SYZ MIRROR SYMMETRY FOR
TORIC CALABI-YAU MANIFOLDS
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ABSTRACT. We investigate mirror symmetry for toric Calabi-Yau manifolds
from the perspective of the SYZ conjecture. Starting with a non-toric special
Lagrangian torus fibration on a toric Calabi-Yau manifold X, we construct a
complex manifold X using T-duality modified by quantum corrections. These
corrections are encoded by Fourier transforms of generating functions of certain
open Gromov-Witten invariants. We conjecture that this complex manifold
X, which belongs to the Hori-Igbal-Vafa mirror family, is inherently written in
canonical flat coordinates. In particular, we obtain an enumerative meaning
for the (inverse) mirror maps, and this gives a geometric reason for why their
Taylor series expansions in terms of the Kahler parameters of X have integral
coefficients. Applying the results in [5] and [27], we compute the open Gromov-
Witten invariants in terms of local BPS invariants and give evidences of our
conjecture for several 3-dimensional examples including Kp2 and Kp1 yp1.
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1. INTRODUCTION

For a pair of mirror Calabi-Yau manifolds X and X, the Strominger-Yau-Zaslow
(SYZ) conjecture [31] asserts that there exist special Lagrangian torus fibrations
p:X — Band fi: X — B which are fiberwise-dual to each other. In particular,
this suggests an intrinsic construction of the mirror X by fiberwise dualizing a
special Lagrangian torus fibration on X. This process is called T-duality.

The SYZ program has been carried out successfully in the semi-flat case [25] [29]
28], where the discriminant loci of special Lagrangian torus fibrations are empty
(i.e. all fibers are regular) and the base B is a smooth integral affine manifold. On
the other hand, mirror symmetry has been extended to non-Calabi-Yau settings,
and the SYZ construction has been shown to work in the toric case [3] [4] [6], where
the discriminant locus appears as the boundary of the base B (so that B is an
integral affine manifold with boundary).

In general, by fiberwise dualizing a special Lagrangian torus fibration y : X — B
away from the discriminant locus, one obtains a manifold X, equipped with a
complex structure Jy, the so-called semi-flat complex structure. In both the semi-
flat and toric cases, (Xo,.Jy) already serves as the complex manifold mirror to X.
However, when the discriminant locus I appears inside the interior of B (so that
B is an integral affine manifold with singularities), X, is contained in the mirror
manifold X as an open dense subset and the semi-flat complex structure Jy does not
extend to the whole X. It is expected that the genuine mirror complex structure .J
on X can be obtained by deforming .Jy using instanton corrections and wall-crossing
formulas, which come from symplectic enumerative information on X (see Fukaya
[9], Kontsevich-Soibelman [26] and Gross-Siebert [18]E[). This is one manifestation
of the mirror phenomenon that the complex geometry of the mirror X encodes
symplectic enumerative data of X.

To go beyond the semi-flat and toric cases, a good starting point is to work
with non-toric special Lagrangian torus ﬁbrationrﬂ on toric Calabi-Yau manifolds
constructed by Gross [17] El, which serve as local models of Lagrangian torus fi-
brations on compact Calabi-Yau manifolds. Interior discriminant loci are present
in these fibrations, leading to wall-crossing phenomenon of disk counting invari-
ants and nontrivial quantum corrections of the mirror complex structure. In this
paper, we construct the instanton-corrected mirrors of toric Calabi-Yau manifolds
by running the SYZ program for these non-toric fibrations. This generalizes the
work of Auroux [3 4], in which he considered non-toric Lagrangian torus fibrations
on C™ and constructed instanton-corrected mirrors by studying the wall-crossing
phenomenon of disk counting invariants.

What follows is an outline of our main results. We first need to fix some nota-
tions. Let N = Z" be a lattice and M = Hom(N,Z) be its dual. For a Z-module

IThis is related to the so-called “reconstruction problem”. This problem was first attacked
by Fukaya [J] using heuristic arguments in the two-dimensional case, which was later given a
rigorous treatment by Kontsevich-Soibelman in [26]; the general problem was finally solved by the
important work of Gross-Siebert [1§].

2Here, “non-toric” means the fibrations are not those provided by moment maps of Hamiltonian
torus actions on toric varieties.

3These fibrations were also constructed by Goldstein [I5] independently, but they were further
analyzed by Gross from the SYZ perspective.
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R, we let Ng := N®z R, Mg := M ®7 R and denote by (-, -) : Mr X Ng — R the
natural pairing.

Let X = Xy be a toric manifold defined by a fan ¥ in Ng, and vg, v1,...,Vm_1 €
N be the primitive generators of the 1-dimensional cones of . Suppose that X is
Calabi-Yau. This condition is equivalent to the existence of v € M such that

(27 Ui) =1

fori=0,1,...,m—1. Asin [I7], we also assume that the fan > has convex support,
so that X is a crepant resolution of an affine toric variety with Gorenstein canonical
singularities. Equip X with a toric Kahler structure w.

We study the SYZ aspect of mirror symmetry for every toric Calabi-Yau manifold
X, which is usually called “local mirror symmetry” in the literature, because it was
derived by considering certain limits in the Kéhler and complex moduli spaces of
Calabi-Yau hypersurfaces in toric varieties (see Katz-Klemm-Vafa [23]). Chiang-
Klemm-Yau-Zaslow [7] verified by direct computations that closed Gromov-Witten
invariants of a local Calabi-Yau match with the period integrals in the mirror side;
in [20], Hori-Igbal-Vafa wrote down the following formula for the mirror X of X:

m—1
(1.1) X = {(u,v,zl, e Zno1) €ECEx (CH T iuw = Z Cl-z”i} ,

where C; € C are some constants (which determine the complex structure of X)
and z¥* denotes the monomial H;:ll zﬁ"jj %) Here {v; }?:_01 C M is the dual basis
of {v; ?;()1 C N. One of the aims of this paper is to explain why, from the SYZ
viewpoint, the mirror X should be written in this form.

We now outline our SYZ mirror construction. To begin with, fix a constant Ko,
and let D C X be the hypersurface {z € X : w(z) — K3 = 0}, where w: X — C is
the holomorphic function corresponding to the lattice point ¥ € M. In Section 4,
we consider a non-toric special Lagrangian torus fibration p : X — B constructed
by Gross [17], where B is a closed upper half space in R™. As shown in [I7], the
discriminant locus I' of this fibration consists of 9B together with a codimension two
subset contained in a hyperplane H C B. We will show that the special Lagrangian
torus fibers over H are exactly those which bound holomorphic disks of Maslov
index zero (Lemma 4.24). H, which is called ‘the wall’, separates By := B — I into
two chambers:

By—H=DB,UB_.

As we have discussed above, fiberwise dualizing the torus bundle over By gives
a complex manifold X, which is called the semi-flat mirror. Yet this procedure
ignores the singular fibers of i, and ‘quantum corrections’ are needed to construct
the mirror X out from Xy. To do this, we consider virtual counting of Maslov
index two holomorphic disks with boundary in special Lagrangian torus fibers.
The result for the counting is different for fibers over the chambers B, and B_ (see
Propositions and . This leads to a wall-crossing formula for disk counting
invariants, which is exactly the correct formula we need to glue the torus bundles
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over B, and B_. This wall-crossing phenomenon has been studied by Auroux [3], 4]
in various examples including P? and the Hirzebruch surfaces Fa, IF3E|

Now, one of the main results of this paper is that by the SYZ construction (see
Section for the details), the instanton-corrected mirror of X is given by the
following noncompact Calabi-Yau manifold (Theorem [4.37):

(1.2)
n—1 m—1

X =0 (,0,2) €CPx (C)"ruw = (1+380) + Y _(1+6)z + »_ (1+0:)gi-n412"
j=1 i=n

where

51’((]) = Z n5i+aq°‘

a€HSH(X,Z)—{0}

and q, are Kihler parameters of X. Here, H§® (X, Z) is the cone of effective classes,
q* denotes exp(— fa w) which can be expressed in terms of the Kéhler parameters
Ga, Bi € m2(X,T) are the basic disk classes (see Section , and the coeffi-
cients ng, o are one-pointed genus zero open Gromov-Witten invariants defined by
Fukaya-Oh-Ohta-Ono [I3] (see Definition 2.14). Furthermore, we can show that
the symplectic structure w on X is transformed to a holomorphic volume form on
the semi-flat mirror X, which naturally extends to a holomorphic volume form €
on X (Proposition 4.38).

Note that the instanton-corrected mirror ([1.2)) that we write down is of the form
(1.1)) suggested by Hori-Igbal-Vafa [20]. Ye contains more information: it
is explicitly expressed in terms of symplectic data, namely, the K&hler parameters
and open Gromov-Witten invariants on X. Morally speaking, the semi-flat complex
structure is the constant term in the fiberwise Fourier expansion of the corrected
complex structure J. The higher Fourier modes correspond to genus-zero open
Gromov-Witten invariants ng, in X, which are virtual counts of Maslov index
two holomorphic disks with boundary in Lagrangian torus fibers.

Local mirror symmetry asserts that there is (at least locally near the large com-
plex structure limits) a canonical isomorphism

¥ Me(X) = Mg (X),
called the mirror map, from the complex moduli space M¢(X) of X to the (com-
plexiﬁged) Kéhler moduli space Mg (X) of X, which gives flat coordinates on
Mc(X). The mir}"or map is defined by periods as follows. For a point ¢ =
(G1y---,q1) € Mc(X), where | =m —n, let

n—1 m—1
X;={ (u,0,2) €C?* x (C)" L iuw =1+ Z zj + Z Gi—ny12"
j=1

i=n

be the corresponding mirror Calabi-Yau manifold equipped with a holomorphic
volume form €23. Then, for any n-cycle v € H,(X,Z), the period

I, (q) = / 0.

4We shall emphasize that the wall-crossing formulas (or gluing formulas) studied by Auroux
and us here are special cases of those studied by Kontsevich-Soibelman [26] and Gross-Siebert
[18].
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as a function of § € M¢(X), satisfies the A-hypergeometric system of linear differ-
ential equations associated to X (see e.g. Hosono [21]). Let ®1(g),...,Pi(g) be a
basis of the solutions of this system with a single logarithm. Then there is a basis
Y1, .., of Hy(X,Z) such that

04(g) = / Qq

for a = 1,...,1, and the mirror map ¢ is given by ¥(¢) = (¢1(q),.-.,q () €
Mgk (X), where

00(0) = exp(=2, (@) =ex (- [ ).
fora=1,...,1.
A striking feature of our instanton-corrected mirror family (1.2)) is that it is
inherently written in flat coordinatesﬁ We formulate this as a conjecture as fpllows.
By considering Equation (1.2)), one obtains a map ¢ : Mg(X) = Ma(X),q =

(q1,--- @) = ¢(q) = (41(q), ..., q(q)) defined by

n—1
(ja(Q) - Qa(]- + 6a+n—1) H(l + 5j)7(yj ’U“+"71), a=1,..., l.
j=0

Then we claim that ¢;(q), ..., (q) are flat coordinates on M (X) (see Conjecture
for more details):

Conjecture 1.1. The map ¢ is an inverse of the mirror map . In other words,
there exists a basis y1, ...,y of Hy(X,Z) such that

o = exp (—/ Qq) :

fora=1,...,1, where ¢ = ¢(q) is defined as above.

In particular, our construction of the instanton-corrected mirror via SYZ pro-
vides an enumerative meaning to the inverse mirror map. This also shows that the
integrality of the coefficients of the Taylor series expansions of the functions ¢, in
terms of qi,...,q (see, e.g. [32]) is closely related to enumerative meanings of the
coefficients.

In Section 5, we shall provide evidences to Conjecture [I.I]in some 3-dimensional
examples including Kp2 and Kpiypi. This is done by computing the one-pointed
genus zero open Gromov-Witten invariants of a toric Calabi-Yau 3-fold of the form
X = K4, where Z is a toric del Pezzo surface, in terms of local BPS invariants of
the toric Calabi-Yau 3-fold K5, where Z is a toric blow-up of Z at a toric fixed
point. The computation is an application of the results in [5] and [27]. In [5], the
first author of this paper shows that the open Gromov-Witten invariants of X = K,
are equal to certain closed Gromov-Witten invariants of a suitable compactification
X (see Theorem [5.4). In the joint work [27] of the second and third authors with
Wu, these closed Gromov-Witten invariants are shown to be equal to certain local
BPS invariants of K, where Z denotes the blow-up of Z, by employing blow-up
and flop arguments. Now, these latter invariants have already been computed by
Chiang-Klemm-Yau-Zaslow in [7]. Hence, by comparing with period computations
such as those done by Graber-Zaslow in [16], we can give evidences to the above

5This was first observed by Gross and Siebert [I8]; see Remark below.
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conjecture for Kp2 and Kpiyp1.

Example: X = Kp2. The primitive generators of the 1-dimensional cones of the
fan ¥ defining X = Kp2 are given by

Vo = (0,0,1),’01 = (1,0,1),’(}2 = (O, 1,1),’(}3 = (—1,—1, 1) eN = VAR

We equip X with a toric K&hler structure w associated to the moment polytope P
given as

P = {(z1,22,23) € R® 1 23 > 0,21 + 23 > 0,20 + 33 > 0, —21 — 22 + T3 > —t1},

where 1 = [,w; >0 and | € Hy(X,Z) = Hy(P?,Z) is the class of a line in P2. To
complexify the Kihler class, we set w® = w+ 2mv/—1B, where B is a real two-form
(the B-field). We let ¢t = [, w® € C.

Fix Ky > 0 andlet D = {z € X : w(z) — K2 = 0}. Then the base B of the Gross
fibration p: X — B is given by B = R? x R>g,. The wall is the real codimension
one subspace H = R? x {0} C B. The discriminant loci I is a codimension two
subset contained in H as shown in Figure

FIGURE 1. The base of the Gross fibration on Kpz, which is an
upper half space in R3.

0B

By Equation (|1.2)), the instanton-corrected mirror is given by

X—{(u,v,zth)EC?X(CX)Q:M}_ <1+Znﬁo+quk> +2 42+ q }’

21z
1 142

where ¢ = exp(—t) and [y is the basic disk class corresponding to the compact
toric divisor P> C X. By Corollary we can express the open Gromov-Witten
invariants ng,4x; in terms of the local BPS invariants of Kp,, where F; is the
blowup of P? at one point. More precisely, let e, f € Hy(Fy,Z) = Ho(Kp,,Z) be the
classes represented by the exceptional divisor and fiber of the blowing up F; — P?
respectively. Then ng,4x; is equal to the local BPS invariant GWéfg“kfﬂk_l)e for
the class kf + (k — 1)e € Ho(Kp,,Z). These latter invariants have been computed

by Chiang-Klemm-Yau-Zaslow and listed in the ‘sup-diagonal’ of Table 10 on p. 56
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in [7]:
NBy+l = —2,
Npy+21 = 9,
ngy+3r = —32,
ngy+41 = 280,
Nporst = —3038,

ng,+61 = 39870,

Hence, the instanton-corrected mirror for X = Kp2 is given by

2122
where
clq) =1 —2q + 5¢% — 32¢° + 286¢* — 3038¢° + ...

By a change of coordinates the above defining equation can also be written as

w=14+21+290+ ———
' 2 c(q)3z122

According to our conjecture above, the inverse mirror map ¢ : Mg (X) = M (X)
is then given by

g G:=q(l —2q+ 5¢* — 32¢° + 286¢* — 3038¢° +...) 73

On the other hand, the A-hypergeometric system of linear differential equations
associated to Kp2 is equivalent to the Picard-Fuchs equation

(63 + 3404(305 + 1) (30, + 2)]®(4) = 0,

where 65 denotes qa% (see, e.g. Graber-Zaslow [16].) The solution of this equation
with a single logarithm is given by

3

O(§) = —logg —

k=1

Then, ®(§) is the period of some 3-cycle v € H3(X,Z) and we have the mirror map
; o (=1)F BK)!
¥ Mo(X) = Mg(X), = qexp (Z F el )

k=1

We can then invert the mirror map and express § = 1 ~'(q) as a function of ¢ €
Mg (X). One can check by direct computation that

(exp(—®(q))/d)} =1 — 2¢ + 5¢% — 32¢° + 286" — 3038¢° + ...

This shows that ¢ agrees with the inverse mirror map at least up to the order ¢°,
thus providing ample evidence to Conjecture for X = Kp2. In fact, by using a
computer, one can verify that ¢ agrees with the inverse mirror map up to a much
larger order. [
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Remark 1.2. The relevance of the work of Graber-Zaslow [10] to the relationship
between the series 1—2q+5q% —32¢> +286¢* —3038¢° +. .. and canonical coordinates
was first mentioned in Remark 5.1 of the paper [18] by Gross and Siebert. They
were also the first to observe that the coefficients of the above series have geometric
meanings; namely, they show that these coefficients can be obtained by imposing
the “normalization” condition for slabs, which is a condition necessary to run their
program and construct toric degenerations of Calabi-Yau manifolds. They predict
that these coefficients are counting certain tropical disks. See Conjecture 0.2 in [1§]
for more precise statements.

After reading a draft of our paper, Gross informed us that they have long been
expecting that the slabs are closely related to 1-pointed open Gromov- Witten invari-
ants, so they also expect that a version of our Conjecture is true. While the
Gross-Siebert program constructs the mirror B-model starting from tropical data
(on which they impose the normalization condition) on the base of the Lagrangian
torus fibration, we start from the A-model on a toric Calabi-Yau manifold and
use symplectic enumerative data (holomorphic disk counting invariants) directly to
construct the mirror B-model. Our approach is in a way complementary to that of
Gross-Siebert.

The organization of this paper is as follows. Section [2| reviews the general con-
cepts in the symplectic side needed in this paper and gives the T-duality procedure
with quantum corrections. It involves a family version of the Fourier transform,
which is defined in Section[3] Then we carry out the SYZ construction of instanton-
corrected mirrors for toric Calabi-Yau manifolds in details in Section |4 The (in-
verse) mirror maps and their enumerative meanings are discussed in Section
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relation between the closed Gromov-Witten invariants of Kz and the local BPS in-
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2. THE SYZ MIRROR CONSTRUCTION

This section gives the procedure to construct the instanton-corrected mirror us-
ing SYZ. First, we give a review of the symplectic side of SYZ mirror symmetry.
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Section [2.2] introduces the open Gromov-Witten invariants defined by Fukaya-Oh-
Ohta-Ono [I1),[12], which are essential to our mirror construction. The construction
procedure of the instanton-corrected mirror is given in Section We will apply
this procedure to produce the instanton-corrected mirrors of toric Calabi-Yau man-
ifolds in Section .6l

2.1. Proper Lagrangian fibrations and their semi-flat mirrors. This sub-
section is devoted to introduce the notion of a Lagrangian fibration, which is central
to the SYZ program. The setting introduced here includes moment maps on toric
manifolds as examples, whose bases are polytopes which are manifolds with corners,
but we also allow singular fibers.

Let X2" be a smooth connected manifold of dimension 2n, and w be a closed
non-degenerate two-form on X. The pair (X, w) is called a symplectic manifold. In
our setup, X is allowed to be non-compact. This is important for us since a toric
Calabi-Yau manifold can never be compact.

We consider a fibration y : X — B (i.e. a smooth map such that u(X) = B),
whose base B is a smooth manifold with corners:

Definition 2.1. A Hausdorff topological space B is a smooth n-manifold with cor-
ners if

(1) For each r € B, there exists an open set U C B containing r, and a
homeomorphism

¢:U—=VnNRE xR

for some k=0,...,n, where V is an open subset of R™ containing 0, and
o(r) = 0. Such r is called a k-corner point of B.
(2) The coordinate changes are diffeomorphisms.

Basic examples of manifolds with corners are given by moment map polytopes
of toric manifolds (see Figure [3| for an example). A manifold B with corners is
stratified by the subsets B®*) consisting of all k-corner points of B. r € B is called
a boundary point of B if it is a k-corner point for £ > 1. Let

(2.1) B™ .= BO) = {1 ¢ B:ris not a boundary point}
be the open stratum, and
(2.2) OB := B — B™,

We will be dealing with those fibrations p : X — B which are proper and
Lagrangian. Recall that u is proper if p~!(K) is compact for every compact set
K C B. And Lagrangian means the following:

Definition 2.2. Let (X2",w) be a symplectic manifold of dimension 2n, and B™
be a smooth n-fold with corners. A fibration p: X — B is said to be Lagrangian if
at every reqular point x € X with respect to the map p, the subspace Ker(du(z)) C
T, X s Lagrangian, that is,

wlKer(dp(z)) = 0-

From now on we always assume that u : X — B is a Lagrangian fibration, whose
fibers are denoted by

Fr = p ' ({r}), r€ B,
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F,. is called a regular fiber when r is a regular value of u; otherwise it is called a
singular fiber. It is the presence of singular fibers which makes the SYZ construction
of instanton-corrected mirrors non-trivial.

The SYZ program asserts that the mirror of X is given by the ‘dual torus fibra-
tion’. This dualizing procedure can be made precise if one restricts only to regular
fibers. In view of this we introduce the following notations:

(2.3) T:={r € B:ris a critical value of u};
(2.4) By:=B-T;
(25) XO = /,L_l(Bo).

I is called the discriminant locus of u.

Now the restriction p : Xo — By is a proper Lagrangian submersion with con-
nected fibers. Using the following theorem of Arnold-Liouville (see Section 50 of
[2]) on action-angle coordinates, it turns out that this can only be a torus bundle:

Theorem 2.3 (Arnold-Liouville [2]). Let p : Xg — By be a proper Lagrangian
submersion with connected fibers. Then u is a torus bundle. Moreover, an integral
affine structure is induced on By in a canonical way.

An integral affine structure on By is an atlas of coordinate charts such that the
coordinate changes belong to GL(n,Z) x R™. The key to proving Theorem is
the observation that every cotangent vector at r € By induces a tangent vector field
on F,. by contracting with the symplectic two-form w on X. Since F;. is smooth and
compact, a vector field integrates (for time 1) to a diffeomorphism on F,.. In this
way we get an action of 1* By on F,., and the isotropy subgroup of a point z € F,
can only be a lattice L in T, By. Thus T;*By/L = F.

Knowing that p: Xo — By is a torus bundle, we may then take its dual defined
in the following way:

Definition 2.4. Let p: Xg — By be a torus bundle. Its dual is the space X, of
pairs (F,.,V) where r € By and V is a flat U(1)-connection on the trivial complex
line bundle over F, up to gauge. There is a natural map fi : Xo — Bg given by
forgetting the second coordinate.

The fiber of fi at r is denoted as F}..
Proposition 2.5. In Deﬁm’tz’on i Xo — By is a torus bundle.

Proof. For each r € By, Hom(m(F,.),U(1)) parameterizes all flat U(1)-connections
on the trivial complex line bundle over F. by recording their holonomy. Thus

F,. = Hom(m, (F,),U(1)).
Since F. is an n-torus, one has m (F,.) & Z", and so
Hom(m (F;),U(1)) 2 R"™/Z".

This shows that each fiber F} is a torus (which is dual to F}.).
To see that fi is locally trivial, take a local trivialization pu=*(U) = U x T of pu,
where U is an open set containing r and 7T is a torus. Then

i~ U) = U x Hom(my (T),U(1)) = U x T*,
where T™ denotes the dual torus to 7. O
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For a Lagrangian torus bundle x : Xg — By, its dual X, has a canonical complex
structure [28] (we will write this down explicitly for toric Calabi-Yau manifolds in
Section . Moreover, when the monodromies of the torus bundle p : Xg — By
belong to SL(n,Z), there is a holomorphic volume form on Xo. Thus, by torus
duality, a symplectic manifold with a Lagrangian bundle structure gives rise to a
complex manifold. This exhibits the mirror phenomenon.

However, the above dualizing procedure takes place only away from the singular
fibers (see Equation (2.5)) and hence it loses information. Xj is called the semi-flat
mirror, which is only the ‘zeroth-order part’ of the mirror of X (see Remark .
To remedy this, we need to ‘add back’ the information coming from the singular
fibers. This is precisely captured by the open Gromov-Witten invariants of X,
which is discussed in the next subsection.

2.2. Open Gromov-Witten invariants. A crucial difference between X, and
X is that loops in the fibers of Xy which represent non-trivial elements in
never shrink, that is, mo(Xo, F;.) = 0 for every r € By; while this is not the case
for X in general. To quantify this difference one needs to equip X with an al-
most complex structure compatible with w and count pseudo-holomorphic disks
(A,0A) — (X, F,). This gives the genus-zero open Gromov-Witten invariants
defined by Fukaya-Oh-Ohta-Ono [I1].

In this section, we give a brief review on these invariants (Definition . We
also explain how to pack these invariants to form a generating function under the
setting of Section (Definition [2.18). We will see that via the fiberwise Fourier
transform defined in Section [3] these data serve as ‘quantum corrections’ to the
semi-flat complex structure of the mirror.

Let (X,w) be a symplectic manifold equipped with an almost complex structure
compatible with w. First of all, we need the following basic topological notions:

Definition 2.6. (1) For a submanifold L C X, ma(X, L) is the group of ho-
motopy classes of maps
u: (A, 0A) = (X, L),
where A == {z € C: |z| < 1} denotes the closed unit disk in C. We have a
natural homomorphism
0:m(X,L) — m (L)

defined by Jlu| := [ulsa]-
(2) For two submanifolds Lo, L1 C X, ma(X, Lo, L1) is the set of homotopy
classes of maps

w: ([0,1] x 8Y, {0} x 8, {1} x S) — (X, Lo, L).

Similarly we have the natural boundary maps Oy : wo(X, Lo, L1) — 71(L1)
and O_ : 7'('2()(7 Lo,Ll) — 7T1(L0).

From now on, we shall always assume that L C X is a compact Lagrangian
submanifold. Given a disk class § € w2 (X, L), an important topological invariant
for 8 is its Maslov index:

Definition 2.7. Let L be a Lagrangian submanifold and B8 € wo(X,L). Let u :
(A,0A) — (X, L) be a representative of 8. Then one may trivialize the symplectic
vector bundle

WTX XA XYV,
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where V' is a symplectic vector space. Thus the subbundle (Ou)*TL C (Ou)*TX
induces the Gauss map

OA — U(n)/O(n) — U(1)/O(1) = S*,

where U(n)/O(n) parameterizes all Lagrangian subspaces in V. The degree of this
map is called the Maslov index, which is independent of the choice of representative
u.

The Maslov index of 8 is denoted by u(8) € Zﬁ w1(B) is important for open
Gromov-Witten theory because it determines the expected dimension of the moduli
space of holomorphic disks (see Equation (2.6)).

Now we are going to define the genus-zero open Gromov-Witten invariants. First
of all, we have the notion of a pseudoholomorphic disk:

Definition 2.8. (1) A pseudoholomorphic disk bounded by a Lagrangian L C
X is a smooth map u : (A,0A) — (X, L) such that u is holomorphic with
respect to the almost complex structure J, that is,

(Ou) o j = J o du,

where j is the standard complex structure on the disk A C C.

(2) The moduli space M$,(L, ) of pseudoholomorphic disks representing B €
mo(X, L) with k ordered boundary marked points is defined as the quotient
by Aut(A) of the set of all pairs (u, (pi)fz_ol), where

u: (A 0A) = (X, L)

is a pseudoholomorphic disk bounded by L with homotopy class [u] = B,
and (p; € A 11 =0,...,k—1) is a sequence of boundary points respecting
the cyclic order of OA. For convenience the notation (u, (pi)fz_ol) s usually
abbreviated as u.

(3) The evaluation map ev; : M5 (L, B) = L for i =0,...,k —1 is defined as

evi([u, (pi)iZo]) = upi)-
MS.(L, 5) has expected dimension
(2.6) dimyi (Mi(L, B)) = n+ p(B) + k — 3,

where the shorthand ‘virt’ stands for the word ‘virtual’ (which refers to ‘virtual
fundamental chain’ discussed below).

To define open Gromov-Witten invariants, one requires an intersection theory
on the moduli spaces. This involves various issues:

1. Compactification of moduli.

MS(L, B) is non-compact in general, and one needs to compactify the moduli.
Analogous to closed Gromov-Witten theory, this involves the concept of stable
disks. A stable disk bounded by a Lagrangian L with k£ ordered boundary marked
points is a pair (u, (pi)f;()l), where

u: (2,0%) = (X,L)

61t should be clear from the context whether p refers to a Lagrangian fibration or the Maslov
index.
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is a pseudoholomorphic map whose domain ¥ is a ‘semi-stable’ Riemann surface
of genus-zero (which may have several disk and sphere components) with a non-
empty connected boundary 9% and (p; € 9%) is a sequence of boundary points
respecting the cyclic order of the boundary, which satisfies the stability condition:
If a component C of ¥ is contracted under u, then C' contains at least three marked
or singular points of X.

A compactification of M$,(L, 3) is then given by the moduli space of stable disks:

Definition 2.9 (Definition 2.27 of [11]). Let L be a compact Lagrangian submani-
fold in X and B € ma(X,L). Then My(L,B) is defined to be the set of isomorphism
classes of stable disks representing § with k ordered boundary marked points. Two
stable disks (u, (p;)) and (v, (pl)) are isomorphic if the maps v and u' have the
same domain ¥ and there exists ¢ € Aut(X) such that v’ = wo ¢ and ¢(p;) = p;.

Remark 2.10. In the above definition we require that the ordering of marked points
respects the cyclic order of OX. In the terminologies and notations of [11], the above
moduli is called the main component and is denoted by M () instead.

The moduli space My, (L, 8) has a Kuranishi structure ([I1]). We briefly recall its
construction in the following. First of all, let us recall the definition of a Kuranishi
structure. See Appendix Al of the book [12] for more details.

Let M be a compact metrizable space.

Definition 2.11 (Definitions A1.1, A1.3, A1.5 in [12]). A Kuranishi structure on
M of (real) virtual dimension d consists of the following data:

(1) For each point o € M,
(1.1) A smooth manifold V, (with boundary or corners) and a finite group
'y acting smoothly and effectively on V.
(1.2) A real vector space E, on which Ty has a linear representation and
such that dim V, — dim E, = d.
(1.3) A T',-equivariant smooth map s, : V, — E,.
(1.4) A homeomorphism 1, from s;1(0)/T, onto a neighborhood of o in
M.
(2) For each o € M and for each T € Im 9,
(2.1) A T'-invariant open subset V,, C V. containing w;l(T)ﬂ
(2.2) A homomorphism hyr : 7 — Ty
(2.3) An h,r-equivariant embedding por @ Vor — V, and an injective hyr -
equivariant bundle map Por : Er X Vor — Ey X Vo covering pyr.

Moreover, these data should satisfy the following conditions:
(1> @or 0S8+ = 850 QDUTH

(ll) hr =15 0 por.
(iii) If € € ¥-(s71(0) N Vor /T, then in a sufficiently small neighborhood of &,

Por © Pre = Pots @UT o @T& = 92)05-

The spaces E, are called obstruction spaces (or obstruction bundles), the maps
{s¢ : Vo = E,} are called Kuranishi maps, and (V,, E,,['s,s,,%,) is called a
Kuranishi neighborhood of o € M.

"Here we regard 1, as a map from sy ' (0) to M by composing with the quotient map Vy —
V- /Tr.
8Here and after, we also regard s, as a section sq : Vo — Eg X V.
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Now we come back to the setting of open Gromov-Witten invariants. Let
(u, (pi)fz_ol) represent a point o € My (L, 3). Let WHP(3;u*(TX); L) be the space
of sections v of u*(TX) of WHP class such that the restriction of v to 9% lies in
u*(TL), and WOP(Z;u*(TX) ® A%!) be the space of u*(TX)-valued (0, 1)-forms
of WO9P class. Then consider the linearization of the Cauchy-Riemann operator 0

D0 : WhP(S;u*(TX); L) — WO (Z;u*(TX) @ A%1).

This map is not always surjective (i.e. u may not be regular), and this is why we
need to introduce the notion of Kuranishi structures. Nevertheless the cokernel of
D, 0 is finite-dimensional, and so we may choose a finite-dimensional subspace E,
of WOP(2;u*(TX) ® A%1) such that

WOP(2;u*(TX) @ A%) = E, @ D OW'P(Z;u*(TX); L)).

Define T',; to be the automorphism group of (u, (pz)fz_ol)

To construct V;, first let V. be the space of solutions of the equation

D,0v =0 mod E,.

Now, the Lie algebra Lie(Aut (X, (p;)*=4)) of the automorphism group of (%, (p;)*=})
can naturally be embedded in Vr;ap,a- Take its complementary subspace and let
Vinap,o be a neighborhood of its origin. On the other hand, let Viomain,» be a neigh-
borhood of the origin in the space of first order deformations of the domain curve
(Za (pz)f;()l) Now, V, is given by Vmap,o X Vdomain,a«

Next, one needs to prove that there exist a I',-equivariant smooth map s, : V, —
E, and a family of smooth maps w, ¢ : (3¢, 0%¢) — (X, L) for (v, () € V, such that
Ouy ¢ = 55(v,¢), and there is a map 1), mapping s, '(0)/T, onto a neighborhood
of 0 € My(L,B). The proofs of these are very technical and thus omitted.

This finishes the review of the construction of the Kuranishi structure on My (L, ).

2. Orientation.

According to Chapter 9 of [12], My (L, 8) is canonically oriented by fixing a rel-
ative spin structure on L. Thus the issue of orientation can be avoided by assuming
that the Lagrangian L is relatively spin, which we shall always do from now on.
Indeed, in this paper, L is always a torus, and so this assumption is satisfied.

3. Transversality.

An essential difficulty in Gromov-Witten theory is that in general, the moduli
space My (L, B) is not of the expected dimension, which indicates the issue of non-
transversality. To construct the virtual fundamental chains, a generic perturbation
is needed to resolve this issue. This is done by Fukaya-Oh-Ohta-Ono [I1], 12] us-
ing the so-called Kuranishi multi-sections. We will not give the precise definition of
multi-sections here. See Definitions A1.19, A1.21 in [I2] for details. Roughly speak-
ing, a multi-section s is a system of multi-valued perturbations {s, : V, — E,}
of the Kuranishi maps {s, : V, — E,} satisfying certain compatibility conditions.
For a Kuranishi space with certain extra structures (this is the case for M (L, 8)),
there exist multi-sections s which are transversal to 0. Furthermore, suppose that
M is oriented. Let ev : M — Y be a strongly smooth map to a smooth manifold Y,
i.e. a family of I ,-invariant smooth maps {ev, : V,; — Y} such that ev, 0y, = ev,
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on V,,. Then, using these transversal multisections, one can define the virtual fun-
damental chain ev,([M]'"") as a Q-singular chain in Y (Definition A1.28 in [12]).

4. Boundary strata of the moduli space.

Another difficulty in the theory is that in general My (L, 8) has codimension-one
boundary strata, which consist of stable disks whose domain 3 has more than one
disk components. Then intersection theory on My (L, ) is still not well-defined
(which then depends on the choice of perturbation). Fortunately, for our purposes,
it suffices to consider the case when k = 1 and u(8) = 2. In this case, the moduli
space of stable disks has empty codimension-one boundary. Let us first introduce
the concept of ‘minimal Maslov index’:

Definition 2.12. The minimal Maslov index of a Lagrangian submanifold L is
defined as
min{u(p) € Z : B # 0 and Mo(L, 5) is non-empty}.

Then one has the following proposition.

Proposition 2.13. Let L C X be a compact Lagrangian submanifold which has
mintmal Maslov index at least two, that is, L does not bound any non-constant
stable disks of Maslov index less than two. Also let 5 € ma(X, L) be a class with
w(B) =2. Then My(L,B) has no codimension-one boundary stratum.

Proof. Let u € 8 be a stable disk belonging to a codimension-one boundary stratum
of My (L, ). Then, by the results of [I1} [12], v is a union of two stable disks u;
and usy. Since L does not bound any non-constant stable disks of Maslov index less
than two, p([u1]), p([uz]) > 2. But then 2 = u([u]) = p([u1]) + p([us]) > 4 which is
impossible. O

When My (L, ) is compact oriented without codimension-one boundary strata,
the virtual fundamental chain is a cycle. Hence, we have the virtual fundamental
cycle ev [My(L, B)] € Hy(L¥,Q), where d = dimy;,; My (L, 3). While one cannot
do intersection theory on the moduli due to non-transversality, by introducing the
virtual fundamental cycles, one may do intersection theory on L* instead. We can
now define one-pointed genus-zero open Gromov-Witten invariants as follows.

Definition 2.14. Let L C X be a compact relatively spin Lagrangian submanifold
which has minimal Maslov indez at least two. For a class 8 € mo(X, L) with u(8) =
2, we define

ng = P.D.(ev.[M1(L,8)]) UP.D.([pt]) € Q,
where [pt] € Ho(L,Q) is the point class in L, P.D. denotes the Poincaré dual, and
U is the cup product on H*(L, Q).

The number ng is invariant under deformation of complex structure and un-
der Lagrangian isotopy in which all Lagrangian submanifolds in the isotopy have
minimal Maslov index at least two (see Remark 3.7 of [3]). Hence, ng is indeed a
one-pointed genus-zero open Gromov-Witten invariant. Also, notice that the vir-
tual dimension of M; (L, 8) equals n + u(8) —2 > n and it is equal to n = dim L
only when p(8) = 2. So we set ng = 0 if u(5) # 2.

As in closed Gromov-Witten theory, a good way to pack the data of open
Gromov-Witten invariants is to form a generating function. This idea has been
used a lot in the physics literature.



16 K. CHAN, S.-C. LAU, AND N.C. LEUNG

Definition 2.15. Let L C X be a compact relatively spin Lagrangian submanifold
with minimal Maslov index at least two. For each \ € m1(L), we have the generating
function

(2.7) F(LA):= > ngexp (— /ﬂ w>

pema(X,L)x
where
(2.8) (X, L)y i= {8 € m(X, L) : 98 = A}.

Intuitively F(L,\) is a weighted count of stable disks bounded by the loop A
which pass through a generic point in L. In general, the above expression for
F(L,\) can be an infinite series, and one has to either take care of convergence
issues or bypass the issues by considering the Novikov ring A¢(Q), as done by
Fukaya-Oh-Ohta-Ono in their works.

Definition 2.16. The Novikov ring Ao(Q) is the set of all formal series

i=0
where T is a formal variable, a; € Q and A\; € R>¢ such that lim;_,o A; = oo.
Then F(L,\) — Ap(Q) is defined by

Bem2(X,L)x

The evaluation T = e~! recovers Equation (2.7)), if the corresponding series con-
verges. In the rest of this paper, Equation ill be used, while we keep in mind
that we can bypass the convergence issues by invoking the Novikov ring Ay(Q).

Now let’s come back to the setting developed in Section [2.1] and restrict to the
situation that L = F, is a torus fiber of yu at r € By. To make sense of open
Gromov-Witten invariants, we restrict our attention to those fibers with minimal
Maslov index at least two:

Definition 2.17. Let u: X — B be a proper Lagrangian fibration under the setting
of Section |2.1. The subset H C By which consists of all r € By such that F,. has
minimal Maslov index less than two s called the wall.

We will see that when p is the Gross fibration of a toric Calabi-Yau manifold X,
the wall H is indeed a hypersurface in By (Proposition . This explains why
such a subset is called a ‘wall’. Then for r € By — H and 8 € mo(X, F).), the open
Gromov-Witten invariant ng is well-defined.

Under the setting of Lagrangian fibration, the generating functions given in
Definition pack together to give a function on the fiberwise homotopy loop
space:

Definition 2.18. Given a proper Lagrangian fibration p : X — B under the setting
of Section |2.1

(1) The fiberwise homotopy loop space A* is defined as the lattice bundle over
By whose fiber at r is Af = w1 (F,) 2 Z".
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(2) The generating function for p is Fx : N*|p,—ug — R defined by

(2.9) Fx(\)=FF )= > ngexp (- / o.)>
Bema (X, Fr)x o
where r € By — H is the image of A\ under the bundle map A* — By.
(3) Let D C X be a codimension-two submanifold which has empty intersection
with every fiber F,. forr € By — H. The corresponding generating function
Ip: A*|gy—u — R is defined by

(2.10) Ip(A\):== > (B-D)ngexp (- / w>
BEm (X, Fy) A
where r € By — H is the image of A\ under the bundle map A* — By; 5D
is the intersection number between 5 and D, which is well-defined because
DNE.=0.

Intuitively speaking, Zp is a weighted count of stable disks bounded by A ema-
nating from D. In the next section, we’ll take Fourier transform of these generating
functions to obtain the complex coordinates of the mirror.

2.3. T-duality with corrections. Now we are ready for introducing a construc-
tion procedure which employs the SYZ program. A family version of Fourier trans-
form is needed, and it will be discussed in Section

From now on, we will make the additional assumption that the base B of the
proper Lagrangian fibration p is a polyhedral set in R™ with at least n distinct
codimension-one faces, which are denoted as ¥, for j = 0,...,m — 1. Moreover,
the preimage

Dj =~ (¥;)

of each V; is assumed to be a codimension-two submanifold in X. An important
example is given by a toric moment map p on a toric manifold whose fan is strictly
convex. The Lagrangian fibrations constructed in Section [£3] also satisfy these
assumptions.

Our construction procedure is the following;:

(1) Take the dual torus bundle (see Definition
J Xo — By
of p: Xg— By . X, has a canonical complex structure, and it is called the
semi-flat mirror of X.
The semi-flat complex structure only captures the symplectic geometry

of Xp, and it has to be corrected to capture additional information (which
are the open Gromov-Witten invariants) carried by the symplectic geometry

of X.
(2) We have the generating functions Zp, : A*|g,—zx — R (Equation ([2.10))
defined by

(2.11) W= Y (8 Dinsexp ( /ﬁ w> |

Bema(X,Fr)x

We'll abbreviate Zp, as Z; for i = 0,...,m—1. Applying a family version of
Fourier transform on each Z; (see Section , one obtains m holomorphic
functions Z; defined on i1 (By — H) C Xj.
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These z; serve as the ‘corrected’ holomorphic functions. In general
i Y (Bo—H) C X consists of several connected components, and Z; changes
dramatically from one component to another component, and this is called
the wall-crossing phenomenon. This phenomenon will be studied in Section
F.6lin the case of toric Calabi-Yau manifolds.
(3) Let R be the subring of holomorphic functions on (1)~*(By — H) C X,
generated by constant functions and {251}, One defines Y = SpecR.

In Section the above procedure will be carried out in details for toric Calabi-
Yau manifolds.

3. FOURIER TRANSFORM

This is a short section on Fourier transform from the torus bundle aspect. We
start with the familiar Fourier transform for functions on tori. Then we define
fiberwise Fourier transform for functions on torus bundle. Indeed Fourier transform
discussed here fits into a more general framework for differential forms which gives
the correspondence between Floer complex and the mirror Ext complex. This will
be discussed in a separate paper.

3.1. Fourier transform on tori. Let A be a lattice, and V := A ® R be the
corresponding real vector space. Then T := V/A is an n-dimensional torus. We
use V*, A* and T* to denote the dual of V, A and T respectively. There exists
a unique T-invariant volume form dVol on T such that fT dVol = 1. One has the
following well-known Fourier transform for complex-valued functions:

P(AT) = IX(T)

where for each 0 € T,

(3.1) FO) =3 e

and for each A € A*,

(3.2) FO) = / F(@)e2 (3 0) avol().
T
The above familiar expression comes up naturally as follows. A* = Hom(T,U(1))

parametrizes all characters of the Abelian group T, and conversely T = Hom(A*, U(1))
parametrizes all characters of A*. Consider the following diagram:

A*xT
N
AT T

A" x T admits the universal character function x : A* x T — U(1) defined by

X(/\vé) — o2 (X, 6)
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which has the property that x|;ayxT is exactly the character function on T cor-
responding to A, and x|, {6} is the character function on A* corresponding to 6.
For a function f : A* — C, we have the following natural transformation

o= (m2) (71 f) - x)
where (72). denotes integration along fibers using the counting measure of A*. This

gives equation 1D Conversely, given a function f : T — C, we have the inverse
transform

fi=m)((mf)-x71)
where (71 ). denotes integration along fibers using the volume form dVol of T. This

gives equation (3.2)).
We will mainly focus on the subspace C°°(T) of smooth functions on T. Via
Fourier transform, one has

Cr (A 2 (1)
where C*4-(A*) consists of rapid-decay functions f on A*. f decays rapidly means
that for all £ € N,
IAI*F(A) =0
as A\ — o0o. Here we have chosen a linear metric on V and

|All := sup [ (A, v) |

|lv]=1

The notion of rapid decay is independent of the choice of linear metric on V.

3.2. Family version of Fourier transform. Now let’s consider Fourier transform
for families of tori. We turn back to the setting described in Section weXo—
By is a Lagrangian torus bundle which is associated with the dual torus bundle
i : Xo = Bo. A* is the lattice bundle over By defined in Definition Notice
that i always has the zero section (while 1 may not have a Lagrangian section in
general), which is essential in the definition of Fourier transform.

Analogous to Section [3.1] we have the following commutative diagram

A* x g, Xo
N
A* Xo
\BO/

*

Each fiber F,. parametrizes the characters of A%, and vice versa. A* xp, Xg
admits the universal character function y : A* x g, Xo — U(1) defined as follows.
For each r € By, A € Af and V € F,,

X(A\, V) := Holy (\)

which is the holonomy of the flat U(1)-connection V over F, around the loop A.
Thus we have the corresponding Fourier transform between functions on A* and
X, similar to Section

O (A%) = 0% (Xo)
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where C™9(A*) consists of smooth functions f on A* such that for each r € By,

flax is a rapid-decay function. Explicitly, f € Cr4-(A*) is transformed to
]E : XO — (C,
f(F.V) = ) f(WHolg(\).
AEAZ

Again, even without the condition of rapid-decay, the above series is well-defined
when it is considered to be valued in the Novikov ring Ag(C) (Definition [2.16]).

In Section[2:3] this family version of Fourier transform is applied to the generat-
ing functions Z; : A*|p,—g — R (Equation ) to get the holomorphic functions
% 1= Y(By — H) — C given by

L= Y  LMHlg(\)= Y (ﬂ'Di)n,geXp< /B w)Holv(é‘ﬂ).

Aemi (X', Fr) Bema (X', Fy)

In Section this is applied to toric Calabi-Yau manifolds to construct their mir-
rors.

4. MIRROR CONSTRUCTION FOR TORIC CALABI-YAU MANIFOLDS

Throughout this section, we’ll always take X to be a toric Calabi-Yau manifold.
For such manifolds M. Gross [I7] and E. Goldstein [I5] have independently written
down a non-toric proper Lagrangian fibration p : X — B which falls in the setting
of Section 2.1} and we’ll give a brief review of them. These Lagrangian fibrations
have interior discriminant loci of codimension two, leading to the wall-crossing of
genus-zero open Gromov-Witten invariants which will be discussed in Section [4.5
Section [4.6]is the main subsection, in which we apply the procedure given in Section

to construct the mirror X.

4.1. Gross fibrations on toric Calabi-Yau manifolds. Let N be a lattice of
rank n and ¥ be a simplicial fan supported in Ng := N ® R. We'll always assume
that X is ‘strongly convex’, which means that its support || is convex and does
not contain a whole line through 0 € Nr. The toric manifold associated to ¥ is
denoted by X = Xyx. The primitive generators of rays of ¥ are denoted by v;
for i = 0,...,m — 1, where m € Z>,, is the number of these generators. Each
v; corresponds to an irreducible toric divisor which we’ll denote by %;. These
notations are illustrated by the fan picture of Kp: shown in Figure

Definition 4.1. A toric manifold X = Xy, is Calabi-Yau if there exists a toric
linear equivalence between its canonical divisor Kx and the zero divisor. In other
words, there exists a dual lattice point v € M such that

(v,v)=1
foralli=0,...,m—1.

From now on we’ll always assume X is a toric Calabi-Yau manifold, whose holo-
morphic volume form can be explicitly written down (Proposition . An impor-
tant subclass of toric Calabi-Yau manifolds is given by total spaces of canonical line
bundles of compact toric manifolds.

The following are some basic facts in toric geometry:
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FIGURE 2. The fan picture of Kp:.

Proposition 4.2 ([I7]). The meromorphic function w corresponding to v € M is
indeed holomorphic. The corresponding divisor (w) is —Kx = Z?;_ol D;.

Proof. For each cone C'in ¥, let v;,, ..., v;, be its primitive generators, which form
a basis of N because C' is simplicial by smoothness of Xx.. Let {v; € M}]_; be the

dual basis, which corresponds to coordinate functions {Cj}?:l on the affine piece
Uc corresponding to the cone C. We have

because (g, vij) =1forall j=1,...,n. Then

n
wlve = [[ &
j=1

which is a holomorphic function whose zero divisor is exactly the sum of irreducible
toric divisors of Ug. (Il

Proposition 4.3 ([17]). Let {v; ’jl:_ol C M be the dual basis of {vo,...,vn_1}, and
¢;j be the meromorphic functions corresponding to v; for 5 =0,...,n—1. Then

déo A ... ANdCr—1
extends to a nowhere-zero holomorphic n-form Q on X.

Proof. d{y A ... A d(,—1 defines a nowhere-zero holomorphic n-form on the affine
piece corresponding to the cone Rxo(vp,...,vn—1). Let C be an n-dimensional
cone in 3, {1/]’ ?;01 C M be a basis of M which generates the dual cone of C, and
let ¢}, ...,¢},_1 be the corresponding coordinate functions on the affine piece Ug
corresponding to C. Then

d¢oA...AdC—1 = C(o...Cu1dlogCo A ...dlog(n-1
= wdlogyA...dlog(,-1
= (det A)wdlog¢\ A...dlog¢l 4
= (det A)d¢\ A ... AdC,_
where A is the matrix such that v; = Zj Aijug. Since the fan ¥ is simplicial,
A € GL(n,Z) and hence det A = +1. Thus d{g A ... Ad(,—1 extends to a nowhere-

zero holomorphic n-form on Ues. This proves the proposition because X is covered
by affine pieces. O
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Remark 4.4. In Pmposz'tion we have chosen the basis {vg,...,vn_1} C N. If
we take another basis {ug,...,un—1} C N which spans some cone of X, then the
same construction gives

d¢h A ... AdC,_y =+dG A ... AdCu—1

where Cj’ ’s are coordinate functions corresponding to the dual basis of {u;}. The
reason is that both {v;} and {u;} are basis of N, and thus the basis change belongs
to GL(n,Z), and its determinant is £1. Thus the holomorphic volume form, up to
a sign, is independent of the choice of the cone and its basis.

Let w be a toric Kéhler form on Py and pg : Py — P be the corresponding
moment map, where P is a polyhedral set defined by the system of inequalities

(4.1) (vj, ) = ¢

for j =1,...,m and constants ¢; € R as shown in Figure

F1cURE 3. The toric moment map image of Kpi.

V1 P V2
T4 T2
p
To1 To Ti2
L @
[T1] [To1] [To] [T12] [T2]

The moment map corresponding to the action of the subtorus
T .= Np¥%/N*¥ c Ng/N
on Xy is
[1o] : X5 — Mg /R(y)
which is the composition of g with the natural quotient map Mg — Mg/R(v).
Definition 4.5. Fizing Ko > 0, a Gross fibration is

prX — Mp/R{v) x Rs_ gz
z = (lwo(@)] ,  |w(@) - K - K3).

We'll always denote by B the base (Mr/R(v)) x R>_gz.

One has to justify the term ‘fibration’ in the above definition, that is, u: X — B
is surjective:

Proposition 4.6. Under the natural quotient Mg — Mg /R{(v), OP is homeomor-
phic to Mg /R{v). Thus u maps X onto B.
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Proof. For any £ € My, since (vj,v) =1forall j =1,...,m, we may take t € R

sufficiently large such that £ + tv satisfies the above system of inequalities
(Uj,§+tﬂ) > Cj

and hence £ + tv € P. Let ty be the infimum among all such ¢t. Then £ + tgv still

satisfies all the above inequalities, and at least one of them becomes equality. Hence

E+tor € OP, and such tg is unique. Thus the quotient map gives a bijection between

OP and Mg/R(v). Moreover, the quotient map is continuous and maps open sets
in OP to open sets in Mr/R(v), and hence it is indeed a homeomorphism. O

It is proved by Gross that the above fibration is special Lagrangian using tech-
niques of symplectic reduction:

Proposition 4.7 ([17]). With respect to the symplectic form w and the holomorphic
volume form Q/(w — Ks) defined on p='(B™) C X, u is a special Lagrangian
fibration, that is, there exists Oy € R/27Z such that for every regular fiber F of pu,

w|lp =0 and
e2ﬂ'i9(]Q
Re (S ¢
e<w—K2>

This gives a proper Lagrangian fibration 1 : X — B where the base B is the
upper half space, which is a manifold with corners in the sense of Definition [21]

=0.
F

4.2. Topological considerations for X. In this section, we would like to write
down the discriminant locus of p and generators of mo(X, F'), where F C X is a
regular fiber of p.

4.2.1. The discriminant locus of u. First, we give a notation for each face of the
polyhedral set P:

Definition 4.8. For each index set ) # I C {0,...,m — 1} such that {v; : i € I}
generates some cone C in X, let
(4.2) Tr={(e€P:(v;,&) =c forallicl}
which is a codimension-(|I| — 1) face of OP.

Via the homeomorphism described in Proposition [T7] gives a stratification
of Mg/R(v). This is demonstrated in Figure

We are now ready to describe the discriminant locus I' of u (see Equation (2.3)
for the meaning of I'):

Proposition 4.9. Let p be the Gross’ fibration given in Definition [[.5 The dis-
criminant locus of p is

I'=0BU U 171 | x {0}
=
Proof. The critical points of u = ([uo], |w — Ka|?> — K2) are where the differential

of [uo] or that of |[w — K»|*> — K2 is not surjective. The first case happens at the
codimension-two toric strata of X, and the second case happens at the divisor

defined by w = Ks. The images under p of these sets are (U\I|:2 [T1]> x {0} and
OB respectively.

An illustration of the discriminant locus is given by Figure
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FI1GURE 4. The base of the fibration p: X — B when X = Kp:.
In this example, I' = {r1,72} UR x {—K>}.

-

N /

I 0 1)

X -

4.2.2. Local trivialization. As explained in Section by removing the singular
fibers, we obtain a torus bundle x : X — By (see Equation for the notations).
We now write down explicit local trivializations of this torus bundle, which will be
used to make an explicit choice of generators of generators of 71 (F') and o (X, F).

é

Let
Ui == By — U ([T%] x {0})
ki
fori = 0,...,m—1, which are contractible open sets covering By, and hence p~(U;)

can be trivialized. Without loss of generality, we will always stick to the open set
U:=Uy= By — U ([Tx] x {0}) = {((h,qQ) €By:ge#0orq € [To]}~
k0
Proposition 4.10.
[To] = {qg € Mg/R(v) : (v}, q) >cj—co forallj=1,...,m—1}
where

(4.3) v} 1= vj — g

defines linear functions on Mg /R(v) for j=1,...,m —1.
Proof. Ty consists of all £ € My satisfying
(v;j, &) > c¢jforallj=1,....m—1,
(UO ) 5) = Co-

L,q) >cj—coforall j=1,...,m—1.

which implies (vj ,
Conversely, if ¢ = [¢] € Mg /R(v) satisfies (v}, ¢) > ¢j—co forall j =1,...,m—1,

then since (v, vg) = 1, there exists ¢ € R such that (vo, { +tv) = ¢p. And we
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still have (v}, & +1tv) > ¢; — ¢ for all j = 1,...,m — 1 because (v}, v) = 0.
Then (vj, &) > ¢; for all j = 1,...,m — 1. Hence the preimage of ¢ contains
£+ tv € Tp. O

Using the above proposition, the open set U = Uy can be written as
{(Q1,QQ) € B gy # 0 or (v;-, ql) >cj —cg forall j = 1,...,m—1}

where fu} is defined by Equation Now we are ready to write down an explicit
coordinate system on p~1(U).

Definition 4.11. Let
Ng/R{vg)
Ty/T ="
~/Tvo) N/Z{vo)
We have the trivialization

p N U) =5 U x (Ta/T(v)) x (R/217Z)

giwen as follows. The first coordinate function is simply given by u.
To define the second coordinate function, let {vg,...,vn—1} C M be the dual

basis to {vo,...,vn—1} C N. Let (; be the meromorphic functions corresponding to
vj for j=1,...,n —1. Then the second coordinate function is given by
arg ¢ arg Cn— _ n—1 ~
( 5G| e ) i (U) = (R/272)" 1 2 (Tiy/T{on)

which is well-defined because for each j =1,...,n—1, v; € M=o implying Gj s
a nowhere-zero holomorphic function on p=1(U).

The third coordinate is given by arg(w — Ks), which is well-defined because w #
Ky on p=Y(U).

4.2.3. Explicit generators of m1(F,) and mo(X, F}.). Now we define explicit gener-
ators of 71 (F,) and mo(X, F,) for r € U in terms of the above coordinates. For
r € U, one has

F. = (Tn/T{(v)) x (R/277Z)
and hence

m(Fy) = (N/Z{vo)) x Z

which has generators {\;}7=", where \g = (0,1) and \; = ([v;],0) fori =1,...,n—
1. This gives a basis of m (F}.).

We take explicit generators of mo(X, F.) in the following way. First we write
down the generators for mo(X, T), which are well-known in toric geometry. Then
we fix 79 = (q1,¢2) € U with g2 > 0, and identify m2(X,T) with 72(X, F},,) by
choosing a Lagrangian isotopy between F,., and T. (The choice g2 > 0 seems
arbitrary at this moment, but it will be convenient for the purpose of describing
holomorphic disks in Section [4.5) Finally mo(X, F}.) for every r € By is identified
with 7 (X, F,,) by using the trivialization of p='(U) =< U x F,,. In this way we
have fixed an identification mo (X, F,) & m5(X, T). The details are given below.

1. Generators for ma(X, T). Let T C X be a Lagrangian toric fiber, which can be
identified with the torus T x. By [8], m2(X, T) is generated by the basic disk classes
ﬁJT corresponding to primitive generators v; of aray in ¥ for j =0,...,m—1. One
has

85;1‘ =v; € N = 7T1(TN).
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These basic disk classes BT can be expressed more explicitly in the following way.
We take the affine chart Ugs = C™ corresponding to the cone C' = (v, ...,v,—1) in
3. Let

T, :={(Co,.--1Cn1) €C":|(j| =€ for j =0,...,n—1} C X

be a toric fiber at p = (po,...,pn_1) € R™. Fori=0,...,n—1, B is represented
by the holomorphic disk v : (A, 0A) — (Uc, T,),

u(€) = (e, ...,efi-1 eli(,elitt ... elr 1),
By taking other affine charts, other disk classes can be expressed in a similar way.
Figure gives a drawing for BT when X = Kp:1. Since every disk class BT intersects

the anti-canonical divisor Z;’Z)l 2; exactly once, it has Maslov index two (Maslov
index is twice the intersection number []]).

FIGURE 5. The basic disk classes in m2(X, T) for a toric fiber T,
of X = K]pl .

2. Lagrangian isotopy between F,, and T.
Fix o = (q1,¢2) € By with g2 > 0. We have the following Lagrangian isotopy
relating fibers of p and Lagrangian toric fibers:

(4.4) Ly :={x € X : [uo(2)] = qu; |w(z) —t|* = K3 + q2}

where ¢ € [0, K3]. Lo is a Lagrangian toric fiber, and Lk, = F,,. (This is also true
for go < 0. We fix g2 > 0 for later purpose.)

The isotopy gives an identification between w2 (X, F;,) and m2(X,T). Thus we
may identify {5 };.’;51 C mo(X, T) as a generating set of mo (X, F, ), and we denote
the corresponding disk classes by 8, € m2(X, F},)). They are depicted in Figure @

Finally by the trivialization of u=1(U), every fiber F,. at r € U is identified with
F,,, and thus {5; ;”:_01 may be identified as a generating set of mo(X, F}.).

Notice that since Maslov index is invariant under Lagrangian isotopy, each 3; €
m2(X, F,.) remains to have Maslov index two. We will need the following description
for the boundary classes of 3;:

Proposition 4.12.

n—1

9B; =X+ Y (vi, v) A € (N/Z(vo)) x Z = my(F,)
=1

forall j =0,...,m —1, where {v;}1=; C M s the dual basis of {v;}I—; C N.



SYZ FOR TORIC CY 27

FIGURE 6. Disks generating mo (X, F,) when X = Kp:.

Proof. Under the identification
Ty S (Tn/T () x (R/277Z)

where the last coordinate is given by (v, ), 98] = v; € m(Ty) is identified with

(lv;],1) = (Z_: (vi, v5) [vil, 1) = i: (v, v3) AitAo € 1 ((Tn/T(vo)) x (R/27Z))

i=1 i=1
because (v, v;) =1 for all j =0,...,m — 1. Under the isotopy given in Equation
(4.4), this relation is preserved. O

The following proposition gives the intersection numbers of the disk classes with
various divisors:

Proposition 4.13. Let r = (q1,q2) € U with g2 # 0, and B; € m(X, F,.) be the
disk classes defined above. Then

Bo-%; =0
forallj=1,... m—1;

Bi - Dy = bij
foralli=1,....m—1,j=1,...,m—1;

Bi-Do=1
foralli=0,...,m—1, where
(4.5) Dy:={z e X :w(z) = Ks}

is the boundary divisor whose image under p is 0B, and 9; are the irreducible toric
divisors of X.

Proof. We need to use the following topological fact: Let {L; : t € [0,1]} be an
isotopy between Ly and Ly, and {S; : t € [0,1]} be an isotopy between the cycles
So and Sy. Suppose that for all ¢ € [0,1], L; NSy = (. Then for 8 € (X, Lo), one
has the following equality of intersection numbers:

B-So=p"-5
where 8’ € mo(X, L) corresponds to 3 under the isotopy L.
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First consider the case that r = ry. The first and second equalities follow by
using the isotopy L; given by Equation (4.4) and the equalities

By 25 =0
forj=1,...,m—1and

Bl 25 =0
fori=1,...,m—1,j=1,...,m — 1 respectively.

We also have the isotopy
Si={xe X :w(x) =t}
for t = [0, K3] between the anti-canonical divisor —Kx = 27;61 2, and Dy. One
has S; N Ly = @ for all ¢, and so
Bi-Do=p"(-Kx)=1

forall¢=0,...,m—1.

For general r € U, since UNZ; =0 forall j =1,...,m—1and UN Dy = 0,
the isotopy between F;. and F,.; never intersect Dy and %; forall j =1,...,m —1.
Thus the above equalities of intersection numbers are preserved. ([

4.3. Toric modification. Our idea of constructing the mirror X is to construct
coordinate functions of X by counting holomorphic disks emanating from boundary
divisors of X. The problem is that in our situation, B has only one codimension-one
boundary, while we need n coordinate functions! To resolve this, one may consider
counting of holomorphic cylinders, which requires the extra work of defining rigor-
ously the corresponding Gromov-Witten invariants. Another way is to consider a
one-parameter family of toric Kéhler manifolds with n toric divisors such that X
appears as the limit of this family when n — 1 of the toric divisors move to infinity.
We adopt the second approach in this paper.

Choose a basis of N which generate a cone in 3, say, the one given by vg, ..., v,_1.
Since this is simplicial, {v; }?:_01 forms a basis of N. We denote its dual basis by

{Vj}?:_ol C M as before.
Remark 4.14. While all the constructions from now on depend on the choice of

this basis, we will see in Proposition [{.43 that the mirrors resulted from different
choices of basis differ simply by a coordinate change.

We define the following modification to Xy:

Definition 4.15. Fiz K7 > 0.
(1) Let
PEY = {eeP:(v),&) > K forallj=1,....n—1} CP

where v;» =v;—vg forj=1,...,n—1. K is assumed to be sufficiently
large such that none of the defining inequalities of P51V is redundant.

(2) Let ©KV be the inward normal fan to PV | which consists of rays gener-
ated by Vo, ..., Vm—1,0V], ...,V _1.

(3) Let XKD be the toric Kihler manifold corresponding to PV and
M(()Kl) - x (K1) _y p(Ky)

be the moment map.
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Notice that X 1) is no longer a Calabi-Yau manifold. For notation simplicity,
we always suppress the dependency on K; and write ¥’ in place of (1) and
ug : X' — P’ in place of u((JKl) . X(K1) 5 pUK1) ip the rest of this paper. The
fan ¥’ and toric moment map image P’ of X’ are demonstrated in Figure [7| and
respectively.

FIGURE 7. The fan ¥/ of X’ when X = Kp:1.

V2 Vo \Al

o

V1-Vo

FIGURE 8. Toric moment map image P’ of X’ when X = Kp:.

V1-Vo
P ’ V2
Vi1
Vo To

T I

Tor To' Ti2

@ L E
[T+] [Tor] [To] [T+2] [T2]

Analogously, one has a special Lagrangian fibration on X’. The definitions and
propositions below are similar to that of Section so we try to keep them brief.
The proofs are similar and thus omitted.

Proposition 4.16. v corresponds to a holomorphic function w’ on X', whose zero

divisor is
m—1
(W)=Y 2
i=0

where we denote each irreducible toric divisor corresponding to v; by %;, and that
corresponding to v by ;. (Notice that w' is non-zero on Z; and so they do not
appear in the above expression of (w').)

Proposition 4.17. Let (; be the meromorphic functions corresponding to v; for
7=0,....,n—1. Then
Q/ = dCO VANAN an—l
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extends to a meromorphic n-form on X' with

n—1

@) =->9

where @J’- are the toric divisors corresponding to 115-.

Definition 4.18. Let
EED .= {g € (Mg/R{v)): (v}, q) > —Ky forallj=1,...,n—1}
and
B .— plK1) R>_x,.
We have the fibration
pE) - x (K BEY .= EK) x Ry g,
K1
v (™ @) (@) - Kaf? - K3).

Again we’ll suppress the dependency on Kq for motation simplicity and use the

notations E and p/ : X' — B’ instead.

Figure [§] gives an illustration to the notation E’, and Figure [J] depicts the fibra-
tion ' by an example.

Proposition 4.19. Under the natural quotient Mg — Mg /R{v), the image of P’
is E. Indeed, this map give a homeomorphism between
{¢coP: (’U;,f) >—Ky forallj=1,...,n—1}
and
E™ = {qe€ Mg/R(v) : (v; ,q) > —Ky forallj=1,...,n—1}.
As a consequence, 1/ : X' — B’ is onto.

B’ is a manifold with corners with n connected codimension-one boundary
strata. Using the notations given in the beginning of Section [2.3] the connected
codimension-one boundary strata of B’ are

U :={(q1,92) € B': (v} ,q1) = —Ki}
forj=1,...,n—1and
o= {(q1,q2) € B': 2 = —K»}.
Moreover, the preimages
(4.6) Dj = (1) () c X'

are divisors in X’. Thus the assumptions needed in Section for the mirror
construction are satisfied. (Notice that these D; are NOT the toric divisors, which
are denoted by Z; and ¥ instead.)

Proposition 4.20. u' : X' — B’ is a special Lagrangian fibration with respect to
the toric Kdhler form and the holomorphic volume form Q'/(w' — K3) defined on
X' -UjZ D;.

See Figure[J]for an illustration of the above notations. As K; — 400, the divisors
D; for j = 1,...,n — 1 move to infinity and hence y’ tends to p as Lagrangian
fibrations. We infer that the mirror of u should appear as the limit of mirror of p'
as K1 — +o0o. We will construct the mirror of p’ in the later sections.
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4.4. Topological considerations for X’. In this section we write down the dis-
criminant locus of 1’ and generators of my (X', F'), where F is a fiber of p/. This is
similar to the discussion for X in Section [4.2] except that we have more disk classes
due to the additional toric divisors. The proofs to the propositions are similar to
that in Section [£.2] and thus omitted.

4.4.1. The discriminant locus of p'.

Definition 4.21. For each O #1 C {0,...,m — 1} such that {v; : i € I} generates
some cone in Y, we define

T:=TiN{¢eP: (v;,§)>—K1 forallj=1,...,n—1}

where Tt is a face of P given by Equation (4.2). T} is a codimension-(|I| — 1) face
of
{§€8P' : (v'- 5) > —Ky forall j = 1,...,n—1}.

VR

Proposition 4.22. The discriminant locus of ' is
.= U (771 ] x {0} | uoB".
|I]=2

Figure |§| gives an example for the base and discriminant locus of p'.

FIGURE 9. The base of ' when X = Kpi. The discriminant locus
is {’I“l, ’I"Q} U 83/

o,

08| 4

— /— Iy

By removing the singular fibers of u/, we get a Lagrangian torus bundle p’ :
X{, = Bj{,, where

B, = B -1
X = (W) "H(By)-
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4.4.2. Local trivialization. We define
U; = By — |J (] x {0})
ki
fori=0,...,m—1, so that (u/)~(U}) is trivialized. Without loss of generality we
stick to the trivialization over the open set
(4.7 U :=U| =B} - U (T3] x {0}) = {(q1,92) € By : g2 # 0 or g1 € [T]}.
k0
Similar to Proposition one has
[T§] = {q € E™: (v, q) >cj—coforall j=1,...,m—1}.
Thus the open set U’ = U}, can be written as
{(q1,q2) E E™ X Rs g, : g2 #0 or (v; ,q1) >c¢j—coforall j=1,...,m—1}.
Then the trivialization is explicitly written as
(W)U S U % (T /Tw0)) x (R/27Z)

which is given in the same way as in Definition
4.4.3. Explicit generators of w1 (F,) and wo(X, F.). Forr € U’, every F, is identified
with the torus (T n/T(vo)) x (R/27Z) via the above trivialization. Then a basis of
m1(Fy) is given by {\;}72), where \g = (0,1) € N/Z(vo) x Z and \; = ([v;],0) €
N/Z{vo) x Z for i =1,...,n— 1.

We use the same procedure as that given in Section [£.2.3] to write down explicit
generators of 2 (X', F.) for r € By. First of all, ma(X', T) is generated by 3; and 3;

corresponding to v; and v; respectively, where i =0,...,m—land j=1,...,n—1.
They are depicted in Figure

FIGURE 10. Disks generating mo(X’, T') for a regular moment-map
fiber T' when X = Kp:.

-jlll

Then fixing a based point 7o = (¢1,¢2) € U’ with g2 > 0, the isotopy
Ly :={z € X : [pg(2)] = qu; [w'(2) — t* = K3 + ¢2}

between F,, and a toric fiber T gives an identification mo (X', F},) = mo (X', T).
Finally the trivialization of u~(U’) gives an identification between F, and F,,
for any r € U’. Thus {8;}1",' U {8 ?;11 can be regarded as a generating set of
uw) (XI, FT) .
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Proposition 4.23.
n—1
66]’ =X+ Z (VZ‘, ’Uj) Ai € (N/Z<’U0>) X 7= 7T1(Fr)
i=1
and
By, = M
forj=0,...m—1landk=1,....,n—1.

Proposition 4.24. Let r = (q1,q2) € U’ with g3 # 0, and §; € my(X', F}.) be the
disk classes defined above. Then

Bo-P;=0forallj=1,..., m—1;

Bi+D; =65 foralli,j=1,...,m—1;
Bi-P.=0forall0=1,....m—1andk=1,...,n—1;
Bi-Dog=1 foralli=0,...,m—1,;

B,-Do=0 foralll=1,...,n—1;

B] Dy =6y foralll,k=1,...,n—1.

4.5. Wall crossing phenomenon. In Section we give a review on the open
Gromov-Witten invariants ng for a disk class 8 € m(X, L) bounded by a La-
grangian L (Definition . We find that when X is a toric Calabi-Yau manifold
and L = F,. is a Gross fiber, these invariants exhibit a wall-crossing phenomenon,
which is the main topic of this section. This is an application of the ideas and
techniques introduced by Auroux [3, 4] to the case of toric Calabi-Yau manifolds.
The main results are Proposition [£.30 and In Section[5.2] we will give methods
to compute the open Gromov-Witten invariants.

Let’s start with the Maslov index of disks (Definition , which is important
because it determines the expected dimension of the corresponding moduli (Equa-
tion . The following lemma which appeared in [3] gives a formula for computing
the Maslov index, which can be regarded as a generalization of the corresponding
result by Cho-Oh [8] for moment-map fibers in toric manifolds.

Lemma 4.25 (Lemma 3.1 of [3]). Let Y be a Kdhler manifold of dimension n, o
be a mowhere-zero meromorphic n-form on Y, and let D denote its pole divisor. If
L CY — D is a compact oriented special Lagrangian submanifold with respect to o,
then for each B € ma(Y, L),
w(B) =28-D.

Recall that the regular fibers F;. of n : X — B are special Lagrangian with respect
to Q/(w — K3) whose pole divisor is Dy (see Equation for the definition of
Dy). Using the above lemma, the Maslov index of 8 € ma(X, F,.) is

u(B) =28 - Do.
Similarly ' : X’ — B’ are special Lagrangian with respect to '/(w’ — K3) whose
pole divisor is E;:OI D;. Thus the Maslov index of 5 € my(X', F}) is

(48) ) =25 (D,
=0

From this we deduce the following corollary:
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Corollary 4.26. For every 8 € mo(X, F,.), if B is represented by stable disks, then
w(B) = 0.

Proof. From the above formulae, it follows that the Maslov index of any holomor-
phic disks in 8 € mo(X, F,.) or 8 € ma(X', F,) is non-negative.

Every stable disk consists of holomorphic disk components and holomorphic
sphere components, and its Maslov index is the sum of Maslov indices of its disk
components and two times Chern numbers of its sphere components. The disk com-
ponents have non-negative Maslov index as mentioned above. Since X is Calabi-
Yau, every holomorphic sphere in X has Chern number zero. Thus the sum is
non-negative. [

4.5.1. Stable disks in X. First we consider the toric Calabi-Yau X. The lemma
below gives an expression of the wall (see Definition [2.17).

Lemma 4.27. For r = (q1,q2) € Bo, a Gross fiber F, bounds some non-constant
stable disks of Maslov index zero in X if and only if go = 0.

Proof. Since X is Calabi-Yau, sphere bubbles in a stable disk have Chern number
zero and hence do not affect the Maslov index. We can restrict our attention to a
holomorphic disk u : (A,0A) — (X, F,.) whose Maslov index is zero. By Lemma
u has intersection number zero with the boundary divisor Dy = {w = K>}.
But since u is holomorphic and Dy is a complex submanifold, the multiplicity for
each intersection point between them is positive. This implies

Im(u) C p~ 1 (B™).

Then w o u — K5 is a nowhere-zero holomorphic function on the disk. Moreover,
|w o u — Ks| is constant on JA. By applying maximum principle on |w o u — Ks)|
and |wou — K371, wou must be constant with value zq in the circle

{‘Z—K2|2 =K22—|-QQ} cC.

Unless 29 = 0, w™!(2g) is topologically R*~! x T"~1 which contains no non-
constant holomorphic disks whose boundary lies in F,. Nw™1(zp) =2 T""1 c R*~! x
T"~ 1. Hence zy = 0, which implies ¢ = 0. Conversely, if go = 0, F, intersects a
toric divisor along a (degenerate) moment map fiber, and hence bounds holomorphic
disks which are part of the toric divisor. They have Maslov index zero because they
never intersect Dy. O

Combining the above lemma with Corollary one has

Corollary 4.28. Forr = (q1,q2) € Bg with g2 # 0, F,. has minimal Maslov index
two.

Using the terminology introduced in Definition the wall is
H = Mg /R{v) x {0}.
By — H consists of two connected components
(4.9) By = Mg/R(v) x (0,+00)
and

(4.10) B_ := Mg /R{v) x (—K>,0).
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For r € By — H, the fiber F, has minimal Maslov index two, and thus ng is
well-defined for 8 € ma(X, F,) (see Section . There are two cases: r € By and
reB_.

1. T'EB+.

One has the following lemma relating a Gross fiber F;. to a Lagrangian toric fiber
T:

Lemma 4.29. For r € By, the Gross fiber F,. is Lagrangian-isotopic to a La-
grangian toric fiber T, and all the Lagrangians in this isotopy do not bound non-
constant holomorphic disks of Maslov index zero.

Proof. Let r = (q1, q2) with g2 > 0. The Lagrangian isotopy has already been given
in Equation (4.4)), which is

Ly :={x € X : [uo(2)] = qu; |w(zx) —t)* = K3 + q2}
where t € [0, K3]. Since g2 > 0, for each t € [0, K3], w is never zero on L;. By

Lemma L; does not bound non-constant holomorphic disks of Maslov index
Z€ro. ([l

Using the above lemma, one shows that the open Gromov-Witten invariants of
F, when r € B are the same as that of T:

Proposition 4.30. Forr € By and 8 € ma(X, F,.), let BT € ma(X, T) = ma(X, F})
be the corresponding class under the isotopy given in Lemma[f.29 Then

ng = nﬂT .
ng # 0 only when
=P8+«
where o € Hy(X) is represented by rational curves, and B; € mo(X, F.) are the basic
disk classes given in Section |{.2.5. Moreover, ng, =1 for all j =0,...,m — 1.

Proof. Tt suffices to consider those § € ma(X, F,) with u(8) = 2, or otherwise
ng = 0 due to dimension reason.

The Lagrangian isotopy given in Lemma gives an identification between
mo(X, F.) and mo(X,T), where T is a regular fiber of pg. Moreover, since every
Lagrangian in the isotopy has minimal Maslov index two, the isotopy gives a cobor-
dism between M (F,,3) and M;(T, BT), where BT € m3(X, T) is the disk class
corresponding to 5 € mo(X, F;) under the isotopy. Hence ng keeps constant along
this isotopy, which implies

ng = ngr.

By dimension counting of the moduli space, ngr is non-zero only when BT is of
Maslov index two (see Equation and the explanation below Definition .

Using Theorem 11.1 of [I3], M; (T, BT) is non-empty only when 8T = 3; + a,
where a € Hy(X) is represented by rational curves, and 3; € mo(X, T) = mo(X, F})
are the basic disk classes given in Section [£:2.3] For completeness we also give
the reasoning here. Let u € M;(T,BT) be a stable disk of Maslov index two.
u is composed of holomorphic disk components and sphere components. Since
every holomorphic disk bounded by a toric fiber T C X must intersect some toric
divisors, which implies that it has Maslov index at least two, u can have only one
disk component. Moreover a holomorphic disk of Maslov index two must belong to
a basic disk class §; [§]. Thus = [u] is of the form §; + a.
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Moreover, by Cho-Oh’s result [8], ng, =1 for all j =0,...,m — 1. O

2.reB_.

When r € B_, the open Gromov-Witten invariants behave differently compared
to the case r € By (see Equation for the definition of B_). For X = C", ng
has been studied by Auroux [3, 4] (indeed he considered the cases n = 2,3, but
there is no essential difference for general n). We give the detailed proof here for
readers’ convenience:

Lemma 4.31 ([3]). When the toric Calabi-Yau manifold is X = C™ and F, C X
is a Gross fiber at r € B_, we have

ng:{ 1 when B = By;

0 otherwise.

Proof. Let ((o,--.,(n—1) be the standard complex coordinates of C". In these
coordinates the Gross fibration is written as

= (1¢* =1 1Cn=2l® = [¢a=1l? [Co - - - Cum1 — Ka|* — K3).

Due to dimension reason, ng = 0 whenever u(8) # 2. Thus it suffices to consider
the case u(B) = 2. Write 8 = Z?;Ol k;B;, where B; € ma(X, F,) are the basic
disk classes defined in Section We claim that kg = 1 and k; = 0 for all
i=1,...,n— 1if the moduli space M (F}, 3) is non-empty.

Let u be a stable disk in C" representing 8 with u(8) = 2. Since C™ supports no
non-constant holomorphic sphere, u has no sphere component. Also by Corollary
F’. has minimal Maslov index two, and so u consists of only one disk component
(see Proposition . Thus u is indeed a holomorphic map A — C™.

Since ga2 < 0, one has [({p ... n—1)ou—Ka| < K3 on JA. By maximum principle
this inequality holds on the whole disk A. In particular, {y...(,_1 is never zero
on A, and so u never hits the toric divisors Z; = {¢; = 0} for i = 0,...,n — 1.
Thus 8- 9; =0foralli=0,...,n—1. By Proposition (Bo, Z;) = 0 for all
j=1,...,n—1,and (8;, Z;) =d;j fori=1,...,n—1and j=0,...,n— 1. Thus

(8, 23) = h; =0

for j=1,...,n—1. Thus 5 = koSBo. But u(8) = kop(So) = 2 and p(5y) = 2, and
so ko = 1.

This proves that ng # 0 only when 8 = fBy. Now we prove that ng, = 1. Since
every fiber F). is Lagrangian isotopic to each other for » € B_ and the Lagrangian
fibers have minimal Maslov index 2, ng, keeps constant as r € B_ varies. Hence it
suffices to consider r = (0, ¢2) for g < 0, which means that |(o| = |(1] = ... = |[Cn-1]
for every (o,..-,Cn_1) € Fi.

In the following we prove that for every p € F,. C (C*)", the preimage of p under
the evaluation map evg : My (F,, By) — F, is a singleton, and so ng, = 1.

Write p = (po, - - -, Pn—1) € (C*)™. p € F, implies that |po| = |p1| = ... = |pn-1]-
Consider the line

L:={(¢po,Cp1,...,CPn-1) € (C)": (€ C*}

spanned by p. Then w = (g ...(,_1 gives an n-to-one covering | — C*. The disk

Ak, ={C€C:|¢ - Ka| < (K3 + q2)'/?}
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never intersects the negative real axis {Re(¢) < 0}, and hence we may choose a
branch to obtain a holomorphic map @ : Ak, — [ (There are n such choices).

Moreover there is a unique choice such that @ H;.L:_Ol pj) = (po,..-,pn_1)- The

image of OAg, under @ lies in F,.: Let ( € Ak, and z = 4(¢). Then w(z) = ¢
satisfies |w(z) — K2|? = K3 + q2. Moreover z € [, and so |2] = |21] = ... = |2p_1].
4 represents 3y because it never intersects the toric divisors %; for j =0,...,n—1
and it intersect with Dy = {w = 0} once.

The above proves that there exists a holomorphic disk representing By such that
its boundary passes through p. In the following we prove that indeed this is unique.

Let uw € My (F., Bp) such that evg(u) = p. By the above consideration v is a
holomorphic disk. Since 5y - Z; = 0, u never hits the toric divisors {¢; = 0} for
1=0,...,n—1, and hence (; ou : A — C are nowhere-zero holomorphic functions.
By applying maximum principle on |¢;/¢; ou| and |1 /¢;ou| ™! for each i = 2,...,n,
which has value 1 on A, we infer that u must lie on the complex line

{(¢ 1y yena1) € (CH™: ¢ e C*}
where |¢;| = 1 are some constants for ¢ = 1,...,n — 1. Moreover, the line passes
through p, and so this is the line [ defined above.
Consider the holomorphic map wowu : A — C*. Since u has Maslov index two, it
has intersection number one with the divisor {w — Ky = 0}, implying that w o u|ga

winds around K5 only once. Hence wowu gives a biholomorphism A SA K, defined
above. One has %o (wou) = (& ow) ou = u, where @ is the one-side inverse of
w defined above. This means u is the same as 4 up to the biholomorphism w o u.
Thus 4 is unique. O

Indeed the same statement holds for all toric Calabi-Yau manifolds:
Proposition 4.32. For r € B_ and 8 € ma(X, F}.),
ng:{ 1 when B = Po;

0 otherwise.

Proof. Due to dimension reason, ng = 0 if u(8) # 2, and so it suffices to assume
w(B) =2. Let r = (q1, ¢g2) with g2 < 0.

First of all, one observes that when r € B_, every holomorphic disk v : (A, 0A) —
(X, F}.) has image

Im(u) C S— = p ' ({(q1,42) € B: g2 < 0}).

This is because (w — K3) o u defines a holomorphic function on A. Since r €
B_, |w — K| is constant with value less than K5 on F,. By maximum principle,
|w — K| ou < Ko. This proves the observation.

Notice that (S_, F.) is homeomorphic to ((C*)"~! x C,T), where

T={(C, ) € C)" ' XC:|G|=...=|C| = ¢}

for ¢ > 0. In particular, w5 (S_) = 0 which implies that S_ supports no non-constant
holomorphic sphere. Moreover, every non-constant holomorphic disk bounded by
F,. with image lying in S_ must intersect Dy, and thus it has Maslov index at least
two.

Now let v € M;(F,,8) be a stable disk of Maslov index two, where r € B_.
By the above observation, each disk component of v has Maslov index at least two,
and so v has only one disk component.
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Moreover, the image of a non-constant holomorphic sphere h : CP! — X does
not intersect S_: Consider woh, which is a holomorphic function on CP! and hence
must be constant. Thus image of h lies in w1 (¢) for some c. But for ¢ # 0, w™(c)
is (C*)"~! which supports no non-constant holomorphic sphere. Thus ¢ = 0. But
w is never zero on S_, implying that w=1(0) N .S_ = 0.

Thus v does not have any sphere component, because any non-constant holo-
morphic sphere in X never intersect its disk component. This proves for all
B € m(X, F,), M1(8,F,) consists of holomorphic maps u : (A,0A) — (X, F}.),
that is, neither disk nor sphere bubbling never occurs.

In particular, all elements in M (3, F,.) have images in S_ and never intersect
the toric divisors. Writing 8 = Z;’gol k;B;, one has

(B, 2j) =k; =0

(see Proposition [4.13)). Moreover, u(8) = 2 forces kg = 1. Thus M (B, F;.), where
B has Maslov index two, is non-empty only when 5 = 3y. Thus ng = 0 whenever

B # bo-

Let V = C" — X be the complex coordinate chart corresponding to the cone
(v, ...,vn—1). We have F,. C Sy C V, and since 5y - 2 = 0 for every toric divisor
2 C X, any holomorphic disk representing 3y in X is indeed contained in V. Thus

M (Bo, Fr) = MY (Bo, F).
Then néfo = n‘éo, where the later has been proven to be 1 in Lemma@ O

From the above propositions, one sees that ng for 8 € mo(X, F;.) changes dramat-
ically as r crosses the wall H, and this is the so-called wall-crossing phenomenon.

4.5.2. Stable disks in X'. Now we consider open Gromov-Witten invariants of X’.
The statements are very similar, except that there are more disk classes due to the
additional toric divisors. The proofs are also very similar and thus omitted.

Lemma 4.33. Forr = (q1,q2) € B}, a fiber F,. of p bounds some non-constant
stable disks of Maslov index zero in X' if and only if go = 0.

Thus for every r = (¢1,q2) € By with g2 # 0, F,. has minimal Maslov index two.
The wall (see Definition [2.17)) is

H' = E™ x {0}.

The two connected components of By — H' are denoted by

B/ = E™ x (0, +00)
and

B’ := E™ x (—=K3,0)
respectively. Again we have two cases to consider:
l.reB,.
Lemma 4.34. Forr € B',, the fiber F,. is Lagrangian-isotopic to a Lagrangian toric

fiber, and all the Lagrangians in this isotopy do not bound non-constant holomorphic
disks of Maslov index zero.
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Proposition 4.35. Forr € B! and € mo(X', F}.), ng # 0 only when
B=p, fork=1,...,n—1

or

B=pj+aforj=0,....m—1
where o € Ho(X) is represented by rational curves of Chern number zero. More-
over, ng =1 when 8 = fo,...,Bm-1 or B1,...,B,_1.

2.reB.
Proposition 4.36. Forr € B_ and § € mo(X', F}),
n/g:{l when B = o or B, ..., Bh_1;

0  otherwise.

These invariants contribute to the ‘quantum correction terms’ of the complex
structure of the mirror, as we will discuss in the next section. In Section [5 we’ll
give two ways to compute these invariants: one is by relating to closed Gromov-
Witten invariants, and one is by predictions from complex geometry of the mirror.

4.6. Mirror construction. In this section, we use the procedure given in Section
2.3 to construct the mirror X of a Calabi-Yau n-fold X with the Gross fibration
1 X — B. The following is the main theorem:

Theorem 4.37. Let p : X — B be the Gross fibration over a toric Calabi-Yau
n-fold X, and i/ : X' — B’ be the modified fibration given by Definition [{.15

(1) Applying the construction procedure given in Sectz’on on the Lagrangian
fibration ' : X' — B’, one obtains a complex manifold

(411) Y ={(u,v,21,...,20-1) € (C*)> x (C)" ' 1uv = G(21,...,2p-1)}
which admits a partial compactification
(4.12) X ={(u,v,21,...,2p-1) €EC* x (C)" " ruv = G(21,...,20-1)} -

Here G is a polynomial given by

n—1 m—1
(4.13) Gz1, o zne1) = (L4 00) + > (14 8)z+ Y (1+6;)gint12"
j=1 i=n

The notations d;,q, and z"* appeared above are explained in the end of this
theorem.

(2) Let H be the wall given in Definition , There exists a canonical map
p:i Y (By—H) =X
such that the holomorphic volume form

1
w — G(21, ...y 2n—1)

(4.14) Q := Res < dlog z; /\.../\dlogzn_l/\du/\dv>
defined on X C C? x (C*)*~! is pulled back to the semi-flat holomorphic
volume form (see Section below) on i~ (By — H) under p. In this
sense the semi-flat holomorphic volume form extends to X .
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(3) Let Fx be the generating function given in Definition . The Fourier
transform of Fx (see Definition is given by p*(Cou), where Cy is some
constant (defined by Equation (4.20])). In this sense the Fourier transform
of Fx extends to a function on X, which is called the superpotential.

Ezxplanation of the new notations d;, q, and z* are as follows:

e 0;’s are constants defined by

(4.15) §i =) Np,paexXp (—/aw)

a#0
fori=0,...,m—1, in which the summation is over all o« € Ho(X,7)—{0}
represented by rational curves. (The basic disk classes B; € ma(X, F,.) are

defined previously in Section )

e Vi denotes the monomial

n—1
j=1
where {uj}?;ol C M is the dual basis of {vj};‘;ol CN.
e fora=1,...,m —mn, q, are Kdahler parameters defined as follows. Let
Sa € Ho(X, Z) be the classes defined by
n—1
(416) Sa = Ba-&—n—l — Z (l/j y va-{—n—l) /Bj
§=0

Then qq := exp(— [g w).

X is the complex manifold mirror to X. We need to check that the above
expression (4.16) of S, does define classes in Ho(X,Z):

Proposition 4.38. {S,}""" is a generating subset of Ha(X,Z).

a=1
Proof. One has the short exact sequence
0— Hao(X) = m(X, T) = m(T)—0

where T is a Lagrangian toric fiber, and the second to last arrow is given by the
boundary map 0. Fori=mn,...,m—1,

n—1 n—1
O\ BF =D i, v) BT | = 08T =D (v, vi) O}
j=0 §=0
n—1
=vi = ) (v, vi)v;
j=0
=V; —V; = 0
where BF’s are the basic disk classes given in Section m Thus
n—1
BE = (v, vi) B € Ha(X.Z).
§=0
Moreover, they are linearly independent for i = n,...,m — 1, because BI’s are

linearly independent. But Hy(X,Z) = Z™ ", and so they form a basis of Hy(X,Z).
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B;’s are identified with ST’s under the Lagrangian isotopy between F, and T
given in Section m Thus {S,}7)" is a generating subset of Ha(X,Z). a

By the above proposition, d;, and so X, can be expressed in terms of Kéhler
parameters ¢, and open GW invariants ng.

While throughout the construction we have fixed a choice of ordered basis {vi}?gol
of N which generates a cone of ¥, in Proposition .45 we will see that another choice
of the basis amounts to a coordinate change of the mirror. In this sense the mirror
X is independent of choice of this ordered basis.

We now apply the construction procedure given in Section [2.3|on the Lagrangian
fibration p’ : X’ — B’ and prove Theorem [4.37]

4.6.1. Semi-flat complex coordinates and semi-flat holomorphic volume form. First
let’s write down the semi-flat complex coordinates on the chart ()~ (U’) c Xo,
where U’ C B’ is given in Equation ([@.7), and @’ : X, — B} is the dual torus
bundle to p/ : X — B (see Deﬁnition

Fix a base point 1o € U’. For each r € U’, let A\; C 71 (F;) be the loop classes
given in Section Moreover define the cylinder classes [h;(r)] € ma((¢/) "2 (U"), Fry, Fr)
as follows. Recall that we have the trivialization

(W)~H(U") = U x (Tn/T{vo)) x (R/27Z)

given in Section Let v : [0,1] — U’ be a path with y(0) = ¢ and (1) = r.
Forj=1,...,n—1,

hj:[0,1] x R/Z — U’ x (Tx/T(vo)) x (R/27Z)

is defined by
(C]
h;(R,0) := (’y(R), 27T[vk],0>

and
hO(Rv @) = (V(R)v 0, 27T@)
The classes [h;(r)] is independent of the choice of ~.

Then the semi-flat complex coordinates z; on (i)~ (U’) for i = 0,...,n — 1 are
defined as
(4.17) 2i(F,, V) := exp(p; + 2mi6;)

where €279 := Holy (\;(r)) and p; := — f[h-(T)] w.

dz1 A...Adz,_1 Adzg defines a nowhere-zero holomorphic n-form on (i)~ (U"),
which is called the semi-flat holomorphic volume form. It was shown in [0] that this
holomorphic volume form can be obtained by taking Fourier transform of exp(—w).
In this sense it encodes some symplectic information of X.

4.6.2. Fourier transform of generating functions. Next we correct the semi-flat
complex structure by open Gromov-Witten invariants. The corrected complex co-
ordinate functions Z; are expressed in terms of Fourier series whose coefficients are
FOOQ'’s disk-counting invariants of X. The leading terms of these Fourier series
give the original semi-flat complex coordinates. In this sense the semi-flat complex
structure is an approximation to the corrected complex structure. The corrected
coordinates have the following expressions:
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Proposition 4.39. Let Z; be the generating functions defined by Equation .
The Fourier transforms of Z;’s are holomorphic functions Z; on (@)~ (B} — H').
Fori=1,....n—1,

21 = CZ/ZZ

where C| are constants defined by

(4.18) C! = exp (—/ w) > 0.
Bi(ro)

Fori =0,
s { Cozo on (i')~"(BL)
0 209(21, ..., 2n—1) on (f')"1(B)
where g(z1,...,2n—1) is the Laurent polynomia,l

(4.19) 9(z1,. ., 2n-1) ZC 1+6;) H (i, vi),
=1

C; are constants defined by

(4.20) C; :==exp (—/ w) >0
Bi(ro)

fori=0,....,m —1, and 6; are constants previously defined by Equation (4.15)).
Recall that rq is the based point chosen to define the semi-flat complex coordinates

20, -+ -5 Zn—1 in Section [{.6.1]

Proof. The Fourier transform of each Z; is a complex-valued function 2; on (')~ (B} —
H') given by

= Y T(WHolv()= Y (B~Di)nﬁexp<— /ﬂ w)Holv(aﬁ).

xem (X, F) Bem2 (X', Fr)

By Proposition and ng = 0 unless g = B} for j = 1,...,.n— 1 or
B=p0r+afork=0,...,m—1and o € Hy(X’) represented by rational curves
with Chern number zero, which implies that « € Ho(X) C Hy (X’)

Now consider z; for i = 1,...,n — 1. Using Proposition (ﬁk +a)-D;=0
foral k=0,....,m—1,i=1,...,n—1 and o € Hy(X). Alsoﬁé = 6;j;. Thus
Z; consists of only one term:

Z; = exp 7/ w | Holy (83)) = exp 7/ wf/ w | Holg (A\;)
Bi(r) Bi(ro) [hi (r)]

i
i

Now consider zg. One has 65- - Do =0 and (B + «) - Dy = 1. There are two
cases: When r € B,

ng{ 1 for B8 = fy;

0 otherwise.
In this case

Zy = exp (—/ w) Holy (080) = exp <—/ w —/ w) Holy (Mo)
o(r) Bo(ro) [ho(r)]

= C()Zo.
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When r € B/,

m—

20 = Z Z NB;(r)+a €XP ( /,B

j=0

m—1
= Ng;(r)+a €XP ( /UJ)) eXp (_/ _/ Vi, Uj / > w
(Z a 5 (T0) [ho(r)] 121 hi(r)]

7=0

j(r)+a

w) Holy (08, (r))

Il
3
L
Q
Q N
3
)
o
+
Q
¢]
M
«. U
: /\
\
N——
N~
I
(=)
N
N
=

O

Remark 4.40. Let 1o € U’ be chosen such that Cy equals to a specific constant,
say, 2. One may also choose the toric Kdihler form such that the symplectic sizes
of the disks B; are very large fori=1,...,m—1, and so C; < 1 (under this choice
every non-zero two-cycle in X' has large symplectic area, so this Kdhler structure
is said to be near the large Kdhler limit). According to the above expression of Zo,
Cozo = 2z gives an approzimation to zg. Thus the semi-flat complex coordinates of
Xo are approzimations to the corrected complex coordinates. The correction terms

encode the enumerative data of X'.
4.6.3. The mirror X. Now we use {zlil} ! derived from the previous subsection
to generate a subring of functions on pu~ (X " — H') and obtain

R=R_Xxpg, Ry
where R_ = Ry := C[z',..., 221 ] and Ry is the localization of C[z3, ..., 221,

at g=>31", e (1+0;)2" (see Equation (4.19)). The gluing homomorphisms are
given by [I d] R_ — Rp and
R+ — Ry,

zk — lzplfork=1,...,n—1

2o [9712,0] .
Zp is identified with v = (Cozo, 209) € R, and Z; is identified with (C§Zj7 Cj’-zj) € R.
Setting

vi= (Cglzalg,zal) eER

one has I I
Clu™t, v 27 o 20 ]

R=
(uv — g)
Thus Spec(R) is geometrically realized as
Y = {(u,v,zl, o Zne1) € (C)2 X (CH i ww = g(z, . .. ,zn_l)}
which admits an obvious partial compactification

X ={(u,v,21,...,2p-1) € C* x (C)" " tuv =g(21,...,2n-1)} -
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One has the canonical map
(4.21) po: i (Bo— H) = X
by setting

u =

and
b { Co 29 on (@) H(B-);
% on (i) 1(B.).
By a change of coordinates, the defining equation of X can be transformed to
the form appeared in Theorem

Proposition 4.41. By a coordinate change on C? x (C*)"~1, the defining equation

m—1

uy = Z Ci(1 4 0;)z"
i=0
can be transformed to
n—1 m—1
uv = (1+38) + Y (1+06,)z+ Y (1+6)gi-ns12"
j=1 i=n

where C;’s are the constants defined by Equation (4.20)).

Proof. Consider the coordinate change
C,;
- C; =

Zj

forj =0,...,n—1on (C*)"~ 1. Recall that ¥/ denotes the monomial H;:ll zj(-l’j i)
where {v; ;L;Ol is the dual basis to {v; ?;01. Thus the ¢ = 0 term in the original
equation is simply Cy(1 + dg)z?° = Co(1 + o).

Fori=1,...,m—1,

n—1 Co (vj,vq)
J

j=0
-1
nl ( . )
=CoCiz | [] €57
j=0

The last equality in the above follows from the equality

I
-

n

(vj,vi)=(v,v)=1

<.
Il
=)

Thus fori=1,...,n—1,
Cini = Coévi.
Fori=mn,...,m—1,

-1
n—1

a([Je

Jj=0
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is exp(—A;_n+1), where A;_, 11 is the symplectic area of

n—1
Sicnp1=Bi— Y (vj, vi) Bj.
=0
Thus it equals to g;—pny1-
Now set & = u/Cy, the equation
m—1
uv = Z Ci(1+6;)z"
=0
is transformed to
n—1 m—1
av = (1+38)+ > (1+06)%+ Y (1+08)gi-ns12".
j=1 i=n

O

This proves part (1) of Theorem that the construction procedure given in
Section [2.3] produces the mirror as stated.

Remark 4.42. In our case we have an obvious candidate serving as the partial
compactification. In general the technique of toric degenerations developed by Gross-
Siebert [18] [19] is needed to ensure the existence of compactification.

Notice that the defining equation of X is independent of the parameter K used
to define the modification X’ in Section while the toric Calabi-Yau manifold
X appears as the limit of X’ as K1 — oo. Thus the mirror manifold of X is also
taken to be X.

Remark 4.43. Hori-Igbal-Vafa [20] has written down the mirror of a toric Calabi-
Yau manifold X as

n—1 m—1
w =1+ E zj + E Gi—nt12"
j=1 i=n

by physical considerations. They realize that the above equation needs to be ‘quantum
corrected’, but they did not write down the correction in terms of the symplectic
geometry of X. From the SYZ consideration, now we see that the corrections can
be expressed in terms of open Gromov-Witten invariants of X (which are the factors

(1+49;)).

Composing the canonical map pg with the coordinate changes given above, one
obtains a map

(4.22) p:i Y(By—H) =X
where
- { 20 on ()~ (B_);
' ZOG(217"'7ZTL—1> on ([1’/)71(8"1')

and
{ 25 G(z1, . 2n—1)  on (') TH(BL);
7 on (ii") "' (By).
Recall that G is the Laurent polynomial defined by Equation .
In the following we consider part (2) of Theorem [4.37]
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4.6.4. Holomorphic volume form. Recall that one has the semi-flat holomorphic
volume form on X, which is written as dlog z; A...Adlog z,_1 Adlog zo in Section
4.6.1} Under the natural map p (see Equation ) this semi-flat holomorphic
volume form extends to a holomorphic volume form € on X which is exactly the
one appearing in previous literatures (for example, see P.3 of [24]):

Proposition 4.44. There exists a holomorphic volume form § on X which has the
property that p*Q = dlogzg A...Adlog z,_1. Indeed in terms of the coordinates of
(CQ % ((Cx)n—17

1
ww—G(2z1,.. .y 2n-1)

Q:Res< dlogz1/\.../\dlogzn_l/\du/\dv)

where G is the polynomial defined by Equation (4.13)).

Proof. Let F = uv—G(z1,.. ., 2y,_1) be the defining function of X. On XN (C*)"+1,
we have the nowhere-zero holomorphic n-form

dlogzi A...Adlogz,_1 Adlogu
whose pull-back by p is dlogz; A...Adlogz,_1 Adlog zy. It suffices to prove that
this form extends to X = {(u, v, 21,...,2,-1) € C* x (C*)"~1: F = 0}. It is clear
that the form extends to the open subset of X where u # 0. By writing the form
as

—dlogz; A...Adlogz,—1 Adlogv

we see that it also extends to the open subset where v # 0. Since

m—1 n—1 n—1
udv + vdu = Z Q:(1+6) H z](-yj vi) (Z (Vg , v;) dlog zk>

i=1 j=1 k=1

where Q; ;= 1for i =0,...,n—1and Q; = ¢; for i = n,...,m — 1, the above
n-form can also be written as
udv + vdu

m—1 n—1 (vj,v;
ST Qi1+ ) TS 2 (o, )

Adlogza A ... ANdlogz,_1 Adlogu

N
:<8) dvAdlogze A...Adlogz,—1 Adu
82’1

which is holomorphic when g—i # 0. By similar change of variables, we see that

the form is holomorphic whenever dF # 0, which is always the case because X is
smooth.

For u # 0,
1
Fdlogzl A...Ndlogzp,—1 AduAdv
d
=dlogz; A...Adlogz,—1 Adlogu A %
dF
=dlogz; A...Adlogz,—1 Adlogu A N
whose residue is dlogz; A ... Adlog z,_1 A dlogu. O

This proves part (2) of Theorem [1.37]
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4.6.5. Independence of choices of cones in . If in the beginning we have chosen
another ordered basis which generates a cone of 3 to construct the mirror, the com-
plex manifold given in Theorem differs the original one by a biholomorphism
which preserves the holomorphic volume form:

Proposition 4.45. Let {ug,...,upn—1} C N and {vg,...,vp—1} C N be two or-
dered basis, each generates a cone of . Let (X,Q) and (X,Q) be the two mirror
complexr manifolds constructed from these two choices respectzvely Then there ex-
ists a biholomorphism ¢ : X — X with the property that ¢*Q = £Q.

Proof. Consider the mirror manifold given in Section [£.6.3]

m—1 n—1
(u,v, 21, ..., 2n_1) € (C*)? x C" ' - ww = g(2) ZC’zl+5 H (v, vi)
=0 j=1

where C; := exp (f fﬁ’_(ro)w) > 0 and 0; := 0,0 Np+a €XP (- [, w) in which
the summation is over all @« € Hy(X,Z) — {0} represented by rational curves.

If we choose another basis {ug,...,un—1} C N whose dual basis is denoted by
{po, ..., tn-1}, then our mirror construction gives another equation
m—1 n—1
(@0,5,C1y- oy Com1) € (C)2x C i = > Ci(1+0;) [T ¢
i=0 j=1

Recall that v = Z?;Ol v, = Z?;OI wi. Both {v,v1,...,vp_1}and {v, p1, ..., fn_1}
are basis of M. Let a € GL(n,Z) be the change of basis, and so u; = ajov +

Zz;llajkyk for j =1,...,n— 1. Then since (v, v;) =1foralli=0,...,m —1,
n—1ln—1
ZC (1+6;) HC“J’ )= Zc (1+4;) Hg‘“f’” OTT I ¢t
7j=1 k=1
n—1 m—1 n—1 [n-1 (e, vi)
- (M) Saasa T (e
p=1 =0 k=1 \ j=1

Thus the coordinate change
n—1 n—1 -1
zk—HC]{lj"';u—ﬂ<HCg?v°> =17
j=1 p=1
gives the desired biholomorphism. Moreover under this coordinate change

Q=dlogz; A...Adlogz,_1 ANdlogu

n—1 n—1 n—1
Zaj’l log¢i | AL A Zamn,lloggj A | logu — Zajyologcj
j=1 j=1

j=1
= (det A)dlog (i A ... Adlog (-1 Adlogu
= +Q.
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4.6.6. The superpotential. Recall that we have defined the generating function Fx
of open Gromov-Witten invariants (Definition . By taking Fourier transform,
we obtain the superpotential, which is a holomorphic function on (j1)~*(By — H),
and it extends to be a holomorphic function on X:

Proposition 4.46 Let %; be the holomorphic functions on (ji')~Y(By — H) given
in Proposition [{.39

(1) The Fourier transform of Fx: is the function
n—1
W'=Y "%
i=0

on (i')~(By — H).
(2) The Fourier transform of Fx is the function

W =2
on (@)~ (BO H), which equals to p*(Cou). (Cy is a constant defined by

Equation (4.20)).)

Proof. Recall that (in Definition [2.18])
Fxi(A) = Z ng exp (/w) .
Bema(X/,\) p

The sum is over all 8 with u(8) = 2, which implies that 8 intersect exactly one of
the boundary divisors D, once (see Equation . Thus

Fxr(A) = Z Z;(N)

and so its Fourier transform W’ is Z:.:Ol Z;. This proves (1).
The Fourier transform of Fy is

W = Z Fx(MHoly () = Z ng exp </w) Holy (90).
Aem (X,F,) Bema (X, F,) A

For r € By, by Proposition .30} ng = 0 unless 8 = B + a for k=0,...,m —1
and o € Hy(X) represented by rational curves. Moreover, ng, = 1. Thus

W = Z > np(r)+a 9XP< /B~(r)+o< W> Holy (93;(r))

=0 «
= %.

For r € B_, by Proposition [£.32, ng = 0 unless § = o, and ng, = 1. Thus

W = exp (— /;30(7~) w) Holy (050)

= Zp.
By Equation (4.22)), Zo = p*(Cou). O
This ends the proof of Theorem [4.37
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5. ENUMERATIVE MEANINGS OF (INVERSE) MIRROR MAPS

For a pair (X, X) of mirror Calabi-Yau manifolds, mirror symmetry asserts
that there is a local isomorphism between the moduli space M (X) of complex
structures of X and the complexified Kihler moduli space Mg (X) of X near the
large complex structure limit and large volume limit respectively, such that the
Frobenius structures over the two moduli spaces get identified. This is called the
mirror map. It gives canonical flat coordinates on MC(X ) by transporting the
natural flat structure on Mg (X). A remarkable feature of the instanton-corrected
mirror family for a toric Calabi-Yau manifold we construct via SYZ is that it is
inherently written in these canonical flat coordinates. In this section, we shall
formulate this feature as a conjecture, and then give evidence for it for some 2- and
3-dimensional examples by applying the results in [5] and [27].

5.1. The conjecture. Let X = Xy be a toric Calabi-Yau n-fold. We adopt the
notation used in Section {v; gi_ol C N are primitive generators of rays in the fan
¥, and {v;}I-) € M is the dual basis of {v; ;:01 C N. Moreover, Hy(X,Z) is of
rank | = m — n generated by {S,}"7" (see Equation and Proposition .

5.1.1. The complexified Kdihler moduli. Let K(X) be the Kahler cone of X, i.e.
K(X) C H?(X,R) is the space of Kéhler classes on X. Then let

Mg (X) = K(X) +2rv—1H*(X,R)/H*(X, 7).
This is the complexified Kédhler moduli space of X. An element in Mg (X) is

represented by a complexified Kihler class w® = w+27y/—1B, where w € K(X) and
B € H*(X,R). B is usually called the B-field. We have the map M (X) — (A*)!

defined by
Snti—1

for ¢ = 1,...,l. This map is a local biholomorphism from an open subset U C
Mg (X) to (A*)!, where A* = {z € C: 0 < |2| < 1} is the punctured unit disk.
The inclusion (A*)! — Al where A = {z € C : |z| < 1} is the unit disk, gives an
obvious partial compactification, and the origin 0 € Al is called a large radius limit
point. From now on, by abuse of notation we will take Mg (X) to be this open
neighborhood of large radius limit.

5.1.2. The mirror complex moduli. On the other hand, let Mc(X) = (A*)L. We
have a family of noncompact Calabi-Yau manifolds {X;} parameterized by ¢ €
M (X) defined as follows. For ¢ = (G1,...,q) € Mc(X),

m—1
(5.1) X; = {(u,v,zh...,znl) eC? x (CH" ! iuw = Z C’iz“} ,
i=0

where C; € C are subject to the constraints
n—1
(5.2) Coar [ €7 =Gy a=1,...,L
i=0
The origin 0 € Al in the partial compactification M (X) < Al is called a large
complex structure limit point. Fach {Xq} is equipped with a holomorphic volume
form Qq (see Proposition .
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5.1.3. The mirror map. The mirror map 9 : Mc(X) — Mg (X) is defined by

periods:
o= ([ o [ 0).

where {71,...,7v} is a suitable basis of H,(X,Z).

Local mirror symmetry asserts that 1 : Mg(X) — Mg (X) is an isomorphism
onto U C Mg (X) (if U is small enough), and this gives canonical flat coordinates
on Mc(X).

On the other hand, our construction of the instanton-corrected mirror gives a
natural map ¢ : Mg (X) — M (X) as follows: Recall from Theorem that X

is defined by the equation

n—1 m—1
uv = (1 + (50) + Z(l + 5j)2:j + Z (1 + 5i)qi_n+1z”"’.
j=1 i=n

Comparing this with Equation (5.1]) and (5.2]), one defines a map
¢ Mg (X) = Mc(X), (@1, @) = o(qr, -, q)

by
n—1

(53) Ga = Qa(l + 5a+n71) H(l + 5j)7(yj )v””il)a a=1,...,L
=0

We claim that this gives the inverse of the mirror map:

Conjecture 5.1. The map ¢ is an isomorphism locally near the large radius limit
and gives the inverse of the mirror map . In other words, there erists a basis
Yy .-y y of Ho(X,Z) such that

Ga = €XP (_/ QQ) )

fora=1,....1, where § = ¢(q) is defined as above. Hence, ¢i(q),...,q(q) are flat
coordinates on Mc(X).

In the literature, various integrality properties of mirror maps and their inverses
(see e.g. [32]) have been established. This suggests that the coefficients in the
Taylor expansions of these maps have enumerative meanings. This is exactly what
the above conjecture says for the inverse mirror map, namely, it can be expressed in
terms of the open Gromov-Witten invariants ng, o for X ﬂ See Remark below
for a geometric reason why we have integrality for the inverse mirror map in case
X is a toric Calabi-Yau 3-fold of the form Kg, where S is a toric Fano surface.

In practice, one computes the mirror map by solving a system of linear differential
equations associated to the toric Calabi-Yau manifold X. For i = 0,1,...,m — 1,

9As we mentioned in the introduction, Gross and Siebert were the first to conjecture such
a relation between canonical flat coordinates and disk counting invariants. More precisely, they
found that canonical coordinates can be obtained by imposing a normalization condition on slabs,
which are in-turn believed to be related to the counting of tropical disks. See Conjecture 0.2 in
[18].
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denote by 6; the differential operator C’i% For j=1,...,n,let

i

m—1
73 o,
where vf = (vj,v;). Fora=1,...,1, let
o Q7 9 -Qf
O, = -
¢ ,H (aci) ,H (aci)
:Q¢>0 1:Q¢ <0
where Q;‘ = —(Vj, Vgyn—1) for j = 0,...,n —1, and Qf = 0;q4n-1 for i =

n,...,m — 1. Then, the A-hypergeometric system (also called GKZ system) of
linear differential equations associated to X is given by

T,2(C)=0(G=1,...,n), O,C)=0(a=1,...,1).

If we denote by X¢ the noncompact Calabi-Yau manifold (5.1) parameterized by
C = (Cp,Cq,...,Cpn-1) € C™ and Q¢ a holomorphic volume form on it, then, for
any n-cycle v € H5(X,7Z), the period

I, (C) = / e,

as a function of C = (Cy,C1,...,Cn—1), satisfies the above A-hypergeometric
system (see e.g. [21] and [24]).

By imposing the constraints (5.2]), the A-hypergeometric system is reduced to
a set of Picard-Fuchs equations (see the examples in Subsection 5.3), which are
satisfied by the periods

I, (¢) = / O, 7 € Ha(X.Z),
Y

as functions of § € Mo (X). Now, let ®1(g),...,®;(¢) be a basis of the solutions
of this set of Picard-Fuchs equations with a single logarithm. Then there is a basis
Y1y, y of Hy(X,Z) such that

®a(q) = / Qq

a

for a =1,...,1, and the mirror map ¢ : Mc(X) - Mg (X) is given by
¥(q) = (exp(=P1(q)), - . -, exp(=Pi(7)))-

In the literature, the mirror map is computed by solving the Picard-Fuchs equa-
tions ([I], [I6]). One can then also compute (the Taylor series expansion of) its in-
verse. To give evidences for Conjecture we need to compute the open Gromov-
Witten invariants ng,;, and then compare the map ¢ define by with the
inverse mirror map.

5.2. Computation of genus-zero open Gromov-Witten invariants. In this
subsection, we compute the open Gromov-Witten invariants ng, ;o for a class of
examples using the results in [5] and [27]. We first establish some general basic
properties for these invariants.
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Lemma 5.2. Let Xy be a toric manifold defined by a fan . Suppose that there
exists v € M such that v defines a holomorphic function on Xs, whose zero set
contains all the toric prime divisors 9; C Xx. Then the image of any non-constant
holomorphic map u : P* — Xy lies entirely inside the union U; % of the toric
prime divisors in Xyx,. In particular this holds for a toric Calabi- Yau manifold X .

Proof. Denote the holomorphic function corresponding to v € M by f. Then fou
gives a holomorphic function on P!, which must be a constant by the maximal
principle. f ou cannot be constantly non-zero since otherwise, the image of u lies
entirely inside the open orbit (C*)" C Xy, which forces u to be a constant map.
Thus f o v = 0, which implies that the image of u lies in the union of the toric
prime divisors in Xy.

For a toric Calabi-Yau manifold X, we have (v, v;) =1 > 0fori=0,1,...,m—1.
This implies that the meromorphic function corresponding to v has no poles and
its zero set is exactly J; Z;. O

It is known that ng, = 1 by the results of Cho-Oh [§]. In addition, we have

Proposition 5.3. Suppose that o € H{T(X,7Z) — {0}, where HY(X,Z) is the
semi-group of all classes of holomorphic curves in X. Then ng,1o = 0 unless the
toric prime divisor 9; C X corresponding to v; is compact.

Proof. Suppose that M (F, §; + «) is non-empty. Then « # 0 is realized by a non-
constant genus zero stable map to X, whose image @ must lie inside U?i_Ol 9; by
Lemma (Q has non-empty intersection with the holomorphic disk representing
B; € m(X,T) for generic toric fiber T. This implies that there must be some
components of () which lie inside &; and have non-empty intersection with the
open orbit (C*)"~1 C 2;. But if Z; is non-compact, then the fan of Z; is simplicial
convex incomplete, and so Z; itself is a toric manifold satisfying the condition of
Lemma This forces @ to have empty intersection with (C*)"~! C 2;, which
is a contradiction. (]

From now on, we shall restrict ourselves to the case where X is the total space
of the canonical line bundle of a toric Fano manifold, i.e. X = Kz, where Z is
a toric Fano manifold. Note that there is only one compact toric prime divisor
9y C X (the zero section Z < Kz) which corresponds to the primitive generator
vg. By the above proposition, it suffices to compute the numbers ng,, for a €
HE¥(X,2) — {0},

Let ¥ be the refinement of ¥ by adding the ray generated by v, := —vo (and then
completing it into a convex fan), and let X = Ps. This gives a toric compactification
of X, and vs corresponds to the toric prime divisor Doo = X — X.

Theorem 5.4 (Theorem 1.1 in Chan [5]). Let X = Kz, where Z is a toric Fano
manifold. Fiz a toric fiber T C X. For o € HYY(X,7) — {0} ¢ HS¥(X,7) — {0},
we have the following equality between open and closed Gromov- Witten invariants

npya = GWA;™ (P.D.[pt]),

Here, h € Hy(X,Z) is the fiber class of the P'-bundle X — Z, P.D.[pt] € H**(X,C)
is the Poincaré dual of a point in X, and the 1-point genus zero Gromov- Witten
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. . X ,h+a .
invariant GWg "% (P.D.[pt]) is defined by

GWo " (P.D.[pt]) = /7 ) ev* (P.D.[pt]),
[Moyl(X,h+oz)]
where [Mo1(X, h+a)] is the virtual fundamental cycle of the moduli space Mo 1 (X, h+
a) of genus zero stable maps to X with 1 marked point in the class h + a and
ev: Mo1(X,h+a) — X is the evaluation map.

Sketch of proof. Denote by My, and M the moduli spaces M (T, Sy + a) and
Mo 1(X,h + ) respectively. Fix a point p € T C X. Then let

M= = ev7i(p), MG = evi(p)

be the fibers of the evaluation maps ev : My, — T and ev : My — X respectively.

Mgy=P, M§"™" have Kuranishi structures induced naturally from those on Moy, M
respectively. We have (trivial) evaluation maps ev : MSy=" — {p}, ev: M3~ —
{p} and virtual fundamental cycles

[Mgy=P], [My"™"] € Ho({p}, Q) = Q.
Moreover, by Lemma A1.43 in [I1], we have
Nggta = [MEP] and GWy " (P.D.[pt]) = M.

Hence, to prove the desired equality, it suffices to show that Mg;zp,Mff' P are
isomorphic as Kuranishi spaces.

Let 0P = ((X°P,2),u) be a point in Mgi=F. This consists of a genus 0 nodal
Riemann surface %°P with nonempty connected boundary and a boundary marked
point z € 9¥°P and a stable holomorphic map v : (X°P,9%°P) — (X, T) with
u(z) = p representing the class Sy + . By applying the results of Cho-Oh [§],
we see that X°P must be singular and can be decomposed as P = ¥J° U X,
where 35”7 = A is the unit disk and X is a genus zero nodal curve, such that
the restrictions of u to Xj” and X represent the classes 3y and « respectively
(Proposition 4.2 in [5]).

Now, there exists a unique holomorphic disk s : (A, dA) — (X, T) with class
Boo (which corresponds to ve, = —vg and intersects P, at one point) such that its
boundary dus, coincides with du but with opposite orientations (Proposition 4.3 in
[5]). We can then glue the maps u : (X°P, 032°P) — (X, T), uoo : (A,0A) — (X, T)
along the boundary to give a map v’ : ¥ — X, where ¥ is the union of ¥°P and A by
identifying their boundaries. The map v’ has class 8y + 8o +a = h+a € Ho(X,Z).

This defines a map j : MSy™" — M7 ™", To see that j is a bijective map, let
0! = ((%, 2), u) be representing a point in M5 =7, which consists of a genus 0 nodal
curve ¥ with a marked point z € ¥ and a stable holomorphic map u : ¥ — X
such that u(z) = p. One can show that ¥ must be singular and decomposes as
¥ = YgUX4, where ¥y = P! and ¥ is genus 0 nodal curve such that the restrictions
of u to X and X; represent the classes h and « respectively (Proposition 4.4 in
[B]). Now, the Lagrangian torus T cuts the image of ul|y, into two halves, one
representing [y and the other representing (... We can then reverse the above
construction and defines the inverse of j.

Furthermore, from these descriptions of the structures of the maps in Mgy=?, MG,
it is evident that they have the same Kuranishi structures. We refer the reader to
Proposition 4.5 in [5] for a rigorous proof of this assertion. [
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By the above theorem, we can use techniques for computing closed Gromov-
Witten invariants (e.g. localization) to compute the open Gromov-Witten invari-
ants ng,+q. When dim X = 3, blow-up and flop arguments can be employed to
relate the 1-point invariant GWX (P D.[pt]) to certain local BPS invariants of
another toric Calabi-Yau manifold. This idea is developed in more details in [27].
As a special case of the results in [27], we have the following

Theorem 5.5 (Theorem 1.2 in Lau-Leung-Wu [27]). Let X = Kg, where S is a
toric Fano surface, and let Y = Kg where S is the toric blow up of S at a toric
fized point q. Let X and Y be the toric compactifications of X and Y respectively
as before. Then we have

GWo " (P.D.[pt]) = GWp i,

where h € Hy(X,7Z) is the fiber class as before, e € Hy(S,7Z) € Hy(Y,Z) is the class
of the exceptional divz’a:or, and & € Hy(S,7Z) is the total transform of o € Hy(S,Z)
under the blowing up S — S. If S is also Fano, then we further have

GWX tha(PD[ ]) GWYa e

Here, the invariant on the right-hand-side is the local BPS invariant of the toric
Calabi-Yau 3-fold Y defined by

GWYO‘ e—/[M S ctop(leorget*ev*Kg),
0,0(S,&a—e

where [Mo, 0(5 a—e)] is the mrtualfundamental cycle of the moduli space M, O(S a—

e) of genus zero stable maps to S in the class & — e, forget : Mo, 1(5 o — ) —
My O(S & — €) is the map forgetting the marked point, ev: My, 1(5 a—e)— S is
the evaluation map and ciop denotes top Chern class.

Sketch of proof. A toric fixed point ¢ € S corresponds to a toric fixed point p €
Do, C X. First we blow up p to get X, whose defining fan 3 is obtained by adding
the ray generated by w = vs 4 11 + up to ¥, where vo, u; and uy are the normal
vectors to the three facets adjacent to p. Now (uq,uq, w)r and (uq,us,vo)r form
two adjacent simplicial cones in ¥, and we may employ a flop to obtain a new toric
variety Y, whose fan contains the adjacent cones (w, vy, u1)g and (w, vo,ug)R (see
Figure | In fact Y is the toric compactification of Y = K¢ g, Where S is the toric
blow up of S at the torus-fixed point ¢q. By using the equalities of Gromov-Witten
invariants for blowing up [22], [14] and flop [30], one has

GWX h+a([ptD _ GWéf(l),tha _ ngbdfe.

If we further assume that S is Fano, then any rational curve representing & — e €
Hy(S,Z) C Hy(Y,Z) never intersects Z,. Thus

GWy ' =GWy "

Combining the above two theorems, we get
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Uo uz Uo uz

Ficure 11. A flop.

Corollary 5.6. Let S be a smooth toric Fano surface and X = Kg. Fiz o €
H (X, 7) — {0} = HET(S,Z) — {0}. Suppose the toric blow-up S of S at a toric
fixed point is still a toric Fano surface. Then we have

(5.4) Ngyra = GWo 5

where Y = Kz, e € HQ(S’,Z) is the class of the exceptional divisor, and & €
Hy(S,Z) is the pull-back (via Poincaré duality) of a € H(S,Z) under the blowing
up S — S.

We conclude that the instanton-corrected mirror X of X = Kg is given by
m—1
X =< (u,v,21,2) € C* x (C*)?:uv =14 60(q) + Z e“ 2"
j=1

where _
dolq) = Z GW(};’(?_C(JO‘-

€ HSM(X,7)—{0}

Remark 5.7. Since the class & —e € Hy(S,Z) = Hy(Y,Z) is primitive, there is no
multiple-cover contribution and hence GW(};’S‘_Q is indeed an integer. Hence, the
coefficients of the Taylor series expansions of g and hence the map 1 we define are
all integers. This explains why we have integrality properties for the inverse mirror

maps.

The invariants on the right hand side of the formula (5.4) have been computed
by Chiang-Klemm-Yau-Zaslow [7]. Making use of their results, we can now give
supportive evidences for Conjecture [5.1] in various examples.

5.3. Examples. In this subsection, we shall use the results in the previous section
to give evidences for Conjecture [5.1]in various examples.

5.3.1. Kp1. Consider our familiar example X = Kpi. The generators of the 1-
dimensional cones of the defining fan ¥ are vg = (0,1),v; = (1,1) and v = (—1,1),
as shown in Figure We equip X with a toric Kahler structure w so that the
associated moment polytope P is given by

P={(z1,72) ER? 129 > 0,21 + a2 >0, —21 + T2 > —t1},

where t; = flw > 0 and | € Hy(X,Z) is the class of the zero section in Kpi. To

complexify the Kihler class, we set w® = w + 27v/—1B, for some real two-form B
(the B-field). We let t = [,w® € C.
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Since %, the zero section of Kp1 — P!, is the only compact toric prime divisor,
by Proposition [5.3] and Theorem the instanton-corrected mirror is given by

X ={(u,v,2) €C*x C* :uv =1+ anoJrquk +z+ g},
k=1 *
where ¢ = exp(—t).
Now, the toric compactification of X is X = P(Kp1 @ Op1) = Fy (a Hirzebruch
surface). Using Theorem the open Gromov-Witten invariants ng, 4, can easily
be computed as Fy is symplectomorphic to Fo = P! x P! (see [5] and also [4] and

[10]). The result is
{1 it k=0,1;
NBo+kl =

0 otherwise.

Hence, the corrected mirror X can be written as

X = {(u,v,2) €C2x C* :uv = (1+ g)u +2))
We remark that this agrees with the formula written down by Hosono (See Propo-
sition 3.1 and the following remark in [2I]). We have @ = (—2,1,1), and both
Mc(X) and Mg (X) can be identified with the punctured unit disk A*. The map
¢ : A* — A* we define is thus given by ¢ — §(q) = q(1 +q) 2.

In this example, the period of X can be computed directly. Recall that the
holomorphic volume form on X is given by @ = dlogu A dlogz. There is an
embedded S? C X given by {(u,v,~1+ (1 —q)t) € X : |u| = |v[,0 <t < 1}. Let
v € Hy(X,Z) be its class. Then

/Q:flogq:t.
¥

This verifies Conjecture [5.1] for Kp1. O

5.3.2. Opi1(—1) ® Op1(—1). For X = Op1(—1) & Op1(—1), the generators of the 1-
dimensional cones of the defining fan ¥ are vy = (0,0, 1),v; = (1,0,1),v2 = (0,1,1)
and v3 = (1,—1,1). We equip X with a toric Kahler structure w so that the
associated moment polytope P is given by

P ={(z1,29,23) ER® 123 > 0,21 + 23 > 0,29 + 23 > 0,21 — T2 + 23 > —1; },

where t; = [;w > 0 and [ € Hy(X,Z) is the class of the embedded P! C X. To
complexify the Kéhler class, we set w® = w + 2mv/—1B, for some real two-form B
(the B-field). We let t = [,w® € C.

Since there is no compact toric prime divisors in X (see Figure below), by
Proposition [5.3] and Theorem the instanton-corrected mirror is given by

X = {(u,v,21,22) € C*’x (C)?:uwwv=1+2+2 +qz122_1},

where ¢ = exp(—t).

Both M¢(X) and Mg (X) can be identified with the punctured unit disk A*
and the map ¢ : A* — A* we define in is the identity map. This agrees
with the fact ®(§) = —logg is the unique (up to addition and multiplication by
constants) solution with a single logarithm of the Picard-Fuchs equation

(1-q)03)®(q) =0,
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FIGURE 12. Opi(—1) & Op1 (—1).

where 0; denotes qg, which implies that that the mirror map v is the identity.
Hence, Conjecture also holds for this example. O

5.3.3. Kp2. The primitive generators of the 1-dimensional cones of the fan ¥ defin-
ing X = Kp2 can be chosen to be vg = (0,0,1),v; = (1,0,1),v3 = (0,1,1) and
vy = (—1,—1,1). We equip X with a toric Kéhler structure w associated to the
moment polytope

P:{(le,l‘g,l?g) €R3:$3 >0,x1 +x3>0,29+23>0,—x7 — 9 + 73 > 7t1},

where t; = [;w >0 and | € Hy(X,Z) = Hy(P?,Z) is the class of a line in P? C X.
To complexify the Kihler class, we set w® = w + 27/—1B, where B is a real
two-form (the B-field). We let ¢t = [;w® € C.

There is only one compact toric prime divisor %y which is the zero section P? <

Kp2 and it corresponds to vg. By Proposition [5.3]and Theorem [4:37] the instanton-
corrected mirror X is given by

X: {(uavyzl722) 6@2 X (CX)2:u’U: <1+Znﬁ0+quk> 4214290+ q },

Z1Z2
h—1 142

where ¢ = exp(—t).
By Corollary we have

Yk f+(k—1
”Bo+kl:GW0,of+( )e’

where Y = Kp,, F; is the blowup of P? at a point and e, f € Hy(F1,Z) are the
classes of the exceptional divisor and the fiber of the blowup F; — P2. See Figure
[13] below.
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FI1GURE 13. Polytope picture for Kp2 and Kp,.

The local BPS invariants GWE;};C FHE=De pave been computed by Chiang-Klemm-
Yau-Zaslow and the results can be found on the ”sup-diagonal” of Table 10 in [7]:

Ngy+1 = —2,
ngyta1 = 9,
ngy+31 = —32,
ngy+41 = 286,
Nporst = —3038,

ng,+61 = 39870,

Using these results, we can write the instanton-corrected mirror explicitly as
X = {(u,v,zl,ZQ) €C?*x (C*?:uv=1+060(q) + 21 + 20 + q} ,
Z1%22
where
5o(q) = —2q + 5¢* — 32¢> + 2864¢* — 3038¢° +....
Now, both M (X) and Mg (X) can be identified with the punctured unit disk
A*. Our map ¢ : A* — A* is therefore given by

q— G(q) == q(1 — 2+ 5¢° — 32¢° + 286¢* — 3038¢° + ...)73.

On the other hand, the mirror map and its inverse have been computed by
Graber-Zaslow in [I6]. First of all, the Picard-Fuchs equation associated to Kpe is

(03 + 30430 + 1)(30; + 2)]®(q) = 0,

where 0; denotes q(%, the solution of which with a single logarithm is given by

Hence, the mirror map v : A* — A* can be written explicitly as

oo N\
7 ald) = ep(~0(0) = dexp (; L qk) .
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The inverse mirror map can be computed and is given by
q — q+6¢>+9¢% + 56¢* + 300¢° 4 3942¢° + ...
= q(1—2q+5¢* —32¢® + 286¢* — 3038¢° +...) 7.

This shows that ¢ coincides with the inverse mirror map up to degree 5 which
provides evidence to Conjecture for Kpo.

5.3.4. Kpiypr. For X = Kpiyp1, the primitive generators of the 1-dimensional
cones of the defining fan ¥ can be chosen to be vg = (0,0,1),v; = (1,0,1),v9 =
(0,1,1),v3 = (=1,0,1) and vy = (0,—1,1). We equip X with a toric K&hler
structure w so that the associated moment polytope P is defined by the following
inequalities

23> 0,21 +x3 > 0,20 + 23 > 0, —x1 + 23 > —t}, —22 + 23 > —15.

Here, t] = fll w,th = fl2w > 0 and l1,lp € Hy(X,Z) = Hy(P* x P!, Z) are the
classes of the P!-factors in P! x P!. To complexify the Kihler class, we set w® =
w + 2my/—1B, where B is a real two-form (the B-field). We let t; = fll W€ty =
1, wt eC.

There is only one compact toric prime divisor &, which is the zero section P' x
P! — Iﬂplxpl. By Proposition and Theorem the instanton-corrected
mirror X is given by

XZ{(uavazlaz2)ecz><((CX)Q:uv=1+50(q1,q2)+z1+z2+31+ZQ},
1 2

where g, = exp(—t,) (@ =1,2) and
ki k
1+ 60(‘117(]2) = Z NBotkili+kaladh d2” -
k1,k22>0
For simplicity, denote ngytk,1,+ksls DY Mk ko By Corollary we have

Y,k1L1+koLo+(k1+ka—1)e
Ny ke = GrVVO,O ’

where Y = Kyp,, dP, is the blowup of P! x P! at one point or, equivalently, the
blowup of P? at two points, e € Ha(dP»,Z) is the class of the exceptional divisor
of the blowup dP, — P! x P! and Ly, Ly € Ho(dP»,7) are the strict transforms of
l1,ly € Hy(P* x PY,Z) respectively. See Figure [14] below.

I \ Iy

b

Iy

FIGURE 14. Polytope picture for Kpiypr and Kgp,.
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The local BPS invariants GWY daLuthaLot(kytha=1)e ove again been computed
by Chiang-Klemm-Yau-Zaslow and the results can be read from ”anti-diagonals”
of Table 3 on p. 42 in [7]:

no,o =1,

nyo =np1 = 1,

nog = no,2 = 0,n1; =3,

ngo =ng3 =0,n21 =n12 =35,

ng0 =ng4 = 0,131 =n13="7,n22 = 35,

ns o ="ngs5 =0,n41 =n14=9,n39 =ng3z =135,

Hence,

Solq1:a2) = ¢+ a2+ 3q1a2 + 5q7q2 + 5q1q5 +7q342 + 3547 a5 + Tq14
+9¢1q2 + 135743 + 1354743 + 90143 +
Now, both Mg(X) and Mg (X) can be identified with (A*)?, and we have
Q' = (-2,1,0,1,0),Q% = (—2,0,1,0,1). So our map ¢ : (A*)? — (A*)? is given
by
(q1,42) = (@1 (1 + 0o(q1,42)) 2, @2(1 + do(q1, g2)) 7).
On the other hand, we can compute the mirror map and its inverse by solving
the following Picard-Fuchs equations:
(03 — 261 (01 + 02) (1 + 201 + 2602)) (1, G2) = O,
(03 — 2(12(91 +02) (1 + 201 + 202))®(G1, G2) = 0,
where 6, denotes G,z a for a = 1,2. The two solutions to these equations with a
single logarithm are given by

®1(q1,¢2) = —logqi — f(G1,G2), P2(d1,q2) = —logda — f(41,G2),

where
S . . -2 . 2, 20 4 22 o, 20 4
fG1,d42) = 241422+ 347 + 12¢1G2 + 3¢5 + SH+ 6047 G2 + 60q1d5 + 5o
35 35
+3q1 + 2805 G2 4 630G2G2 + 28041 G5 + 5@3
252 252
e 12604+ G2 + 50403 G2 + 504042 G5 + 126041 G5 + ?qg’
.

This gives the mirror map v : (A*)? — (A*)%:
(41, G2) = (q1exp(f(G1,d2)), G2 exp(f(d1,d2)))-
We can then invert this map and the result is given by
(a1,92) = (1 (1 = F(q1, ¢2)), a2(1 = Fq1,q2)))
where
_ 2 2 3 2 2 3
Flqi,q2) = 2q1+2g2 —3q7 — 3¢5 +4¢7 + 4472 + 4165 + 4q3
*5‘11 + 25(11% 5‘13 +
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Now, we compute

(1-Fla, )" "? = 1+q +a+30¢+5¢¢ + 5043
+743 g2 + 35475 + Tq143
+9q411(J2 + 135q§q§ + 135qfq§’ + 9qlq§l + ...
= 1+ d0(q1,q2)-

This shows that the inverse mirror map agrees with the map ¢ we define up to
degree 5, and this gives evidence to Conjecture for Kpiypr.
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