ON THE FIRST AND SECOND K-GROUPS OF AN ELLIPTIC
CURVE OVER A GLOBAL FIELD OF POSITIVE
CHARACTERISTIC

SATOSHI KONDO AND SEIDAI YASUDA

ABSTRACT. It is shown that the maximal divisible subgroup of the K; and Ko
of an elliptic curve E over a function field are uniquely divisible, and those K-
groups modulo the uniquely divisible subgroups are computed explicitly. We
also calculate the motivic cohomology groups of the minimal regular model of
FE, which is an elliptic surface over a finite field.

(This is a revised version of a part of our preprint RIMS-1564 (2006).)

1. INTRODUCTION

The aim of this paper is to compute explicitly the K, Ko and the motivic coho-
mology groups of an elliptic curve over a function field, and the motivic cohomology
groups of an elliptic surface over a finite field. In this introduction, let us state the
thoerems (Theorems 1.1, 1.2) concerning the K; and K5 of an elliptic curve. We
refer to Theorems 6.1, 6.2, 6.3, 7.1, 7.2 for other main results.

Let k be a global field of positive characteristic p and let E' be an elliptic curve
over Speck. Let C be the proper smooth irreducible curve over a finite field whose
function field is k. We regard a place p of k£ as a closed point of C' and vice
versa. We let x(p) denote the residue field at p of C. Let f : &€ — C denote the
minimal regular model of the elliptic curve £ — Speck. This f is a proper, flat,
generically smooth morphism such that for almost all closed points g of C, the fiber
€ x ¢ Speck(p) at p is a genus one curve, and such that the generic fiber is the
elliptic curve E — Speck.

Let us identify the K-theory and the G-theory of regular noetherian schemes.
There is a localization sequence of G-theory:

Ki(€) - Ki(B) 25 (D GilE,) — KilE)

where p runs over all primes of k. Let us denote by 0y the boundary map 698?),

by 0 : Ko(E)™d — D, cc, Go(€p) the boundary map induced by 9, and by 0, :
Ky (E)ed — D, cc, Go(€p) the boundary map induced by ®0,,. Here, for an
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abelian group M, we let My;, denote the maximal divisible subgroup of M, and we
put M4 = M/Mg;,.

In Theorems 1.1, 1.2 below, we use the following notation. We use the subscript
—@ to mean — ®z Q. For a scheme X, let X (resp. Irr(X)) denote the set of the
closed points (resp. the irreducible components) of X. Let F, denote the field of
constants of C'. For a scheme X of finite type over SpecF, and for i € Z, choose
a prime number ¢ # p and put L(h*(X),s) = det(1 — Frob - ¢=%; H} (X XspecF,
SpecF,,Q;)) where F, is an algebraic closure of F, and Frob € Gal(F,/F,) is the
geometric Frobenius element. In all the cases considered in Theorems 1.1, 1.2, the
function L(h*(X), s) does not depend on the choice of £. We let T(,y denote what we

call the twisted Mordell-Weil group T(,) = @, (E(k®F, Fy)tors®2Z(1)) 581 Fa/Fa),
We write Sy (resp. Sa) for the set of primes of k at which F has split multiplicative
(resp. bad reduction); we also regard it as a closed subscheme of C with the reduced
structure (The set of primes Sy will be introduced later). For a set M, we denote
its cardinality by |M|. We put r = |Sy|.

Theorem 1.1 (see Theorem 6.1(1)(2), Theorem 7.2(2)). Suppose that Sq is nonempty,

or equivalently f is not smooth.
(1) The dimension of the Q-vector space (Ka(E)*%)q is r.
(2) The cokernel of the boundary map 95 : K2(E) — @ cc, G1(Ep) is a finite
group of order
(g — D?IL(hO(Irr(Es,)), —1)|
T7 - [L0(S5), ~1)]

(3) The group Ko(E)aiv is uniquely divisible, and the kernel of the boundary
map 0 : Ko( E)ed — D, cc, G1(Ep) is a finite group of order |[L(RY(C),—1)|?

Let L(E,s) denote the L-function of E (see Section 6.3). We write Jac(C) for
the Jacobian of C.

Theorem 1.2 (see Theorem 6.1(3)(4)). Suppose that So is nonempty, or equiva-
lently f is not smooth.

(1) The group Ki(E)4iv s uniquely divisible.

(2) The kernel of the boundary map 0y : Ki(E)™d — D, cc, Go(&p) is a finite
group of order (q — 1)2|T(’1)| - |L(E,0)|. The cokernel of 01 is a finitely
generated abelian group of rank 2+ [Irr(Es, )| — |S2| whose torsion subgroup
is isomorphic to Jac(C)(F,)®2.

Remark 1.1. Takao Yamazaki has pointed the authors to the similarity between
Theorem 1.2(2) and the Birch-Tate conjecture (see [44, p.206-207]). The Birch-Tate
conjecture concerns the K of a global field in any characteristic. They study the
boundary map, denoted A, from K5 to the direct sum of the K of the residue fields.
A part of the conjecture is that the order of the kernel of the boundary map A is
expressed using the special value (r(—1) and an invariant wpg, which is expressed
in terms of the number of roots of unity).

In our theorem, we consider K instead of K5, an elliptic curve over a function
field instead of the function field itself (regarded as a zero-dimensional variety over a
function field), the Hasse-Weil L-function L(E, s) instead of the zeta function. The
value |T(’1) | plays the role of wg in our setting. There is no counterpart for the factor



ON K; AND K; OF AN ELLIPTIC CURVE 3

(¢ — 1)% in their conjecture. This is due to the fact that there are more than one
degrees for which the cohomology groups are (conjecturally) nonzero in our setting
because the variety is one-dimensional as opposed to being zero-dimensional.

It seems interesting to formulate a conjecture for curves of higher genus over a
function field, and over a global field of characteristic zero, but we have not persued
this point.

The principal ingredient in proving these theorems is the following theorem which
was proved in our previous paper:

Theorem 1.3. [25, Theorem 1.1] Let the notations be as above. Then for an
arbitrary set S of closed points of C, the homomorphism induced by the boundary
map Oy

Ka(E)g 2225 @ Gi(€,)e

pES
18 surjective.

Let us give an outline of proof. First, given an elliptic surface &£, we relate the
order of (a quotient by some divisible subgroup of) the motivic cohomology groups
and the special values of the zeta function of £. For many of the (bi-)degrees, this is
made possible by the Beilinson-Lichtenbaum conjecture (now a theorem using the
Bloch-Kato conjecture and a theorem of Geisser and Levine), but there are degrees
where it is not a direct consequence of the conjecture. In such cases, we need some
extra work. The details on this extra work are found in the beginning of Section 6.

Then, we recall in Section 6.3 that the main part of the zeta function of £ is the
L-function of E. We note that there are contributions from the L-function of the
base curve C and also of the singular fibers of £ (Lemma 6.3, Corollary 6.4). We
relate the G-groups of the singular fibers to the motivic cohomology groups and
then they are in turn related to the values of the L-function (Lemmas 6.8 and 6.9).
The technical input for these lemmas are our result from our paper [24] and the
classification of the singular fibers of an elliptic fibration.

The sections are organized as follows. In Sections 2-5, we consider the general
case of a curve of arbitrary genus over a function field and a smooth surface over
a finite field. Those sections are fairly independent of others. In Section 2, we
compute the motivic cohomology groups of an arbitrary smooth surface X over
finite fields. The difficult case is that of H%,(X,Z(2)) and is treated in Section 2.2.
In Section 3, we prove the compatibility of Chern characters and the localization
sequence of motivic cohomology. In Section 4, we define Chern characters for
singular curves over finite fields. The treatment is quite ad hoc. In Section 5, we
give the relation via the Chern class map between the K; and K5 of curves over
function fields and the motivic cohomology groups. We present our main result
in Section 6. Applying the results in Sections 2, 4, and 5, and using the special
features of elliptic surfaces, including Theorem 1.3, we compute the orders of certain
torsion groups explicitly. We treat the p-part separately in Appendix A. See its
introduction for more technical details. In Section 7, we will use the Bloch-Kato
conjecture (see Lemma 2.1) and generalize the results in Section 6.
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2. MOTIVIC COHOMOLOGY GROUPS OF SMOOTH SURFACES

Aside from the uniquely divisible part, we understand the motivic cohomology
groups of smooth surfaces over finite fields fairly well. The divisible part is conjec-
turally zero.

The main goal of this section is to prove Theorem 2.1. Let us give a brief
description of the statement. Let X be a smooth surface over a finite field. Then
we find that H',(X,Z(j)) is an extension of a finitely generated abelian group
by a uniquely divisible group except when (7,7) = (3,2). Except for the cases
(i,7) = (0,0),(1,1),(3,2),(4,2), the finitely generated abelian group is a finite
group, which is either 0 or is written in terms of étale cohomology groups of X.
We refer to Theorem 2.1, the following table, and the following paragraph for the
details.

For a prime number ¢, we let | |, : Q@ — Q denote the f-adic absolute value
normalized so that |¢], = ¢~1.

2.1. Motivic cohomology of surfaces over a finite field. Let IF, be the field
of ¢ elements of characteristic p. For a separated scheme X which is essentially
of finite type over SpecF,, we define the motivic cohomology group H (X, Z(j))
as the homology group H',(X,Z(j)) = Haj—i(27(X,e)) of Bloch’s cycle complex
27 (X, e) ([7, Introduction, p. 267] see also [14, 2.5, p. 60] to remove the condition
that X is quasi-projective). When X is essentially smooth over SpecF,, it coincides
with the motivic cohomology group defined in [26, Part I, Chapter I, 2.2.7, p. 21] or
[47] (cf. [27, Theorem 1.2, p. 300], [46, Corollary 2, p. 351]). For a discrete abelian
group M, we put H', (X, M(j)) = Hoj_i(27 (X, e) @z M).

We apologize that this notation is not appropriate if X is not essentially smooth
(for in that case it should be a Borel-Moore homology group). A reason for using
this notation is that, in Section 4.2, we will define Chern classes for higher Chow
groups of low degrees as if higher Chow groups form a cohomology theory.

First let us recall that the groups H',(X,Z(j)) have been known for j < 1. By
definition, H%,(X,Z(j)) = 0 for j < 0 and (4,5) # (0,0), and HY,(X,Z(0)) =
HY (X,Z). We have H},(X,Z(1)) = 0 for i # 1,2. By [7, Theorem 6.1, p. 287,
we have H},(X,Z(1)) = HY,.(X,Gy,), and H3,(X,Z(1)) = Pic(X).

The following is a conjecture of Bloch-Kato ([22, §1, Conjecture 1, p. 608]). and
now is proved by Rost, Voevodsky, Haesemeyer, and Weibel.

Lemma 2.1. Let j > 1 be an integer. Then for any finitely generated field K over
F, and for any positive integer { # p, the symbol map KJM (K) — HZ.(Spec K,Z/((j))
18 surjective.

Definition 2.1. Let M be an abelian group. We say that M is finite modulo
a uniquely divisible subgroup (resp. finitely generated modulo a uniquely divisible
subgroup) if Mg;, is uniquely divisible and M red js finite (resp. Mgy is uniquely
divisible and M4 is finitely generated).

We note that, if M is finite modulo a uniquely divisible subgroup, then M., is
a finite group and M = Mg;y ® Miors-

Recall that for a scheme X, we let Irr(X') denote the set of irreducible components
of X. The aim of Section 2.1 is to prove the following theorem.
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Theorem 2.1. Let X be a smooth surface over Fy. Let R C Irr(X) denote the
subset of irreducible components of X which is projective over SpecF,. For X' €
Irr(X), let gx/ denote the cardinality of the field of constants of X'.
(1) The group H'\(X,Z(2)) is finitely generated modulo a uniquely divisible
subgroup if i # 3 or if X is projective. More precisely,

(a) The group H',(X,Z(2)) is zero for i > 5.

(b) The group H3,(X,Z(2)) is a finitely generated abelian group of rank
|R|.

(c) If i <1 orif X is projective and i < 3, the group H',(X,Z(2)) is
finite modulo a uniquely divisible subgroup.

(d) The group H3,(X,Z(2)) is finitely generated modulo a uniquely divis-
ible subgroup.

(e) For i < 2, the cohomology group H' (X, Z(2))tors is canonically iso-
morphic to the direct sum @, HN (X, Qu/Z4(2)). In particular, the
group H',(X,7Z(2)) is uniquely divisible for i <0.

(f) If X is projective, then the group H% (X, Z(2))sors is isomorphic to the
direct sum of the group @, HZ2(X,Q¢/Z¢(2)) and a finite p-group of
order [Hom(Pic% p_, Gm)|-|L(R*(X),0)|, . Here we let Hom(Pick /g, . Gin)
denote the set of morphisms Pic()’(/]Fq — Gy, of group schemes over
SpeclF,.

(2) Let j > 3 be an integer. Then for any integer i, the group H'(X,Z(3)) is
finite modulo a uniquely divisible subgroup. More precisely,

(a) The group H(X,Z(j)) is zero for i > max(6, j +1), is isomorphic to
DxcnZ/ (@5 —1) for (i,5) = (5,3), (5,4), and is finite for (i,j) =
(4,3).

(b) The group H' (X, Z(5))tors is canonically isomorphic to _the direct sum
@#pHgt_l(X,Qg/Zg(j)). In particular, the group Hj,(X,Z(j)) is
uniquely divisible fori <0 or6 < i < j, and the group H (X, Z(3]))tors
is isomorphic to the direct sum €D vy (x) Z/(qg(/ -1).

In the following table, we summarize the description of the groups H (X, Z(j))
stated in Theorem 2.1. Here we write u.d, f./u.d., f.g./u.d., f., f.g. for uniquely
divisible, finite modulo a uniquely divisible subgroup, finite generated modulo a
uniquely divisible subgroup, finite, finitely generated respectively.

[j\i][<0] 0 Jo<i<j| j0) | j+1 [j+2]>j+3]

0 0 | H2) - 0
1 0 - HO(G,,) | Pic(X) 0
Fg/ud | 7
2 ud £./u. d. f./u. d. if projective fg 0
3 o d. £/ d. fl 0
4 u. d f./u. d. £ ] 0
f./u. d.
25 u. d. L dif6<i<] 0

Lemma 2.2. Let X be a separated scheme essentially of finite type over SpecF,.
Let i and j be integers. If both H'y'(X,Q/Z(5)) and lim H'(X,Z/m(j)) are fi-
nite, then H' (X, Z(j)) is finite modulo a uniquely divisible subgroup and its torsion
subgroup is isomorphic to H'y(' (X, Q/Z(35)).
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Proof. Let us consider the exact sequence

0 — H N (X, Z(j)) ©2 Q/Z — Hig (X, Q/Z(j))

(21) - Hj\/[(Xaz(j))tors i 0

Since Hj\zl(X ,Q/Z(j)) is a finite group, all the groups in the above exact sequence
are finite groups. Then the group Hj\/_ll(X,Z(j)) ®z Q/Z must be zero since it is
finite and divisible. Hence we have a canonical isomorphism H'y,'(X,Q/Z(j)) —
H' (X, Z(j))tors- The finiteness of H} (X, Z(j))tors implies that the divisible group
H', (X, Z(j))aiv is uniquely divisible and the canonical homomorphism
Hi (X, 2(5))"" — lim Hj( (X, 2(5))/m

is injective. The latter group lim H'(X,Z(j))/m is canonically embedded in
the finite group lim  Hj(X,Z/m(j)). Hence we conclude that Hj(X,Z(j))™ is
finite. This proves the claim. (I

Lemma 2.3. Let X be a smooth projective surface over F,. Let j be an integer.
Then the group H',(X,Q/Z(j)) and the group lim Hi(X,Z/m(j)) are finite if
1#2j orj>3.

Proof. The claim for 7 <1 is clear. Suppose that j7 = 2. Then the claim for ¢ > 5
is clear. If p { m, from [14, Corollary 1.2, p. 56. See also Corollary 1.4] and [30,
(11.5), THEOREM, p. 328], it follows that the cycle class map HY(X,Z/m(2)) —
Hi (X,Z/m(2)) is an isomorphism for i < 2 and is injective for i = 3. By [9,
Théoreme 2, p. 780] and the exact sequence [9, 2.1 (29) p. 781], for ¢ < 3, the group
li_rr)1m7pm H!.(X,Z/m(2)) and the group @mzﬂm Hi (X,Z/m(2)) are finite.

Let W, Q% 1., denote the logarithmic de Rham-Witt sheaf (cf. [21, I, 5.7, p. 596]).
This was introduced by Milne in [32]. There is an isomorphism H' (X, Z/p™(2)) =
H (X, Wn Q% 1) (cf. [13, Theorem 8.4, p. 491]). In particular, we have H' (X, Qp/Zy(2)) =
0 for 7 < 1.

By [9, §2, Théoréme 3, p. 782], h_r)nn HL (X, WnQ_Zx,log) is a finite group for i =
0,1. By [9, Pas n° 1, p. 783], the projective system {H'(X, W, 0% ,,,)}n satisfies
the Mittag-Leffler condition. Using the argument used in [9, Pas n°® 4, p. 784], we
obtain the exact sequence

0 — lim Hi(X, W Q% 10g) ®2 Qp/Zp — lim H (X, WnQ% 10g)
— lim HY(X, W, 0% .. )tors — O.
—n ;108

We then see that lim  HE (X, W,0Q% ,..) is also finite for ¢ = 0,1 and is isomorphic
——n "€ ,log

to lim HITY(X, WnQ?X,log)- Since the homomorphism
Héar (Xv WnQ%(,log) - Hét (X7 WTLQ?X’,IOg)?

induced by the change of topology ¢ : Xot — Xzar, is an isomorphism for ¢ = 0
and is injective for i = 1, we see that lim H3%,(X,Z/p"(2)) is zero, and that both
H3,(X,Q,/Zy(2)) and lim | H%,(X,Z/p"(2)) are finite groups. This proves the
claim for j = 2.

Suppose j > 3. The claim for the case i > 2j is clear. Since j > 3, we
have H',(X,Z/p"(j)) = H, (X, WnQ])(,log) = 0. Using Lemma 2.1 for j, by
(14, Theorem 1.1, p. 56], the group H'%,(X,Z/m(j)) is isomorphic to the group
H}, (X, 7<;Re Z/m(j)) if pt m. Since any affine surface over Fy has ¢-cohomological
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b (X, s ReuZfm()) 2 Hiy (X, Z/m(j)
for all i. Hence by [9, Théoréme 2, p. 780] and the exact sequence [9, 2.1 (29)
p. 781], for i < 2j — 1, the groups H',(X,Q/Z(j)) and lim Hi(X,Z/m(j)) are
finite. This proves the claim for j > 3. O

dimension 3 for any £ # p, it follows that H7

Lemma 2.4. Let Y be a scheme of dimension d < 1 which is of finite type over
SpecF,. Then Hi,(Y,Z(j)) is a torsion group unless 0 < j < d and j <i < 2j.

Proof. By taking a smooth affine open subscheme of Y;.q whose complement is of
dimension zero, and using the localization sequence of motivic cohomology, we are
reduced to the case where Y is connected, affine, and smooth over SpecF,. When
d = 0 (resp. d = 1), the claim follows from the result of Quillen [41, THEOREM
8(i), p. 583] (resp. Harder [19, Korollar 3.2.3, p. 175] (see [16, Theorem 0.5, p. 70]
for the correct interpretation of his result)) on the structure of the K-groups of Y,
combined with the Riemann-Roch theorem for higher Chow groups [7, Theorem
9.1, p. 296]. 0

We use the following lemma, whose proof is easy and is left to the reader.

Lemma 2.5. Let ¢ : M — M’ be a homomorphism of abelian groups such that
Ker ¢ is finite and (Coker ¢)aiv = 0. If Maiy or M}, is uniquely divisible, then ¢

induces an isomorphism Mgy, — M), . O

Proof of Theorem 2.1. Without loss of generality, we may assume that X is con-
nected. We first prove the claims assuming X is projective. It is clear that the
group H',(X,Z(j)) is zero for ¢ > min(j + 3,2j + 1). It follows from [9, p. 787,
Proposition 4] that the degree map H#(X,Z(2)) = CHo(X) — Z has finite ker-
nel and cokernel. This proves the claim for ¢ > min(j + 3,2j5). Fix j > 2. For
i < 2j — 1, the group H%,(X,Z(j)) is finite modulo a uniquely divisible subgroup
by Lemmas 2.2 and 2.3. The claim on the identification of Hj (X, Z(j))tors With the
étale cohomology follows immediately from the argument in the proof of Lemma 2.3
except for the p-primary part of H3 (X, Z(2)), which follows from Proposition A.1.

To finish the proof, it remains to prove that H',(X,Z(j))aiv is zero for j > 3
and i = j + 1,5 + 2. It suffices to prove that H',(X,Z(j)) is a torsion group for
j >3 and i > j+ 1. Consider the limit

lim Hig2(Y,2(j — 1)) — Hiy(X,2()) — lim Hy (X \ Y, Z(5))

Y Y
of the localization sequence where Y runs over the reduced closed subschemes of X
of pure codimension one. The group H};Q(Y, Z(j—1)) is torsion by Lemma 2.4 and
we have lim, HiZ*(X \Y,Z(j — 1)) = 0 for dimension reasons. Hence the claim
follows. This completes the proof in the case where X is projective.

For general connected surface X, take an embedding X — X’ of X into a smooth
projective surface X’ over F, such that Y = X'\ X is of pure codimension one in X".
We can show that such an X’ exists by using [35] and a resolution of singularities
([3, p. 111], [28, p. 151]). Then the claims, except for that on the identification of
H' (X, Z(j))tors with the étale cohomology, easily follow from Lemma 2.5 and by
using the localization sequence

= Hi2 (Y, Z( — 1)) — Hi (X, Z(5)) — Hi (X, Z(j5)) — -+ .
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The claim on the identification of H, (X, Z(j))tors With the étale cohomology can
be obtained in a way similar to that in the proof of Lemma 2.3. This completes
the proof. O

2.2. A criterion for the finiteness of H%,(X,Z(2))tors-

Proposition 2.1. Let X be a smooth surface over F,. Let X — X' be an open
immersion such that X' is smooth projective over F, and Y = X'\ X is of pure
codimension one in X'. Then the following conditions are equivalent.
(1) The group H3,(X,Z(2)) is finitely generated modulo a uniquely divisible
subgroup.
(2) The group HY (X, Z(2))tors is finite.
(3) The pull-back map H3,(X',Z(2)) — H3,(X,Z(2)) induces an isomorphism
H,‘L/)’\/[(lez(2))div — H?\A(XaZ(2))div-
(4) The kernel of the pull-back map HY(X',Z(2)) — H%,(X,Z(2)) is finite.
(5) The cokernel of the boundary map 0 : H3,(X,Z(2)) — H},(Y,Z(1)) is
finite.

Moreover, if the above equivalent conditions are satisfied, then the torsion group
H3 (X, Z(2))tors is isomorphic to the direct sum of a finite group of p-power order
and the group @B,,, H2(X,Q¢/Z¢(2))*4, and the localization sequence induces the
long exact sequence

(2.2) = Hg (Y Z(1) — Hp (X' 2(2))") — Hj(X,Z2(2)" — -
of finitely generated abelian groups.

Proof. The condition (1) clearly implies the condition (2). The localization se-
quence shows that the conditions (4) and (5) are equivalent and that the condition
(3) implies the condition (1). By the localization sequence and Lemma 2.5, the
condition (4) implies the condition (3).

We claim that the condition (2) implies the condition (4). Assume the con-
dition (2) and suppose that the condition (4) is not satisfied. We put M =
Ker[H% (X', Z(2)) — H3,(X,Z(2))]. The localization sequence shows M is finitely
generated. By assumption, M is not torsion. Since H3%,(X’,Z(2)) is finite modulo
a uniquely divisible subgroup, the intersection H3, (X', Z(2))aiv N M is a non-trivial
free abelian group of finite rank. Hence the group H%,(X,Z(2)) contains a group
isomorphic to HY (X', Z(2))aiv/(H3(X', Z(2))aiv N M), which contradicts the con-
dition (2). Hence the condition (2) implies the condition (4). This completes the
proof of the equivalence of the conditions (1)-(5).

Suppose that the conditions (1)-(5) are satisfied. The localization sequence shows
that the kernel (resp. the cokernel) of the pull-back HY, (X', Z(2)) — H',(X,Z(2))
is a torsion group (resp. has no non-trivial divisible subgroup) for any i € Z. Hence,
by Lemma 2.5, H' (X, Z(2))aiv is uniquely divisible and the sequence (2.2) is exact.
The condition (2) and the exact sequence (2.1) for (i,5) = (3,2) give the isomor-
phism H3,(X,Z(2))tors = H3,(X,Q/Z(2))*d. Then the claim on the structure of
H3,(X,Z(2))tors follows from [14, Corollary 1.2, p. 56. See also Corollary 1.4] and
[30, (11.5), THEOREM, p. 328|. This completes the proof. O

Let X be a smooth projective surface over ;. Suppose that X admits a flat,
surjective and generically smooth morphism f : X — C to a connected, smooth
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projective curve C' over ;. For each point p € C, let X, = X X p denote the
fiber of f at p.

Corollary 2.1. Let the notations be as above. Let n € C denote the generic
point. Suppose that the cokernel of the homomorphism 0 : H3(X,,Z(2)) —
D,cc, H} (X, Z(1)), which is the inductive limit of the boundary maps of the
localization sequences, is a torsion group. Then the group H/iw(Xn,Z(Q))div 18
uniquely divisible for all i € 7Z and the inductive limit of localization sequences
induces the long exact sequence

o @) HIP (X Z() — B (X, Z2)™ — Hi (X Z(2) — -
p€Co

Proof. Since the group €, H',(X,,7Z(1)) has no non-trivial divisible subgroup
for all ¢ € Z, and is torsion for ¢ # 1 by Lemma 2.4, the claim follows from
Lemma 2.5. ]

3. THE COMPATIBILITY OF CHERN CHARACTERS AND THE LOCALIZATION
SEQUENCE

The aim of this section is to prove Lemma 3.1. What we will need in later sections
is the statement of Lemma 3.1 and Remark 3.1. We will not use the details of the
proof; the reader may skip them.

This lemma is known as the Riemann-Roch without denominators for higher K-
theory. For example, it is known to hold for the setup given in [15]. Throughout, we
use Bloch’s higher Chow groups as motivic cohomology theory, but the Riemann-
Roch without denominators is not known (at least not in the literature) for the
Chern class as defined in [7].

Instead, we will use as the Chern class, the Chern class for motivic cohomology
of Levine (see below) composed with the comparison isomorphism between Levine’s
motivic cohomology groups and higher Chow groups. Then since the Riemann-Roch
theorem is known to hold for Levine’s motivic cohomology, our task is to check
the compatibility of the localization sequence and the comparison isomorphisms
(Lemmas 3.2 and 3.3).

3.1. Main statement. Given an essentially smooth scheme X over SpecF, and
integers i,j > 0, let ¢; ; : K;(X) — sz\fl_i(X, Z(j)) be the Chern class map. Several
ways are proposed to construct the map ¢; ; ([7, p. 293], [26, Part I, Chapter III,
1.4.8. Examples. (i), p. 123], [40, DEFINITION 5, p. 315]). All of them are based
on the method of Gillet [15, p. 228-229, Definition 2.22]. In this paper we adopt
the definition of Levine [26, Part I, Chapter 111, 1.4.8. Examples. (i), p. 123], where
the map c¢; ; is denoted by cﬁ’fj =%, The definition, given in [26, Part I, Chapter
I, 2.2.7, p. 21], of the target H¥ (X, Z(j)) = HY "(X,Z(j)) of ¢, which
we will denote by sz _i(X ,Z(j)), is different from the definition of the group
HY7"(X,Z(j)). However [26, Part I, Chapter II, 3.6.6. THEOREM, p. 105] shows
that there is a canonical isomorphism

(3.1) 8L Hiy(X,Z(5)) = HE(X,Z(j))

which is compatible with the product structures. The precise definition of our
Chern class map ¢; ; is the composition ¢; j = (ﬁ;)*l ok
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The map ¢;; is a group homomorphism if ¢ > 1 or (i,j5) = (0,1). We let
choo @ Ko(X) — HY,(X,Z(0)) = HY, (X,Z) denote the homomorphism which

Zar

sends the class of a locally free Ox-module F to the rank of . For i > 1 and
a € K;(X), we put formally ch; ¢(a) = 0.

Lemma 3.1. Let X be a scheme which is a localization of a smooth quasi-projective
scheme over SpecF,. LetY C X be a closed subscheme of pure codimension d which
is essentially smooth over SpecF,. Then fori,j > 1 or (i,5) = (0,1), the diagram

K(Y) 2 HYTTM(y, 7 - d))

Ki(X) —  HY(X,Z(j)
(3.2)

K(X\Y) = HYIT(X\Y,Z())

Ki_l(Y) Q1,5 H/Q\z‘t—i—2d+1 (Y, Z(j _ d))

is commutative. Here the homomorphism o ; is defined as follows: for a € K;(Y),
the element a; ;(a) equals

Gd,j—d(Chi70(a)7 Ci,l(a’)7 ey Ci,j—d(a“); CO,l(N)a ey CO,j—d(N))a

where Gq j_q is the universal polynomial in [2, Exposé 0, Appendice, Proposition
1.5, p. 37] and N is the conormal sheaf of Y in X, and the left (resp. the right)
vertical sequence is the localization sequence of K-theory (resp. of higher Chow
groups established in [6, Corollary (0.2), p. 357]).

Proof. We may assume that X is quasi-projective and smooth over SpecF,. It
follows from [26, Part I, Chapter III, 1.5.2, p. 130] and the Riemann-Roch theorem
without denominators [26, Part I, Chapter 111, 3.4.7. THEOREM, p. 174] that the
diagram (3.2) is commutative if we replace the right vertical sequence by the Gysin
sequence

HY ' 2(Y 2 — d) — HY (X, 2()))
— HPH(XN\Y,Z()) — HP ™Y 2 — d)

in [26, Part I, Chapter 111, 2.1, p. 132]. It suffices to show that the Gysin sequence
(3.3) is identified with the localization sequence of higher Chow groups. We use
the notations in [26, Part I, Chapter I, II]. Let S = SpecF, and let V denote
the category of schemes which is essentially smooth over SpecF,. Let Ay0(V) be
the DG category defined in [26, Part I, Chapter I, 1.4.10 DEFINITION, p. 15].
For an object Z in V and a morphism f : Z/ — Z in V which admits a smooth
section, and for j € Z, we have an object Zz(j)s in Amot(V). When f = idz is
the identity, we abbreviate Zz(j)ia, by Zz(j). For a closed subset W C Z, let
Zz,w(j) be the object introduced in [26, Part I, Chapter I, (2.1.3.1), p. 17]; it is an
object in the DG category C2 (V) of bounded complexes in Ao (V). The object
Zz(j)s belongs to the full subcategory Amot(V)* of Amot(V) introduced in [26,
Part I, Chapter I, 3.1.5, p. 38|, and the object Zz w (j) belongs to the DG category
C0:(V)* of bounded complexes in Awet(V)*. For i € Z we put Hj (2, Z(j)) =

mot

(3.3)
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Hompy 1) (1,Zz,w(j)[d]), where 1 denotes the object Zspecr,(0) and DJ,q (V)
denotes the category introduced in [26, Part I, Chapter I, 2.1.4 DEFINITION,
p. 17-18].

Let X, Y be as in the statement of Lemma 3.1. Let K% (V) be the homotopy
category of C% (V). We have a distinguished triangle

mot
Zxy(§) = Zx(§) — Zx\y (§) 5

. b
in K7 ;

(V). This distinguished triangle yields a long exact sequence

= Hi (X, Z(5)) — Hi (X, Z(5))

(3.4) — HL(X\ Y, Z(j)) = HF (X, Z(j)) = -

In [26, Part I, Chapter III, (2.1.2.2), p. 132], Levine constructs an isomorphism ¢, :
Zy(j—d)[—2d] — Zx vy (j) in Db, (V). This isomorphism induces an isomorphism
L s HZ2(Y, 725 — d)) = H} (X,Z(j)). This isomorphism, together with the
long exact sequence (3.4) gives the Gysin sequence (3.3).

We put 2 (X, —e) = Cone(2/ (X, —e) — 27(X \ 'Y, —e))[—1] and define cohomol-

ogy with support Hjy(X,Z(j)) = H "%/ (2}, (X, —e)). The distinguished triangle
z{,(X, —e) — 2 (X, —e) — 2/ (X \ Y, —e) +1,
in the derived category of abelian groups induces a long exact sequence

= Hiy (X, Z(5)) — Hiy (X, Z(5))

(35) — Hi(X \Y.2())) — Hyy (X, 2(5) — -+

The push-forward map 29=4(Y, —e) — 27(X, —e) of cycles gives a homomorphism
ZA(Y, —e) — z{,(X ,—e) of complexes of abelian groups, which is known to be
a quasi-isomorphism by [6, Theorem (0.1), p. 537]. Hence it induces an isomor-
phism ¢, : Hifl_i_Qd(Y, Z(j — d)) = Hiﬁlj;(X,Z(j)) Then the claim follows from
Lemmas 3.2 and 3.3 below. O

3.2. Compatibility of localization sequences.

Lemma 3.2. For each i,j € Z, there exists a canonical isomorphism

By Higy (X,2(5)) = Hi v (X,Z(5))

such that the long exact sequence (3.4) is identified with the long exact sequence
(5.5) via this isomorphism and the isomorphism (3.1).

Proof. The functor 2, ([26, Part I, Chapter I, (3.3.1.2), p. 40]) from the category
Cb .(V) to the category of bounded complexes of abelian groups is compatible with
taking cones. Hence the DG functor Z,04( , *) ([26, Part I, Chapter II, 2.2.4. DEFI-
NITION, p. 68]) from the category C? . (V)* to the category of complexes of abelian
groups which are bounded from below is also compatible with taking cones. Since
Zimot(Zx (5)idx, *) is canonically isomorphic to the cycle complex 27 (X, —e), the
complex Znot(Zx vy (7)idy,*) is canonically isomorphic to the complex z{,(X, —e).
For an object T' in C?_ (V)*, let CH(T,p) be the higher Chow group defined

in [26, Part T, Chapter II, 2.5.2. DEFINITION, p. 76]. From the definition of
CH(T',p), we obtain canonical homomorphisms Hiffl(X,Z(j)) — CH(Zx(5),1),
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HY X\ Y, Z()) = CH(Zx\y (§), 1), and Hy (X, Z(j)) — CH(Zx,y (j),4) such
that the diagram

HIG(XZ(G) —— CH(Zxy(i).d)

l l

HY7U(X,2() ——  CH(Zx(j),)

(3.6) l l

HE (X \Y,2(j)) —— CH(Zx\y(j),i)

l !

HY VX, 2(j) —— CH(Zxy(j),i—1)

is commutative.
We recall the definition of the cycle class map cl(T') : CH(T) = CH(T,0) —
Hompy (1, (1,I') ([26, p. 76]) for an object I' € Ct . (V)*. We recall that CH(T) =

mot

li—n}r—ma HO(Zot(Tot T, %)) where I' — I';; runs over the hyper-resolutions of T'

([26, Part I, Chapter II, 1.4.1. DEFINITION, p. 59]), and Tot : C*(C} .(V)*) —
Ctb .(V)* denotes the total complex functor in [26, Part I, Chapter II, 1.3.2, p. 58].
The homomorphism cl(I") is defined as the inductive limit of the composite

chait(TotT;) : HO(Zmot(Tot Ty, %)) — Hompy (1) (1, Tot ')
i HOmenOt(v) (].7 F).

For an object I' in C2 . (V)*, the homomorphism cl,;(T) is, by definition ([26,

mot

Part I, Chapter II, (2.3.6.1), p. 71]), equal to the composite

HOY(Zmot (T, %)) = HO(Zmet (SN (D)[N]))
= Homewt(v)(e(@a ®1,2N(T)[N])
— HOmewt(y)(e®a ®1, EN(F>[N])
= Hoszwt(v)(l, I)

for sufficiently large integers N,a > 0. Here X% is the suspension functor in [26,
Part I, Chapter II, 2.2.2. DEFINITION, p. 68|, and e is the object in [26, Part I,
Chapter I, 1.4.5, p. 13] which we regard as an object in Aot (V). Let T' — IV be
a morphism in C% (V) and put I = Cone(I' — I'")[—1]. Since the functor V is
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compatible with cones, the diagram

cnr,i) S Hompy ) (1T [])

! I

. cl(I'[—1]) R
cHri) S Homp, (1L T[=i)

(3.7) l l

eniy ST Homp, ) (1,TY[=i))

| l

cr(r”yi—1) S Homp, 0 (1,1 [=i + 1))

is commutative. } } o
The homomorphism 3} : Hj((X,Z(j)) — szﬂ(X, Z(3j)) is, by definition, equal
to the composite

Hiy (X, Z(j)) — CH(Zx (5), 2§ — 1)

AEED, Hompyy (L Zx (G)[i]) = HE(X, Z(5))-

We define the homomorphism 33, ; : Hjy, y (X, Z(j)) — Hi{;i(X,Z(j)) to be the
composite
Hjqy (X, 2(4)) — CH(Zx,v (4),2 — 1)
Zx,y () i—24)) . . )
i Homeﬂot(v)(LZX,Y(])[l]) = HL,Y(Xyz(]»'

By (3.6) and (3.7), we have a commutative diagram

25 —i
'BY,J'

HY (X, Z(5)) HPL (X, Z(5))

l !

i ) B2t - )

o

l l

HEXAYZG) T B Y,20)

l !

25 —i+1

HY X)) ——— HPZHX L))

where the right vertical arrow is the long exact sequence (3.4). Hence 532,];1 is an
isomorphism and the claim follows.

3.3. Compatibility of Gysin maps.
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Lemma 3.3. The diagram

HYT (G20 = d) —Z— HOR (X))

o

2j—i—2d 2j—1
Crivy lg Py lg

HY 7Y, 2(5 — d) —=— HPL' (X, Z(5))

s commutative.

Proof. Let us recall the construction of the upper horizontal isomorphism ¢, in [26,
Part I, Chapter III, (2.1.2.2), p. 132]. Let Z be the blow-up of X XgpecF, A]}q

along Y Xspecr, {0}. Let W be the proper transform of Y xspecr, Alqu to Z. Then
W is canonically isomorphic to Y XgpecF, Alqu~ Let P be the inverse image of
Y Xgpecr, {0} under the map Z — X Xgpecr, AIqu and let Q = P xz W. We put
Z"' = Z 11 (X Xgpecr, {1}) I P and let f: Z' — Z denote the canonical morphism.
We have canonical morphisms

ZpQ(j) — Lz,w (1) § = LX xspeer, {11,Y xspecr, {13 (1) = Zx,v (j)

in C% . (V)*, which become isomorphisms in the category D (V).

mot mot

Let g: P — Y Xgpeck, {0} 2 Y be the canonical morphism. The restriction of g
to @ C P is an isomorphism and hence gives a section s : Y — P to g. The cycle
class cl}jg’Q(Q) € HZ'(P,Z(d)) in [26, Part I, Chapter 1, (3.5.2.7), p. 48] comes from
the map [Q]g : e ® 1 — Zpg(d)[2d] in C4, (V) defined in [26, Part I, Chapter I,
(2.1.3.3), p. 17]. We have morphisms

¢ ® Zp(j — d)[=2d] — Zpo(d) ® Zp(j — d)
(3.8) l) ZPXSpec]FqP7Q><Spec]1"qP(j)

. Af .
A ZPXSpec]FqP7QXSpec]FqP(])f’ —P) ZP7Q(-])'

in C2 . (V). Here 7 is the map induced from the external products Kp p : Zp(d) ®

Zp(j = d) = Zpxgyecs,P(J) and Ho p : Zg(d) © Zp(j — d) = Zgxgspeer, P(7); the
morphism Ap : P — P Xgpecr, P denotes the diagonal embedding, and f' is the
morphism

f/ = idpxspechp HAP - P xSpech PIOP—P Xspec[g‘q P.

The morphisms in (3.8) induce a morphism 0 : Zp(j — d)[—2d] — Zpg(j) in
DY, (V). The composite morphism Zy (j — d)[—~2d] 2= Zp(j — d)[-2d] 2 Zpqg(j)

induces a homomorphism 4, : Hs 2% (Y, Z(j — d)) — H}. o(P,Z(j)) for each i € Z.
From the construction of the morphism d,, we see that the diagram

Hj‘\;2d(Y, Z(] _ d)) LN Hj\/l’Q(Pa Z(]))

s | 8|
i—2d . O ; .
H (Y, 2(j — d)) —— H} o(P.Z(j))
is commutative. Here the upper horizontal arrow s, is the homomorphism which

sends the class of a cycle V € 2/%(Y,2j — i) to the class in H) (P, Z(j)) of the
cycle s(V)) which belongs to the kernel of 27 (P,2j — i) — 2/ (P \ Q,2j — ).



ON K; AND K; OF AN ELLIPTIC CURVE 15

The isomorphism ¢, : sz_i_w(Y,Z(j —d) = Hg;i(X,Z(j)) equals the com-
posite

il . 5. j—i : j—i 1
HY 2_2d_(y7 Z(j - d)) 2 HYL (P, 2(j)) — glifw(Z,Z(J))
- HLJ,;;Spech{l}(X XspecF, {1}, Z(j)) = HC],;Z(X’ Z(3))-

It can be checked easily that the isomorphism ¢, : Hiffi*Qd(Y, Z(j — d)) =

Hiit_; (X,Z(j)) equals the composite

HYT 2,20 - d) 25 BY QP 2G) — B (Z.2(7))

2j—i . 2723 )
SHE o i (X Xspeer, (U1 20) = HE (X 2(0).
Hence the claim follows. [

Remark 3.1. For j = d, we have a; 4 = (—1)"!(d — 1)! - ch;o. For i > 1 and
j =d+ 1, we have QO d4+1 = (—l)dd' cCi1-

Suppose that d = 1 and /' = Oy. Then we have a;1 = ch; g and «; j(a) =
(—=1)7'Q;-1(cia(a), ..., cij-1(a)) fori >0, j > 2, where Q;_1 denotes the (j—1)-
st Newton polynomial which expresses the (j —1)-st power sum polynomial in terms
of the elementary symmetric polynomials. In particular, o; o = —c¢; ; for ¢ > 0, and
Q5 = —(] — 1)02"]',1 for 4 Z ]., ] 2 2.

4. Motivic CHERN CHARACTERS FOR SINGULAR CURVES OVER FINITE FIELDS

We construct Chern characters of low degrees for singular curves over finite fields
with values in the higher Chow groups in an ad hoc manner. Bloch defines Chern
characters with values in the higher Chow groups tensored with Q in [7, (7.4),
p. 294]. We restrict ourselves to one dimensional varieties over finite fields but the
target group is with coefficients in Z.

4.1. Let us record a lemma to be used in this section, and later in Lemma 5.4. For
a scheme X, we let O(X) = H°(X,Ox) denote the coordinate ring of X.

Lemma 4.1. Let X be a connected scheme of pure dimension 1 which is separated
and of finite type over SpecF,. Then the push-forward map

ax : HY(X,Z(2)) — H},(Spec O(X),Z(1))

is an isomorphism if X is proper, and the group H3,(X,Z(2)) is zero if X is not
proper.

Proof. This follows from Thoerem 1.1 of [24]. O

4.2. Let Z be a scheme over SpecF, of pure dimension one which is separated of
finite type over SpeclF;. We construct a canonical homomorphism ch;j :Gi(Z) —
Hifl_i(Z,Z(j)) for (i,7) = (0,0), (0,1), (1,1), and (1,2). Then we will show (Propo-
sition 4.1) that the homomorphism

(4.1) (chj;,chi, 1)« Gi(Z) — Hi(Z,Z(i) & Hi*(Z,Z(i + 1))

1,19
is an isomorphism for ¢ = 0,1. Since the G-theory of Z and the G-theory of Z,.q

are isomorphic, and the same holds for the motivic cohomology, it suffices to treat
the case where Z is reduced.
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Take a dense affine open smooth subscheme Zy C Z, and let Z(;) = Z\ Z(g) be
the complement of Z(y) with the reduced scheme structure. We define ch  to be
the composite

Choyo

Go(Z) = KolZ(y) 222 H,(Z0), 2(0)) = HY(Z,Z(0)).
We use the following lemma.
Lemma 4.2. Fori=0 (resp. i = 1), the diagram
Kiy1(Z ) — Ki(Zy)
et | [etno tresp. 1.0
H N (Z0), Z(i + 1)) —— Hi(Zq), Z(i))
where each horizontal arrow is a part of the localization sequence, is commutative.

Proof. Let Z denote the normalization of Z. We write Z(O) = Zo) Xz 2(2 Z(0))
and Zy = (Z(1) Xz Z)red. Comparing the diagrams

Ki1(Zw) — Ki(Zy) HiNZwy, 2 +1)) —  Hi(Zay, Z(i))
| amd | |
Kin1(Z) — Ki(Zng)) Hi{ N Z0), Z(i+ 1)) —  Hiy(Za), Z(3))

reduces us to proving the same claim for Z(o) and 2(1), This then follows from
Lemma 3.1. 0

We define ch/L1 to be the composite

G1(Z) — Ker[K1(Z()) — Ko(Z(1))]
= Ker[H  (Z(0), 2(1)) = Hi(Z01), 2(0))) = H (7, Z(1)).

Next we define ch} , when Z is connected. If Z is not proper, then H},(Z,Z(2))
is zero by Lemma 4.1. We put Chll,z = 0 in this case. If Z is proper, then the push-
forward map H3,(Z,Z(2)) — H},(Spec H*(Z,02),Z(1)) = K,(Spec H*(Z,0z))
is an isomorphism by Lemma 4.1. We define ch’Lz to be (—1)-times the composite

G1(Z) — Ki(Spec H*(Z,02)) = H,(Z,7(2)).

We define ch/172 for non-connected Z to be the direct sum of ch'1,2 for each connected
component of Z.
Observe that the group Go(Z) is generated by the two subgroups

M, = Image[Ko(Z(1)) — Go(Z)] and My = Image[Ko(Z) — Go(Z)].
One can see by using Lemma 4.2 and the localization sequences that the iso-
morphism chgg : Ko(Z(1)) =N HS,(Z@),2(0)) induces a homomorphism chy; :
M, — H3,(Z,Z(1)). The kernel of Ko(Z) — Go(Z) is contained in the image of
Ko(Z(1y) — Ko(Z). Tt can be checked easily that the composite

Ko(Z)) — Ko(Z) =% H3,(Z,Z(1)) — H3,(Z,Z(1))

equals the composite

~ ch/
Ko(Z1y) — Ko(Z1y) - My —25 H2(Z,2(1)).
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Hence the homomorphism ¢ ; : Ko(Z) — H/2\/1(ZZ(1)) induces a homomorphism
ch, : My — H3(Z,Z(1)) such that the two homomorphisms chy, : M; —
H3,(Z,Z(1)), i = 1,2, coincide on M; N M,. Thus we obtain a homomorphism
chy, : Go(Z) — H3,(Z,Z(1)).

It is easily seen that the four homomorphisms chgﬁo, (:h6717 ch'l’17 and ch'1’2 do
not depend on the choice of Zg).

Proposition 4.1. The homomorphism (4.1) for i = 0,1 is an isomorphism.

Proof. It follows from [4, Corollary 4.3, p. 95] that the Chern class map ¢11 :
Ki(Z)) — H}(Z(0),Z(1)) is an isomorphism. Hence, by construction, ch} ; is
surjective and its kernel equals the image of K1(Z(1)) — G1(Z). It follows from the
vanishing of K groups of finite fields that the homomorphism ¢z : K2(Z(g)) —
H3,(Z0),Z(2)) is an isomorphism. We then have isomorphisms

Image[K1(Z1)) — G1(Z)]
= Tmage[HL,(Zy, Z(1)) — Hi(Z,2(2))] = HY,(2,202)),
the first of which is by Lemma 4.2, and the second is by [4, Corollary 4.3, p. 95].
ch
Therefore the composite Ker ch’ ; < G1(Z) —2 H%,(Z,7Z(2)) is an isomorphism.
This proves the claim for G1(Z).

By the construction of the map chgyl, the image of (:hé,1 contains the image

!
~ Cho,l

of HY(Zx),Z(0)) — H3(Z,Z(1)), and the composite K¢(Z) — Go(Z) ——
H3,(Z,7(1)) — H3(Z(0),Z(1)) equals the composite

Ko(Z) = Ko(Z(0)) = Ko(Z(0)) = H3q(Z(0), Z(1)).
This implies that chf)’1 is surjective and the homomorphism

Ker ch); — Ker[Ko(Z(q)) Lo, H3(Z(0), Z(1))]

is an isomorphism. This proves the claim for Go(Z). O

5. K-GROUPS AND MOTIVIC COHOMOLOGY OF CURVES OVER A FUNCTION FIELD

From the computations of the motivic cohomology of a surface with a fibration,
we deduce some results concerning the K-groups of low degrees of the generic fiber.
We relate the two using the Chern class maps and by taking the limit.

Let C be a smooth projective, geometrically connected curve over a finite field
F,. Let k denote the function field of C. Let X be a smooth projective geometrically
connected curve over k. Let X be a regular model of X which is proper and flat
over C.

Lemma 5.1. The map
Ky (X) 2 e 1Y (X, 2(2)

is an isomorphism. The group H4,(X,Z(3)) is a torsion group and there exists a
canonical short exact sequence

0— HY(X,Z(3)) 2 Kao(X) 22 H2,(X,Z(2)) — 0

such that the composite co 3 o B equals the multiplication-by-2 map.
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Proof. Let Xy denote the set of closed points of X. We let x(x) denote the residue
field at = € Xy. Construct a commutative diagram by connecting the localization
sequence

D.cx, Ka(r(2)) = Ky (X) — Ko(k(X))
= Duex, Ki(k(2)) = Ki(X) = K1 (k(X)) = D ex, Ko(2)

with the localization sequence
D.cx, HY,(Speck(zx),Z(1)) — H{z\,l (X,2(2)) — H{z\,l (Speck(X),Z(2))
= Dyex, HuSpecr(x), Z(1)) — H (X, Z(2)) — Hiq(Speck(X), Z(2)),
using the Chern class maps. Since H"(Spec x(z),Z(1)) = 0 and the K-groups and
the motivic cohomology groups of fields agree in low degrees, the claim for K;(X)
follows from diagram chasing.
It also follows from diagram chasing that

€22

K3(k(X)) — @ Ka(r(x)) — Ka(X) =% HZ((X,2(2)) — 0
zeXo

is exact. By [36, THEOREM 4.9, p. 143] and [45, THEOREM 1, p. 181], the groups
H3,(Speck(X),Z(3)) and H3,(Speck(z),Z(2)) for each z € X are isomorphic to
the Milnor K-groups K2 (k(X)) and K3 (k(x)) respectively. We easily see from the
definition of these isomorphisms in [45] that the boundary map H%,(k(X), Z(3)) —
H3,(Speck(x), Z(2)) is identified under these isomorphisms with the boundary map
KM(k(X)) — KM (k(x)). Hence by [31, Proposition 11.11, p. 562], we have the
first of the two isomorphisms:
Coker[K3(k(X)) — ®w6Xo Ks(k(x))]

=, Coker[H3, (k(X), Z(3)) — @c.x, H (Spec k(x), Z(2))]

= HL(XZ(3)).
This gives the desired short exact sequence. The identity cz 3 o 3 = 2 follows from
Remark 3.1. Since H3,(Speck(z),Z(2)) is a torsion group for each z € X, the
group H},(X,Z(3)) is a torsion group. This completes the proof. a

Lemma 5.2. Let U C C be a non-empty open subscheme. We denote by XV the
complement X\ X x¢ U with the reduced scheme structure. Then for (i,7) = (0,0),
(0,1) or (1,1), the diagram

Kiy1(X) — Gi(xY)
(5.1) Ci+1,j+1l (71)jchgdi
2j—i+1 , 2j—i ,
H X2+ 1) —— Hy (XY, Z(5)
where each horizontal arrow is a part of the localization sequence, is commutative.

Proof. Let XY C XU denote the smooth locus. The commutativity of the diagram
(5.1) for (i,7) = (1,1) (resp. for (i,5) = (0,0)) follows from the commutativity,
which follows from Lemma 3.1, of the diagram

Ki-l—l(X) — Kl(‘)(slljn)

Cit1,i+1 —c1,1
7 (resp. chg o)

H X2+ 1) —— H (X8, 20)

sm?
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and the injectivity of Hy, (XY, Z(5)) — Hy (XY, Z(5)).

sm?

By Lemma 5.1, the group K;(X) is generated by the image of the push-forward
D.cx, K1(k(x)) — K1(X) and the image of the pull-back K (k) — K1(X). Then
the commutativity of the diagram (5.1) for (¢,7) = (0, 1) follows from the commu-
tativity of the diagram

Ko(Y) ——  Go(xY)
choyol Ch()’ll
H3, (Y, 2(0)) —— HZ, (XY, Z(1))

for any reduced closed subscheme Y C XY of dimension zero, where the horizontal
arrows are the push-forward maps by the closed immersion, and the fact that the

us ch!
composite Ko(C'\ U) EAEN Go(XY) —5 H3 (XY, Z(1)) is zero. Here fU: XV —

C'\ U denotes the morphism induced by the morphism X — C. O
Lemma 5.3. The diagram
(5.2)
0—  HL(X.ZE) —  K(X)  F%H HU(XZE) =0
! ! !
—ch’,
0— D HUX,Z(2) — PGiX) — P HulX,Z(1) —0

weCo weCo pelCo

where the first row is as in Lemma 5.1, the second row is obtained from Proposi-
tion 4.1, and the vertical maps are the boundary maps in the localization sequences,
18 commutative.

Proof. Tt follows from Lemma 5.2 that the right square is commutative. For each
closed point z € Xo, let D, denote the closure of z in X and write D, , = D, X¢
Speck(p) for p € Cp. Then the commutativity of the left square in (5.2) follows
from the commutativity of the diagram

Hi(X,Z(3)) — H/Q\A(Specli(x),Z(Q)) K> (k(z)) — K> (X)

! ! !
P H (X, 2(2) — D Hu(Dap, Z(1)) D) - P i)

weCo pelCo pelCo weCo

1

1%

Here, each vertical map is a boundary map, the middle horizontal arrows are Chern
classes, and the left and right horizontal arrows are the push-forward maps by the
closed immersion. O

Lemma 5.4. Let U be an open subscheme of C such that U # C. Let 0 : H} (X x¢
U,Z(3)) — Hy(Xu,Z(2)) denote the boundary map of the localization sequence.
Then the following composite is an isomorphism:

o : Coker & — HY, (X, Z(3)) — Hj(SpecFy, Z(1)) = F).

Here the first map is induced by the push-forward map by the closed immersion,

and the second map is the push-forward map by the structure morphism.

Proof. For each closed point x € X, let D, denote the closure of x in X. We put
Dyuv = Dy xcU. Let Dg denote the complement D, \ D,y with the reduced
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scheme structure. Let vy : Dy — X, 1o : Doy — Xy, 1Y : DY — XY denote
the canonical inclusions. Let us consider the commutative diagram

H2(Dyu, Z(2) —— HL(DY,Z(1)) —2— H3(D,,Z(2))

L'J%U*J/ L[zj*l

HA (X x0 U, Z(3)) —2— H3,(XY,Z(2)) —— Cokerd — 0

where the first row is the localization sequence. Since X is geometrically connected,
it follows from [18, Corollaire (4.3.12), p. 134] that each fiber of X — C is con-
nected. In particular D, intersects every connected component of XV. This implies
that the homomorphism (¥ in the above diagram is surjective. Hence we have a
surjective homomorphism Image 3 — Cokerd. Let F(x) denote the finite field
H°(D,,0Op,). Then the isomorphism H3%,(D,,Z(2)) — H},(SpecF(z),Z(1)) =
F(x)* (see Lemma 4.1) gives an isomorphism Image 8 = F(x)*. Hence |Coker J|
divides ged, ¢ x, ([F(2)*|) = ¢— 1, where the equality follows from [43, 1.5.3 Lemme
1, p. 325]. It can be checked easily that the composite

F(x)* = Image 3 — Coker 9 = F

equals the norm map F(z)* — F, which implies |[Cokerd| > ¢ — 1. Hence
|Cokerd| = ¢ — 1 and the homomorphism « is an isomorphism. The claim is

proved. (Il

6. MAIN RESULTS FOR j < 2

The objective is to prove Theorems 6.1, 6.2, 6.3. The statements give some
information on the structures of K-groups and motivic cohomology groups of elliptic
curves over global fields and of the (open) complements of some fibers of an elliptic
surface over finite fields. Milne [33] expresses the special values of zeta functions in
terms of the order of arithmetic étale cohomology groups. We compute the orders
of some torsion groups, in terms of the special values of L-functions, the torsion
subgroup of (twisted) Mordell-Weil groups, and some invariants of the base curve.

Let us list the ingredients of the proof. Using Theorem 1.3, we deduce that
the torsion subgroups we are interested in are actually finite. Then the theorem
of Geisser and Levine and the theorem of Merkurjev and Suslin relate the motivic
cohomology groups modulo their uniquely divisible parts and the étale cohomology
and the cohomology of de Rham-Witt complexes. We use the arguments which
appear in [32], [9], [17] to compute such cohomology groups. The computation
of the exact orders of the torsion may be new. One geometric property of an
elliptic surface which makes this explicit calculation possible is that the (abelian)
fundamental group is isomorphic to that of the base curve. This follows from a
theorem in [42] for the prime-to-p part. The use of the class field theory of Kato
and Saito for surfaces over finite fields ([23]) is somewhat indirect but we then
know that the groups of zero-cycles on the elliptic surface and on the base curve
are isomorphic.

6.1. Notations. Let k, E, Sy, So, r, C, and &€ be as in Section 1. We also let
S denote the set of primes of k at which E has multiplicative reduction. Thus we
have Sy C S7 C Ss. Let p denote the characteristic of k. The closure of the origin
of F in & gives a section to & — C, which we denote by ¢ : C — £. Throughout
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this section, we assume that the structure morphism f : & — C' is not smooth. For
any scheme X over C, let £x denote the base change £ X X. For any non-empty
open subscheme U C C, we denote by £V the complement € \ & with the reduced
scheme structure.

Let F, denote the field of constants of C. We take an algebraic closure F, of F,.
Let Frob € Gp, = Gal(F,/F,) denote the geometric Frobenius. For a scheme X
over SpecF,, we denote by X its base change X = X Xgpec F, SpecF, to F,. We
often regard the set Irr(X) of irreducible components of X as a finite étale scheme

over SpecF, corresponding to the G, -set Irr(X).

6.2. Results. We put 7' = E(k ®F, F,)tors. For each integer j € Z, we let T(’j) =
Dz (T @2 Ly (5)) .

Theorem 6.1. Let the notations and the assumptions be as above. Let L(E,s)
denote the L-function of the elliptic curve E over the global field k (see Section 6.3).

(1) The Q-vector space (K2(E)™%)q is of dimension r.
(2) The cokernel of the boundary map 95 : K2(E) — @ cc, G1(Ey) is a finite
group of order

(¢ = V2IL(RO(Irr(Es,)), ~1)|
[Ty - IL(09(S2), ~1)]

(3) The group K1(E)aiv is uniquely divisible.

(4) The kernel of the boundary map 0y : Ky (E)™d — D,cc, Go(&y) is a finite
group of order (q — 1)2|T(’1)| - |L(E,0)|. The cokernel of 01 is a finitely
generated abelian group of rank 2+ |Irr(Eg, )| — |Se| whose torsion subgroup
is isomorphic to Jac(C)(F,)¥2, where Jac(C) denotes the Jacobian of C
(when the genus of C is 0, we understand it to be a point) .

Let X be a scheme of finite type over SpeclF,. For an integer ¢ € Z and a prime
number ¢ # p, we put L(h*(X),s) = det(1 —Frob-q~*; H!,(X,Qy)). In all the cases
considered in this paper, the function L(h*(X),s) does not depend on the choice of
L.

For each non-empty open subscheme U C C, let Ty denote the torsion subgroup
of the group Div(€y)/ ~alg of divisors on &y modulo algebraic equivalence. For
each integer j € Z, we put T[’J)(j) =D, (Tv ®2 Z¢(7))% . One can deduce from
[42, THEOREM 1.3, p. 214] that the canonical homomorphism li_n>1U, Ty — T,
where the limit is taken over the open subschemes of C, is an isomorphism. It can
be checked easily that the canonical homomorphism Ty — hLQU/ Ty is injective
and is an isomorphism if &y — U is smooth. In particular, we have an injection
T(’J’(j) — T(’j) which is an isomorphism if &y — U is smooth.

In Section 6.7, we deduce Theorem 6.1 from the following two theorems.

Theorem 6.2. Let the notations and the assumptions be as above. Let 85\4,]’ :
Hi(E,Z(j))d — D,cc, Hi (€0, Z(j — 1)) denote the homomorphism induced
by the boundary map of the localization sequence established in [6, Corollary (0.2),
p. 537].

(1) For any i € Z, the group H'y((E,Z(2))aiv is uniquely divisible.
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(2) For i <0, the cohomology group H'(E,Z(2)) is uniquely divisible. The
group H},(E,Z(2)) is finite modulo a uniquely divisible subgroup and the
group H},(E,Z(2))sors is cyclic of order ¢*> — 1.

(3) The kernel (resp. cokernel) of the homomorphism (9]2\,1,2 is a finite group of
order |L(h*(C),—1)| (resp. of order

(¢ — DIL(RO(Irr(€s,)), —1)|
[T7,) - [L(h0(S), —D)

).

(4) The kernel (resp. cokernel) of the homomorphism 8%, 5 is a finite group of
order (q — 1)|T(’1)| -|L(E,0)| (resp. is isomorphic to Pic(C)).

(5) Fori >4, the group Hi,(E,Z(2)) is zero.

(6) The group H},(E,Z(3)) is a torsion group, and the cokernel of the homo-
morphism 6;{,1’3 is a finite cyclic group of order ¢ — 1.

Theorem 6.3. Let U C C be a non-empty open subscheme. Then

(1) For any i € Z, the group H%,(Eu,Z(2)) is finitely generated modulo a
uniquely divisible subgroup.

(2) Fori <0, the cohomology group H,(Eu,Z(2)) is uniquely divisible. The
group H},(Eu,Z(2)) is finite modulo a uniquely divisible subgroup and the
group H(Eu,Z(2))tors is cyclic of order ¢* — 1.

(3) The rank of H3,(Eu,Z(2))" is [So \U|. IfU = C (resp. U # C), the
torsion subgroup of H3,(Eu,Z(2))™ is of order |L(h*(C),—1)| (resp. of
onder [Tt | - IL(h (C), ~)L(R(C\ V), ~1)|/(q — 1))

(4) If U = C (resp. U # C), the cokernel of the boundary homomorphism
H3,(Eu,Z(2)) — H,(EY,Z(1)) is zero (resp. is finite of order

(¢ — D|L(RO(Trx(€Y)), *1)|)
17,0 LA\ 0), —T)] "
(5) The rank of H3;(Ey, Z(2))™ is max(|C\U|—1,0). IfU = C (resp. U # C),

the torsion subgroup H3,(Eu,Z(2))tors is finite of order |L(h?(E),0)| (resp.
of order

T4 | - 1L(R?(E),0)L* (W (EY),0)L(R°(C'\ U), —1)|
(¢ — )|L(RO(Trr(EV)), —1)]

Here
L*(h(£7),0) = lim (s log q) 71\ L(1* (7). )

is the leading coefficient of L(h*(EY), s).
(6) The group Hi(Eu,Z(2)) is canonically isomorphic to Pic(U). Fori > 5,
the group H,(Eu,Z(2)) is zero.

6.3. Relation between L(E, s) and the congruence zeta function of £. Let
£ # p be a prime number. By the Grothendieck-Lefschetz trace formula, we have

2
L(E,s) = [ ] det(1 — Frob- ¢~ H, (T, R £.Q¢) D"
i=0
Lemma 6.1. Let D be a scheme of dimension < 1 which is proper over SpecF,.
Let ¢ # p be an integer. Then the group HE (D,Z;) is torsion free for any i € Z,
and is zero for i # 0,1,2. The group HX (D, Qy) is pure of weight i fori # 1, and
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is mized of weight {0,1} for i = 1. The group HX (D, Q) is pure of weight one
(resp. pure of weight zero) if D is smooth (resp. every irreducible component of D
is rational).

Proof. We may assume that D is reduced. Let D’ be the normalization of D. Let
7w : D' — D denote the canonical morphism. Let F, denote the cokernel of the
homomorphism Z/¢" — 7.(Z/¢") of étale sheaves. The sheaf F,, is supported on
the singular locus Dgine of D and is isomorphic to i, (Coker[Z /" — Tging«(Z/")]),
where i : Dgjpg — D is the canonical inclusion and 7ging : D' X p Dging — Dsing 1S
the base change of w. Then the claim follows from the long exact sequence

- — HY(D,z/t") — HL(D', Z/1") — H\(D, Fp) — -+ .

Lemma 6.2. Ifi # 1, then H. (C, R' f.Q,) = 0.

Proof. For any point x € C(F,) lying over a closed point g € C, the canonical homo-
morphism HY (C, R' f,Q¢) — H} (Ex,Qe) is injective since HY, .(C\{z}, R f.Q() =
0. By Lemma 6.1, the module H}, (€., Q) is pure of weight 1 (resp. of weight 0) if
&, is smooth (resp. is not smooth). Since we have assumed that f : £ — C is not
smooth, HS (C, R f.Q,) = 0.

Take a non-empty open subscheme U C C' such that fy : &g — U is smooth.
The group HZ (C, R' f,Q¢) = HZ, (U, R' fu.Qy) is the dual of H (U, R' fy.Qq(1))
by Poincare duality. Assume that HS (U, R! fy.Qe(1)) # 0. Let Ty(E) denote the
¢-adic Tate module of E. The étale fundamental group 71 (U) acts on Ty(E). By
the assumption, the 7y (U )-invariant part V = (T;(E) ® Q)™ () is non-zero. Since
f is not smooth, V is one dimensional. Hence we have a non-zero homomorphism
71 (U)* — Hom(Ty(E) ® Q¢/V,V) of Gy,-modules. By the weight argument, we
see that this is impossible. Hence H2 (C, R' f.Q,(1)) = 0. O

As an immediate consequence, we obtain the following corollary.
Corollary 6.1. The spectral sequence
Ey? = HL(C, R/ .Qu) = Hy (€, R £.Q0)
is Ea-degenerate. [

Lemma 6.3. Let U C C be a non-empty open subscheme such that fy : Ey — U
is smooth. Let Trr’(EY) € Trr(EY) denote the subset of the irreducible components
of EY which does not intersect 1L(C). We regard IrrO(EU) as a closed subscheme of
Irr(EY) (recall the convention 6.1 on Irr(EY)). Then

(1-q7), ifi=0,

| LWL (C), s), ifi=1,

L (E),s) =4 (1—q'*)°L(E, s)L(R°(It°(EV)), s — 1), if i =2,
L(hl(C),S—1)7 Zf’L:?’v

(1—q%%), ifi=4.

~

Proof. We prove the lemma for i = 2; other cases are easy. Since R?fy.Q, =
Q¢(—1), there exists an exact sequence

0 — HY(C, R?£.Qp) — HZ(EV,Qq) — HY, (U, Qe(—1)).
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The map H2(E7,Q0) — H}, (U, Qu(~1)) decomposes as

HZ(EY,Q¢) — Hy (C\ U, Qe(—1)) — Hg, o(U,Qe(-1)).

Hence HY, (C, R? f.Qy) is isomorphic to the inverse image of the image of the homo-
morphism HY (C,Q¢(—1)) — HE(C \ U,Q¢(—1)) under the surjective homomor-
phism HZ(EV,Q) — HY(C \ U,Q¢(—1)). This proves the claim. O

6.4. The fundamental group of £.

Lemma 6.4. For i = 0,1, the pull-back H (C,0O¢c) — H'(&,0¢) is an isomor-
phism.

Proof. The claim for ¢ = 0 is clear. We prove the claim for ¢ = 1. Let us write
L = R'f.O¢. Tt suffices to prove H°(C, L) = 0. We note that £ is an invertible
Oc-module since the morphism & — C has no multiple fiber. The Leray spectral
sequence Ey) = HY(C,RIf.0g) = H'""I(E,0g) shows that the Euler-Poincare
characteristic x(Og¢) equals x(O¢) — x(L) = — deg L. By the well-known inequality
X(Og) > 0 (cf. [38], [12], or [39, Theorem 2, p. 81]), we have deg £ < 0. This proves
H°(C, L) =0. O

Lemma 6.5. (1) The canonical homomorphism 7P (£) — 72P(C) between the
abelian (étale) fundamental groups is an isomorphism.
(2) The canonical morphism Picg,p — Picg g~ between the identity compo-
nents of the Picard schemes is an isomorphism.

Proof. The homomorphism Picg, g, — Picg /g, ;cq is an isomorphism by [42, Theo-
rem 4.1, p. 219]. This, combined with the cohomology long exact sequence of the
Kummer sequence, implies that, if p t m, then HL(C,Z/m) — HL(E,Z/m) is an
isomorphism. Hence, to prove (1), we are reduced to showing that H, (C,Z/p™) —
HL(E,Z/p") is an isomorphism for all n > 1.

For any scheme X which is proper over SpeclF,, there exists an exact sequence

0— Z/p"Z — W,0x =5 W,,0x — 0

of étale sheaves, where W,,Ox is the sheaf of Witt vectors and o : W,,0x — W,,0x
is the Frobenius endomorphism. This gives rise to the following commutative dia-
gram with exact rows:

% HYC,W,0c) — HL(C,Z/p") — HYC,W,00) % ...
l l !
L0 HOE,W,0¢) — HL(EZfpY) — HYEW,0f) ...

By Lemma 6.4 and induction on n, we see that the homomorphism H*(C, W,,0¢) —
HY(E,W,O¢) is an isomorphism for i = 0,1. Thus the map HL(C,Z/p") —
HL(E,Z/p") is an isomorphism. This proves the claim (1).

For (2), it suffices to prove that the homomorphism Lie Picc/r, — LiePicg/r,
between the tangent spaces is an isomorphism. Since this homomorphism is identi-
fied with the homomorphism H!(C,O¢) — H'(E, Og), the claim (2) follows from
Lemma 6.4. ([

Remark 6.1. Using Lemma 6.5 (1), we can prove that the homomorphism 7 () —
m1(C) is an isomorphism. Since it is not used in this paper, let us only sketch the
proof.
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Let £ — C be a geometric point. Since the morphism f : £ — C has a section,
the fiber &, of f at x has a reduced irreducible component. This, together with the
regularity of £ and C, shows that the canonical ring homomorphism H®(z, O,) —
H(Y, Oy) is an isomorphism for any connected finite etale covering Y of £,. Hence,
by the same argument as in the proof of [1, X, Proposition 1.2, Théoréme 1.3,
p. 262], we have an exact sequence

11 (&) = m(€E) = m(C) — 1.

In particular, the kernel of 71 (€) — m1(C) is abelian. Applying Lemma 6.5(1) to
ExcC' — (' for each finite connected étale cover C/ — C, we obtain the bijectivity
of m () — m(C).

The statements in Lemma 6.5 and the statement above that the fundamental
groups are isomorphic are also valid for £, a regular, proper, non-smooth, minimal
elliptic fibration with a section over C, a proper smooth curve over an arbitrary
perfect base field.

Corollary 6.2. For any prime number £ # p and for any i € Z, the group

H(E,Qq/Zy) is divisible.

Proof. The claim for i # 1,2 is obvious. By Lemma 6.5, we have HY (€, Q¢/Z;) =

HL(C, Q¢/Zy). Hence Hy (€,Qu/Zy) is divisible. The group HZ2 (€, Q¢/Zy) is divisi-

ble since HZ (€, Q¢ /7)™ is isomorphic to the Pontryagin dual of HY (£, Qg /Z(2))™4.
O

Corollary 6.3. Fori € Z, we put M} = @, Hy(E,Qe/Z(j)). For a rational
number a, we write |a|?) = |a| - |al,.

(1) Fori< —1 ori>6, the group M; is zero.

(2) For j # 2 (resp. j = 2), the group Mf is zero (resp. is isomorphic to

@é;ép QE/Z€)~

(3) For j # 0, the group MJO is cyclic of order ¢’ — 1. The group M is
isomorphic to @, Qe/Zs.
For j # 0, the group Mj1 is finite of order |L(h*(C),1— j)|®".
For j # 1, the group ]\JJ2 is finite of order |L(h*(&),2 — j)\(”/).
For j # 1, the group M} is finite of order |L(h'(C),2 — 7)|@,
For j # 2, the group M;-1 is cyclic of order ¢/>=31 — 1. The group M} is
isomorphic to @, Qe/Zs.
Proof. By Corollary 6.2, if i # 2j + 1 and ¢ # p, the group HZ (E,Qu/Z(5)) is
isomorphic to HZ, (€, Q¢/Z¢(5))C" 1. Then we have

e (€, Qe/Ze ()] = |L(W T (€),2 = 7)1
by Poincare duality for ¢ # 24,25+ 1. Hence the claim follows from Lemma 6.3. [

Y O
—_ =

~ Y~~~
-3

6.5. Torsion in the étale cohomology of open elliptic surfaces. We fix a
non-empty open subscheme U C C.

Lemma76.6. Let £ # p be a prime number. Fori € Z, let v; denote the pull-back
vi t B2y (€, Ze) — H(ET, Z4),
(1) Fori+# 0,2, the homomorphism y; is zero.
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(2) The cokernel (Cokery2)q, is isomorphic to the kernel of HS. (C\U, Q¢(—1)) —
HY (SpecF,, Qu(—1)).
(3) There is a canonical isomorphism

Homz(TU,@g/Zg(—l)) = (Coker 72)tors-
Proof. By Lemma 6.5, the pull-back HL,(C,Z,) — HX(E,7Z,) is an isomorphism.

Hence the homomorphism HY (€,7Z,) — H(EV,Zy) is zero. The claim (1) follows.
Let NS(€) = Picer, (F,)/Picg JFq (F,) denote the Neron-Severi group of €. For
a prime number ¢, we put T;M = Hom(Qy/Z,, M).
We have an exact sequence from the Kummer theory:

0 — NS(€) ®7 Z¢ 25 H2(E,Z4(1)) — TyH2(E,G,,) — O.

We note that TyHZ2(E,G,,) is torsion free. For D € Trr(EV), let [D] € NS(€)
denote the class of the Weil divisor D,.q on £. By [10, Cycle, Definition 2.3.2,
p. 145], the D-component of the homomorphism o : H2(E,Z¢) — H2(EV,Zy) =
Map(Irr(EV), Zy(—1)) is identified with the homomorphism

Ucle([D]
—_—

H2(E, ) L HA(E, 2,(1)) = Zo(—1).

Let M C NS(€) denote the subgroup generated by {[D] | D € Irr(EV)}. By
Corollary 6.2, the cup-product

HZ (€, Z6(1)) x HE(E,Ze(1)) — Hey(€,Ze(2)) = Lo

is a perfect pairing. Hence the image of ~» is identified with the image of the
composite

Homy, (HZ, (€, Ze(1)), Ze(~1)) = Homg (M, Zo(~1)
2o Map(lre(E7), Zo(-1)) = HE (7, Zy),

where the homomorphism o is induced by the restriction o : M®zZy — HZ2,(E,Z¢(1))
of the cycle class map cl; to M, and the homomorphism * is induced by the canon-
ical surjection 3 : @Dehr(ﬁ) Z — M. Since (3 is surjective, the homomorphism §*
is injective and we have an exact sequence

0 — Coker o* — Coker vo — Coker 8* — 0.

Since « is a homomorphism of finitely generated Zy,-modules which is injective, the
cokernel Coker a* is a finite group. The group M is a free abelian group with basis
Irr®(EV) U {D’'}, where D’ is an arbitrary element in Irr(E0) \ Irr? (V). Hence the
cokernel Coker 3* is isomorphic to the group Homy(Ker 3,7Zy(—1)). This proves
(2).

The torsion part of Coker s, is identified with the group Coker a*. The homo-
morphism «* is the composite of the two homomorphisms

Homy, (HZ(E,724(1)), Ze(-1))
. Homgz(NS(E), Ze(~1)) > Homp(M, Zy(—1))

where the first (resp. the second) homomorphism is induced by the cycle class map
clp : NS(E) ®z Zy — HZ(E,Z¢(1)) (resp. the inclusion M ®z Z; < NS(E)). Since
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Coker cly is torsion free as we noted, the homomorphism cl; is surjective. Hence we
have isomorphisms

Coker a* = Coker * 2 Exty,(NS(E)/M, Ze(—1))

> Homy(NS(E)/M,Q¢/Z¢(—1)) = Homz(Div(Ey)/ ~alg) Qe/Ze(-1)).
Thus we have the claim (3). O

Corollary 6.4. For i # 3, the group Hé,ct(gU,Ze) is torsion free, and the group
Hg”et (v, Zi)tors is canonically isomorphic to the group Homz(Tyr, Qp/Ze(—1)). We
put

L(hi,¢(Ev),s) = det(1 — Frob - =% H{ o (Ev, Qo).
Then if U # C, we have

1, ifi <0 ori>5,
L(h'(C).5) L(h°(C\U).5)

i L(h2(& 17:th5" L(R°(C\U 1 si=t

L( 275(8U)’S) - : 1( ),i)qulfs%l?(;g(éU)SS)\ hed) if i =2,
L(h (C)vs_llz[é(l}is(c\[])vs_l) Zfl — 3)

1—q*s, ifi=4.

Proof. This follows from Lemmas 6.3 and 6.6, and the long exact sequence

e HY

et,c

(v, Ze) — HY(E,Ze) — HG(EV, Zg) — -+ .
O

Remark 6.2. Corollary 6.4 in particular shows that the function L(hi7e(5U), s) is
independent of ¢ # p. We can show the {-independence of L(hil(X)7 s) = det(1 —
Frob - ¢=%; H! (X, Q)) for any normal surface X over F, which is not necessarily
proper. Since we will not need it, let us only give a sketch. There is a proper smooth
surface X’ and a closed subset D C X’ of pure codimension one such that X = X'\
D. One can express the cokernel and kernel of the restriction map H} (Y/, Q) —
HY(D,Q;) in terms of Picx//r, and the Jacobian of the normalization of each
irreducible component of D. Then we apply the same method as above to obtain
the result.

Corollary 6.5. Suppose that U # C. Then
(1) The group H:, (Ev,Qe/Z4(5)) is zero fori < —1 ori > 5.
(2) For j # 0, the group HS(Ev,Qu/Z4(5)) is isomorphic to Zy/(¢ — 1), and
Hg (Eu,Qe/Ze(0)) = Qo /Zy-
(3) For j # 0,1, the group HY (Eu, Qu/Ze(j)) is finite of order
T4, ol IL(RY(C), 1 = HIL(RO(C\U), 1= )|

7=t =17

The group HL (Eu,Qu/Z4(0)) is isomorphic to the direct sum of Qu/Z¢ and
a finite group of order

T ol LR (C), DLH(C\ V), 1)
=1, |
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4) For j # 1,2, the cohomology group HZ% (Ey,Q/Z4(5)) is finite of order
et
T, G-nle b LR (€),2 = HL(RH(EY),2 = HL(R(C\ U), 1 = j)|;
l(g7=* = 1)L(h2(EY),2 — j)I;

5) For j # 1,2, the group H3 (Eu,Q/Z4(5)) is finite of order
et

IL(h'(C),2 — ))L(K°(C\U),2 - j)|;*
g2 — 1], '

The cohomology group H2.(Eu,Qu/Z(1)) is isomorphic to the direct sum
of (Q¢/Z)®1N\VI=1 and a finite group of order

|IL(h'(C), 1) L(h°(C'\ U), 1)|Zl'
lg—1[;"

(6) For j # 2 (resp. j = 2), the group HZ(Ev,Qu/Z¢(§)) is zero (resp. is
isomorphic to (Qg/Z,)®IC\VI=1),

Proof. The cohomology group H¢ (£v,Qe/Ze(j)) is the Pontryagin dual of the
group Hé’t;’ (Eu,Zi(2 — j)). The claims follow from Corollary 6.4 and the short
exact sequence

0 — Hool (Eu, 22 = §))Ge, — Hiof (EuyZe(2 — )

c,et c,et

— HH(Ey, Ze(2 — §))%Fa — 0

c,et

(]
Lemma 6.7. Suppose that U # C. Then H2 (Evy,Qu/Ze(2))"? is finite of order
T3l ' - IL(R*(€), 0)L* (R (€Y),0)L(R°(C\ U), - 1)[; !
(g = VLR (Trx(€Y)), ~1)[;* .

Proof. We note that the group HZ2 (E,Qo/Z¢(2))*d is canonically isomorphic to
the group H3,(Eu,Ze(2))tors- Let us consider the long exact sequence

= Hiw o (€, Z0(2)) =5 Hiy(€,Z6(2)) — H(Ev, Ze(2)) — -+

The group Ker py4 is isomorphic to the Pontryagin dual of the cokernel of the
homomorphism HY (€,Q¢/Z¢) — HL(EY,Qu/Z¢). By Lemma 6.5, this homomor-
phism factors through HL(C' \ U,Q¢/Z;) — HL(EY,Q/Zs). In particular, the
group (Ker fi4)tors is isomorphic to the Pontryagin dual of (HL (EU,Qg/Z,)C%a)red.
By the weight argument we see that Coker ps is a finite group. It follows that

|HE (Ev, Ze(2))iors| = |L*(hH(EY),0)] - |Coker pig).
Let p' denote the homomorphism HET,et(E7 Zy(2)) — HZ(E,7¢(2)). We have the
exact sequence

(6.1) Ker g — HST,et(E’ 74(2))%"s — (Coker '), — Coker iz — 0.

Since Ker pug =2 Coker[H2 (E,Z¢(2)) — HZ(Ev,Ze(2))], the cokernel of Ker puz —

H;:LU o (€,7¢(2))% is isomorphic to the cokernel of the homomorphism

V' HZ(Eu, 7e(2))a — HE (£,7,4(2))%F.

EU et
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Let us consider the diagram with exact rows

0 —— Cokerp/ —— H2(E0.Z(2) —— HY; (€.24(2))

EU et

1—Frobl l—F‘robl l—Frobl

0 — Cokery/ ——— HZ(Ey,Ze(2)) —2— HE_ (£,7(2)).

EU et
Since (Coker v)f« C H3.(€,7Z4(2))%"« = 0, we have that Cokers’ is isomorphic to
the kernel of (Coker u)c,, — HZ (v, Z¢(2))c;, - Hence by (6.1), |Coker p13] equals
the order of
M" = Image[(Coker 1/') g, — H2(Ey, Z4(2))Ge, |
= Image[HZ (€, Z¢(2))Ge, — HZ(Evs Ze(2)) s, |-

We put M’ = Image[HZ2 (E,7¢(2)) — HZ2(Eu,Z¢(2))]. From the commutative
diagram with exact rows
0 — NS(€) ®z Z¢ —  HZ(E,Z,(1) — THZE,Gm) —0

(6.2) 7 o 1
0— (Div(€y)/ ~alg) ®2Z¢ — HE(Eu,Ze(1) — TeHE(Eu,Gm) —0

—

and the exact sequence

0— Hth(a Gm) — Hth(ngGm) - H;t(gT» Q/z),
we obtain an exact sequence

0 — M’ — HZ (Ev, Ze(2)) — TeHg (EV, Qe /Ze(1).

By the weight argument, we have (T, HL (€U, Q,/Z¢(1)))%4 = 0. Hence the canon-
ical surjection Mg~ — M" is an isomorphism. From (6.2) we have an exact
sequence ’

0 — (Div(Ey)/ ~alg) ®z Ze(1) — M’ — T,HZ(E,G,,)(1) — 0.
By the weight argument, we have (T, HZ2(£,G,,)(1))" = 0. Hence

0 — ((Div(Ey)/ ~aig) ®z Ze(1))as, — Mg,
= (TeHZ (8, Grm) (1)) s, — 0

is exact. Therefore |Coker uz| = [Mg, | equals
(Ty ®2 Z(1))g, | - | det(1 — Frob; HZ (€,Qe(2)))l7
| det(1 — Frob; Ker[NS(€) — Div(Er)/ ~arg) @2 Qe(1))[;
This proves the claim. O

6.6. Fix a non-empty open subscheme U C C. Let fU : &Y — C\ U denote the
structure morphism and let (Y : C'\ U — &Y denote the morphism induced from

t:C— €.
Lemma 6.8. The homomorphism

(chiy, f): GL(EY) — Hy (€Y, Z(1)) @ K1 (C\ U)
is an isomorphism.

Proof. The morphism fU : &Y — C\ U has connected fibers. Hence the claim
follows from Proposition 4.1 and the construction of ch/lyz. O
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Lemma 6.9. The group H3,(EY,Z(1)) is finitely generated of rank |C'\U|. More-
over, H3,(EY,Z(1))tors is of order |L*(h'(EY),0)|.

Proof. It suffices to prove the following claim: if E has good reduction (resp. non-
split multiplicative reduction, resp. split multiplicative or additive reduction) at
o € Cy, then H3(&,,7Z(1)) is a finitely generated abelian group of rank one, and
|H3(Ep, Z(1) )tors| equals |E,(k(p))] (resp. 2, resp. 1). We put &, o) = (Ep,red)sm \
p) and &, (1) = EV \ &, (0)- We have an exact sequence

H}M(E@,(O%Z(l)) - 39\4(5@,(1)72(0))
— H3%,(E,Z(1)) — Pic(&, (o)) — 0.

First suppose that E does not have non-split multiplicative reduction at p, or F
has non-split multiplicative reduction at p and &, @y, F, has an even number of
irreducible components. Then, using the classification due to Kodaira, Neron and
Tate (cf.[29, 10.2.1, p. 484-489]) of singular fibers of & — C, we can verify the
equality

Image[H}((Ep, (1), Z(0)) — H34(Ep, Z(1))]
= Image[t. : HY,(Speck(p), Z(0)) — H3,(Ep, Z(1))].

This shows that the group H3,(&,,Z(1)) is isomorphic to the direct sum of the
Picard group Pic(€,, () and HY,(Speck(p),Z(0)) = Z. In particular, we have
H3,4 (€, Z(1) )tors = Pic(E,, (o)), from which we easily deduce the claim.

Now suppose that E has non-split multiplicative reduction at p and &, ® () Fy
has an odd number of irreducible components. In this case, we can verify directly
that the image of HY, (€, (1), Z(0)) — H3,(Ey, Z(1)) is isomorphic to Z & Z/2 and
Pic(&,,(0)) = 0. The claim in this case follows. d

Lemma 6.10. The diagram
Ki(E) ——  Gy(&Y)
| o
Ka(k) —— KolC\D)
15 commutative.
Proof. The group K;(F) is generated by the image of f* : K;(k) — K;(F) and
the image of @, ¢y, K1(x(x)) — Ki(E). The claim follows from the fact that the

localization sequence in G-theory commutes with flat pull-backs and finite push-
forwards. [l

6.7. Proofs of Theorems 6.1, 6.2 and 6.3.

Lemma 6.11. For any non-empty open subscheme U C C, the cokernel of the
boundary map Oy : H3,(Eu, Z(2)) — HX,(EY,Z(1)) is finite.

Proof. 1If suffices to prove the claim for sufficiently small U. Hence we may assume
that &y — U is smooth. Since K5(Ey)g — K2(F)g is an isomorphism in this case,
the claim follows from Theorem 1.3 and Lemma 5.2. (]
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Proof of Theorem 6.3. The claims (1) and (2) follow from Theorem 2.1, Proposi-
tion 2.1 and Lemma 6.11. Proposition 2.1 gives the exact sequence

0 — H{((E,2(2))tors — H3y(Ev, Z(2))
82
X H(E, 2(1)) — HY(E.22))iors — Hif(E0, 2™
o H3(EY,Z(1) — CHo(€) — CHy(Ev) — 0.
From Lemma 6.11, it follows that Coker 8% is a finite group, which implies that
the group H3,(Ev, Z(2))™d is of rank |Sp \ U|. By Theorem 2.1, |H34(Eu, Z(2) ) tors|
equals
1T 15 (v, Qe/Ze(2))].
L#£p
By Corollaries 6.3 and 6.5, it equals

T, 1)| - [L(RH(C), =D)L (C\ U, ~1) /(g = 1)].

This proves the claim (3).

As we have noted in the proof of Theorem 2.1 (1), the group CH(€) is a finitely
generated abelian group of rank one and CH (&) is finite if U # C. By Lemma 6.9,
HZ,(EY,Z(1)) is a finitely generated abelian group of rank |C'\ U|. Hence the rank
of H3,(Eu,Z(2))"? equals max(|C \ U| — 1,0).

From the class field theory of varieties over finite fields ([23, Theorem 1, p. 242],
see also [8, p. 283-284]) and Lemma 6.5, it follows that the push-forward map
CHy(€) — Pic(C) is an isomorphism. Hence the homomorphism H%,(EY,Z(1)) —
CHy(€) = Pic(C) factors though the push-forward map fY : H%,(EY,Z(1)) —
HS,(C\ U,Z(0)). By the surjectivity of fU, we have isomorphisms

CHy(€Y) = Coker[HS,(C \ U, Z(0)) — Pic(C)] = Pic(U),
which proves the claim (6). Since the group HS,(C \ U,Z(0)) is torsion free, the
image of H%((EY,Z(1))tors in CHp() is zero. Thus we have the exact sequence

0 — Coker 8% — H3,(£,Z(2))tors
— H;’V[((SU, Z(2))tors - H,%\A(gU?Z(l))tOTS — 0.

By Proposition 2.1 and Lemma 6.7, the group H3,(Eu, Z(2))tors is finite of order
| IL(h2(€),0)L* (A (EY),0)L(h°(C\ U), —1)]

(¢ = DIL(RO(Irr(£7)), =1
for some m € Z. By Lemma 6.9, the group H3,(EY,Z(1))ors is finite of order
|L*(h*(EY),0)]. By Lemma 6.5, the Picard scheme Picg g, is an abelian variety

and in particular Hom(Picg z , G;n) = 0. Hence by Theorem 2.1 and Corollary 6.3,
the group H3,(€,Z(2))tors is of order |L(h?(£),0)|. Therefore,

pm|T(/J,(1

2 _ |HM(EZR))sors| 1 HA(EY Z(1)) tors]
|C0ker aU| - M |H§\A(EU,Z(/2V)1)mrS\
P~ (g=D)|L(RO(Irr(EY)),—1)]
Ty, () 'IL(RO(C\T),—T1)]

Since |Coker 9% | is prime to p, we have m = 0. This proves the claims (4) and (5).
This completes the proof. (I



32 SATOSHI KONDO AND SEIDAI YASUDA

Proof of Theorem 6.2. The claim (5) is clear. The claim (1) follows from Corol-
lary 2.1 and Theorem 1.3. It can be checked easily that Hi,(EY,Z(1)) is zero for
i < 0. By the localization sequence of higher Chow groups (cf. [6, Corollary (0.2),
p. 537]), we have H'\(£,Z(2)) = H'(Ey,Z(2)) for i < 1. Taking the inductive
limit with respect to U, we obtain the claim (2).

By Corollary 2.1, we have an exact sequence

0— H/Q\/((gaZ(Q))tors = H/2vt (EvZ(Q))red

o Pz O (Eg (1)) — By (€2 Z(2))iome: — By (B, Z(2))
. peCo

B2
RacLN @ H3,(E,,Z(1)) — Pic(C) — 0.
p€eCo

Hence by Theorem 2.1 and Corollary 6.3, the group Ker 3/2\4,2 is finite of order
|L(h'(C),—1)|. For a non-empty open subscheme U C C, let us consider the
group Coker 8[2] in the proof of Theorem 6.3. For two non-empty open subschemes
U',U C C with U’ C U, the homomorphism Coker 93 — Coker 9%, is injective
since both Coker 93 and Coker 93, canonically inject into H3,(E,Z(2))tors- The
claim (3) follows from the claim (4) of Theorem 6.3 by taking the inductive limit.
The claim (4) follows from the exact sequence (6.3) and Lemma 6.3.

From the localization sequence, it follows that the push-forward homomorphism
D.cr, H3,(Speck(z), Z(2)) — Hj,(E,Z(3)) is surjective. Hence H},(E,Z(3)) is
a torsion group and the claim (6) follows from Lemma 5.4. This completes the
proof. O

Proof of Theorem 6.1. Let us consider the restriction v : Kerco 3 — H3,(E,Z(2))
of ¢392 to Kercy 3. By Lemma 5.1, both Kery and Coker v are annihilated by the
multiplication-by-2 map. This implies that the image of v contains H3,(E, Z(2))div
and that Ext},(H3%,(E,Z(2))aiv, Kerv) is zero. From this it follows that the homo-
morphism 7 induces an isomorphism (Ker ¢ 3)aiv =R H3,(E,Z(2))div. This shows
that the homomorphism K»(E)™d — H3,(F,Z(2))™! induced by ¢z is surjective
with torsion kernel. Thus the claim (1) follows from Theorem 6.2 (3).

The claim (3) follows from Theorem 6.2 (1) and Lemma 5.1.

For p € Cp, let ¢, : Speck(p) — &, denote the reduction at p of the morphism
t:C — &. The diagram (5.2) gives an exact sequence

Coker 851\,1,3 — Coker 0o — Coker 8/2\,172 — 0.

By Lemma 5.4, we have an isomorphism Coker 8;{,1)3 = ;. By the construction of
this isomorphism, we see that the composite

IF; = Coker 8;1\4)3 — Coker 0y — K;(€) — K1 (SpecF,) = IFqX

equals the identity. Hence the map Coker 8}1\4’3 — Coker 05 is injective. Then the
claim (2) follows from Theorem 6.2 (3).

From Proposition 4.1 and Lemmas 5.1, 5.2, and 6.10, it follows that the homo-
morphism 0 : K;(E)™d — D, cc, Go(Ep) is identified with the direct sum of the
map 9 : kX — @D cq, HY,(Spec k(p), Z(0)) — @D, HY,(£,,Z(0)) and the map
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Dao s HU(B,Z(2)) — @, H34(Ep, Z(1)). We have isomorphisms

Ker 0y = Fy, Cokerd; = Pic(C) & D, Z/r(Eg)l =1
Ker 9% 5 = HY,(€,7Z(2))tors/Coker 97 5, Coker 834 , = Pic(C).

The claim (4) follows. This completes the proof of Theorem 6.1.

We obtain results for j > 3, generalizing the theorems in Section 6, but the
proofs of the results use neither class field theory nor Drinfeld modular curves. The

7. RESULTS FOR j > 3

notations are as in Section 6.
For integers 1, j, let us consider the boundary map

O+ Hi(B,Z() — @D Hi' (0. Z(j — 1)).
peCo

Theorem 7.1. Let j > 3 be an integer.

(1)
(2)

For any i € Z, both Ker 83\4,;‘ and Coker 83\4,;‘ are finite groups.

We have
1, ift <0 ori>5,
¢ -1, ifi=1,
|Ker8j\,tj|= |L(h1(C),1—j)|, ifi=2,
’ ‘T(/j—l)“lL(h2(€)72_j)‘ ape 3
g T-1 ) ZfZ =9,
|L(hY(C),2 — 5)], if 1 =4.
Moreover, the group Ker@}wyj is cyclic of order ¢ — 1.
We have
1, ifi<l,i=3, ori>5,
. j—1
(Coker ;| = frr—  ifi=2,

¢d2-1 ifi=4

Let U C C be a non-empty open subscheme. Then the group H}Vl (Eu,Z(j))

is finite modulo a uniquely divisible subgroup for any i € Z. The group

H'((Eu,Z(j)) is zero if i > max(6, ), and is finite for (i,j) = (4,3), (5,3),
(4.4), (5,4), or (5,5).
The group H'\((Ey,Z(j)) is uniquely divisible for i < 0 or 6 < i < j, and
the group H ), (Eu,Z(j))tors is cyclic of order ¢o — 1.

Suppose that U = C (resp. U # C). The group H3(Eu,Z(j))tors is of

order |L(h*(C),1 — j)| (resp. of order
|Tl/],(j—1)| : ‘L<h1(c)7 1-— ])L(ho(o \ U)7 1- .7)|
¢1-1 )
The group H3,(Eu, Z(j))tors is of order |L(h*(E),2 — j)| (resp. of order
T} ) [LUR(E),2 = HLMEY),2 = HL(RO(C\ U),1— )|
(¢7~1 = DIL(RO(Irr(EY)), 1 = j)
The group H3,(Eu,Z(j))tors is of order |[L(h*(C),2 — j)| (resp. of order
[L(h'(C), 2 = J)L(h(C\U),2 — j)|
@21 )
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The group H3,(Eu,Z(j))ors is cyclic of order ¢ =2 — 1 (resp. is zero).

Theorem 7.2. The following statements hold.

(1) The group Ka(E)aiv is uniquely divisible and the map co 2 induces an iso-
morphism Ko (E)aiv = H3,(E, Z(2))aiy -

(2) The kernel of the boundary map 0 : Ko(E)d — D, cc, G1(Ep) is a finite
group of order |L(h*(C),—1)|2.

Lemma 7.1. Let X be a smooth projective geometrically connected curve over a
global field k'. Let k'(X) denote the function field of X. Then the Milnor K -group
KM (K'(X)) is torsion for n > 2+ gon(X), and is of exponent 2 (resp. is zero) for
n > 34 gon(X) if char(k’) = 0 (resp. char(k’) > 0). Here gon(X) denotes the
gonality of X, namely, the minimal degree of morphisms from X to P},.

Proof. The field k¥'(X) is an extension of degree gon(X) of a subfield K of the form
K = k'(t). Looking at the split exact sequence

0 — K (K) — K)(K) — @@ KL (K[1)/P) — 0
P

in [34, Theorem 2.3, p. 325] (where P runs over the irreducible monic polynomials
in k'[t]), and using [5, Chapter II, (2.1), p. 396], we see that KM (K) is torsion
for n > 3, and is of exponent 2 (resp. is zero) for n > 4 if char(k’) = 0 (resp.
char(k’) > 0).

Take a flag K = Vi C Vo C -+ C Vion(x) = K'(X) of K-subspaces of k'(X) with
dimg V; = i. For each i we put V;* = V;\ {0}. Suppose i > 2 and take two elements
a,fB € V;\ V;_1. Then there exist a,b € K* such that v = aa + b8 € V;_1. If
v =0 (resp. ¥ # 0), then {ac,b3} = 0 (resp. {aa/v,b8/~v} = 0) in KM (K'(X)).
Expanding this equality, we see that {/3,7} belongs to the subgroup of K2 (k'(X))
generated by {V*,V;*;}. Hence for n > gon(X) — 1, the group KM (k'(X)) is
generated by the image of {V5  x).....V5} x Kﬁ/f_gon(x)ﬂ([(). This proves the
claim. (]

Lemma 7.2. Then the push-forward homomorphism H3,(EY, Z(j—1)) — H3,(E,Z(j))
18 Z€ro.

Proof. Let us consider the composite
. Ay S .
H3A(EY, 25 = 1)) = H(€,2())) == H3((C,Z(j — 1)

of push-forwards. This is the zero map since this factors through the group HY,(C'\
U,Z(j — 2)) which is zero by [14, Corollary 1.2, p. 56]. By Lemma 2.4, the group
H3%,(EY,Z(j — 1)) is torsion. Hence it suffices to show that the homomorphism
S tors : Hj‘w (E,Z(5))tors — HJQM(C,Z(]' — 1))tors induced by f, is an isomorphism.
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Let us consider the commutative diagram
. f tors .
Hjl\/t(ng(J))tors - H%(C,Z(] —1))tors

=] =]

H3,(E,Q/2(j)  ——  Hu(CQ/Z( -1))

«| =|

DHE(E Qu/Zu(j)) % —— DHL(C,Qe/Ze(j — 1))

L#p L#p
Here the horizontal arrows are push-forward maps, the upper vertical arrows are
the boundary maps obtained from the exact sequence 0 — Z — Q — Q/Z — 0, and
the lower vertical arrows are obtained from Theorem 2.1(2)(b) (the same argument
also applies to curves) further using the weight argument. The homomorphism at

the bottom is an isomorphism by Lemma 6.5. Hence fi tors is an isomorphism, as
desired. ]

Proof of Theorem 7.1. From Theorem 2.1(2) and Lemma 7.1, the claims (4) and
(5) follow. The claim (6) follows from Theorem 2.1(2) and Corollary 6.5. In a
manner similar to that in the proof of Corollary 2.1, we are able to show that the
pull-back map induces an isomorphism H', (€, Z(j))aw = Hi,(E,Z(j))aiv for all
1 € Z, and that the localization sequence induces the long exact sequence

o P HGEZG 1)
(7.1) o, ’
- Hj\/l((‘:?Z(j))tors — H}\/I(E?Z(j))tors — e

Using Lemma 2.1, we easily see that for any p € Co, even if &, is singular, the
group H',(€,,Z(j — 1)) is finite for all 4, is zero for i < 0 or ¢ > 4, and is cyclic
of order ¢/ — 1, where g, = [s(g)| is the cardinality of the residue field at g, for
i = 1. By looking at the exact sequence (7.1) and using Lemma 7.2, we can deduce
the claims (1), (2) and (3) from the claims (4), (5) and (6). This completes the
proof. O

Proof of Theorem 7.2. Let U # C. Then by Lemmas 5.4 and 7.2, the following
sequence is exact:

0 — Hi,(£,Z(3)) — Hi,(Ev, Z(3)) & H(EY, 2(2)) S F} — 1.

Here 0 and « are as in Lemma 5.4, and the second map is the pull-back. By taking
the inductive limit, we obtain the exact sequence
0 — Hj(&,Z(3)) — Hjy(E,Z(3))
(7.2) 54
=% B pec, Hin(Ep, Z(2)) = FY — 1.

By Theorem 2.1 and Corollary 2.1, the group H},(E, Z(3))aiv is zero. Hence, us-
ing Lemma 5.1, we have K5(E)q4iv C Kercp 3. We saw that the map c¢p 2 induces an
isomorphism (Ker ¢ 3)aiv = H3,(E,Z(2))aiv in the proof of Theorem 6.1. Hence
2,2 induces an isomorphism Ko (E)qiv = HJQ\A (E,Z(2))aiv, which proves the claim
(1). The claim (2) follows from Theorems 6.1 and 6.2, the commutative diagram
(5.2), and the exact sequence (7.2). This completes the proof. (]
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APPENDIX A. A PROPOSITION ON THE p-PART

The aim of this Appendix is to give a proof of Proposition A.1 below. It is used
in the proof of Theorem 2.1. Nothing in this Appendix is new except possibly the
definition of the Frobenius map on the inductive limit (not on the inverse limit)
given in Section A.3. A similar situation has already appeared in the work of Milne
([32]) and Nygaard ([37]).

Proposition A.1. Let X be a smooth projective geometrically connected surface
over a finite field F, of q elements of characteristic p. Let WnQiXJOg denote
the logarithmic de Rham-Witt sheaf (cf.[21, I, 5.7, p. 596]). Then the inductive
limat hLQn HY (X, WnQ?X,log) with respect to multiplication-by-p is finite of order
[Hom(Pic% g, , Gl * - [L(R*(X),0)[; "
of homomorphisms Pic% g, — G of Fq-group schemes, and L(h?(X),s) is the
(Hasse-Weil) L-function of h*(X).

A.1. The de Rham-Witt complex. In this Appendix, let k£ be a perfect field
of characteristic p. Let X be a scheme of dimension § which is proper over
Speck. For i,n € Z, let W,Q% denote the de Rham-Witt complex (cf.[21, I,
1.12, p. 548]) of the ringed topos of schemes over X with Zariski topology. We
let R : WnQ’X — n,lﬁg(, F WnQS( — n,ng(, and V : WnQZX — Wn+1Q§(
denote the restriction, the Frobenius, and the Verschiebung, respectively. For each
i € Z, the sheaf WanX has a canonical structure of coherent W,, O x-modules, which
enables us to regard W, Q% as an étale sheaf. From now on until the end of this
section, we work on the category of étale sheaves on schemes over X.

A.2. Logarithmic de Rham-Witt sheaves. For n € Z, let Wnﬂg(,log C W%
denote the logarithmic de Rham-Witt sheaf (cf. [21, I, 5.7, p .596]).

Here Hom(Pic% 5, Gm) denotes the set

Lemma A.l. The homomorphism V : W,Q% — W, 11Q% sends WnQ§(7log into
Wit 10 1og-

Proof. Let x € W,Q% 1, be an étale local section. By the definition of W, Q% .,
there exists an étale local section y € Wn+1Q§(7log such that x = Ry. We easily see
that Ry = F'y. Hence Vo =VRy=VFy=py € Wn+1Q§(,log' (]

Let CWQY denote the inductive limit CWQ%y = lim W,Q% with respect
—n,V )
to V. The above lemma enables us to define the inductive limit C’VVQZXJOg =
lii>nn7 v I/VnQZX,log'

A.3. Modified Frobenius operator. In this section we define an operator F’ :
CWQL — CWQY such that the sequence

(A1) 0 = CW Qi 1oy — CWOy =2 CW Qi — 0
is exact.

For n > 0, let WanX denote the cokernel of the homomorphism V" : Q% =
WiQy — W,11Q%. The homomorphisms R, F' and V on W, Q% induce ho-
momorphisms on WnQ’X which we denote by the same notations. If n > 1, the
homomorphisms R, F' : W,,11Q% — W,Q% factor through the canonical surjection
WnHQé( — Wnﬂfx We let E, F WnQ}( — WnQZX denote the induced homomor-
phisms. Then both R and F commute with R, F and V. For n > 0, we let Wnﬂéﬂog
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denote the image of Wi‘FngﬁlOg by the carﬁnical surjection W, 1Q% — ,V[V/anX
The restriction of R : WnQZX — WnQZX to WnQ&JOg gives a surjective homomor-
phism Rjog : Wnﬂg(,log — Wan(,log‘

Lemma A.2. The homomorphisms E, Elog induce isomorphisms

h_I)Il WanX = CWQZX? hl>n WnQé(,log = CWQS(,log‘
n>0,V n>0,V
Proof. The surjectivity is clear. From [21, I, PROPOSITION 3.2, p. 568], it follows
that the kernel of R equals the image of the composite W 4avr, 1 —

WnQ’X Since Vid = pdV, we have V (Ker R) = 0. This proves the injectivity. [

We easily see that /V\V/nﬂf,mog is contained in the kernel of R — F : /V\V/nQZX —
W, Q% . Hence

(A.2) 0 — WOy 1oy — Wally 20 W, Q% — 0
is a complex.
Lemma A.3. The inductive limit
0— lim W,0%,, — lm W0k - CWQk —0
n>0,V n>0,V

of (A.2) with respect to V is exact.

Proof. The argument in the proof of [21, I, THEOREME 5.7.2, p. 597] shows that
the kernel of R — F : Wn+1ﬂg( — WnQZX is contained in Wn+1Q§(710g + Ker R.
Hence the claim follows from Lemma A.2. O

The inductive limit of F : WnQ% — Wn-&-ng{ gives the endomorphism F’ :
CWQ, = lim WoQ%5 — CWQL . By Lemma A.2 and Lemma A.3, we have
a canonical exact sequence (A.1).

A.4. The duality. Let H*(X, W,Q%) denote the cohomology groups of W, Q%
with respect to the Zariski topology.

The trace map Tr : H(X, W,LQ_‘}) = W, (F,) is defined in [20, 4.1.3, p. 49]. This
commutes with the homomorphisms R, F' and V. For 0 < i,j < 4, the product
m: W,Q% x Wnﬁi(_i — Wnﬂg( gives a W, (k)-bilinear paring

(,): HI (X, W, Qi) x H (X, W, Q%) — H* (X, W, Q%) =5 W, (k).

By [20, COROLLARY 4.2.2, p. 51], this pairing is perfect.
Since mo (iId® V) =V omo (F ® id), the diagram

Wn+1Qé(XWn+1Q§(7i —— n+1(k)
| dl
Wo x W% —— W, (k)
is commutative. Hence this induces an isomorphism

(A.3) HY(X,CWQ ") = lim Homyy, (1) (HY (X, W, QY ), Wy (k)
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where the transition map in the inductive limit of the right hand side is given by
f— VofoF. We endow each H’ (X, W,Q%) with the discrete topology. We
put H/ (X, W'QL) = liinn,F HI(X,W,0%) and endow it with the induced topol-
ogy. We turn H7 (X, W’'Q%) into a W (k)-module by letting a - (b,) = (67" (a)by)
for a € W(k), b, € HI(X,W,Q%). We put D = lim  W,(k) and endow
it with the discrete topology. We turn D into a W(k)—rr,lodule by letting a -
cn = o "(a)e, for a € W(k), ¢, € Wy(k). Then the right hand side of (A.3)
equals Homyy (5 cont (H? (X, W' ), D). The homomorphism R : H (X, W, Q%) —
HI(X, W, _1Q%) induces the endomorphism R’ : H (X, W’'Q%) — HI (X, W'Q%.).
The Frobenius endomorphism o : W, (k) — W, (k) induces the endomorphism
oc:D— D.

Lemma A.4. Under the isomorphism (A.3), the endomorphism

F' HO7I(X,OWQ% ") — HO I (X, CWQ5)
is identified with the endomorphism of Homyy (1) cont (HY (X, W'Q%), D) which sends
a homomorphism f: H (X, W'Q%.) — D to the homomorphism oo f o R'.

Proof. Immediate from the definition of the isomorphism (A.3) and the module
D. O

A.5. We are mainly concerned with the case where i = 0. We denote H’ (X, W'Q%)
by HY(X,W'Ox). Recall that F : W,Q% — W,_10Q% equals the composite
WoO0x 2 W,O0x & W,_,0x. From [21, II, PROPOSITION 2.1, p. 607], it
follows that HI(X,WQ%) — lim  HI(X,W,Q%) is an isomorphism. Hence

. —n,R
HI(X,W'Ox) is isomorphic to the projective limit

H/(X,WOx) =lim[--- & HI(X,WOx) % H/ (X, WOx)].

The endomorphism o : H¥(X,WOx) — HI(X,WOx) induces an automorphism
o HI(X,WOx) = HI(X,WOx). We easily sec that the endomorphism R’ on
HI(X,W'Ox) corresponds to the endomorphism o~! on H’(X, WOx).

Let K = FracW (k) denote the field of fractions of W (k). The homomorphism

o™ /p" : Wy (k) — K/W (k) for each n > 1 induces a canonical isomorphism D 2
K/W (k) of W(k)-modules which commutes with the action of o.

A.6. Proof of Proposition A.l. Suppose that £ = ;. Then by Lemma A .4,
HY(X,CWQ%) is isomorphic to the Pontryagin dual of H%(X, WOx). Hence the
group

HO(X, OW Q% 1o,) = Ker[HO(X, CWQ%) 25 HO(X, CW Q)]
is isomorphic to the Pontryagin dual of the cokernel of 1 — o1 on I;T‘s(X, WOx).

Proposition A.2. Let k =, be a finite field and X be a scheme of dimension
0 which is smooth and projective over Speck. Suppose that the V -torsion part T
of H*(X,WOx) is finite. Then H°(X,CWQ%) is a finite group of order |T°| -
|L(h(X), 0)|,*. Here T denotes the o-invariant part of T.

Proof. By the argument above, the order of H°(X,CWQS% ) equals the order of
the cokernel of 1 — o on fIé(X, WOx) if it is finite. The torsion subgroup of

HS (X, W0Ox) is finite since it injects into T'. By [21, II, COROLLAIRE 3.5, p. 616],
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HY(X,WOx) ®z, Qp is isomorphic to the slope zero part of ngys(X/W(k)) ®z, Qp.
Hence the claim follows. (|

Proof of Proposition A.1. Let the notations be as above, and suppose that § = 2.
Then by [21, II, Remarque 6.4, p. 641], the module T in the above proposition is
canonically isomorphic to the group

Homyy (r,) (M (Pick /5, /Pic%k /r, rea): K/ W (Fy))

where M () denotes the contravariant Dieudonne module functor. In particular T is
a finite group. Let T, denote the og-coinvariants of T. Then by the Dieudonne theory
(cf. [11]), Homw (g, (T, K/W (F,)) is canonically isomorphic to Hom(Pick /g, , Gm)-
Hence the claim follows from Proposition A.2. O
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