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Abstract

The four- and five-dimensional effective actions of Calabi-Yau threefold compactifica-
tions are derived with a focus on terms involving up to four space-time derivatives. The
starting points for these reductions are the ten- and eleven-dimensional supergravity ac-
tions supplemented with the known eight-derivative corrections that have been inferred
from Type II string amplitudes. The corrected background solutions are determined
and the fluctuations of the Kahler structure of the compact space and the form-field
background are discussed. It is concluded that the two-derivative effective actions for
these fluctuations only takes the expected supergravity form if certain additional ten- and
eleven-dimensional higher-derivative terms for the form-fields are included. The main re-
sults on the four-derivative terms include a detailed treatment of higher-derivative gravity
coupled to Kahler structure deformations. This is supplemented by a derivation of the
vector sector in reductions to five dimensions. While the general result is only given as
an expansion in the fluctuations, a complete treatment of the one-Kahler modulus case
is presented for both Type II theories and M-theory.
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1 Introduction and Summary

Compactifications of Type II string theories and M-theory on Calabi-Yau manifolds are
interesting from various interrelated perspectives reaching from phenomenologically mo-
tivated model building to purely mathematical studies of quantum geometry. In partic-
ular, reductions on Calabi-Yau threefolds have been studied over several decades lead-
ing to intriguing discoveries such as mirror symmetry. Compactifications of Type IIA
and Type IIB string theory on Calabi-Yau threefolds result in four-dimensional effective
theories that admit N' = 2 supersymmetry [1], or sixteen preserved four-dimensional
supercharges. Similarly the compactifications of M-theory on Calabi-Yau threefolds lead
to five-dimensional supersymmetric theories that preserve sixteen supercharges or five-
dimensional N = 2. Four-dimensional N/ = 1 supersymmetric effective theories are
obtained from Calabi-Yau threefold compactifications including D-branes and orientifold
planes [3,/4]. So far, however, the effective actions arising in Calabi-Yau threefold com-
pactifications are only fully understood at the two-derivative level. In this work we aim to
go beyond this and systematically include terms up to four derivatives into the effective
action.

Our starting point for the compactifications are the ten- or eleven-dimensional low
energy effective action of of Type II string theory or M-theory. At the two derivative
level these are the well-known ten-dimensional Type IIA and Type IIB supergravity
actions with N’ = 2 supersymmetry, and the unique eleven-dimensional supergravity
theory with N' = 1 supersymmetry. The Type II supergravity actions are modified by
two types of stringy. First, there are o'-corrections imprinted in higher derivative terms.
Second, the worldsheet genus expansion in g, leading to higher dimensional operators
in the effective theory depending on higher orders of the dilaton. Using perturbative
string theory these corrections can be computed by explicitly evaluation string scattering
amplitudes. While this can be notoriously difficult, various corrections are known in the
literature. For example, it is well established that the R*-terms in Type II theories at
order o/ are the complete set of purely gravitational eight-derivative terms [5}33}10,8.9].
Additionally, there are higher derivative terms in ten dimensions involving the NS-NS
two-form By [7,/14]. Tt was conjectured in [14] that the By completion of the R*-terms
can almost be completely captured by introducing a connection with torsion, where
H; = dB; acquires the role of the torsion. A strategy to extract corrections to the
eleven-dimensional supergravity action is to up-lift the Type IIA corrections computed
by string amplitudes. From the known Type ITA terms one can thus infer R*-terms [11//13]
and terms involving the M-theory three-form C. It is eminent that the only expansion
parameter in eleven dimensions is the eleven-dimensional Planck length.

Obtaining effective actions in four and five dimensions taking into account higher
derivative corrections in ten or eleven dimensions is an important yet challenging task.
Since the first corrections at order o® involve terms quartic in the Riemann tensor, the
derivation of the effective couplings of the geometric moduli constitutes a computationally
challenging task. Furthermore, although the R*-couplings in ten and eleven dimensions



are well established, less is known about the completion of the action at eight derivative
level for the full NS-NS and R-R sector. Important partial results can be found, for ex-
ample, in [15,/16,(14},|17], but it is desirable to obtain a complete action via, for example,
supersymmetric completion or comparison with scattering amplitudes. Another impor-
tant challenge is the construction of general higher derivative supergravity theories in
various dimensions independent of their string theory origins. While many standard for-
mulations of supergravity at two derivatives are well established, there exist only partial
results beyond the two derivative truncation. In the considered string compactifications
a general higher derivative supergravity action would not only allow us to check consis-
tency with the expected preserved supersymmetry, but also suggest a clear systematics
to determine physical couplings in terms of geometric data of the compactification space.

Higher derivative corrections in string theory and M-theory have led to interest-
ing modifications of the low energy dynamics and phenomenological models obtained
in compactifications. In the following we will only give a very incomplete list of past
applications for which higher derivative corrections play a prominent role. It is well
known that higher derivative corrections give rise to corrections of the Kéhler poten-
tial of N = 2 compactifications involving characteristic classes of the compactification
Calabi-Yau threefold [19}[18]. It was later argued in [20}21] that some of these corrections
survive the truncation to N’ = 1 supergravity in compactifications including fluxes and
an orientifold projection. Although obtaining a general higher derivative theory in five
dimensions is not yet available, an off-shell completion of R*-terms in five-dimensional
N = 2 supergravity and its on shell version for pure supergravity is known [22]. These
results were used to study the effect of higher derivative corrections on AdS black holes as
well as gauge theories using holographic anomaly matching [23]. Four derivative N' = 1
and N = 2 supergravity theories in four spacetime dimensions are still poorly under-
stood. Recently, progress towards classifying four derivative superspace operators in the
context of NV = 1 supergravity was made in [24]. This interest arose from the observation
that higher derivative terms in Type IIB orientifolds might stabilze Kéahler moduli [25].
Let us emphazise out that a first complete treatment of the kinetic terms for the Kahler
deformations originating from R*-terms in eleven dimensions was presented in [26-28],
where M-theory was compactified to three dimensions on a Calabi-Yau fourfold.

Our goal in this work is to study various compactifications of M-theory and Type II
string theories on Calabi-Yau threefolds taking into account the known eight derivative
terms. We review the considered known and conjectured terms in the ten and eleven-
dimensional action contributing at order o’. This will allow us to solve the equations of
motion determining background solutions possessing a compact, six-dimensional manifold
which is topologically a Calabi-Yau threefold. We find that the modified solution in Type
ITA involves a non-trivial background of the dilaton given by the Euler density in six
dimensions on the lowest order Calabi-Yau geometry. Furthermore, the metric receives a
correction leading to a deviation from Ricci flatness, which, however, does not alter the
cohomology class of the curvature two-form. We then briefly comment on the relation
between M-theory and Type IIA at order o/® and explain why adding a certain term in



eleven dimensions is necessary.

The main part of this work is devoted to a detailed discussion of the dimensional re-
duction of M-theory and Type II on Y3 including infinitesimal deformations of the Kahler
structure. In the M-theory reduction we also present results on the five-dimensional
two- and four-derivative effective action also including vectors arsing from the M-theory
three-form, while in Type II theories we comment on including the dilaton and modes
from the NS-NS two-from. We first derive the five-dimensional two-derivative effective
action and show that eleven-dimensional eight-derivative terms only lead to a modifica-
tion of the scalar field corresponding to the overall classical volume of Y3 in accordance
with [12]. Furthermore, we then derive the five-dimensional four-derivative terms orig-
inating from the eleven-dimensional eight-derivative terms. Increasing computational
complexity forces us to restrict to terms quadratic in the fluctuation. The main cou-
plings at four-derivative level are found to be divisor integrals of the second Chern class
of Y3 and two new tensorial structures Z,;;, X;g}, see and (3.40), involving one
and two Riemann tensors on Y3;. However, the physical significance of the latter two
remains unclear, since there might exist a field redefinition ambiguity in the descrip-
tion of higher derivative theories. We also preform the dimensional reduction of Type
IT ten-dimensional effective actions with a focus the deformations of the Kahler struc-
ture and scalars b* arising from the zero mode expansion of the NS-NS two-form. The
two-derivative four-dimensional effective action for the Kéahler structure deformations
contains the well known shift with the Euler characteristic of Y3 [?]. In Type ITA re-
ductions we then use the fact that the Kahler structure deformations and the scalars
from the NS-NS two-form combine into the complexified Kahler moduli in N/ = 2 vector
multiplets. In order to obtain their kinetic terms from a A/ = 2 prepotential [19], we
find that a string tree-level structure for the kinetic terms of the scalars 6® is missing.
This forces us to add a minimal novel set of Hs-terms in ten dimensions. In other words,
we use four-dimensional supersymmetry constraints to suggest missing higher-derivative
terms in the ten-dimensional action.

In the last part of this work we exploit the fact that for the case of one modulus
u all computations can be performed exactly. We derive all four derivative couplings
stemming from the R*terms in M-theory and both Type II theories. Furthermore, we
discuss the possibility of higher derivative field redefinitions. This allows us to show that
there exists a field basis in which the four derivative effective actions can be chosen to
only consist of the Gauss-Bonnet term and a four derivative interaction (Ju)?. We also
comment on the orientifold truncation of this A/ = 2 result to a minimal supersymmetric
setting in four dimensions. After truncation we aim to make contact to the proposal
of [25] to stabilize moduli using higher derivative terms. Our reduction clarifies the
structure of the terms (Ju)?*, but we point out some caveats in reading off the coefficient
functions. Unfortunately, our findings cannot settle the phenomenological relevance of
higher derivative terms for moduli stabilization and a direct derivation of the scalar
potential remains crucial.



2 Higher derivatives and circle reduction

The purpose of this section is to collect and state the bosonic actions of N = 1 supergrav-
ity in eleven and the N' = (1, 1) Type ITA supergravity action in ten dimensions including
known and conjectured eight derivative corrections stemming from the o’ expansion of
the sigma-model worldsheet action of the underlying string theory. Note that due to
the lack of a microscopic formulation of M-theory, all known corrections are indirectly
obtained by lifting ten-dimensional correction of Type IIA to eleven dimensions. At the
classical level, i.e. at lowest order in o/, this duality is simply given by a circle reduction.
Once higher derivative terms are taken into account it has to be refined and corrected.
This correction turns out to be crucial as we will argue in the following and is indeed
necessary for compatibility with supersymmetry in lower dimensions.

The specific types of higher derivative terms we consider are the well known eight
derivative terms quartic in the Riemann tensor [7H13] and a set of terms conjectured
in [14,29] quadratic in the NS-NS three-form field strength on the Type IIA side, which
lift to eight derivative terms of the four-form field strength in the M-theory picture.

In this section we first collect the various pieces contributing to the actions in ten
and eleven dimensions. We explain which terms are well established and which ones
are conjectured. In the following we argue, that a certain term in the action has to be
added in eleven dimensions to take into account the deviation of the dilaton from being
constant in the backgrounds we are considering. Thus, the additional term can be seen
as a necessity to account for the absence of the dilaton in M-theory.

2.1 Ten-dimensional Type ITA supergravity action at eight deriva-
tives

In the following we will use a tilde to denote a field or operator in ten dimensions and
capital letters at the beginning of the alphabet for tensor indices in ten dimensions.
The bosonic field content of ten-dimensional Type ITA supergravity is given by the ten-
dimensional metric g4 g, the dilaton in ten dimensions gE and the two-form BQ all of which
descend as massless modes from the NS-NS sector of the RNS superstring. Those terms
are augmented by further fields from the R-R sector which however do not play a role in
the following. We will therefore restrict ourselves completely to the NS-NS fields.

The part of the N' = (1, 1) low energy effective action of the Type ITA superstring we
are considering takes the schematic form

Sua = SN + aSEE + aSg? + aSp (2.1)

where we already introduced the expansion parameter

o

¢T3

(2.2)



The classical action at lowest order in the parameter a has for the NS-NS fields the form
o2, Gelass _ / 2H(R31+ 449 AFdd - —H3 NI (2.3)
M1o

where M is the spacetime manifold, R is the Ricci scalar in ten spacetime dimensions
and H; = dBs is the field strength of the NS-NS two-form. The grawtatlonal coupling
in ten dimensions, denoted by kg is related to the slope parameter o’ by the relation

2r3, = (2m)7a. (2.4)

At eight derivatives the action gets supplemented by additional terms quartic in the
Riemann tensor at both tree-level and one-loop in the string coupling g;. Those pieces
of the action take the schematic form [30]

— 1 -
2l{105tree = C(3) / €_2¢ (tgtg + —610610) R4 x1 s (25)
Mo 8
2 gloop s T 7 1 =4~
2R10S g = 3 (tsts - 5610610>R * 1. (2.6)

Maio

For the detailed form of these terms and the definition of the tensor ¢z in ten and eleven
dimensions we refer the reader to appendix [B| Note that the relative sign flip of the one-
loop contribution compared to the tree-level piece is characteristic for Type ITA and does
not appear in Type IIB. Additionally, there is an an eight derivative coupling involving
the NS-NS two-form B, and four Riemann tensors, which will however not play a role in
the Type ITA discussion. Its M-theory counterpart will be taken into account when the
four derivative couplings in five dimensions are computed.

It is furthermore conjectured in [14], that the completion of the eight derivative terms
with respect to the NS-NS two-form is almost completely captured by introducing a
connection with torsion. The claim is then, that higher derivative terms involving B, can
be obtained from the R* terms by computing the latter with respect to the aforementioned
torsionful connection. We will not collect all the structures emerging from this procedure
but outline the strategy how to get the eight derivative terms we need for our discussion.

Both the tree-level and one-loop contributions to the R* action can be expressed in
terms of the two ’superinvariants’

-~ 1 ~
Jo = <t8t8 + §€10€10)R4 ; (2.7)
-~ 1~ o~
jl = t8t8R4 - Zt861082R4 (28)
such that the R-terms read
2k30S s = ((3) / e 2 7051 (2.9)
Maio
1 s
213, S = / (27, — Jo) ¥ 1. (2.10)
3 Maio



The last term in (2.8)) corresponds to the eight derivative coupling involving B, which we
do not consider in the Type IIA context and is therefore also ignored in (2.10). The By
field completion at eight derivatives is according to [14] then given by the replacements

Jo = Jo(Qs) + AT(Qy, Hs) =

o~ 1 ~ 1 oo~
= (tgtg + §€10610> R4(Q+) + 5610610H§R3(Q+) (211)

-~ o~ 1 -~ ~ -
T Fi) = Bl (Q) - cends B (RU(Q) + RU(Q)) . (212)

where the Riemann tensor with respect to the connection with torsion {24 is given in
components by

~ B1 By

. . 1~ .
R(Q21) 4 4, = RAlAgBlB2 £+ Via Hy )PP + §H3[A1BlBBH3A2]B3B2 : (2.13)
For the detailed structure of the coupling eloeloffgf%?’ we again refer the reader to ap-
pendix [B] The terms generated by this replacement up to quadratic order in the NS-NS
three-form field strength are denoted by Spg» in (2.1)).

However, as we will explain in section [4] the replacements (2.11)) and (2.12) are not
consistent with the correction to the four dimensional prepotential. We therefore propose
a corrected replacement given by

Jo = Jo(Qy) + AT(Qy, H) + 6T

1
J— () + 55[7, where

6T = —2/ tats H2 R®% 1 (2.14)
M

10

and the explicit index expression of (2.14]) is given by
58 58 'FI32 RS - £§1A2 58 Bl"'BS ‘g?) AlAQC ﬁ?)Blec RBsB4A3A4 e RB?BSA'yAg : (215)

Notice, that the structure of the modified replacement is such that the tree-level
terms get modified, whereas the one-loop terms remain untouched. Furthermore, note
that the index contraction of is such that it cannot be obtained via the metric
replacement applied to the R*-terms.

2.2 Corrected Y; background solution at order o in Type IIA

In the classical, i.e. lowest order in o' case, a solution of the equations of motion with a
complex three-dimensional compact internal space preserving N/ = 2 supersymmetry is
simply given by a product manifold My = M 3 x Y3, a constant dilaton and no fluxes.
Here M 3 is four-dimensional Minkowski space and Y3 is a Calabi-Yau manifold. Due to

7



the eight derivative couplings at order a® we need to look for corrected solutions to the

corrected equations of motion which reduce to the classical Y3 solution at lowest order in
the expansion parameter « introduced in (2.2). We therefore take

(d5%) = nudatdz” + (g4, + agl,)dy™dy" (2.16)
(9) = do + a (s (y))
(H3) =0

as our ansatz for solving the corrected equations of motion. In the ansatz un
denotes the four-dimensional Minkowski metric, ¢%), is the lowest order Calabi-Yau metric
and ¢g is a constant. The goal is now to fix the correction to the dilaton (¢) as well
as the correction to the metric ¢{}) . Note that in this section we work entirely with real
indices m,n =1, ..., 6.

Varying the corrected action (2.1) with respect to the fields and evaluating the re-
sulting equations of motion on the ansatz (2.16)) yields the following equations:

e external Einstein equation.

0=g """ RY,, +4V)VO™ (¢ (y)) (2.17)
e internal Einstein equations.

1
0=RY — g9 gOMRY,, — 290 VOVOEGD(y)) +2VOVO(eD(y))  (2.18)

2mn

2
768 (2m)° (G(3) + o™ ) SO, TVOVE (1) o).
In and we have employed the definition R,,,(¢" + ag®) = RY + aR)
and furthermore used the complex structure J© ", the Hodge star *;’ and the third
Chern class ¢}’ all of which are evaluated on the zeroth order Calabi-Yau background.
The equation of motion for the NS-NS two-form is trivially satisfied and the equation of
motion of the dilaton coincides with the external Einstein equation in the string frame.
Compatibility of the external and internal Einstein equation is achieved by taking the
trace of the internal Einstein equation and comparing it to the external Einstein equation,
which in turn fixes the correction of the dilaton to
2

(6 () = 381 (2m)" (C(3) + o™ ) ) . (219)

Plugging (2.19) again into the internal Einstein equation results in
2

R, = =768 (27r)3<g(3) + %e2¢°> (VN + IO T JOVIVY) 6" ¢ (2.20)

Going to complex indices in (2.20) shows that R{ ~ 0;0;(x§’c§”) which in turn has
a solution g%) ~ 0;0;f(y) for some specific function f which depends on the compact

8



manifold and serves of as a Kahler potential. The holomorphic and antiholomorphic
indices can take the values i = 1,2,3 and 7 = 1,2,3. The precise form of f can be
computed explicitly, which we will only do for the case of M-theory in section [2.4] since
the procedure is the same and the precise form of f is of no physical importance, as the
metric correction turns out to completely decouple from low energy dynamics.

2.3 Eleven-dimensional supergravity action at eight derivatives

The higher derivative corrections obtained for the Type IIA superstring can then be lifted
to eleven dimensions by moving to the strong coupling limit which corresponds to M-
theory. Regarding notation we will use hats to indicate that a certain object is defined
in eleven dimensions and eleven-dimensional indices M, N, ... from the middle of the
alphabet. The lowest order action we are considering is the action of eleven-dimensional
N = 1 supergravity which was first constructed in [31]. Its bosonic part is given by

1 . 1. . A 14 A ~
Sclass — — R*1—-GyN*Gy — ZC3 NGy NGy (2.21)
2651 Jmy, 2 6

The dynamical degrees of freedom are the eleven-dimensional metric g,y and the M-
theory three-form C3 with its field strength G4 = dC5. We introduce similarly to the
Type IIA action the expansion parameter

(4t )

2.22
(271-)432213 ’ ( )

o=
where k17 is related to the eleven-dimensional Planck length £, as k3, = 3(2m)%(}, such

that & oc £3,. The eight derivative action of M-theory up to terms quadratic in G takes
the following schematic form [14]

Sm = S§ + @S pi + ASpg, + ASgeps + S wayepe - (2.23)

Let us proceed by stating the pieces contributing to the eight derivative action ([2.23)).
The most prominent part is the well known R* combination which is

1 ~n 1 A
Sin =5 | (fshs — oyenen ) 41 2.24
R4 22, s 8l 24611611 * ( )

and gets supplemented by an R* coupling to the M-theory three-form Cy via an eight-form
curvature polynomial Xg, namely

32213

- 2
2K,

Sex, = / C3 A Xs. (2.25)
Mt

The sector involving the four-form field strength G, is obtained by lifting the conjectured
terms, which we recalled in section [2.1] to eleven dimensions [14]. The terms we are



considering are the ones quadratic in G, and their corresponding actions in (|2.23)) are

1 IR 1 A9 A
S g = ——/ <tst8 + —611611>G233 *1, (2.26)
GRR 2'%%1 Miy 96 )
1 N A DB A
Swapr = 2_2/ s13(VGa) R #1. (2.27)
K11 J Moy

For the detailed structure of all the terms in we once again refer the reader to
appendix [B] Note however that the new tensorial structure $;g is not fully known but
contains six unfixed coefficients a; [32,133]. The reason for this ambiguity is that the
analysis carried out in [32] is sensitive only to terms which do not vanish at the level of
the four point function. There are however six independent combinations of contractions
which require a five point function analysis to fix their corresponding coefficient in the
effective action.

We will however argue in section [2.5|that we need to add another term to the effective
action in eleven dimensions to ensure M-theory - Type IIA duality for the backgrounds
we are considering.

2.4 Corrected Y3 background solution at order ¢$, in M-theory

We now apply a similar strategy as in section for the case of Type ITA and determine
a background solution of M-theory at eight derivatives. This solution should again have
the property that it reduces to the classical direct product solution of five-dimensional
Minkowski spacetime and a compact Calabi-Yau threefold M$* =M, 4 x Y3 as & — 0
considered in [2]. This problem was already solved in the case of a three-dimensional
Minkowski spacetime and a complex four-dimensional compact internal space, which is
at lowest order a Calabi-Yau fourfold [26}34], a Spin(7) holonomy manifold [35] or an
internal manifold with G2 holonomy [36].

The ansatz for the fourfold solution in [26] involves a warp factor, fluxes and an
overall Weyl rescaling. The necessity for warping and fluxes can be traced back to the
fact, that the eight-form curvature polynomial X5 does not vanish on the internal Calabi-
Yau manifold and one therefore has to take into account fluxes in order to ensure, that
the Cs equation of motion is satisfied. In our case the situation is different, since the
eight-form Xy trivially vanishes on the Calabi-Yau threefold Y3. Thus the modified ansatz
for the background solution can be taken to have the following form

(ds?) = e W™) (Muwdztda” + (g%, + aglh,) dy™dy™) (2.28)

mn

(Ga) =0.

The variation of the quantum corrected action (2.23)) then gives rise to the following
conditions on the corrections (®™ (y™)) and g\ (y™):

10



e external Einstein equation.

GO RL _ ggomnyg Oy 0 (G — (2.29)

e internal Einstein equation.

1 9 9
0= Ry = 50mmg " By = 5V V(@) + 29 ViV (@) (2.30)

+ 768(2m)? JOLTORY 7 (060

In order to fix the global Weyl factor (®") one again takes the trace over the internal
Einstein equation and eliminates all expressions involving R,(#% by making use of the
external Einstein equation resulting in

512
(@) = —?(QW)?’ xS ey, (2.31)
R = —1768(27)* (VWVY + JO' ORIV «O . (2.32)

It is important to notice that the correction to the internal Ricci tensor is governed by
an expression which is twice a covariant derivative of the Hodge dual of the third Chern
class. The strategy to solve this equation is to split *”cy’ into a part which is constant
on the internal space and therefore drops out of the equation of motion and a part which
varies non trivially over Y3;. To make this separation one uses the fact that the third
Chern class satisfies dcy’ = 0 but dfc}’ # 0 and can therefore be expanded as

ey = Hycy +i00¢ 2.33
3 3

by applying the 90-Lemma, where I1;;¢® is the harmonic part of ¢’ which is unique by
virtue of the Hodge decomposition theorem and € is a (2,2)-form satisfying 97¢ = 97¢ = 0.
The unspecified (2,2)- form clearly parametrizes the non-harmonicity of the third Chern
class. Since IIgcy’ is harmonic by definition and [Ag, *¢] = 0 it follows immediately that
the scalar function h(y™) = *{’Iycy’ is constant on the compact Y3 and can therefore
be ignored in the equation of motion. Furthermore, using that on a Kéhler manifold the
Laplacian satisfies

Aq =20y = 274 (2.34)

one shows that ]
i x” 00¢ = —§A<°) *O (JONE), (2.35)

where J© is the Kéhler form of Y3 and A© = V{”V©F is the Laplace - Beltrami operator.
Having determined the non-trivial part of the correction to the internal Ricci tensor the
equation determining ¢ reads

R =384(2m)° (VOVOVYIVOE 4 JOr JOSTOVOITOIVOR) «O (JOANE)  (2.36)

11



whose solution can be checked to be
g = =T768(2m)% (JWF IOV 4+ Vi V) = (JO AE). (2.37)

We again observe in , that the correction to the metric is twice the derivative of
a scalar function. We once more want to stress, that one of the key ingredients for the
derivation of consistent two-derivative effective actions from dimensional reduction is the
interplay between higher derivative corrections and the fully backreacted background
solution, as we will see in section [3|

2.5 Comments on M-theory - Type IIA duality on Calabi-Yau
backgrounds at eight derivative level

In the following we will argue that we need to include another piece in the eleven-
dimensional action in order to obtain after compactification an action in five dimensions
which is consistent with N' = 2 supergravity. The reason for the necessity of such a term
is the fact, that for the background solutions we are considering a non-trivial correction
of the ten-dimensional dilaton occurs, see . The additional part of the action then
compensates for the absence of the dilaton in eleven dimensions. For the discussion in
this section we will closely follow [36] and extend it by including the M-theory three-form.
The additional piece of the eight derivative action at order & we need is

ASy = 256/ Z Gy N%Gy, (2.38)
Miy

where Z is the generalization of the six-dimensional Euler density to eleven dimensions
Z = % (éMle M3M4RM3M4 Matle RM5M6 it — 2RM1M2M3M4§M2M5M4M6RM5M1M6M2) :

(2.39)
We will now argue that the corrected dilaton in ten dimensions can not be identified
with the overall Weyl factor but requires the inclusion of . This indicates
that the M-theory - Type ITA duality at eight derivatives has to be modified and thus
deviates from the simple S! reduction of the classical case. As we showed in section
the corrected background solution in M-theory requires a Weyl factor whereas
the Type ITA equations of motion can be solved without the latter. We therefore move
to a frame in eleven dimensions which leads to the same Finstein equations for the
backgrounds we are considering. This is achieved by the redefinition

512 ~

aZg N (2.40)

gun —> e 3
such that the classical action picks up two additional terms from this field redefinition

k3, Sk _y 92 Gelass / 76847 R%1—1286 Z Gy N # Gy . (2.41)
Miy
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It is now easy to check, that that the equations of motion for an ansatz involving five-
dimensional Minkowski spacetime and a compact complex dimension three internal space
in this frame can be solved by a direct product

(d3%) = nudatda” 4 2(g3 + dgyy')dzdz (2.42)
(Ga) =0, (2.43)

where g§;> is simply in complex indices. The additional term in represent
terms which become backreaction effects in the frame, where the Weyl factor has to
be included. The expectation is therefore, that with the choice My = M, 3 x Y3 the
circle reduction of is equivalent to the classical Type ITA action up to a possible
field redefinition of the dilaton. This redefinition of the dilaton is expected, since the
background solution of Type ITA includes a non-constant dilaton . Concretely, we
will consider an eleven-dimensional ansatz of the form

2

ds? = e 3% pdada? + e3¢dy (2.44)
é4 = ﬁ3 A dy, (245)

with the circle coordinate y ~ y + 1 and the ten-dimensional metric g4p given by
with three-dimensional Minkowski spacetime. We will furthermore keep terms linear in
the dilaton, since those are not expected to occur at higher derivative level in the string
frame and should therefore be captured by a field redefinition. The reduced action ([2.41])
including linear dilaton terms and the correction ASy then reads

- . - 1 -~ -
22,80 = / e 20 <R>T< 1+ 4do A %do — 5Hg A F H3> (2.46)
Maio

—/ 7686 Z R%1+ 30726 Z 0 %1 — 1284 Z Hs A% Hy + ASy . (2.47)
Maio

We then notice that we can recover the classical Type ITA action if we perform a redefi-
nition of the dilaton according to

¢ — ¢ — 3844 Z (2.48)

and if we identify ASy with the expression . Consequently, the additional part
of the eleven-dimensional action captures a part of the effect which the corrected
dilaton has on the low energy effective action. We stress that this analysis relies on the
background geometry stated in this section explicitly. It is therefore expected, that the
general analysis requires more complicated structures. However, the analysis of [36] for
the case, where the internal space is a GG manifold, shows the same propert1es Wlth the
quantity Z playing a major role. From now on we will consider the action as a
part of the full eleven-dimensional action ([2.23).
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3 M-theory on Calabi-Yau threefolds

We study the dimensional reduction of M-theory on the background solution found in
section preserving N = 2 supersymmetry in five dimensions. We perturb the back-
ground solution and derive the two derivative effective action as well as four derivative
operators quadratic in the lower dimensional fields.

3.1 N =2 supergravity in five dimensions

For later reference the basic ingredients of five-dimensional N” = 2 ungauged supergravity
are collected. In the dimensional reduction of M-theory we focus entirely on the massless
sector. For this reason, the relevant massless multiplets are given in Table[3.1} Note that

multiplet bosonic field content # of multiplets
gravity multiplet || metric g, graviphoton Ag 1
tensor multiplet tensor B, real scalar ¢ nr
vector multiplet vector A7, real scalar ®* ny
hypermultiplet four real scalars g%~ ny

Table 3.1: multiplets of five-dimensional A/ = 2 supergravity and their field content

the entire tensor multiplet can be dualized into a vector multiplet since in five dimensions
a two form B is dual to a vector. Let us now turn to the geometry of the scalar field
space in the various multiplets. Since the main focus will lie on the vector- and gravity
multiplet, we will only briefly discuss the hypermultiplet sector. The scalar field space
Mcarar 18 locally given as the direct product [37,[38]

Mscalar = Mreal sp. X Mquat. Kah. (31)

where Mquat. kan. 1S @ quaternionic Kahler manifold parametrized by the hypermultiplet
scalars. The vector multiplet scalar geometry is encoded in a real very special manifold
M eal sp. Whose whole information is captured by a cubic potential. This sector is highly
restrictive and allows for precise tests of higher derivative couplings based on supersym-
metry. The vectormultiplet scalar geometry is describe by the (ny + 1) very special
coordinates L%, where a = 0, ..., ny exceeds the number counting the actual vector mul-
tiplet scalars by one. However in the end, the scalars L® parametrize only ny degrees
of freedom. This can be understood in a geometric way as follows. The scalar sector of
the vectormultiplet can be interpreted as a ny dimensional submanifold embedded in an
ambient (ny + 1)—dimensional manifold with coordinates L*. The hypersurface spanned
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by the vectormultiplet scalars is defined by a cubic polynomial, which in general takes
the form

1
N(L) = 3:Cape L LVL, (3.2)

where Cy. is a constant and symmetric tensor. The hypersurface constraint which has
to be satisfied by the very special coordinates L* is then simply given by
1
N(L) = §CabCLaLbLC =1 (3.3)
The canonical N' = 2 supergravity action in the bosonic sector can then be written
as [39,138]

5(5)

can.

1 1
= / “Rx1— =GaydLo A xdL? — hyy dg® A xdg” (3.4)
s 2 2

1 1
— 5GabFOL AxFb — 6CabcAa A FY A Fe.

The notation indicates that the vector in the gravity multiplet A° was included in a
collective notation such that the index a = 0, ..., ny. The hypermultiplet metric A, does
not play a role in the following and will therefore not be treated. The restrictive nature
of N' = 2 supergravity in five dimensions does not only follow from the constraint
which has to be satisfied by the physical scalar fields. The metric for the vector multiplet
scalars furthermore follows from the cubic polynomial N by taking derivatives

1 1 1
Gap = —§aLaaLb log V¥ = —-Nu+ §Na-/\[b ) (3.5)

N=1 2 N=1

where the notation N, = dr.N was introduced. Thus, the geometry of the vectormulti-
plet space is fully determined by the cubic potential N.

3.2 The two derivative effective action

The first step in our analysis will be the derivation of the two derivative effective action
for the gravity- and vectormultiplet fields as well as a hypermultiplet scalar, which in the
classical case is the volume modulus of Y3. To perform the dimensional reduction of M-
theory we perturb the background solution found in section A crucial observation is
the fact, that the correction to the Calabi-Yau metric g%) drops out of the final expression,
since it can be written as twice the derivative of a scalar function and therefore only
contributes as a total derivative. So effectively the dimensional reduction of is
performed on the metric background

dg? = e (gwdx“dx” + (gg) — iév“waﬁ) dzid25>, (3.6)
1 512 3 1 2 1 1 b 3
B = 22 (2n)? 5y g = (BY) + (0,07)50" + (0.0, 00" + O(5?),
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where the deformations of the Kéahler class of Y3 parametrized by dv® are expanded in
a real basis w, € Hy'(¥3), a =1,...,h" as

0giz = —10V Wgy5 (3.7)
and we have introduced the notation d, = 0s,«. In the M-theory three-form zero-mode
expansion we only keep terms contributing to the vector and gravity multiplet in five
dimensions. More precisely, we only take into account modes giving rise to vectors A% in

five dimensions. The expansion is thus
Cy = A" A w,, (3.8)
é4 == dég == F“/\wa,

i.e. along the H (%’1(3/3) cohomology. In principle, the massless modes in the effective
theory do not have to coincide with the ones from the classical reduction. The reason for
this is the fact, that the linearized equations of motion, which are solved by the massless
modes, can receive non-trivial corrections. Along the lines of [27], using the fact that
the massless deformations of the corrected background in the compactification ansatz
should preserve the Kéhler condition as well as the Bianchi identity for the four-form
field strength in the absence of M5-branes, it is possible to show on general grounds that
the possible corrections to the massless fields at most contribute as total derivatives to
the effective action and therefore decouple. Thus, we will ignore those corrections in the
following and treat the perturbations as the ones of the classical M-theory reduction on
a Calabi-Yau threefold. We will proceed by recording the results of the contributions of
the classical and the eight derivative action to the kinetic terms separately. Finally we
will consider all contributions at quadratic order without any five-dimensional derivative,
i.e. terms contributing to a scalar potential.

Classical action.

First let us perform the dimensional reduction of the classical Einstein-Hilbert term
on the perturbed and o/-corrected background (3.6). Focusing on terms carrying two
derivatives in five dimensions up to second order in the fluctuations we obtain

/ R#1
M

_ / (Var — 768 (2m) G x(Y3)) R * 1 (3.9)
Ms

1 . S
+ /M dov® /\*dévb/y <§waijwbﬂ — W' ij]> %) 1
5 3

1
— / 768 & (-%b + %) dov® A xdéu®,
M 2

kin.
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where we made use of the shorthand notation

1 . S
Vi = / [1 — 100w, + 5 (Waz‘j wy" = Wailwbj])éva&’b] x5 1, (3.10)
Y3
%ab — (277')3/ waijwbﬁ Cg)), (311)
Y3
Ty = (27)° /Y w,i'wy;’ ¢, (3.12)
3

which we will use extensively throughout this work. From the classical action we further-
more pick up a correction to the kinetic terms of the vectors and a Chern-Simons term
in five dimensions

1. A 1. A A
/ ——GNAN*xGy— O3 NGy NGy
My 2 6

1 .
— SFOAKFY [ wasw) g
kin.+C.S. Ms 2 Vs

—/ 128G R, F* N\ x F?
Ms

1
+ / —Kape A N FP N F© (3.13)
Ms 6

where we introduced the triple intersection numbers ICyp. = st Wy A wp A w, on Ys, which
appear as the coefficients of the Chern-Simons term. We furthermore record the reduction

of (2.38) yielding
ASu

= —/ 256 & Bop F* AN* F". (3.14)
Ms

Eight derivative action.

We obtain further contributions to the kinetic terms of the five-dimensional theory by
reducing the eight derivative terms in the action (2.23)) on the lowest order Calabi-Yau
background. The R*-terms (2.24)) lead to a correction to the kinetic term of the Kéhler

class deformations and a correction to the Ricci scalar

2651 S, = /M 768 (271)% X (Y3) R+ 1 4 384 Zop d6v® A % don” (3.15)
5
and from (2.26)) and (2.27)) we obtain the corrections to the kinetic terms of the vectors
2631 (Sez s + Svéyzre) lan, = / 384 Koy F* N % FP. (3.16)
Ms

Note that in order to obtain the result we had to fix a; = a9 in $15 . This is nec-
essary to arrive at an expression, which is solely built of internal space Riemann tensors
and harmonic (1,1)-forms without explicit derivatives after applying internal space total
derivative identities. Then the final result can be shown to be independent of the unfixed
coefficients a,, by applying Schouten identites. Before putting the results obtained in this
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section together to obtain the five-dimensional two derivative effective action we briefly
comment on the scalar potential.

Scalar potential.

Let us consider the higher curvature terms proportional to R* once again. The dimen-
sional reduction of those, focusing on the zero external derivative contributions gives
w, xP 1. (3.17)

2’%1 534‘ = —768(27r)3 Sv%ou? % 1 Vkvk(*(ﬁmcém) w

Ms Y3

sc. p aij
This indeed looks like a mass term arising for the fluctuations dv®. Another potential
source for a scalar potential is the classical Einstein-Hilbert action, since it is possible
to pick up a mass term if one performs the dimensional reduction on the &-corrected
background solution (3.6)). The reduced Einstein-Hilbert term then reads

/ Rx1
Miy

which is exactly the contribution needed to cancel the one coming from the higher cur-
vature terms . From the reduction results and it is also possible to see
that their contribution entirely stems from the non-harmonicity of the third Chern class
given by i00¢. Moreover this cancellation shows that taking into account the backreac-
tion and expanding the perturbations around a consistent background solution is crucial
for the five-dimensional effective action. Note that this cancellation is already expected
from a previous analysis on a fourfold in [28§].

We are now in a position to collect the various pieces (3.9), (3.13)), (3.14), (3.15),
(3.16) and merge them into the five-dimensional two derivative effective action

= 768(27)* o® / 00 x 1 [ ViV ) wy i wy” #8 1,  (3.18)

SC. p. M5 Y3

1 ~ o
2K2,8% = / VR *1 +/ ddv® A *dévb/ <§wm~jwbﬂ - waizwbj]> 1 (3.19)
M5 Ms Y3

1
—/ 768&%bd5v“/\*d6vb——/
Ms 2

F“/\*Fb/ Wa N * Wy
Ms Ys

1
— ~Kape A NFP N F€.

Ms 6
Note that all terms involving the coupling Z,;, in (3.19) canceled. Those cancellations
are in fact crucial for compatibility with A/ = 2 supergravity in five dimensions, as the
coupling Z,;, is not proportional to the Euler characteristic x(Y3), since the non-harmonic
part of the third Chern class prevents us from performing an integral split. The surviving

coupling .7,;, however satisfies
x(¥3)

Ty = —(27)° BYOR KK (3.20)
since the traces of the harmonic (1,1)-forms are constant. The quantity V® in (3.20)
denotes the volume of the zeroth order Calabi-Yau manifold and K, K are contractions
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of the intersection numbers with the Kahler moduli evaluated in the background, whose
precise form can be found in appendix [A] In the following we will denote quantities
evaluated in the background with a zero superscript. We now perform a Weyl rescaling
of according to ¢, — Vl\_f/ 39#,, and the uplift from infinitesimal Kahler class
deformations to finite fields v* leading to the action in Einstein frame

5 1 5 a
2/’6%15( ) = //\/l5 [R* 1+ W(Kab - @’CaKQdU A *dvb (321)
+ L(IC Lk Ky) F* Ax F" — LK ueA® A FP A F?
oy~ o2 6
Y-
+ 768(27)% & Xgﬁ?’) KCoICpdv™ A *dvb} :

In (3.21) we used the definition of the Calabi-Yau volume V = %Kabcv“vbvc. We will
now make contact with A/ = 2 supergravity outlined in section 3.1} It is already clear
from that we make the identification Cp. = Kgpe, since there is no correction to the
Chern-Simons term in five dimensions, leading to the cubic constraint

1
N(L) = 5/cabcL“LbLC, (3.22)

which the physical scalars in the vectormultiplet L* have to obey. This constraint is
obviously solved by L¢ = V=307 which is equivalent to the classical case. Due to the
relation this data is enough to completely fix the geometry on the vectormultiplet
and shows, that there are no quantum corrections present in this sector. The correction
~ x(Y3) in must therefore be the one of a hypermultiplet. Using the explicit form
of the physical scalars L® one can show that is equivalent to

i 1 1 1 1
K386 = / 53* 1— §Gab(L) dL® AxdLb — 5Ga,,(L) F*N%F? — Zonogv AxdlogV
Ms

Y- 1
+/ 384@@dlogv/\*dlog1)— KaA® N F* A F* (3.23)
Ms

where we used the metric G, derived from the cubic potential (3.22)) given by

1 1 1
G = =500 logN(L)‘ = =KoL + SKacakope LL'LLY (3.24)

Classically one identifies one of the hypermultiplet scalars D with D = —% logV [38],
whereas when taking quantum corrections into account we find the corrected hypermul-
tiplet scalar

1
D=—3 log (V + 768 & x(Y3)) , (3.25)

such that the final action is

1 1 1
K3S® = | SRx1—=Gu(L)dL* AxdL’ — =4 (L) F* AxF* —dD A %dD
11 Ms 2 2 2

1
— / —Kape A" N FP N FE. (3.26)
M 6
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We have thus shown that our dimensional reduction of M-theory at two derivative level
is compatible with A/ = 2 supergravity. The metric of the vectormultiplet coincides with
the one of the classical reduction, such that the only net effect at two derivatives is a
corrected field identification of one hypermultiplet scalar. This can in turn be interpreted
as a renormalization of the volume of Y3 at order &, see ([3.25)).

3.3 Four derivative terms of the Kahler moduli

We now aim to include four derivative terms in the effective action including at most two
fluctuations dv*. Obviously this truncation misses e.g. the four derivative interaction of
the form (Ov®)?* since this would require at least an analysis up to order dv*, which is
however technically very involved. In this section we therefore consider the background
perturbations up to second order. We now introduce the coupling capturing the
four derivative terms we find for the Kéahler deformations as well as most of the four
derivative terms of the vectors in five dimensions derived in section 3.4l It is a non-
topological, co-closed (2,2)-form Z whose components are given by

Zijkl— = EiFirgrizge Cklkilikala leilllkl Rj2i212k2 (327)
satisfying the relations
Zig" = —2i(2m)? (%6 c2);;, (3.28)
ZLF=20271) %6 (caNJ) (3.29)
Zijkkwaﬁ = 2i(2m)% ¢ (ca A w,) . (3.30)

This object was already recognized to play a role in the context of N' = 2 four derivative
couplings arising from string compactifications in [29,40]. The four derivative couplings
from the R* terms we find by reducing them in a straightforward way to five dimensions
are then

26515 5 | oo e, = / 192(2m)* [R* %1 — 4R, R" x1—16Tr R A xR / ¢y’ NJ
T

Y3

— / 96 Z) [Rdov® A xddv® — AR* 9,00°9,60" x 1 + 2(06v*) (O6v°) 1],
Ms

(3.31)

where we performed external spacetime integrations by parts and defined [ = V,V*.
Additionally, we introduced the five-dimensional curvature two-form R*, satisfying
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R, B"" x1=—8Tr R AxR and the shorthand notation

2., = / AL (3.32)
Y3
Z, = (27r)2/ Co N\ Wy ,
Y3

22(271')2/ CQ/\J,
Y3

which we will use frequently in the followingﬂ. Note that the Kéahler form in ((3.31])
coupling to the second Chern class of Y3 is with respect to the fluctuated metric J =
JO + dv%w, and the second order fluctuations of the terms built of two Riemann tensors
in five dimensions cancel in a non-trivial way.

In the following we will discuss the Riemann squared terms in (3.31)) when moving to
the five-dimensional Einstein frame. Note that the second line in is already second
order in the fluctuations dv* such that the Weyl rescaling simply leads to an overall
factor proportional to the zeroth order Calabi-Yau volume V. The terms involving
two five-dimensional Riemann tensors however come with at most linear terms in dv®
and get therefore a less trivial modification from the Weyl rescaling considering terms
up to O(dv?). The explicit form of the action after the Weyl rescaling in terms of
the fluctuations is very involved and we will not display it here. Since we are in the
end interested in the corresponding action of the finite fields we will give an action,
which precisely reproduces the Weyl rescaled action when expanding it in infinitesimal
fluctuations. We therefore introduce the scalar

1
u=1logy with V= glCabcvavva ) (3.33)
The Riemann squared action in Einstein frame then reads
242, SEinst. — / 1924 Ze /3 [}22 «1—4R, R"™«1—16Tr R A *R] (3.34)
Ms

1
+ / E@Ze_“/g [1536 R (Ou) 1 —1536 R" V,V,u*1—512 Rdu A xdu
Ms

+256 R* 9,udyu+ 1+ 1024 (Ou)? * 1] ,

where we now have the moduli dependent coupling

Z=Z0") = (27?)2/ coNJ, with J=10%,. (3.35)
Y3

The uplift of the terms in the second line in (3.31]) is however not obvious, due to the

non-topological nature of the coupling Z'9. The naive guess would be to to promote

Z((L(;) — Zup = Zap(v?) to its moduli dependent counterpart and to lift v® — v®. A higher

order analysis in the fluctuations dv® might provide further evidence for this claim.

2Note that we always denote evaluation on the background with a zero superscript.
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3.4 Four derivative terms of the five-dimensional vectors

Before we continue with the results of the four derivative terms involving five-dimensional
vectors, or rather two powers of their field strength to be more precise, let is note that
it is well known that there is also a five-dimensional gauge-gravitational Chern-Simons
term present [12,41.,|38]. This contribution to the five-dimensional effective action arises
upon dimensional reduction of and is in our conventions

SC’Xg = 768 / ZC(LO) A*ANTr RAR. (3.36)
Ms

It was worked out in [22] that the coefficients of this gauge-gravitational Chern-Simons
term and the coefficient of the R, ,, R***” term in (3.31)) are related by supersymmetry
and matches our computation. This known fact serves as a crosscheck at this point.

We proceed by dimensionally reducing the action
Se, = Seere + Sw6y2pe (3.37)
keeping terms containing four derivatives in M5 and up two two five-dimensional field

strengths F'* = dA®. We will keep the coefficients a,, completely generic, however keeping
in mind that the discussion of the two derivative action forced us to impose a; = a».

The part of the five-dimensional effective action containing the Ricci scalar and two
field strengths of the vectors is

264150, poppe = 96 | ZWRF A (3.39)
and the terms involving the five-dimensional Ricci tensor reduce to
265156, | o g = 192 /M ZY RV F' 1. (3.39)
5

The treatment of the terms containing one five-dimensional Riemann tensor fully con-
tracted on two field strength tensors F'* is however more complicated. In addition to
internal space total derivative identities we made use of the first Bianchi identity for the
five-dimensional Riemann tensor and introduced a new object X* = X;SJZ dz* Adz’ whose
components are given by )

X =R w,™. (3.40)
It is interesting to note, that with this new building block the reduction can be performed
without having to fix any of the parameters a,,. We will therefore give the general result,
however keeping in mind that a; = ay. We then obtain the following additional coupling
of the vectors to the five-dimensional Riemann tensor

2"6315@4\prw = / RMPORC Fbpg x1 (3.41)

5
@ p© pOF | fl) Ok, o, i, p@ 0kl 7
X/ [1 XXy T+ 127 2w w3 2T wa Wy
Y3
4O g Ok Ty Ly e g Ok LG G ) 7O T TR0
4 gk Wo Wy 5 k1 Wai Whj 6 ZigrWa W | *6 L.
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The coefficients f{*, i = 1,...,6 depend on the unfixed a, from the definition of the
tensor S1g and are given by the linear relations

@ — _96a, + 24ay — 36as — 24ay + das — 2ag (3.42)
s = —192a; + 72ay — 66a3 — 48ay + 6as — 4ag ,

éa) = 48 4+ 96a; — 24ay + 36as + 24a4 — 4as + 2as ,

1 = 96a, — 24as + 36as + 24as — das + 2ag ,

i = —48ay + 12ay — 18a3 — 12a4 + 2a5 — ag

) = —48 + 48a; — 36ay + 12a3 + 12a4 + ag .

Observe that we have f|* = —fi* = 2f{”. The last contribution we are lacking is
the structure with the schematic form VEF*VE®. The reduction reveals, that there are
two different structures present, which are however related o each other by exploiting
the Bianchi identity of the vectors A% given by dF* = 0. In components this means
3V, F ) = 0 giving us the identity

174 1 v
SVIF N F =0 = VL F, VO = oV, Ee, VR (3.43)

which allows us to to eliminate one of the two structures. The resulting piece in the
five-dimensional Lagrangian is then

2

[E— /M VuF, VFFP 7 5 1 (3.44)
5

aij iJ

(8) p(0) p(O)Ji B) 70k B) 70k 1
X/[ X, X7+ fo kawb + 13727 W wb
Y3

kol
fw)Z(k w, w4 P 79w, Wb] —1—f(ﬁ Z(f),il-w wb”“ |

and its corresponding coefficients in terms of the a,, are

P = —48ay — 24as — 12a4 + 4as , (3.45)
9 = —72a; + 24as — 24as — 12ay4,

2

37 = 24a; + 12a3 + 6ay,

P = 24a; + 12a3,

éﬁ) = 12&1 + 6&3 y

= —12 4 24a; — 24ay + 6a3 + 6ay

where we again find a linear relation among the coefﬁcients P = 2. We can now
put the results together and use the identities - to obtain the four derivative
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acion of the vectors quadratic in F'*

267,55 = /M Cap [192 R* F° F?, 51— 96 RF* A xF"] (3.46)
5

UV po 170 b 2 £(a) 12(0) (0) 1-(0) - p(a) (0) jk 1, (0)
—I—/R FWFpa*l/ (2m) [—f1 XN xg” X7 — 20 £y ¢ 7 Wa’ Whk' *g 1
M Y3
+ 2 £ Whiz w,”? e N JO + 20 fi wbll e A we

(@) 7 J .0 (0) £(e) r7(0) 7, Ik (0)
T2/ Wyt wy e NI [T 2w wy kg

+ / VuF, VHF P 5 1 / (2m)? [ — [P X NQ X = 2if57 ) L w, M wy, xg)
Ms Y3
+2f5” Wa iz w," ¢ AT+ 2if7 wy' ) A w,

+ 2fé5) sz'i ijj 0(20) AJO 4 féﬁ) Z;;]i[waﬁwbl_k *éo) 1.

We furthermore introduced f{*” = (27)72f{?. A general four derivative N = 2
supergravity theory combined with taking into account the possibility to perform higher
derivative field redefinitions could in principle, if available, be used to constrain or even

completely fix the coefficients a,,.

4 Type IIA supergravity on Calabi-Yau threefolds

In this section we derive the four dimensional two derivative effective action of Type
ITA supergravity including both tree-level and one-loop eight derivative terms in ten
dimensions. We stress that higher derivative terms of the ten-dimensional dilaton and
the RR-fields are not known and therefore not taken into account. We therefore focus on
the R* terms in ten dimensions and and the conjectured Hs completion of the one-loop
Type ITA terms from [14]. Since those conjectured terms are based on introducing a
connection with torsion, upon which the superinvariants Jp: are evaluated, we assume
for this section that the tree-level terms are completed in the same fashion. We already
saw in the context of the M-theory Y3 reduction, that the one-loop terms are compatible
with A/ = 2 supegravity in five dimensions. One consistency check of our computations
will be, that we obtain the correction to the prepotential, from which the metric of the
complexified Kahler moduli ¢* = b* 4 1v® derives, which takes the form

- ((3) ¢(3)

t) = felass(t) — Y- s 4.1
f( ) fl ( ) 12(27‘_)3 2(271’)3 X( 3) + ( )
where the ellipses denote terms ~ k%" + c,t®, which however do not contribute to the
Kéahler potential, as well as non-perturbative contributions stemming from worldsheet
instantons. This correction is well known [12}19]42], we however show a first derivation
which is solely based on a dimensional reduction of Type ITA supergravity.

1
x(Y3) = 3 Kapet ot — i
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4.1 The two derivative effective action

The purpose of this section is to dimensionally reduce the ten-dimensional Type ITA
supergravity action including the eight derivative corrections introduced in section to
four dimensions. We are considering the modified Y3 solution including deforma-
tions of the Kahler class parametrized by the fluctuations dv® as before and in addition
scalars b* from the zero-mode expansion of the NS-NS two-form

By = bw, (4.2)

in harmonic (1, 1)-forms. Our focus will lie on the kinetic terms of those scalar modes,
since they combine into the complexified Kahler moduli t* = b*+4v® and the geometry on
the space of those is specified by a prepotential f(¢*). We will split again the reduction
into two separate parts: the reduction of the classical Type ITA action on the corrected
background and the reduction of the eight derivative terms in ten dimensions on
the lowest order Calabi-Yau background.

Classical action.
The classical action gives rise to the following contribution to the kinetic terms in four

dimensions

2650 ST o = / Vv — 1536 (27)% oo x(Y3) (o + £1)] Rx 1 (4.3)

4

1 .
—I—/ e~ 2% v A *d5vb/ <§wm~j wy” — waizwbjj> *g)) 1
My Y3
1
- / 768 v (Lo + 1) (T + 5%,,) ddv® A« dov®
My

1 .
+ / —e 2P0db" A xdb” / Woiswy” *§ 1 — 384 (bo + 01) By Ab* A x b,
My 2 Y3

where we defined the constants

7]_2

go = C(3)672¢0 s gl = ? (44)

and made use of the definition (|3.10)).
Eight derivative action.

The reduction of the eight derivative terms in ten dimensions yields the action

2k30 (S5 + Sjgjp + 8 | = / —768 (27)% (€g — 1) x(Y3) R+ 1 (4.5)
My

+ / 384 (Cy + £1) Bop Ab* A % dD°
My

+ / 384 (g + £1) Rop A0V A 5 dS0”
My
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which again has the property that, combining it with the reduction from the classical
action , all couplings involving Z#,, cancel, such that the four-dimensional action
is independent of it. Summing up the two pieces and of the action in four
dimensions leads to

1

1
265 S = | ViaRx 1+ 5 (K - ST

/c;m/cg’)) db® A xdb? (4.6)
My

1 —2¢ (0) 1 (0) 4~ (0) a b
+/M4 Se (K + KUK )dov® A<

Y-
+ / 768 (2m)? (6o + £1) L‘”’Q) KOKLdsv® A «ddn’.
)
My
We furthermore introduced the notation for the prefactor of the four-dimensional Ricci
scalar

Vita = Vue 2% — 1536 (27)% a by x(Y3) | (4.7)

which can be removed by a Weyl rescaling of the metric g,, — Viia Guv- Performing this
rescaling as well as the uplift from infinitesimal to finite fields v® leads to the effective
action in Einstein frame

SW = 8% +a/* 8%, (4.8)

where we have restored the explicit o/-dependence by using (2.2]). We split the action
(4.8) into a classical and quantum (tree-level and one-loop) corrected part which are
explicitly given by

27,58 = /M 4 R+1+ % (/cab - %ICaICb> db® A xdb® (4.9)
[ b pur
and
22,5, = /M 4 W (ICab - %ICCLIC()) db® A % db? (4.10)
+ /M4 w (lCab - élCaICb> dv? A xdv®

Y. 5
+ / XD T2 o e,y ot A x
PPREYY

Let us now comment on the origin of the various corrections. It is evident in that
the corrections to the kinetic term of the scalars b* cancel and can thus only come from
the Weyl rescaling. This in turn implies, that the correction is at tree-level in g, since
the contributions to the Ricci scalar for the one-loop terms precisely cancel. This in turn

26



can be traced back to the fact, that the R* terms in Type IIA suffer from a relative sign
flip when comparing tree-level to one-loop. The Kahler moduli receive both tree-level
and one-loop corrections. The one-loop corrections are marked in with a factor
proportional to the dilaton vev.

Now let us discuss the possible corrections of the vectormultiplets containing the
complexified Kahler moduli ¢*. The vectormultiplet metric can not depend on a scalar
in a hypermultiplet, in particular the dilaton, which identifies the term ~ 2% in (4.10)
as a correction to a hypermultiplet. It is furthermore well known, that the prepotential
in Type ITA obtains a tree-level (in g,) correction of the prepotential according to

1
ft) = glcabc % —iax(Ys), acR. (4.11)
The constant a is already completely fixed from the terms ~ Ky in (4.10)), while terms
~ KoKy dv® A xdv® can in principle be absorbed in the definition of a hypermultiplet
scalar. Ome can then compute the metric following from the prepotential (4.11)) and
compare the coefficient with the one of the ~ Iy, terms in (4.10) which leads to

a=4a"713((3). (4.12)

Choosing units as ¢, = 27/’ = 1 one obtains the desired result for the prepotential
correction

1 - ¢(3)
t) = — Kapet "t — Y3). 4.13
Note however, that a correction ~ K, K db® A+ db® cannot lge absorbed in the definition
of a hypermultiplet scalar ¢4 with e.g. a contribution ¢4 = ¢ + K% + ... , thus spoiling
the shift symmetry of 6*. In order to match also the b* sector with the metric derived
from (4.13) we therefore need the additional contribution

(4 _ C(?’) “\ )3 a b
S5 /M4 S(2myp XYV Kk db A db (1)

from the reduction of the tree-level eight derivative terms including Hs. This missing
structure strongly indicates, that the logic of obtaining the B, field completion of the eight
derivative terms employed in [14] cannot be applied to the tree-level terms. However, if
one considers the modified replacement the new structure fgtsH. 32}~E3 gives precisely
the lacking contribution (4.14]).

4.2 Four derivative terms of the Kahler moduli

We proceed by determining the four derivative terms of Type IIA supergravity in a similar
way to section [3.3. Due to the lack of a complete eight derivative action of the dilaton
in ten dimensions we do not take into account the latter. We thus consider the action

SH = S+ S2P, (4.15)
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since the classical action does not lead to any four derivative coupling in five dimensions.
However, let us add two comments on the impact of the classical action on the four
derivative couplings. After the reduction, the four derivative terms at O(a’®) are not
in Einstein frame. Performing a Weyl rescaling of the Einstein-Hilbert term after the
reduction given by ~ e 2?VR one obtains the Einstein frame four derivative couplings.
Notice that any O(a’®) contribution to the Ricci scalar does not alter the form of the
four derivative terms at O(a/?).

Tree-level terms.

The tree-level terms give rise to the four derivative couplings

2 p—1 Qtree

o der, = / 768 2 [R (O6v") — 2R™ V,V, 60" % 1

My

+ / 768 (27)* [Ru R — AR?] * 1 / AT (4.16)
My Y3

+ / 96 Z1) [R dév® A *ddv® — 4 R* 0,60°0,60" % 1]
My

+ / 192 Z9 [(O6v*)(060%) x 1 — 2V, V, 60" V# V5’| x 1
My

where J = J© +v%,. Notice that the terms in the first line in (4.16|) coupling to divisor
integrals of the second Chern class vanish up to derivative terms of the dilaton by virtue of
the contracted second Bianchi identity. Performing the Weyl rescaling g, — €**V"1g,,
one obtains the effective action in Einstein frame. Due to the appearance of the R?
terms in four dimensions the Weyl rescaling is rather involved. We therefore refrain from
spelling out the effective action in terms of fluctuations but rather give an action in terms
of the fields after the uplift, which precisely reproduces the action obtained in terms of
the fluctuations 0v® . By defining G, = R, — %Rg,w, in close analogy to the Einstein
tensorf)| one finds

2 p—1 Qtree

four der.

- / 7680 | GG Z + 3K0Z G V'V | 41

/ 7680 (120 — 3K Z + KK Z )G V40 V0"
+ / 192 o (Zab - #ICGIC;)Z) (Ov®) (Dvb) * 1

My
- / 3840 (Za — & Ko Z)V, V0" V490l + 1

+ / 768 Z,[R (Ov") — 2R™ V,V,0°] x 1. (4.17)
My

3 The Einstein tensor is given by G, = R, — %Rglw.
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The last line in involving the coupling to the divisor integrals of the second Chern
class again vanishes up to dilaton terms upon integrating by parts. We once more stress,
that the trivial uplift Zf;;) — Z4 18 not necessarily the complete answer and the role the
tensor Z (_kl plays both from a mathematical and a physical point of view is not clear.

One-loop terms.

The one-loop terms in ten dimensions give rise to the four derivative terms

2650 07" S | e, = / 768 Z\" [2R" V,V,00" — R (Odv")] x 1
My

+ / 192 (21)* [2Rypo R*? — AR, R* + R*| % 1 / DN J
My Ys

- / 96 Z) [Rdév® A *ddv® — 4 R* §,60°0,60" % 1
My

2(06v™)(O6v")] . (4.18)

In the following we will again consider the Weyl rescaling of the squared Riemann terms
in . To do this we redefine the metric as g, — €**V~!g,, leading to a canonically
normalized Einstein-Hilbert term. Performing the rescaling and the uplift to finite fields
one obtains

2K %0 E SlooP ‘four der. — //Vl 3842 [R#VPUR#VpJ Ty R ]C ( ) -2 gﬁ‘”gw/]

4

+ / 384 [Zab G+ Z RKab g — 55 Z RK Ky gu,,] VAV b % 1
M

4

—/ 192[Zab—%ZICale](Dv“) (D) % 1. (4.19)
My

4.3 Type IIB supergravity on Calabi-Yau threefolds at four-
derivatives

In this section we summarize the four derivative couplings involving Kahler moduli de-
rived in [40] via the same logic as in the previous section but starting from type IIB
supergravity in ten dimensions. The intention is to present a complete discussion in this
work. The two derivative discussion of type IIB supergravity at order o’® was recently
revisited in [21] for generic h'!, and reproduces the well known Euler-characteristic cor-
rection to the Kéahler potential [20]. This discussion involves the parametrisation of the
higher-derivative dilaton action and is thus beyond the treatment in this work. However,
let us note that the complete axio-dilaton dependence of the R*-terms in type IIB is

known to be 1
S}%? = 2, E(r,7)*? (fsfs + %€1o€1o> R, (4.20)
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where E(7,7)%? is the SL(2, Z)-invariant Eisenstein series given by
302

E(r,7)%?% = Z 2 (4.21)

3 b
im0 ™ T

with 7 = Cy + ie™% := 71 + i7» the axio-dilaton. When performing the large 7 limit,
corresponding to the small string coupling limit (4.21)) becomes

BE(r, 7% =20(3) 13 + 21y 12 4 O(e7>™) . (4.22)

In the following discussion, we will use this approximation in (4.20)) and only consider
the leading order g, contribution, given by

1
GUB _ /
B 2K,

The four-derivative corrections arising from the ten-dimensional R*-terms result in

l\.’)\O«

J)(tgtg—i- 610610)R x1 . (423)

; v
265000 SEY | s der. = 192 /M(27r) 2[4 R, R" — R*] x 1 /Y AT (4.24)
4 3

+192 / e HZY (= 2R + SRYu) VIS0 V00| 41
M

4

+192 / 3020 [(Dava) (O60*) — 2V,V, 60" V”V”évb} X
My

where we once again have J = J© 4 §v®w, and we have dropped the tilde on é to indicate
that it is now a four-dimensional field. The final result is derived by combing the Weyl
rescaling of the reduction of tyhe classical Einstein-Hilbert action, with the uplift of the
reduction result . The action one obtains is then

2k2 (515 = / R+1 (/c —%ICJC;,)dv“/\*dvb

My
i / 196G 2 + 212 G VIV | 41
My
/ 768 e 3% (12, — 2K 02 + %ICGICbZ) G VH OV
My

+/ 192cve (b mez)(mv)(mv) X1
My

3

- / 384 e 2% (Zab—% ICJC;,Z)VMVVUG AV (4.25)
My

As expected, since the tree-level R*-terms of both Type ITA and Type IIB have the same
structure, the results of the dimensional reduction coincide, see (4.17) and (4.25)). On the
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other hand, compared to the one-loop R*-terms in Type IIB, the corresponding one-loop
R*-terms in Type IIA suffer from a relative sign flip between the two basic structures
given by tstsRY and epe;0RY. The two main differences between one-loop contribution
to the four dimensional action at four derivatives are: the appearance of a wapo
in Type ITA, whereas this term is not present in the case of Type IIB and the lack of a
term with the structure V,V,v* V#V*? in the case of Type IIA compared to Type IIB.
Both cases can be traced back to the different sign structures of the one-loop terms in

ten dimensions leading to non-trivial cancellations.

term

5 Threefold reduction up to four derivatives - the
one modulus case

In the following we simplify the discussion and assume that the background geometries
under consideration have only one modulus. The advantage of the simplified discussion is,
that all computations can be done exactly yet leading to non-trivial results. We consider
the R*-terms in M-theory and both Type II theories, where for the latter we consider
tree-level and one-loop terms.

5.1 M-theory one modulus reduction

In this section we comment on the M-theory compactification on a Calabi-Yau threefold
including higher derivative terms for the case of a single (volume) modulus. We only
consider the gravitational terms in eleven dimensions in the following discussion. The
compactification ansatz for the metric is then given by

g2 = e (g datda” + 20430 dz1d57) | (5.1)
512
PO = —?(zw)?’ g ), (5.2)

where in 1) the Weyl factor @ is computed using the metric g;; = et/ 3g§;>. The metric
gi7 is furthermore normalized to unit volume, such that the relation

/ *61 :/ dyy/g=e" | d’y\/g® =e" (5.3)
Y3 Y3 Y3

holds. Note that the scalar field u(z) is related to the volume modulus by u(x) = log V().
As a first step we dimensionally reduce the action on the background (/5.1 including the
R*-terms in eleven dimensions up to four external spacetime derivatives. One obtains in
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five dimensions the following action
5
2k3, 8 = / e“R+1+ ée“du A xdu + 768(2m)? ax (Ys)du A xdu (5.4)

Ms

+ / & Z©0e"? (384 R, R — T68 R, R"™ + 192R°] x 1
Ms

Az (0) u/3 256 v v

+ a2 e | —R" 0,ud,ux1+512R"V ,V,ux1

Ms 3
— 256 R (Ou) x 1 — 64Rdu A *du
128 128

+/ & Z© eu/3 {—(D )? 1+—(Du)du/\*du+ (au)

Ms 3 9

Note that the quantity Z© is computed using the metric gé;) which is normalized to unit

volume. We furthermore made use of the schematic notation (Ju)* = 9,u 0"u d,ud"u.
For a canonical normalization of the five-dimensional Einstein-Hilbert term we perform
a Weyl rescaling

G = €7 G, (5.5)
2
o= —-u,
3
which results in the action
1
2k3,5®) = R*1-— §du A xdu + 768(2m)? ax (Ys)e “du A+ du (5.6)

Ms

+ / aZ [384R,, ,R"" —T68 R, R" +192R*] x 1
Ms

1280 368 4

+/ azZ© [384(D P> x1— —— (Ou) du A xdu+ —— (Gu)* x 1
Ms 3 3

44
+/ azZ© [256]% (Ou) *x 1 — —8Rdu A *du
Ms 3

in Einstein frame, where we have furthermore performed integrations by parts. It is
clear, that higher derivative actions of the form suffer from ambiguities due to the
possibility of performing higher derivative field redefinitions and integrations by parts.
Nevertheless, we will propose new field variables such that the action takes a rather
simple form. If one redefines the five-dimensional metric g,, and the scalars u as

G = G + a0 @ Z(Ou) g + aS” & 29 (0u)? g + a§” @ 29 Ry, (5.7)

+af @ Z9R,, +al’ & Z° 0udu+al” « 20V, V,u,
u—u+at’ & Z9(0u) +ad” & 29 (0u)? +as” @ 29 R, (5.8)
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where the nine coefficients a{*” take the values

o = 512 af? = 20 afh = —128
al™ = 768 al™ = 384 al =0 (5.9)
at” = —384 ag’ =0 ad’ =0,

the five-dimensional action boils down to

; 1 . _
2K3,8 = / Rx1-— édu/\*du—i— 768(2m)? arx(Yz)e “du A xdu (5.10)
Ms

uvpo

+ / 3844 2" [R,,,,R"" — 4R, ,R" + R?] x1
Ms

+/ 1926 Z (Ou)* % 1.
Ms

The only four derivative couplings in surviving this field redefinition are the squared
Riemann terms in the Gauss-Bonnet combination and the (Ou)? interaction which leads
to a particularly simple form of the effective action. Effectively, one obtains a massless
scalar field u coupled to Gauss-Bonnet (super-)gravityf] and a (9u)? like interaction term.
The four derivative terms couple to the theory by means of the divisor integral

Z<°>=/ 0(20>/\J(0):/c(2°>, (5.11)
Y3 D

where D = [J]pp is the divisor Poincare dual to J. At this stage the coupling Z© is
independent of the modulus u = logV, since it is computed using the metric g;;. The
modulus dependent coupling Z

Z:/ 02/\J:eu/3/ N JO =e/3 2O (5.12)
Y3 YS

where the quantities ¢ and J are now associated to the metric g;; = et/3

be implemented in ((5.10)) in a straightforward way using (5.12)).

©
gi; » can now

5.2 Type ITA one modulus reduction

Now we turn to the discussion of the one-modulus case in Type ITA. We therefore consider
in a similar fashion as in the M-theory context shown above the ansatz for the metric

ds}, = gudatdz” + 28“/3g§§)dzidéj, (5.13)

¢ = o+ a(p), (5.14)

once its supersymmetric completion is taken into account

4
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u/3 Z(;) Perform-

where we again compute (¢V) given in ([2.16) using the metric g;; = e
ing the dimensional reduction of the Type ITA action including tree-level and one-loop
corrections results in a four-dimensional effective action of the form

SH = S +aSY +a 8D +as. (5.15)

The various contributions to (5.15) are the two derivative action S3") , the piece
containing the quadratic Riemann tensor terms SI(;%, the part of the action containing
the mixed Riemann tensor and u terms S](%)J and finally the contribution where all four
derivatives act on the u scalars, denoted by S%. The various pieces are

5
230585 = / [ee" — 1536« (2m)° x(Y3) o] R+ 1 + G e 2% " du A xdu
My

+ 768 ar (o + £1) x(Y3) (2m)° du A xdu] (5.16)

2k70 S5 = / Z [38401 Ryppe R + (Lo — 01) Ry R* — 192 (Lo — €1) R?] * 1,
My

(5.17)
2 (4) 256 uv uv
2t = | 2 [— =2 (lo— 1) B 0ud,ux 1 =512 (l— b)) B V,V
4256 (€y — 01) R (Cu) % 1+ 64 (6 — £1) Rdu A *du] . (5.18)
22 S — / z[- % (Co — 1) (Cu)2 51— % (€o — 1) () du A+ du
My
2
+ % (Co 4 £1) (Ou)* % 1 + ? by 0"uV,V,u0"ux1
2
+ %6% V. V,u VAV 1 + 1] , (5.19)

where we made use of the shorthand notation (4.4)) and ([5.12)). A Weyl rescaling according
to

G — [e72e" — 1536 o (2)% X (Y3)Lo] - G (5.20)
transforms the action ([5.15)) into the four dimesnional Einstein frame action
SI(?J)% = Séila)hss —|—Oé€0 St(;le))e +al Slty%p’ (521>

where we split the action (5.21]) in a classical piece S

class?
and a one-loop correction Sl(;%p. Using external space total derivative identities on can
show that the relations

1
/ dlay/—g "3V u Y,V u Vi = ——/
My 2 My

a tree-level (in g,) part S,

tree

dtoy=g e [0 + @u) (00’
(5.22)

®including the corrections at O(a/?)
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as well as

1
/M dizy/=g "3V, V,u V'V u = /M dizy/—ge"? | (Ou)? + 5 (Ou) (0u)*  (5.23)

i 4 ppv
+ 13 (Ou)* — R (‘Lud,u]

hold. The constituents of (5.21)) can then be shown to take the form

2
2650 e = Rx1— ZduA*du, (5.24)
My 3

2K3,S = / Z [768 R, R*™ — 192 R*] % 1 — 2560 (27)* x(Y3) e e " du A x du
My

) 204
+/ z [@ (Ou)? % 1 — 128 (Cw) du/\*du—i—ﬂ(@u)‘l*l]
s 9 81

204
+ / Z [% R O,ud,ux1+41024 RV ,V,ux1
My

128 R(Ou)* 1 — 128Rdu/\*du}, (5.25)
22,50 = / z [384 Ry R — 768 Ry R™ + 192 Rz} X1
My

+ 768 (2)% 2% x(Y3) e " du A xdu

4

Z

4

6016 4928
<) 2l ]

448(0u)? % 1 — 5 (Ow) du A * du + re (Ou*) % 1

+ 2] =256 R Oudux 1+ 512 RV, V]

4

T

F128 R (C) % 1 — 256 Rdu A *du} . (5.26)

Similar to the M-theory discussion in section [5.1| we can again consider higher derivative
field redefinitions. The general ansatz for those redefinitions reads

G = G + 0 @ 2@ (Ou) g + a5” @ 29 € (0u)? g, + a5 @ 29 ¢"* Ry,
(5.27)

+afV @2 e Ry, +ag? a 20 P gudu+ ag’ a 20V, V,u,

u— u+aN @ Z29e3 (Ou) + ald & 293 (0u)? +al¥ 4 2V > R. (5.28)

The coefficients a{* can then have tree-level and one-loop contributions proportional to
¢(3)e 2% and 72/3 respectively which we again choose in a way, such that the action
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takes a particularly simple form. The factors multiplying these tree-level and one-loop
coefficients in the various parameters a'™ = o, €y + B; {1 are listed in Table .

7

1=1]1=2|i=3|1t=4|1=5|1=06|1=7|i1=8]1=9

o || —384 | & 1192 | 768 | 2 | 1024 | —3H | —96 | 0

Bi || —384 | 120 | —192 | 768 | —20 | 512 | —592 | 28 0

Table 5.1: Our choice of the coefficients in the field redefinitions.

The various pieces in the four-dimensional action we obtain after those redefinitions are
then

2
26709 = / Rx1— —duA*du, (5.29)
My 3
2670Stee = — [ 2560 (27)° 200 e 2032 !
10 tree = x(Yz) e e " duA*du + 21 Z (0u)” * 1, (5.30)
My
26550 S oy = / 384 Z [RWWR“”W — 4R, R" + R*| %1 (5.31)
My

+ / 768 (27)% 2% x(Y3) e “ du A x du — % Z(Ou)* 1.
My

5.3 Type IIB one modulus reduction

We finally aim to include the eight derivative R*-terms for the case of one modulus
in Type 1IB. We will take into account the classical Einstein-Hilbert action, which is
included in Type IIB supergravity, as well as the tree-level and one-loop R*-corrections
in ten dimensions. Since the higher derivative terms of the dilaton and the NS-NS two-
form are not known in Type II1B, we do not include them as dynamical fields. The action
we are considering thus takes the form

SUE — S, 4 o SUB, (5.32)
with the classical action
o 1 B
Sg;;:/ Rl — —dr A%d7 + ... (5.33)
Mo 27—2

and the leading order R*-action defined in (4.20). The ellipses in (5.33]) stand for the
NS-NS two-form and the R-R fields which we do not display here. The ansatz for the
ten-dimensional fields is the background solution found in [21]

4&? — o (gwdx“dx” + 2e“/3g;§>dzidzﬂ’> (5.34)
dW =192 (27 W (x )
CZ; = ¢0 + O(a) )
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where we have defined

2
T
W = ((3)e3%/2 4 0 e%0/2. (5.35)
As in the M-theory and Type ITA reduction, we introduced the modulus u, such that
the internal Calabi-Yau metric gg) is normalized to unit volume and the overall Weyl
factor @™ is again computed using g¢;; = ev/3 1(]9) There is furthermore a correction to

the dilaton ¢ ~ sg ¢, which however only contributes at O(a?) to the action and can
therefore be ignored.

The results of the dimensional reduction are very similar to the tree-level terms of
Type IIA presented in section [5.2] We therefore refrain from giving the results before
the Weyl rescaling and simply state the result in Einstein frame. The four dimension
effective action is then

2
2k%, S, = / Rx1-— §du A xdu — 2560 (27)% a x(Y3) # e du A xdu (5.36)
My
+ / o Z¥ [T68 R, R"™ — 192 R*] * 1
My
204
+ / aZ% [% R O,ud,u*1+41024 RV ,V,ux1
My

128 R(Cu)* 1 — 128Rdu/\*du}

6592 2048
—I—/ aZQ/[—(Du)Q*l—128(Du)du/\*du—|——(8u)4*1].
s 9 81

We can furthermore use the field redefinitions ((5.27) and (5.28) and the coefficients in
the first column of Table to simplify (5.36)). Note that we also have to replace
((3)e 2% — & This finally leads to the action

2
22, Siy = /M R*1-— gdu A *du — 2560 (27)° a x(Y3) @ e “du A xdu

2
— / « 2652 ZH (Ou)tx1. (5.37)
IR

Note that compared to the couplings in the action involve different powers
of the dilaton vev ¢y. This is due to the fact, that we started on the one hand in the
ten-dimensional string frame for Type ITA, whereas on the other hand our starting point
for Type IIB was already the Einstein frame in ten dimensions. We can obtain the same
powers of the dilaton as in (5.15)) if we perform the shift v — u — %QSO.

5.4 Comments on the N =1 orientifold truncation

In this final subsection we will discuss the orientifold truncation of the N = 2 compact-
ification performed in the previous subsection. The resulting theory is expected to be a
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N = 1 supergravity theory and we will focus on the subsector of the theory involving
the Kahler structure deformations. In addition to this restricted focus we will not try
to complete the compactification to a fully consistent N = 1 setup. In fact, the pres-
ence of orientifold planes would require a more complete treatment involving D-branes,
which themselves eventually contribute higher-derivative terms to the four-dimensional
theory. With these caveats in mind we can nevertheless try to push our N = 2 results
and comment on the recent proposal of |25 to stabilize moduli. This procedure of direct
truncation from N = 2 to N' = 1 has been used before in the determination of corrections
to the A/ = 1 Kéahler potential in [20,21].

In the AV = 1 settings one faces similar difficulties as for in the discussion of the N = 2
Calabi-Yau threefold compactifications of the previous sections. In particular, a general
N =1 four derivative on-shell action to which one can compare the effective action after
performing a reduction is currently not available. There are, however, partial results
extracted by expanding certain four derivative terms in superspace [43]. Therefore, it is
tempting to compare the N’ = 1 truncated one modulus reduction of section to the
action of [43] as suggested in [25]. We will therefore briefly review the required results.
The main idea is to take into account a four derivative N' = 1 Lagrangian and infer from
the four derivative coupling a corresponding scalar potential. The relevant four derivative
Lagrangian is [43},25]

\E/% = JR— Gi3(A, A) 9,A'0" A7 — 2" T'. % DWW DW 9, A'0" A7 (5.38)

+ Ty 0, A0 A7 9, AR AT — V(A A).

In A? are complex scalars in chiral multiplets, W is the holomorphic superpo-
tential, T}z is the coupling tensor for the four derivative interaction and D; is the
Kahler covariant derivative. Additionally, the Kéhler metric G;; is given in terms of a
Kéhler potential Gy; = 0;0;K (A, A). The scalar potential in consists of two terms
V(A, A) = Vi) + V(1), where

Vi = " (GTDW D = 3|W ).
Vi = —*X T DW D;W DWW DWW (5.39)

In a simplified setup with only a single Kahler modulus sitting in a chiral multiplet after
the A/ = 1 truncation we have to compare (5.38) with the reduction result (5.37)).

In order to perform the suggested comparison we first have to determine the correct
N =1 coordinates. It is well-known [44,20,45] that at leading order one has to introduce
complex fields A = p + z'e%“, where p is the appropriately re-scaled scalar arising from
the R-R four-form and we recall u = log )V is the logarithm of the Einstein-frame volume
of Y3 as seen in ([5.3). Taking into account the O(a’®) corrections at the two-derivative
level they potentially correct the N'= 1 coordinates. However, it was argued in [20}21]
that the above A and the complex dilaton-axion 7 = Cy+ie~? are still the correct N' = 1
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coordinates. In the following we will freeze 7 and only consider the dynamics of the field

A.

In order to match the action (5.38)) with the reduction result we now have to
assume, that the complexified coordinates A, especially the scalars p, arrange themselves
in way, such that only the contribution (9A)%(0A)? enters the four dimensional action.
Comparing the action in the correct field variables with leads tolﬂ

11 (2r)2 3/2
Tyaaa= —@T(Imr) / /Y caNJ. (5.40)
3

This fixes, at least under the stated assumptions, the numerical factor discussed in [25].
Let us stress two points. First, we have used a non-trivial coordinate redefinition to
obtain and it would be desirable to study its significance in this /' = 1 truncated
scenario. Second, it would be desirable to compute the terms involving p in order to
justify the crucial assumption about the dependence on the complex moduli A. In this
computation one would have to use the same non-trivial coordinate redefinition, which
would provide a non-trivial check.

Let us close this section by some further comments. So far we have failed to generalize
the derivation of T,z or other couplings for the kinetic terms of v® for more than one
modulus, since the computational complexity increases significantly. Also the derivation
of the actual scalar potential seems currently difficult, since many of the required higher-
derivative terms in ten dimensions are not known. While seems to suggest that a
potential V(y) given in (5.38)) is induced if a non-trivial superpotential is included, we are
not able to give any further evidence for that. It has been shown, for example, in [46]
that it can happen in string reductions that the potential vanishes if one finds other
structures for the kinetic terms not appearing in . It would be desirable to explore
this further.

6Tn this expression we have set 27V’ = 1.
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A Definitions and conventions

The metric signature of the ten and eleven-dimensional spacetime is (—,+,...,4). Our
conventions for the totally antisymmetric tensor in Lorentzian signature in an orthonor-
mal frame are €g12..9(10) = €01234) = +1. The epsilon tensor in d dimensions then satisfies

ERl...RpN1...Nd_pEleRlede_p — (—1)S(d o p)!p!5N1 My - - ‘6Nd—pMd_p] 7 (Al)

where s = 0 if the metric has Euclidean signature and s = 1 for a Lorentzian metric.

We adopt the following conventions for the Christoffel symbols and Riemann tensor

1
Myy = §gRS(aMgNS + Ongms — Osgun ) Run = R yvrn

RMnps = OpTM g — 0sTM gy + TM gl g — TY 50T gy R = Ryng™",
(A2)

with equivalent definitions on the internal and external spaces. Written in components,
the first and second Bianchi identity are

RO pun + R ynp + ROnpr =0
ViR pun + VR pnp + VNROpry =0 . (A.3)

Differential p-forms are expanded in a basis of differential one-forms as

1
A= HAMIn-Mpdle VANRAN dl‘MP . (A4)

The wedge product between a p-form A® and a g-form A@ is given by

(»+q)!
AP AADY = T A A (A.5)

Furthermore, the exterior derivative on a p-form A reads

(dA)NMl...Mp =+ 1)3[NAM1...MP} ) (A.6)
while the Hodge star of p-form A in d real coordinates is given by

1

(*dA)Nl...Nd_p = ZT!AM“'M"EMl...Mle...Nd_p . (A.7)
Moreover, the identity
I a

holds for two arbitrary p-forms AM) and A®).
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Let us specify in more detail our conventions regarding complex coordinates in the
internal space. For a complex Hermitian manifold M with complex dimension n the

complex coordinates z', ..., z" and the underlying real coordinates ¢!, ... 2" are related
by
1 1
1 n 1 -2 2n—1 - -2n
2.2 = —=(& +i&7),...,— +1 . A9
(st = (€ i (e i) (1.9)

Using these conventions one finds

n—1)n ]_
A A LA AAEYA L AR = —J". (A.10)
n.

VIdEr AL A A = \fg(—1)

with g the determinant of the metric in real coordinates and +/det g,,, = det g;;. The
Kahler form is given by
J =igydz' AdF. (A.11)

Let wy,, be a (p, ¢)-form, then its Hodge dual is the (n — ¢,n — p) form

n(n 1)

( 1) " (=) My
*Wp,g = ( ) (n . (]) wml---mpﬁL--ﬁqe F1...Tn—p
X em'"nqs1 oAt A AT A A AdET (A.12)
Sn—q

Finally, let us record our conventions regarding Chern forms. To begin with, we define
the curvature two-form for Hermitian manifolds to be

R =R, ;de" Ade (A.13)
and we set
Tr R = R™,,,.sdz" ANdZ® |
Tr R* = R" s R s, 27 A 25 A d2" AdZ™
Tr RP= R"psR" s B s, 427 AdZE A2 AdZT A2 AdZ® . (AL14)

The Chern forms can then be expressed in terms of the curvature two-form as

C()—l,
] = iTrR
1_27T )
L1 Tr R? — (Tr R)? A.15
62_(271_>2§( I _( I ))7 ( : )
1 A ey + ATr R? — L Iy R
BT 3N T 9ne3a (27)33 ’
1 6 , 8 , 11 , ,
— 2 _2ATTR - ATR) S((Tr R2? —2Tr R
=5 (¢t e 2 AT R ) + g (T R —2Tr RY)



The Chern forms of an n-dimensional Calabi-Yau manifold Y,, reduce to
1 4 3 1 1 9\ 4
(27T)3§Tr R? and c¢4(Vysq) = Wg((Tr R*)?—2Tr R*) . (A.16)

We furthermore introduce the intersection numbers K. as

CS(Yn23> = -

’Cabc = Da : Db : DC = We N\ wp A We (Al?)
Y3
where D, = [w,]pp are divisors Poincare dual to the harmonic (1,1)-forms w,. Contrac-
tions of the intersection numbers with Kahler moduli v*, such as the four-cycle volumes
K, are defined as

1
K, = §ICabcvbvc (A.18)
,Cab - ’Cabcvc .

The corresponding quantities on the backgroud Calabi-Yau are denoted by K,
defined in an analogous way.

KO are
B Eight derivative terms in ten and eleven dimen-
sions

B.1 Eight derivative terms in ten dimensions

Here we collect the explicit forms of the eight derivative terms relevant for the discussion
in the main part. The relevant structures containing four Riemann tensors are the familiar
tsts R* and €19e10R* combinations. Their explicit form in terms of ten-dimensional indices
is

C B FAeAg § BB 5B7B
t8t8R4:t L 8tB1~~-BgR ! 2A1A2"'R 7 8A7A8 (Bl)

A7Ag (BQ)

where € is the ten-dimensional curved spacetime Levi-Civita tensor and the tensor tg
has the explicit representation in terms of the metric tensor

R4 — elg’lcQAy-'As RBlBQ . RB7B$

€10€10 €10 ¢,C2B1 - Bs A1 A,

51841...,48 :% [ _ 2 (gA1A3§A2A4§A5A7gA6A8 + §A1A5§A2A6§A3A7§A4As _|_ §A1A7§A2A8§A3A5§A4A6)
+ 8 (§A2A3§A4A5 §A6A7gA8A1 + §A2A5 gAGAg gA4A7§AgA1 + §A2A5 §A6A7§A8A3 §A4A1)

— (A1 & As) — (A3 Ay) — (A5 & Ag) — (A7 & Ag)| . (B.3)

The B, completion is then obtained by introducing the connection with torsion as out-

lined in section 2.1]
af af 1~ af
Q77" =0y i§H3A , (B.4)
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where ,%% are the components of the so(1,9) - valued connection one-form correspond-
ing to the Levi-Civita connection. In this notation «, 8 are flat tangent space indices
of Myg. The structure 610610ﬁ§R3 which enters the replacement in section has the
component form

772 53 C1Bo-Bs 77 A1As 73 A
€103 R (Qx) = €100140-45 €10~ H3™ g, Hap, p,"° (B.5)

~ A3A4 ~ A7 A
x R(Qy)"™ Bym, o B(L) ' 83738 :

B.2 Eight derivative terms in eleven dimensions

The classical eleven-dimensional supergravity action gets corrected by different contribu-
tions which should be discussed in the following. The most prominent higher curvature
term in M-theory is the sector containing four Riemann tensors. Those involve two
different structures namely

1 A~ A 1 "4A
SR4 = % I <t8t8 - ﬂeueu)R *1. (B6)

In the two quantities g fgf%‘l and €;; 611R4 have the index representation

P P4 _ 4 Mi--Ms > N1 Na __ PN7Ns
t8 tSR — t8 t8N1NgR ]\41]\42 R M7M8 (B?)

Mo M- (B.8)

The tensor s is defined in a completely analogous way as in . Those R* - terms are
furthermore supplemented by another term quartic in the Riemann tensor. This term
however also comprises a three form Cs. This piece of the higher derivative action then
has the form

D4 RiRoR3M;---Mg AN1 No N7 Ng
enen " = en €11RlRQR3N1...N8R MMy """ R

32213 R R
503)(8 = — 5 / Cg N Xg (Bg)
2"4’11 Mii
where eight form Xy is defined as
O 1 50 L 52\
Xo= o5 [T R —Z<Tr7€> (B.10)
which is in terms of the (real) curvature two form
A 1

In addition to those quartic Riemann tensor terms it was conjectured in [14] that the
complete G4 dependence at O(G3) is captured by introducing

A2 3 My--Mg } N N ~ No  RiR2 pN3Ny N7 Ng
tgts G4 R _tS t8N1~~~NsG4 M1R1R2G4 Mo R MsMy R M Mg (Bl?)
A2 3 RMy—-M A Ny N: A N3N N5 No ANoNio
ernenn Gy R =en T e gy vy Ga i G v R vangg R Mo Mo -

(B.13)
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The last eleven-dimensional eight derivative contribution involves the tensor §;5 parametrized
by six unknown coefficients a,, € R. We then have the additional coupling of the form

§18(VG4)2R2 = §18N1.HN18éN1~~N4RN5~~N8@NgG4N10"'N13@N14G4N15“'N18
6
= A+ an 2, (B.14)
n=1

where the quantities A, Z,, are defined by

A= —24B5 — 48Bg — 24B1g — 6815 — 12B13 + 12By4 + 8 B1g — 4By + Bag + 4Ba3 + Boy
Z) =48B1 + 48By — 48B3 + 36 By + 96 Bg + 4887 — 48Bs 4+ 96 By + 12B13 + 24 B3
Zy = —48B; — 48 By — 248, — 24 By + 48 Bg — 48 Bg — 24 By — 72B1g — 24B13 + 24814
— B + 4Bag3
Z3=12By + 12By — 24B3 + 9B, + 48 Bg + 24B7; — 24Bg + 24B1¢ + 6B12 + 6 B13 + 4B15
—4B17 + 3B1g + 2By
Zy,=12By +12By — 12B5 4+ 9B, + 24Bg + 12B7; — 12Bg + 24819 + 3B12 + 6 B13
+4By5 — 4By7 + 2By
Zs =4B3 — 8Bg — 4B7; + 4By — B1s — 2B14 + 4Bis
Z¢ = By + 2By;. (B.15)

A A ~

The elements B; form a basis of the terms with the structure (VG4)?R? given in ([B.16).

VN5 GN1N7N3N VN3 GN2N4N6N9 VNs GN1N3N7N st GN2N4N6N9
9 9

By = RN1N2N3N4RN5N5N7N8 By = RN1N2N3N4 RN5N6N7N8

VN5 GN1N3N7N VNG GN2N4N3N9 GN3N4N7Ng VNG GNgNlNQNF,
9

B3 = RN1N2N3N4RN5N6N7N8 By = RN1N2N2N4RN5N6N7NSVN9

Nax7 N1 y¥N2N3 N5 (1N N7Ng Ny Nyx7 N1 1N2Ns N3 ¥NgN7NsNg
VG el NATELE NN A Te:

Bs = RN, N2N3Ny RN5N0N7 NSNQV B = RN] N2N3Ny RN5N6N7

_ Nax7 N1 ¥N2Ns N7 ¥N3NgNgNg _ Nax7Ny 1N3N5 Ny +NgN7NgNg
B7*RNlNzNaMRNSNGN7 vaaG NgNgV G B8*RN1N2N3N4RN5NGN7 vha JNSNQV G

_ Nyx7N1 N3Ns N6 (¥N2N7NgNg _ Ny N3 N5 N7 Ny N1 N2NgNg
BQ_RN1N2N3N4RN5N5N7 vhaG NgNgV G BlO_RN1N2N3N4RN5NﬁN7 vNaG Ngv G

Bit = Ry, nynan Bgnign, Vg G0 Mo GRals Ve Biz = Ry, vy Bgng, VP GRN VAT GRENIND
Bl3 — RN]N2N3N4RN5N1N6N3VNQGN2N6N7N8ngGN4N5N7Ng Bl4 — RN]N2N3N4RN5N1NSN3VNQGN2N4N7N8VN5GN4N7N8N9
Bis = RNl]\/2]\/3]\/4RNleNﬁN3VNzGN&J\HNz;NgVNSGJ\W\HNBN9 Bis = RN1N2N3N4RN5N1N6N3VNZGN4N7N8N9VNSGN6N7N8N9
B17 _ RN1N2N3N4RN5N1N5N3VNQGN5N7N3N9VN4GN6N7N8N9 BlS — RN1N2N3N4 RNSNlNBN:;vNQGN5N6N7N8vN4GN2N7N3Ng
Blg _ RN1N2N3N4 RNSNGNJN/. VNQGNl N5N7N8vN9GN2NaN7Ng BQ() _ RN1N2M3N4 RN5N6N3N4 le GN5N7N3NQVN2GNGN7NSN9
321 — RN1N2N3N4RN5N6N3N4VN1GN5N7N8MJVN6GN2N7N3N9 322 — RN1N2N3N4RN5N1N3N4VNQGN6N7N8Nng5GN5N7N3Ng
By = RN1N2N3N4RNleNBNAlVNQGN2N6N7N8VN9GN5N6N7N8 By = RN1N2N3N4 Rl\hN2N3N4VNSGN6N7Nst6GN5N7NsN9
(B.16)
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