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Abstract

We study the braided monoidal structure that the fusion product
induces on the abelian category WV,-mod, the category of representa-
tions of the triplet W-algebra W,. The W,-algebras are a family of
vertex operator algebras that form the simplest known examples of
symmetry algebras of logarithmic conformal field theories. We for-
malise the methods for computing fusion products that are widely
used in the physics literature and illustrate a systematic approach
to calculating fusion products in non-semi-simple representation cate-
gories. We combine these methods with the general theory of braided
monoidal categories to prove that W,-mod is a rigid braided monoidal
category and that therefore the fusion product is bi-exact. The rigid-
ity of Wy-mod allows us to provide explicit formulae for the fusion
product on the set of all simple and all projective WW,-modules.
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1 Introduction

The theory of vertex operator algebras is an algebraic approach to describ-
ing the chiral symmetry algebras of conformal field theories, at least when
the number of irreducible representations of the symmetry algebra is finite
[1, 2, Bl 4]. Over the last few years a class of conformal field theories, called
logarithmic conformal field theories, has been the subject of a lot of re-
search. Logarithmic conformal field theories appear in the description of
critical points of a number of interesting physical systems. Examples are
polymers, spin chains, percolation and sand-pile models [5] 6, [7, &, O, [10].
Logarithmic conformal field theories generalise the conformal field theories
most commonly considered, by allowing the singularities encountered in cor-
relation functions, when two field insertion approach each other, to be loga-
rithmic divergencies rather than just poles [11]. Two necessary consequences
of the logarithmic divergencies are that Ly the generator of scale transfor-
mations is no longer diagonalisable and that the representation theory of the
symmetry algebra is non-semi-simple. The non-semi-simplicity in particular
has made it quite challenging to find rigorous mathematical classifications of
the representations of symmetry algebras associated to logarithmic conformal
field theories.

Arguably the two best understood families of vertex operator algebras as-
sociated to logarithmic conformal field theories are the W,- and the W, , -
series, where p > 2 and pL > 2, with p,,p_ coprime respectively. The
W,-series is by now quite well understood [12], [13], 14} [15] [16, 17, 18], 19] 20].
In particular the representation category WW,-mod was completely classified
in [21I] as a C-linear abelian category. On the other hand, the representa-
tion theory of W,, , -series is not so well understood yet. There are well
supported conjectures for lists of all irreducible and all projective represen-
tations, but there is still a lot of work to be done [16, 22], 23], 24, 25| 26].

The purpose of this paper is to analyse the monoidal structure induced on
W,-mod, the representation category of the W, triplet algebra, by the fusion
product of W,-representations, by making heavy use of all that is known of
W,-mod as an abelian category. The main results can be summarised as
follows:

e Section [2.3)in which a systematic description is given on how to define
and compute fusion products in a non-semi-simple setting.

e Theorem which states that WW,-mod has the structure of a rigid
braided monoidal category.

e Theorem [43| which gives explicit formulae for the fusion products of all



simple and all projective WW,-modules.

The formulae in theorem [43| were first conjectured in [17].

As a final comment we would like to note that the W,-series is closely
related to quantum groups at roots of unity [15, [16]. Indeed it was shown in
[21] that the representation categories of W, and its corresponding quantum
group are equivalent as abelian categories. It was shown in [27] that the
standard quantum group tensor product cannot coincide with the W, fusion
product, because it is not braided.

The paper is organised as follows. In section [2| we introduce our notation
for vertex operator algebras, give a short definition of monoidal categories and
explain how to define and compute the fusion product in the representation
category V-mod of an arbitrary cp-cofinite vertex operator algebra V. In
section [3| we introduce the W, triplet algebra and its representation category
W,-mod. Sections2|and [3|are introductory and serve to familiarise the reader
with fusion products, the WW,-algebra, representations of the W,-algebra and
to introduce our notation.

Section {f contains a detailed analysis of two simple WW,-modules which
we call X] and X;. We calculate their fusion products with all simple W,-
modules and prove that they are rigid objects in WW,-mod. This section relies
heavily on the notions discussed in sections 2.2 and [2.3] In section [5] we prove
this paper’s two main theorems [39) and [43| by exploiting the rigidity of X,
and X, to compute the fusion product of X; and X, with all projective
modules. This allows to prove the rigidity of WW,-mod and to compute the
fusion product on the set of all simple and all projective modules as well as
the induced product on the Grothendieck group K(W,).
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2 The definition of fusion tensor products

2.1 Vertex operator algebras and current algebras

In this section we will briefly summarise our definitions and notation for
vertex operator algebras. For a more detailed discussion see [28], 29].

Definition 1. A tuple (V,Q,T,Y) — consisting of a vector space V', two
distinguished non-trivial elements Q, T and a map Y — is called a vertex
operator algebra (VOA for short), if it satisfies the following conditions.

1. The wvectors pace V', is a complex non-negative integer graded vector
space

V=Vvin, (2.1)

such that V[0] = CQ, dimV[h] < oo Vh >0 and T € V[2].
2. The map Y is a C-linear map

YV — Endel[z, 2] (2.2)
AmY(Az)=Az) =) A",

nez

for A € Vha|, such that
Y(A4;2)Q—A € V[z]]z (2.3)
and

Y(Q:2) =idy . (2.4)
3. If we set

Y(T;2) =) Lz "2, (2.5)

neL

then the modes L, satisfy the commutation relations of the Virasoro
algebra with fized central charge ¢ = cy

c
[Lin, Lp] = (m —n) Ly + 1—‘;(m3 — M) 0mtn0 - (2.6)



4. The zero mode of the Virasoro algebra Lo acts semi-simply on 'V and

V[h] ={A € V|LyA = hA}. (2.7)
5. For any element A € V' we have

%nmgzy@qm@. (2.8)

6. For any elements A, B € V, Y(A;2) and Y (B, z) are local with respect
to each 0the7E| and satisfy the operator product expansion

Y (4;2)Y(Biw) =Y Y(A,Biw)(z —w) " ", (2.9)

nez
where we have assumed that A € V[h] is a homogeneous element.

When there is no chance of confusion we will refer to a VOA just by its
graded vector space V.

Remark 2. By the above definition it follows that for A € V[h] the Virasoro
generators Ly and L_q satisfy

L1, A =—(n+h—1)A4,_ (2.10)
[Lo, An] = —TLAn .

Next we introduce a finiteness condition due to Zhu [3].
Definition 3. A VOA V is said to be cy-cofinite if
dimc V/eo(V) < 00, (2.11)
where co(V') the subspace of V' defined by
co(V) =span{A,B| AcVIh|, BeV, n<—(h+1)}. (2.12)

In this paper will will only be considering cs-cofinite VOAs. Among many
other helpful properties cy-cofiniteness guarantees that the V' has only a finite
number of irreducible representations.

The algebra of the modes of a VOA V can be understood by using the
concepts of current the Lie algebra g(V') and the current algebra U (V') of V.

Locality is essentially equivalent to the the vertex operators Y (A;z) and Y (B;w)
commuting. For a more precise definition we refer to [29].



The representation theory of a VOA V' can be defined by left ¢ (V')-modules
with some extra properties, which we will explain in sequel.

Let V' be a VOA. Consider the spaces V() = @, V[h]@C[[¢, £ 1]](d€)' "
and VO = @, ., V[h] ® C[[£,£7]](d€)™" as well as the C-linear map V
VO — V() defined by

V(o FOWE ™) = Lo @) +ve D@

Definition 4. Define
a(V)=va /vy, (2.14)
Then g(V') has the structure of a Lie algebra given by

[v® f(dE), w® g(d)' "] = (2.15)

hi+ho—1 1 dmf

) Umeh W @ @g(df)mﬂ_hl_hz-

m=0

For each element A € V[h] we denote
A, =[Ae g™ e e g(V). (2.16)
and
L,=[T® Hd)' " e g(V). (2.17)

Then {L,} generate the Virasoro Lie algebra as a subalgebra in g(V') and
the Lie algebra g(V') has a Z-graded Lie algebra structure by

g(V)ld] = {g € 9(V) |[Lo, 9] = dg} - (2.18)

By definition A,, are the elements in g(V')[—n].

We now define the current algebra U(V') of V. We first consider the uni-
versal enveloping algebra U(g(V')) of g(V'). Then U(g(V')) has the structure
of a Z-graded algebra by decomposition into L eigenspaces

U(g(V)ld] = {P € U(g(V))|[Lo, P] = dP} . (2.19)

Consider the degreewise completion of U(g(V'))

U(a(V) =) U(e(V)d (2.20)

deZ



and consider the degreewise closed two sided ideal

7=3"7[ (2.21)

of U(g(V)) generated by the Borcherds relations which arise from the oper-
ator product expansion

Y(A;2)Y(B;w) = Z Y (A,B;w)(z —w)™" ", (2.22)

Definition 5. The current algebra U(V') of V is the topological Z-graded
algebra

UWV) =y uWv)d =) Ua(V)d/Id. (2.23)

d

The following proposition is very important in this paper, because it
allows us to switch back and forth between calculations in the current Lie
algebra and the current algebra.

Proposition 6. The canonical Z-graded Lie algebra map
s(V) =Y o(V)ld] = uU(V)=> UV (2.24)
d d

has a dense image.

We define filtrations of U(V)

Fulth) = Puv)ld, (2.25)
FrU) = PuUv)ldl,
satisfying
e Foa (U) D Fultd) D Foa(U) -+ (2.26)

L FRN U o FRU) c FR U -

The category V-mod of representations of the VOA V is defined using
left U (V')-modules.

Definition 7. A representation M of the VOA V', also called a V-module, is
a left U(V')-module containing a finite dimensional Fo(U) invariant subspace
My such that U(V') - My = M. We denote the abelian category of V -modules
by V-mod.



For any V-module M we can define the C-linear map

Y™V — Ende(M)[[z,27Y] (2.27)
A YM(A;2) = ZPM(An>Z_n_h7

where p)/ is a representation of the current Lie algebra g(V') on M and we
have assumed that A € V[h]. Then we have the following formulae

YM(Q; 2) = idy (2.28)
diYM(A; 2) =YM(L_|A;z)
z

and for all A € V[h] and B € V, the operators Y (A;z) and Y™ (B;w) are
local with respect to each other and satisfy the operator product expansion

YM(A;2)YM(Byw) = > YM(AB;w)(z —w) """ (2.29)
nez
Proposition 8. 1. The number of isomorphism classes of simple V -modules
18 finite.

2. For any V-module M all Jordan-Holder series
M= My>M D---D>M,={0}, (2.30)
such that M;/M;,1 are simple V-modules, are finite.

3. Each V-module M decomposes into a direct sum of finite dimensional
generalised Lg-eigenspaces M [h]

M =P Min], (2.31)

heH
MIh| ={ue M,(Ly — h)"u =0, for somen > 1} ,

where H 1is the set of all weights, a discrete subset of C generated from
the finite set Hy of highest weights by adding all non-negative integers.

4. V-mod admits a contravariant endofunctor called the contragredient or
contragredient dual.

Definition 9. The current algebra U(V') admits the algebra anti-automorphism
o:UV)[d] - UV)[-d], (2.32)
which for A € V[h] is defined by o(A,) = (—1)"A_,.

8



Definition 10. For any V-module M the contragredient V-module M* is
defined by

M* =" Homg(M][h],C) (2.33)

as a vector space. While the action of the current algebra is given by
(P, u) = (p,0(P)u), (2.34)

for o € M* u € M, P € U(V). The contragredient of the contragredient is
again the original module M = (M*)*.

To better analyse VV-mod we define finite dimensional C-algebras A, (V), k =
0,1,...in the following way. Consider the degreewise closed right U (V)-ideal

L = Freaa(U) - UV) CUV) (2.35)
and consider the two sided Fy(U) ideal
I, = T, N Fo(U). (2.36)
Taking the quotient of Fo(U) by I we define a series of C-algebras

zMW—%fx (2.37)

Proposition 11. For k = 0,1,2,... the C-algebras Ax(V') are all finite di-
mensional.

We denote by Ag(V)-mod, the abelian category of finite dimensional left
Ag(V)-modules. We define the covariant functor

Ag : V-mod — Ag(V)-mod (2.38)
M

M= AM) = 2535

Proposition 12. 1. A V-module M 1is the zero module if and only if
A (M) is the zero module.

2. If M is a simple V-module, then Ap(M) is simple and the set of iso-
morphism classes of simple V -modules are in one to one correspondence
with the isomorphism classes of simple Ay (V')-modules.



The k£ = 0 case is most important to our work at hand, we will refer to
Ao(V) as the zero mode algebra of the VOA V.

To define the notion of the fusion tensor product on V-mod, we prepare
some additional concepts and definitions. As a first step we define left and
right completions of the current algebra U (V). For each k € Z define

Fruty =Juv)d Fo™) = TJu)d] (2.39)
ut = JF ") u = Jru").

Then U* and U are topological C-algebras with topologies defined by the
filtrations F*(UL) and Fj,(U") and the canonical inclusions

UV) —u*r (2.40)
UV) - ut

have dense images.
For any object M of V-mod, we define its closure by

M = lim M/ Fi(U) (M) . (2.41)

Then there is a continuous action of % on M. Note that M already has
the structure of a U -module. By the properties of projective limits M is
equipped with a complete Hausdorff linear topology. Then the action of the
current algebra U(V) is uniquely extended to an action of 4 on M. The two
spaces M and M share the same generalised Lo-eigenspaces M[h] = M|h]

M[h] = {m € M| (Lp — h)"m = 0, for some n > 1} (2.42)
M][h] = {m € M| (Lo — h)"m = 0, for some n > 1},

but unlike M, M also contains infinite sums of generalised L-eigenvectors

M= ] M[n]. (2.43)

heH

The image of the canonical inclusion M — M is dense.
For any V-module M there is a canonical surjective linear map

Apr (M) = Ap(M) (2.44)

10



and the projective limit

lim A (M) (2.45)

k

has a unique continuous U action. Indeed

M = lim Ay (M) (2.46)

as a continuous U-module. Also we have the canonical homomorphisms
g" (V) - u* (2.47)
g"(V) = u”,

which both have dense images.
For each k € Z we define

a(V) =) _a(V)d. (2.48)

d>k
Then the canonical map
(V) = Fu(UU) = Fp(U) (2.49)

has dense image. So we have the C-linear isomorphism

MM
g (V)(M)  I(M)

= Ai(M). (2.50)

Therefore we have

— M
M=1lim——FF—— (2.51)
0 g (V)(M)
For later use we define for each V-module M the quotient
M M
_ (2.52)

ci(M)  span{A_,m|me M, AcVIh], n>h>0}

Then M/ci(M) is a finite dimensional complex vector space and there exists
a canonical surjective linear map

M

aan Ao(M). (2.53)

Also for later use we introduce the following notation.

11



Definition 13. Let M be a V-module, then we define Ly-graded subspaces
M and M*, such that

M=M&glV) M, (2.54)
M: MS@Cl(M),

respectively called the zero mode and the special subspace, such that the
canonical maps

M® = Ag(M), (2.55)
M

M?® — ,
c1(M)

are C-linear isomorphisms.

Remark 14. The subspaces M° and M* are not uniquely defined. We will
fix specific choices of subspaces in a later section.

2.2 General properties of braided monoidal categories

In this section we introduce the concepts of monoidal categories, their rigid-
ness and some general properties. We mainly follow the appendices of the
seminal papers due to Kazhdan and Lusztig [30, Appendix A] as well as the
standard reference for monoidal categories [31]. We will only be considering
monoidal categories that are also C-linear and abelian and we assume that
the reader is familiar with basic notions of abelian categories such as exact
sequences, projective modules, injective modules, etc.

Definition 15. A monoidal category is a tuple (C, ®,1, a, A, p) —just (C,®, 1)
for short — where C is a category, ® : C x C — C 1is the tensor product bi-
functor, 1 € C is the tensor unit, apyy : L® (M@ N) = (L@ M)®@ N
is the associator, Ay : 1 @ M — M s the left unit isomorphism, and
pv M ®1 — M s the right unit isomorphism. These data are subject
to conditions, in particular o satisfies the pentagon axiom and X\, p, o obey
the triangle axiom.

Definition 16. We say that an object M is weakly rigid if the contravariant
functor

Fy (=) =Hom(—® M, 1) (2.56)

12



is representable, i.e. for all objects N there exits an object MY called the
tensor duall such that

Hom(N ® M, 1) =2 Hom(N, M"). (2.57)
Therefore if M is weakly rigid there exits a morphism
e : MY @M —1 (2.58)

that is isomorphic to idyv € Hom (MY, MY) by the equivalence (2.57)). A
monoidal category is called weakly rigid if all its object are weakly rigid.

Definition 17. An object M 1is said to be rigid of it is weakly rigid and there
exits a morphism

iv: 1> MM, (2.59)
such that

idy = pas o (idy @ enr) 0 oy © (i @ idag) 0 A7 (2.60)

ide = )\Mv @) <€M &® lde) O Qp,MY,M © (lde & ’LM) o ,OX/II\/ .

Definition 18. A braiding b on a monoidal category (C,®,1) is a natural
transformation between the functors ® and ® o P, where P:C xC — C x C
is the permutation (M, N) — (N, M). For M, N in C, b defines a morphism
by n € Hom(M @ N, N & M) satisfying

1. All byr N are isomorphisms,

2. For any L, M, N in C we have

bromn = o'y © (bry o idar) 0 apvar 0 (idp ® barn) ® oy v
(2.61)

. -1 .
brven = oy o (dy ® b n) o Qprp N © (bpm oidy) ® ap mn

3. For all M inC

bM71 = bLM = ldM . (262)

A monoidal category (C,®, 1) satisfies a number of nice properties

2Strictly speaking MV is called the right dual. There is a similar notion of a left dual.
However if the tensor category is braided then these notions are related. We will therefore
only be considering right duals.

13



Proposition 19. Let (C,®,1) be a monoidal category, then

1. For any rigid object M in C the functors
M- —@M:C—C (2.63)
are exact.

2. For a rigid object M with dual M and arbitrary objects N, L we have
the isomorphism

Hom(N, M&L) = Hom(M" ® N, L) (2.64)

3. Let M in C be rigid with dual M. Then for any projective object P
MY ® P is projective. For any injective object I, and M ® I is injective
in C if MY is also rigid.

4. Assume that

(a) The abelian category C has enough projective and injective objects.

(b) All projective objects are injective and all injective objects are pro-
jective.

(c) All projective objects are rigid.
Then if

0—L—M-—N—0 (2.65)

is an exact sequence in C such that two of L, M, N are rigid, then the
third object is also rigid.

5. If M, N in C are rigid objects, then M & N 1s also rigid and its dual
(M ® N)Y is given by

(M®N)=N"@ M"Y, (2.66)

2.3 Fusion tensor products and their properties

Fusion plays a central role in analysing conformal field theories and is indeed
the central theme of this paper. Fusion describes the short distance expansion
of two fields on the level of the representations. The fusion product M®N
of two V-modules M and N is the smallest VV-module in which all the fields
appearing in the short distance expansions — of fields transforming in M with
fields transforming in N — transform.

14



There is a wealth of literature on fusion tensor products in both math-
ematics and physics. In the case of rational conformal field theory the rep-
resentation category is semi-simple and the theory of fusion tensor products
is well established [32] 33]. If the conformal field theory is logarithmic, the
representation category is not semi-simple. Fortunately there are compu-
tational methods in physics one can fall back on for defining fusion tensor
products without assuming semi-simplicity [34, [35]. For VOAs arising from
affine Lie algebras, there exists a mathematically rigorous definition of fusion
tensor products due to Kazhdan and Lusztig [30] that does not rely on semi-
simplicity. In this paper we will state our definition of fusion in the spirit
of [30, 32, B3] 34, B5] in the case of co-cofinite VOAs in a mathematically
rigorous way, but postpone the proof of its properties to [36]. We will be
generalising the notions developed in [28].

We fix a cy-cofinite VOA V' and prepare some notation.

Definition 20. We define the current Lie algebra on the Riemann sphere
with punctures at 0,1, 00 by

D, Vin®Clz, 271, (2 — 1)7dz "

o V) = @, Ve ke oy a6
where V is defined as in
VA® f(2)dz™) = LLLA® f(2)dz ™"+ A® %(Zz)dzl_h : (2.68)
Then g (V') has the structure of a Lie algebra given by
[A® f(2)dz' ™" B® g(z)dz' "] = (2.69)

= 1 dmf(z) m+2—ha—h
Z %Am*hAJrlB ® dzm g(Z)dZ A8

m=0
for A€ Viha] and B € V|hg|.

For f(z) € Clz,27!, (2 — 1)7'] we denote the Laurent expansions at 0,

1 and infinity by fo(&) € C((&)), fi(&) € C((&1)) and fwo(éx) € C((€)))

respectively. For example for

f(z) = (2.70)

15



the expansions and radii of convergence are given by

foléo) = =) & So=2 1>|2[>0 (2.71)
n>0
A&) =& Li=2—1 1>[z2—-1/>0
fooloo) = Y 60D b=z |2|>1.
n>0

Then we can define Lie algebra homomorphisms
ikigt (V) —=g¢" a=0,1 (2.72)
Jeo 8 (V) = g™,
where g& and gt are the left and right completions of g(V') defined in ,
by
Ja([A® f(2)de' ") = [A® fu(&)dE™] (2.73)
T ([A® f(2)dz'™") = [A® fuo(€x)dES].

The Lie algebra maps jZ and j2 have dense images.
The analogue of g (V') for the current Lie algebra on the Riemann sphere
is given by

gr (V) = span{[A ® f(2)dz'™"] € (V)| ordw(f(2)) S h —1 -k}, (2.74)

where ord..(f(2)) is the order of the pole of f(z) at infinity. The image of
the map

‘R
0 (V) = g = Fu") (2.75)
is dense and therefore the cannonical map
(V) o (2.76)
]P’(V> R !
1) (7
is an isomorphism, hence
ig R
g (V) .9 R
lim — lim = = g". (2.77)
Caw) e
Now consider the map
ho=jkel+1ejl:f(V)sgle1+1g" (2.78)

Then for any two V-modules M, N, the vector space M @ N is a left g*(V)-
module by ji .
Then we have the following. For each k£ =0,1,2,...

16



1. dim¢ M ® N/gp(V)(M ® N) < oo
2. The Lie algebra gft = 1&11]{: g (V)/gh(V) acts continuously on the pro-
jective limit
M® N
(V)(M & N)

M®N = lim (2.79)
o
by jsi g (V) — g
Furthermore by g? — U% the right completion U of the current algebra

acts continuously on this space.
Define for each h € C,

M®NIh] = {m € M®N| 3n > 1s.t. (Ly— h)"m = 0}. (2.80)
Then the fusion product of M and N is given by
M®N = @ M&NIh]. (2.81)
heC

Proposition 21. 1. The space M®N is a V -module.

2. For each k > 0 we have the C-linear isomorphisms

. M®N M@ N
M&N) = EAY . 2.82
Ax(MON) I(M&N) ~ ¢, (M®N) (2.82)

Most notably we have the Ag(V')-module isomorphism
M®N

g (MeN)

The proof of the following Theorem will be postponed to [30] a paper

dedicated solely to giving a precise formulation of the fusion tensor product
for cy-cofinite VOAs on Riemann surfaces of arbitrary genus.

Theorem 22. 1. The triplet (V—mod, ®,V) is a braided monoidal cate-
gory with unit object V= 1.

Ao(M®N) = (2.83)

2. For any V-module M, the contravariant functor from V-mod to C-Vec
the category of complex vector spaces

Fyr: V—mod — C—Vec (2.84)
N —> FM(N) = HOmV—m0d<N®M7 V*) ’

where V* is the contragredient of V', is represented by M* the contra-
gredient of M, 1i.e.

Far(N) 2 Homy—poq(N, M*). (2.85)

17



The construction of the associators
apyn : LOMRN) S (LOM)QN (2.86)
and the braiding
by : MON =S NoOM (2.87)

is highly non-trivial. To construct them one must determine a set of differ-
ential equations — called the KZ-equations — that characterise the N-point
conformal blocks of the conformal field theory associated to V-mod. Some of
the calculations required to prove theorem [22| have already appeared in [28].
The full proof will be given in [36].

Unfortunately the definition of M®N is rather difficult to work with,
because even though the image of canonical map

M®N — MoN (2.88)
is dense, it generally does not lie in M®@N.

However for each k£ > 0 we can make use of the isomorphism

M@ N
g (V)(M @ N)-

Ap(M@N) = (2.89)

By analysing these quotients, we can study M®N level for level. For any
given element m ® n € M ® N, we will denote the class it represents in
A (M®N) by [m & n].

As we shall see in the sequel, for the purposes of this paper it will be
sufficient to make statements about Ag(M®N) and in one case A;(MQN).
As a vector space g} (V) is spanned by elements of the form

[v®@ 2" v e VR (2.90)
for n > 0 and
v ® (2 — 1)1 v e VA (2.91)

for m > h. From the expansions defined above it therefore follows that in
Ao(M&@N) for 1 < n < h — 1 we have the relations

Jro([v® 27" a2 ) = (2.92)
h—1—n
h—1-—
Z ( I n)vk—(h—1)®ﬂ+ﬂ®vn:07
k=0
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and for m > h
Jio(fv® z*””h*ldzl*h]) = (2.93)

—h+k
Z (m )(_1)kvk(h1) RI1+1®v_, =0,

m—h
k>0

Jro(fv @ (2 = 1)7" 1) =

—h+k
Vo @1 + Z (m N )(—1)h_1_mﬂ ® Vp—(h-1) = 0.

m—h
k>0
The action of the zero modes is given by

Jro(ve) = jro([v ® 2"71d="7") (2.94)
h—1

h—1
k Uk,(hfl) RI+1® Vo -
k=0

For the generators of the Virasoro algebra this means

L, ®l~-1®L, (2.95)

for n > 2 and
J10(Lo)=L1@1+Li®@1+1® Lyg. (2.96)

To aid us in computing Ag(M®N), we make use of the special and zero
mode subspaces in definition to state the following proposition due to
Nahm [34].

Proposition 23. Let M and N be V-modules. Then the canonical C-linear
map

M* @ N° = Ay(M&N) — 0. (2.97)
1S a surjective.

Proof. Let m@n € M @ N, A € V[ha], B € V|[hg], k> hy and £ > 0. We
introduce two kinds manipulations by using the formulae in (2.93])
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1. Moving modes to the right

[A_m®n] = — ; (’“ ;ff“hj j)[ ® Aj_(n,-1yn) - (2.98)

Note that A_y is replaced by modes with a mode number that is greater
than —k, 7.e. the grading is lowered.

2. Moving modes to the left

m @ B_n] =—>_ (hB —1- 6) [B;_(hp—1ym @ ). (2.99)

Jj=0 J

Note that B_, is replaced by modes with a mode number that is greater
than or equal to —/, i.e. the grading is lowered or stays the same.

Since the image of the canonical map gi(V) — Fi(V) is dense and
Fi(V)(M) = Iy(M), any element n in N is represented by n = x-ng for some
z € g1(V) and ng € N° Then by using formula (2.99), the class [m ® n]
can be represented by m’ ® ng for some m’ € M. Consider m € ¢;(M) and
no € N, we can assume that m is homogeneous such that m € c¢;(M)[h] for
some h. By definition we can assume that m has the form

m=A_pmy (2.100)
for some my € M* and A € V[ha|, k> ha. Then by using formula ([2.98)
kE—ha+j
m@ng = -3 ( e J) M0 ® A;_n,—1yno] (2.101)

Jj=0

For each summand we use again the fact that the class [mo®A;_(,—1yn0] can
be represented by an element my @ ny € M ® N, If we decompose my, into
homogeneous summands, then the weights of the individual summands will
all be less then the original weight h of m. Because the Weights are bounded
from below, a finite number of applications of the formulae (2.98) and ([2.99 -
will yield a representative in M* ® N for any class [m ® ]

Before we end this section on the fusion product we consider the relation
between the fusion product ®y of a VOA V and the fusion product ®y- of
a subVOA V' C V.

Proposition 24. Let V' be a co-cofinite subVOA of the VOA V. Let M and
N be V-modules, then they are also V'-modules and there exits a surjective
V'-module map

M®y/N — M®yN . (2.102)
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Proof. Since
gr(V') C gi(V) (2.103)

there is a canonical surjection of Ay(V’)-modules

M®N . M®N

gV g (V)

Note that for sufficiently large k, a given generalised Lg-eigenspace is stable,
1.€.

Ape(M®y/N) = = A (M®yN). (2.104)

A (M&yN)[h] = A (M@yN)[R] = (M&yN)[R], k>>0.  (2.105)
Therefore the surjection ([2.104]) implies a surjection
M®y:N[h] = M&y NI[h] (2.106)

between generalised Ly-eigenspaces. This can be repeated for all values of h
and therefore there exists a surjective V'-module map

[l

Proposition 25. Let M be a V-module, then the covariant functors M®—
and —RM are right exact.

Proof. We prove the proposition for M®—. The proof for —®@M follows
analogously.
Let A, B,C € V-mod satisfy the exact sequence

0—-A—-B—C—=0. (2.108)
Then the sequence
M®A - M®B — M®C — 0. (2.109)
is exact if the restriction to the generalised Ly-eigenspaces
M®A[h] — M®B[h] — M®C[h] — 0 (2.110)

is exact. Because for sufficiently large k£ the generalised Lg-eigenspaces for
fixed generalised eigenvalue h are stable under taking Ay quotients, we con-
sider the sequence
M®A h] = M® B h] = MeC
gr.(V)(M @ A) g.(V)(M @ B) g(V)(M®C)

which is clearly exact. [

[h] =0, (2.111)
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2.4 Algebra morphisms between products of modules

We have defined the fusion tensor product in V-mod. Now we introduce the
concept of vertex operators in a conformal field theory on P associated to
V-mod, by extending the notions in [32].

For a V-module M we have defined the topological completion

M= ] M[n]. (2.112)
heH

For any two V-modules M, N we denote by Hom{ (M, N), the space of con-
tinuous C-linear maps from M to N. Then we have a C-linear isomorphism

Homyy (M, N) = Homyr (M, N). (2.113)

Now for the V-modules L, M, N consider the complex vector spaces

Homyv)(M®N, L) = Homyr(M®N, L). (2.114)
We know that

—_— M ® N
M®N = lim ®

(MO N) R

So there exists a injective C-linear map

Homyv)(M®&N, L) — Homg(M®N, L) — Home(M @ N,L).  (2.116)
The following proposition characterises the image of this map.

Proposition 26. For ¢ € Hom¢(M ® N, L) the necessary and sufficient
condition for i to lie in the image of the map from Homy)(M®N, L) is that
forall f(2) € Clz,27 (2 —1)7'], Ae V[h], m € M andn € N

JE([A® f(2)dz ") (¢ (m)n), (2.117)
where we denote
Y:m@n— P(m)n. (2.118)

Now consider the complex algebras Clz, 27! y,y™!, (z — y)7!] and R =
Cly,y™']. An element f(z,y) € Clz, 27", y,y7", (2 — y) '] can be thought of
as a rational function on P x P. We consider three domains.

1. Uy ={(z,y) € PxPlly| > |z| >0},
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2. Uy, ={(z,y) e PxPlly| > |z —y| >0},
3. U ={(z,9) € P x P|[z] > [y| > 0},

and define local coordinates &,,y on U,, a = 0,y,00 by defining & = z,
& = 2z —y and { = 2. Then we can define the algebra homomorphisms

Jo i Cleahyy (=) = R((&)), a=0.y, (2.119)

and

Joo  Clzsz™hyy™h (2 =) 7' = RIEL)) (2.120)

by expanding f(z) on the open sets U, by the local coordinates (£,,y). We

denote jL(f) = fu(&a;y) for a = 0,y and 52 (f) = foo(€so;y). Then we can
define the current Lie algebra gk (V) over R by

Do VIl @ Clz, 27y, y7t (2 —y) Hda""

PV = = , 2.121
) S @ Vi o Cl Ly Gy ez
where V is defined as in ([2.13))
d
V(A® f(z,y)dz™") = LLLA® f(z,y)dz™" + A® f((fz y)d I=h o (2.122)
Then g5 (V) has the structure of a Lie Algebra given by
[A® f(z y)dzlfh“‘ B ® g(z,y)dz' "] = (2.123)

d™f(z,
Z Am hA—HB f( y)g<zay>dzm+2_hA_hBa

dzm

Therefore we can define Lie algebra homomorphisms over R
jiEigh(V) > R®g", a=0,y, (2.124)
i%gr(V) > R g",
in the same way as in ([2.73)).

Definition 27. For V-modules L, M, N a Hom¢(M ® N, L)-valued holomor-
phic function ¥(y ) on C* — which may be multi-valued — is called a vertex
operator of type ( ) if it satisfies the following two conditions.

1. For f(2) € (C[z,z’ Uy L (z—y)7, A€ VIh], me M andn € N

we have
JE(A® f(z,y)dz" ") (¢(m; y)n) = (2.125)
iy ([A® f(z,y)dz""m; y))n + ¢ (m;y)ig (A f(z,y)dz"")n.



2. FormeM andn & N

diywm; y)n = B(L_ym; y)n. (2.126)

We denote by [ }JV’[N the complex vector space of vertex operators of type

( LA?V) By taking y = 1 we can define linear maps

Iy — Home(M @ N, L) (2.127)
U(=y) = P(=1).
Then we have the following theorem.

Theorem 28. The image of the map ¥(—;y) — ¥(—;1) is contained in the
image of the injection

Homyv)(M®N, L) — Home(M & N, L), (2.128)
and the two 1mages are equal.

By the above vertex operator one can define N-point conformal blocks
and prove the validity of the associativity and braiding constraints. As we
have mentioned before, this will be postponed to [30].

We will revisit these concepts for one special case when proving the rigid-
ity of the W,-module X5 . We also make note of a slight abuse of notation
we will be using. When considering an element ) € Homy (M ®N, L) and
m € M, n € N we will identify m ® n with )(m)n, when there is no chance
of confusion.

3 The abelian category V,-mod

In this section we briefly review the structure of W,-mod as an abelian cat-
egory following [21].

3.1 General properties of YW,-mod

For p > 2 the VOA W, is generated by the identity 1, the energy momentum
tensor T'(z) and three weight 2p — 1 primary fields W¢(z), where ¢ = £,0
labels sly-charges. The central charge of the theory is given by

p—1)

_ 1l
¢, =1-06 5 (3.1)
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It has been shown in [I8] that W, is co-cofinite.
As an abelian category WW,-mod decomposes into a C-linear sum of abelian
subcategories

p
W,mod = B¢, | (3.2)
s=0
where for 1 < s < p the C, are full abelian subcategories of W,-mod. For
s# s and M € Cy, M' € Cythe spaces Exti’/vp(M, M’) =0 for any i € Z, in
particular Homy, (M, M') = Ext?,vp (M, M'") = 0. The two subcategories Cy
and C, are semi-simple and contain one simple object each

X, € obj(C,) X, € obj(Co) (3.3)

which are projective in C, and Cy respectively as well as in W,-mod. We
will therefore occasionally also denote these modules by P7 = X/. For 1 <
s < p—1 the subcategories C, are not semi-simple. They contain two simple
objects each

X+

s

X,  €0bj(C,). (3.4)
We denote the projective covers of X and X,_s by P} and P, respectively.
They are characterised by the socle seriesﬂ of length 3
X[ =S5(PF) C Si(P) € S(Pf) =P (3.5)
X, o =50(P,_,) CSi(P,_,) €SP, _,)=PF,,

such that
S1(P)/So(Pf) =2X, Sy(P1)/S1(Pf) = XS (3.6)
S1(Py,)/So(Py,) = 2X So (P, )/ 51(P, ) = X, 5.

Both P;" and P,", have two occurrences of X and X
therefore they have identical characters.

The simple and the projective modules of YW,-mod are all self-contragredient,
ie. X" =X:and Pi* = P! for 1 <s <p, ¢ ==. In particular the vacuum
representation, X~ which is the tensor unit, is self contragredient. Therefore
by proposition |19 (W,—mod, ®, X;") is weakly rigid and for each W,-module
M its weakly rigid dual M" coincides with its contragredient M*.

For 1 < s < p—1 the subcategories C, also contain 6 families of indecom-
posable modules characterised by socle series of length 2. For d > 1 these
are summarised in the table below.

3 A socle series of a module M is a filtration of submodules S;(M) C --- S, (M) =M
such that S7(M) is the maximal semi-simple submodule of M and S;(M)/S;_1(M) is the
maximal semi-simple submodule of S;11/S;_1(M).

as subquotients
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G:d G;—s d de H;zj—s d I:d(A) I;—s.d(A)
S1/So | (d+1DXF | (d+1)X, | ax; X, dXF X,
Sp/Si | dX,_, dxX7 d+1)X,_, | d+1)X; | dx,_, | dx+
Note that [;fd()\) and I~ 4(A) are not uniquely characterised by their socle

series alone. To each of the two series there corresponds a continuous family
of inequivalent indecomposable modules parametrised by A € P.

The simple modules XF can be decomposed into direct sums of simple
Virasoro modules

o0

XS =Pem-1L,, . (3.7)

m=1
00

XS = @ 2m£h2mys y
m=1

where Lj, , is the highest weight irreducible Virasoro module of weight

1

hr,s = @ ((Tp - 8)2 - (p - 1)2) ) (38)

therefore the weights of X and X, which we will denote by A} and h;,
are hy s and hg s respectively.
The dimension of the highest weight spaces X [h[] is 1 and the dimension

of the highest weight spaces X[ [h;]is 2. We fix non-zero vectors us € XF[hT]

and we fix a basis v, v, of X[ [h,] which satisfies the following conditions

Wyhvt =0, Wyv, =0. (3.9)
Then v} and v are universally determined up to constants.

We have the following results.

1. The Virasoro submodules U (L)u; are isomorphic to the irreducible Vi-
rasoro modules Ly, , and the Virasoro submodules U(L£)v¥ are isomor-
phic to the irreducible Virasoro modules Ly, , .

2. The action of the first few modes of the WW-fields on the highest weight
vector us of X, 1< s < pis given by

Weus =0 e=0,£, k<2p—s. (3.10)
3. The action of the first few modes of the W-fields on the highest weight
vectors v* of X, 1 < s <p, u= =+ is then given by

=0 E=L
We ok ¢ eU(L)vt =0 e=+,0 k<3p—s. (3.11)
cUL)v;H e=—pu
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After defining W,-mod, we now turn to Ag(W,)-mod — the category of
zero mode quotients of WW,-modules. We define elements of Ag(W,)-mod, in
the following way

X, =A(X5), 1<s<p e=+. (3.12)

Then the X, are simple objects in Ag(W,)-mod and any simple object of
Ap(W,)-mod is isomorphic to one of the objects X

Just like W,-mod, Ay(W,)-mod also decomposes into a C-linear direct
sum of abelian subcategories

Ao(W,)-mod = é C.. (3.13)

s=1le=%

The subcategories E; and C, ,1 < s < p are semi-simple and each contain
one simple module

—+ st - i
X, €obj(C,) X, €objC,). (3.14)

For 1 < s < p — 1 the subcategories E: are not semi-simple. In addition to
one simple module

X, €obj(C;), (3.15)

they also contain and one reducible but indecomposable module 558* that is
the projective cover of 7; and satisfies the exact sequence

0— X —XT—X"—0. (3.16)

The image of the indecomposable Wp—modules in Ay(W,)-mod is

Ao(XE) = X3 Ao(I,(\) = Ay(G ) = (d+ DX, ®dX,_,
Ao(G) = (d+ )X, AO(P+):Xj Ao(H. d): dx, @(d+1)X§S
Ao(H] ) = dX ] Ao(Pr) =X, @2X,_, Al ,(\)=dX, ®dX,_

As one can see from the above table the indecomposable structure of Ao(WV,)
is much simpler than that of WW,-mod as only the images of P, are non-semi-
simple.

The detailed W,-module structure of X; and X is crucial to calcula-
tions. We have the following results.

Proposition 29. As complex vector spaces the Ay quotients of simple W,
modules satisfy
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1. For 1 < s < p, dimAg(X]) = 1 and the space is spanned by the
equivalence class represented by us and therefore has conformal weight

he.

2. For 1 < s < p, we fix the zero mode subspace (X)° to be spanned by
the highest weight vector u.

3. For 1 < s < p, dimAy(X,) = 2 and the space is spanned by the
equivalence classes represented by the two highest weight vectors vs, € =
=+ and therefore has conformal weight h; .

s

4. For 1 < s < p, we fix the zero mode subspace (X;)° to be spanned by

the two highest weight vectors v5, € = +.

Proposition 30. The the two copies of Ly, in the simple module X, each
contain a null vector at level 2

(L2, —pL_y)vt =0 p=+=+ (3.17)
and a well defined choice for the special subspace (X1 )*® is given by
1 .
(Xr ) =pepcL’ . (3.18)
7j=0 p==+

Proposition 31. The Virasoro submodule Ly, , of the simple module X5
contains a null vector at level 2

(L2, = 1L 5)us =0 (3.19)
and a well defined choice for the special subspace (X3)* is given by

1
(XS ) =EPCL jus® @ CWey pus. (3.20)
j=0 e=0,%

3.2 The free field realisation of W,

One can explicitly construct W, as a subVOA of a free field VOA V7, on a lat-
tice by the method of screening operators. The free field VOA is constructed
by means of the Heisenberg algebra

a=CloCa, (3.21)

neL
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as well as an operator a, satisfying the commutation relations

~

[@m, @] = Omo [y Q] = MOy, - (3.22)

The Heisenberg algebra acts on Fock spaces F* generated by a state |\), \ €
C

am|A) = AomolA) m>0. (3.23)

For the free field VOA V;, we restrict the charges A of F* to a rescaled A,
root lattice L and its dual LY

L=2Za, LY = Z% : (3.24)
where oo, = /2p and a_ = —\/% . The theory contains a single free bosonic
field

a
=a 1 L 3.25
ol =ataplogz+ 30 2 (3.25)

that satisfies the OPE

p(z)e(w) ~log(z —w). (3.26)
The energy momentum tensor is given by

1 oy + oo
T(z)= 3¢ (0p(2))? ++Tﬁg0(z), (3.27)
where : : indicates normal ordering, i.e. arranging the Heisenberg operators
in ascending order from left to right according to their index with a on the
very left. Calculating the OPE of T" with itself, one reproduces the the central
charge

—1)?
¢ —1-2=1" (3.28)
p
of W,. The primary fields are given by
Vi(2) =: et (3.29)
where € LY and the weight of V,(2) is
1
o= gl — (o ). (3.30)



The OPE of two primary fields is given by
V,.(2)V(w) = (2 —w)"” : V,(2) Vo (w) : . (3.31)
The VOA V, contains the fields 1, 7'(z) and V,(z) for 4 € L but not

V,(z) for v € LY \ L. The representation category Vi-mod is semi-simple
with 2p simple modules Viyj, [A] € LY /L. For later calculations it will prove
useful to parametrise the the classes [\] € LY/L by

[ ] [ ] 1—r +1—s
T, S| =: oy = «
’ ’ 2 2

a} r,s €7, (3.32)

where
r+1,s+p]=][rs|. (3.33)

The Vi, modules decompose into infinite sums of Fock spaces

Vir. = D Forsne. (3.34)

nel

The Vi -theory contains two weight 1 primary fields that can be used as
screening operators

Q+(2) = Va, (2) Q-(2) =Va_(2). (3.35)
The W, VOA is realised by screening with Q_(z)

W, = ker ( % dzQ_(2) : Vi — v[l,_l]) . (3.36)

As Wy-modules the simple V;-modules V};, and V) are isomorphic
to X;© and X respectively. The remaining 2p — 2 simple V;, modules are
reducible as W, modules and form Felder complexes

QY Qv

V[az,p,s} V[Ctl,s] _ ., (337)

e — V[al,s]

where Q(_a ) is the zero mode of a rather complicated a-fold product of Q_(z)
whose details need not concern us here. The simple W, modules X for
1 < s <p—1 are equivalent to the kernels and images of Q(®

X} =ker <Q(_s) C Ve — V[Q’p_so = im <Q(_pfs) : Vigp—s) — VI[1, 5]) (3.38)

Xy s = ker <Q(_p_s) c Viop—s) — V[l,s]) =1im (Q(_S) C Ve — V[2,p— 8]) )
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Proposition 32. The screening operator maps Q% induce surjective W,-
module maps

Vine = X Vi = X, (3.39)
|a—1,s> — U;_,s |Oéo’s> = Ups s

for 1 <s <p—1 as well as injective WW,-module maps
X:_ — Vg X, = Vg (3.40)
Ug =7 |041,s> U.; = ’&275>7

for1 < s <np.

3.3 The V; fusion product

We recall some well known facts about the V;-mod fusion product that will
be relevant to our calculations below. The tuple (Vz,—mod, ®y, , Vi1,1)) defines
a braided monoidal category, i.e. there is a well defined fusion product of
Vi-modules

V[Sl,m] vy, V[Sz,rz] - V[81+82—1,r1+7“2—1} . (3'41)

The free field VOA V, contains another subVOA (F*1,|0),T,Y") other
than W, called the Heisenberg VOA[] The current algebra U (F*'1) is given
by the universal enveloping algebra U(a) of the Heisenberg algebra, while the
simple objects of F*!! are given by JF*"s

Proposition 33. For (11, s1), (12, s2) € Z* the fusion product in F°'-mod
s given by

Fors @ pary FOrasz 5y Foritra—Laite-l (3.42)
|a7”1,51> ® ‘047«2,52> = |ar1+7"2—1,81+82—1>

and the following diagram commutes

Far1+r271,51+5271 (343)

FOris1 ®]_-a1’1 JFOra.s2

V[,rla 81]®VLV[T2,SQ] V[T'1+7“2—1731+52—1]

where the vertical arrows are injective F+'-module maps and the horizontal
arrows are a FUt and a Vi-isomorphism respectively.

4This is the only appearance of a non-co-cofintie VOA in this paper.
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4 Computing some fusion products in W,-
mod

We now apply the apply the methods explained above to analyse the monoidal
structure of W,-mod.

4.1 The fusion rules and rigidity of X

In this section we analyse the fusion products of X; with simple modules
and prove the rigidity of X .

Theorem 34. The fusion product of X{ with itself is

X;reX; =X . (4.1)
Also X1 is rigid and its dual is just X | itself.
Sketch of the proof. We prove the the theorem in three steps.

1. We prove that there exists a surjection of Ao()Vp) modules

Ao(X{) = Ao(XT®X7). (4.2)

2. We prove that dim A; (X; ® X )[1] = 0.
3. We prove the existence of a non-trivial YW,-module map

X1_®X1_ — V[Z,pfl} . (43)

Step 1 implies that X; ®X; is a (possibly trivial) highest weight module
generated by a state of conformal weight 0. Since h, ; =1 step 2 excludes
the possibility of X, being a submodule of X; ®X; . Step 3 implies that
X| ®X, is non-trivial and since the only non-trivial submodule of Vi ,_1j,
generated by a state of conformal weight 0 is X", it follows that X; ® X =
Xr

The rigidity of X, follows by choosing

idys = ey : Xy QX — X (4.4)
idys =iy Xi” = X7 @X[

and the fact that therefore all the maps appearing in definition [17] are iso-
morphisms. [
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Proof of step 1. As in proposition [30| we choose
1 .
X =P epcr v (4.5)
7=0 e==%

and as in proposition [29| we choose
X' =P, (4.6)
e=+

Using the formulae as well as the null vector in proposition m we
can compute the action of Ly on the classes represented by the elements of
(X7)* @ (X7)°.

[vf" @ 03] = 2k [uf' @ V7?] 4 [Loyopt @ 0f] (4.7)
[Lo1vi' @ vP?] = (2hy + D)[of* @ 0] + [L2 0] @ v7?]
= phy [v7' @ vP] + (2hy + 1 —p)[Lyve, ® v7?].

Thus for each pair €1, 9 we can represent Lo by

~ (20 phy
LO_( 1 2h;+1—p) (4.8)

on the basis L7 ;v @12, j = 0,1. The eigenvalues of this matrix are hf” = 0
and 2p — 1.

Next we will determine a lower bound on the dimension of the kernel of
the surjection

(X))@ (X7)? = Ag( Xy RXT). (4.9)

Because Ay(W,)-mod does not contain any module with eigenvalue 2p — 1
eigenvectors, the eigenvectors

vt @ vi? + 3;—_2[/,11)‘;1 ® vy, (4.10)

corresponding to the eigenvalue 2p— 1, must lie in the kernel of the surjection

(@9).
From formula (3.11)) illustrating the action of W-field modes on X; we
know

L v =C.-Wev© e==£ (4.11)
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for some constant C'. This implies that L_;v] ® v], € = =£ lies in the kernel

of (4.9)), because
[Loyvi @ vf] = Ce - [WE v @ 0f] (4.12)

2p—3

2p -3 i[,,—€ € €
=C;- Z ( j )(‘UJ (v ® VVj—(2p—2)U1] =0.
j=0

Finally

[Loyv @0y °] = Ce - [WE v @07 (4.13)

2p—3

2p -3 if,,—€ € —€
=C;- Z ( j )(‘DJ [V ® %—(2}3—2)“1 ]
§=0

= Ae[L—lvl_E ® Uﬂ + Ba[“l_8 & Uﬂ )

for some constants A. and B., since by the action of the W-modes (3.11))
14/;7(21172)”1_ e £22,1' This implies that some non-trivial linear combination
of [L_jvy ® vy ] and [L_jv; ® vf] lies in the kernel of (4.9). Therefore the
kernel of is at least 7 dimensional and Ag(X; ®X; ) is at most one
dimensional. If Ay(X; ®X; ) is indeed non-trivial, then the eigenvalue of L

is 0. [l

Proof of step 2. We know that the image of the action of the WW-field modes
W*,_ on the highest weight vectors v lies in the Virasoro submodules gen-
erated by v and v; for k < 3p — 1. Therefore a spanning set of rep-
resentatives for A;(X; ®X; ) can be chosen from Virasoro descendants of
vt @ 07?1 = £, 9 = £. Also since the relations for Virasoro modes
still hold for n > 2, we can restrict the spanning set of representatives for
A (X7 ®X[) to L_j-descendants of vi* ® vj2. Finally because of the null
vector at level 2 of X| we have the following surjection of complex
vector spaces

1
P P Ll o5t @ L o] — A(XT®XT). (4.14)
i=0 e1=%
j=0 ea==%

Because the image of the canonical Lie algebra homomorphism

g(Wp) = UW,) (4.15)

is dense, we know that the image of L? | lies in go(W,)(X; ®X; ) and that
L? | therefore acts trivially on A;(X; ®X ) even if L_; does not. This
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implies the relation
(Gro([T ® 1-dz"1]))* [ @ v] (4.16)
= [Lopf' @ o] + 2[Lg0f' @ Loqof?] + [of' @ Loqf?] =0

We therefore take [v]' ® v7?], [L_1v]* @ vi?] and [v]' ® L_107?] as a spanning
set for A;(X;'®@X ;') and compute the action of L

g 5] 3 €1 £9 €1 €2
051 ® 2] s (gp—l) o8 ® 022] + [Lyof @ v (4.17)

3 3
Loyt @ o] (§p - 1) Plust @] + SplLorof? @ o]+ plof? © Lol

i

3
[0 ® 0] > — (§p _ 1) Plust vt + Bl o] + ol @ Loyo?).

As a matrix L is represented by
Gr-1) Gr-1§ —(Gr—-1)%

1 %p

0 p

(4.18)

b

on the basis v{' ® v7?, L_yvi' ® v]? and vi' ® L_jv* and the eigenvalues of
this matrix are 0, 2p — 1 and 2p, none of which are h, ; = 1. O

Proof of step 3. According to proposition there exists an injective W,-
module map

’Ul_ — |O[271> .
By this map and proposition [24] there exits a non-trivial WW,-module map
X7 Ow, X7 = Vv, Vo (4.20)
vy @uy > ag) @ |agy) .

By proposition |33| there exits a V-module isomorphism

V[2,1]®VLV[2,1] — V[S,l} = V[171] (4.21)
lag1) ® |ag1) — |asq) .

By concatenating these two maps we have constructed a non-trivial W,-
module map

Xf®Wpr — V[l,l} . (4.22)
L]

35



Theorem 35. The fusion rules of X| with simple modules is given by
XioXi=X° 1<s<p e=+. (4.23)
Sketch of proof. We prove the theorem in two steps
1. Let M be a simple module, then X; ®M is also simple.

2. We prove the existence of a non-trivial YV,-module map

X7 0XS = V.- (4.24)

The simplicity of X; ® X implied by step 1 and the non-triviality of the
map in step 2 implies that X; ® X} is a simple submodule of Vi2,s. Therefore
X;®XS = X_. The theorem then follows by X; @X; = X;'. O

Proof of step 1. Proof by contradiction. Assume X; ®M is not simple, then
there exists an exact sequence

0—>A— X;®M — B—0, (4.25)

for some non-trivial YW, modules A and B. Because X is rigid, the sequence
0= X;®A— M— X;®B -0, (4.26)

must also be exact which is in contradiction to M being simple. O]

Proof of step 2. According to proposition [32| there exist injective WW,-module
maps

X| = Vo (4.27)
vy o)
and for 1 <s<p
X: — V[l,s] (4.28)
Us > o )

By the above injective WW,-module maps and proposition there exits a
non-trivial WW,-module map

Xf@WPX:_ — V[271]®VLV[1,3} (4.29)
V] @ Us ’042,1> 0y |Oé1,s> .
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By proposition (33| there exits a Vi -module isomorphism

Vie, 1 ®v, Vits) = Viz,s) (4.30)
az,1) @ [ars) = |ags) -

By concatenating these two maps we have constructed a non-trivial W,-
module map

)(17(81/\)17)(8+ — V[ZS] . (431)

]

4.2 The fusion rules and rigidity of X

In this section we analyse the fusion products of X, with simple modules
and prove the rigidity of X .

Theorem 36. The W, module X5 is rigid and he fusion rules of X5 with
stmple modules is given by

X5 s=1
XFoXi=¢ X, oX:, 2<s<p—-1 . (4.32)
Py s=p

Sketch of proof. We prove the theorem in a number of steps

1. We prove the existence of surjections of Ay modules

s=1 A()(XQ_)
1<s<p Ao(X 1) ®A(X ) ¢ = A(Xg®X) =0
s=p Ao(P,1)

2. We prove the existence of non-trivial W,-module maps
XFOX7 = Vst (4.33)
for1<s<p-—1.
3. We prove the existence of non-trivial YW,-module maps
X2+®V[1,pfs} — X, (4.34)

for2<s<p-—1.
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4. We prove the existence of a surjective W,-module map
X;@X; — X, . (4.35)
5. We use the formalism outlined in section to prove the rigidity of
X5
Steps 1 through 3 prove

X5 s=1

X, 10X, 1<s<p (4.36)

XFoX; = {

Step 5 implies that X2+®ij is injective, since the product of a rigid and a
projective module is again projective. The only projective module compatible
with steps 1 and 4 is P, ,, therefore

X;®X, =P, . (4.37)

p

Finally the fusion products of the theorem follow by multiplying with X,
and the associativity of the fusion product. n

Proof of step 1. We choose the special subspace of X3 to be given by
1 .
(X ) =Pl yu & @ CWey, pus, (4.38)
j=0 e=0,%+

as in proposition [31] and we chose the zero mode subspace of X[ to be given
by

(X)) =P, (4.39)
e=%

as in proposition [29] By proposition [23| there is a canonical surjection
(X5)' @ (X)) = Af(XFEXT). (4.40)
We first show that the spanning set
span{[L’ jup ® vZ], Wy pus @S], j=0,1, e =%, p=+,0} (4.41)
is redundant. Consider

(WEypiotia @ 03] = —[us @ WEy o] (4.42)
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Because the highest weight of the Virasoro representations Ly, in the de-
composition of X, into Virasoro representation is 3p — 1 higher than
the highest weight of U(L)v;, W, ,,v; must lie in U(L)v;. Therefore
[(W¥y, ous ® vg] depends linearly on (L juy ®%], j=0,1, § = +.

We therefore have a 4 dimensional spanning set for A (X5 ®X_") on which
we can compute the action of L.

[z ® 03] = (h3 + hi)[uz @ v7] + [Loyuz @ 7] (4.43)
h} 1
[L_1U2 & U;t] — ?S[U/Q X U;t] + (h; + h: + 1-— ];)[L_IUQ X U;t] .

We can therefore represent L by the matrix

h$ + h; B
1 hy +hy +1—

on the basis Lj_lug ®vs, j=0,1, e = £. For 2 < s <p—1 the eigenvalues
of this matrix are h,_; and h, ; and for s = p the eigenvalues of the above
matrix are h,_; and h. O

Proof of step 2. According to proposition [32| there exist injective WW,-module
maps

X; — V[ZS] (4.44)
Ug > |O./175> .
and for 1 < s <p
XS_ — V[Q}S] (4.45)

v, g
By these maps and proposition [24] there exits a non-trivial YW,-module map
XS ow, X, = Vig®v, Vi (4.46)
Uy ® v, = ang) @ |ag)
By proposition |33| there exits a V-module isomorphism
Vi g @v Vizs) = Vi) (4.47)
|12) ® ag,s) = [ozsia) -

By concatenating these two maps we have constructed a non-trivial W,-
module map

X2+®WPX; — V[275+1} . (448)
[
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Proof of step 3. Before we begin with the proof we note that the proof of
step one implies the existence of a surjective WW,-module map

X X, = XToX, (4.49)

for 1 < s < p, i.e. the results for Ay(X, ®X;) allow for no modules larger
than X, or X, . Therefore because X is rigid and the functor X| ®— is
exact, there exits a surjective VW,-module map

X e X, — XJox/. (4.50)
According to proposition [32] there exists an injective WW,-module map
X; — V2,4 (4.51)

Uy > ’CY1,5> .
By this map and proposition [24] there exits a non-trivial YW,-module map

X3 @w, Vs = Vn2a®v, Vip—(s-1)] (4.52)
Ua X ‘Oé—l,p—s> — ’051,2> X |a—1,p—s> .

By proposition (33| there exits a Vi -module isomorphism

Vi ®@v Vip—s) = Vip—(s-1)] (4.53)
lo12) ® oy pos) > |a71,p7(371)> .

By concatenating these two maps we have constructed a non-trivial W,-
module map

0 X3 O Viip-s) = Viip-(s-1) - (4.54)
Also according to proposition [32] there exists a surjective WW,-module map

T V[l,p—(s—l)] — Xs_—l (4.55)

| p—(s—1)) U
The composition 7 o ¢ is therefore a non-trivial YW,-module map
Tow: Xe®@Vips — Xy (4.56)

By the surjection (4.50) X2®X;QS must lie in the kernel of 7 o ¢. Therefore
there exists a non-trivial WW,-module map

XFoX; — X . (4.57)

[]
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Proof of step 4. According to proposition there exists an injective W,-
module map

Uy +—> |Oél,2>

and a W,-module isomorphism X" — V)3 ). By the above maps and propo-
sition [24] there exits a non-trivial V,-module map

X2+®va[27p] — V[1,2]®VLV[2,p] (459)
uz ® |agp) > o) ® |agy) -
By proposition (33| there exits a V;-module isomorphism
Vi ®@vi Ve = Ve = Vi) (4.60)
|a12) @ |aop) = |aopr1) = |a—11).

By concatenating these two maps we have constructed a non-trivial W,-
module map

X2+®Wpo_ = V- (4.61)
Also according to proposition [32| there exists a surjective W,-module map
Vg — X, (4.62)
la_11) — v;r_l )
Therefore there exists a non-trivial YW,-module map
Xyow,X, = X . (4.63)
O

Proof of step 5. In order to prove the rigidity of X, , we need to consider
three fold products of X7, which at this stage we can only compute for
p > 4. We will therefore explain in detail how the proof of rigidity can be
reduced to analysing formal solutions of hypergeometric equations for p > 4.
The advantage of this analysis is that it does not require us to explicitly
know the three fold fusion product of X, and we can therefore also apply it
to p = 2,3 once we have discussed p > 4.

Until explicitly stated otherwise we will therefore assume that p > 4.
Then we have proven that

XFo(XSoXy)) & (XX X =2- X o X,/ . (4.64)
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The rigidity of X5 and self duality X;7' = X requires the existence of
W,-module maps i : X;” = XJ®X; and e : X ®X; — X', such that

. idi . .
Xi = XFoX; — = XX ®Xy) (4.65)

i

st v+ x+
X2,X2,X2\

. 2id . .
Xf =~ xrox 2 (xFaxhHexs
and
. 9id . .
Xf 2 xXrox;y — 2 L (XFaxHeXs (4.66)
—1
g\ O‘X;,X;,X; \
. ids . .
Xf 2 XFoxr —22C  xre(Xfaxy)

commute, where f = p-idy+, g =v-idyy for two non zero constants y and
v. We show that p # 0, the case of v is similar so we omit the proof.

We fix highest weight vectors u, of X} for s = 1,2, 3, such that X}[hf] =
Cug and u; =  as in previous calculations. By the fusion products we have
computed so far we know that the spaces of vertex operators

X5 X5 X+
+2 ’ ’ + ) et ) (4.67)
Xy, X§ X5, X, Xy, Xy

are all one dimensional for s = 1,3. We therefore fix non-trivial vertex
operators

X Xt X+
2 2 2 2 s s
Q‘I’SG(XJ,X;)’ 8‘1’26()@,){;)’ 2‘1’26(X;,X;)' (4.68)

These vertex operators can be formally expanded as

O(52) = e, ()z ik =k (4.69)

nez

for appropriate choices of a,b and ¢, where

W8, € @D Home(X b + k] ® X7 [hy + €], XF[hS + k+ £ —n]). (4.70)
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This allows us to define four power series

DM (24, 23, 22, 21) = (QU1 V3 (ua; 24) U2 (un; 25) W5 (u2; 22) U7 (uz; 1))

(4.71)

D) (24, 23, 20, 21) = (20,05 (us; 24) U5 (W5 (un; 20 — 23)un; 23) W5 (ug; 1)) ,

for s = 1,3. The power series 3" and ¥ converge absolutely on the
domains

UWD = {(24, 23, 2, 21) € (CV*||2a] > | 25| > | 22| > |21] > 0}, (4.72)

U = {(24, 23, 20, 21) € (CV| |24] > |25] > |21] > 0, | 23] > |22 — 23] > 0},
respectively and satisfy the partial differential equations

1. forn=-1,0,1

0
a=1 a
2. fora=1,2,3,4
P 1< hi 1
922 p - — ) |®=0. 474
0z p b=1 ((Zb —2)? B— 2 82;,) ( )
b#a

The solution space of these two sets of differential equations is two di-
mensional and the solutions define multivalued holomorphic functions on
(P)* \ diagonals. Therefore Y and ®¥ define bases of the solution space
of the above differential equations on the two domains U® and U® and it

is possible to analytically continue 3" to U® and vice versa. For a given

path v from U® to U@, &Y can be written as a linear combination of &'

and @gf) . This defines a connection matrix

(1) (2)
D _(a D Dy

Going along the path v in the opposite direction one can express ®2 as a
linear combination of q)ﬁ” and <I>:(31) with the inverse of the connection matrix

above
S I R I B (4.76)
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The constant u, in f = p-id xF of diagram (4.65)), being non-zero is equivalent

to (1351) having non-vanishing contributions from <I>§2), i.e. a being non-zero.

Similarly v is non-vanishing if <I>§2) has non-trivial contributions from @ﬁ”,
which is the case when d is non-zero.

The first set of differential equations (4.73)) guarantees the covariance of
(" with respect to Mobius transformations. Since Mobius transformations
act transitively on triples of pair wise distinct elements of P, we can fix three

(a) : :
of the arguments of &5’ to uniquely determine

o = ] (si—2) % 231 —2)iHO () (4.77)

1<i<j<4

up to a function H (@) (x) of the Mobius invariant cross ratio

p= AT BT (4.78)

24 — 2221 — 23

See [33] for a wealth of examples regarding such computations. The functions
Hﬁl)(x) and H? (z) are absolutely convergent on 1 > |z| > 0 and 1 >
|1 — 2| > 0 respectively. The second set of differential equations arise
from the fact that the vertex operators above vanish upon inserting the null
vector

(L%, = SLs)us. (4.79)

The prefactors of HY () in equation (4.77) have been chosen such that

the differential equation for Hs(a)(x) induce by (4.73)) is particularly simple.
Namely the well known hypergeometric equations

d? d
1-— — H@ () = 3=p ) -0, ’
o= a) 2 CHO (@) - SEHO@) =0, (180)

For a detailed list of solutions and all formulae we will be using see [37]. For

&Y which converges on U®), Hs(l)(w) is a power series in x, while for ®%)

H( (2) + 2(1 — 22)

which converges on U®, H @ (x) is a power series in 1 — x

1
HY (@) =, F, (5,522, 0), (4.81)
p—2
1 _
H?E)(x):x 2F1(1%’%;2pp2;x)7
2 _
Hl()(w):2F1(%7¥§%51—37)7
p—2
) p2
H (2) = (1—2) 7 o F (3,20 22201 — g



To prove that <I>§1) has non-vanishing contributions from (ID?) we continue

H {1) (x) along the path from 0 to 1 on the real line. The well known connection
formula for hypergeometric functions then yields

Y (z) 1 @) )+3_p LG 1P () (4.82)
L T sz L 2—pT(HrE) 3 v |
p p p
1 3 — P F(2)2 1
H(Q) _ (1) P H( )
1 (SE) 2COSE 1 ( )+2_p1—\(l)1—\(§) 3 (Z‘)
p p p

And thus the rigidity of X; for p > 4 follows.

For p = 2,3 the analysis is exactly the same. Specifying the domains
and codomains of the vertex operators is just a bit trickier. The resulting
differential equations are analogous however. For p = 3 we have shown so
far that

XFRXFRXT = X @ (XFeXF) (4.83)
and that there exits a surjective Ws-module map
XFoX5 — X, (4.84)

Therefore the right exactness of the fusion product implies the existence of
a surjective W3-module map

XFo(XyoX)) — Xe X5 . (4.85)

The analysis above can therefore be repeated for p = 3 without any mod-
ifications. We consider the differential equations @ and , Which
can again be simplified to the hypergeometric equation @D Analysing the
connection formulae for p = 3 yields

H{(z) = HP(x) (4.86)

thus proving the rigidity of X for p = 3.
For p = 2 the space of solutions for the hypergeometric equation

d? d
(1 — x)@lﬁa)(m) + (1 — Zx)@Hga)(x) — g™ (@) =0 (4.87)

is slightly more complicated than in the previous examples, because the poles
encountered at x = 0 and x = 1 are logarithmic. This implies that vertex
operators involved also contain logarithms. We will omit the details however
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since they are not important for solving the above differential equation. The
solutions H{™ are given by

oY (2) =, F (4, 55 1), (4.88)
HY (2) =, Fy (5,15 1;2) log(2) + Gl)

H(2) =, F (3, 51— ),

HY (2) =, F (3,411 —a) log(1 —2) + G(1 — z)

where G(z) is a power series with vanishing constant term that converges for
1 > |z|. The connection formulae for p = 2 yield

10g7r(4) HO (z) ;H:)(,Q) (), (4.89)

HY =

thus proving the rigidity of X for p = 2. O]

5 The rigidity of (W,-mod, ®)

In the previous sections we proved that X, and X, are rigid self dual objects
in W,-mod. In this section we will exploit this fact to compute the fusion
product of X; and X with the projective modules P?, 1 < s <p, ¢ = =+,
allowing us to prove the rigidity of W,-mod and ultimately compute the
fusion product on the set of all simple and all projective modules.

5.1 Fusion products between X; and X2Jr and projec-
tive modules

At first we prepare some more notation. For any object in W,-mod we
denote by [Z : XZ] the multiplicity of X¢ in quotients M, 1(Z)/M;(Z) of the
Jordan-Holder series (2.30) of Z Then we have

[Z : X:] = dimc Hom(P%, Z) . (5.1)

We have established that

X5, s=1
XyoX;=q Xi ®X5,, 2<s<p-1 (5.2)
Py 1, S=0p

X oXi=X.°, 1<s<p.
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and that X and X, are self dual rigid objects. From the Jordan-Holder
series of the projective modules we also know that

[P X[ = 20(s.0),(t,0) T 20(5,8),(p—t,—0) s 1 <5< p (5.3)
[Py X71 = 0pe),(t.0)

So we have the following proposition.

Proposition 37. The fusion rules of X5 and X{ with projective modules
are given by

Pi@2-Pyr, s=1

P, ®2-P), s=p—1
X QPF =P+, 1<s<p.

Proof. Because X; and X, are rigid, their product with P} is projective.
The most general ansatz for such a product is therefore

p
X&F = DD N P (5.5)
m=1 uy==+

where X is either X; or X3 and N,,, € Z is the multiplicity of P in X®F;.
We can determine N,, , by recalling that a rigid object X and two arbitrary
objects A and B satisfy the relation

Hom(A, X®B) = Hom(X*®A, B) . (5.6)

Setting A to P’ and C' to X* and calculating the dimensions of the spaces
of W,-module maps in the equation above, we are lead to

Ny = dim Hom(P?, X®@X") = [X®X" : X7]. (5.7)

We can easily calculate the multiplicities [X®XF" : X7] for X = X;, X5
by considering the fusion products [35] and

(X7 ©XE : XP] = 016 (m, ) (58)
0@,4),(ms) T 20(p,0),(m,—p) T =1
IXF&XE : X7 = O(t—1,6),(m) T O(t+1,8),(mp) 2 << p—2
" O(p—-2,6),(mp) T 20(p.6),(myy t=p—1
O(p—1,6),(mopr) t=p

The proposition then follows directly by plugging in the multiplicities. [
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5.2 Proving rigidity

We apply point 4 of proposition to W,-mod. Since all simple and all
projective W,-modules appear in the fusion products of X; and X, the
following proposition follows.

Proposition 38. For 1 < s < p, € = % the simple modules X and the

projective modules P are self-dual rigid objects in YW,-mod.

In W,-mod all indecomposable objects M except the simple objects and
the projective objects satisfy exact sequences

0—L—M-—N—0 (5.9)

such that L and M are direct sums of simple objects. So finally we obtain
the rigidity of WW,-mod by applying point 5 of proposition [19]

Theorem 39. The weakly rigid monoidal category (W,, ®, X;") is rigid. For
any object M in Wy-mod the dual M" is given by the contragredient M*, i.e.
MY = M*.

5.3 The ring structure of P(W,) and K(W,)
We see in theorems [35| and , that the fusion products of X; and X, with

simple modules are direct sums of simple and projective modules. Because
all simple modules appear as direct summands of products of X; and X,
the product of any two simple modules must also be a product of simple and
projective modules. Therefore because all the simple modules are rigid, the
fusion product closes on the set of all simple and all projective modules. In
this section we will compute the fusion product on this set.

We introduce the free abelian group P(W,) of rank 4p — 2 generated by
all projective and all simple modules

PY,) = DD zixil o D2 (5.10)

s=1 e==% s=1 e==%

and the rank 2p Grothendieck groupf)]

KOW) = D P 2Nk (511)

s=1 e==+

°The Grothendieck group K(C) can be defined for any ablian category C. It is given
by free abelian group generated by all objects of C modulo the subgroup generated by all
formal differences M — L — N where L, M, N satisfy an exact sequence 0 — L — M —
N — 0. If the number of simple objects in the abelian category C is finite, then K (C) is
just the finite rank free abelian group generated by all simple objects.
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By the rigidity of W,-mod and and the closure of the fusion product on
simple and projective modules

1. P(W,) and K(W,) have the structure of commutative rings.

2. The canonical projection 7 : P(W,) — K(W,) is a ring homomor-
phism.

By the above arguments the two operators
X =XS®— Y = X7 ®—, (5.12)

define Z-linear endomorphisms of P(W,) and K(W,). Because the fusion
product is commutative, the two operators X and Y must also commute.
Thus by the two operators X and Y the polynomial ring Z[X,Y] acts on
P(W,) and K(W,), i.e. P(W,) and K(W,) are modules over Z[X,Y] and
the canonical projection 7 is a Z[X, Y]-module map.

Before we begin analysing the action of Z[X, Y] on P(W,) we recall some
elementary facts about Chebyshev polynomials that will prove helpful.

Definition 40. We define elements U,(X), n=0,1,... in Z[X]| recursively

Up(z) =1, Uy(z) =z, (5.13)
Un1(z) = 2Up(z) — Upa(z),

Remark 41. 1. The coefficient of the leading order of U,(X) is 1, i.e.

Up(X)=X"+---€Z[X], m=0,1,2,... (5.14)
so we have
Z1X) = Pzv.(X). (5.15)
n=0

2. The initial conditions and recursion relations of the polynomials U, (X)
are those of the Chebyshev polynomials of the second kind, though with
a non-standard choice of normalisation.

We define the Z[X, Y]-module maps

b ZIX, Y] = P(W,) (5.16)
f(X’ Y) = f(X7 Y) : [XF—]P

0 ZIX,Y] = KW,)
FXLY) = f(XY) - (XK
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Theorem 42. The maps ¥ and ¢ are surjective homomorphisms of commu-
tative rings and the kernels are given by the ideals

kerip = (Y? =1, Uy, 1(X) = 2Y U, 1 (X)) (5.17)
kerp = (Y? = 1,Uy(X) — Up—a(X) —2Y) .
Proof. Consider the fusion products
XFoX{ =X (5.18)
X2+®XS+ = Xer—l b Xii—l )

for 1 < s < p. Formally this looks exactly like the recursion relations and
initial conditions if one were to substitute X, with X and X with
Us—1(X). We can therefore write the generators of P(W,) and K(W,) cor-
responding to the simple modules X, 1 < s <pas

(X p = U (X)[X{]p, (X = Usma(X) [ X ]k - (5.19)

Since the remaining simple modules X can be written as X; ® X, their
corresponding generators in P(W,) and K (W,) can be written as

(X1 = YUt (X)X ]p, (X, Tk = YUt (X)X k- (5.20)

Thus as a module over Z[X,Y], K(W,) is generated by [X;]x and ¢ is
therefore a surjective Z[X, Y]-homomorphism.
Next we consider the fusion products

Xo® X, = PF, (5.21)
XjoPl =Pl @bl

for 1 < s < p. These imply that the generators of P(W,) corresponding to
the projective modules P}, 1 < s < p can be written as

[P ]p = (Uzp1-(X) + Usan (X)) [X{ ] - (5.22)

Since the remaining projective modules P, can be written as X; @P; their

corresponding generators in P(W,) can be written as
[Pl = Y (Uzp1-s(X) + Usa (X)) [X{ T - (5.23)
Thus as a module over Z[X,Y], P(W,) is generated by [X;]p and ¢ is

therefore a surjective Z[X,Y]-homomorphism.
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We verify that the two ideals

I =(Y?=1,Usp1(X) = 2YU,_1(X)) (5.24)
J=(Y?=1,Uy)(X) = Upa(X)—2Y) .

are indeed the kernels of ¢ and ¢ by showing that I and J lie in the kernels
and that the ranks of Z(X,Y)/I and Z(X,Y)/J are equal to the ranks of
PW,) and K(W,). From the fusion product X; ®X; = X" it follows that

(Y2 -1)[X{]p=0 (Y2 - 1)[X{]x =0. (5.25)

The left and right hand sides of X, ®X;r = Per_1 are given by the left and
right hand sides of

XUp (X)X Nk = 2(Up-1(X) + Y)[X{ ]k (5.26)

respectively in K (W,). By the recursion relations for Chebyshev polynomials
it therefore follows that

(Up(X) = Up-2a(X) = 2Y)[X{ ] = 0 (5.27)

Lastly by the left and right hand sides of the product X, @P;" = P;” & 2X,
are given by the left and right hand sides of

X (Uzgp—a(X) + Uo(X))[X{]p = (Ugp—s + UL (X) + 2V U, 1 (X)) [ X[ |p
(5.28)

respectively in P(W,). By the recursion relations for Chebyshev polynomials
it therefore follows that

(Uap—1(X) = 2YU,—1 (X)) [X{]p = 0. (5.29)

We write Z[X,Y]/I and Z[X,Y]/J out as free abelian groups to compute
their rank

Z[X,Y] Z[X] @ Z[X]Y o w2
= = 7X' ® 7X'Y (5.30)
1 (Ugp-1(X) = 2YUp1(X)) g:? 16:?
Z[X,Y] Z[X] & ZIX]Y Pl el
= = 7X" 7ZX'Y
T U(X) — U, o(X) —2v) G:? © EE
and see that the ranks are 4p — 2 and 2p respectively. O]
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Theorem 43. The fusion products for all simple and all projective W,-
modules are given by

min{s+t—1,2p—1—s—t}
X5®X”— P xv o @PW (5.31)
i=|s—t|+1;2 1=2p+1—5—1;2
man{s+t—1,2p—1—s—t}

X§‘®P”:@P“” o @2 PY @ @2 P

i=|s—t|+1;2 i=2p+1—(s+t));2 i=p+1—(s—t));2

PPy =2-XFQPr®2- X, QP

where %27 indicates that the summation variable is incremented in steps of
2 and

| for p—1i even
m_{p—l forp—iodd (5:32)

The product on the Grothendieck group induced by the fusion product is given
by

min{s+t—1,2p+1—s—t}

XUk (X Tk = DXk + Z 2([X!")k + [X, k),  (5.33)

i=|s—t|+1;2 1=2p+3—s—t;2

where
— p—2 forp—1i even
|\ p—1 forp—i odd

Proof. The above fusion rules can be computed directly in Z[X, Y] by using
multiplication formula for Chebyshev polynomials

(5.34)

k+j

Un()Uj(z) = > Ui(x) (5.35)

i=|k—jl;2

and subsequently projecting onto P(W,) or K (W,). Note that the “;2” in the
subscript of the sum indicates that the summation variable k is incremented
in steps of 2. O
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