QUANTUM PIERI RULES FOR TAUTOLOGICAL SUBBUNDLES

NAICHUNG CONAN LEUNG AND CHANGZHENG LI

ABSTRACT. We give quantum Pieri rules for quantum cohomology of Grass-
mannians of classical types, expressing the quantum product of Chern classes
of the tautological subbundles with general cohomology classes. We derive
them by showing the relevant genus zero, three-pointed Gromov-Witten in-
variants coincide with certain classical intersection numbers.

1. INTRODUCTION

The complex Grassmannian Gr(k,n + 1) parameterizes k-dimensional complex
vector subspaces of C" 1. It can be written as X = G/ P with G being a complex Lie
group of type A, i.e. G = SL(n+1,C), and P being a maximal parabolic subgroup
of G. We will continue to call such X'’s as Grassmannians even when G is not of type
A. Indeed when G is a classical Lie group of type B, C or D, such a Grassmannian
parameterizes subspaces in a vector space which are isotropic with respect to a
non-degenerate skew-symmetric or symmetric bilinear form. Therefore it is usually
called an isotropic Grassmannian. Recall that the tautological subbundle & over
any point [V] € Gr(k,n+1) is just the k-dimensional vector subspace V itself. And
it restricts to the tautological subbundle S of any isotropic Grassmannian.

The cohomology ring H*(X,Z) of an isotropic Grassmannian X = G/P, or
more generally a generalized flag variety, has a natural basis consisting of Schubert
cohomology classes o“, labelled by a subset of the Weyl group W of G. The
(small) quantum cohomology ring QH*(X) of X, as a vector space, is isomorphic
to H*(X)®Q[t]. The quantum ring structure is a deformation of the ring structure
on H*(X) by incorporating three-pointed, genus zero Gromov-Witten invariants of
X. Since Hs (X,Z) = Z, the homology class of a holomorphic curve in X is labelled
by its degree d. In the case of X = IG(k, 2n) being a Grassmannian of type C,,, the
Schubert cohomology classes % = 02 can also be labelled by shapes a, which are
certain pairs of partitions. Every nonzero Chern class ¢,(8*) = (—1)P¢,(S) = o?
(up to a scale factor of 2) is then a special Schubert class given by a special shape
p, and they generate the quantum cohomology ring QH*(IG(k,2n)). One of the
main results of the present paper is the following formula.

Quantum Pieri Rule for tautological subbundles of IG(k,2n)(Theorem 4.4)
For any shape a and every special shape p, in QH*(IG(k,2n)), we have

o xo? = Z o¢(ab)sb 4 Z 2¢(a,8) 5e

Here a and ¢ are shapes associated to a and c respectively; e(a,b) and e(a, €)
are cardinalities of certain combinatorial sets, determined by the classical Pieri
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rules of Pragacz and Ratajski [27]. We have also obtained similar formulas for
Grassmanianns of type B and D, details of which are given in section 4.

The aforementioned quantum Pieri rule is a quantum version of the classical
Pieri rule for isotropic Grassmannians. The famous classical Pieri rules are known
firstly for complex Grassmannians (see e.g. [15]). For X = Gr(k,n + 1), they
describe the cup product of a general Schubert class in H*(X) with ¢,(S*) or ¢,(Q),
where Q is the tautological quotient bundle over X given by the exact sequence
0—8— C"! — Q — 0. It was generalized for other partial flag varieties of type
A, firstly given by Lascoux and Schiitzenberger [23], and was also generalized for
Grassmannians X of type B, C' or D. Note that there is also a tautological quotient
bundle Q over X. When X parameterizes maximal isotropic subspaces, (roughly
speaking) there is no difference between the Chern classes of S* and Q, and the
classical Pieri rules has been given by Hiller-Boe [17]. When X parameterizes non-
maximal isotropic subspaces, the classical Pieri rules with respect to ¢,(S*) have
been given by Pragacz and Ratajski ([27], [29]), while the classical Pieri rules with
respect to ¢,(Q) are just covered in the recent work of Buch, Kresch and Tamvakis
[5] on quantum Pieri rules. In contrast to complex Grassmannians, knowing either
of them cannot deduce the other one. There is also a previous work of Sert6z [31]
as well as a generalized classical Pieri rule given by Bergeron and Sottile [1], which
gives the formula for multiplying a Schubert class on a complete flag variety of type
B or C by a special Schubert class pulled back from the Grassmanian of maximal
isotropic subspaces.

The story of quantum Pieri rules are almost parallel to the story of the classical
Pieri rules. The quantum Pieri rules are also known firstly for complex Grassman-
nians, which were firstly given by Bertram [2]. They were generalized by Ciocan-
Fontanine [11] for other partial flag varieties of type A, and by Kresch-Tamvakis
([20], [21]) for those X that parameterize maximal isotropic subspaces. Recently
in [5], Buch, Kresch and Tamvakis have given us the quantum Pieri rules with
respect to ¢,(Q) for those X that parameterize non-maximal isotropic subspaces.
In contrast to complex Grassmannians, (in general) the quantum Pieri rules with
respect to ¢,(Q) do not imply the quantum Pieri rules with respect to ¢,(S*) and
vice versa.

Our quantum Pieri rules are consequences of the following main technical result.

Main Theorem. Let X = G/P be a Grassmannian of type B,C or D, and S
denote the tautological subbundle over X. Let o*, o be Schubert classes in QH*(X)
with o = (—1)Pc,,(S) (possibly up to a scale factor of 3, see section 3.1 for more
details) for any p. In the quantum product

ocxoc" =c"Uc" + E N;“;)dtdow7
d>1

all the degree d Gromov- Witten invariants N';¢ coincide with certain classical in-

uU,v

tersection numbers. More precisely, we have
(1) If d =1, then there exist uy,v1,wy € W such that N;} = N9

u1,v1 "

(2) If d =2, then there exist ug,va,wy € W such that N';2 = N12.0 .
(3) If d > 3, then N2,# = 0.

Here N;‘“UO ’s are classical intersection numbers of the corresponding Schubert va-
rieties in the complete flag variety G/B, where B C P is a Borel subgroup of G.
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The elements u;, v;, w; can be explicitly written down in terms of u,v,w as given
in Theorem 3.13 and Theorem 3.21. In fact N:L‘j;? also vanishes for some cases.

The above theorem is an application of the main results of [25], where the au-
thors studied the “quantum to classical” principle for flag varieties of general type.
Roughly speaking, the “quantum to classical” principle says that certain three-
pointed genus zero Gromov-Witten invariants are classical intersection numbers.
Such phenomenon, probably for the first time, occurred in the proof of quantum
Pieri rule for partial flag varieties of type A by Ciocan-Fontanine [11], and later oc-
curred in the elementary proof of quantum Pieri rule for complex Grassmannians by
Buch [3] and the work [20], [21] of Kresch and Tamvakis on Lagrangian and orthog-
onal Grassmannians. This principle has been studied mainly for Grassmannians
in the works (especially) by Buch-Kresch-Tamvakis ([4], [5]), by Chaput-Manivel-
Perrin ([9], [10]) and by Buch-Mihalcea ([7], [8]). There are relevant studies for
some other cases by Coskun [12] and by Li-Mihalcea [26].

The proofs of our quantum Pieri rules are combinatorial in nature. The ideas of
all these proofs are the same, namely we obtain all the theorems by showing that
the relevant Gromov-Witten invariants of degree d vanish unless d is small enough
(for instance d < 2), and for such a small d they coincide with certain classical
intersection numbers. Moreover, all these relevant classical intersection numbers are
exactly or can be calculated from certain structure constants in classical Pieri rules
of same type. We should note that in [24], the authors established natural filtered
algebra structures on QH* (G/B). Using structures of these filtrations, we obtained
relationships among three-pointed genus zero Gromov-Witten invariants for G/B in
[25], which enable us to carry out the above ideas in real proofs. Finally, we should
also note that our quantum Pieri rules for type B, D are not quite satisfying, as
signs are involved in some cases.

This paper is organized as follows. In section 2, we fix the notations and review
the main results of [25]. In section 3, we reduce all the relevant Gromov-Witten
invariants to certain classical intersection numbers, for the quantum Pieri rules for
Grassmannians of type B, C or D with respect to ¢,(S*). In section 4, we obtain the
quantum Pieri rules by computing those classical intersection numbers in section 3
combinatorially. Finally in the appendix, we reprove the well-known quantum Pieri
rules for Grassmannians of type A (i.e. complex Grassmannians).

2. PRELIMINARY RESULTS

2.1. Notations. We recall notations in [25] which we will use here as well. Readers
can refer to section 2.1 of [25] and references therein for more details.

Let G be a simply-connected complex simple Lie group of rank n, B C G
be a Borel subgroup and h be the corresponding Cartan subalgebra. Let A =
{a1, - ,an} C b* be the simple roots with the associated Dynkin diagram Dyn(A)
being the same as in section 11.4 of [18]. Let {ay, - ,ay} C b be the simple
coroots, {x1, -+ ,Xn} be the fundamental weights and R™ be the set of posi-
tive roots in the root system R. Denote Q¥ = @, ,Za) and p = > 1" | xi-
The Weyl group W is generated by the simple reflections s;’s on h* defined by
5i(B) = 50, (B) := 8 — (B, ) )av; for each i, where (-,-) : h* x h — C is the natural
pairing. Each parabolic subgroup P D B is in one-to-one correspondence with a
subset Ap C A. Let £ : W — Z>¢ be the length function, Wp denote the Weyl
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subgroup generated by {s, | a € Ap} and W¥ denote the minimal length rep-
resentatives of the cosets W/Wp. Let wp denote the (unique) longest element in
Whp.

The (co)homology of a (generalized) flag variety X = G/P is torsion free and
it has an additive basis of Schubert (co)homology classes o,,’s (resp. o*’s) indexed
by WF. Note that o € H*")(X,Z) and that Hy(X,Z) = @, ca\a, Z0s, can
be canonically identified with QV/Q}p, where Qf := @ e, Za". For each a; €
A\ Ap, we introduce a formal variable anerleja.v For A\p = ZajeA\Ap aja) +
Q) € Hy(X,Z), we denote qr, = HajeA\Ap anJV+Q¥,’ The (small) quantum
cohomology QH*(X) = (H*(X) ® Q[q],*) of X is a commutative ring and has a
Qlq]-basis of Schubert classes 0% = 0" ® 1. The structure coefficients N} for
the quantum product

o' *xo¥ = Z Nﬁqu,\lgow
WEWP ApeQV/QY,
are three-pointed genus zero Gromov-Witten invariants and they are all non-
negative.

When P = B, we have Ap = 0,Q% =0, Wp = {1} and WF = W. In this case,
we simply denote A = Ap and ¢; = oy - It is well-known that N;’f;j\ = 0 unless
both of the followings hold:

(1) £(w) + (2p, A) = £(u) + £(v) (which comes from the dimension constraint);

(2) Xis effective, ie. A =377, aja) with a; € Zx for all j.

2.2. Preliminaries. In this subsection, we collect some known propositions. As
we will see in the next section, we give the quantum Pieri rules for Grassmannians of
classical types, based on the main result of [25] (see Proposition 2.1), the Peterson-
Woodward comparison formula (see Proposition 2.4) and the quantum Chevalley
formula (see Proposition 2.5).

As in [25], given any simple root o € A, we define a map sgn,, as follows.

1, if l(w) — l(wsy) >0

sgn, : W — {0, 1}; sgn, (w) = {() if £(w) — f(wsa) <0

It is well-known that (see e.g. [19]) sgn, (w) = 0 if and only if w(a) € RT.
The following proposition relates numbers of rational curves representing “dif-
ferent” homology classes of G/B.

Proposition 2.1 (Theorem 2.2 of [25]). For any u,v,w € W and A € QV, we have
(1) N2 =0 unless sgn, (w) + (o, A) < sgn, (u) 4 sgn, (v) for all o € A.
(2) Suppose sgn,, (w) + (a, \) = sgn,, (u) + sgn, (v) = 2 for some o € A, then

(2.1) NN = N;”S’:‘;?:, whenever sgn, (w) =0 or 1;
(2.2) Nt = N ™ if sgny(w) = 0;
(2.3) NP = NPsa?, if sgn,(w) = 1.

As a consequence, we obtain the next vanishing criterion for the Gromov-Witten
invariants! N2

1By “Gromov-Witten invariants”, we always mean “three-pointed genus zero Gromov-Witten
invariants” in this paper.
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Corollary 2.2. For any u,v,w € W and X € QV, we have ijj;,)‘ = 0 whenever
there exists a € A such that one of the followings holds.

(1) (@, \) =2 and N¥5ar—o" =0;

(2) (a,A) =1, sgn,(u) =0 and Nﬁjg&)‘*av =0;
(3) (@A) = 0, sgn, (u) = sgn,(v) = 0 and N5 = 0.

Proof. Note that sgn, is a map frow W to {0,1}. Thus if any one of the above
three assumptions holds, we have sgn, (w) + (a, A) > sgn,, (u) + sgn, (v).

When the inequality “>” holds, we are already done by using Proposition 2.1
(1). Now we assume the equality “=" holds. As a consequence, if assumption (2)
holds, then we have sgn,(w) = 0 and sgn, (v) = 1. Applying Proposition 2.1 (2)

’
A
for u' = v,v" = usq and W’ = ws,, we deduce that N} = N@» = Ny oo™ =

u' v'sy

NuATel = Nwsad=a” — 0 Gimilarl how N2} = 0 wh ith,
e e, = Ny = 0. Similarly, we can show N = 0 whenever either
assumption (1) or assumption (3) holds. O

We will use Proposition 2.1 and Corollary 2.2 very frequently in section 3. When-
ever necessary, we will point out what we are applying explicitly, by using the words
“Applying (reference) to (u', v, w’, N, a’)”.

The next identity for certain classical intersection numbers is also a direct con-
sequence of Proposition 2.1.

Corollary 2.3. Let u,v,w € W and o € A. Suppose sgn,,(w) = sgn,(u) +1=1,
then N0 is equal to NYsa:¥ if sgn, (v) =1, or 0 otherwise.

UVSq

Proof. 1f sgn, (v) = 0, then N;¥ = 0 follows directly from Proposition 2.1 (1). If
sgn,, (v) = 1, then we have N¥Se:a’ = Nwsa:0 — Nw.0 }u Proposition 2.1 (2). O

V,USq VS, U RV

The next comparison formula tells us that every Gromov-Witten invariant (N, P

for G/P equals a certain Gromov-Witten invariant (Nes"“?"*?) for G/B.

Proposition 2.4 (Peterson-Woodward comparison formula [34]; see also [22]).
(1) Let \p € QV/Q}. Then there is a unique A\g € QV such that \p = A\p+Q%
and (y,Ap) € {0, =1} for ally € Rf (= RT N@scn, ZD).
(2) Denote Apr:={B € Ap | {B,A\5) = 0}. For every u,v,w € WF, we have

Nw,)\p — Nwwpwp/,AB
u,v u,v .

Here wp (resp. wpr) is the longest element in the Weyl subgroup Wp (resp.
Wp: ).

Thanks to the above comparison formula, we obtain an injection of vector spaces
VYaap : QHY(G/P) — QH"(G/B) defined by gx,0" — qrz ",

We denote by P, the parabolic subgroup (containing B) that corresponds to the
special case of a singleton subset {a} C A, and simply denote ¢, = YA 1a}. Note
that R, = {a} and Q}, = Za". In addition, we have the natural fibration
P,/B - G/B — G/P, with P,/B =P

The (Peterson’s) quantum Chevalley formula, proved in [14], describes the quan-
tum product of two Schubert classes when one of them is given by a simple reflection.
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Proposition 2.5 (Quantum Chevalley formula for G/B ). Forue W,1<i<mn,

ot x ot = ()oY ),

where the first sum is over positive roots v for which {(us,) = £(u) + 1, and the
second sum is over positive roots v for which £(us,) = €(u) +1— (2p,vV).

When A is of A-type, the above formula is also called the quantum Monk formula.
In addition, we will need the next two lemmas.

Lemma 2.6 (see Lemma 3.9 of [24]). Letv € W andy € R satisfy ((vs,) = £(v)+
1—(2p,~vY). Then for any a; € A with (coj,vY) > 0, we have £(vsys;) = L(vs,)+1.

Lemma 2.7. Forve W¥ and a € Ap, we have sgn,(v) = 0.

Proof. Tt is a well known fact that v € W and o € Ap imply v(a) € R*. Thus,
¢(vsq) > €(v), and then the statement follows. O

3. QUANTUM PIERI RULES FOR GRASSMANNIANS OF CLASSICAL TYPES:
CLASSICAL ASPECTS

In this section, we study the quantum Pieri rules for Grassmannians of classi-
cal types, which describe the quantum product of general Schubert classes with
the Chern classes of the dual of the tautological subbundles. We will only deal
with Grassmannians of type B, C, D here, and will reprove the well-known quan-
tum Pieri rules for Grassmannians of type A (i.e. complex Grassmannians) [2] in
the appendix. Furthermore, we will only reduce all the relevant Gromov-Witten
invariants in the quantum Pieri rules to certain classical intersection numbers. As
we will see in next section, further reductions can be taken so that these rules can
be reformulated in a traditional way.

3.1. Grassmannians of type B,C,D. In this subsection, we review some facts
on Grassmanians of type C, B, D, i.e. the quotients of Lie groups G of the afore-
mentioned types by their maximal parabolic subgroups P. More details on these
facts can be found for example in [33] and [5]. We also illustrate the idea of our
proof of quantum Pieri rules.

Every such Grassmannian X parameterizes isotropic subspaces in a vector space
E = CV equipped with a standard non-degenerated bilinear form (-,-) which is
skew-symmetric in the C' case and symmetric in the B or D cases. Thus it is usually
called an isotropic Grassamannian and it can be described explicitly as follows. The
maximal parabolic subgroup P corresponds to a subset Ap = A\ {ax} (we use the
convention of labelling the base as in Humphreys’ book [18]) and the space X is
given by

(i) IG(k,2n) ={V < C?" | dimcV =k, (V,V) = 0} for type Cp;
(ii) OG(k,2n+1) ={V < C?>"*! | dimc V =k, (V,V) = 0} for type Bp;
(iii) OG(k,2n +2) = {V < C?>"*2 | dim¢c V = k, (V,V) = 0}, if G is of type
Dpyiand 1 <k<n-—1;
(iv) a connected component OG°(n + 1,2n + 2) of OG(n+1,2n + 2), if G is of
type Dyy1 and k € {n,n + 1}.

In the first three cases, we have N = 2n, 2n + 1 and 2n + 2 respectively. For
convenience, we have assumed G to be of type D,,41, rather than D,,, in case (iii)
and (iv). Furthermore when this holds, we can always assume k < n — 1, since case
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(iv) can be reduced to case (ii) (see Remark 3.1). Customarily, IG(n,2n) (resp.
OG(n,2n+ 1), OG°(n + 1,2n + 2)) is called a Lagrangian (resp. odd orthogonal,
even orthogonal) Grassmannian.

There are tautological bundles over the isotropic Grassmannian G/ P:

0—-S—F—Q—0.

The Chern classes of the dual of the tautological subbundle & are given by the
Schubert classes ¢,(S*) = o (where 1 < p < k) with

U= Skg—p41 " Sk—15k,

possibly up to a scale factor of 2. Precisely, for case (i), (ii) and (iii), we always
have ¢,(8*) = 0*, except for the special case of k = n for case (ii). Furthermore
for this exceptional case, we have ¢,(S*) = 20" (see e.g. [27], [29]). Note that
case (iv) has been reduced to the exceptional case. In the next two subsections, we
will show the classical aspects of the quantum Pieri rules with respect to ¢,(S*)
(or equivalently ¢,(S) = (=1)P¢,(S*)). That is, we give a formula for the quantum
product % x g¥ of a general Schubert class 0¥ in QH*(G/P) with such a special
Schubert class %, in which we reduce all the Gromov-Witten invariants to classical
intersection numbers.

Note that the quantum Pieri rules with respect to ¢,(Q) have been given by Buch,
Kresch and Tamvakis [5]. In contrast to complex Grassmannians, (quantum) Pieri
rules with respect to ¢,(Q) do not imply (quantum) Pieri rules with respect to
¢p(8*), whenever 1 < k < n (see the next remark and note that ¢;(S*) = ¢1(Q)).

Remark 3.1 (See e.g. [33] and [5]).

(1) OG(n+1,2n+2) has two isomorphic connected components, either of which
is projectively isomorphic to OG(n,2n + 1).

(2) OG(n,2n+2) is a flag variety G/ P of Dy, +1-type with Ap = A\{a,, a1}

(3) For any Lagrangian or orthogonal Grassmannian (i.e. for k =n), we have
cp(S8*) = ¢p(Q) whenever p < rank(S).

The idea of our proof of such a formula is as follows. For the isotropic Grass-
mannian G/P, we have Hy(G/P,Z) = QV/QY = Z and consequently QH*(G/P)
contains only one quantum variable ¢ := ¢ov4qy. Thus we can write

o *o’ =c"Uo" + Z N;‘j;,dawtd.
weWP d>1
Here we have N4 = N:}7 where Ap := day)/ + Q}, compared with the previous
notations. In addition, we have iji;j\P = Ngf;j\B, where W = wwpwp: and \p are
given by the Peterson-Woodward comparison formula. We can show
(1) N2 =0 unless d is small enough (for instance d < 2).
(2) For a small d, Ngj;f‘B is equal to a certain classical intersection number

N“"9 for which the classical Pieri rules (or other known formulas) can be

u’ v’

applied.

The dimension constraint may also be helpful. That is, we have N}fﬂ = 0 unless
L(u) + £(v) = L(w) + d - degt. Here we have degt = 2n + 1 — k (resp. 2n — k,
2n 4+ 1 — k) for case (i) (resp. (ii), (iil)) if & < n, and degt = n + 1 (resp. 2n) for

case (i) (resp. (ii) or (iv)) if k = n.
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In fact, the above method can also been used to recover the well-known quantum
Pieri rules for complex Grassmannians. Details will be given in the appendix.

Note that whenever referring to Nfﬁ;ﬁ‘B (resp. N;‘j;f‘l’ or N;””Ud), we are discussing
the quantum product ¢* xp o in QH*(G/B) (resp. c" xp ¥ in QH*(G/P)).

Due to the above assumptions on A, the Dynkin diagram of {ay,-- ,a,—1} is
of type A, _1 in the standard way. As a consequence, we have the following fact on
certain products in the Weyl subgroup generated by {s1,- -, 8n-1}.

Lemma 3.2 (Lemma 3.3 of [24]). For1 <i<j<m<n and 1 <r <m, we have

(SrSrg1 -+ Sm)(SiSit1 - S5), ifr>7+2

SiSit+1 " Sm, ifr=47+1
SS ...S- S 8 ~~08 = . . . .
(Si8i41---85)(8r8r41 -+~ 5m) (Sr+18r42°* 8m)(SiSit1- - 8j-1), fi<r<j

(SrSpg1 - 8m)(Siz18i - 85-1), ifr<i

3.2. Classical aspects of quantum Pieri rules for Grassmannians of type
C. Throughout this subsection, we consider a Grassmannian of type C),. Precisely,
we consider the isotropic Grassmannian G/P = IG(k,2n). Thus the base A is of
type C,. Unless otherwise stated, we will always use the following definition of
in the rest of this section.

Definition 3.3. Fiz 1 < p <k, we define
U= Sk—p+1 """ Sk—15k-

To show Theorem 3.13, the main result of this subsection, we need to compute
all the Gromov-Witten invariants Nf;‘f;jd for the quantum product o* x o¥. Recall
that for a given d, we have N;! = N » = NP5 where Ap = da)/ + Q}, and
W = wwpwpr, Ag are both defined in Proposition 2.4. For each j, we simply denote

Sgn; i= sgn,, .

Lemma 3.4. Write d = mk + r where m,r € Z with 1 < r < k. Then we have
Ap =N with X :==m Y 5_1 jaY + Y"1 jay_,+d Y0 a.

Proof. Tt is easy to check that (a;, ') = —1if i = k — r, or 0 otherwise. Hence,
(v,\') € {0,—1} for all v € R5. Thus the statement follows from the uniqueness
of Ap (see Proposition 2.4). O

Lemma 3.5. With the same notations as in Lemma 3.4, we have (ag, Ap) = m+1
ifk<n,or2(m+1)ifk=n.

Proof. If k = n, we have (g, Ag) = (an,m(n — V)oy/_; + (r — Do) _; + (mn +
r)ay) = 2(m + 1), by noting (a,,af) = 0 for all j <n —1. If £ < n, we have
(o, A) = (o, m(k=1)a)_+(r—1)a)_;+(mk+r)a) +(mk+r)oy ) = m+1. O

Lemma 3.6. Suppose d > k + 1, then we have N;‘j;)d =0 for any w € WF.

Proof. Since d > k+ 1, we have d=mk +r with 1 <r <k and m > 1.

When k& = n, we have (o, Ag) = 2(m + 1) > 2 by Lemma 3.5. Thus we have
Ny = NP =0 by Proposition 2.1 (1).

When k < n, we have {ag,Agp) = m + 1 > 2, by Lemma 3.5 again. If “>”
holds, then we are already done by using Proposition 2.1 (1) again. Note v € WF
and apy1 € Ap. By Lemma 2.7, we have sgn; ,,(v) = 0. If (ax,Ap) = 2, then
we have sgny_ i (usk) + sgn, ;1 (v) = 0 < 1 < sgny,(Wsk) + (Qps1,AB — ).
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Thus we have N;U;i’“ BT — 0 by Proposition 2.1(1). Consequently, we still have
Ny = NP2 =0 by Corollary 2.2 (1). O
Remark 3.7. The above lemma also follows directly from the dimension count.

Lemma 3.8. Let u',v',w' € W and A € QY. For the quantum product c* *ov in
QH*(G/B), the structure constant N;”,#)),‘ vanishes, if both (a) and (b) hold:

(@) (an, \) = 2, (ap—1,\) = 0; (b) sgn,,(u'spsp—1) = 0,sgn,,_;(v) =0.
Proof. Note that sgn,, (u'spsp—1) + sgn, (v') = 0+sgn, (v') <1< 2= (a,

oy ’ nSn— ,A— v
(@, A — ) — )_1). By Proposition 2.1 (1), we have N Snsn-pAToy, —a

n n—1 U SpSn—1,V"

A =
0.

)
1

3<

0

Nw'sn,k—oz

Since sgn,,_;(v') = 0 and (-1, A—ay)) = —(an_1,,) = 1, we have N, ;"7

0 by Corollary 2.2 (2). Consequently, we have st:f, =0 by Corollary 2.2 (1). O

The next proposition shows us that ¢ is the largest power t? appearing in the
quantum product o% x o¥ in QH*(G/P).

Proposition 3.9. Suppose d > 2, then we have N;‘i;)d =0 for any w € WF.

Proof. We can assume 2 < d < k due to Lemma 3.6. It suffices to show Ngf;f‘B =0,
where we note \p = Z;i;ll Jay_ g+ dZ}Lk . Consequently, (a1, Ap) = 0.

Suppose k = n, then (a,, Ap) = 2. Clearly, we have sgn,, (us,s,—1) = 0 and
sgn,,_;(v) = 0. Thus we are done by Lemma 3.8.

Now we assume k < n. Since sgn;_;(u) = sgny_;(v) =0 and (ag41,Ap) =0, it
WSk+1,AB

suffices to show Nug, v 7 = 0, due to Corollary 2.2 (3). Note sgn (usg4+1) = 0 and

- v
(ag, Ag) = 1. Then it suffices to show Nﬁi’i{ff;;ﬂh “ =0, due to Corollary 2.2

(2). For any 1 <1i < m < n, we denote vi(m) ‘= SmSm—_1" " Sm—it1. By induction on
~ AV
i, we reduce the above statement to the following one. To show Nﬁi’ﬁfi’;;’\B L

~ (k) 1 v o (k) d v
WSk4+1V] S AB— 2 =y O 41 WSp41Vy SAB=2 51 Ch_jy1

P = 0, it suffices to show N )
usk+17vv1 usk+1,vvd
. . . w’ N, . .
0. Furthermore by induction on m, it suffices to show N, »,® = 0, in which
/o ’ (k) (n—1) ;o ~ (k) (n—1)
u = USpi1-cSp_15n, V= vvy vy , W = WSpq1 - Sp—18pUy - Uy

and \p = Ap — Z?:l O g Z;l:l oy _y_j1 = Z?:1ja>L/—d+j- (Here we
always use Corollary 2.2 (2), (3) for the inductions.)

Note that (cn, Ng) = 2, {ap—1,N5) = 0 and sgn,, (v'sps,—1) = 0. In addition,
we note that d > 2, so that Ufij)(aj) = oj_ for each k < j < n —1. Thus we have
v'(ap—1) = v(ag_1) € R' and consequently sgn,,_;(v') = 0. Hence, we do have

Nsi/vA,IB = 0, by using Lemma 3.8. (]
Remark 3.10. Proposition 3.9 (resp. Proposition 3.20) can also be proved by using
Theorem 1.3 (d) (resp. Theorem 2.3 (d) and Theorem 8.8 (d)) of [5].

The next lemma also works with exactly the same arguments, for either of the
cases: (1) A is of type By; (2) A is of type Dp,41 and k < n.

Lemma 3.11. Let v’ = sj_;41---5j_15; where 1 <i < j <k, and X be effective
with (x;j,A\) =0. If A # 0, then we have N:;'f/’U),‘ =0 for any v',w' € W.
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Proof. Note that the product (051')2 := 0% x .-+ x 0% of i copies of 0% is the
summation of o* and other nonnegative terms. Hence, (osﬁ')l *x oV = o¥ x

0¥ + (other nonnegative terms) = N;‘f:;;}q)\o“’/ + (other nonnegative terms). On
the other hand, we have

’
E E v 571 7#1 v’ 571 Sygol2 A7V Sy 9717#1 V' Sy Sy,
( N SJ V'S st,v Sy o8y It @ b
— V V' Sy Sy
- E e E I | <Xja Th >Q,u1+“'+,ui0 B
Vi 1 h=1

by the quantum Chevalley formula. Here for 1 < h < i, v, € R*, uy € {0,)/},
and they satisfy £(v'sy, -+ 8y,) = 0(V'Sy, -+ Sy, ) +1— 2p,pp). If N # 0 for

u’ v’
some v',w’, then there exists a sequence (71, ...,7;) such that A\ = thl 1, and
[T—1(x;>m) # 0. Since A # 0, there exists 1 < h' < i such that pp # 0 and

0=(x;,A) = (Xjs 2oneq n) = (Xj» ) = (Xj,7)) > 0. Contradiction. O
The next well-known fact, characterizing wpwpr, works for A of any type.

Lemma 3.12 (See e.g. Lemma 3.5 of [24]). An element @ € Wp is equal to wpwpr,
if both of the followings hold: (i) {(w) = l(wpwpr); (i) w(a) € RT for alla € Ap:.

In the rest of this subsection, we fix the positive root v := o, +2 > "_ e k a;. Note
that vV = a) + ), +---+ay and (2p,7") = 2n — 2k + 2.

Theorem 3.13 (Classical aspects of quantum Pieri rules for Grassmannians of
type Cy). Let o%, 0oV be Schubert classes in the quantum cohomolgy of the isotropic
Grassmannian G/P = IG(k,2n). Recall uw = Sk_py1- - Sk—15k, where 1 < p < k.
We have
,0 .
ool =% Uo? + tZ’UJGWP Ngf:klwgik ! 0.11)7 ng(US’Y) = g(v) —2n+2k-1 )
0, otherwise
Proof. Due to Proposition 3.9, we have 0" *x0" = ¢“Uc"+t Y., cyyr N'o™. Thus
by the Peterson-Woodward comparison formula, it suffices to compute the Gromov-
Witten invariants N;! N;U‘;PWP")‘B with respect to Ap = o/ + Q). By Lemma
3.4, we have A\ = Z] —k J =V, so that Ap, = Ap \ {ay_1}. Consequently, we
have (wpwpr) = |R | — |Rp| = k — 1. Hence, we conclude wpwpr = $189 - Sp_1
by (easily) checking the assumptions in Lemma 3.12. Therefore, it is sufficient to
. A\

compute N/ o' *F=17 gyv o1 =1 in the product o% xp 0¥ in QH*(G/B). By
abuse of notations, we simply denote “xg” as “x” here. We claim

wsq -

\%
Sk— . .
(1) the contribution Ny o' "7 for g,vo®s1 51 from o" x ¢V is the same

A\
ws S e
as the contribution Nus,:,sk,’c Y7 for gyv o1 from o'tk % ok K oY)
w',y _ Arusy” . Nw,0 /
(2) Nus,;,sk,v = N, Nusé)vsw, for any w’ € W.

Assuming these claims, if £(vs,) # ¢(v) + 1 — (2p,~"), then Nf,f”v’7 =0. As a

A\
WS, Sk — ws S
consequence, N;”’;} = Ny 7F 0T = 0~Nu5:ﬂ)8¥" 19— 0 for any w € WF. Hence,

oUkpo? = c"Uc?. If L(vsy) = L(v)+1—(2p,7"), then we have N;,f},’ﬂ’v = {xx,7") =
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1, by the quantum Chevalley formula. Thus Nﬁzl"'sk’l’vv = Nqﬁiﬂ;;’“’ho. In
addition, we note £(v) +1 — (2p,7Y) = £(v) — 2n + 2k — 1. Hence, we are done.

It remains to show claims (1) and (2). If ¢(u) = 1, then usy = 1 and we are
done. Thus we assume f(u) > 1 in the rest, and show claim (1) first. Note that
U = Sk—p+1 - Sk—15k is of length p. By the quantum Chevalley formula, we have
ok % g%k = g% 4 g®k"Sk It suffices to show 0" x ¢¥ makes no contribution
for g,vo1 %=1 Indeed, we have sgn;(syusi) = 0 whenever j > k, by noting

e Vv
spusk(aj) = SkSk—pi1 - Sk—25k—1(a;) € RT. Since (ag,7V) =1, Novusr " =

\% 4
0 follows if Ny sy vsr =" ~“* =0, by Corollary 2.2 (2). Repeating this reduction,
\%
it suffices to show N, uss ven-s"_, = 0, which does follow by using Proposition 2.1
(1) with respect to sgn,,. Thus claim (1) follows.

’ Y ’
: : w’ 7y w uSk Sk vo__ Sk v usy
The contribution N7 ., for gyvo® from 0" x o x 0¥ = (0% x o) % 0

is given by N;“S,gsvk’v =2 wrewaeov V. ;‘]i/:qf\N;”,/,’Li;’\ (which contains only finitely
many nonzero terms). Hence, claim (2) becomes a direct consequence of the quan-
tum Chevalley formula and Lemma 3.11. O
Remark 3.14. Using Proposition 2.1, we can also show Nfﬁf}lmsk’l”yv = N:ﬁ:;,o,
where & = Sp_pi1--Sp, V' = VSE -+ S, and W = WSy - Sp_1Sp41 - SpSk - Sn.
As a consequence, we can apply a generalized classical Pieri rule given by Bergeron
and Sottile [1] to express N;‘ij;o, more explicitly.

Example 3.15. For X = IG(2,8), we take u = $182,v = $384835182 and w = id.
Then vs, = V5253545352 = $152, S0 that £(v) =2 # 0 =L(v) —2-4+2-2—1. Thus
Ny} = 0. (In terms of notations in Example 1.3 of [5], we have % = o11,0" =
o41 and N3} = (01,1,04.1,065)1-)

Denote by P D B the parabolic subgroup corresponding to the subset A\{ag—1}.
That is, G/P = IG(k — 1,2n). (When k = 1, we mean P = G, i.e. W = {id}.)
Recall that vV = E?:k ) so that £(v) +1— (2p,7") = £(v) — 2n + 2k — 1.

Lemma 3.16. For any v € WT, the following are equivalent:
(8) L(vsy) = £() + 1= (2p,7");  (b) vsy(ax) € R (c) vsy € W,

Proof. Note that v = ", @) = spspi1---sn-1(cy ). We conclude that s, =
SkSkt1 - Sn - Sky15k and £(sy) = (2p,vY) — 1 =2n— 2k + 1.

Suppose assumption (a) holds first. Note that (ax,vY) > 0. By Lemma 2.6, we
have £(vsysi) = £(vsy) + 1. Hence, vs,(ax) € RT. That is, assumption (b) holds.

Assume (b) holds now. Note that {(a;,v") = 0 for any o; € A\ {ag_1,ax}, so
that vs,(a;) = v(a;) € RT. Hence, (c) follows.

Assume (c) holds, equivalently, vs,(a;) € RT for all a; € A\ {ay_1}. Then
we have v # 1, because otherwise vs, (o) = ar — (ag,vY)y ¢ RT. As a con-
sequence, we have v(ay) € —RY (as v € WF). Rewrite (ag, -+, 0, -+ ,az)
as (B1, -+, Pan—2rt1). To show (a), it suffices to show £(vsysp, -~ 55, ,55,) =
l(vsysg, ---53,_,) + 1 (or equivalently to show wvsysg, ---s5,_,(3;) € R") for all
1<j<2n—2k+1. Since oy = (1, this holds when j = 1. When 2 < j < 2n — 2k,
we note that sg, ---s5, ,(B;) = o + B for a positive root § in the root sub-
system with respect to the subbase {ayy1,---,an}. Thus vsysg, ---s5,_,(85) =
vsy(ag) + vsy(B) = vsy(ag) +v(B) € RT. When j = 2n — 2k + 1, we have
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VS~SBy "+ 8B4 (6]) = USySyS5Bn—2k+1 (B2n—2k+1) = _0(62n—2k+1) = _U(ak) € RT.
Thus we are done. O

Thanks to the above lemma, the assumption “/(vs,) = ¢(v) —2n+2k — 1”7 in
Theorem 3.13 is equivalent to the assumption “vs, € WP”_ This indicates us that
Ni‘j;} = Nqﬁiﬂ;;’“’l’o is a classical intersection number involved in the cup product
gk—rt1Sk=1yg¥ in H*(IG(k—1,2n)). As a consequence, the classical Pieri rule
in [27] can still be applied. In particular, we can reformulate Theorem 3.13 in a
more traditional way, which will be described in Theorem 4.4.

3.3. Classical aspects of quantum Pieri rules for Grassmannians of type
B, D. Throughout this subsection, we consider a Grassmannian of type B, or
Dy 41. Precisely, we consider the isotropic Grassmannian G/P = OG(k,2n + 1)
(resp. OG(k,2n + 2)) for A of type B, (resp. D,i1). Note that the even or-
thogonal Grassmannian OG°(n + 1,2n + 2) is isomorphic to the odd orthogonal
Grassmannian OG(n,2n + 1). It suffices to deal with either of them only. Hence,
when A is of D,,11-type, we can always assume k < n—1. In other words, whenever
referring to “k = n”, we are dealing with A of B, -type, unless otherwise stated. As
before, we need to compute the Gromov-Witten invariants N]jf;)d = ijj;j\” = NZ:As
(where A\p = day/ + Q}) for the quantum product o* x o in QH*(G/P).

Let [z] denote the integer satisfying 0 < z — [z] < 1. In order to state the results
uniformly, we denote

a, = a, (resp. o, + ;) and sa, =5, (resp. SpSnt1)

when A is of type B, (resp. Dj,+1). Furthermore, we denote D = d (resp. 2d) if
k <mn (resp. k =n).

With the same arguments as for Lemma 3.4, we have

Lemma 3.17. Write D = mk +r where m,r € Z with 1 <r < k. Then we have

k-l r-1 d n—1 \V2 d1=V .
. . 2183 oY +[¢a) ifk<n
Ap=m a) + o)+ da) + {12 ekt B T R .
B ;J J ]z::l] k—r4j k 0 ifk=n

Consequently, we have (o, Ag) =m+1+ D — 2[%]; fork+1<mn, {(apr1,\B) =
—d+ 2[%]; for1 <i<k-—1, (a;,Ag) =—1ifi =k —r, or0 otherwise.

Recall v = sj_pi1 -+ 8x—15; where 1 <p < k.
Lemma 3.18. If D >k + 1, then we have N*:* = 0 for any w € WF.

u,v

Proof. Use the same notations as in Lemma 3.17. If D > 2k, then we have

(ag, AB) > m+ 1 > 2 and consequently Nﬁj;,d = 0 by Proposition 2.1. Now we
assume k + 1 < D < 2k, so that m = 1.

Suppose k < n, that is, D = d. Note that (o, Ag) = 1+1+d—2[2] = 3 (resp. 2)

if d is odd (resp. even). Thus when d is odd, we are already done. When d is even,

we note that sgn,  ; (usg) + sgng, 1 (v) =0 < 1 < sgny (Wsg) + (g1, A — o).

Thus we have N,ﬁs,c";;}ABiax = 0 by using Proposition 2.1(1). As a consequence, we
have N;}2 = 0, by using Corollary 2.2 (1). That is, N2 = 0.

Suppose k = n, that is, D = 2d. Note that (o, Ag) = 2, {(@n-1,A) = 0 and
consequently (o, 1, Ap — /) = 2. Since sgn,,_;(us,) +sgn,,_;(v) <1+0<2=

\%

(an_1,Ap — ), we have Nesm}? ™ = (0 by Proposition 2.1 (1). Thus we have

NF# =0 by Corollary 2.2 (1). O
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Lemma 3.19. Let v',v',w’ € W and A € QV For the quantum product o xo?
in QH*(G/B), the structure constant N 7 vanishes, if both (a) and (b) hold:

(a) (ap—1,A) = (@n—2,A) =0; (aj,)\> =1, whenever j > n.
(b) sgn,(u') =sgn,;(v') =0 for i € {n—2,n—1}; sgn;(u'sp,—1) =0, if j > n.

Proof. Since sgn,_,(v') = 0, we have v'ss, (ap_2) = v'(an—2) € RY. Thus
sgn,_»(v'sz,) = 0. Consequently, we have sgn,,_,(u') + sgn,_»(v'sgz,) = 0 <
1 = Aap_2,—) 1) = {an_2,A — ay — ) ;). By Proposition 2.1 (1), we have

’ =V \%
W Sp_18a, Sn—1,A—0, —Q,, 1

Ny orsa. = 0. Since (ap—1,A — @) = —(ap_1,q,)) = 2, we
have Nw o ll,f}‘*:a’)‘ - by Corollary 2.2 (1). Note that sgn;(u's,—1) = 0 and

(o, N — ozn +af) =1+ (aj, —a, + ) = 1, whenever j > n. Using Corollary 2.2
, we deduce RS en we have N, ) = 0 by Corollary
2), we ded N“ 12 =0. Th have N = 0 by Corollary 2.2 (3). O

Proposition 3.20. If D > 3, then we have ijj;)d =0 for any w € WF.

Proof. We can assume 3 < D < k, due to Lemma 3.18.
Suppose k = n. Then D = 2d and Ag = Z?illjan adyj T doy,. Tt is easy to
check that all the assumptions in Lemma 3.19 hold for u, v, A\g. Thus we are done.
Suppose k < n now. Then D = d. Recall that u = s;_p41--- 5k with f( ) p.

Assume d is odd. Then Ap = E;{;% jay_ gy +dog/ +(d—1) ZJ a1 O +4-1ay.
Consequently, we have (o, Ag) = 2 and (a;, Ap) = 0 for each k—d+1 < j< k 1
Denote d := min{p,d}, v := uspsp_1---S;_g41 and A = Ap — Zj o) Fe

We claim Nwsksk vrsk—an A (Indeed, if p < d, then v/ = 1 and therefore

the claim follows, by noting A # 0. Note that p < k. If p > d, then d = d,

U = Sg_py1Sk—pt+2- - Sk—q and we note that (xx—_a,A) = 0. Thus the claim still

follows by Lemma 3.11.) Note that sgn;,_ 7, (v) = 0 and (a),_ g, 1, A+ay_ o =1

Applying Corollary 2.2 (2) to (v, u'sy_g 1, WSkSk—1" " Sp_d42; )\+ak7d+1, Qp_de1)s

we obtain N:):m | vgkﬂzﬁ’)\—%z;}:l i
k—d+1>

WS Sp—1""Sp_ d+h+17>‘+zy=1 "‘ngprj

WSk _g41 " Sk—dphV

WSk, Ap—ay, 7 . w,A
have Nys, > =0 when h = d — 1. Since (ax, Ap) = 2, we have N,/;** = 0 by
Corollary 2.2 (1).

Assume d is even. Then Ap = ZJ il _ayy +d2J "~ o) +4ay. Consequently,
we have (ap, Ag) = 1 and (a;,A\g) = 0 for any j & {k,k — d} Using exactly the
same arguments as in the third paragraph of the proof of Proposition 3.9, we
conclude that it suffices to show NZﬁU/}B = 0, in order to show N;D’AB = 0. Here

= 0 for h = 1. By induction, we conclude

=0 for each 1 < h < d — 1. In particular, we

r_ p_ o (k) (1) (k) . (n=1)
u' = USk41 - Sn—18a,, U m;d Uy , W = WSpy1+ Sn—15a, Uy " Uy
d—1 . .
and N\ = § 1]04n d+; T 20[,” where vc(l) = 8;Si—1 " Si—qy1 for any k < i <

n—1. Hence, we are done, by using Lemma 3.19 with respect to u/, v, N. (Indeed,
we have vt(f) (o;) = a;—1 and v((;) (i—1) = a9 for each k < i < n — 1, by noting
d > 3. Thus we have v'(a,_1) = v(ag_1) € RT, v/(ap_2) = v(ag_2) € R and
consequently sgn,, _;(v') = sgn,,_,(v') = 0. It is easy to check that all the remaining

assumptions in Lemma 3.19 hold for u/,v’, Nj.) O
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Theorem 3.21 (Classical aspects of quantum Pieri rules for Grassmannians of
type Bpn, Dny1). Let o, oY be Schubert classes in the quantum cohomolgy of the
isotropic Grassmannian G/P = OG(k,N), where N = 2n + 1 (resp. 2n+2) for
A of type By, (resp. Dyy1). Recall w = Sp_pt1 -+ Sp—18k, where 1 < p < k. (Note
that c,(S*) = o*, possibly up to a scale factor of 2, where S denotes the tautological
subbundle over OG(k,N).) Then in the quantum product

o' xo’ =c"Uoc" + g N;”;)dtdaw,
weW?P d>1

all the Gromov- Witten invariants N}L’f;)d coincide with certain classical intersection
numbers. More precisely, we have

(1) If d =1, then we have
Nw,l _ Nwl,O

u,v U1,vV1

with the elements uy,v1,wy; € W given by

(u V1w )7 (usk’vskSkJrl"'Snflsdnsnfl"'Sk+17WS1'-'Sk,1) ifk<'n,
1,1 1) — :
» U1, (U, VSpSp—1, WS+ Sp—181 " Spn—28n—15n) ifk=n’

provided that €(u) + £(v) = £(w) + degt, and zero otherwise.
(2) If d =2, then we have

N;U,UZ _ N’wg,O

u,v2
with v = vSE -+ Sp—15a, 5n—1""*51 and Wz = WSy Sp—15a, Sn—1""" Sk,
provided that k < n and £(u) + £(v) = £(w) + 2degt, and zero otherwise.
(3) If d > 3, then we have N;* = 0.

Proof. Recall that we have Ni‘i;)d = Nﬁ‘ﬂpwP")‘B7 where wpwps, \p are elements
associated to Ap = da)/ + Q}, defined by the Peterson-Woodward comparison
formula. Furthermore, we have N:¢ = 0 unless £(u) + £(v) = (w) + d - degt,
because of the dimension constraint. By Proposition 3.20, we have N}jj;,d = 0, for
either of the cases: (1) d > 3 and k < n; (2) d > 2 and k = n. For the remaining
cases, we assume d = 1 first.

When k < n, we have Ag = o) (by Lemma 3.17) and consequently Ap = Ap \
{ag—1,ai+1}. Denote v’ := spi1---Sp—15a, Sn—1-""Sk+1. By direct calculations,
we conclude that {(wpwp:) = |R;| —|RE5 | = (51 s,_10") and 51 --- 5,10 () €
RT for all & € Ap,. Thus we have wpwps = s1---5,_1v" by Lemma 3.12. Fur-
thermore by Proposition 2.1(2), we have N*;! = N;fﬁ‘{fpw”"az = Npwrer0 Note
that o' = (v/)~! and sgn;(usy) = 0 for all j > k. Tt follows directly from Corollary

2.3 that Nywhar? = Niji;:‘;;“o if {(vsgv’) = L(vsg) — £(v'), or O otherwise. In

the latter case, we have Nﬂiﬂ;i’i}’,“o = 0 from the dimension constraint (by noting
Lusg) + L(vsg) = L(w) + degt — 2 = L(wwpwpr) = L(wsy -+ Sk—1) + £(v')). Thus
(1) follows in this case.

When k& = n (in this case A is of B,,-type by our assumption), we have A\gp =
ay_; + ), so that Apr = Ap \ {a,,—2}. Using Lemma 3.2, we obtain wpwp: =
89+ +8,_181 " S,_2. Consequently, we have N;””vl = foji'waP")‘B = foj}f"s"’l’)‘B =:
ay. Furthermore, we note that £(wpwp') + (2p, Ap) = 2n = degt = £(u) + £(v) —
l(w) < n+{f(v). Thus ¢(v) > 2 and consequently sgn,(v) = sgn,,_;(vs,) = 1.
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A\ Vv
W1,AB—Q, —0, 4

w1, Ag—a
Denote ay := NX15nAB g3 := Nus " 2Ldm and ay := Ny vs, s, . We can

show the followingnidléntities.
i) a1 = ag. Indeed, if as = 0, then we have a; = 0, by noting sgn,,_;(u) =
sgn,_1(v) = {(ap—1,Ap) = 0 and using Corollary 2.2 (3). If ay # 0,
then we have sgn,,_;(w18,) = sgn,,_;(usp—1) +sgn,,_;(v) — (an_1,Ap) =
sgn,,_;(us,—1) = 1. Thus sgn,_;(wis,sp—1) = 0. Note (a,_1,0)/_; +
Ap) =2,sgn,, i (usp—1) = landsgn, ;(vs,—1) = 1. Applying “(u, v, w, A, )”
in equations (2.1) and (2.2) of Proposition 2.1(2) to (48,1, VSn_1, W18y Sn_1, 01+

v
W18nSn—1,0, _1+AB W1SnSn—1,\AB W18p5n_1,\B
AB, Oén—l)v we have Nus, "y vs, = Nus, " 50 10801501 = Nuw
v v v
W18nSn—1,0 A W18nSn—18n—1,(c AB)—«a
and N. 1Sn8Sn—1,0,_11+AB - N 18nSn—15n—1,(a;_1+AB) n-1 _ Nw15n7)\B Hence
USn—1,V8n—1 USp—1,VSn—15n—1 USp—1,V ° ’

NEisnsn—tAB Nyisn 25 That is, a1 = as.

ii) as = ag. Indeed, if a3 = 0, then we have ay = 0 by Corollary 2.2 (2). If ag #
0, then we have £(w1) +2 = l(usp—1) + (vsy) = l(u) +£(v) = (w) +2n =
lwwpwpr) + 4 = l(w18p8n—1) + 4. Hence, (w15,5,—1) = f(wy) — 2 and
consequently we have sgn,, (w1) = 1. Note that sgn,,(us,—1) = sgn,,(vs,) =
0 and (ap, 1) = —1. Then we have ay = a3 by Proposition 2.1 (2).

ili) ag = aq4. If sgn,,_;(wy1) = 0, then we are done by Proposition 2.1 (2). If
sgn,,_;(wy) = 1, then we have ag = 0 and a4 = 0 by Proposition 2.1 (1), so
that we are also done.

Hence, we have a; = a4. That is, ijj;} = Nﬂ{;)ol.

It remains to deal with the case when d = 2 and k£ < n. In this case, we have
Ap=a)_;+2 Z;:_,: o + a, , which satisfies (o, \p) = 0 for all @ € Ap \ {a}—2}.
By Lemma 3.12 again, we conclude wpwpr = S9---Sk_181 - Sg—2 (by which we
mean the unit 1 if & —2 < 0). Note (api1, 001 + Ap) = 2,5gn,,, (wwpwp:) =
0,sgny,,q (usg41) = 1 and sgny 4 (vspy1) = 1. Applying “(u, v, w, A, @)” in equations
(2.1) and (2.2) of Proposition 2.1(2) to (uSk4+1, VSk+1, Wwpwpr, ) 1 +AB, Qpy1), we

\2 Vv Vv Vv
wwpwp/,ock+1+/\3 _ wwpwp/,ak,+1+>\3—ak,+1 _ WWpWpr AR wwpwp/,ak+1+)\3 _
have Nusk+1,'uskv+1 _v Nusk+1$k+177)3k+lsk+1 - Nu,v and Nusk+1,vsk+1 -
WWPWprSk41,0, 1 +AB—Q WWPWpr Skt1,\ WWpWpr A
Nusysr vsisrsnsn "= Nugho o V7P Hence, we have Ny, F77F
WWpWpr S A . . .
Nusysyp #707F . Then by using induction and the same arguments above, we con-
clude
W,2 _ ANWWpWpr AR _ NJWWPWP/ Sk41° " Sn—18G, sAB
Nu ;) - Nu v ’ - NuSk+1"'Sn718(xn,U .
Denote (81, -+, Ban—2k) = (Q,*++ , Qn—1, -1, "+ ,Qp—2) and set
// S ... — l/ e ...
U = USk+1 Sn—1Say, U= U8py SBan—2k>

"o, __ "o.__ 2n—2k v
W = WWPWP Sk41* Sn—18a, 58, Span_ais AB = AB T Dimy By -

Since v"(ap—1) = v(ag—_1) € Rt, we have sgn,,_;(v”) = 0. Note that \; = a/_; +
a,,. Applying “(u, v, w, \,@)” in equations (2.1) and (2.2) of Proposition 2.1(2) to

17 " 17
" " "oV " w''\\g W' sp_1,\g
(W’sp—1,v"sp_1,w", ) _1 + N, ant1), we conclude Ny g = Nyng " 07 Apply-
ing “(u,v,w, A, @)” in equations (2.3) and (2.1) of Proposition 2.1(2) to (v", u" $5,-154,, ,
w"Sp—18a,, NG, @) (Where we use these inductions for twice, i.e., for a,, and 41
1" 1" 1" " —V
. . w'sp—1,Ag __ W Sn 184, ,Ag—0,,
respectively, in the case of type Dy, 41), we conclude N, ;" '70F = Ny s .
\2
n p—

Applying equation (2.1) of Proposition 2.1(2), we conclude N sno18an Ap =0 _

1" "
u’sp—1,0" 84,

Nﬁ/j%;;i‘i’;fl. (In order to apply equations in Proposition 2.1(2) above, we have

assumed the grading equality “sgn,(u) + sgn,(v) = sgn,(w) + (a, A)” holds for
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all the following four structure constants. If it does not hold for any one of the
structure constants, it is easy to show all of them are equal to 0, so that we always
have the following equalities as expected.) That is, we have

Nw”,)\% _ Nw”sn_l,)\’é _ Nw”sn_ls&n,)\'éfdx _ Nw”sn_ls&n,o

u//’v// - ul/57),71"[),/ - u,,STL717’U//S&n - u//’,ullsansn71~
Hence, (2) follows directly from Lemma 3.22 and the next claim:

" "
(®) Nwwpwp/sk+1~~sn,1san,/\B o Nw AB

USk+1"""Sn—18anp v u'l v
1"

" " g A\ h v .
. w’’ A wWSEy SBon—2k— B2 i1 Bon—ok—it1
Indeed if N, 7,2 = 0, then we can show N, ,2n=2k ~"2n=2k—h+l? ' " o
u'’ v ’ u'’ s s
’ ’ Ban—2k Ban—2k—h+1

=0 for 1 < h < 2n— 2k, by using Corollary 2.2 (2) and induction on h. In particu-
w''s <S8y A .

lar for h = 2n— 2k, we have N, f,zs’;*“ f"_lsﬁlB =0, hence (®). Since £(u)+£(v) =

’ 2n—2k

U(w) +2degt, we have £(u") + (v) = {(wwpwprSk+1 -+ * Sn—18a, ) +(2p, Ag). Thus if
N;‘f,’;:},B # 0, then we have £(u”)+£4(v") = £(w")+(2p, N;) and consequently ¢(u")+
E(Uﬂsﬁwhmc T sﬁh) = E(w”s[gzﬂ% e Sﬁh)+<2p7 Z?Zi:mf ﬁzv> forall1 < h < 2n—2k.
Hence, we have (fy, )\B—Z?;f BY) =1, sghg, (WWPWP/Ski1 " Sn—15a,58, """ 5,_,) =
0, sgng, (u”) = 0 and sgng, (vsp, - -~ sp,_,) = 1. By using Proposition 2.1 (2) and
induction on &, we still conclude that (®) holds.) O

Lemma 3.22. Using the same assumptions and notations as in Theorem 3.21 (and
in the proof of it), we have

1"
W Sp—18a,,0 __ Arws,0
Nu’ﬁv”Sanan - Yu,vg
Furthermore if N¥2.9 &£ 0, then we have va € W and £(ve) = £(v) — £(v™ vy).
uU,V2 )

Proof. By Lemma 3.2, we have v"s5, Sn—18p—2+81 = V2 - (SpSk+1 " Sn—1) and
w'sp_18a, = WS1‘ *Sk_1Sk+1 """ Sn—1Sk " Sn—28a, Sn—15a, S1 - Sn—2. Denote
w3 = w,/sn—lslo’/znsn—2 cr81 = WSyt Sk—1Sk4+1 " Sn—1Sk " Sn—25a,Sn—15a,, -

Assume N;U//;’ﬁ;;i‘i:’f)l # 0 first, then £(u”) + £(v"s5,5n-1) = {(W"Spn—15a,)-
Observe that £(u”) = £(u) +£(u~ u") and £(w™ w" s, 184, ) + (v 0" 84, Sn_1) =
2degt + ¢(u~tu"”). Combining the assumption £(u) + £(v) = (w) + 2degt, we
conclude that both £(w”s,_185,) = £(w) + {(w™w"s,_154,) and £(v" 85, Sn—1) =
L(v) — £(v™1v"s4, $n—1) hold. Furthermore by Corollary 2.3, we have

w”sn_ls@n ,0 w”sn_ls&n~sn_2wsl,0 ws,0
Nu/’,v”sc-ynsnfl - Nu”,v”sc-xnansnfzw& - Nu”1v25k5k+1“'5n71 (*)
1 " li
and  £(v"Sg, Sp—1Sn—2-"-81) = L(V"34a, Sn—1) — l(Sp—2- " 51). (")

Note £(v)—l(v " vasgspr1 - Sn—1) < L(v28kSki1 - Sn—1) = L(V"Sa, Sn_15n—2 "+ 51)
=l(v) —L(v " 55, 80_1) —l(Sp_o -+ 51) = £(v) — L(v V28 Sk41 - Sn_1). Hence,

the equality holds and consequently £(vosgSk41 -+ Sn—1) = £(v2) —L(SkSk+1 " Sn—1)-
Then by Corollary 2.3 again, we have

w3,0 _ ATW3Sn—1'"8k+18k,0
Nu”,vgskskerusn,l - Nu”,vg . (**)
Note that ss, Sn—15a,5n-1 = Sn—15a, Sn—15a,- We have wssp_1---8spy15k =

WoSk+1 "+ Sn—1Sa, With l(wesgi1 - - Sp_18a, ) = l(w2) +€(Sk41 - Sn—18a,, ). Since
v € WP, we have va(a;) € RT for all j > k. Thus by Corollary 2.3, we have
NWSSn—l“‘SkJrlSk;O _ Nw25k+1"'5n—15&n70 _ aArwa,0

u'’ va USk+1""Sn—18an,V2 — Nu,vg . (* * *)
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. - w' $p_15a, ,0
In particular, we have N*20 = N 1renst L),

u,v2 w0 Sa,, Sn—1
Now we assume N0 2 0, which implies £(u) 4+ £(v2) = {(wz). Note that

(w™twe) ™! = v7luy and £(v™lvy) = degt. Since £(u) + £(v) = {(w) + 2degt,
we have ((wy) = £(w) + {(w™twy) and £(v2) = £(v) — €(v~1vy). Thus we have
l(v951) = £(vy) + 1 and consequently vy(a;) € RT. Note v € WF. It is easy to
check that va(a) € R for all « € Ap \ {a1}. Hence, v, € W¥ and consequently
wy € WP, Thus (x  *) follows directly from Corollary 2.3. Then (x*) also follows
from Corollary 2.3, by noting ¢(w3Sp—1 - - - Sk+18k) = (ws) +£(Sp—1 - - - Sk+18%) and
NYgsn=1ske190 o Furthermore, we conclude that (x) holds, by noting (') and

u'’ Jua

using Corollary 2.3. In particular, we have N;U Sn-18an, 0 pws,0 # 0.

" Sa,, Sn—1 u,v2
1"
. . W Sp—18a,,,0
If none of the above two assumptions holds, we still have N, 7/ '" " = ;‘jf)jzo,
V" S e
both of which vanish. d

Remark 3.23. Recall that the odd orthogonal Grassmannian OG(n,2n + 1) is
isomorphic to the even orthogonal Grassmannian OG°(n+1,2n+2). It suffices to
deal with either of them. The former case has been covered in the above theorem.
The later case has been dealt with earlier by Kresch and Tamuvakis in [21].

As indicated by Lemma 3.22, we can use the classical Pieri rules given by Pragacz
and Ratajski to interpret the classical intersection numbers N;’f%;“o explicitly. For
ij’ll);)ol, when k = n we can make use of the generalized classical Pieri rules given by
Bergeron and Sottile (see Theorem D of [1]); when k < n, we can use the classical
Chevalley formula for k£ € {1,2}. However, a classical Pieri formula analogous
with the one given by Bergeron and Sottile [1] is still lacking in general. It will be

desirable to derive such a formula.

Remark 3.24. In our proof of Theorem 3.21, we make use of Proposition 2.1 to
reduce N]jj;} to a classical intersection number for the two step flag variety OF (k —
1,k+1; N) first. For this step, there is another approach using the well-known fact
that the parameter space of lines on the Grassmannian OG(k,N) is OF (k — 1,k +
1; N), as pointed out explicitly by Buch, Kresch and Tamvakis in [5].

4. QUANTUM PIERI RULES FOR GRASSMANNIANS OF CLASSICAL TYPES:
REFORMULATIONS IN TRADITIONAL WAYS

Historically, the Schubert classes for complex Grassmannians are labelled by par-
titions, and the (quantum) Pieri rule therein expresses the (quantum) product of
a special partition and a general partition. There are similar notions for isotropic
Grassmannians. In this section, we derive our quantum Pieri rules for Grassman-
nians of type C,, and B,,, by reformulating Theorem 3.13 and Theorem 3.21 in a
traditional way (i.e. in terms of “partitions”). In addition, we use the same no-
tations as in section 3.1 and always assume k < n. The remaining cases will be
discussed in section 4.3.

4.1. Quantum Pieri rules for Grassmannians of type C,. We first review
some parameterizations of the minimal length representatives W for the isotropic
Grassmanniann G/P = IG(k,2n), following [27] (see also [33] and [5]). Each ele-
ment z in the permutation group S,, is represented by its image (z(1),--- ,z(n)),
or simply (z1,- - ,2,). The Weyl group W of type C,, is isomorphic to the hype-
roctahedral group S, X Z7 of barred permutations, which is an extension of the
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permutation group S, = (1, - ,$,—1) by an element §, acting on the right by
(1, ,&n)$n = (1, "+ ,Tp—1,Tn). Here §; denote the transposition (i,7 + 1) for
each 1 < i < n—1. Each element w in W¥ can be identified with a sequence of the
form (Y1, s Yk—ms Zm, " s Z1, V1, ,Un—k), Where Y1 < -+« < Yg—mm, Zm > - >
ziand vy < -+ < Up_g, as follows. Lete; := —e; € {—1,1}e1®---®{-1,1}e, = Z}
for each 1 <7 < n. Write w = u18,U25y, - - - U;SpUj 41 Where u;’s are all in S,,. De-
note a; = (Wip1Uito - uj+1)” ' (n) for each 1 < i < j. Then w € W is identified
with the barred permutation (ujuz - --uji1,€q,€a, = - €a;) € Sp X ZY. The inequal-
ities among entries in the identified sequence automatically hold as a consequence
of the property w € W, The element w in W can also be identified with an ele-
ment p = (u'//pb) in the set Py of shapes. That is, u* and u® are strict partitions
inside (n — k) by n rectangle and k by n rectangle respectively, and they satisfy the
inequality p! _, > €(u®) + 1. Here ut = (u,--- ,put ;) and m := ¢(u) denotes the
length of the partition u’. Precisely, we have ,u? =n+1—z; foreach 1 <j <m,
and pt =n+1—v, +8{i | z; <vpi=1,--- ,m} for each 1 <r <n— k. For such
a shape y in Py, we have || := |p!| + |u®| — (""5*1). There is a particular reduced
expression of the corresponding w = w,, € W¥ with ¢(w,) = |u/|, given by

w/"' :(Sn7H%+1 . Snfllz?n‘FQ c e e e S’I’L—l . Sn) e
(*) . (Sn—/t}i-‘rl . STL—[L’{-FQ c e e e Sn—l . sn) . (Sn_H;7k+1 e e S'I’L—Q . Sn—l)
(871—,11‘:‘1_,6_1-‘1-1 c e e sn—3 sn72) ..... (Sn—ufi-‘rl ..... Sk*l Sk)

In particular, for the special class ¢,(S*) = 0¥, u = sp_pt1 - - Sp = u,, corresponds
to the special shape pp = (n—k+p,n—k—1,---,1)//0). Usually, such a special p
is simply denoted as p € Px. We note that the quantum Pieri rules with respect to
the Chern classes ¢;(Q) (where 1 < i < 2n — k) have been given by Buch, Kresch
and Tamvakis [5].

Remark 4.1. In terms of notations in [33], ¢;(Q) = 0¥ (up to a scale factor of
2) with ' corresponding to the special shape (1™*"=F) | max(i — n + k,0)). In
general, the notation of shapes (a|b) in [33] is slightly different from the notation
(ut//pb) in [27). For the same w € WT, we have b = u® and a = (ay,- -+ ,an_4)
with a. = pt. +r—n+k—1 for each 1 <r < n—k. In addition, w can also be
identified with the (n — k)-strict partition &’ + b introduced in [5], where a’ is the
transpose of a.

Let P denote the standard parabolic subgroup that corresponds to the subset
A\ {aj_1}. The minimal length representatives W are identified with shapes in
Pr_1. (Note G/P = IG(k — 1,2n) in this subsection.) To reformulate Theorem
3.13 and Theorem 3.21 in terms of shapes, we need the following lemma, which
tells us about the explicit identifications.

Lemma 4.2. (1) Sk—p+1---Sk—1 corresponds to the special shape p—1 € Pj_1.
(2) Let v € WF correspond to a = (a'//a’) € Py. Denote m := £(a%), v :=

oy, + 22?;; O, V1 1= VSySE and V3 = USg - Sp_18nSpn—1"""S1-
(a) L(vsy) = £(v) —2n+ 2k — 1 if and only if a} > al. Furthermore when

this holds, vs, € WP corresponds to the shape

a= ((al{7a§ - laag -1 aafz—k - 1)//(al277aga"' aafn)) € Pr-1.
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(b) £(vy) = £(v) —2n+ 2k if and only if a} > ab. Furthermore if this holds
and L(vsy) = L(v1) + 1, then at > a} and vy € WT corresponds to
a= ((aiaally?ag_l ' k_l)//(a27a'37"'7 m))epk 1
(c) If vo € WF and E(vg) = {(v) — l(v™1vy), then a¥ = n and vy corre-
sponds to the shape
a= ((atl - 1’at2_ L. 7afsz - 1)//(ag’ag"" ) m)) € Pk-
(3) Let w € WP correspond to ¢ = (c'//c") € Py. Denote wy := wsy -+ - sp_1.

(a) wy € WT if and only if ¢t < n. Furthermore when this holds, w;
corresponds to the shape

¢=((n,ci,ch, - ,cfl_k)//cb) € Pr_1.

(b) If wysy € WP if and only if ¢t =mn, ch < n—2. Furthermore when
this holds, w1y corresponds to

c=((nyn—1,¢4, - ,c_,)//cb) € Pr_1.
(4) Let w' € WPT correspond to d = (d*//d®) € Pi. Denote m’ := {(d®)
and wy = W'S1 - Spy_1505n_1" - Sk. If wo € W and £(wy) = £(w') +

0(81+ "+ Sp—15nSn—1"""Sk), then df{ < n and wo corresponds to the shape
d=((d+1Ldy+1,---,d,_, +1)//(n,d},d5,- - d},)) € P

Proof. Clearly, statement (1) follows.

Note that for every case in Lemma 3.2, the expression on the right-hand side
of the equality is reduced. Furthermore, we note that £(s,) = 2n — 2k + 1 and
USy = USKSk41- " Sn—1SnSn—1---Sk+15k = vU1Sk. Hence, L(vs,) = {(v) — {(sy)
holds if and only if both £(vsgski1---sn) = £(v) — U(skSk41- -+ Sy) and £(vsy) =
L(VSgSk+1 - Sn) — £(Sn—1 - Sp+15k) hold. Using (x) and Lemma 3.2, we have

Sy =(VSkSkt+1 - Sn) * (Sn—1- Sk4+15k)
:((Snfab +1°°" Sn—lsn) : (Sn aj+1" Sn—lsn)(sn—ab-i-l e 8”_28”_1)
LN 1
“(Sn—at,_ 417 Sn-38n—2) " (Sn_at1 "+ Sk-25k-1)) * (Sn—1"" Sk+15%)
:(Sn—a’;n-&-l “tSp—18n) (Sn—ag—&-l "t Sn—15n) - (Sn—’l:ﬁk-&-? " Sn—28n-1)
. (Sn at . +2 8n73sn72) s (Sn_ai_i_g te Skflsk) : (Snfall’+1 T Sk*QSkfl)V

the right—hand side of the last equality in which gives a reduced expression of vs,. In
other words, we have n—al{—i—l < min{n—al,_,+1,--- ,n—a§+1,n—a§+1,n} =n—
al+1. That is, a} > af. Since a € Py, we have a = ((a},at —1,a5—1,--- ,al_, —1)
//(a, a8, ,ab,)) € Px_1, corresponding to vs.,. Thus statement (2a) holds.

The remaining parts are also consequences of the formula (x) and Lemma 3.2.

The arguments for them are also similar. O

For any shapes u,v € Py, we denote by eg(u,r) the cardinality of the set of
components that are not extremal, not related and have no (v — p)-boxes over them.
The relevant notions, together with the notion of “v compatible with p”, can be
found on page 152 and page 153 of [27]. We always skip the subscription part of
er(u, v), whenever e(u,v) is well understood. In addition, we denote the Schubert
cohomology class o™+ as o*. The following classical Pieri rule was given by Pragacz
and Ratajski.
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Proposition 4.3 (Theorem 2.2 of [27]). For every a € Py, and p < k, we have
oP xo? = Z 2e(a’b)ab,

where the sum is over all shapes b € Py, compatible with a such that |b| = |a| + p.

Combining the above proposition and (statement (1), (2a), (3a) of) Lemma 4.2,
we can reformulate Theorem 3.13 directly as follows.

Theorem 4.4 (Quantum Pieri rule for IG(k,2n)). Let a € Py, and p < k. Using
the same notations as in Lemma 4.2, we have

oP % o? = Z Qe(a,b)o_b +t Z 26(5,6)0_0,

where the first summation is over all shapes b € Py, with |b| = |a|] + p such that
b is compatible with a, and the second summation is over all shapes ¢ € Py with
lc| = la] +p —2n+ k — 1 such that € € Pr_1 is compatible with & € Py_1. (Here
we denote the second sum as 0 if & € Pr_1.)

4.2. Quantum Pieri rules for Grassmannians of type B,,. The Weyl group
W of type B, is also isomorphic to the hyperoctahedral group S,, x Z3 of barred
permutations. The minimal length representatives W for the isotropic Grassman-
niann G/P = OG(k,2n + 1) can also be identified with shapes in Pj as well as
other parameterizations described for IG(k,2n) in the same way as in section 4.1.
Therefore we can use all the same notations as in section 4.1 but replace IG(k, 2n)
by OG(k,2n + 1).

In this subsection, we obtain our quantum Pieri rule for OG(k,2n + 1) (which
may involve signs in some cases), by reformulating part of Theorem 3.21. For any
shapes p,v € Pk, we denote by €'(u,v) the cardinality of the set of components
that are not related and have no (v — p)-bozes over them. The following classical
Pieri rule for OG(k,2n + 1) was also given by Pragacz and Ratajski.

Proposition 4.5 (Theorem 10.1 of [27]). For every a € Py, and p < k, we have
oP xo® = Z 2€,(a’b)ab,
where the sum is over all shapes b € Py, compatible with a such that |b| = |a| + p.

Remark 4.6. The rational cohomology of the complete flag varieties of type By
and C,, are isomorphic to each other. As a consequence, there is a relationship
between the classical intersection numbers for these two flag varieties, which was
explicitly described in section 3 of [1] (see also section 2.2 of [5]). This provides one
way to obtain the information on classical intersection numbers for OG(k,2n + 1)
from that for IG(k,2n).

Recall that the minimal length representatives WP are identified with shapes in
Pr—1. (Note G/P = OG(k — 1,2n + 1) in this subsection.)

Definition 4.7. Let {e1,--- ,e,} denote the canonical basis of Z"™ and fi € Z"
denote the canonical vector associated to a given u = (ut//pb) € Py_1; that is, i =

Sk pei+ 3270y phen_pr14; where m := £(u’). We define the sets S(u), 1 (p)



QUANTUM PIERI RULES FOR TAUTOLOGICAL SUBBUNDLES 21

and Da(u) associated to v as follows.

S(p) :={v € Pr_1 |

{V € Pr_1

Do(p) := {V € Pr_1

U {y € Pr1

In addition, we note T'y(p

:ﬁ—ejforsome2§j§n—k+1+m}u

v
V=j—(f+1)enri14; + fei [>0,1<j<m |
ph=pb+j—f—1 1<i<n—k+1 [’

for some {

d1 < 5 < m such that V=i~ en—kii+s .
ut;«éuj j—LVvV2<i<n—-k+1

for some f>0,1<j<m;.
;’+j—f—1

V= "—(f—f—l)en k+1+5 + fer
uh
) C S(p) and denote Ty (1) := S(u) \ T2 ().

Lemma 4.8. Suppose v w' € wP correspond to the shapes v,u € Pk 1 Te-
spectively; then N0 # 0 if and only if v € S(u). Furthermore, NS U/ =11if

Sk,v!

veTly(u), or2ifvey(u).

Proof. By the classical Chevalley formula (i.e. the classical part of Proposition

2.5), we have N;fc 7?/ # 0 only if w’ = v's, for some positive root 4" satisfying

l(v'sy) = £(v') + 1, and when this holds, we have N:; 0 = (x&, (7/)Y). Thus o/
is obtained by deleting a unique simple reflection from the reduced expression of
w’ that is given by (x) (with respect to k — 1). Furthermore, such an induced
expression of v’ is reduced. Using Lemma 3.2 (together with the definition of
as a shape in P_1), we can derive another reduced expression of v’ in the form
of (x), from the induced reduced expression of v'. In particular, we conclude that
ve S U{((uh—1,ub,- ul_yi1)//ub)} (details for which are similar to the
proof of statement a) of Proposition 3.4 of [24]).

Note that if v is obtained by deleting a simple reflection s; from the ¢th position,
then we have v = xil(ajv) where x is the product of simple reflections from the
(£+ 1)th position to the end of the reduced expression of w’. Assume v € I's(u). If
UV =[l—ep_kt14; for some 1 < j < m, then v’ is obtained by deleting the simple
reflection Sn—pb1-

(1) If n — M?’ + 1 = n, then u] = 1. Consequently, we have j = m and
(7)Y = () Lsnlay) = ay + 232750 oy . Thus (i, (7)) = 2.

(2) If n—pb +1 #n, then it is less than n and (7)Y = 27! (ay)) = 7y, where
for each 1 <i <n —k+ 1 we denote by v,/ the following coroot

n—1 n—j
(Si+k—2"'5n7,¢§+1)"'(Sn—l"'Snf,ifkkﬂﬂ)(%\i‘f'? Z ay+ Z 04%)~
h=n—j+1 h=n—ul,’-+2—j

Denote pif,_; o :=1andy/_, ., =« VoSt jﬂah—i—zh o u+2 Jah.
Note that p! is a strict partition. Since v € Ta(u), n—pul+1 # n— uj +2—j
for all 2 < 7 < n—k+1; consequently, there exists a unique 2 < r < n—k+2
such that (n — pt 4+ 1) — (n — ué’. + 2 — j) is positive if ¢ > r, or negative if
2<i<r. Notethat k+i—j—1>k+i—m-—1 2k+i—ufl_k+1 =
n—(ph g +n—k+1—i)+1>n—pi+1>n—pl+2—j for
each n —k 4+ 1 > i > r. By induction on ¢ (descendingly), we conclude
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kti—j—2 .
v =ay —|—2Zh bt 1ah+zh:;j”?+27jax forallm—k+2>¢>r.

In particular, we obtain ~,. Furthermore, for each r > i > 2 we have
n—u§+1+(z’—r) >n—ppg+1+G@—7r)=n— (g +r—1i)+
1 >n—ply + 1. Thus, by induction on i (descendingly), we conclude
k4i—j—2 .
Wo=al 20 oy Zh+;_ju?+2—j+i—r a) forall >i>2. In

particular, we obtain 73, for which we note k +2 — j — 1 < k. Thus
(k> (V)Y) = (Xhs Sk18k—2 - St 41(1)) = (X 19 ) = 2.
Otherwise, we have 7/ = i — (f +1)e,_k+14; + feq for some f > 0 In this case, v/ is
obtained by deleting Snpb 41 and we have ()Y = (v1)Y with ('y;kkw)v =)+
2 Zh n—j+1 ah+zh n—ut byo_jtf O‘I\{ and (’Yz{)v (sl+k 28i+k—3 """ Sp— u1+1)(('71/‘+1)v)

for eachn —k+1 >4 > 1. Note that k—|—z’—j—12n—ui+1>n—u1+1:

n— u? +2—j+ f foreach n—k+1 >4 > 2. Using the same arguments as for case

(2), we can show (x&, (7)) = (Xks Sk—15k—2 - St +1(757)) = (xk> 727) = 2.
Hence, if v € T'y(p), then we have NYO = (xk, (7")¥) = 2. Similarly, we can

Sk,v!

show <Xk7 (’Y/)v> =lifve Fl( )’ or0if v = (('uli - 17”%7 T 7/“627164’1)//“17)'
Hence, the statement follows.

Theorem 4.9 (Quantum Pieri rule for OG(k,2n + 1)). Let a € Py, and p < k.
Using the same notations as in Lemma 4.2, we have

oP % o? = Z 26/(a,b)o_b + tz N;:;O'c + t2 Z 26’(é7a)o_d.
Here the first summation is over all shapes b € Py, with |b| = |a|+p such that b is
compatible with a; the third summation occurs only if a € Py, and when this holds,
the summation is over all shapes d € Py with |d| = |a| + p — 4n + 2k such that
d € Py is compatible with a; the second summation is over all shapes ¢ € Py with
lc| = |a| + p — 2n + k. Furthermore, we have
2¢'@8) - if gl > ab > al,
2¢'@0) - ifab >al ¢t =n and b <n—2
M, if ab > al and ¢t <n '

0, otherwise

M = Z 9¢'(@n) 4 Z glte’(au) _ Z 9¢/(1,8) _ Z glte’ (1,8)
® 1 v v

where the first sum is over {u | u € T'1(€)}, the second sum is over {p | pn € T'2(€)},
the third sum is over {v | a € I'1(v)}, and the last sum is over {v | a € T'y(v)}.

c,l __
Np,a -

with

Proof. The first summation is provided from the classical Pieri rule. Note degt =
2n—k for OG(k,2n+1). The third summation follows directly from Theorem 3.21,
Lemma 3.22, (statement (2c), (4) of) Lemma 4.2 and Proposition 4.5.

Because of the dimension constraint, N&u = N} = N9 - is nonzero only if
L(v1) = £(v) — 2n + 2k (see Lemma 4.2 for the notatlons) When this holds, we
have a} > ab. Note a! > ab.

Assume af > al; then v; € WP so that N¥10 =£ 0 only if w; € WP. Thus in

USk,v1

this case, we have N1 = 2¢'(a,8) by using statement (2b) and (3a) of Lemma 4.2
together with the classical Pieri rule for OG(k — 1,2n + 1).
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Assume af > a!; then v; = vs,s), with vs,, € WP7 so that sgn, (v1) = 1.

(1) Suppose wy ¢ Wp; then by Corollary 2.3, we conclude that N9 =~ =£

USk,v1
only if sgny (wy) = 1, and N235 = ]\Uj’slk":’;;so7 when this holds. In particular,
we have wisy € WP, Thus if ¢, = n and ¢ < n — 2, then we have
N;;; = 26/(5’6), by using Lemma 4.2 and Proposition 4.5.

(2) Suppose wy € WF; that is, ¢} < n. Using Corollary 2.3 again, we conclude
ot Ug¥n = gVirsk ZU’EW‘E’ N:kzgsa,o-v : Hencev Ngislk’,om = Nﬁ?k’?’US'ySk =

0 At / 0 . :
> wrew? NY Nyw,0 >wews NZ, 0 N Thus in this case, the

Sk, 2w T USK,VSy Sk,US~ " uSk,v "
statement follows from Lemma 4.8, Lemma 4.2 and Proposition 4.5.

O

Remark 4.10. One might want to use the method of Buch-Kresch-Tamuvakis on
page 372 of [5] to compute N;’;, but replace OF (m, m+ 1;2n+ 1) (resp. OG(m +
1,2n+1)) by OF(m — 1,m;2n + 1) (resp. OG(m —1,2n+ 1)). However, such a
method does not work here, since the identity po,T5T2, Q5P Ty = T TP T, used in

their proof does mot hold any more in our case.

4.3. Remarks. As in the previous two subsections, we have derived the quantum
Pieri rules for Grassmannians of type C, and B,, for £ < n. The remaining cases
for these two types are about the Lagrangian Grassmannian IG(n,2n) and the odd
orthogonal Grassmannian OG(n,2n + 1). Theorem 3.13 also works for IG(n, 2n),
therefore we can also reformulate it in the way of Theorem 4.4, by writing down
the explicit identifications as needed and using the classical Pieri rule of Hiller and
Boe [17]. For OG(n,2n + 1), we can also reformulate Theorem 3.21 in a nice way
like Theorem 4.4, by using generalized classical Pieri rules (Theorem D) given by
Bergeron and Sottile [1]. The former case has been done by Kresch and Tamvakis
in [20], and the latter case has also been done by them in an equivalent way in [21].
Hence, we skip the details here.

When A is of type D,, 1, the minimal length representatives W for the isotropic
Grassmannian OG (k, 2n + 2) can also be identified with “shapes”, which consist in
two types. There are parallel propositions to Lemma 4.2, Lemma 4.8 and Theorem
4.9 with similar arguments. Since the notations are more involved and the theorem
as expected may also involve signs in some cases, we skip the details.

Assuming the classical Pieri rules with respect to the Chern classes ¢,(Q) of the
tautological quotient bundle Q over the isotropic Grassmannians, we can also re-
prove the quantum Pieri rule of Buch-Kresch-Tamvakis for type B,, and D, ;. For
instance for G/P = OG(k,2n) where k < n, the Chern classes of the tautological
quotient bundle Q are given by o (up to a scale factor of 2) for u of the following
form (see section 6 of [6])

SkySk+15ky " ySnSn—1"""Sk; Sn—15nSn—1"""Sk," " ;51 " Sn—-15nSn—1"" " Sk-

Taking any one of the above u and any v € W, we can show the following quantum
Pieri rule given by Buch, Kresch and Tamvakis.

Proposition 4.11 (See Theorem 2.4 of [5]).

ot %ol =gt Ug? + E N;pslk,?vl oWt 4 § N;ﬁ%,zoo_th,
P wew P

weWw
2(u)+L(v)=L(w)+2n—k 2(u)+L(v)=L(w)+4n—2k
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in which we have v1 = VSESk—1--+S1, W1 = WSk41 - Sn—15nSn—1 """ Skt+1, V2 =
VSK *** Sp—18a,, Sn—1 -+ S1 and we = WSy - - Sp—1Sa, Sn—1" " Sk-

We sketch an alternative proof of the above proposition as follows.

(1) Using similar arguments for Proposition 3.20, we can show that N;* =0

if d > 3.

(2) Using Proposition 2.1, we can show N;! = N@2.0 and NY;? = N2290.
(The arguments here become much simpler than the proof of Theorem
3.21.)

Furthermore for each i € {1,2}, it follows directly from the dimension constraint
that N30 # 0 only if £(v;) = £(v) — £(v™"v;). When this holds, we have

(3) v1 € WP where G/P = OG(k +1,2n + 1). Furthermore, let A denote the
(n — k)-strict partition corresponding to v; then v, exactly corresponds the
(n — k — 1)-strict partition A defined on page 372 of [5].

(4) Statement (2c) and (4) of Lemma 4.2, which give identifications between
WP and shapes (and therefore other parameterizations), can be applied
directly for v and ws respectively.

For IG(k,2n) (i.e. Grassmannians of type Cj,), we can also show that there
are most degree 0 and 1 Gromov-Witten invariants occurring in the quantum Pieri
rule; furthermore, we can reduce the degree 1 Gromov-Witten invariants to certain
classical intersection numbers, for 1 <p<n —k + 1.

We can also use Proposition 2.1 to compute ijj’vd for certain u, v, w, d, in which
none of u,v € W¥ is special.

Example 4.12. For X = IG(3,10), we take w = S9, 4 = $251545352555453 and
V = $15554835254555453. By using Proposition 2.1 directly, we can show N;‘jjf =

’

0 .
N:ﬁv’, where v/ = s183 and w' = 53595155545352855483. We can easily compute the

’
. . . 0 . .

classical intersection number N,'’;, for instance by using the Chevalley formula
with the observation that 0% = %' U o®. As a consequence, we have NY;? =

N:ﬁ;’,o = 1. (Note that in terms of the notations in Example 1.5 of [5], we have
o' =049 ,92,0" =0531 and o¥ =01.)

5. APPENDIX

In this appendix, we reprove the well-known quantum Pieri rules for Grassman-
nians of type A (i.e. complex Grassmannians) with the same method used in the
present paper.

Recall that Gr(k,n+1) = SL(n+1,C)/P with P being the (standard) maximal
parabolic subgroup corresponding Ap = A\{ay}. The Weyl group W is canonically
isomorphic to the permutation group S,41, by mapping s; to the transposition
(4,4 +1) for each 1 < j <n. Customarily, Schubert classes in H*(Gr(k,n+1)) are
labelled by the set

Pe={a= (a1, - ,ax) | n+1—k>a1 >as>--->ap >0}

of partitions inside the k by (n + 1 — k) rectangle. Precisely, for each u € WF, we
can rewrite the Schubert cohomology class o as 02*) with

a(u) = (u(k) =k, u(k —1) = (k= 1),- -+, u(2) = 2,u(1) - 1)
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via the canonical identification between W% and Pj (see e.g. [14]). For the
tautological bundles, 0 — & — C"*! — Q — 0, the i-th Chern class ¢;(Q)
(resp. ¢;(S*)) coincides with the Schubert cohomology class 02*) = g% where
U = Skti—1Sk+i—2 - Sk+15k and consequently a(u) = (4,0, --,0) =: i for each
1<i<n+1—Fk(resp. u= Sk i 18k_it2 " Sk_18k and consequently a(u) = (1%)
for each 1 < i < k) (see e.g. [3]). The following quantum Pieri rule with respect to
¢p(Q) was first proved by Bertram [2].

Proposition 5.1 (Quantum Pieri rule). For any p, a € Py, we have

P xo* = oP+ty of

where the first is summation over all b € Py, satisfying |b| = |a|+p and n+1—k >
by > a1 > by > ag > --- > b > ag, and the second summation is over all c € P
satisfying |c| = |la|+p—(n+1) anda; —1>c1 >as—1>co > - >ap— 1> cg.

We will reprove the above proposition, rather than a quantum Pieri rule with
respect to ¢, (S*), for the following two reasons.

(1) The tautological quotient bundle over Gr(k,n+1) = Gr(k, C**1) is isomor-
phic to the dual of the tautological subbundle over the dual Grassmannian
Gr(n+1—Fk,(C"1)*) =2 Gr(n+1—k,n+1). Hence, it is sufficient to know
quantum Pieri rules with respect to either ¢,(Q) or ¢,(S*) for all complex
Grassmannians.

(2) From our alternative proof, we can see that one point of our method relies
on the combinatorial property of u, rather than the geometric property (of
being a Chern class of @ or §*) for o*. In particular, our method could
have more general applications (see e.g. Theorem 1.2 of [25]).

We will use the classical Pieri rule (as given by the first summation in the above
formula) and the next two lemmas, which are easily deduced from Proposition
2.1. In addition, we use all the same notations as in section 3.1 but set u =
Sktp—1Sktp—2- - Sk (wherel <p <n+1—Fk)andv € WPT with a = a(v). We need
to compute the Gromov-Witten invariants N}jj;,d for the quantum product o% x o¥.

Lemma 5.2. If d > 2, then we have Nfﬁ;,d =0 for any w € WF.

Proof. Recall that N;# = N@» = NLwrer 2B where Ap = day + QY. Fur-
thermore, we denote d = mik +r1 = mao(n — k + 1) + 7o where 1 < r; < k and

1 <79 < n—k+1. Then we conclude \g = my Zf;ll jaJV+Z;1:Elja)€/_rl+j+daZ+

ma Z;:f jaXHfjJFZ;leja/ﬁrz—j (by noting (i, Ap) = —1ifi € {k—r1,k+ra},
or 0 otherwise). When k = 1 (resp. n), then {(ar,Ag) = d + ma + 1 (resp.
d + my + 1) is larger than 2 and thus we are done by Proposition 2.1 (1). When
2 < k < n-—1, we have {ag,Ag) = my + mg + 2. We still have N;‘j;)d =0
unless m; = mo = 0 and sgn, (wwpwpr) = 0. When both conditions hold, we

A Ap—a) e
have Ny o 9P = Nystp 7' °"P7% by Proposition 2.1 (2). Furthermore, we

have sgn;_;(usg) = sgn,_,(v) = 0 < 1 = (ap_1,A — /). Hence, we have
2
Nqﬁiffp'sk’)\Bfa’“ = 0 by using Proposition 2.1 (1) again. O

Note that ¢(u) = p and the degree of the quantum variable is degt =n + 1.

Lemma 5.3. For any w € W with {(w) = £(v) +p — (n + 1), we have

N’w,l o Nwsnsn—l'“sk-#l’o
w,v USk,USkSk—1""5251"
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Proof. Note that for \p = o/ +Q}, we have A\ = o) and consequently Ap: = Ap\

{ak—1,r+1}. Then conclude wpwpr = $,8,—1 - Sk4+15182 -+ Sk—1 by checking

Vv
the assumptions in Lemma 3.12 directly. Thus we have N2' = =
N,%wkfvﬁf"o, by using Proposition 2.1 (2).

Note that sgn;,_;(usi) = 0 and sgn;,_, (wwpwps) = 1. By Corollary 2.3, we have

wwpwpr,0 WWpWprSkg—1,0 . . . .
Nuysiwst ™ = Nyspvshon 1t if l(vsgsg—1) = £(vsk)—1, or 0 otherwise. By induction
. wwpwpr,0 WWpWprSk—1---51,0 .
and using Corollary 2.3 repeatedly, we conclude Nys, vsh'” = Nysy vshonqrs, il

l(vsgsp—1---s1) = L(vsg) — (k—1), or 0 otherwise. Furthermore, we note ¢(usy) +
L(vsy) = L(wwpwpr) = l(wwpwprSk—1 -+ 51) + (k —1). Thus if l(vsgsp—1---$1) #
l(vsg) — (k — 1), then we have N&ifﬁfgi’:il;fl’o = 0, due to the dimension con-
straint. Hence, the statement follows. O

It remains to apply the classical Pieri rule and reformulate the product o% x o
in terms of 0P x 02 (labbelld by partitions).

Proof of Proposition 5.1. Denote ¢ = c(w) € Pg. It follows directly from Propo-
sition 2.1 (1) and the dimension constraint that N, ve,. ;,;jj’it;;f; = 0 unless
a = a(vsgsk—1---5281) and € = C(WSpSp—_1 - Sk+1) are both partitions in Ppyq
for Gr(k+1,n+1). As a consequence, we have that a; = vsgsk—1 - s2s1(k+2—
i)—(k+2—-i)=vk+1—d)—(k+1—i)—1=a; —1for each 1 < i <k, and that
¢ =wspsp—1--Spp1(k+2—Jj)— (k+2—j) =w(k+2—j)—(k+2—j) = ¢j_; for
each 2 < j < k+1. Note that |¢| = {(wspSn—1 - Sk+1) = l(w)+n—k = |[c|+n—k.
We have ¢, = n — k. For |a| = l(vsgsg—1---s1) = €(v) — k = |a| — k, we conclude
ax+1 = 0. In addition, we note that usy corresponds to the special partition p — 1
in Pi41 for Gr(k+1,n+1). Hence, the non-classical part of the quantum product
oP x 0® is exactly the second half as in the statement, by using the classical Pieri
rule for o=t Uo® in H*(Gr(k +1,n +1)). O

Remark 5.4. This is the same approach as taken in the elementary proof of the
quantum Pieri rule by Buch [3], where he uses a different method to obtain Lemma
5.2 and Lemma 5.5.
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