see e.g. []3]
and the literature quoted therein. It is known that the dimension of the Yokonuma—Hecke
algebra &, (u) is equal to n! B,,, where B,, denotes as before the n-th Bell number. Therefore,
dim/(E,(u)) = dim((6T},)' xS,), where (6T},)' xS, denotes the semi-direct product of the algebra,
(6T;,)" and the symmetric group S,. It seems an interesting task to check whether or not the
algebras (67},)' X S,, and &, (u) are isomorphic. |

Remark 4.2. Denote by MY B,, the group algebra over Q of the monoid corresponding to
the Yang—Baxter group Y B, see e.g. Definition 4.10. Let P(MY B,,, s, t) denotes the Poincare
polynomial of the algebra MY B,,. One can show that

Hilb(6T},,s) = P(MY B, —s,1)"".

For example,

P(MY B3, s,t) = 1 +3s t+ s> t3, P(MYBy,s,t) = 1+6st+ s> (3t2 + 4t3) + s3 5,
P(MY Bs, s,t) =1+ 10s t + s2 (15t2 + 10t3) + s> (10t* + 5t5) 4 s ¢10,

Note that Hilb(MY B,,,t) = P(MY B,,,—1,t)~! and P(MY B,,,1,1) = Bell,, the n-th Bell
number.
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Conjecture 4.6.
P(MY By, s,t) Z s#(m) gn(m)

where the sum runs over all partitions m = (I1,...,Ix) of the set [n] :==[1,...,n] into nonempty
subsets I, ..., I, and we set by definition, # () :=n — k, n(w) := Z’;zl (‘12“‘)

Remark 4.3. For any finite Coxeter group (W,S) one can define the algebra CYB(W) :=
CY B(W,S) which is an analog of the algebra CY B,, = CY B(A,,_1) for other root systems.

Conjecture 4.7. (A.N. Kirillov, Y. Bazlov) Let (W, S) be a finite Cozeter group with the root
system ®. Then

o the algebra CY B(W) is Koszul;
-1

. Hz‘lb(CYB(W),t):{ 2 (®) (—t)k} :

where 1, (®) is equal to the number of subsets in ® which constitute the positive part of a root
subsystem of rank k. For example, r1(®) = |®T|, and ro(®) is equal to the number of defining
relations in a representation of the algebra CY B(W).

Example 4.5. Hilb(CY B(Bs)',t) = (1,4,3), Hilb(CY B(Bs)',t) = (1,9,13,2),
Hilb(CY B(By)',t) = (1,16, 46,28,5), Hilb(CY B(Bs)',t) = (1,25, 130,200,101, 12);
Hilb(CY B(Dy)',t) = (1,12, 34,24,4), Hilb(CY B(Ds)',t) = (1,20,110,190, 96, 11),

Exercises 4.3.
(1) Show that

k-1 n
exp(z (1 — zt)” —1+Z<1+Z < ) H(a—i—(n—k) q) tk) ok

n>1 a=0
(2) The even generic Orlik—Solomon algebra

Definition 4.16.  The even generic Orlik-Solomon algebra OS™(T,,) is defined to be an asso-
ciative algebra (say over Z) generated by the set of mutually commuting elements y;;, 1<
1 # j <n, subject to the set of cyclic relations

Yij = Yiir  Yiria Yiniis ** Yirorin Yiri, = 0, for k=2,....n
and all sequences of pairwise distinct integers 1 <iy,...,0 < n.

e Show that the number of degree k, k > 3, relations in the definition of the Orlik—Solomon
algebra OS™* (') is equal to 3 (k—1)! (}) and also is equal to the maximal number of
k-cycles in the complete graph K.

Note that if one replaces the commutativity condition in the above Definition on the condition
that yi,jls pairwise anticommute, then the resulting algebra appears to be isomorphic to the
Orlik—Solomon algebra OS(I',) corresponding to the generic hyperplane arrangement I',,, see
[79]. It is known, ibid, Corollary 5.3, that

Hilb(OS(Ty), 1) = >t

F

where the sum runs over all forests F' on the vertices 1,...,n, and |F| denotes the number of
edges in a forest F.
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It follows from Corollary 4.4, that

3" Hilb(0S(Ln),t) — = ea:p<z nn=2 -1 z—>.

n>1 n>1

It is not difficult to see that Hilb(OS™(T,,),t) = Hilb(OS(T'y,),t). In particular, dim OS*(T,,) =
F(n). Note also that a sequence {Hilb(OS(T'y,), —1)}n>2 appears in [87], A057817. The poly-
nomials Hilb(A,,t), F,(z,t) and Hilb(OST(T},),t) can be expressed, see e.g. [78], as certain
specializations of the Tutte polynomial T'(G; z,y) corresponding to the complete graph G := K.
Namely,

Hilb(An, t) = tG)T(Fy 1+ ,¢7Y), Hilb(OST(T,),t) = " T(Kp; 1+ 71, 1).

4.2.4 Super analogue of 6-term relations algebra

Let n, m be non-negative integers.

Definition 4.17. The super 6-term relations algebra 67, ,, is an associative algebra over
Q generated by the elements {z; ;, 1 <i # j < n} and { Yo p, 1 < a# [ < m} subject to the
set of relations

(0) @ij+2ji =0, Yap = Ypai

(1) @ij Tky =Ty Tij, Tij Ya.8 = Ya,B Tij> Yo,8 Y46 + Y8 Ya,8 = 0,

if tuples (i, j,k,1), (i,7,c,8), as well as («, B8,7,d) consist of pair-wise distinct integers;

(2) ( Classical Yang—Baxter relations and theirs super analogue)

[Ti ks Tji + k) + [T, T56] = 0,

if 1 <i,j,k <n are distinct,

[T Ui + Ykl + i, k] = 0,

if 1 <i,j,k <min(n,m) are distinct,

[yoc,'w YB,a T yﬁ,'y]-i- + [ya,ﬁv yﬁﬂ/]-l— =0,

if 1 <a,B,7y <m are distinct.

Recall that [a,b]; :=a b+ b a denotes the anticommutator of elements a and b.

Conjecture 4.8.
e The algebra 6T, ,, s Koszul.

Theorem 4.5. Let n,m € Z>1, one has

o Hilb((6T,)",t) Hilb((6T},)',t) =
min(n,m)—1

3 { min(n, m) k}Hﬂb((fsTn_k,m_k)ht) 2,

— min(n,m) —

where as before {nﬁk} denotes the Stirling numbers of the second kind, see for e.g. [87], A00827S.

Corollary 4.5. Letn,m € Z>1.  One has
(a) (Symmetry) Hilb(6T, m,t) = Hilb(61y, p,1).
(b)  Letn <m, then Hilb((6Tym) 1) =

n—1
> s(n—1,n—k) Hilb((6T—)',t) Hilb((6Tpm—s)',t) t*,
k=0
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where s(n — 1,n — k) denotes the Stirling numbers of the first kind, i.e.

-1 —
ri:s(n—l,n— H (1—3j1).

k=0

(¢) dim(6T,)" is equal to the number of pairs of partitions of the set {1,2,...,n} whose
meet is the partition {{1},{2},...,{n}}, see e.g. [87], A059849.

Example 4.6.  Hilb(( L) =
Hilb((6Ty4)',t) = ( Lt) = (1,
Hilb((613, 5)',t) ( ) = (1,
Hilb((6T34)'t) = Hzlb((6T43 ',t) (1,9,23,16),  Hilb((6Ty4)",t) = (1,12,44,50,6),
Hz'lb((6T35)',t) ( ) =(1,13,53,79, 34),

EE ; ) = ( L) = (1,

HZlb((6T2 3) ) (17473)7
7,12,5),  Hilb((6T33)',t) = (1,6,8),
1 11 34,34,9),

Hilb((6Ty5)", t 1,16,86, 182,131, 12),
Hilb((6T55)',t) = (1,20, 140,410,462, 120).

Now let us define in the algebra 67}, ,, the Dunkl elements 0; := Zj# z;j, 1 <i<mn,and

Lemma 4.4. One has
e [0;,0;]=0,
o [0i,00] = (i, Yial,
b [9a796]+—2ya37 if o # f.

Remark 4.4. (“Odd” six-term relations algebra) In particular, one can define an “odd”
analog 67, 7(1_) = 670, of the six term relations algebra 67},. Namely, the algebra 6TT(L_) is given
by the set of generators {y;;, 1 <1 < j < n}, and that of relations:

1) y;,; and y,; anticommute if ¢, j, k, [ are pairwise distinct;

2) Wi, Vi + Yikl+ + Wik Yjkl+ =0,if 1 <i < j <k <n, where [x,y]+ = zy + yzr denotes
the anticommutator of x and y.

The “odd” three term relations algebra 37, can be obtained as the quotient of the algebra
67" by the two-sided ideal generated by the three term relations

Yij Yik T Yjk Yki + Yki ¥ij = 0, if 4, j, k are pairwise distinct.

One can show that the Dunkl elements ¢; and 6, i # j, given by formula

HZ:Z yija izl,...,n,
J#i
form an anticommutative family of elements in the algebra 6TT(L_).

In a similar fashion one can define an “odd” analogue of the dynamical six term relations
algebra 6D7T,,, see Definition 2.2 and Section 2.2, as well as define an “odd’ analogues of the
algebra 3HQ,,(53,0), see Definition 2.6, the Kohno—Drinfeld algebra, the Hecke algebra and few
others considered in the present paper. Details are omitted in the present paper.

More generally, one can ask what are natural g-analogues of the six term and three term
relations algebras 7 In other words to describe relations which ensure the g-commutativity of
Dunkl elements defined above. First of all it would appear natural that the “g-locality and
g-symmetry conditions” hold among the set of generators {y;;, 1 < i # j < n}, that is

Yij Fqyii =0, Yij Y = q ym yi; if i <g k<l and {i,j} N {k, 1} = 0.

Another natural condition is the fulfillment of g-analogue of the classical Yang—Baxter rela-
tions, namely
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ik Yiklg + Wik, Yjilg + [Yij, yjnlg = 0, if i < j < k, where [z,y]; := z y — ¢ y = denotes
the g-commutator. However we are not able to find the g-analogue of the classical Yang— Baxter
relation listed above in the Mathematical and Physical literature yet. Only cases ¢ = 1 and
q = —1 have been extensively studied.

4.2.5 Compatible Dunkl elements and Manin matrices

(Compatible Dunkl elements, Manin matrices and algebras related with weighted
complete graphs rK,, )

Let us consider a collection of generators {u 1<i4,j<n, a=1,...,r}, subject to the
following relations

e cither the unitarity (the case of sign “+”), or the symmetry relations (the case of sign ¢ -

77)
UE?) + ug-?’ =0,¥,,1,7, (4.5)

Z]’

o (local 3-term relations)

ugj) (@) ugk)um) + u(a) (a) =0. i,5,k are distinct, 1 <a <. (4.6)

We define global 3-term relations algebra 3Tr(:f,:,) as “ compatible product” of the local 3-term

relations algebras. Namely, we require that the elements
vy Z Aol 1<ij <,

satisfy the 3-term relations (1.4) for all values of parameters {\; € R, 1 <a <r}.
It is easy to check that our request is equivalent to a validity of the following sets of relations
among the generators {ug;x)}

(a) (local 3-term relations) uz(;‘) u;z + uﬁ) u,(;) + ugl) uz(;‘) =0,

(b) ( 6-term crossing relations)

ug;l) §k) —l—u(ﬁ) gk) +u(°‘) UEJB) U;(;) —l—uﬁ) u}(j) +u§§) ul(s) — 0,

i, ], k are distinct, « # .
Now let us consider local Dunkl elements

02'(0{) ::Z uZ(]O'[)’ j:1,...,n, O‘:l""’r'
J#i

It follows from the local 3-term relations (x) that for a fixed v € [1, 7] the local Dunkl elements

{92@)}193” either mutually commute (the sign “+”), or pairwise anticommute (the sign “ -
1<a<lr

”).  Similarly, the global 3-term relations imply that the global Dunkl elements

JF#

30 More generally one can impose the g-symmetry conditions
Uij +quji =0, 1<i<j<n

and ask about relations among the local Dunkl elements to ensure the commutativity of the global ones. As
one might expect, the matrix Q := (9(‘1)) 1<a<r composed from the local Dunkl elements should be a ¢g-Manin

matrix. See e.g. [16], or en.wikipedia. org/wzkz/Manm matrix for a definition and basic properties of the latter.
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also either mutually commute (the case ¢ + ) or pairwise anticommute (the case * - ).

Now we are looking for a set of relations among the local Dunkl elements which is a con-
sequence of the commutativity (anticommutativity) of the global Dunkl elements. It is quite
clear that if ¢ < 7, then

a b a a a b b a
CRNR ZAQ RN R T W )\b< 0,015 + [0, 6 )]i>,
1<a<b<r
and the commutativity (or anticommutativity) of the global Dunkl elements for all (A\q,...,\,) €

R" is equivalent to the following set of relations
o 16,67 =0,
o [9@ H(b)]i + [92-(b),6§.a)]i =0, a<b and i<j,

i 75
where by definition we set [a, b]+ := ab F ba.

In other words , the matrix @, := (92@) 1<a<r should be either a Manin matriz (the case * +
1<i<n

“), or its super analogue (the case “ - ). Clearly enough that a similar construction can be applied
to the algebras studied in Section 2, I-III.,and thus it produces some interesting examples of
the Manin matrices. It is an interesting problem to describe the algebra generated by the

local Dunkl elements {91@}199 and a commutative subalgebra generated by the global Dunkl
1<i<n

elements inside the former. It is also an interesting question whether or not the coefficients
Ci,...,Cp of the column characteristic polynomial Det® | ©, —t I,, |= Y =0 Ck tnk of
the Manin matrix ©,, generate a commutative subalgebra ? For a definition of the column
determinant of a matrix, see e.g. [16].

However a close look at this problem and the question posed needs an additional treatment
and has been omitted from the content of the present paper.

Here we are looking for a “natural conditions” to be imposed on the set of generators {uf;} 1<a<r

Wl S
in order to ensure that the local Dunkl elements satisfy the commutativity (or anticommutativity)

relations:
[Hga),ﬁj(ﬁ)]i =0, for all 1<i<j<n and 1<a,B<r.

The “natural conditions” we have in mind are:
o (locality relations)

[ust) ug)e =0, (4.7)
o (twisted classical Yang—Baxter relations)

) s + [l w1+ ) uD) = 0, (4.8)

if 4,4, k,l are distinct and 1 < a, 8 < r.
Finally we define a multiple analogue of the three term relations algebra, denoted by 37+ (rK,,),
to be the quotient of the global 3-term relations algebra 37, ,;'fr modulo the two-sided ideal gener-

ated by the left hand sides of relations (4.7), (4.8) and that of the following relations
2

. (u@) —0, [ uP)y =0, foralli#j, a#p.

iJ iy U
The outputs of this construction are
e noncommutative quadratic algebra 37 ("Kn) generated by the elements {u }1<z<]<n,
=1

,,,,,

e a family of nr either mutually commuting (the case “4”), or pairwise antlcommutlng (the
case ¢ - ) local Dunkl elements {02(06 }1 1,

=1,..., 7“
We expect that the subalgebra generated by local Dunkl elements in the algebra 37" (rK,,)
is closely related (isomorphic for r = 2) with the coinvariant algebra of the diagonal action of
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the symmetric group S,, on the ring of polynomials Q[Xy(Ll), . ,Xf(f)], where Xy(Lj ) stands for the

set of variables {xgj), . ,azg)}. The algebra (37~ (2K,))(7))%" has been studied in [47], and
[7]. In the present paper we state only our old conjecture.

Conjecture 4.9. (A.N. Kirillov, 2000)
Hilb((37~ (3K,)) 1) = (1 +t)"(1 + nt)" "2,

where for any algebra A we denote by A% the quotient of algebra A by the two-sided ideal
generated by the set of anticommutators {ab+ ba | (a,b) € A x A}.

According to observation of M. Haiman [37], the number 2" (n + 1)"~2 is thought of as being
equal to to the dimension of the space of triple coinvariants of the symmetric group S,,.

4.3 Four term relations algebras / Kohno—Drinfeld algebras
4.3.1 Kohno—Drinfeld algebra 47,, and that C'Y B,

Definition 4.18. The 4 term relations algebra (or the Kohno—Drinfeld algebra, or infinites-
imal pure braids algebra) 4T, is an associative algebra (say over Q) with the set of generators
Yij, 1 <1 < j < n, subject to the following relations

1) yi; and yi; are commute, if i, 7k, are all distinct;

2) WigsYik T Yik) =0, [Yij + ik ikl =0, if 1 <i<j<k<n.

Note that the algebra 47T, is given by (5) generators and 2 (5) + 3 ()}) quadratic relations,
and the element
C .= Z ?Ji,j

1<i<j<n

belongs to the center of the Kohno—Drinfeld algebra.

Definition 4.19.

Denote by 4TV the quotient of the algebra 4T, by the (two-sided) ideal generated by by the set
of elements {yij, 1<i<j<n}

More generally, let 5, {qij, 1 < i < j < n} be the set of parameters, denote by 4HT,, the
quotient of the algebra 47T, by the two-sided ideal generated by the set of elements {yfj — Byij —
Qij, 1§Z<]§TL}

These algebras are naturally graded, with deg(y; ;) = 1,deg(8) = 1,deg(g;;) = 2, as well as
each of that algebras has a natural filtration by setting deg(y; ;) = 1, deg(f) = 0, deg(q;;) =
0, Vi # j.

It is clear that the algebra 47}, can be considered as the infinitesimal deformation g;; :=
1+ €y , e — 0, of the pure braid group F,.

There is a natural action of the symmetric group S,, on the algebra 47}, ( and also on 47
) which preserves the grading: it is defined by w - yij = Yuw()w(;) for w € S,. The semi-direct
product QS,, x 4T}, (and also that QS,, x 477) is a Hopf algebra denoted by B,, (respectively B2).

Remark 4.5. There exists the natural map
CY B, — 4T, given by y;; = u;;+ u;;.
Indeed, one can easily check that
[Wijs Yik + Yjk] = Wijk + Wjik — Whij — Wi

see Section 2.3.1, Definition 2.5 for a definition of the classical Yang—Baxter algebra C'Y B,,, and
Section 2, (2.3), for a definition of the element w;jy.
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Remark 4.6. It follows from the classical 3-term identity (“Jacobi identity”)

1 _ 1 + 1
(a—b)la—c) (a—=Db)(b—c) (a—c)(b—rc)

=0, (4.9)

that if elements {y; ; | 1 <i < j < n} satisfy the 4-term algebra relations, see Definition 4.18,
and tq,--- ,t,, a set of (pairwise) commuting parameters, then the elements

yivj

Ty =
Tt —t

satisfy the 6-term relations algebra 67, see Section 4.2.1, Definition 4.9. In particular, the
Knizhnik—Zamolodchikov elements
Yi,j

iy Tl

form a pairwise commuting family (by definition, we put y; ; = y;, if i > j).

Example 4.7. (1) (Cf Subsection 4.2.1, Example 4.4)

(Yang representation of the 47, ).

Let S, be the symmetric group acting identically on the set of variables {z1,...,z,}. Clearly
that the elements {y; j := sij}i<icj<n, Yij = Yji, tf ¢ > j, satisfy the Kohno-Drinfeld relations
listed in Definition 4.18. Therefore the operators u;; defined by

uij = (2 — ;)" sy

give rise to a representation of the algebra 37, on the field of rational functions Q(z1,...,x,).
The Dunkl-Gaudin elements
92': Z Yij, izl,...,n

JJF
correspond to the truncated Gaudin operators acting in the tensor space (C™)®",

(2) Let A= U(sl(2)) be the universal enveloping algebra of the Lie algebra si(2). Recall that
the algebra sl(2) is spanned by the elements e, f, h, sothat [h,e] = 2e, [h, f] = —2f, [e, f] = h.
Consider the element ) = % h@h+e® f+ f®e. Then the map y;; — Q;; € A®™ defines a
representation of the Kohno-Drinfeld algebra 47T), on that A®™. The element K Z; defined above,
corresponds to the truncated (or at critical level ) rational Knizhnik—Zamolodchikov operator.

Proposition 4.5. (T. Kohno, V. Drinfeld)
n—1
k—1
Hilb(T, 1) = [ -t =3 {" + } k)
j=1 k>0

where {Z} stands for the Stirling numbers of the second kind, i.e. the number of ways to partition
a set of n things into k nonempty subsets.

Remark 4.7. It follows from [2] that Hilb(4T),,t) is equal to the generating function
1+ ol ¢
a>1

for the number vfl") of Vassiliev invariants of order d for n-strand braids. Therefore, one

has the following equality:
U(n) _n+ d—1
d | n-1 J
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i.e. the number of Vassiliev invariants of order d for n-strand braids is equal to the Stirling
number of the second kind {n:ff}

We expect that the generating function

1+> a4 el

d>1

for the number 6C(ln) of Vassiliev invariants of order d for n-strand virtual braids is
equal to the Hilbert series Hilb(4NT,,t) of the nonsymmetric Kohno-Drinfeld algebra 4NT,,,

see Section 4.3.2.

Proposition 4.6. (Cf [3]) The algebra ANT,,t) is Koszul, and

n—1
Hilb(ANT,,,t) = (Z

(k+1)! N(k,n) (—t)k> _1, Hilb(ANT,)' 1) = (n—1)! L5Y (=7 1) gL
k=0

where N(k,n) := % (") ( " ) denotes the Narayana number, i.e. the number of Dyck n-paths

k) k41
(0% x dTL
L () = re 4 (ez a:"+o‘>

with exactly k peaks;
n!  dx™

denotes the generalized Laguerre polynomial.
See also Theorem 4.6 below.

It is well-known that the quadratic dual 4T7!L of the Kohno—Drinfeld algebra 47T, is isomorphic
to the Orlik—Solomon algebra of type A,_1, as well as the algebra 379" However the algebra
479 is failed to be Koszul.

Examples 4.3.
Hilb(4TY )
Hilb((4T9)',t
Hilb((4T9)',t

[2)2[3], Hilb(4TY,t) = (1,6,19,42,70,90,87,57,23,6,1).
) =(1,2,2,1), Hilb((4T), t)(1 —t)? = (1,4,6,2, —4, —3),

( =
)2 = (1,8,26,40,24, —3, —6).

(

We expect that Hilb((4TP)",t) is a rational function with the only pole at ¢t = 1 of order
[n/2], cf. Examples 4.1.

—_ =

-t
-t

~— —

Remark 4.8. One can show that if n > 4, then Hilb(4T?,t) < Hilb(3T?2,t) contrary to the
statement of Conjecture 9.6 from [45].

4.3.2 Nonsymmetric Kohno—Drinfeld algebra 4N7T,,, and McCool algebra P,
(Nonsymmetric Kohno-Drinfeld algebra 4NT,,, and McCool algebras PX,, and PX | )

Definition 4.20. The nonsymmetric 4 term relations algebra (or the nonsymmetric
Kohno-Drinfeld algebra) ANT, is an associative algebra (say over Q) with the set of genera-
tors y; j, 1 < i # j < n, subject to the following relations

1) yi; and yi; are commute, if i, 7k, are all distinct;

2) Wi vik +yjk) =0, ifi, 4,k are all distinct.

We denote by 4NT} the quotient of the algebra 4NT;, by the two- sided ideal generated by
the elements {y;; +y;; = 0,1 <i# j <n}.
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Theorem 4.6. One has
Hilb(ANT,,t) = Hilb(CY B,,t),  Hilb(ANT,",t) = Hilb(6T,,1)
for all n > 2.
We expect that the both algebras 4NT,, and 4NT, are Koszul.

Definition 4.21.
(1) Define the McCool algebra PY,, to be the quotient of the nonsymmetric Kohno—
Drinfeld algebra 4ANT,, by the two-sided ideal generated by the elements

{vik Yjx — Yk vir}

for all pairwise distinct i,j and k.
(2) Define the upper triangular McCool algebra PX to be the quotient of the McCool
algebra PX, by the two-sided ideal generated by the elements

{yij + vji},
1<i#j<n.

Theorem 4.7. The quadratic duals of the algebras PY,, and PY have the following Hilbert
polynomials

Hilb(PY:, t) = (1+nt)"" Y, Hilb((PX]), H 1+ jt).

Proposition 4.7.
(1) The quadratic dual PX. of the algebra PX, admits the following description. It is
generated over 7 by the set of pairwise anticommuting elements

subject to the set of relations

(a) y3 =0,y y;i =0, 1<i#j<n,

(0) wir yjx =0, for all distinct 1, j, k,

(€) Yij Yjk + Yik Yij + Ykj Yir = 0, for all distinct i, j, k.

(2) The quadratic dual (PXF)' of the algebra PX admits the following description. It is
generated over Z by the set of pairwise anticommuting elements {z;;, 1 < i < j < n}, subject
to the set of relations

(a) 23 =0 foralli<j,

(b) Zij Rjk = Zij Zik foralll1<i<j<k<n.

Comments 4.5. The McCool groups and algebras

The McCool group PY, is by definition, the group of pure symmetric automorphisms of
the free group F,, consisting of all automorphism that, for a fixed basis {z1,...,x,}, send each
x; to a conjugate of itself. This group is generated by automorphisms o, 1 <4 # j < n, defined

by
-1 .
ryrx;, k=1
ij(Tg) = { ’ ! .
Tk, k # i.
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McCool have proved that the relations

[vij, o] = 1, 1,7, k,l are distinct,
[, o) = 1, i # 7,
[OZU.’ ik ajk] =1, 1,75,k are distinct.

form the set of defining relations for the group P, The subgroup of P, generated by the a;;
for 1 <i < j < nis denoted by PX} and is called by upper triangular McCool group. It
is easy to see that the McCool algebras PY,, and PX are the “ infinitesimal deformations ” of
the McCool groups PY,, and PX; respectively.

Theorem 4.8.
(1) ([39]) There exists a natural isomorphism

H*(P%,,7) ~ P}

of the quadratic dual PX!, of the McCool algebra PY,, and the cohomology ring H*(PX,,Z) of
the McCool group PX,.
(2) ([17]) There exists a natural isomorphism

H*(PY!,Z) ~ (Po))

of the quadratic dual (PX) of the upper triangular McCool algebra Pt and the cohomology
ring H*(PXF Z) of the upper triangular McCool group P\,

4.3.3 Algebras 477, and 457,

Definition 4.22.

(I) Algebra 47T, is generated over Z by the set of elements {x;j,1 < i # j < n}, subject to
the set of relations

(1) iy @i = xp x5, of all 4,5, k,1 are distinct,

(2) [a:,-j + a:jk,xik] =0, [xj,- + xkj,a:m] =0, if i<j<k.

(IT) Algebra 45T, is generated over Z by the set of elements {x;;, 1 <1 # j < n}, subject
to the set of relations

(1) [:L'ij,l‘kl] =0, [:L'ij,l‘ji] =0, if 1,4,k are distinct;

(2) [wij, wir] = [T, 2ir] = (2, wig), - (@i Tra] = (2, wa5] = (05, 2,

(3) [wij, Thi] = [wrjs wij] = 240, win] = [Tk, Thz] = [hi 28] = [k, 2jal,

ifi<j<k.

Proposition 4.8. One has

, | 2" exp(—tz)
t > Hilb((4TT,)',t) =T
n>2

Therefore, dim(4TTn)! is equal to the number of permutations of the set [1,...,n + 1] having no
substring [k, k+1]; also, for n > 1 equals to the mazimal permanent of a nonsingular nxn (0, 1)-
matriz, see [87], A000255 B, Moreover, one has

Hilb((4ST;,) 1) = (1 + )" (1 +nt)" 2,
cf. Conjecture 4.9.

31 See also a paper by F. Hivert, J-C. Novelli and J-Y. Thibon Commutative combinatorial Hopf algebras, J.
Algebraic Combin. 28 (2008), no. 1, 65-95, Section 3.8.4, for yet another combinatorial interpretation of the
dimension of the algebra (4TT7L)!.
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We expect that The both algebras 477, and 457, are Koszul.

Problem. Give a combinatorial interpretation of polynomials Hilb((41'T},)',t) and construct
a monomial basis in the algebras (47T},)" and 4ST,.

4.4 Subalgebra generated by Jucys—Murphy elements in 477

Definition 4.23. The Jucys—Murphy elements d;, 2 < j < n, in the quadratic algebra 41,
are defined as follows

di= > yij J=2,..n (4.10)
1<i<j

It is clear that Jucys-Murphy’s elements d; are the infinitesimal deformation of the elements

D17j € P,.
Theorem 4.9.
19 The Jucys—Murphy elements dj, 2 <j <n, commute pairwise in the algebra 4T,.
20 In the algebra AT the Jucys—Murphy elements d;, 2 < j < n, satisfy the following relations

(dy+-+d;) d? > =0, 2<j<n.

30 Subalgebra (over 7Z) in 4T generated by the Jucys—Murphy elements da,--- ,d, has the
following Hilbert polynomial H?:_ll [27].

49 There exists an (birational) isomorphism Z [x1,...,Tn_1]/Jn_1 — Z [da,. .., d,] defined
by dj := 1= @i, 2 <7 <mn, where J,_1 is a (two-sided) ideal generated by e;(x3,... 22 ),
1<i<n-—1, and ej(x1,...,xn_1) stands for the i — th elementary symmetric polynomial in the

variables x1,...,Tn_1.

Remark 4.9.

(1) It is clearly seen that the commutativity of the Jucys—Murphy elements is equivalent
to the validity of the Kohno-Drinfeld relations and the locality relations among the generators
{yi,j}1§i<j§n- '

(2) Let’s stress that d?j_z # 0 in the algebra 470, for j = 3,...,n. For example, dj =
Y13 Y23 Y13 Y23 + Y23 Y13 Y23 Y13 # 0 since dim(4T%), = 1 and it is generated by the element di.

(3) The map ¢ : y; j — Yn+1—jn+1—i Preserves the relations 1) and 2) in the definition of
the algebra 47T,,, and therefore defines an involution of the Kohno—Drinfeld algebra. Hence the
elements

n
dj= > yir=tdnt1y), 1<j<n—1
k=j+1
also form a pairwise commuting family.

Problems 4.1. (a) Compute Hilbert series of the algebra 4T and its quadratic dual algebra
(4T9)".

(b) Describe subalgebra in the algebra 4HT,, generated by the Jucys—Murphy elements dj, 2 <
Jj<n.

It is well-known that the Kohno—Drinfeld algebra 47T, is Koszul, and its quadratic dual 4T7!L
is isomorphic to the anticommutative quotient 370%™ of the algebra 3T¢(L_)’0.

On the other hand, if n > 3 the algebra 477 is not Koszul, and its quadratic dual is isomorphic
to the quotient of the ring of polynomials in the set of anticommutative variables {¢; ; | 1 <i <
j < n}, where we do not impose conditions t?j = 0, modulo the ideal generated by Arnold’s
relations {t; j t;jr + tix (tij —tjx) = 0} for all pairwise distinct 4,7 and k.
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4.5 Nonlocal Kohno—Drinfeld algebra NL4T,

Definition 4.24. Nonlocal Kohno—Drinfeld algebra N L4T,, is an associative algebra over
7 with the set of generators {y;j, 1 <i < j < n} subject to the set of relations

(1) yij y =y vij of (—k)@i—-00G—k)(G—1)>0,

(2) Izyl‘]?Z‘%/f:’l yak] = 07 Zf 1< J < ka
(3) [Wjk: 2oamy Wil =0, if i <j <k

It’s not difficult to see that relations (1) — (3) imply the following relations

(4) [0, 021 (Wia +¥a))] = 0, i i <

Let’s introduce in the nonlocal Kohno—Drinfeld algebra N LAT, the Jucys-Murphy elements
(JM-elements for short) d; and the dual JM-elements d; as follows

Jj—1 n

di=> Yo, di= D, Ynojira J=2,....n. (4.11)
a=1 a=n—j+2

It follows from relations (1) and (2) (resp. (1) and (3)) that the Jucys-Murphy elements dz, ..., d,
(resp. da,...,d,) form a commutative subalgebra in the algebra N LAT,.. Moreover, it follows
from relations (1) — (3) that the element ¢; := >, d; = >_7_, d; belongs to the center of
the algebra N L4T,,.

Theorem 4.10.
(1) The algebra NLAT, is Koszul, and

n—1
1
Hilb(NLAT,)' 1) = > Gy (” +2]2 ) tk,
k=0

where Cy = k%rl (215) stands for the k-th Catalan number.

(2) The quadratic dual (NLAT},)' of the nonlocal Kohno - Drinfeld algebra NLAT,, is an
assoctative algebra generated by the set of mutually anticommuting elements {t;; 1 <i < j < n}
subject to the set of relations

o t7,=0, f1<i<j<n,

° (A?"nOld’S relatz'ons) tij Tjk + tik tij + Lk L = 0,if i<j<k,

o (Disentanglement relations) ti, tj +ty ti, +t tu =0, if i <j <k <.

Therefore the algebra (NL4T,,)' is the quotient of the the Orlik-Solomon algebra OS,, by the
ideal generated by Disentanglement relations, and dim((NL4T,,1)") is equal to the number of
Schroeder paths , i.e. paths from (0,0) to (2n,0) consisting of steps U = (1,1), D = (1,—1), H =
(2,0) and never going below the x — axis. The Hilbert polynomial Hilb((NLAT,)',t) is the
generating function of such paths with respect to the number of U’s, see [87], A088617.

Remark 4.10.

Denote by H,(q) “the normalized” Hecke algebra of type A,, i.e. an associative algebra
generated over Z[q, g~ '] by elements T}, ...,T,_; subject to the set of relations

(CL) T; TJ:T'J Tl,lf|Z—j| > 1, TZT']T'Z:TJTIZTIJ,Ifh—ﬂ:L

b) TP=(q—qg " Ti+1fori=1,...,n— 1

If1<i<j<n-—1,let’s consider elements T(ij) =TT T T T - T T

Lemma 4.5. The elements {T(;;, 1 < i < j < n — 1} satisfy the defining relations of the
non-local Kohno-Drinfeld algebra N LAT,, 1, see Definition 4.23.
Therefore the map y;; — H ;) defines a epimorphism t,, : N LAT,, — H,1(q).
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Definition 4.25. Denote by N LAT,, the quotient of the non-local Kohno-Drinfeld algebra N LAT,,
by the two-sided ideal Z,, generated by the following set of degree three elements:

(1) 2ij = Yij+1 Yij Yjj+1 — Yjg+1 Yij Yig+1, if 1 <i<j<m,

i1 i1 i-1 i1
@) w =i (z ) yy)—<§; S o y)y if 1<i<n-1,

a=1 b=1, b#a a=1 b=1, b#a

n n n n
(3) vi = Yiit1 < Z Z Yitl,a yi,b) - < Z Z yi-i—l,ayi,b) Yiit+1

a=i+1 b=i+1 b#a a=i+1 b=i+1 b#a
if 1<i<n-—1.

Proposition 4.9.

(1)  The ideal T, belongs to the kernel of the epimorphism t,: I, C Ker(ty),

(2) Letds,...,d, (resp. da, ... ,cZn) be the Jucys-Murphy elements (resp. dual JM-elements)
in the algebra N LAT,, given by the formula (4.11).

Then the all elementary symmetric polynomials eg(da,...,d,) (resp. ek(dg, . ,Jn)) of de-
gree k, 1 < k < n, in the Jucys—Murphy elements da,...,d,, (resp. in the dual JM-elements
da,....dy,) commute in the algebra N LAT, with the all elements Yiit1, t=1,...,n—1.

Therefore, there exists an epimorphism of algebras N £4T,, — H,(q), and images of the
elements ey (dg, ..., dy), (resp. ex (CZQ, .. ,cfn) 1 < k < n, belongs to the center of the “normalized”
Hecke algebra H,(q), and in fact generate the center of algebra H,(q).

Few comments in order:

(A) Let N/4T, be an associative algebra over Z with the set of generators {y;;, 1 <i < j <n}
subject to the set of relations

(1) Yij Ykt = yrt yij, i (i = k)i =0 = k)G —1) >0,

(2) [yijs 20— Yar] = 0,1f i <j <k
Proposition 4.10.

(1) The algebra NUAT,, is Koszul and has the Hilbert series equals to

n—1
Hilb(NAT,,t) = () _(=1)* N(k,n) t*)7,
k=0

where N(k,n) = %(2‘) (kf_l) denotes the Narayana number, i.e. the number of Dyck n-paths
with exactly k peaks, see e.g. |87, A001265.

Therefore, dim(NAT,)' = n_lﬂ (2n"), the n-th Catalan number.

(2)  Elementary symmetric polynomials e(ds, ..., dy) of degree k, 1 < k < n, in the Jucys—
Murphy elements da, ..., d,, commute in the algebra NCAT,, with the all elements y; i41,

i=1,...,n—1.

(B) The kernel of the epimorphism N £4T,, — H,(q) contains the elements

{Wiit1 Vit1,i42 Yisit1 — Vit 1i+2 Yiit1 Yitlit2s 8= 1,...,n— 2}, {Tfiﬂ —(q—q ") Tj1 — 1},
as well as the following set of commutators

[Wij, ex(di, ... d;)], 1<k<j—i+]1.
It is an interesting task to find defining relations among the Jucys— Murphy elements {d;, j =

2,...,n} in the algebra N LA4T,, or that N/4T,,. We expect that the Jucys—Murphy element dy,
satisfies the following relation (= minimal polynomial) in the Hecke algebra H,(q), n >k,

k-1 2a+1 -1 —2a—1
H q—dq q  —q
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4.5.1 On relations among JM-elements in Hecke algebras

Let H,(q) be the “normalized” Hecke algebra of type A,,, see Remark 4.10. Let A\ - n be a
partition of n. For a box x = (i,5) € \ define

| — g2 =)

4.13
1—q? (4.13)

ax(ziq) ==q
It is clear that if ¢ =1, c¢4=1(x) is equal to the content ¢(z) of a box z € A. Denote by
A((Z") =Zlg,q7 Y [z1,. .., 2"
the space of symmetric polynomials over the ring Z[g, ¢~ '] in variables {z1,...,2,}.

Definition 4.26.  Denote by Jén) the set of symmetric polynomials f € Ag") such that for any
partition A = n one has

flea(wsq) [z € X)) =0.

For example, one can check that symmetric polynomial
— (@ +1+q¢ N e2—2(q-gHe—3

belongs to the set Jég).
Finally, denote by JE[" the ideal in the ring Z[q,q~ '] [#1, ..., 2n] generated by the set Jé").

Conjecture 4.10. The algebra over Z|q, ¢~ '] generated by the Jucys—Murphy elements da, . . . , dyp
corresponding to the the Hecke algebra Hy(q) of type An—1, is isomorphic to the quotient of the

algebra Z[q,q~ ] [21,. - ., zn] by the ideal ,,]]g")
It seems an interesting problem to find a minimal set of generators for the ideal JE[‘).

Comments 4.6. Denote by JM (n) the algebra over Z generated by the JM-elements ds, . . . , d;,,
deg(d; = 1,Vi, corresponding to the symmetric group S,,. In this case one can check Conjecture 8
for n < 8, and compute the Hilbert polynomial(s) of the associated graded algebra(s) gr(JM(n)).
For example 2
Hilb(gr(JM(2),t) = (1,1), Hilb(gr(JM(3),t) = (1,2,1),, Hilb(gr(JM(4),t) = (1,3,4,2),
Hilb(gr(JM(5),t) = (1,4,8,9,4), Hilb(gr(JM(6),t) = (1,5,13,21,21,12,3),
Hilb(gr(JM(7),t) = (1,6, 19,40, 59, 60, 37, 10).

It seems an interesting task to find a combinatorial interpretation of the polynomials
Hilb(gr(JM(n)),t) in terms of standard Young tableaux of size n.

|
Let {x*, AF n} be the characters of the irreducible representations of the symmetric group

Sy, which form a basis of the center Z, of the group ring Z[S,]. The famous result by A.

Jucys [40] states that for any symmetric polynomial f(z1,...,z2,) the character expansion of
flda,...,d,,0) € 2, is
(Cy)
fdy,....d Z f(Cy) vy (4.14)
AFn

where H) = [],c, he denotes the product of all hook-lengths of A, and C) := {c(x)},ecx denotes
the set of contents of all boxes of A.

32 T would like to thank DR. S. Tsuchioka for computation the Hilbert polynomials Hilb(JM (n),t), as well
as the sets of defining relations among the Jucys—Murphy elements in the symmetric group S,, for n < 7.
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Recall that the Jucys-Murphy elements {df }o<j<n in the (normalized) Hecke algebra H,,(q)
are defined as follows: df = ZK]- Tijy, where T(;5) == T; - Tj1 Tj Tj—1 -- - T;. Finally de-

note by Hy(q) and C’>(\q) the hook polynomial and the set {cxz;q)}, € A\. Then for any symmetric
polynomial f(z1,...,2,) one has

H
AFn

(@)
fag,... dif0)=>Y" f(f?q)) Xy (4.15)

where chi;‘ denotes the g-character of the algebra H, ).
Therefore, if f € Jé"), then f (déf ,...,d2.0) = 0. It is an open problem to prove/disprove

s Yn

that if f(d, ..., d2 0) =0, then f(C')(\q)) = 0 for all partitions of size n (even in the case ¢ = 1).

4.6 Extended nil-three term relations algebra and DAHA, cf [15]
Let A:={q,t,a,b,c,h,e, f,...} be a set of parameters.

Definition 4.27. Extended nil-three term relations algebra 3T, is an associative algebra over
Z[gt, ta,b,c,hye,. . .| with the set of generators {u;j, 1 <i#j<mn, x;, 1<i<n, 7}
subject to the set of relations
(0)  wij+uj;=0, u;=0,
(1) xxj =5 x5, Wiy Upy = Uy Yij, if 4,7, k, 1 are distinct,
(2) @ wp = upy @, if i F# kL
(3) Ty Uj 5 = Uj5 Tj + 1, Tj Uiy = Uj5 Tq — 1,
(4)  wij wjp 4wk wij+ujk up; =0, if 4,7,k are distinct,
B) Twi=aam ifl<i<n, Tr,=t1!zm,
6)  Tuj=uip1 41, f1<i<j<n, @ upjpp=tu;n,2<j<n.

Note that the algebra 3%, contains also the set of elements {7 u;,, 1<a <n—j}.
Definition 4.28. (Cf. [58]) Let1<i<j<n, define
Tij=a+bxi+cxj+h+ex; xj) u .
Lemma 4.6.
) (Conter miatons) s T OT O m 0O T
Tij Ti Tijy =Tjk Tiy Tk,
are valid, if and only if the following relation holds
(a+b)(a—c)+he=0. (4.16)
(3) (Yang-Baater relations) Relations
Tij Tig Tip =T, Tig T j

are valid if and only if b=c=e=0, i.e. T;; = a +d u;;.
(4) TZZJ =1ifand only ifa=+1,c=b=+2, he= (b£1)%
(5)  Assume that parameters a,b, c, h,e satisfy the conditions (4.16) and that b c+1 = h e.
Then
Tij xT; Tij =Ty + (h-l- (a+ b)(l’z +1'j) +ex; xj) TZJ
(6) ( Quantum Yang-Bagterization) — Assume that parameters a,b,c, h,e satisfy the condi-
tions (4.5) and that 5 :=2a+b—c# 0. Then (cf [60], [38] and the literature quoted therein)
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the elements Rj(u,v) =1+ Aﬁ;uu T;; satisfy the twisted quantum Yang-Baxter relations
Rij(Niy 113) R (N, vie) Rij (1, vie) = R (g, vie) Rij (Ni, vie) Ry (i ), @< j <k,

where { i, pi, Vi }1<i<n are parameters. .

Corollary 4.6. If (a+b)(a —c) + he =0, then for any permutation w € S,, the element
Tw = il”’ﬂl Egzna

where w = s;, - - 8;

, s any reduced decomposition of w, is well-defined.

Example 4.8.
Each of the set of elements

KD

i = 1+ (I'H_l —Z;+ h) Usj 541 and

tgh) =—-1+ (:EZ — Ti41 + h(l + l’l)(l + :Ei+1)uij, 1=1,....n—1,
by itself generate the symmetric group S,.

Comments 4.7. Let A = (a,b,c, h,e) be a sequence of integers satisfying the conditions (4.5).
Denote by 9;* the divided difference operator

8{1:(a+(bmi+c:pi+1—|—h—|—emi ZTiy1) Oy 1=1,...,n—1.
It follows from Lemma 4.5 that the operators {8;4}15i§n satisfy the Coxeter relations
ot of, ot =08, 07 0, i=1,...,n—1

Definition 4.29.
(1) Letw €S, be a permutation. Define the generalized Schubert polynomial corresponding
to permutation w as follows

A A 0. é -1 —2
G (Xn) = 0y1 4, 2, where a’ =2 15" Ty,

and wg denotes the longest element in the symmetric group S,.
(2) Let « be a composition with at most n parts, denote by wy € S,, the permutation such
that wa (@) = @, where @ denotes a unique partition corresponding to composition .

Proposition 4.11.  ([46]) Let w € S, be a permutation.

e IfA=1(0,0,0,1,0), then G:{(X,) is equal to the Schubert polynomial G (Xy).

o IfA=(-p,p,0,1,0), then G(X,) is equal to the B-Grothendieck polynomial @Sf) (Xn)
introduced in [27].

o IfA=1(0,1,0,1,0) then G2(X,) is equal to the dual Grothendieck polynomial, [59], [}6].

o IfA=(-1,2,0,1,1), then &2(X,,) is equal to the Di-Francesco-Zinn-Justin polynomials
introduced in [18] and [{6].

In all cases listed above the polynomials 6£(Xn) have non-negative integer coefficients.

o IfA=(1,-1,1,—h,0), then G2(X,) is equal to the h-Schubert polynomials introduced in
[40]-

Define the generalized key or Demazure polynomial corresponding to a composition o as follows

KNX,) = 0y, x°
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o IfA=(1,0,1,0,0), then K2(X,) is equal to key (or Demazure) polynomial corresponding to
a.

e IfA=(0,0,1,0,0), then KA(X,) is equal to the reduced key polynomial introduced in
[40]-

o IfA=(1,0,1,0,5), then KX, is equal to the key Grothendieck polynomial KGa(Xy,)
introduced in [{0).

o IfA=1(0,0,1,0,3), then K2(X,) is equal to the reduced key Grothendieck polynomial,
[40]-

In all cases listed above the polynomials 6£(Xn) have non-negative integer coefficients.

Exercises 4.4.

(1) Letb,c,h,e be a collection of integers, define elements Pj; = fiju;j € 3%, where f;j :=
bx; + cxj + h + ex; x;.

Show that

o Pl=(b—c)Py,

o PPl = fijfufik wijujrui + (be — eh) By,

Py PijPik = fij firfik wijujiuig — (be — eh) Pjp..

(2) Assume thata =q, b= —q, c=q ', h =e =0, and introduce elements

€ij ::(qxi—q_lxj) uij, 1<i<j<k<n

(a)  Show that if i,j,k are distinct, then

eijejrei; = eij + (qui — ¢ 'xy)(q i — ¢ wg) (g T — ¢ Paw) wijuge wij, 622]- =(q+q7") e

(b) Assume additionally that
ujujpui; =0, if 1,5,k are distinct.

Show that the elements {e; :==e€; 41, i =1,...,n—1}, generate a subalgebra in 3L, which is
isomorphic to the Temperly-Lieb algebra TL,(q+ q~').
(3) LetussetT;:=Ti11,i=1,...,n—1, and define

Ty := 7TTn_17T_1.
Show that if (a+b)(a —c) +eh =0, then
TIyhh =ThToTh, Th-110Tn-1 = ToTh-1To,
Recall that T? = 2a+b—¢)T; —ala+b—c), 0<i<n—1.

[ |
In what follows we take a = ¢,b = —q,c = ¢~ ', h = e = 0. Therefore, TZQJ =(qg—q 1T ;+1.
We denote by #,,(¢) a subalgebra in 3%,, generated by the elements T; := T} ;11, i = 1,...,n—1.

Remark 4.11.  Let us stress on a difference between elements T;; as a part of generators of
the algebra 3%,, and the elements

Tijy =Ty Ty TyTy oy -+ T; € H(g):

Whereas one has [T}, Ty] = 0, if i,j,k, [ are distinct, the relation [T(;;), Tis)] = 0 in the
algebra H,,(q) holds (for general ¢ and i < k) if and only if either one has i < 7 < k < [, or
1<k<l<iy. [ |
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Lemma 4.7.
(1) Ty T =Ty Tij, if 1,54,k are distinct,
(2) ﬂ,jxiﬂ,j:xja Zf 1<i <y <n,
(3) wT; =Tir1j4+1, of 1<i<j<n, 7 Tpjir,="T; 7.

Definition 4.30. Let 1<i<j<n, set

1 -1l I T T, . -
Yij = Ti—lvj—lTi—2,j—2 Tl,j—z'+1 m n—jtin - Liv1jaTi;, 1<i<j<mn,
- -1
and Yy, —Tn 1n T
For examlfile Vij=m' T jiin Ty =2,
— 2
Yo, =T 177] Ty—jyon--+T2j, and so on,
- -1
Y] T 7.] 1 o T172 m TTL—l,’r’L U TJ_IJ'

Prop051t10n 4.12.
(1) wjz; Tij = Tij wixj,

(2) Yij=T; Yiyrjn Tij, if 1<i<j<n,
(3) Y i Yivkjrk = Yigkjrre Yi, f1<i<j<n-—k,
(4) Onehas
wia Y =Y i Ty, 2<i<j<n,

(5) Yijxixe wp =t 1222y Vi,

6) V1Y Y,=t71Y1 VoY, a,

where we set Y; ==Y, 11, 1<i<j<n.
Conjecture 4.11.

Subalgebra of 3%, generated by the elements {T; :=T;;y1, 1<i<mn, Yi,...,Y,,
and x1,...,zn}, is isomorphic to the double affine Hecke algebra DAH Ay 4(n).

Note that the algebra 3%, contains also two additional commutative subalgebras generated
by additive {6; = Zj# uij}1<i<n and multiplicative

i—1 n
(©i=J]0-uw) J] (1+wa)}i<i<n
a=1 a=i+1

Dunkl elements correspondingly.
Finally we introduce (cf [I5]) a (projective) representation of the modular group SL(2,Z) on
the extended affine Hecke algebra 7-[ over the ring Z[g*!, t*1]| generated by elements

{T1,....,Th—1}, =, and {x1,...,2n}.

It is well-known that the group SL(2,Z) can be generated by two matrices

(11 (10
"= o 1 ==\11 )
which satisfy the following relations
T tr =17t (777 17)% = Ioyo.

Let us introduce operators 7 and 7_ acting on the extended affine algebra ﬁn Namely,

(M) =aom, () =T;, 7+(z;) =2 V i,

T_(m)=m, 7_(T;)=T;, 7_(z;)= ( ﬁ > (HT)
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Lemma 4 8
[ ]

(Haz 1 a )(H;llT ) z}/ia
T :EZ gHa i—1 a) (H; llT) Y z;,
)

(Te72 T+( )= (T—lT+T—1)(ﬂfz)a

(T+T T+ (Y; )—t Li (H(lzzi—lTa) (Tl“‘Tn—l) (Hz:n—lTa)’
=1,.

~.

In the last formula we set T}, = 1 for convenience.

5 Combinatorics of associative Yang—Baxter algebras

Let a and 8 be parameters.

Definition 5.1 ([47]).

(1) The associative quasi-classical Yang—Baxter algebra of weight (o, ), denoted by
mn(a,ﬂ), is an associative algebra, over the ring of polynomials Za, ],  generated by
the set of elements {x;5, 1 <i < j < n}, subject to the set of relations

(@) x5 i = xig x5, of {6, 5} N {k, 1} =0,

(b) Tij Tjk = Tik Tij + Tjk T+ B rpt+a ifl<l<i<j<n.

(2) Define associative quasi-classical Yang—Baxter algebra of weight [  denoted
by ACY B,(B), tobe ACYB,(0,8).

Comments 5.1. -
The algebra 37,,(3), see Definition 3.1, is the quotient of the algebra ACY B,,(—f), by the
“dual relations”
TjkTij — Tij Tik — ik ik + 0 e =0, 1 <j <k
The (truncated) Dunkl elements 6; = Zj# x5, 4 =1,...,n, do not commute in the algebra
mn(ﬁ) However a certain version of noncommutative elementary polynomial of degree

k > 1, still is equal to zero after the substitution of Dunkl elements instead of variables, [47]. We
state here the corresponding result only “in classical case”, i.e. if 8 =0 and ¢;; =0 for all 4, j.

Lemma 5.1. ([47]) Define noncommutative elementary polynomial Li(x1,...,2y) as follows

Lk(ibl,...,:L'n): E Ljy Tig * Ty, -
I=(i1<i2<...<ip)C[1,n]

Then Lk(el, 92, e ,Qn) = 0.

Moreover, if 1 < k < m < n, then one can . show that the value of the noncommutative
polynomial Lk(ﬁgn) 9( )) in the algebra ACY B, (B) is given by the Pieri formula, see [20)],
[70).

5.1 Combinatorics of Coxeter element

Consider the “Coxeter element” w € mn(a, B) which is equal to the ordered product of
“simple generators”:

= H Ta,a+1-

Let us bring the element w to the reduced form in the algebra mn(a, B), that is, let us
consecutively apply the defining relations (a) and (b) to the element w in any order until unable
to do so. Denote the resulting (noncommutative) polynomial by P, (z;;;c, §). In principal, the
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polynomial itself can depend on the order in which the relations (a) and (b) are applied. We set
Py (wij; B) := Pa(zi5;0, B).

Proposition 5.1. (Cf [90], 8.C5, (c); [63])

(1) Apart from applying the relation (a) (commutativity), the polynomial Py (z;j; ()
does not depend on the order in which relations (a) and (b) have been applied, and can be written
i a unique way as a linear combination:

n—1 s
Po(zisi B) =Y 8" > 1 i
s=1 {“} a=1

where the second summation runs over all sequences of integers {ig}5_, such thatn—1>i; >
0> ...24s=1andigs <n—a for a=1,...,s—1; moreover, the corresponding sequence
{Ja Z;ll can be defined uniquely by that {za}g;ll

e It is clear that the polynomial P(z;;;8) also can be written in a unique way as a linear
combination of monomials [[}_; w;, j, such that j; > ja... > js.

(2) Let us set deg(x;j) = 1, deg(8) = 0. Denote by T,(k,r) the number of degree k
monomials in the polynomial P(x;j; 5) which contain exactly v factors of the form x, . (Note
that 1 <r <k<n-—1). Then

r (n+k—r—2\ (n—-2
T"(k’r):E< n—2 )(k:—l)'

Pt,B)= > Tulkr)t pgrt7F,

1<r<k<n

In other words,

where P,(t,3) denotes the following specialization
ri;— 1, if j<n, zm—t Vi=1,...,n—-1

of the polynomial P,(xij; ).

In particular, T, (k, k) = (Z:f), and T, (k,1) =T(n — 2,k — 1), where

o=k (1) )

is equal to the number of Schroder paths (i.e. consisting of steps U = (1,1), D = (1,—1),H =
(2,0) and never going below the x-axis) from (0,0) to (2n,0), having k U’s, see [87], A088617.
Moreover, T,,(n — 1,7) = Tab(n — 2,7 — 1), where

k+1 (2n—k 2)
Tab(n, k) := —— =F k
O A B =T
is equal to the number of standard Young tableauz of the shape (n,n—k), see [87], A009766. Recall

that F,(Lp)(b) = ITH’(ZP_JT’) stands for the generalized Fuss—Catalan number.

(3) After the specialization x;; — 1 the polynomial P(z;;) is transformed to the polynomial

n—1

Po(B) =Y _N(n,k) (1+B)F,

k=0
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where N (n, k) := % () (kil) k=0,...,n—1, stand for the Narayana numbers.

Furthermore, P, (8) =>4 1 sn(d) Be, where

Sn(d):n—ll—1<2nn_d> <n;1>

is the number of ways to draw n — 1 — d diagonals in a conver (n + 2)-gon, such that no two
diagonals intersect their interior.

Therefore, the number of (nonzero) terms in the polynomial P(x;j; ) is equal to the n-th
little Schroder number s, ==Y ,_ Olsn(d), also known as the n-th super-Catalan number, see e.g.

[87], A001003.

(4) Upon the specialization x1; — t, 1 < j <mn, and that x;; — 1, if 2 < i < j < n, the
polynomial P(xi;; B) is transformed to the polynomial

PuBit)=t Y (1+p)"F >
k=1 T

where the second summation runs over the set of Dick paths w of length 2n with exactly k picks
(UD-steps), and p(m) denotes the number of valleys (DU-steps) that touch upon the line x = 0.

(5) The polynomial P(x;;;8) is invariant under the action of anti-involution ¢ o T, see
Section 5.1.1 [{7] for definitions of ¢ and .

(6) Follow [90], 6.C8, (c), consider the specialization
a:ij—>ti, 1 <<y <n,

and define Py (t1, ..., tn—1;8) = Po(zi = ti; B).
One can show, ibid , that

Pa(ty,. s tn-1:8) =D _B"F ti -ty (5.1)
where the sum runs over all pairs {(a1,...,ax), (i1,...,9x) € Z>1 X Z>1} such that 1 < a3 <
ag < ...<ap, 1<i3<is...<ip<n and i; <aj forall}j.

NOW we are ready to state our main result about polynomials P, (t1,...,t,;[).
‘ 1 2 e
Let w:=m, € S, be the permutation ™= 3 . Then
1 n n-1 ... 2 -
n—1
Po(ty, ...ty 1;8) = (H t?—l> Bt e,
=1
where 655) (x1,...,2n—1) denotes the 3-Grothendieck polynomial corresponding to a permutation

w €Sy, [27], or Appendiz I.
In particular,

n—1
6P (x1=1,....0p1=1)=Y_ N(nk) 1+
k=0

where N (n, k) denotes the Narayana numbers, see item (3) of Proposition 5.1.
More generally, write Py(t,5) = >, Pr(Lk)(B) tk. Then
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Comments 5.2.
e Note that if 5 =0, then one has Qiq(f:o)(xl, cois@p_1) = Gy(x1,...,2n—1), that is the
B-Grothendieck polynomial at 5 = 0, is equal to the Schubert polynomial corresponding to the

same permutation w. Therefore, if 7= 12 3 e , then
1 n n-—-1 ... 2

Gw(xl =1...,th1= 1) = Cn—la (52)

where C,,, denotes the m-th Catalan number. Using the formula (5.20) it is not difficult to check
that the following formula for the principal specialization of the Schubert polynomial &, (X,,) is
true

n—1

Sx(l,q,...,¢" ) = q("s) Cui(g), (5.3)

where C),(q) denotes the Carlitz - Riordan g-analogue of the Catalan numbers, see e.g. [88]. The
formula (5.20) has been proved in [29] using the observation that 7 is a vezillary permutation,
see [61] for the a definition of the latter. A combinatorial/bijective proof of the formula (5.20)
is is due to A.Woo [98].

e The Grothendieck polynomials defined by A. Lascoux and M.-P. Schiitzenberger, see e.g.
[57], correspond to the case § = —1. In this case P,(—1) = 1, if n > 0, and therefore the

specialization Qig,_l)(azl =1,...,zp1=1)=1forall w e S,. |

Exercises 5.1.

(1) Let as before, 7T—<1 2 3 ..n

In on-1 2>, Show that

n—2
L, n—a—1 (n+a—-2\ ,
GW(JEl:q,ﬂj‘j:l,V];éZ): § 1 < > q .

-1
= n a

n—k+1 (n+k
n+1 k
s equal to the dimension of irreducible representation of the symmetric group S,y that corre-
sponds to partition (n + k, k).
—~— b —~—
(2)  Consider the commutative quotient AC’YB[:L (v, B) of the algebra ACY B, (a, f3),
i.e. assume that the all generators {z;;| 1 < i < j < n are mutually commute. Denote by
__ —~— —~~—— ab
Pp(xij; «, B) the image of polynomial the P, (xi;; ¢, ) € ACY By (av, 5) in the algebra ACYB[:L (o, B). Fi-
nally, define polynomials P, (t,c, B) to be the specialization

Note that the number

zi; — 1, if j<n, zm—t if 1<i<n.

Show that
(a)  Polynomial P, (t,«, ) does not depend on on order in which relations (a) and (b), see
Definition 5.1, have been applied.
(b)
(2n — 2k)!

Pl,a=183=0)= :
( Igokv nt+1—k) ! (n—2k)

see [87], A052709(n), for combinatorial interpretations of these numbers.
For example,

Po(t, o, B) = 7+ 6(1 + B) 6 + [(20, 35,15)5 + 6 a] £+ [(48, 112,84,20) 5 +
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(34, 29)5] oy [(90, 952,252,105, 15)5 + (104, 155, 55)5 + 14a2} £+
[(132,420, 504, 280,70,6)5 + (216, 428,265, 50) 5 + a2(70,49)5} 2+
[(132,462, 630,420, 140,21, 1) 5 + (300, 708, 580, 190, 20) 5 + a2(168, 203, 56)5 +

14a3] t + (132, 330,300, 120,20, 1) 5 + a?(168, 252,112, 14) 5 + a3(42,21)4.
(¢)  Show that in fact

1 (20 —2k\ (n+1\ Thioln—kk+1)
Pn 17 M = = )
(1,,0) ;; n+1< n )( k >a ;; om—1-2k O

see Proposition 5.1,(2), for definition of numbers T,,(k,r). As for a combinatorial interpretation
of the polynomials P,(1,,0), see [87], A117434, A085880.

(3)  Consider polynomials P,(t,3) as it has been defined in Proposition 5. 1, (2).

Show that

Pu(t,B) = 1+Zn: t (n_zl_ %(kir> <n_;_1> (1+B)""7F),

r=1 k=0

cf, e.g., [87], A0O33877.
A few comments in order. Several combinatorial interpretations of the integer numbers

T n+1 n—r
U"(T’k)'_n+1<k+r>< k )

are well-known. For example,
if r = 1, the numbers U, (1,k) = % (kil) (Z) are equal to the Narayana numbers, see e.g. [87],
A001263;
if r = 2, the number U, (2, k) counts the number of Dyck (n + 1)-paths whose last descent
has length 2 and which contain n — k peaks, see [87] , A108838 for details.
Finally, it’s easily seen, that P,(1, ) = A127529(n), and P,(t,1) = A033184(n), see [87].

5.1.1 Multiparameter deformation of Catalan, Narayana and Schréder numbers

Let b = (B1,...,0n—1) be aset of mutually commuting parameters. We define a multiparameter

analogue of the associative quasi-classical Yang—Baxter algebra MZC'\YBn(b) as follows.

Definition 5.2. (Cf Definition 2.4) The multiparameter associative quasi- classical Yang—
Baater algebra of weight b, denoted by MXCT/B,L([J), is an associative algebra, over the ring
of polynomials Z[Bn, . .., Bn-1], generated by the set of elements {x;j, 1 <1i < j < n}, subject to
the set of relations

(a) wij wp = xg x5, if {6, 5y 0 {k, 1} =0,

(0) @iy Tk = i, Tij + gk Tig + Bi Tk, f 1 <1 <i<j <.

Consider the “Coxeter element” w,, € MﬁBn(b) which is equal to the ordered product of

“simple generators”:
n—1
Wy, = H f]j’a7a+1.
a=1

Now we can use the same method as in [90], 8.C5, (c¢) , see Section 5.1, to define the reduced
form of the C(w element w,. Namely, let us bring the element w, to the reduced form in
the algebra MACY B, (b), that is, let us consecutively apply the defining relations (a) and (b)
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to the element w,, in any order until unable to do so. Denote the resulting (noncommutative)
polynomial by P(x;;;b). In principal, the polynomial itself can depend on the order in which the
relations (a) and (b) are applied.

Proposition 5.2 (Cf [90], 8.C5, (c); [65]). Apart from applying the relation (a) (commutativity),
the polynomial P(z;;;b) does not depend on the order in which relations (a) and (b) have been
applied.

To state our main result of this Subsection, let us define polynomials

Q(ﬁlv"'aﬁn—l) = P(xzj = 17VZ7] 7ﬁ1 - 1752 - 17"'75n—1 _1)

Example 5.1.

Q(B1,P2) =142 1+ B2+ B,

Q(B1,B2,83) = 14 361 + 202 + B3 + 35 + B1B2 + B1Bs + B3 + 7,

Q(B1, Ba, B3, B1) = 1+4B143B2+2B3+ Ba+B1(6581 +3B2+3B3+2B4) + B2(3B2+ B3+ Ba) + B+
B? (481 + B2 + B3 + Ba) + B1(B2 + B3) + Bs + B

Theorem 5.1.
Polynomial Q(B1, ..., Bn-1) has non-negative integer coefficients.

It follows from [90] and Proposition 5.1, that

QB Bn-1) = Caty,.

51:17“'767171:1

Polynomials Q(51,...,08,-1) and Q(S1+1,...,Br—1+ 1) can be considered as a multiparameter
deformation of the Catalan and (small) Schréder numbers correspondingly, and the homogeneous
degree k part of Q(f1, ..., n—1) as a multiparameter analogue of Narayana numbers.

5.2 Grothendieck and ¢-Schréder polynomials
5.2.1 Schroéder paths and polynomials

Definition 5.3. A Schroder path of the length n is an over diagonal path from (0,0) to (n,n)
with steps (1,0), (0,1) and steps D = (1, 1) without steps of type D on the diagonal x = y.

If p is a Schroder path, we denote by d(p) the number of the diagonal steps resting on the
path p, and by a(p) the number of unit squares located between the path p and the diagonal
x = y. For each (unit) diagonal step D of a path p we denote by i(D) the xz-coordinate of the
column which contains the diagonal step D. Finally, define the index i(p) of a path p as the some
of the numbers (D) for all diagonal steps of the path p.

Definition 5.4. Define q-Schrider polynomial Sy, (q; B) as follows

Sn(q: B) = Z g @) +ie) gd(p) (5.4)
P

where the sum runs over the set of all Schroder paths of length n.

Example 5.2.
Sug:B) =1, Sa(g:8) =14+q+Bq, S3(:8) =142 ¢+ +¢*+ 8 (¢+2¢* +2¢°) + 2 ¢,
Si(g;8) =1+3q+3¢% + 3¢ +2¢* + ¢® + ¢ + B(q + 3¢% + 5¢° + 6¢* + 3¢° + 3¢°) + B2(¢* +
2¢* +3¢° + 3¢%) + 8 ¢°.
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Comments 5.3.

The ¢-Schréder polynomials defined by the formula (5.22) are different from the g-analogue
of Schroder polynomials which has been considered in [II]. It seems that there are no simple
connections between the both.

Proposition 5.3.  ( Recurrence relations for q-Schroder polynomials )
The g-Schroder polynomials satisfy the following relations

k=n—1

Sni1(g;8) = (1+4"+ 8 ¢") Sula:8)+ D> (" +8 ¢ Su(a;d"* B) Sur(g: 8), (5.5)

k=1
and the initial condition Sy(g;B) = 1.
Note that P,(8) = S,(1;5) and in particular, the polynomials P, () satisfy the following
recurrence relations

n—1

Pu1(B) = (24 8) Pu(B)+ (1+8) > Pu(B) Pui(B)- (5.6)

k=1

Theorem 5.2.  ( Evaluation of the Schroder — Hankel Determinant )
Consider permutation

m (1 2 ... k k+1 k+2 ... n
T T\1 2 ...k m on-1 ... k+1)°
Let as before
n—1 _
Pu(B)=>_ N(n,j) 1+8)Y, n>1, (5.7)

<

be Schrider polynomials.  Then

(1+ 5)(5) oW (z1=1,... 0, =1) = Det | Potk—i—i(B) l1<ij<k- (5.8)

)
Proof is based on an observation that the permutation F](cn) is a vexillary one and the recurrence
relations (5.5).

Comments 5.4.

(1) Inthe case 8 =0, i.e. in the case of Schubert polynomials, Theorem 5.1 has been proved
in [29].

(2) In the cases when =1 and 0 <n—k < 2, the value of the determinant in the
RHS(5.8) is known, see e.g. [II], or M. Ichikawa talk Hankel determinants of Catalan, Motzkin
and Schrder numbers and its g-analogue, http: /denjoy.ms.u-tokyo.ac.jp. One can check that in
the all cases mentioned above, the formula (5.8) gives the same results.

(3) Grothendieck and Narayana polynomials

It follows from the expression (5.7) for the Narayana-Schroder polynomials that P,(8 — 1) =

M, (8), where -
n=3 5 (5) (1) 2

J=0

denotes the n-th Narayana polynomial. Therefore, P, (5 —1) = M,,(/) is a symmetric polynomial
in $ with non-negative integer coefficients. Moreover, the value of the polynomial P, (5 — 1) at

5 =1 is equal to the n-th Catalan number C), := n}rl (277)
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It is well-known, see e.g. [92], that the Narayana polynomial 91, (/3) is equal to the generating
function of the statistics m(p) = (number of peaks of a Dick path p) —1 on the set Dick,, of
Dick paths of the length 2n

mn(ﬁ) = Z ﬁw(p)-
p

Moreover, using the Lindstrom—Gessel-Viennot lemma, see e.g.,
http://en.wikipedia.org/wiki/Lindstrom—Gessel-Viennot lemma,
one can see that

DET|M ki (B)h1<ijen = B > gty (5.9)
(P1yeesP)

where the sum runs over k-tuple of non-crossing Dick paths (pi,...,px) such that the path p;
starts from the point (¢ — 1,0) and has length 2(n —i+1),i=1,... k.

We denote the sum in the RHS(5.9) by ni (8). Note that m,g]?l(ﬂ) =1 forall k> 2.

Thus, ‘ﬁgﬂ) (B) is a symmetric polynomial in 5 with non-negative integer coefficients, and

i B B B 2k‘+’L—|—j B (2n—2a)
mg)(ﬁ_l)_%)_xﬂ == I1 (%fijﬂ)
<i<j<n—k 2 a <n—k-1 2k

As a corollary we obtain the following statement

Proposition 5.4. Let n > k, then

O e =1, = 1) = M(5).

Summarizing, the specialization Qi(ﬁ(;l)(xl =1,...,2, = 1) is a symmetric polynomial in J
™

k
with non-negative integer coefficients, and coincides with the generating function of the statistics
Zle 7(p;) on the set k-Dick, of k-tuple of non-crossing Dick paths (p1,...,pg). |

Example 5.3. Taken =5, k=1.Then 7T§5) = (15432) and one has

60 (La.a’a*) = ¢"(1,3,3,3,2,1,1) +¢° (1,3,5,6,3,3) 8+47(1,2,3,3)8” + ¢'°8
1
It is easy to compute the Carlitz-Riordan q-analogue of the Catalan number Cs, namely,
05((]) = (17 3,3,3,2,1, 1)

Remark 5.1. The value I,(4) of the Narayana polynomial at § = 4 has the following
combinatorial interpretation :

N, (4) is equal to the number of different lattice paths from the point (0,0) to that (n,0)
using steps from the set ¥ = {(k, k) or (k,—k), k € Z~o}, that never go below the z-axis, see
I87], A059231.

Exercises 5.2. (a) Show that

oY 2n—2k) 2k +1) !

T =W T k) (k1)

(b) Show that
Yen <1, 4f k<n<3k+1, and ygpn > 2731 ifn > 3k + 1.
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(4) Polynomials §(3), Hu(8), Hulg,t;5) and Ru(g; )
Let w € S,, be a permutation and Q5£L,B)(Xn) and QST(DB)(Xn,Yn) be the corresponding [-

Grothendieck and double S-Grothendieck polynomials. We denote by & )(1) and by & )(1; 1)
the specializations X, := (z1 =1,...,2, =1), Y, ;= (y1 = 1,...,yn = 1) of the S-Grothendieck
polynomials introduced above.

Theorem 5.3. Let w € S,, be a permutation.  Then
(t1)  The polynomials F(B) := es&?‘l)(l) and  $y(B) = Qiq(ﬂﬁ_l)(l; 1)
have both non-negative integer coefficients.
(i9)  One has
Hw(B) =1+ B)Z(U)) sw(ﬁz)

(1it) Let w € Sy, be a permutation, define polynomials
Du(@.t:8) =6 (z1=qr=0q,....an=qy=ty2=t,...,yn=1)

to be the specialization {x; = q,y; =1, Vi}, of the double B-Grothendieck polynomial 655) (X0, Yn).
Then
D@ t:8) = (@+t+8 4 )" Fu(1+ 8 ¢)(1+ 5 1)),

In particular, $,(1,1;8) = (2 + £)'™) F,((1+ B)?).
(iv) Letw € S, be a permutation, define polynomial

Ruw(q; B) = 655_1)@1 =qaxa=1z3=1,...)

to be the specialization {x1 = q,x; = 1, Vi > 2}, of the (8 — 1)-Grothendieck polynomial
0555‘” (Xn). Then
Ru(g; B) = 71 Ru(g; B),
where Ry, (q; B) is a polynomial in q and 5 with non-negative integer coefficients, and Ry, (0; 5 =
0) =1.
(v)  Consider permutation wﬁf) =[l,nn—-1n-—2,---,32 €8S,.

n—1
2

Then § o(1,1;1) =3("2) 0,(4).
In particular, if wik) = (1,2,...,k,n,n—1,...,k+1) €S,, then

S 01 = (14 7)) 6005,

w
See Remark 5.1 for a combinatorial interpretation of the number 91, (4).
Example 5.4.

Consider permutation v = [2,3,5,6,8,9,1,4,7] € Sy of the length 12, and set
x:= (14 Bq)(1+ pt). One can check that

9o(q,t;8) = 22 (142 2)(1 + 62 + 1922 + 242° + 132%),

and §,(8) = (1 +28)(1 + 68 + 1952 + 2433 + 135%).
Note that §,(8 =1) =27 x 7, and 7= AMS(3), 26 = CSTCTPP(3), cf Conjecture 5.4,
Section 5.2.4. [

Remark 5.2.

One can show, cf [6I], p. 89, that if w € S, then R (1,8) = R,-1(1,8). However, the
equality Ry (q,8) = Ryp-1(q,8) can be violated, and it seems that in general, there are no
simple connections between polynomials Ry, (g, 3) and R,,-1(q, B), if so.

From this point we shell use the notation (ag,a1,...,a,)s := Z;:O aj B9, etc.
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Example 5.5. Let us take w = [1,3,4,6,7,9,10,2,5,8]. Then R, (q,) =

(1,6,21,36,51,48,26) 5 + ¢ (6,36, 126,216, 306, 288, 156) 5+

q*33 (20, 125,242,403, 460,289)5 + ¢35 (6,46,114,204,170)5. Moreover,
Ru(g,1) = (189,1134,1539,540),.  On the other hand,

wl =1[1,8,2,3,9,4,5,10,6,7), and Ry-1(q,B) = (1,6,21,36,51,48, 26) 5+

qB (1,6,31,56,96,110,78)5 + g8 (1,6,27,58,92,122,120, 78) 5+

@B (1,6,24,58,92,126,132,102,26) 5 + ¢*5 (1,6,22,57,92,127,134,105, 44) 5+

¢°B (1,6,21,56,91,126, 133,104, 50)5 + ¢°B (1,6,21,56,91,126,133, 104, 50)3.
Moreover, R,,-1(q,1) = (189, 378, 504, 567, 588, 588, 588),,..

Notice that w =1 x u, where u = [2,3,5,6,8,9,1,4,7]. One can show that
Rulg, B) = (1,6,11,16,11)5 + ¢B? (10,20,35,34)5 + ¢*5* (5,14,26)5. On the other hand,

ul=107,1,2,8,3,4,9,5,6] and R,-1(1,8) = (1,6,21,36,51,48,26)5 = R, (1, ).

[ Recall that by our definition (ap,a1,...,ar)g =3 0o a; 5]

5.2.2 Grothendieck polynomials and k-dissections

Let k € Nand n > k — 1, be a integer, define a k-dissection of a convex (n + k + 1)-gon to be
a collection & of diagonals in (n + k + 1)-gon not containing (k + 1)-subset of pairwise crossing
diagonals and such that at least 2(k— 1) diagonals are coming from each vertex of the (n+k+1)-
gon in question. One can show that the number of diagonals in any k-dissection & of a convex
(n + k + 1)-gon contains at least (n + k + 1)(k — 1) and at most n(2k — 1) — 1 diagonals. We
define the index of a k-dissection & to be i(£) =n(2k — 1) — 1 — #|€|]. Dnote by

ZRCIED DAL
£

the generating function for the number of k-dissections with a fixed index, where the above sum
runs over the set of all k-dissections of a convex (n + k + 1)-gon.

Theorem 5.4.

Mopre generally, let n > k > 0 be integers, consider a convex (n+k+1)-gon P, 11 and a ver-
tex vg € Pyygy1- Let us label clockwise the vertices of P4 ;+1 by the numbers 1,2,... ., n+k+1
starting from the vertex vg. Let Dis(P,1x+1) denotes the set of all k-dissections of the (n+k+1)-
gon P, r+1. We denote by Dy := Disg(Pp1x+1 the “minimal” k-dissection of the (n + k + 1)-
gon P, 441 in question cosisting of the set of diagonals connecting vertices v, and v;, where
2<r<k, 1<a<n+k+1,and for any positive integer a we denote by @ a unique integer such
that 1 <@ <n+k+1and a =a (mod (n+k+1)). For examle, if k = 1, then Disg(Py42) = 0;
if k = 3 and n = 4, in other words, Py is a octagon, the minimal 3-dissection consists of 16
diagonals connecting vertices with the folloing labels
1+3—=5—-7—-9=1;, 2—24—-6—-8—10=2;
154—-57-510=2—-5-58—>11=3—-36—->9=1.

Now let D € Dis(P,+r+1) be a dissection. Consider a diagonal d;; € (D \ Dy), i@ < j which
connects vertex v; with that v;. We attach variable z; to the diagonal d;; in question and consider
the folloeing expression

TPn+k+1 (X”-l'k-l-l) = Z ﬁ#‘D\DO‘ Z HLZ'Z

DeDiss(Ppygy1) dije_(<D_\D())
i<j
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Theorem 5.5. One has

n
k(n—k) min(n—a+1,n—k B, -1 -1
TPL+TL+1( n+k+1) 5( H L, ( ) ij;g (:El yeees Ty ).
a=1

Exercises 5.3. It is not dzﬁ‘icult to check that
6?5432(X5) B3 331 a;2 x3 x4 +B2 (ml a;2 azg 42 xl a;% T3 T4+ 3 331 a;2 x3 T4+ 3 331 x% x3 x4)+

+B (23 23 w3 +a ¥3 24+2 23 23 25+2 2% 23 23+3 23 23 w3 w4 +3 23 w9 23 24 +3 2% 23 23 24+

3233% ac% :L'% 3334-;’) w; :L'% gcg 23:4)—1- :E{’ ac%zwg—l—:nj :L'% a:4+aci{’ acg :L'%—I—:L’if T2 T3 $4+$§’2x§23}4—|—$% :E§2333+
23 23 g+t 23 23+ a? 23 3wy +2? v 23wyt 23 B3+ 23 23 w4ty 23 23 Tyt 3 23 34
Describe
bijection between dissections of hexagon Py (the case k=1, n=4) and the above listed monomials

involved in the B-Grothendieck polynomial 6?5432 (1,22, T3, 24).

[

A k-dissection of a convex (n + k + 1)-gon with the maximal number of diagonals (which

is equal to n(2k — 1) — 1), is called k-triangulation. It is well-known that the number of k-
triangulations of a convex (n+ k+1)-gon is equal to the Catalan-Hankel number Cflk_)l. Explicit
bijection between the set of k-triangulations of a convex (n + k + 1)-gon and the set of k-tuple
of non-crossing Dick paths (71, ...,7x) such that the Dick path ~; connects points (i — 1,0) and

(2n —i — 1,0), has been constructed in [85], [91].

5.2.3 Grothendieck polynomials and ¢-Schréoder polynomials

Let F](cn) = 1F x w((]n_k) € S,, be the vexillary permutation as before, see Theorem 5.1. Recall
that

m (1 2 ... k k+1 k+2 ... n

T\l 2 ok n -1 .. k+1

(A) Principal specialization of the Schubert polynomial &
Tk

Note that ﬂ-l(gn) is a vexillary permutation of the staircase shape A = (n—k—1,...,2,1) and has
the staircase flag ¢ = (k+1,k+2,...,n—1). It is known, see e.g. [95], [61], that for a vexillary
permutation w € §,, of the shape A and flag ¢ = (¢1,...,0,), ¥ = £(\), the corresponding
Schubert polynomial &,,(X,,) is equal to the multi-Schur polynomial s)(Xg), where X, denotes
the flagged set of variables , namely, Xy = (Xg4,,...,Xp,) and X, = (21,...,%m). Therefore
we can write the following determinantal formula for the principal specialization of the Schubert

(n)

polynomial corresponding to the vexillary permutation 7,

n—t+j5—1
S w(l,q,q2,. .. :DET( , ) ,
Wz(g)( %:»9 ) [ k+1—1 ] 1<4,j<n—k

where [Z]q denotes the g-binomial coefficient.
Let us observe that the Carlitz—Riordan g-analogue C),(q) of the Catalan number C), is equal
to the value of the g-Schréder polynomial at 8 = 0, namely, C),(q) = S»(q,0).

Lemma 5.2. Let k,n be integers and n > k, then

(1) DET([ i :|q>1<i,j<n—k_q s) CP(q),

(@) DET(Cosioicyla)),_ =g 70022900 0B (g)
WIS
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(B) Principal specialization of the Grothendieck polynomial 6555(})
Theorem 5.6.
n—k+1
g )= E=D(" )DET|Sn+k i—i(@: 07 B) <<k =
k-1
g UmVEEDE TTA+¢718) 6 o (La,d, ).
a=1
Corollary 5.1. (1) Ifk=n—1, then
n—2
DET|Sopn—1—i— J(q7 )|1<z,j<n | = ¢ D=2 Un=8)/6 H (14¢ '),
a=1

(2) Ifk=n—2, then

q" "% DET|Son—2-i—j(¢;4" ' B)li<ij<n—2 =

n—3 n—1
n—2)(n— n— a— n—a— 1+ -1
gm-Dn=3)n=0/6 TT(1 4 g*~1) 2{( B)ﬁ }
a=1

e Generalization

Let n = (n1,...,npy) € NP be a composition of n so that n = ny + --- 4+ n,. We set nl) =
ni+---+mn; j=1,...,p, n©) = 0.

Now consider the permutation w® = w(()m) X wénz) X - X Wy

(m)

where wy ~ € Sy, denotes the longest permutation in the symmetric group S,,. In other words,

(np )ESn,

(n) 1 2 .o n® . ni+1 ... n®=1) ...n
we = _ 2) (p—1)+1
n n—1 ... 1 ni+1 ... n n ...n

For the permutation w(™ defined above, one has the following factorization formula for the

Grothendieck polynomial corresponding to w™, [61],
(8) (8) (8) (8) (8)
® w =0 ("1) Q51"1 xw(()nZ) 8 61"1+"2 Xw(()ng) Xoex® R 1><w((an)'
In particular, if
w® = w(()m) X w((]"z) X oo X w(()"”) € S,, (5.10)

then the principal specialization (’51(5()1]) of the Grothendieck polynomial corresponding to the

permutation w, is the product of g-Schroder—Hankel polynomials. Finally, we observe that from
discussions in Section 5.2,1, Grothendieck & Narayana polynomials, one can deduce that

(8-1) _ (J)
in(n) (@1 =1,.. H nr(LHl)

B

In particular, the polynomial Qﬁw(;)l)(xl,...,wn) is a symmetric polynomial in § with non-

negative integer coefficients.
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Example 5.6.

(1) Let us take (non vexillary) permutation w = 2143 = s; s3. One can check that
60(1,1,1,1) =3+3B8+82 =1+ (B+1)+ (8+1)% and M(B) = (1,6,6,1), Ng(B) =
(1,3,1), Ma(B) = (1,1). It is easy to see that

Ma(B) N3(B)
Ny(8) Ma(B) ' . On the other hand,

DET‘ ﬁjgg; ﬁ;’gg; ‘ =(3,6,4,1) = (3 + 38+ ?) (1+B). It is more involved to check that

36 (1,1,1,1) = DET

Si(q;8)  Ss(q;8)

(1+8) &P (1,q.¢% %) = DET‘ Sa(q;q8) Sa(q;9B)

(2) Let us illustrate Theorem 5.5 by a few examples. For the sake of simplicity, we consider
the case 8 = 0, i.e. the case of Schubert polynomials. In this case P,(¢q; 3 = 0) = Cy(q) is equal
to the Carlitz— Riordan g-analogue of Catalan numbers. We are reminded that the ¢g-Catalan—
Hankel polynomials are defined as follows

C)(g) = gFI-Rk=1)/6 DET|Cyyk—i—j(q)|1<ij<n-

In the case § = 0 the Theorem 5.5 states that if n = (ny,...,n,) € NP and the permutation
W(n) € Sy, is defined by the use of (5.10), then

S (L, ¢%..) = ¢=(5) cM) (g) x M) (g) x ) (g).

ni +n2 ni +n2+n3

Now let us consider a few examples for n = 6.
e n=(15), = &,m(lq...)=q" C§’q) = C5(g).

C
=(2,4), = S,m(lq...)=q¢" C? _DET‘ 6
e n ( ) w()( q ) q (Q) 05((]) 04((])

Note that 6,24 (1,q,...) = 6,a1.0(1, q, ).

e n=(2,22) = G,m(lq...)= (q) ( ).

e n=(L14) = &,m(la...)=q c§”< )P = ¢t o),

the last equality follows from that C’,g +)1( )=1forall k> 1.

e n=(1,2,3) = 6, wn(l,q,...)=¢ C'?El)(q) C’ég)(q). On the other hand,

e n=(3,21) = 6,m(l,q...)=qCq) (@) =q CP(g) = 4(1,1,1,1).

Note that 02122( )= [kirl]q.

Exercises 5.4.
Let 1 <k <m <n be integers, n > 2k + 1.  Consider permutation

(1 2 k k+1 ... n cs
Y=lm om=1 ... m—k+1 n A | v

Show that
Su(l,q,...) = ¢"Pw) CfﬂnM(Q)a

where for any permutation w, n(D(w)) = Y. (d’gw)) and d;(w) denotes the number of boxes in
the i-th column of the (Rothe ) diagram D(w) of the permutation w, see [61]. p.8.
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)

n)

(C) A determinantal formula for the Grothendieck polynomials (’5((

Define polynomials
n

O (Xn) = ) ealXn) 547,

a=m

1 Y ntl—i . .
Aij(Xnsh-1) = (—) <I>i++nlz’(Xk+n i), if 1<i<j<mn,

and
i—j—1

A,] Xk—l—n 1 Z Cn—i— a n+k Z) <

a=

i—j—1

J ),@f1§j<i§n

a
Theorem 5.7.

DET|Asli<ijn = 80 (Xinoa).
k:Jrn

Comments 5.5.

(a) One can compute the Grothendieck polynomials for yet another interesting family of
permutations. namely, grassmannian permutations

m (1 2 ... k-1 k k+1 k+2 n+k B
% T\1 2 ... k=1 n4+k k  k+1... n+k—1)"

SkSk+1- - Sn+k—1 € Sptk-
Then

T
L

6((76)(70 (fL’l, o 7wn+k) = S(n,lj)(Xk) /Bjy

J

Il
o

where s(mlj)(Xk) denotes the Schur polynomial corresponding to the hook shape partition

(n,17) and the set of variables X}, := (21,...,7%). In particular,
k—1 k—1 .
‘ tk—1 ko(k—1\ . ntj—1 .
6 (2= 1% :<" ) .<. )w = < . >1+5w
Gt =10 = (" EE A () ) =S (e

(b) Grothendieck polynomials for grassmannian permutations

In the case of a grassmannian permutation w := o) € Sy of the shape A = (A} > Ay >
... > Ap) where n is a unique descent of w, one can prove the following formulas for the
B-Grothendieck polynomial

Aj+n—j i1
DET |z’ 1 i) ii<n
o) (x,) = 2E U8 hsien (5.11)
H1§i<j§n($z ;)

DETIN s (Xgu)hi<ijen = DETIA, (Xo)h<isen, (5.12)
where  X[; ) = (i, Tit1,. .-, Tn), and for any set of variables X,
k—1
k—1 "
100 =3 (1) osat) 8.
a=0

and hy(X) denotes the complete symmetric polynomial of degree k in the variables from the set
X.
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A proof is a straightforward adaptation of the proof of special case § = 0 (the case of Schur
polynomials) given by I. Macdonald [6I], Section 2, (2.10) and Section 4, (4.8).

Indeed, consider B-divided difference operators 71](-6 )
introduced in [27] For example,

() = sty (L4 By F(Xa) = (1+ B)) (55X, ).
(n)

Now let wg := wg "~ be the longest element in the symmetric group S,. The same proves of
the statements (2.10), (2.16) from [61] show that

W,(l)ﬁ()):aglw()(Z 1:[ 1+ Ba;)"™ J 0)

gES,

, j=1,...,n—1, and 771(05), w E Sy,

xj— x]+1

where as = H1§i<j§n (i —xj).
On the other hand, the same arguments as in the proof of statement (4.8) from [61] show that

_ (ﬁ) A+dn
6P (X,) = m) o) (a0,
©)

Application of the formula for operator ol displayed above to the monomial 2% finishes the

proof of the first equality in (5.11). The statement that the right hand side of the equality (5.12)
coincides with determinants displayed in the identity (5.12) can be checked by means of simple

transformations..
[ |

Problems 5.1.

(1) Give a bijective prove of Theorem 3.3, i.e. construct a bijection between

o the set of k-tuple of mutually non-crossing Schroder paths (p1,...,px) of lengths (n,n —
1,...,n —k+1) correspondingly, _and

o the set of pairs (m,T), where T is a k-dissection of a convexr (n + k + 1)-gon, and m is a
upper triangle (0,1)-matriz of size (k — 1) x (k — 1),

which is compatible with natural statistics on the both sets.

(2) Letw €S, be a permutation, and C'S(w) be the set of compatible sequences corresponding
to w, see e.g. [8].

Define statistics c(e) on the set C'S(w) such that

655_1)(x1 = 1,332 :1,...) = Z 50((1).
aeCS(w)
(3) Let w be a vexillary permutation.
Find a determinantal formula for the B-Grothendieck polynomial (’5506) (X).
(4) Let w be a permutation
Find a geometric interpretation of coefficients of the polynomials 655) (r; = 1) and 651,5) (x; =
¢, x; =1,Vj #1).
For example, let w € S, be an involution, i.e. w? =1, and w € Sp+1 be the image of w under
the natural embedding S,, < S;,+1 given by w € S;, — (w,n+ 1) € S;41.
It is well-known, see e.g. [53], [98], that the multiplicity —me,, of the 0-dimensional Schubert
cell {pt} = Yw(()n+1) in the Schubert variety Y/ is equal to the specialization &, (x; = 1) of

the Schubert polynomial &,,(X,,). Therefore one can consider the polynomial 61(,? ) (x;=1) as a
B-deformation of the multiplicity me 4.

Question  What is a geometrical meaning of the coefficients of the polynomial 651,5 ) (z; =
1) eN[g] ?
Conjecture 5.1. The polynomial 6&,6) (x; = 1) is a unimodal polynomial for any permutation

w.
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5.2.4 Specialization of Schubert polynomials

Let n, k, » be positive integers and p, b be non-negative integers such that r < p 4 1. It is
well-known [61] that in this case there exists a unique vewxillary permutation @ := wy ¢ € Suo

which has the shape A = (A1,..., Apy1) and the flag ¢ = (¢1,..., dny1), where
Ai=n—i+1)p+b, ¢i=k+14+r(i—-1), 1<i<n+1-—7dpp.
According to a theorem by M.Wachs [95], the Schubert polynomial & (X) admits the following

determinantal representation

GW(X) = DET <h)\i—i+j(X¢>i)>
1<i,j<n+1
Therefore we have G5(1) :=6g(r1=1,20=1,...) =

DET (n—z+1)p+b—.z+]+k‘—|—(z—1)r .
kE+(Gi—1r -
1<4,j<n+1

We denote the above determinant by D(n,k,r,b,p).

Theorem 5.8. D(n,k,r,b,p) =

)

11 itb+jp 11 (k—i+Dp+1)+@+j—r+7rb+np)
(3,5)EAR k.1 ! (i,)EB . k—it14(i+j—1r
where
Angr={(19) €22 | j<n, j<i<k+(-Dm-j)}

Bn,kﬂn:{(z’,j)ezél | i+j<n+1, iZk+1+7rs, sezzo}.

It is convenient to re-wright the above formula for D(n, k,r,b,p) in the following form

D(n,k,rb,p) =

rﬁl ((n—j—l—l)p—l—b—l—k‘—l—(j—1)(7‘—1))!(n—j—l—l)! )
j=1

(k+ G =)t (=i + D+ 1) +0)!

II ((k—i+1)(p+1)+jr+(np+b)r).

1<i<j<n

Corollary 5.2. (Some special cases)

(A) The case r =1

We consider below some special cases of Theorem 5.7 in the case r = 1. To simplify no-
tation, we set D(n,k,b,p) :== D(n,k,r = 1,b,p). Then we can rewrite the above formula for
D(n,k,rb,p) as follows  D(n,k,b,p) =

(k=G +1)@E+1)+0) ((n=j+ Dp+b+k)! (= 1)!
n—j+1)(p+1)+b>! ((k:+n—j+1)p+b+k:>! (k+j—1)

n+1
1l (
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(1) Ifk<n+1, then D(n,k,b,p)=

m+k+1—5)p+1)+0b\ ((k—jp+b+k\ jl (k=) (n—j+1)!
]1;[1 ( n—j+1 >< J > (n+k—j+1!

In particular,

o Ifk=1, then

- 1+b P+ +1)+b\ 1)
D(n, 1,b,p) = 1+b+ (n+ Lp < n+1 = Foii 7 (0),

where FY(b) := % (p"n+b) denotes the generalized Fuss-Catalan number.

o ifk=2, then

(2+b)(2+b+p) D)

D200 = @10t DD @+ 67 (s 2p) 7

(b) EELD (1),

In particular,
6

(n+3)(n+4)

See [87], A005700 for several combinatorial interpretations of these numbers.

D(n,2,0,1) = Catyp+1 Catpao.

(2) (R.A. Proctor [82]) Consider the Young diagram
)\22)\”7p7b={(i,j) € Z>1 X L>1 | 1<i<n+1,1<j<(n+1-—1i)p+b}.

For each box (i,j) € A define the numbers ¢(i,j) :=n+1—1i+ j, and

krelpd) i G < —D(p —
) j<(n+1-d)(p—1)+b,
l(m>(’€)={ ‘i

Ll if 4 l—i)p—-1)<j-b< (n+1—i)p.

Then
D(n,k,bp) = [ luyph. (5.13)
(4,9)EX
Therefore, D(n, k,b,p) is a polynomial in k with rational coefficients.
(3) Ifp=0, then
n+k

: (b+k J+ b mintin »
D(n,k,b,0) = dim V(gnsr;')k) — (T) (j,n+k+1 3)7
1

+

.
Il

where for any partition p, f(p) < m, Vil(m) denotes the irreducible gl(m)-module with the
highest weight w. In particular,

1 n+2+b\/n+2+0
D(1n,2,6,0) = ———
* D{n2,5,0) n+2+b< b >< b+1 >

is equal to the Narayana number N(n + b+ 2,b);

b+ k) (b+ K+ 1)!
=N 1
KOk + D16 + 1)) (b+k+1,k),

. D(1,k,b,0) =
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and therefore the number D(1,k,b,0) counts the number of pairs of non-crossing lattice paths
inside a rectangular of size (b+1) x (k4 1), which go from the point (1,0) (resp. from that (0,1))
to the point (b+ 1,k) (resp. to that (b, k + 1)), consisting of steps U = (1,0) and R = (0, 1), see
[87], A001263, for some list of combinatorial interpretations of the Narayana numbers.

(4) Ifp=b=1, then

_o 2k+it]
D(TL, ]{7,1,1) = On-i—k‘-i—l = H ﬁ

1<i<j<n+1
(5) ( R.A. Proctor [80/,[81] ) Ifp=1and b isodd integer, then D(n,k,b,1) is equal to
the dimension of the irreducible representation of the symplectic Lie algebra Sp(b+ 2n + 1) with
the highest wright kwyp41.
(6) Ifp=1andb=0, then

2k +i+ 7 _c®

D(n,k,1,0) = D(n—1,k,1,1) = H ——— =Co
i+

1<i<j<n

see subsection Grothendieck and Narayana polynomials.
(7) ( Cf [29] ) Let wy be a unique dominant permutation of shape X\ := X, ,p and £ :=
Uppp = 5(n+1)(np + 2b) be its length. Then

4
Y [l@+a) =0 Bn.z,p,b).

acR(wy) i=1

Here for any permutation w of length I, we denote by R(w) the set {a = (a1,...,a;)} of all
reduced decompositions of w.

Exercises 5.5.

Show that
) @ ("$)!
e DET|F, ). . o(b) =||F () e —
ke 1<i,j<k ]131 et Hliggl(”‘i'l‘iﬂ)

k [licicicpb+i+j—1)
D(n,k,b,1) = [[ F® _tHisisisk :
° (n,k,b,1) H " TTicice—r(n+b+i+j+1)

j=1 1<j<k

Clearly that if b = 0, then Fr(l2)(0) = Cp, and D(n,k,0,1) is equal to the Catalan—Hankel deter-
mainant C'T(Lk),
Finally we recall that the generalized Fuss-Catalan number Fél_:l)(b) counts the number of lattice

paths from (0,0) to (b4 np,n) that do not go above the line x = py, see e.g. [55].

Comments 5.6.

It is well-known, see e.g. [82], or [88], vol.2, Exercise 7.101.b, that the number D(n,k,b, p)
is equal to the total number pp*»»t(k) of plane partitions 4 bounded by k and contained in
the shape Ap, 4 -

More generally, see e.g. [29], for any partition A denote by w) € G4 a unique dominant
permutation of shape A, that is a unique permutation with the code ¢(w) = A. Now for any

33 Let A be a partition. A plane (ordinary) partition bounded by d and shape A is a filling of the shape A by the
numbers from the set {0, 1,...,d} in such a way that the numbers along columns and rows are weakly decreasing.

A reverse plane partition bounded by d and shape X is a filling of the shape A by the numbers from the set
{0,1,...,d} in such a way that the numbers along columns and rows are weakly increasing.
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non-negative integer k consider the so-called shifted dominant permutation wg\k) which has the

shape A and the flag ¢ = (¢ =k +i—1,i=1,...,¢()\)). Then
Gw(p(l) = pp (< k),
where pp)‘(g k) denotes the number of all plane partitions bounded by k and contained in A.
Moreover,
Z q‘ﬁ| = qn()\) Gw(j)(]wq_l)q_z)"'))

rePPN(<k)

where PP*(< k) denotes the set of all plane partitions bounded by k and contained in \.

Exercises 5.6.

(1) Show that

n(A)
q
) =

~ Hi(g)’

where Hy(q) = [[,en (1— ¢"®) denotes the hook polynomial corresponding to a given partition
A

lim & w(1,q,4%...
k—o00 wg\k)( 9.4

(2)  Let A= ((n+£)*,¢") be a fat hook.
Show that

o K (9)
li n(A) L,g b q 2. ) =gtm 2
Jm ¢S w (e e ) = e T )

where a(€,n) is a certain integer we don’t need to specify in what follows;

N 1 min(j,N+1—3,0)

J
=i e

denotes the MacMahon generating function for the number of plane partitions fit inside the
bor N x N x/{; Kx(q) is a polynomial in q such that K»(0) = 1.
(a) Show that
Ki(q)
Mi(2n+20—1;q)

B 1
g=1 a [Liex h(z)

(1—q)

(b) Show that
. Ki(q) €N[g] and K\(1) = M(n,n, ),

where M (a, b, c) denotes the number of plane partitions fit inside the box axbxc. It is well-known,
see e.g.[62], p. 81, that

[

itjt+k-1 (a+b+i—1) (i—1)! aly
M = = re
(a,b,¢) = 1<121 i+j+k—2 ZI;[l a+i—1!(b+1-1)! dim Vae)

1<5<b,
1<k<c

[ ] K}\(q) = Z qwtf(ﬂ-)’

ﬂeBn,n,Z

where the sum runs over the set of plane partitions m = (m;;)1<ij<n [fit inside the box By, , ¢ :=

nxnx4¥, and
wty(m Z Tij —I-EZ s
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(c) Assume as before that \ := ((n + £), 7).

Show that
- . y ) ?
11m = 9
nyoo A(Q) Z(Q) EH: q Hmeu(l _ qh(x))
L(p)<e
where the sum runs over the set of partitions p with the number of parts at most £,  and

n(ﬂ) = Zz (1 — 1) is o
Mg(q) = H (1 _ q])mm(g,f).

Jj=1

Therefore the generating function PP(Z’O)(q) =D repp0) g™ is equal to

2
Z ¥ g ’
I HxEM(l - qh(x))

L(p)<e

where PP(Z’k) = {7‘( = (71'2']')2'7]'21 ’ i > 0, To41,0+1 < k}, ’7‘(’ = Zi,j TG5-
(d)  Show that

1 ' 2
PP (g) = i Z (—q)lHl grw+nln) (dlmq V5[(3)> 7 (5.14)

s
L(p)<e

where ji denotes the conjugate partition of pi, therefore n(y') = D1 ( )
The formula (5.14) is the special case n = m of Theorem 1.2, [72].  In particular, if £ =1
then one come to following identity

(q;z)2 > 0f ) =3 ( ) ‘

o k>0 k>0

(e) Let k> 0,0 > 1 be integers.
Show that the (fermionic) generating function for the number of plane partitions m = (m;;) €

PPWR) s equal to
2
n(p)
Iml — |l q
g = q .
2 Z: <H - qh(x)))

TEPPEF) renll

pe41<k

(B) The case k=0

(1) D(n,0,1,p,b) =1 for all nonnegative n,p,b.

(2) D(n,0,2,2,2) = VSASM(n), i.e.  the number of alternating sign 2n + 1 x 2n + 1
matrices symmetric about the vertical axis, see e.g. [87], A005156.

(3) D(n,0,2,1,2) = CSTCPP(n), i.e. the number of cyclically symmetric transpose com-
plement plane partitions, see e.g. [87], A051255.

Theorem 5.9. Let wp iy be a unique vexillary permutation of the shape \p, = (n,n —
1,...,2,1)p and flag ¢pp = (k+1,k+2,...,k+n—1,k+n). Then

n+1

B 1 (n+1\ ((n+Dp\ ,._

B-1) (1) — !

® (’57(27%12)(1) - Z n+1 < j > ( ] -1 > ﬁj ‘
j=1

o Ifk>2, then Gy p(5) = @gn kl)p( 1) is a polynomial of degree nk in B, and
COeff[Bnk](Gn,k,p(B)) = D(Tl k 1 D — 17 0)
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>3 () () o=

J=1

The polynomial

is known as the Fuss-Narayana polynomial and can be considered as a t-deformation of the
Fuss-Catalan number FC}(0).
Recall that the number % (?) ( jpf 1) counts paths from (0,0) to (np,0) in the first quadrant,
consisting of steps U = (1,1) and D = (1, —p) and have j peaks (i.e. UD’s), cf. [87], A108767.
For example, take n =3,k =2,p =3, = 1,b = 0. Then
wW3,2,3 = [1, 2, 12, 9, 6, 3, 4, 5, 7, 8, 10, 11] S 812, and G37273(,8) =
(1,18,171,747,1767,1995,1001). Therefore, G323(1) = 5700 = D(3,2,3,0) and
Coeff[gﬁ](G3,273(5)) = 1001 = D(3, 2, 2, 0).

Proposition 5.5. ([73/) The value of the Fuss—Catalan polynomial at t = 2, that is the number

>4 (5) ()

7=1

is equal to the number of hyperplactic classes of p-parking functions of length n, see [73] for
definition of p-parking functions, its properties and connections with some combinatorial Hopf
algebras.

Therefore, the value of the Grothendieck polynomial 655: 11 Z}(l) at =1 and x; = 1, Vi,
is equal to the number of p-parking functions of length n 4+ 1. It is an open problem to find
combinatorial interpretations of the polynomials Qﬁgﬁyk’p(l) in the case k > 2. Note finally, that
in the case p = 2, k£ = 1 the values of the Fuss—Catalan polynomials at ¢ = 2 one can find in

[87], A034015. u

Comments 5.7. (=) The case r=0
It follows from Theorem 5.7 that in the case r = 0 and k > n, one has

) n+1 ((n J+1)p+b+k— J+1)
D(n, k,0,p,b) = dim Vfi(fjl) (14 p)( H i+l

(n—j+1) (p+1)+b)
n—j+1
Now consider the conjugate v = vy, = ((n + 1) nP,(n — 1)P, 17) of the partition
Anpp, and a rectangular shape partition ¢ = (k,..., k). If & > np + b then there exists a

np+b
unique grassmannian permutation o := o,y of the shape v and the flag v, [61]. Tt is easy to

see from the above formula for D(n,k,0,p,b), that

Goppp (1) = dim v,gjfj;” =

n n k+j5—-2
(1—1— )() k+n_1 H p+1 n_«7+1) ((n ;_—Izl)p+b)
P m—j+(p+1)+0b - ((n J+1)(p+1)+b— 1)
j=1 Jj=1 n—j

After the substitution k := np + b+ 1 in the above formula we will have

n (np+b+j—1)

n n—j3+1

St i) = (L p)(3) T liles,
j=1 ( j—1 )
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In the case b = 0 some simplifications are happened, namely

n (k—l—] 2 )
n—j+1)p

607L,k,p,0(1) 1+p H (n—j+1)p+n—j

j:1 n—j )

Finally we observe that if k = np + 1, then

H (5 0) ~11 (@an-n) i) H gt (n(p+1)—j—1) 4D
=1 (=7t Dpn=gy penry o pj+_11 S =D+ ) (=P +1) -1t "

(p)

where the numbers A, are integers that generalize the numbers of alternating sign matrices
(ASM) of size n x n, recovered in the case p = 2, see [74], [19] for details.

Examples 5.1.
(1) Let us consider polynomials &,,(5) := 62&;}32,0(1)-
e Ifn =2, then 02,420 = 235614 € Sg, and @2(5) = (1, 2,3):=1+28+ 352.
Moreover, Ro, 4 50 (¢:8) = (1, 2)5 +3 Qﬁ2'
e Ifn =3, then 03,6,2,0 = 235689147 € Sg, and (’53(ﬁ) = (1,6, 21,36, 51, 48, 26).
Moreover, Ro, .5,(q; 8) = (1,6,11,16,11)5 + ¢ 5%(10,20,35,34)5 + ¢**(5,14,26);
Ros620 (¢;1) = (45,99,45),.
o Ifn= 4, then 04820 = [2, 3, 5, 6, 8, 97 11, 12, 1, 4, 7, 10] S 812, and @4(5) =
(1,12, 78,308,903, 2016, 3528, 4944, 5886, 5696, 4320, 2280, 646 ).
Moreover, Ro, 5, ,(q; 3) = (1,12,57,182,392, 602, 763, 730,493,170)5 +
qB%(21,126,476,1190, 1925, 2626, 2713, 2026, 804)5 +
q?B4(35,224, 833, 1534, 2446, 2974, 2607, 1254)5 + ¢>B5(7, 54,234,526, 909, 1026, 646 )3;
Ro,s00(q; 1) = (3402,11907, 11907, 3402), = 1701 (2,7,7,2),.
o Ifn=>5, then 05102 = [2,3,5,6,8,9,11,12,14,15,1,4,7,10,13] € Si5, and &5(5) =
(1,20, 210, 1420, 7085, 27636, 87430, 230240, 516375, 997790, 1676587, 2466840,
3204065, 3695650, 3778095, 3371612, 2569795, 1610910, 782175, 262200, 45885 ).
Moreover, R 10,,(q; 8) = (1,20,174,988,4025,12516, 31402, 64760, 111510, 162170,
202957, 220200, 202493, 153106, 89355, 35972, 7429 ) g+
qB%(36,432, 2934, 13608, 45990, 123516, 269703, 487908, 738927, 956430, 1076265,
1028808, 813177,499374,213597,47538) 3 +
q?B4(126,1512,9954, 40860, 127359, 314172, 627831, 1029726, 1421253, 1711728,
1753893, 1492974, 991809, 461322, 112860)5 +
q>B5(84, 1104, 7794, 33408, 105840, 255492, 486324, 753984, 1019538, 1169520, 1112340,
825930, 428895,117990)5 +
q*B%(9,132,1032,4992, 17730, 48024, 102132, 173772, 244620, 276120, 240420, 144210,
45885)3.
Ros 10209 1) = (1299078, 6318243, 10097379, 6318243, 1299078, =
59049(22,107,171,107,22),.

[ We are reminded that over the paper we have used the notation (ag,a,...,a,)g :=
Z;:O aj B, ete

One can show that degis&,(8) = n(n — 1), degiqRo, 5,20(¢:1) = n — 1, and looking on
the numbers 3, 26, 646, 45885 we made

Conjecture 5.2.  Let a(n) := Coef f[3"("~1)] (@n(ﬂ)) Then

n—1

H (37 4 2)(65 + 3)! (25 + 1)!

= ASM ASM (n
a(n) =VSASM(n) = OSAS @7+ 20 (47 +3) ,
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where
VSASM(n) is the number of alternating sign 2n + 1 x 2n + 1 matrices symmetric about
the vertical axis;
OSASM (n) is the number of 2n x 2n off-diagonal symmetric alternating sign matrices.
See [87], A005156, [74] and references therein, for details.

Conjecture 5.3.

Polynomial Rs, 5, ,,(q;1) is symmetric and Ry, ,, ,,(0;1) = A20342(2n — 1), see [87].

(2)  Let us consider polynomials §,(5) := 6555“_2?“,2,0(1).

e Ifn =1, then 01,3,2,0 = 1342 € S4, and 32(5) = (1, 2) =1+ 24.

o Ifn =2, then 09520 = 1346725 € S7, and $3(8) = (1,6,11,16,11).

Moreover, R, 5 ,0(q; 8) = (1,2,3)5 + ¢B(4,8,12)5 + ¢*3(4,11).

o Ifn =3, then o3720=1[1,3,4,6,7,9,10,2,5,8] € S19, and F4(5) =

(1,12,57,182,392,602, 763, 730, 493,170).

Moreover,

Ros 7000 8) = (1,6,21,36,51,48,26)5 + ¢ B (6,36,126,216, 306, 288,156 )4

+ ¢*B83(20, 125,242,403, 460, 289) 5 + ¢°8°(6,46, 114,204, 170) 5;

Ros 700(q;1) = (189,1134,1539, 540), = 27 (7,42,57,20),.

o Ifn=4, then o4920=1[1,3,4,6,7,9,10,12,13,2,5,8,11] € S;3, and F5(5) =

(1,20, 174,988, 4025, 12516, 31402, 64760, 111510, 162170, 202957, 220200, 202493,

153106, 89355, 35972, 7429).

Moreover,

Roy000(a ) = (1,12,78,308,903,2016, 3528, 4944, 5886, 5696, 4320, 2280, 646 ) 5+

qp (8,96, 624,2464,7224,16128, 28224, 39552, 47088, 45568, 34560, 18240, 5168) 3+

q* (56, 658, 3220, 11018, 27848, 53135, 78902, 100109, 103436, 84201, 47830, 14467) 5+
q>B° (56, 728, 3736, 12820, 29788, 50236, 72652, 85444, 78868, 50876, 17204) 5+
q*87(8,117,696,2724, 7272, 13962, 21240, 24012, 18768, 7429) 3;

Royo00(B:1) = (30618, 244944, 524880, 402408, 96228),, = 4374 (7,56, 120,92, 22),.

One can show that §,(3) is a polynomial in 3 of degree n?, and looking on the numbers
2,11,170, 7429 we made

Conjecture 5.4. Let b(n) := Coeffw(n,l)z} (3“5)) Then
b(n) = CSTCPP(n). In other words, b(n) is equal to the number of cyclically symmetric
transpose complement plane partitions in an  2n x 2n x 2n box. This number is known to be

’ﬁ (37 + 1)(65)! (25)!
; (47 + 1)! (45)! 7

see [87], A051255, [10], p.199.
It ease to see that polynomial R, ,..;,,(q; 1) has degree n.

Conjecture 5.5.

. Coef fian <9‘i0n,2n+1,2,0 (q; 1)) = A20342(2n),
see [87);
hd SRUn,27L+1,2,O (0; 1) = A(Ql%“(4n§ 3) = 3n(n_1)/2 ASM(”)’

see [56], Theorem 5, or [87], A059491.
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Proposition 5.6. One has

9%04,27&1,2,0 (0; 5) = 6”(5) = 655,_2}32,0(1)’ SRUn,zn,z,o (07 B) = Sn(ﬁ) = 626,;2713“,2,0(1)'

Finally we define (5, ¢)-deformations of the numbers V.SASM (n) and CSCTPP(n). To ac-
complish these ends, let us consider permutations

wy = (2,4,...,2k,2k - 1,2k - 3,...,3,1) and w,j:(2,4,...,2k,2k+1,2k—1,...,3,1).
Proposition 5.7. One has

&, (1) = VSAM(k), &, (1) =CSTCPP(k).

Therefore the polynomials 05(6;1)(:E:q,xj = 1,Vj > 2) and (’5(6;1)(:E:q,xj =1,V > 2)
Wy, W

define (B, ¢)-deformations of the numbers V.SAM (k) and CSTCPP(k) respectively. Note that
the inverse permutations (w,;)_l = (2k,1,...,2k+1—14,i,...,k+1,k) and (w,j)_l =
~—~— —_———— ———

(2k+1,1,...,2k+2—4,7,...,k+2,k,k + 1) also define a (3, ¢)-deformation of the numbers
——— —_———— ———

considered above.

Problem 5.1.

It is well-known, see e.g. [23], p.43, that the set VSASM(n) of alternating sign (2n +
1) x (2n + 1) matrices symmetric about the vertical axis has the same cardinality as the set
SYTy(A(n),< n) of semistandard Young tableauz of the shape \(n) := (2n —1,2n —3,...,3,1)
filled by the numbers from the set {1,2,....,n}, and such that the entries are weakly increasing
down the anti-diagonals.

On the other hand, consider the set CS(w, ) of compatible sequences, see e.g. [8], [27],
corresponding to the permutation w, € So.

Challenge Construct bijections between the sets CS(wy, ), SYTy(A(k), < k) and VSASM(E).

[

Remarks 5.1. One can compute the principal specialization of the Schubert polynomial
corresponding to the transposition ¢y, = (k,n — k) € S, that interchanges k and n — k, and
fixes all other elements of [1,n].

Proposition 5.8. g D=1 Gtk’nik(l,q_l,q_Q,q_?’, )=

a2 [ B e )

k

7j=1

<

Exercises 5.7. (1) Show that if £ > 1, then

2n —1 2n
Coef figgor (Ronaman(@:t)) = < ” ) Coef figrgm) (Ronaniran (@) = <2k ! 1)-

(2) Let n>1 be a positive integer, consider “zig-zag” permutation

4 ... 2k+1 26+2 ... 2n—1 2n cs
3 2%k +2 2k+1 ... 2n 2n-—1 2n

Show that

n—1 1 _B2k o
mw(%ﬂ):H 1—,8 +q/8 .
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(3) Let ok m be grassmannian permutation with shape A = (n™) and flag ¢ = (k+1)™, i.e.

(1 2 ...k k+1 k+n k+n+1 ... k+n+m
Tknm =\ 9 kb k4m4+1 ... k+m—+n k+1 ... k4+m )

Clearly op11.n,m =1 X Ok nm-
Show that

the coefficient ~ Coef fzm (mok,n,m (1, ﬁ)) is equal to the Narayana number N (k+n+m, k).
) = (

(4) Consider permutation w := w® Wi, .., Wapt1), Where wor_1 = 2k + 1 for k =
1,...,n, Wops1 =2n, ws =1and wy, =2k —2 for k =2,...,n. For example, w® =
(3152746). We set w® = 1.

Show that

the polynomial 61(,}6) (x; = 1,¥i) has degree n(n —1) and the coefficient
Coef fgnmn-1) (61(06) (x; = 1,Vz’)> is equal to the n-th Catalan number C,,.

Note that the specialization S (i = 1)|p=1 is equal to the 2n-th Euler (or up/down) number,
see [87], AO0O111.

More generally, consider permutation w,(fn) = 1% x w™ ¢ Sk12n11, and polynomials

Pe(z) =) (1Y & ¢ (wi=1)2""% k>0

>0 e
Show that
tk
Z Py(z) i exp(tz) sech(t).
k>0 )

The polynomials Py(z) are well-known as Swiss-Knife polynomials, see [87], A153641, where one
can find an overview of some properties of the Swiss-Knife polynomials.

(5) Assume that n = 2k+3. k > 1, and consider permutation v, = (v1,...,v,) € Sy, where
Vogr1 = 2a+3, a=0,....n—1, wo =1 and wo, = 2a — 2, a = 2,...,k+ 1. For example,
vy = [31527496,11, 8,10] and &,, (1) = 50521 = Ejo.

Show that

Gy, (g, 2i=1,¥i>2) = (n—2) En_3 ¢*+-- -+ (k=11 52, &, (zi=1,Yi>1)=E,_;.

(6) Consider permutation u := u, = (uy,...,u2,) € Sop, n > 2, where
Uy =2, uopr1 =2k—1, k=1,...,n, uox =2k+2, k=1,...,n—1, ug, = 2n—1. For example,
ug = (24163857).

Now consider polynomial
R (q) = Gy, (21 = q i = 1,¥i > 2).

Show that

° R,(lk)(l) = (2"+kk_1) Es,,—1, where Es_1,k > 1, denotes the Euler number, see [87], A00111.
In particular, R,(ql)(l) = 22n=1 @, where G,, denotes the unsigned Genocchi number, see [87],
A110501.

o dequgf)(q) =n and Coef fon (RSLO) (q)> = (2n — 3)IL.

(7) Consider permutation wy := (2k + 1,2k — 1,...,3,1,2k,2k — 2,...,4,2) € Spi+1, Show
that

S (e =q,2; =1,¥j > 2) = ¢* (1+ 3)(),
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(8) Consider permutations O']j = (1,3,5,...,2k+1,2k+2,2k, ... ,4,2) and 0, = (1,3,5,...,2k+
1,2k,2k —2,...,4,2), and define polynomials

Si(@) = 6,21 = qa; = 1,Vj > 2).

Show that  S;f (0) = VSASM(k), Si(1)=VSASM(k+1),
25 (@)lgmo = 2k SF(0) Coef fur (s,j(q)) — CSTCPP(k +1).
S, (0) =CSTCPP(k), S, (1)=CSTCPP(k+1),
2.5, (q)lg—0 = (2k — 1) S, (0), Coeffy (Sk_(q)) — VSASM(K).
Let’s observe that J,f =1x T];t_l, where le =(2,4,...,2k,2k +1,2k —1,...,3,1) and
. =(2,4,...,2k,2k — 1,2k — 3,...,3,1). Therefore,

67_]3[(331 =qa;=1,Yj>2)=q 5. ,(q).

Recall that CSTCPP(n) denotes the number of cyclically symmetric transpose compliment

plane partitions in a 2 n x 2 n box, see e.g. [87], A051255, and V.SASM (n) denotes the number

of alternating sign 2 n+1 x 2 n+ 1 matrices symmetric t6he vertical axis, see e.g. [87], A005156.
e It might be well to point out that

60:{ 1(331 =T, T; = 1, Vi > 2) = ng_lm_l(x,y = 1),

S,-(v1=z,2; =1, Vi 2 2) = Foppa(z,y =1),

where (homogeneous) polynomials Gy, ,(x,y) and F, ,(x,y) are defined in [77], and related

with integral solutions to Pascal’s hexagon relations

fm—l,n fm—i—l,n + fm,n—l fm,n-‘,—l = fm—l,n—l fm-l—l,n—i—la (m,n) € Z2-

(9) Consider permutation

- 1 2 ... n n4+1l n+2 n+3 ...2n
"\2 4 ... 2n 1 3 5 2n—1)"
and set ugf) = 12RH1 % .
Show that
-1 . ntl 21 .
80 @i =1vi2 1) = (1+8)"%) B0 ey (i =1,¥i > 1),
where w((]n+) denotes the permutation (n+ 1,n,n —1,...,2,1).

(10) Let m >0 be an integer.
e Conceder permutation u, = 1" x 321 € S34,,. Show That

1 (2n+2 2 + 2
6%@1:157%:1,\7@'22):1( n3+>+g<nl+>t

1/M2n+2\ ,

— te.
e Consider permutation v, := 1" x 4321 € S, 14.

Show that &, (r1 =t,x; =1, Vi >2) =

1 (2n+4\ (2n+2 1/2n+4 n (2n+4\ 5, 1 (2n+4\ ;3
a7 ) () s () e ()

(11) Show that

s o FHL L - e ()

(a,b,C)G(ZEO)S
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It is not difficult to see that the left hand side sum of the above identity counts the weighted
number of plane partitions 7 = (;;) such that

mi; >0, mij > max(mig1j, 1), ™ <1, if i>2 ana j> 2,

and the weight wt(m) := 3, . m;.

12) Let A = (A1 > Ag 2 ... > A, > 0) be a partition of size n. For an integer k such that
P
1 <k <n — p define a grassmannian permutation

Wl =L kA R+ LA k2 A B D ane i,

where we denote by (a1 < az < ... < ap_g—p) the complement [1,n]\(1,... kA \p+k+1, 1+
E+2,..., M +k+p)
e  Show that the Grothendieck polynomial

GA(B) ==& (1)

is a polynomial of 8 with nonnegative coefficients.
Clearly, G\(1) = dimV)\Gl(kM()‘)).
e Find a combinatorial interpretations of polynomial G(53). |

Final remark, it follows from the seventh exercise listed above, that the polynomials 62@ (1 =

k
q,r; = 1,Vj > 2) define a (g, 8)-deformation of the number V.SASM (k) (the case o}") and the
number CSTCPP(k) (the case o, ), respectively.

5.2.5 Specialization of Grothendieck polynomials

Let p,b,n and 14, 2i < n be positive integers. Denote by 7;(’2” the trapezoid, i.e. a convex
quadrangle having vertices at the points

(ip,i), (ip,n—1i), (b+ip,i) and (b+ (n—1i)p,n —1).

Definition 5.5. Denote by FCIE?; ,, the set of lattice path from the point (ip,i) to that (b+ (n —
i)p,n — i) with east steps E = (0,1) and north steps N = (1,0), which are located inside of the

trapezoid ’7;(22 n

Ifp e FC’ISiI)m is a path, we denote by p(p) the number of peaks, i.e.

p(p) = NE(p) + Ein(p) + Nena(p),

where N E(p) is equal to the number of steps NE resting on path p; E;,(p) is equal to 1, if the
path p  starts with step E and 0 otherwise; Nenq(p) is equal to 1, if the path p ends by the
step N and 0 otherwise.

Note that the equality Nepnq(p) = 1 may happened only in the case b = 0.

Definition 5.6. Denote by FC’IEI;)H the set of k-tuples P = (p1,...,px) of non-crossing lattice

paths, where for each i =1,... k, p; € FC’lEiI)) n
Let i
FClE,p),n(/B) — Z BrCR)

k
perct)

denotes the generating function of the statistics p() := Zle p(pi) — k.
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Theorem 5.10. The following equality holds

6F)  (m=laz=1,..)=FC® (5+1),

On,k,p,b
where oy pp 1S a unique grassmannian permutation with shape ((n + Db nP, (n—1)P,...,17)
and flag (k,..., k).
—_————
np+b

5.3 The “longest element” and Chan—Robbins—Yuen polytope
5.3.1 The Chan—Robbins—Yuen polytope CRY,

Assume additionally, cf [90], 6.C8, (d), that the condition (a) in Definition 5.1 is replaced by
that

(d): x;; and xy; commute for all 7, j, k and [.

Consider the element wén) = ngi <j<n Tij- Let us bring the element wén) to the reduced

form, that is, let us consecutively apply the defining relations (a’) and (b) to the element w(()")

in any order until unable to do so. Denote the resulting polynomial by Qn(z;j; «, 8). Note that
the polynomial itself depends on the order in which the relations (a’) and (b) are applied.

We denote by Q,(8) the specialization x;; = 1 for all 4 and j, of the polynomial Q,(z;j; o =
0,6).

Example 5.7.

Q3(8) = (2,1) =1+ (B+1), Qa(B) =(10,13,4) =1 +5(8+1) +4(8 + 1)*,
Q5(B) = (140,336,280,92,9) = 1+ 16(3 + 1) + 58(3 + 1)2 + 56(8 + 1) + 9(8 + 1)4,
Q6(B) = 1+42(8+ 1) +448(3 + 1)2 + 1674(8 + 1) +2364(B + 1)* + 1182(B + 1)° +169(3 + 1)5.
Q7(8) = (1,99,2569, 25587, 114005, 242415, 248817, 118587, 22924, 1156) 5, 1
Qs(B) = (1,219, 12444, 279616, 2990335, 16804401, 52421688, 93221276, 94803125,
53910939, 16163947, 2255749, 108900)4, 1.

What one can say about the polynomial Q,(8) := Qn(ij; 8)|z;;=1,vi; ?
It is known, [90], 6.C8, (d), that the constant term of the polynomial @,(3) is equal to
the product of Catalan numbers H;:ll C;. It is not difficult to see that if n > 3, then

Coef fip11)(Qn(B)) = 2" — 1= ("),
Theorem 5.11. One has

Qu(B=1) = (32 tCRYnir,m) 57) (1= A)E)*,

m>0

where CRY,, denotes the Chan—Robbins-Yuen polytope [13], [14], i.e. the convex polytope given
by the following conditions :

CRYpm = {(aij) c Mathm(Zzo)} such that

(1) e =1, Xja;=1,

(2) aij:(), if j>i+ 1.

Here for any integral convex polytope P C Z¢, 1(P,n) denotes the number of integer points
in the set nP N Z%.

In particular, the polynomial @, (3) does not depend on the order in which the relations (a’)
and (b) have been applied.
Now let us denote by @, (t; «, 3) the specialization

.Z'ijl, Z<j<n7 and xi,n:tg Zf i=1,...,n—1,
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of the (reduced) polynomial Qn(x;i;;a, 3) obtained by applying the relations (a’) and (b) in a
certain order. The polynomial itself depends on the order selected.

Conjecture 5.6. (A) Letn >4 and write

Qn(t=1a,8) := Z(l + ﬁ)k cen(a), then cgp(a) € Zxolal.

k>0
(B) 2
e The polynomial Qu(t,5) has degree d, = [(n_41) ].
o  Write .

Qn(t.B) ="y ().

k=0
Then
c,&d”)(l):ai for some non — negative integer ay,.

Moreover, there exists a polynomial ay,(t) € N[t] such that
M (t) = an(1) an(t),  an(0) = ap_1.
(C) The all roots of the polynomial — Qn(B) belong to the set R _;.

For example,

(a) Qit=1;0,8) = (1,5, 4)p41 +a (5,7)pp1 +3 a2, Qs(t =1;0,8) =
(1,16,58,56,9) 541 + « (16,109,146,29) 541 + o (51,125,34) 541 + a3 (35,17)541.

(b) o =13(2,3,3,3,2), &’ (t) =34 (3,5,6,6,6,5,3),

M (t) = 330 (13,27, 37,43, 45, 45,43, 37,27,13).

Comments 5.8.
(1) We expect that for each integer n > 2 the set

Upiy o= {w € Spn1 | Gu(1) = [[ Cat;}
j=1

is non empty, whereas the set {w € Sg,_9 | Su(1) = H?:l Cat;} is empty. For example,
U= {[1,5,342 ), Us={[1,573,264], [1,54,7,2,6,3] },

Vg = { w := [1,3,2,8,6,9,4,5,7], w™!,... }, Uy = {??7?}, but one can check that for
w = [2358,10,549,12,11] € S1a, &,(1) = 776160 = [[°_, Cat;.

More generally, for any positive integer /N define
K(N)=min{n | Jw € S, such that &,(1) = N}.

It is clear that k(N) < N + 1.
Problem Compute the following numbers

r(n), w([]Catj), K(ASM(n)), w((n+1)"")
j=1

For example, 10 < k(ASM(6) = 7436) < 12. Indeed, take w = [716983254,10,12,11] €
S12. One can show that

Gyl =tz = 1, Vi > 2) = 13t5(¢ + 10)(15¢ + 37),
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so that &, (1) = ASM(6); ~(6*) =9, namely, one can take w = [157364298].

Question Let N be a positive integer. Does there exist a vexillary (grassmannian ?)
permutation w € S,, such that n <2x(N) and &,(1)=N 7

For example, w = [1,4,5,6,8,3,5,7] € Sg is a grassmannian permutation such that &,,(1) =
140, and R (1,8) = (1,9,27,43,38,18,4).

Remark 5.3. We expect that for n > 5 there are no permutations w € So such that Qn(5) =
(8)
Guw’(1).

(3) The numbers &, := H?:l Cat; appear also as the values of the Kostant partition function
of the type A,,_1 on some special vectors. Namely,

Qtn = K@(ln)(’yn% where Tn = (172737 sy — 17 _<Z>)7

see e.g. [90], 6.C10, and [43], 173-178. More generally [43], (7,18), (7.25),one has

1 n+d+j
2j 41 2 )

where 7, 4= (d+1,d+2,...,d+n—1,-n(2d+n—1)/2), pp’(d) denotes the set of reversed
(weak) plane partitions bounded by d and contained in the shape 6, = (n — 1,n — 2,...,1).

Clearly, pp5”(1) = ]I ziz—i’} = C,,, where C}, is the n-th Catalan number .
1<i<j<n

n+d—2

Koany(Yn,d) = pp’(d) €y = H
j=d

Conjecture 5.7.

For any permutation w € S,, there exists a graph I', = (V, E), possibly with multiple edges,
such that the reduced volume vol (Fr,,) of the flow polytope Fr,, see e.g. [89] for a definition of
the former, is equal to G, (1). [

For a family of vexillary permutations wy, , of the shape A = pd,+1 and flag ¢ = (1,2,...,n—

1,n) the corresponding graphs I';, ,, have been constructed in [66], Section 6. In this case the re-

1 ((n+1)(p+1)) —
1+(n+1)p n+1

duced volume of the flow polytope Fr,, , is equal to the Fuss-Catalan number
Sy, (1), cf Corollary 5.2

Exercises 5.8.
(a)  Show that
the polynomial R, (t) := t'=" Q,(t;0,0) is symmetric (unimodal ?), and R,(0) = [[}=2 Caty.

For example, R4(t) = (1+1)(2+t+2 %), Rs(t) =2 (5,10,13,14,13,10,5);.
Re(t) =10 (2,3,2); (7,7,10,13,10,13,10,7,7);.
Note that R, (1) = Z;% Caty,.

(b) More generally, write Ry(t,3) := Qn(t;0,8) = > 150 hri (t) B*.

Show that the polynomials R;k) (t) are symmetric for all k.

(¢) Consider a reduced polynomial Ry,({x;;}) of the element

| | l‘ijém(azﬁz())ab,
1<i<j<n
(4,)#(n—1,n)

31 For example, if n = 3, there exist 5 reverse (weak) plane partitions of shape d3 = (2,1) bounded by 1,

namely reverse plane partitions 00 00 0 1 0 1 L
y p p 0 bl 1 bl 0 bl 1 ) 1 -



On some quadratic algebras 111

see Definition 5.1. Here we assume additionally, that all elements {x;;} are mutually commute.
Define polynomial R,(q,t) to be the following specialization

i — 1, if i<j<n—1, Tin-1—q Tin—1t, Vi

of the polynomial R,,({z;;}) in question.

Show that polynomials Ry (q,t) are well-defined, and

Rn(Qv t) = Rn(tv Q)‘

Examples 5.2.

R4(t75) = (27 3737 2)t + (47 574)t /8 + (27 2)t 52; R5(t75) =
(10, 20, 26, 28, 26, 20, 10); + (33,61, 74,74,61,33); S + (39,65,72,65,39); B2+
(19,27,27,19); B3+ (3,3,3); B4, Re(t,B) =

(140, 350, 550, 700, 790, 820, 790, 700, 550, 350, 140), -+

(686, 1640, 2478, 3044, 3322, 3322, 3044, 2478, 1640, 686); B+

(1370, 3106, 4480, 5280, 5537, 5280, 4480, 3106, 1370); 3%+

(1420,3017,4113, 4615, 4615, 4113, 3017, 1420); 33+ ,

(800, 1565, 1987, 2105, 1987, 1565, 800); B*+

(230,403, 465, 465, 403,230); 35+

(26,39, 39, 39,26); 3°.

Rs(1, 8) = (5880, 22340, 34009, 26330, 10809, 2196, 169) 5.

Rz(t, B) = (5880, 17640, 32340, 47040, 59790, 69630, 76230, 79530, 79530, 76230,
69630, 59790, 47040, 32340, 17640, 5880); +
(39980, 116510, 208196, 295954, 368410, 420850, 452226, 462648, 452226, 420850, 368410,
295954, 208196, 116510, 39980); 5 +
(118179, 333345, 578812, 802004, 975555, 1090913, 1147982, 1147982, 1090913, 975555,
802004, 578812, 333345, 118179); % +
(198519, 539551, 906940, 1221060, 1447565, 1580835, 1624550, 1580835, 1447565, 1221060,
906940, 539551, 198519); 3 +
(207712, 540840, 875969, 1141589, 1314942, 1398556, 1398556, 1314942, 1141589, 875969,
540840, 207712); B* +
(139320, 344910, 535107, 671897, 749338, 773900, 749338, 671897, 535107, 344910,
139320); B°
+(59235, 137985, 203527, 244815, 263389, 263389, 244815, 203527, 137985, 59235), 5% +
(15119, 32635, 45333, 51865, 53691, 51865, 45333, 32635, 15119); 37 +
(2034, 3966, 5132, 5532, 5532, 5132, 3966, 2034) A% + (102,170,204, 204, 204, 170, 102); £°.

R7(17 5) =
(776160, 4266900, 10093580, 13413490, 10959216, 5655044, 1817902, 343595, 33328, 1156)5..

5.3.2 The Chan—Robbins—Mészaros polytope P, ,,

Let m > 0 and n > 2 be integers, consider the reduced polynomial @y, n(t, 3) corresponding to
the element
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For example Q2.4(t,8) = (4,7,9,10,10,9,7,4); + (10,17,21,22,21,17,10), 8

+(8,13,15,15,13,8), 3% + (2,3,3,3,2); 3%, Qou(1,5) = (60,118,72,13)5.
Q25(t, B) = (60,144, 228,298, 348, 378, 388, 378, 348, 298, 228, 144, 60);

(262, 614, 948, 1208, 1378, 1462, 1462, 1378, 1208, 948, 614, 262), 3

(458, 1042, 1560, 1930, 2142, 2211, 2142, 1930, 1560, 1042, 458), /32

(405, 887, 1278, 1526, 1640, 1640, 1526, 1278, 887, 405), A3*

+(187, 389, 534,610, 632, 610, 534, 389, 187);

+(41,79,102,110, 110,102, 79,41); 8° + (3,5,6,6,6,5,3); 35,

Q25(1, B) = (3300, 11744, 16475, 11472, 4072, 664, 34) 5,

Q2,6(1, 8) = (660660, 3626584, 8574762, 11407812, 9355194, 4866708, 1589799,

310172,32182,1320)5,  Q27(8) = (1,213,12145, 279189, 3102220, 18400252,

61726264, 120846096, 139463706, 93866194, 5567810, 7053370, 626730, 16290)g41.

Theorem 5.12. One has

(a) an 1 1 H Catk H 2(m+.1)—.i_i+j_l

1<i<j<n—1 ity-1
(b) L(,Pmm;k)ﬂk = : ntl ’
;; 1 - p)"a)+

where Py, denotes the generalized Chan-Robbins—Yuen polytope defined in [66], and for any
integral convex polytope P, 1(P,k) denotes the Ehrhart polynomial of polytope P.

Conjecture 5.8. Let n > 3,m > 0 be integers, , write

Qun(t,8) = B,(t) B, and set b(m,n) := max(k | ¢k}, (t) # 0).

k>0

Denote by ¢y, pn(t) the polynomial obtained from that c(b(m ")( t)

the latter on their GCD. Then

by dividing the all coefficients of

En,m(t) = an+m(t)7
where the polynomials ay,(t) := con(t) have been defined in Conjecture 16, (B.

For example, co5(t) =4 az(t), ca6(t) =10 ag(t), c35(t) = as(t),
car(t) = 10 (34,78,118, 148, 168,178, 181,178,168, 148, 118, 78,34) = 10 ag(t).

[ |

It is known [43], [65] that

nl:fC'at 10 2m+1)+i+j—1 mﬁ‘2 1 <n+m—|—j>

k=1 1<i<j<n—1 A jomrn 20+ 2]

n
KAn:l(m+ 17m+27"' 7’n/+m7 —mn — <2>).
Conjecture 5.9.
Let a = (ag,as,...,ay) be a sequence of non-negative integers, consider the following element
n
Jj=2  k=j+2

Then
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(1) Let Ra(t1,...,th—1, a, ) be the following specialization
i —tj—1 for all 1<i<j<n

of the reduced polynomial Ra(xi;) of monomial My € mn(a,ﬂ).
Then the polynomial Ra(t1,...,th—1, o, () is well-defined, i.e. does not depend on an
order in which relations (a') and (b) , Definition 5.1, have been applied.

n
(2) QMa(l,l):KAnH(ag—F1,a3+2,...,an+n—1,—<n>— a;).

(3)  Write
Qu(t.8) = > (1) B,

k>0

The polynomials P (t) are symmetric (unimodal ?) for all k.
Example 5.8. Let’s take n = 5,a = (2,1,1,0). One can show that the value of the Kostant
partition function K a,(3,3,4,4,—14) is equal to 1967. On the other hand, one has
Q2,1,1,0)(t, 8) t=3 = (50,118,183,233, 263, 273, 263,233, 183, 118, 50); +
(214,491, 738,908,992, 992, 908, 738, 491, 214), [+ (365,808,1167,1379, 1448, 1379,
1167, 808, 365); 3%+ (313,661,906, 1020, 1020, 906, 661,313); B33+
(139,275, 351, 373, 351,275, 139); 5* + (29, 52,60, 60,52,29); 35+ (2,3,3,3,2); S°.
Q2,1,1,0)(1, B) = (1967,6686, 8886, 5800, 1903, 282, 13) = (1, 34,279, 748, 688,204, 13) 5,1 -

Exercises 5.9.
(1)  Show that
Ry(t,=1) = 22 R,y (=71, 1).

(2)  Show that the ratio
1n(0,5)
1+ )2

is a polynomial in (B + 1) with non-negative coefficients.
(3)  Show that polynomial Ry(t,1) has degree ey := (n+ 1)(n —2)/2, and

n—1
Coeff[t"] Rn(t,1) =[] Caty.
k=1

Problems 5.2.
(1)  Assume additionally to the conditions (a') and (b) above that

x?jzﬂxij—l—l, if 1<i<j<n.

What one can say about a reduced form of the element wqg in this case ?

(2) According to a result by S. Matsumoto and J. Novak [6]), if m € S,, is a permutation of
the cyclic type A b n, then the total number of primitive factorizations (see definition in [6])])
of ™ into product of n —£(\) transpositions, denoted by Prim,,_yx)(A), is equal to the product of
Catalan numbers:

o(N)
Pm’mn_g()\)()\) = H Cat,\i_l.
=1
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Recall that the Catalan number Cat,, := Cp, = %(2:) Now take A = (2,3,...,n+1). Then

n
Qn(l) = H Caty, = Pmm(g)()\).
a=1
Does there exist “a natural” bijection between the primitive factorizations and monomials which
appear in the polynomial Qn(xij; ) ¢

—

(3)  Compute in the algebra ACY By, («, 5) the specialization
a;,-j—>1, Zf j<n, xij—>t, 1§i<n,
denoted by Py, (t,c, B), of the reduced polynomial P, ({zi;},c, ) corresponding to the trans-
position S;j :(Hij xk7k+1> Tj_1 (szj_2 xk7k+1> € ACY B, (a, B).
For example, Ps,,(t,a, ) =15 +3(1+ B)t* + ((3,5,2)5 + 3a)t® + (2(1 + 8)2 + a(5 + 48))t*
(1 + B((1 + 3a) + 202t + a + a?.

5.4 Reduced polynomials of certain monomials

In this subsection we compute the reduced polynomials corresponding to dominant monomials
of the form .

Tm = 2] Thy - --:Enmfi; € (ACY B, (8))*®,
where m = (my; > mg > ... > m,_1 > 0) is a partition, and we apply the relations (a’) and (b)
in the algebra (mn(ﬁ))ab, see Definition 5.1, and Section 5.3.1, successively, starting from
x?ﬁl xT23.

Proposition 5.9.  The function
ZEN — 75, m — Pu(t=18=1)
can be extended to a piece-wise polynomial function on the space ]Rigl.

We start with the study of powers of Coxeter elements. Namely, for powers of Coxeter elements,
one has
Plary 205)2(8) = (6,6,1), Playy a9y 250)2(8) = (71,142,91,20,1) = (1,16, 37,16, 1)541,
Plg1oma3254)3 (B)=(1301, 3903, 4407, 2309, 555, 51, 1) = (1,45, 315,579,315,45,1) 511,
Plary oy w31 245)2(8) = (1266, 3798, 4289, 2248, 541,50, 1) = (1,44, 306, 564, 306,44, 1)1,
P rsmoges)3(B=1) = 12527, Py 0052,,04 (8 = 0) = 26599,
Plarywoses)t (B =1) = 539601, P, 2oy 234 245)2(8 = 1) = 12193,
Pla1y 2oy w31 245)3 (8 =0) = 50000,  Pgiy 205 244 245)3 (8 = 1) = 1090199.

Lemma 5.3. One has

b 5 min(n,m) ntm—k m ﬁk - min(n,m) n m : i
= E T ()= QG0

Moreover,

o polynomial Py yzys a1 ,)m (8 —1) is a symmetric polynomial in B with non-negative coeffi-
cients.
e polynomial Pyr, ym (B) counts the number of (n,m)-Delannoy paths according to the number
of NE steps .

35To simplify notation we set Py (8) := Pw(zi; = 1;5).

36 Recall that a (n, m)-Delannoy path is a lattice paths from (0,0) to (n,m) with steps E = (1,0),
N =(0,1) and NE = (1,1) only.

For the definition and examples of the Delannoy paths and numbers, see [87],4001850, A008288, and
http://mathworld.wolfram.com /DelannoyNumber.html.
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Proposition 5.10. Let n and k, 0 < k <n, be integers. The number

P(rlzrzs)" (w34)F (ﬁ = 0)

is equal to the number of n up, n down permutations in the symmetric group Sonypt1, see [87),

A229892 and Ezxercises 5.3, (2).

Conjecture 5.10.  Let n,m,k be nonnegative integers. Then the number

Px{bz 5y x§4 (5 = 0)
is equal to the number of n up, m down and k up permutations in the symmetric group Sy +m+k+1-

For example,

e Take n = 2,k = 0, the six permutations in S5 with 2 up, 2 down are 12543, 13542,
14532, 23541, 24531, 34521.

e Take n = 3,k = 1, the twenty permutations in S; with 3 up, 3 down are 1237654,
1247653, 1257643, 1267543, 1347652, 1357642, 1367542, 1457632, 1467532, 1567432,
2347651, 2357641, 2367541, 2457631, 2467531, 2567431, 3457621, 3467521, 3567421,
4567321, see [87], A229892,

e Take n = 3,m = 2,k = 1, the number of 3 up, 2 down and 1 up permutations in Sy is
equal to 50 = Ps91(0) : 1237645, 1237546, ..., 4567312.

e Take n = 1,m = 3,k = 2, the number of 1 up, 3 down and 2 up permutations in Sy is
equal to 55 = Pj32(0), as it can be easily checked.

On the other hand, P4 s x§4x45(5 = 0) = 7203 < 7910, where 7910 is the number of 4 up,
3 down, 2 up and 1 down permutations in the symmetric group Sii.

Conjecture 5.11. Let ki,...,k,—1 be a sequence of non-negative integer numbers, consider
monomial M = w'féwgg gk Then

n—1,n"
e reduced polynomial Pyr(B—1) is a unimodal polynomial in B with non-negative coefficients.

Example 5.9.

Pso1(B) = (1,14,27,8)p11 = Pi2,3(8), P231(8) = (1,15,30,9)p4+1 = Pr13,2(8),
Ps12(8) = (1,11,18,4) 511 = P1,3(B), Pi321(8) = (1,74,837,2630,2708, 885, 68) 5.1,
Piss1(0) = 7203 =3 x 74, Pyas32.(8) = (1,394, 19177, 270210, 1485163, 3638790,
4198361, 2282942, 553828, 51945, 1300) 511,  Psa5.21(0) = 12502111 = 1019 x 12269.

Exercises 5.10.
(1) Show that if n >m, then

x ) Z <m +Z a 1) <Z <7Z> 517) are.

o=1=x. o
ij ik a=0 p=0

(2) Show that if n>m >k, then — P o x§4(5) = Prn, 2m (B)+

S () ) () Gt (e

b,p>0

In particular, if n > m >k, then

Fugy oy a8,(0) = <m:n> t2 (D <b; <m;i;: 1) <Zj> (m . 1>>
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Note that the set of relations from the item (1) allows to give an explicit formula for the
polynomial Py;(8) for any dominant sequence M = (my > mg > ... > my,) € (Zso)*. Namely,

Py(B+1)=
> H (") (E H (") o).
where the first sum runs over the following set A(M) of integer sequences a = (ay,...,a5—1)
AM):={0<a; <mj+aj_1, j=1,...,k—1}, ag=0,
and the second sum runs over the set B(M) of all integer sequences b = (by,...,bx_1)
B(M) = U {0 < b; < min(mjy1,mj —aj+aj—1)}, j=1,....,k—1
acA(M)

(3) Show that

k1 _n—|—1 2k +n _ p(ntkk)
A = () = e

where f("t5k) denotes the number of standard Young tableaux of shape (n+k, k). In particular,

#A(1F)] = Crpr.
(4) Let n>m>1 be integers and set M = (n,m,1¥).  Show that

Purtayy =135 =0) = 3 "L (TP (M) ),

= k P k—1
In particular, Pi(n,m) = (") +m ("J”;;H),
n+1 (2k+2+n 9 (2k 4+ 2)!
P, 1) = PL(2,2) = (T9k 341k + 360) —————.

(5) Let T'e STY((n+ k,k)) be a standard Young tableau of shape (n + k, k).
Denote by r(T') the number of integers j € [1,n+ k] such that the integer j belongs to the second
row of tableau 7', whereas the number j 4+ 1 belongs to the first row of 7. Show that

Pr?29023---90k+1,k+2 (5 - 1) = Z 5T(T)-
TESTY ((n+k,k))
(6) Let M = (my,ma,...,mi_1) € Z];_Ol be a composition. Denote by M the composition
(mg—1, mg—2,...,ma,mi), and set for short Pps(5) := T 2™ 1(332-]- =1;0).
i=1 Tiit
Show that Py (B) = PM(B)'

Note that in general, Pnf;l x?fjﬂ(xij;ﬁ) # P, Bl gk (xij; B)-
(7) Define polynomial Py (¢, 3) to be the following specialization

xziy; — 1, if i<j<n, and xym—t, if i=1,...,n—1

of a polynomial P, 15— 2 (xij3 B).

i=1 1z+

Show that if n > m, then

i1

m n+m—j
a5 ()

=m—1

k k—m j
(m_ 1> " +1> 8.
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See Lemma 5.2 for the case ¢ = 1.
(8) Define polynomials R, (t) as follows

ﬁn(t) = P(w12x23m34)"(_t_17/8 = _1) (_t)3n'

Show that polynomials En(t) have non-negative coefficients, and

(9) Consider reduced polynomial P, 22(8) corresponding to monomial 7, (723734)*
and set P, 29(8) := Pp22(8—1). Show that

Pr22(B) €N[B] and Pn22(1) =T(n+5,3),
where the numbers T'(n, k) are defined in [87],4110952, A001701.

Conjecture 5.12. Let X\ be a partition. The element 8)\(9?), . ,9%)) of the algebra 3T7(LO)
can be written in this algebra as a sum of

(TI 1)) x dim Vi @=m) s i, V35107
TEA

monomials with all coefficients are equal to 1.

Here sy(x1,...,%;) denotes the Schur function corresponding to the partition A and the set
of variables {z1,...,x,}; for z € A\, h(x) denotes the hook length corresponding to a box z;
V)Eg ™) denotes the highest weight X irreducible representation of the Lie algebra gl(n).

Problems 5.3.

(1) Define a bijection between monomials of the form [[._, i, j. involved in the polynomial
P(xij;8), and dissections of a convex (n + 2)-gon by s diagonals, such that no two diagonals
intersect thewr interior.

(2)  Describe permutations w € Sy, such that the Grothendieck polynomial &, (t1,...,t,) is
equal to the “reduced polynomial” for a some monomial in the associative quasi-classical Yang—
Baater algebra AC’?B\n(ﬁ). ?

(3) Study “reduced polynomials” corresponding to the monomials

e (transposition) 1, := (T12723 ** Tp—2.n-1)> Tn—1.n,

o (powers of the Cozeter element) (x12w23 - "xn_lm)k.

in the algebra mn(a,ﬁ)“b.

(4) Construct a bijection between the set of k-dissections of a convex (n + k + 1)-gon and

pipe dreams” corresponding to the Grothendieck polynomial 6(5(20 (x1,...,2y). As for a definition

s

k
of “pipe dreams” for Grothendieck polynomials, see [54); see also [27].

Comments 5.9. We don’t know any “good” combinatorial interpretation of polynomials

which appear in Problem 5.3, (3) for general n and k. For example,

P813(xij =1p8) = (37 2)57 P514(‘Tij = 1;8) = (26,42,19, 2)57

Py (x5 = 1; ) = (381,988,917,362,55,2)5 and Ps,,(z;; = 1;1) = 2705. On the other hand,

Pla1amas)? wa4 (245)2 (Tij = 15 8) = (252,633,565, 212, 30, 1), that is in deciding on different reduced

decompositions of the transposition sy,. one obtains in general different reduced polynomials.
One can compare these formulas for polynomials Py ,(2;; = 1;3) with those for the /-

Grothendieck polynomials corresponding to transpositions (a,b), see Comments 5.5.
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6 Appendixes

6.1 Appendix I Grothendieck polynomials

Definition 6.1. Let 8 be a parameter. The Id-Coxeter algebra IdC, () is an associative
algebra over the ring of polynomials Z[B] generated by elements <el, . ,en_1> subject to the set
of relations

o ciej =eje;, if ‘z —j‘ > 2,

* cieje; = ejeej, if ‘z —j‘ =1,

° e?zﬁei, 1<i<n—1.

It is well-known that the elements {e,, w € S,} form a Z[f]-linear basis of the algebra
I1dC,(B). Here for a permutation w € S,, we denoted by e,, the product e;, e;, - - - €;, € I1dCy(B),

where (41,12, ...,1%¢) is any reduced word for a permutation w, i.e. w = s;,8;, - - 8;, and £ = {(w)
is the length of w.
Let z1,29,...,Zn_1,Zn = Y, Tpyr1 = Z,... be a set of mutually commuting variables. We

assume that x; and e; commute for all values of ¢ and j. Let us define

hi(z) =1+ ze;, and Ai(z)= H ho(z), i=1,...,n—1.

a=n—1

Lemma 6.1. One has
(1) (Addition formula)

hi(x) hi(y) = hi(z @ y),

where we set (x ®y) = x + y + Lry;
(2) (Yang-Baxzter relation)

hi(z)hiv1(z @ y)hi(y) = hit1(y)hi(z © y)hita ().

Corollary 6.1.

(1) [hipa(2)hi(z), hita (y)hi(y)] = 0.
@) [Ai(2), Aiy)] =0, i=1,2,...,n—1.

The second equality follows from the first one by induction using the Addition formula,
whereas the fist equality follows directly from the Yang—Baxter relation.

Definition 6.2.  (Grothendieck expression)
Gn(21,. .. Tno1) := A1(z1)Az(z2) -~ Ap_1(zp—1).

Theorem 6.1. ([27]) The following identity

Q5n($17---733n—1) = Z 61(1;6)(Xn—1) Cw

WESy

holds in the algebra 1dC, ® Z[x1,...,Tp_1].

Definition 6.3. We will call polynomial @1(06) (Xn—1) as the B-Grothendieck polynomial corre-
sponding to a permutation w.
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Corollary 6.2.

(1) If B = —1, the polynomials 6551,_1)(Xn_1) coincide with the Grothendieck polynomials
introduced by Lascouz and M.-P. Schiitzenberger [57].

(2)  The -Grothendieck polynomial & (Xn—1) is divisible by xw(l)

(3) For any integer k € [1,n — 1] the polynomial ®L )( = ¢,z = 1,VYa # k) is a
polynomial in the variables q and 8 with non-negative integer coefficients.

Proof (Sketch) It is enough to show that the specialized Grothendieck expression &,,(x; =
q,Tq, = 1,Ya # k) can be written in the algebra IdC, (8 — 1) ® Z[q, 8] as a linear combination
of elements {ey }wes, with coefficients which are polynomials in the variables ¢ and § with
non-negative coefficients. Observe that one can rewrite the relation e = (8 — 1)ej in the
following form eg(ex + 1) = B er. Now, all possible negative contributions to the expression
&, (zr = q,x4 = 1,Ya # k) can appear only from products of a form c,(q) := (1 + geg)(1 + ex)?.
But using the Addition formula one can see that (1+ge)(1+ex) = 1+ (14 ¢B)ex. It follows by
induction on a that ¢,(q) is a polynomial in the variables ¢ and 8 with non-negative coefficients.

|

Definition 6.4.
e The double 3-Grothendieck expression &, (X,,Y,) is defined as follows

G (X0, Yy) = 6,(X,,) 6,(=Y,) " € 1dC,,(B) @ Z[X,, Yy).
e The double B-Grothendieck polynomials {®., (X, Y, ) bwes, are defined from the decomposition

WX, Vo) = > 64,(X,,Yn)

WESy
of the double 3-Grothendieck expression in the algebra IdCy ().

More details about -Grothendieck and related polynomials can be found in [59], [48]. |

6.2 Appendix 11 Cohomology of partial flag varieties

Let n =nq + -+ +ng, n; € Z>1 Vi, be a composition of n, k> 2. For each j =1,...,k define
the numbers Nj=n1+---+n;,Ngo =0, and M; = nj + --- + ng. Denote by X := X, ,, =
{xa |i=1,...,k, 1 <a<mn;} (resp. Y, ..) aset of variables of the cardinality n. We set
deg(:pg)) =a, t=1,...,k. For each i = 1,... k define quasihomogeneous polynomial of degree
n; in variables X = {x,(f) | 1<a<n}

P (X, —t"”rZa:(” gmi=a,

and put pp, ., (X,t) = Hlepni(X(i),t). We summarize in the theorem below some well-
known results about the classical and quantum cohomology and K-theory rings of type A, 1
partial flag varieties Fly, . n.. Let q1,...,qk—1, deg(q;) =n;+mnit1, i =1,...,k—1, be aset
of “quantum parameters.”

Theorem 6.2. There are canonical isomorphisms

H Flors ) = U (P (Ko8) = 17
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H(Fl...s Z) = Z[X,Y]/<H (9 + 1) —pm,...m<v,t>>;

(Cf [1] ) QH*(flm,---,nk) = Z[Xm,---,nkv ai, .- - 7gk—1]/<An17---7nk (X7 t) - tn>7

©f. W)  QHNFL, . >zZ[XYql,...,qk_11/<Anh...,nk<X N~ por <Y,t>>,

where Ay, (XS t) =

pm(X(l),t) a 0 0
1 Py (X(z),t) q2(3) 0o --- . 0
det . . s 3(- ) -qg :
0 o . 0 —1 pp,_, (XED ) Q-1
0 S -1 Py (X®), 1)

Here for any polynomial P(x,t) = E;zo bj(x)t"~7 in variables x = (21,3, ...), we denote

by <P(x, t)> the ideal in the ring Z[x] generated by the coefficients by(x), ..., b,(x). A similar

meaning have the symbols <H2 i l(xa t) — pnl,,,,7nk(y,t)>, <An17___,nk(x, t) — t"> and

SO on.
Note that dim(Fp, .. n,) = >_;<; i nj and the Hilbert polynomial Hilb(Fy,,... n,,q) of the

partial flag variety F,, ., is equal to the g-multinomial coefficient [ and also is equal

nlr--vnk]q’
to the g-dimension of the weight (ny,...,n;) subspace of the n-th tensor power (C™")®™ of the
fundamental representation of the Lie algebra gl(n).

Comments 6.1. The cohomology and (small) quantum cohomology rings H*(Fy, ... n,,Z) and
QH*(Fp, ... ny» Z), of the partial flag variety F,, ... , admit yet another representations we are
going to present. To start with, let as before n =n; +... +ng, n; € Z>1 Vi, be a composition.
Consider the set of variables X = Xy = {a:g) | 1<i<nga=1,...,k—1}, and set as
before deg xgi) — a. Note that the number of variables X is equal to n — ng. To continue, let’s
define elementary quasihomogeneous polynomials of degree r

e(X) =Y alale) eo(X) =1, e (X)=0, if r>0,

I,A

where the sum runs over sequences of integers I = (iy,...,i5) and A = (ay,...,as) such that
o 1<i<..iiz<k-—1,
e 1<aj<ni, j=1,...,s, and r=a1+ - ,as,

and complete homogeneous polynomials of degree p
hp(X) = detlej—iv1(X)1<ij<p-

Finally, let’s define the ideal J,, ., in the ring of polynomials Z[X,,, . n,_ ,] generated by
polynomials R R
hp+1(X), ..., hn(X).

Note that the ideal J,,, . n, is generated by n —ny = #(Xp,, . n, ,) elements.

3TWe prefer to use quantum parameters {¢; | 1 <i < k—1} instead of the parameters {(—1)™q; | 1 <i < k—1}
have been used in [1].
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Proposition 6.1. There exists an isomorphism of rings
H*(Foy oo i £) = 2Ky oo o] T

In a similar way one can describe relations in the (small) quantum cohomology ring of the

partial flag variety F, ... »,. To accomplish this let’s introduce quantum quasihomogeneous ele-
(a)

mentary polynomials of degree j, e

J (Xs,,....n,.) through the decomposition

N,
Am,---,m-(Xm,---mr) = Z €§-Q)(Xn1,...,m-) tNT_jv eéq)(x) =1, e(_qp)(x) =0, if p>0.
=0

To exclude redundant variables {x[(lk), 1 <a<mng}, letusdefine quantum quasihomogeneous
Schur polynomials s((xq) (Xp,,...n,) corresponding to a composition a = (a1 < ag < ... < @) as
follows

S((J{q) (Xm,...,nr-) = det’eg'(i)i-mi (Xm,...,m-)‘lﬁi,jﬁp'

Proposition 6.2. The (small) quantum cohomology ring QH*(Fy, ... n,,Z) is isomorphic to the
quotient of the ring of polynomials Z[q1, - .., qk—1) [Xn,,...n._,] by the ideal I, n, , generated
by the elements

 Nareak—1) (q1,-,qk—2)
9r(Xieong 1) 1= Sk, r) (Xngomp1) = Qk—1 Cr—nj_y (Xn,enp2)s
where np+1<r <n.

It is easy to see that the Jacobi matrix

0
( (2) gT(XTll,---ynkfl) {a=1,...,k—1, 1<i<ng
O0xq np+1<r<n}

corresponding to the set of polynomials g¢,(Xy, . n. ;) ne <7 <mn, has nonzero determinant,
and the component of maximal degree nq, = ZK]- n; nj in the ring QH*(Fy, ... n,,Z) is a

Z[q1, ..., qrk—1]—module of rank one with generator
k—1 mng ]
A= (:L"Ef)) MZ.
i=1 a=1

Therefore, one can define a scalar product (the Grothendieck residue)
('7 .> : HQ*(]:TH, ,an) X HQ*(]:nh---,nk’Z) — Z[ala s 7Qk—1]

setting for elements f and g of degrees a and b, (f,h) = 0, if a + b # Nyas, and (f, h) =
AQ), if a+b=nme, and f h = A(¢g) A. It is well known that the Grothendieck pairing (e, ) is
nondegenerate (for any choice of parameters ¢, ..., qk_1)-

Finally we state “a mirror presentation” of the small quantum cohomology ring of partial flag
varieties. To start with, let n =nq+4...+ng, k € Zgeo be a composition of size n, and consider
the set

Sn)={(i,j) EZXxZ|1<i< Ny My1+1<j<M, a=1,....k—1},

where Ny =n1+...+n, No=0,Ny =n My, =n411+...+ng, Mg=n,M;,=0.
With these data given, let us introduce the set of variables

Zn = {2 | (i,5) € X(n)},
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and define “boundary conditions” as follows
® 2im,41 =0, if No14+2<i<Ng,a=1,...,k—1,
o zn,415 =00, if Myp1+2<j5< My,a=1,...,k—1,
® ZN, 1 +1.Mot+1 =qa, @ =1,...,k, where qi,...,q are “quantum parameters.
Now we are ready, follow [34], to define superpotential

Zij+1 Zij

Wq,n = ( ZJ + p ! )
_Z ny
(pj)eSm) t1d

Conjecture 6.1. (Cf. [3]]) There exists an isomorphism of rings
QHy (Flny, .y 2) = Zlar s -, 4. 112071/ (W),

where QH[*z} (Fln,,...nes Z) denotes the subring of the ring QH*(Fly,, .. n,.Z) generated by the
elements from H2(]-"ln1,,,,,nk,Z);
J(Wyn) stands for the ideal generated by the partial derivatives of the superpotential W, ,, :

ow, .
TWan) = (52), (i,)) € B(n)).
Z?]
Note that variables {z;; € ¥(n), ¢ # N, +1, a =0,...,k — 2} are redundant, whereas
the variables {z,; := z;,in j=1,...,n4, a =0,...,k— 2} satisfy the system of algebraic
equations.

In the case of complete flag variety Fl,, corresponds to partition n = (1™) and the superpo-
tential Wy 1» is equal to

Zij+1 Zi,j
W= Y (g B

I<i<jen—1 b3 FimLjtl
where we set 2, == ¢;, i =1,...,n. The ideal J(W, 1») is generated by elements
8Wq71n . 1 I 1 Zi,54+1 + Zi—1,j—1
o L 2 :
Zi,j Zij—1  Zi—1,j+1 Zij

One can check that the ideal J(WWg 1») can be also generated by elements of the form

i
ZAg'Z)(QI, s Qneidly Bn—ly - Zn—itl) 2 =1, A(()Z) =aq1 - dn—it1;
j=0

Jj—i=1 _
.

1

where z; := 27, i=1,...n—1. For example,

Aqqgn=1, q g2t —q 2o=1,

Q23 %0521 G2 43 Zn—1 Zn—2 Zn—3 + Q2 q3 725+ q3 Zn_a = 1.

Therefore the number of critical points of the superpotential Wy, is equal to n! = dimH*(Fl,,Z), as
it should be. Note also that QH*(Fl,,Z) = QHp, (Fln, 7).
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6.3 Appendix III Koszul dual of quadratic algebras and Betti numbers

(n)

Let k be a field of zero characteristic, F(™ = k < zq,...,2, >= @jzon be the free
associative algebra generated by {z;, 1 < i < n}. Let A = F™ /I be a quadratic alge-
bra, i.e. the ideal of relations I is generated by the elements of degree 2, I C F2(n). Let
F* = Hom(F,, k) = ®D,>o F](n)* with a multiplication induced by the rule fg(ab) = f(a)g(b),
fe Fi(n)*, g€ Fj(n)*, a € Fi(n),b € F](n) Let Iy = {f € Fén)*,f(lg) = 0}, and denote by I+
the two-sided ideal in F'(™* generated by the set IQL.

Definition 6.5. The Koszul (or quadratic) dual A' of a quadratic algebra A is defined to
be A':=F0r/IL

The Koszul dual of a quadratic algebra A is a quadratic algebra and (A')' = A.

Examples 6.1. (1) Let A = F™) be the free associative algebra, then the quadratic duel A' =

(2) If A=k[z1,...,zy,] is the ring of polynomials, then
A! - k[yla v 7yn]/([yl7yj] 71 S 17] S n)7

where we put by definition [y;,y;] = viy; + yjve, if 1 # j, and [y, ] = v
(3) (cf [63], (b), Chapter 5) Let A= F™/(f1,... f.), where f; = do1<jk<n QijkTj Tk,

i=1,...,r are linear independent elements of degree 2 in F"). Then the quadratic dual of A
is equal to the quotient algebra A' = k < yi,--+ ,yn > /J, where the ideal J =< g1,...,g9s >
, s =n?—r, is generated by elements g, = Zl<j,k<n bimjk Yj Yk The coefficients by, i, m =
I,...,8,1 < 4,k <mn, can be defined from the system of linear equations Zlgj,kgn Aijk bmjk =
0, e=1,...,7, m=1,...,s.

|

Let A= >0 Aj be a graded finitely generated algebra over field k.

Definition 6.6. The Hilbert series of a graded algebra A is defined to be the generating
function of dimensions of its homogeneous components: Hilb(A,t) = <, dimAy th.
The Betti numbers B4(n,m) of a graded algebra A are defined to be Ba(i, j) := dimTor{ (k,k);.
The Poincaré series of algebra A is defined to be the gemerating function for the Betti
numbers: Pa(s,t) =3 ;5050 Ba(i,j)st.
Definition 6.7. A quadratic algebra A is called Koszul iff the Betti numbers B4(i,j) are equal
to zero unless © = j.

(&) Tt is well-known that Hilb(A,t)P4(—1,t) = 1, and a quadratic algebra A is Koszul, if
and only if Ba(i,j) = 0 for all i # j. In this case Hilb(A,t) Hilb(A', —t) = 1.

Example 6.1. Let Fr(LO) be a quotient of the free associative algebra F,, over field k with the set

of generators {x1,...,xn} by the two-sided ideal generated by the set of elements {x3,...,22}.
Then the algebra F}O)n is Koszul, and Hilb(Fr(LO),t) = %

6.4 Appendix IV Hilbert series Hilb(3T?,t) and Hilb((3T°)',t): Examples

38 All computations in this Section were performed by using the computer system Bergman, except computa-
tions of Hilb(3T¢,t) in degrees from twelfth till fifteenth. The last computations were made by J. Backelin, S.
Lundgqvist and J.-E. Roos from Stockholm University, using the computer algebra system aalg mainly developed
by S. Lundqvist.
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Examples 6.2. Hilb(3TY,t) = [2]?[3], Hilb(3T},t) = [2)%[3]?[4)%,
Hilb(3TY,t) = [4]4[5)%[6]*, Hilb(3T}, t)
= (1,15, 125, 765, 3831, 16605, 64432, 228855, 755777, 2347365, 6916867, 19468980,
52632322, 137268120, 346652740, 850296030, - - - ).
= Hilb(3TY,t)(1, 5,20, 70, 220, 640, 1751, 4560, 11386, 27425, 64015, 145330, 321843,
696960, 1478887, 3080190, - - - ).
Hilb(3T?,t) = Hilb(3Tg,t)(1, 6,30, 135,560, 2190, 8181, 29472, 103032, 351192,
1170377, -+ ).
Hilb(3TY,t) = Hilb(3TY,t)(1,7,42,231,1190, 5845, 27671, 127239, 571299, 2514463,

Hilb((3T9)', t)(1 — t) = (1,2,2,1), Hilb((3TY)',t)(1 —t)? = (1,4,6,2, -5, —4, —1),
Hilb((370)',1)(1 ~ 1) ( 26 40,19, 18, —22, -8, —1),
Hilb((3T0) 1)(1 — 1)® = (1, 12,58, 134, 109, —112, —245, —73, 68,50, 12,1),
Hilb((3T9)", ¢)(1 — t)® = (1,18, 136, 545, 1169, 1022, —624, — 1838, —837, 312, 374,123, 18, 1).
We expect that Hilb((3T0)',t) is a rational function with the only pole at t = 1 of order
[n/2], and the polynomial Hilb((3T°)",t)(1 — )"/ has degree equals to [5n/2] — 4, if n > 2.

6.5 Appendix V Summation and Duality transformation formulas [41]

Summation Formula Leta; +---+a, =>0. Then

" ' [wi—xj—kaj] [:L'i—l-y—b]_ [y + x; — a4
2 el (e =0) T =0 I i

i=1 i 1<i<m

Duality transformation, case N =1 Leta;+---4+amym =01+ ---+b,. Then

- —Z;+ aj] (25 + yr — by _
2 las H T; — 4] 11 [zi+ue]

1=1 Jj#i 1<k<n
n

Yk — Yt b Yk +xi — a
2 H [k — i ] 11 [ v +Z$'] !
k=1 £k k ! 1<i<m k v
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