Reflection Positivity of Free Overlap Fermions
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It is shown that free lattice fermions defined by overlap Dirac operator fulfill the Osterwalder-Schrader
reflection positivity condition with respect to the link-reflection. The proof holds true in non-gauge models

with interactions such as chiral Yukawa models.

I. INTRODUCTION

To give the constructive definition of a relativistic quantum
field theory through a lattice model, it is desirable for the
lattice model to satisfy several fundamental requirements such
as locality, reflection positivity and hypercubic rotation and
translation symmetry. Locality is believed to assure that the
continuum limit of the lattice model is universal and the model
belongs to the same universality class of the target continuum
local field theory. Reflection positivity garantees that the
lattice model is a consistent quantum mechanical system satis-
fying unitarity. Hypercubic rotation and translation symmetry
is hopefully expected to result in the recovery of the Euclidean
group symmetry in the continuum limit. These properties of
the lattice model should be established rigorously, if possible,
before the applications to “first-principle” computation.

In the lattice model, it is also desirable to keep the important
symmetries of the target continuum field theory. Gauge
symmetry can be preserved by introducing link variables.
Chiral symmetry, despite of the infamous no-go theorem
[@ 2 Bll, can be also preserved by adopting lattice Dirac
operators which satisfy the Ginsparg-Wilson (GW) relation
M E B @ Bl O] For the overlap Dirac operator [B [,
a gauge-covariant solution to the GW relation which has
been derived in the five-dimensional domain wall approach
(10l {11 121}, a rigorous proof of locality has been given under
a certain condition for admissible gauge-link variables [I3].
Even the applications to large scale numerical simulation of
lattice QCD have been attempted, obtaining clear numerical
evidences for the spontaneous chiral symmetry breaking in
QCD [[4 T3 [16

However, for the GW fermions, reflection positivity is
not fully understood yet [I7] [[8l [9]. The situation should
be compared to the case of Wilson fermions, for which
the rigorous proofs of reflection positivity have been given
[20l 11 B2]). Then, one might think that it is still somewhat
premature to refer the above numerical applications as “first-
principle” computations|[33]].

In this letter, we will examine the reflection positivity of
lattice fermions defined through overlap Dirac operator. It will
be shown rigorously that free overlap Dirac fermions fulfill the
reflection positivity with respect to the link-reflection. The
proof will be extended to the cases of Majorana and Weyl
fermions. In ref [I7]], Liischer discussed the unitarity property
of free overlap Dirac fermion by investigating the positivity
through the spectral representation of free propagator and

concluded that free overlap Dirac fermion has a good unitarity
property. Our direct proof of the reflection positivity given
here is consistent with this observation. Our proof will be
also extended to the non-gauge models with interactions such
as chiral Yukawa models. For gauge models, however, a proof
of reflection positivity, if any, seems to be more involved and
we will leave it for future study.

II. REFLECTION POSITIVITY

Reflection positivity is a sufficient condition for recon-
structing a quantum theory in the canonical formalism, i.e. the
Hilbert space of state vectors and the Hermitian Hamiltonian
operator acting on the state vectors, from the lattice model
defined in the Euclidean space[36]. Let us formulate the
reflection positivity condition for lattice Dirac fermions. The
cases of Majorana and Weyl fermions will be discussed later.

We assume a finite lattice A = [—~L + 1, L]* C Z* in the
lattice unit @ = 1, and impose anti-periodic boundary condi-
tion in the time direction, and periodic boundary conditions
in the space directions. The fermionic action is defined in the
bilinear form

=> () Dri(x (1)

TEA

with a lattice Dirac operator Dy [37]]. The kernel of the Dirac
operator should be written as

> (=)™ D(z +2nL,y),

nez*

DL(xay): x7yeA7 (2)

where D(z,y) is the kernel of the Dirac operator in the
infinite lattice Z*. The quantum theory is then completely
characterized by the expectational functional defined by the
fermionic path-integration:

~ 5 [Pl
where the Grassmann integration for each field variable is

specified as [ dipo (2)0a () = 1, [ dipo(2)Ya(x) = 1, and
the functional measure is deﬁned by

PPl = ]

reN;=1,2,3,4

AP R (g, 1)), 3)

{dYa(@)da(n)}. @)



The reflection positivity condition — a condition on this
expectational functuonal — is formulated as follows: let us
define time reflection operator # which acts on polynomials of
the fermionic field variables by the relations

0(s(x)) = (d(0x)0)" ©)
0(y(x)) = (o (0z))" 6)
O(aF + BG) = «*0(F) + 5*0(G) @)
0(FG) = 0(G)0(F), ®)

where we denote (¢, ) = (—t+ 1, ) and F, G are arbitrary
polynomials of fermionic fields and * means complex conju-
gation. Let AL C A be the sets of sites with positive or non-
positive time respectively. Let Ay be the algebra of all the
polynomials of the fields on A, and A on A. Then one says
the theory is reflection positive if its expectation (-) : A — C
satisfies

(O(F )Fy) >0 for "F, € A,. )

A popular choice of lattice Dirac operator is the Wilson
Dirac operator,

b= 3

©n=0,1,2,3

1
{2%(8 —-ol)+ 26;6 } (10)

and in this case, the rigorous proofs of the reflection positivity
have been given [200 BIl P2. The proofs cover the case
with gauge interaction. Therefore, the use of Wilson Dirac
fermions in numerical applications has a completely sound
basis[B8]]. Here we consider the overlap Dirac operator

1 1
D=_(14+X—r
2( VXTX

for 0 < m < 1. This lattice Dirac operator describes a single
massless Dirac fermion and satisfies the GW relation, v5D +
D~5 = 2D~5D. Although the action is necessarily non ultra-
local [27]], the free overlap Dirac fermion indeed satisfies the
reflection positivity condition, as will be shown below.

), X =D, —m, (11)

III. PROOF OF REFLECTION POSITIVITY OF OVERLAP
DIRAC FERMION

To prove the reflection positivity, we need some additional
definitions and notations. First, let us denote

10— [

This (), defines a linear function from A into C. Second, we
decompose the lattice action A into the following three parts :

F(,9). (12)

A=A, +A_+AA (13)

where A, € A;, A_ € A_, and AA is the part of the
action which contain both positive and negative time fields.

Thirdly, let us call P the set of all polynomials of the form
>_; 0(F4;)F; in a finite summation, where F ; € A,.

Although the above definition of P works well for the
proof of the Wilson fermion, it is not enough for the proof
of the overlap fermion. In our case of the overlap fermion,
one needs to consider not only finite summations of the form
> 0(F4 ;) Fy;, but also infinite summations or integrations
like

/dsH(F(s)) = lim ZH

F(sk)Asy, (14)

N—o0

where the integration is defined as a limit of a finite Riemanian
summation. (see also eq. (B2) or G3)). To this end, we
consider P, the closure of P. The closure P contains not
only elements of the original P, but also all the limit points of
conversing sequences in P. That is,

FeP & HF)2,eP: lim F, =F. (15)
Here, the sequence {F,,},, C A is defined to be convergent
to some F' € A, if any coefficient in F), converges to the
corresponding coefficient in F' as a complex number [39].
Note that with respect to this definition of convergence, the
linear operation, the product operation in A, and the linear
mappings (-),, (-) : A — C are all continuous functions, i.e.
if F,, — F, G,, — G, then

aF, + G, — aF + 3G, F,G,— FG,  (16)
(Fn) = (F), (Fa)o—(F). (A7)

Now, we note the fact that the following four statements
(1)-(iv) imply the reflection positivity:
() If F, G belong to P then F'G also belongs to P.
(i) For all F € P, (F), > 0.
(i) 0(A4) = A_.
(iv) AA € P.

In fact, from these statements, it follows that
(N O(FL)Fy ), = (M HA-TAY (P Fy )

_ <eA++9(A+)+AA 9(F+)F+>
0

= 9(eA+)eA+eAA9(F+)F+> >0
—_———

E€P (by (i),(iv)) eP
(13)

for arbitrary F, € A, . Considering the special case where
FL=1¢€ A, wehave <eA>0 > 0. Hence, we obtain

A9F F
LT

Therefore the proof is reduced to showing these four state-
ments (i)-(iv).

Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement with P, which

(O(F)Fy) =



has been proved for the Wilson case [20] . In fact, let F,G €
P. Then, there exist sequences {F}, },, and {G,, },, in P such
that

F,—F, G, —G. (20)

From the continuity of the product operation in A (see (1)),
we get

F.G, — FG. 2D

Since F,,, G, € P, F,,G,, € P. Therefore F'G is the limit of
the sequence {F,,G,, },, C P, which means that FG € P.

To show the statement (ii), one should refer to the definition
of fermionic integration measure. With the definition @), it is
sufficient to consider F, € A, of the form

F, = 11

zeEN;;0=1,2,3,4

{a(r)Va(z)} €P,  (22)

for which one can see

/ Dy
Therefore, one concludes that for arbitrary F' € P, (F), >
0. Take arbitrary F' € P. Then there exists a converging
sequence {F, }, such that F,, — F. From the continuity of
(-)o (see (ID), we obtain

O(F)Fy = {det(v2)}'*X" =1>0. (23)

(F), = <hm F, > = lim (F,),>0. (24
n— oo 0 n— 00
The statement (iii) can be shown by using the property of
the overlap Dirac kernel: DTL(m,y) = vDp(0z,0y)y0. In
fact, one gets

0(41) = 3 > 0(d@) DLl ()

rE€A L yEAL

= »(0y) 0D (y, 2)70 (0
m§+ yeZA+ (0y) v D1, (y, 2)v0 1 (0)

=D(6y,0x)

= > D @)D y))
€Ay EA_

. (25)

To show the statement (iv) AA € P, we use a spectral rep-
resentation of Dy, (z,y). To derive the spectral representation
of Dy, we first Fourier transform the overlap Dirac operator
kernel D(x,y) in the infinite volume:

4
y) :/ d p eip~(:1:7y) X(p07p) ,
20 Yo (2m)4 21/ XX (po,p)

where X (po,p) = >_, ivusinp, + >, (1 — cosp,) — m.
Then, we change the pg integration region, [—m, 7|, to the
contours along the imaginary axis in the complex pg plane by
Cauchy’s integration theorem, as shown in FIG.[Il Depending

D, (26)

whether xg — yo > 0 or g — yo < 0, we choose the contours
[iE1,i00] or [—iE7, —ioco], respectively, to obtain

D(z,y)
zo—Yyo>0
:/dgp / dE e~ E(zo—yo) ip-(z—y) X(iE,p)
(2m)3 Jg, 2 —XTX(iE,p)
27
D(z,y)
zo—yo<0
:/d3p /m@eE(wo—yo)ew(w—y) X(—iE, p) .
(27)3 Jp, 2w —XTX(E,p)
(28)

where E is the edge of the cut coming from the square root,
and is determined by the relations

X'X(iE;,p) =0, E;>0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that Fyo X (+iE,p) (E > E;) are positive
definite matrices and there exist matrices Y1 (F, p) such that

FrX (EE.p) = Y{Ye(E,p) (E>E).  (0)
In fact, it is not difficult to check that Y. (E, p) are given by

i e smp

k
Z W Tk T2
k=1

W(E,p)

+(E.p) 2I(E, p)

Yo +il(E, p),

where W (E, p) = Zzzl(l —cospy) + 1 —cosh E—m and

1 sinh
2 Zi:l sin? pr/W(E,p)? +1

<1+ 1-

From the equations (@), Z7) and 28], we find the spectrum

Z(E,p) =

S22 sin®py, + W(E, p)?
sinh® E '

Im Im

T oo
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—iF4
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FIG. 1: Complex integration contours



representation of Dr,(x,y) as follows: putting V = 1/(2L)3,

1
x();éyo n ZLI 27'(' 1 +e—2EL V

X(eiE, p)
—XTX(iE,p)
—2EL 1
27 m %4
—X(—€eE,p)
—XTX(iE,p)
(31)

DL( z,y

« e~ Elro—yolgip-(®—y)

+Z/

« eElzo—yolgip-(z—y)

where € is defined as the sign of x¢y — yg, and the spacial
momentum py, runs over p, = niw/L, (L < n < L) in
the above summation. In (ZI), the first term becomes D(z, y)
in the limit L — o0, and the second term represents a ‘finite
lattice effect” which vanishes in the limit L — oo. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front of X (—eiE, p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.

From these observations, now we can show that AA € P:
for the term with g > 0, yo < 0 (in this case € = 1), we
obtain

Z Z¢ )Dr(x,y)(y)

TN yeEA_

:_Z/E dE 1

CE’pQ(CE,p) + DE,pG(DE,p)] ,
(32)

where Cg p and D, are defined by

\/E Z 1/) 'YOY+ E p)T _Eloeww (33)

zEA,
Dgp
e—2EL .
TroaEr 2 V@Yo (B.p)fet e, (34)
TEAL

with Y (E,p) = Y. (E,p)/(—XT X (iE,p))i. The overall
minus sign in the r.h.s. of (32)) results from GI) by using B0).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32)), and we see that this term belongs
to P. Similarly, for the term with oy < 0, yg > 0 (in this case
€ = —1), we obtain

> > (@) Dr(z,y)(y)

rEA_ yeAy

72/;5 dEl

CE p)CE P + G(DE p)DE pl> (35)

where Cp, , and D, , are defined by

Crp
\/He_m > V- Eal e, o
yeA
o—2EL o
T4 o—2BL Z Y (E,p)(y)e"e Y. (37)
yeAL

In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P. Thus we obtain AA € P and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA AND WEYL FERMIONS

The above proof for Dirac fermion can be extended for Ma-
jorana fermions|28] and Weyl fermions[30 11 z3.
In the case of Majorana fermion, the anti-field ¢ is the charge
conjugation of the field ¢ : ¢ = 7' C, where C is the charge
conjugation matrix satisfying Cy,C~! = —'yg, CysC~1 =
v, 010 = 1,07 = —C. Accordingly, the path-integral
measure reduces to D[] = s][,cn.a{d¥a(x)}, where a
sign factor s(= +1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection 0, because both (@) and (@) imply 6(z)(z)) =
Cv0v(0x). Then, the conditions (iii) A— = (A, ) and (iv)
AA € P follow immediately. The propery (ii) of P also
holds ture by the fact that one can always choose the sign
factor s so that [ D[Y]0(Fy)F, = {det(Co) 13" > 0
for Ft = [l en,iaz1,2,34{%al(2)}. Thus the reflection
positivity (@) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.

For Weyl fermion, we define the chiral components by

vato) = (L2 ) v o) = 0t) (152,

(38)
where 45 = v5(1 — 2D). We adopt, for simplicity, the chiral
basis for gamma matrices in which y5 = 03 ® 1, 79 = 01 ® 1,
and denote the spinor indices as oy = {1,2},a_ = {3,4}.
Then th4q_ () = 1o (x). The action of the Weyl fermion is
givenby A& =" 4, (2) D14 (x), and the Dirac fermion
action (@) decomposes as A = A(H) + A5, To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vh(2) | 9505 (2) = w0l (2); i =1,--+ ,ns},  (39)

where n = 2(2L)*, and expand the fields as ¢ (z) =
>, Vi (z)cy. The path-integral measure is then defined by

D[y Hdci [[ de-t@), @0

reEN;ax



and the path-integral measure of Dirac fermion @) is factor-

ized as D[Y|D[t)] = J Dty ] D |Dl-|D]ib_] where the
Jacobin
Ja(@);cy ]
— | vra(@)! - vra@)™ voa(@)! e voa(e) |
41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

77 | Plo-IDi A IR G ),

(42)

(7)) =

Because of the factorization properties of the action and the
path-integral measure, we note the identity

(P, o N = (P, o))
= (F(y_,v-)). (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator 6 for the left-handed fields as

0(t—a_(2) = {d-(02)70}a = Vo, (6),  (44)
0o, (2) = {100 (02)}a, = ¥-a_(02),  (45)
where ay = a_ — 2. And let A+ ) be the algebra of all

the polynomials of the left-handed field components ©)_,,_ (z)
and ¢_,, () on Ay. Then one can show

<1>(+)

OFF) T >0 for "R, e A (46)

Note that, in this formulation of the reflection positivity, the
field components ¢_,_ (x) are completely excluded from
observables.

To prove (@), we note the fact that the expectational
functional for the left-handed Weyl fermion @2)) is simply
related to the expectational functional for the Dirac fermion
@ by ()7 = (AT = (F) for P, y).
Moreover, since

=)L )

(47)

one can show

(F—a Doa ) = (F(a_,Pa.)),  @48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
@ for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[[]]

- A
A=Y {6D¥ - 6°010,0 — mis 6 — T1(676)* — 2%x
TzEA
0+ {556+ 5(1+28)6" ) +x)
(49)

where v is a Dirac field, y is an auxiliary Dirac field, and
¢ is a complex scalar field. In this case, we define the field
algebra AY) of the chiral Yukawa theory as the set of all the
polynomials F' (1), x, ¢) of fermionic fields ¢) and x whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration ¢, with
converging expectation value (F') ) defined through the path
integration as usual:

(F) ™) = % / Dlpath] * X F (4, x, ¢) < o0
(50)

Here, D[path]| stands for the path integration measure,
= DW|D[YIDNDIXIDEIDle"].  (51)

Note that all the polynomials of bosonic field configuration
belong to AY).

The 6 operation for the fermionic fields 1), x is the same as
in the free case (A)(@). For the bosonic field ¢, the 0 reflection
is defined as

Dlpath]

09() := ¢(0z). (52)

For F € AY) of the form F(v), x, ¢) = f(¢)M (¢, x) with f
being a continuous function of {¢(z)},ea and M (1), x) some
monomial of {¢,(2), Y0 (), Xa(2), Xa(T) }zea, We define

O(F) (¢, x,9) = f(0

where MT means the monomial whose order of the Grass-
mann product is reversed in the original M. We extend the 6
operation for arbitrary F' € A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

)M (0, 60x), (53)

O(F)F)Y) >0, for " e A (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation <->(()Y) for the
Yukawa model as

Py = / Dipath] F (1), X, ). (55)

For this definition to make sense, F' should be a special ele-
ment in A(Y) so that the right hand side of (Z3) is convergent.
Let B be the subset of A®Y) whose elements are integrable
with respect to the above (-),-measure. Note that if F" belongs



to AY), e F belongs to B because of the rapidly decreasing
property of the bosonic weight. Then, the statement (ii) should
be rephrased as : (i) For all ¥ € P N B, (F), > 0. To show

this, it is sufficient to consider Fy € AS_Y) of the form

Fy=f(04) [] Xa(@xa@9al@)val),  (56)
TEA
where ¢ = {¢(z)}zen, . For such an F, we obtain
2
oF0F =| [Dleapistlson| 20 o7

Therefore, for arbitrary F' € P N B the statement (ii) holds.
This result can be extended for F € P N B by a similar
argument in the case of free fermion given above [EQ]. The
statement (iii) can be checked by noting that the interaction
terms are strictly local and belongs to either A, or A_,
depending on the time coordinate, and they are mapped to
each other by the 6 transformation. To show the statement
(iv), one should note that only the first two terms in the action
(@3 contribute to AA. The first fermionic part belongs to P
as shown in the above proof of the free Dirac fermion. As to
the second bosonic part, it is a well-known fact.

From these statements (i)-(iv), the reflection positivity of
the chiral Yukawa model follows immediately. By (I8) and
the fact that eA0(F)F, € B for arbitrary F, € Af), we
obtain

(Y) (Y) (Y)
(0D 20, (N = (o)
(58)
This implies
eA 9(F+)F+ (¥)
<9(F+)F+>(Y) = < A (Y) >0 >0, VF € AS,-Y)v
(Ca
(59)

completing the proof of &4).

VI. DISCUSSIONS

There is another route to the proof: it is through the con-
nection to domain wall fermion[28] B4]]. Since domain wall
fermion is defined by the five-dimensional Wilson fermion,
it fulfills the reflection positivity by itself. In the free case,
fortunately, the positivity condition is also satisfied for the
Pauli-Villars fields, where the Pauli-Villars fields are defined

by a five-dimensional Wilson fermion plus a five-dimensional
bosonic spinor field with the action defined by the 5-dim.
Wilson-Dirac operator square | Dy, (5dim.) — 2, both subject
to the anti-periodic condition in the fifth-direction. (mg is
the domain wall height in the lattice unit.) Then one can
safely take the limit of the infinite extent of the fifth dimension
and the reflection positivity of overlap Dirac fermions follows
indeed.

In the case with gauge interaction, however, the positivity
condition is not satisfied for the Pauli-Villars bosonic field. In
fact, for the action of the Pauli-Villars bosonic field,

Z¢

APV(b) |DW(5d1m) - mOl ¢( ) (60)

one has

0(Apv)) # Apv(b) (61)

under the anti-linear 6 operation for the bosonic spinor field
¢o(x) and the link variable U (x, y),

0¢a(T) = da(0),

and for an observable F of the form F(U,¢,¢p) =
f(o, U)M (1)),

as before. This is due to the non-vanishing commutators of
the covariant difference operators [V, V] # 0 (k = 1,2, 3).
And this causes a difficulty in completing the proof. Of
course, it does not exclude the possibility that the overlap
fermion itself, which is defined in the limit of the infinite ex-
tent of the fifth dimension, satisfies the reflection positivity. In
this approach with domain wall fermion, it would be possible
to trace the effects of the violation of the reflection positivity
in the limit of the infinite extent of the fifth dimension. Work
in this direction is in progress.

0U (z,y) = U(0z, 0y), (62)

f*(00,0U) M (6v), (63)
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